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Predmluva

Doktorandské dny jsou jiz tradicnim setkanim studentti doktorského studia na Fakulté
jaderné a fyzikalné inzenyrské CVUT v Praze. Doktorandi studijniho programu Matema-
tické inZenyrstvi zajistovaného katedrami matematiky, fyziky a softwarového inzenyrstvi
na nich prezentuji vysledky své védecké prace, jejichz tematika pokryva vSechny oblasti
aplikované matematiky.

Letosni ro¢nik je jiz Sestnactym vydanim workshopu, kona se ve dnech 19. a 26. listo-
padu 2021. Rok 2020 byl silné poznamenany pandemii nemoci covid19, proto se workshop
konal distan¢ni formou. Vérime, zZe situace na podzim 2021 nebude diky ockovani natolik
zavazna a konani workshopu tradi¢ni formou bude uskutecnitelné.

Tento sbornik prinasi jak plné texty studentskych prispévki, tak i abstrakty s odkazy
na ¢lanky publikované ve sbornicich vyznamnych konferenci ¢i publikované nebo alespon
zaslané k publikaci v odbornych casopisech. Rozsah prispévkti ndm v tomto roce umoznil
zatradit do sborniku i zakladni informace o studijnim programu Matematické inzenyrstvi
podle akreditace z r. 2018, zejména pirehled odbornych predmétt nabizenych pro zarazeni
do individualnich studijnich plant doktorandi.

Za materialni podporu dékujeme katedie matematiky FJFI a grantu Studentské vé-
decké konference SVK 30/21/F4.

Editori
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Abstract. Kernel density estimation is a complex task that plays an essential role in a variety
of applications. In this paper, we introduce an approach to the task that converts the problem of
bandwidth evaluation in the Parzen-window-like framework into the non-parametric evaluation
of a fine-grained density estimate which can then be scaled by means of the Scale-Space theory to
achieve the desired level of smoothness. The detailed estimate is realized through the Delaunay
space tessellation method and properties of its output simplices. Additionally, in the experi-
mental part of the paper, we showcase the new method and demonstrate its outputs at various
scales, reaching results that perceivably outperform its fixed-bandwidth-based counterpart. This
work is an extension of research conducted in [3].

Keywords: Delaunay tessellation, kernel density estimation, Scale-Space theory

Abstrakt. Odhadovani hustoty pravdépodobnosti je komplexni tloha, jez hraje dilezitou roli
ve mnoha aplikacich strojového u¢eni. V tomto prispévku formulujeme metodu, ktera konvertuje
standardni pFistup odhadovan{ hustoty pomoci tzv. Parzenova okna do problému neparametrické
evaluace jemné hustoty, jez se da Skalovat pomoci teorie Scale-space pro dosaZeni pozadované
arovné hladkosti. Detailnost neskalovanych vysledkt je zaru¢ena Delaunyho teselaci a vlastnos-
tmi jejich vyslednych simplexti. V experimentalni ¢asti této prace ukazujeme novou metodu a
demonstrujeme, Ze jeji vysledky v zavislosti na skale jsou vnimatelné schopné presahovat kvalitu
vystupu Parzenova okna s konstantni Sitkou. Tento pFispévek je rozsifenim vysledki reSerse
provedené v [3].

Klicovd slova: Delaunyho teselace, odhad hustoty pravdépodobnosti, teorie Scale-space

1 Introduction

Estimating unknown probability density functions is crucial for various Machine Learning
applications, e.g., clustering, classification, statistical analysis, feature selection [9, 17, 29,
19]. Most of the time, density function estimates serve as inputs that assist models with
training and further inference. Therefore, the estimation of densities is usually carried
out in advance as a separate workflow. One of the most practical and time-honored
approaches to the problem is the so-called Parzen, or Parzen-Rosenblatt, window (PRW)
algorithm constructing density functions via viewing local neighborhoods in datasets
through windows with given sizes. The selection of optimal window sizes, or bandwidths,

*This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS20/183/0OHK4/3T/14.
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is critical for obtaining successful results with the algorithm. However, the task is not an
elementary one.

This paper introduces a kernel density estimation (KDE) method based on space
tessellations, namely the Delaunay tessellation. One of its main advantages is that it is
able to provide us with neighborhood-dependent variable bandwidths producing a fine-
grained estimate of a density function of interest. Then, to adjust the amount of detail in
results, we propose to utilize the Scale-Space theory. Consequently, our method converts
the selection of multiple bandwidths into the task of choosing the appropriate scale for
the final output.

In Sec. 2, we briefly describe the state of the art. Then, in the following Sec. 3, our
method is introduced. The method definition is followed by the experimental part and
discussion in Sec. 4 and 5, respectively. The results of this paper are concluded in Sec. 6.

This contribution is based on parts of our previous work [3|, where only a brief intro-
duction of the concept is present. Here, we extend the state-of-the-art research, showcase
the method, and propose an enhancement in the form of scaling the outputs.

2 Related Work

Kernel Density Estimation

One of the accepted and widely used techniques is the so-called Parzen-Rosenblatt win-
dow, firstly introduced in [18, 21]. Window size estimation is the primary step of the
algorithm, which, when carried out unreliably, can lead to over-detailed or over-smoothed
kernel density estimates. Over time, the problem was predominantly addressed in two
arguably comprehensive ways: i) fixed window size over the whole dataset; ii) variable
window size, depending on the position within the data space.

The fixed window size estimation can be done via multiple approaches, for instance,
involving biased/unbiased cross-validation [4, 23| or utilizing bootstrap [25]. One of the
most straightforward techniques is minimizing the asymptotic mean integrated squared
error (MISE) [6].

The latter, variable-window-based, idea [5] is locally oriented and can also be ap-
proached in different ways. For example, in |26, 11|, the option of estimation via the
minimization of the asymptotic mean squared error is explored. In [14], the authors pro-
pose a technique that estimates the varying window size by means of confidence intervals
intersections. The authors of [28] introduce a fast version of PRW by segmenting the
space into a fixed number of either overlapping or non-overlapping sets of fixed-radii hy-
perballs containing data points and associating the created partitions with kernels fitting
local distributions. In [13], the optimal window sizes are estimated via the optimization
of the integrated squared error with regularization.

Scale-Space Theory

Scale-Space is a theory describing how to handle data at different scales [12, 15]. As
shown in [1, 16|, for the operator responsible for such scaling to be able to avoid the
creation of new structures when going from a fine scale to a coarser scale and to meet
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other scale-space conditions such as linearity and shift /scale/rotation invariance, it must
be a Gaussian filter.

Delaunay Tessellation and Multidimensional Simplices

Multiple mechanisms for constructing the Delaunay tessellation exist, e.g., the local im-
provement, the incremental construction /insertion, higher-dimensional embedding, or the
divide-and-conquer algorithms |7, 10]. In this work, we focus on the high-dimensional-
embedding-based technique whose implementation in the Qhull library [20] is based on [2].
The downside of the approach is the fact that the number of Delaunay simplices increases
exponentially with the number of dimensions [10].

Simplices within the simplicial complex of the Delaunay tessellation have multiple
properties. Computation of circumradii, circumcenters, and hyper-volumes of multi-
dimensional simplices is explored in detail in [3|, inspired by [8, 24].

3 Tessellation-based KDE

The objective of arguably most KDE methods in its simplest form is the segmentation
of the data space into spatial regions or multi-dimensional windows, and, consequently,
the approximation of the density function using the number of samples within them:
p(z) = n/TN where n is the number of samples inside the window, /V is the total number of
samples, V' is the hypervolume of the window. There exist two approaches to approximate
the density function using regions: 1) fixed region volumes; 2) fixed number of samples.
PRW falls under the category of fixed volumes.

To understand the logic behind PRW, we assume that windows have the hypercube
shape of edge length h = 1. If the window is centered at the origin, then the kernel
function, which, in this case, is an indicator of whether the point is within the window,
has the following form for any z € R%:

Lo (Ve {12 ) (Jo7] < 1)

0, otherwise.

k(z) =

(1)

Let {xZ}ZN:1 C R? be the data sample. Subsequently, to evaluate the value of the
window function centered at arbitrary point x € R? for z; € R? j € N, given edge

x_}fj ) Then, to evaluate the number of

length A > 0, one simply needs to calculate x <

samples n, 0 < n < N, present within this window, the summation is done:

n:im(x_hxf). 2)

Jj=1

As a result, PRW with the hypercube kernel gives the following estimate of the density
function at point z € R%:
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mm=véd§¥(x;%). ®

It is not difficult to notice that PRW depends on two parameters: the kernel and
the bandwidth (in case of the hypercube, it is the length of its edge). For instance, the
general form of PRW with Gaussian kernel x and fixed window size h is

1 a (- fffj)T (z — )
(x) = — - exp | — 5 ) (4)
T (\/2#) hd 321 ! 2h

We propose the application of space tessellations to approximate density function with
a tessellation-based Gaussian mixture (TGM). Let {S;};_, be simplices of the Delaunay
tessellation [10] D constructed upon the multi-dimensional data {xl}f\il The simplicial
complex constructed by means of this method has the following properties:

e For each simplex S € D, no vertices of foreign simplices S € D, S # S, are present
within the circumradius of S

o Let 51,5, € D, Sy # Sy, then S; NSy is either empty or is equal to one of their
common (d — 1)-dimensional faces.

Subsequently, for each simplex S;, i € {1,2,...,s}, we are able to calculate its circum-
radius R; > 0 and its circumcenter ¢; € R?. Then our estimate of the density function,
where radii {R;};_, essentially take place of the bandwidth parameter, at any point
x € R? is the following Gaussian mixture:

s

! L ((@-e) o)
p(r) = W; R—fexp (— SR ) . (5)

In (5), the only values that are currently not known are the circumcenters {¢;};_, and
the circumradii {R;};_,. Evaluation of these values for d < 3 is elementary. However,
for d > 3, the process is not so straightforward. Nonetheless, by means of the Cayley-
Menger matrices [24, 3|, one can calculate the values of interest for any simplex through
the inverse of the Cayley-Menger matrix.

All simplices in D have d+ 1 vertices and, depending on the dimension, these simplices
can be line segments for d = 1, triangles for d = 2, or tetrahedrons for d = 3, etc. Let
V =4{0,1,...,n} be the set of vertices of a Delaunay simplex and dj; denote distances
between vertices k and [, for all k,] € V. Then, the Cayley-Menger matrix for the simplex
is defined as follows:

0 1 | |
1 0 dgy ... dg,
M=|14d} 0 ... d, |. (6)

1 d2, dZ, ... 0
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Then, —2R? = [M_l}n’ ¢ = [M_l]l,r+2
the inverse of M and ¢; lists the barycentric coordinates of the i-th circumcenter, for all
ie{l,2,...,s},re{0,1,...,n}.

A kernel density produced as a result of (5) can be viewed as a fine probabilistic
representation of the dataset. This granular representation can be smoothened employing
the Scale-Space theory [15]. The theory allows working with the outcome at different
scales by means of applying a Gaussian filter on the results. Let g(z,t) be the Gaussian

filter with scale . Then, the scaled version of the estimated density is

where [M~']  denotes the elements of

pi(x) = g(x,t) * p() (7)

Where the convolution is performed only over the dimensions of z € R

4 Experimental Setup

To produce the necessary results, we generate a random two-dimensional sparse dataset
and apply the Delaunay tessellation to it. Then, the model defined in (5) is fitted on the
constructed simplicial complex. In addition, we display the results of the PRW variation
with the fixed bandwidth whose value is based on the "rule-of-thumb" heuristic known
as Scott’s factor |22, 27]. Secondly, we demonstrate the results produced in the same
manner for a mixture of two independent two-dimensional Gaussian distributions.

After that, working with the same datasets, we display the behavior of (7) for var-
ious values of scale ¢t € [1,10], applying the Gaussian filters on the fine-grained results
produced by (5).

5 Discussion

Fig. 1 displays the results of TGM applied on the datasets defined in the experimental
setup. The main drawback of PRW is the choice of the bandwidth. Depending on it, the
estimate may either contain a substantial number of spikes or be too smooth so that one
might no longer be able to discern smaller clusters and comprehend the inner structure
of data. The latter situation is the one that occurs on the right-hand side of Fig. 1a for
the sparse uniform data. The former situation can be observed in Fig. 1b, where even
though two Gaussian distributions were identified, the covariance matrix of the shifted
one is smoothed in the erroneous direction. As for TGM, it manages to depict the local
structure quite well (see the central diagrams in Fig. 1la and 1b). The TGM density in
Fig. 1b might seem too detailed for the two Gaussian distributions. Nonetheless, this can
be adjusted by viewing the estimate from different scales, modifying only the value of a
single hyperparameter ¢.

In Fig. 2 and 3, TGM estimates from Fig. 1a and 1b are displayed at various scales.
It is a straightforward observation that the application of scaling to fine-grained density
estimates is able to achieve the same level of smoothness as PRW. Moreover, the diagrams
empirically verify that the local structure produced by the granular estimates of TGM
is preserved regardless of how the scale changes: the initially highlighted areas remain
highlighted, merging with neighboring regions, and no further dependencies are inferred.
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Tessellation of the Space Tessellation-based Gaussian Mixture
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(b) Two Gaussian Distributions: one is stretched, another is shifted

Figure 1: KDE of two datasets. On the left-hand side of both sub-figures, the tessellation
of data is displayed, with points placed as vertices of individual simplices. In the center,
the results of TGM are illustrated. On the right-hand side, we display the results of PRW
with the window size estimated by means of Scott’s factor [22, 27].

t=1.00 t=1.33 t=1.67 t=2.00 t=2.33 t=2.67 t=3.00

t=3.33 t=3.67 t=4.00 t=4.33 t=4.67 t=5.00 t=5.33

t=5.67 t=6.00 t=6.33 t=6.67 t=7.00 t=7.33 t=17.67

t=28.00 t=8.33 t=8.67 t=9.00 t=9.33 t=9.67 t=10.00

Figure 2: Scaled data from Fig. la for various values of scale parameter ¢ € [1, 10].

Therefore, TGM is a valid contender for KDE. It can be considered a part of the
window-based estimators family with variable bandwidth sizes. Nonetheless, the esti-
mation of multiple bandwidths per dataset is transformed into working only with one
parameter - the scale of output results. This fact is a consequence of the bandwidth sizes
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t=1.00 t=1.33 t=1.67 t=2.00 t=2.33 t=2.67 t=3.00

t=3.33 t=3.67 t=4.00 t=4.33 t=4.67 t=5.00 t=5.33

t=5.67 t=6.00 t=6.33 t=6.67 t=7.00 t=7.33 t=7.67

t=8.00 t=8.33 t=8.67 t=9.00 t=9.33 t=9.67 t=10.00

Figure 3: Scaled data from Fig. 1b for various values of scale parameter t € [1, 10].

being computed non-parametrically, producing a fine-grained density estimate that can
be further scaled to construct coarser outputs.

6 Conclusion

In this paper, we introduced the Tessellation-based Kernel Density Estimation technique.
The method segments the space into simplices through the Delaunay tessellation. Circum-
centers and circumradii of the simplicial complex are then used to estimate the Gaussian
mixture components, comprising the final density model that produces a fine-grained
view of data. To process these detailed density estimates, we proposed viewing them
at various scales by applying the Scale-Space theory. We showcase the method perfor-
mance on two datasets and demonstrate that scaling indeed enables us to generate coarser
representations of the density estimates.

The method can be further generalized by employing, for instance, the non-circular
covariance instead of the circular one. Furthermore, other, faster or better suited for
higher dimensions, tessellation techniques can be explored. These research areas and the
detailed evaluation of the proposed method are suggested as possible extensions of this
work.
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Abstract. Expansion of water vapor through a small orifice to a vacuum produces liquid or
frozen clusters which in the experiment serve as model particles for atmospheric aerosols. Yet
there are controversies about the shape of these clusters suggesting that the nucleation process
is not fully understood. Such questions can be answered by molecular dynamics simulations;
however, they require microsecond-scale runs with thousands of molecules and accurate energy
conservation. Available highly parallel codes typically utilize domain decomposition and are
inefficient for heterogeneous systems as clusters in dilute gas. In this work we present an
implementation of molecular dynamics on graphics processing units based on the Verlet list, and
apply it to several systems for which experimental data are available. We reproduce sufficiently
sized clusters but not the experimentally observed clusters of irregular shape.

Keywords: MD simulation, nucleation, GPGPU, cluster, supersonic expansion

Abstrakt. Expanze vodni pary skrze trysku do vakua vytvaii kapalné nebo dokonce zmrzlé
clustery, které lze vyuzit jako model atmosférickych aerosoli. I tak jsou ale vedeny diskuse
o tvaru zminénych clusteri, coZ naznacuje, ze samotny proces nukleace neni zcela pochopen.
V takovém piipadé lze k zodpovézeni otazky pouzit molekularnich simulace. Je vSak nutné
uvazit, Ze je nutné simulovat tisice molekul po velmi dlouhé ¢asy na tdrovni mikrosekund,
pri¢emz energie systému bude dostateéné zachovana. Dostupné vysoce paralelni programy
obvykle vyuzivaji domain decomposition metod a jsou neefektivni pro p¥ipad heterogeni systémy
jako jsou clustery v fidkém plynu. V této praci proto prezentujeme molekuldrné dynamickou
implementaci na grafickych kartach, ktera pouziva metodu Verletova listu. Software nasledné
aplikujeme na nékolik experimentalné prozkoumanych systémi. V provedenych simulacich se
podafilo dostatecné rozmérné clustery reprodukovat avSak jiz bez experimentalné pozorované
nepravidelnosti.

Klicovd slova: MD simulace, nukleace, GPGPU, cluster, supersonicki expanze

Full paper: The paper is currently under second round of reviews at the Journal of
Chemical Theory and Computation.
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Abstract. Graph based models are used for tasks with increasing size and computational
demands. The paper focuses on leveraging methods for pretraining on coarser graphs with HARP
as the method of choice. The method is generalized using partially injective homomorphisms, a
concept from the field of data mining. Such a way of producing graph coarsenings is shown to be
feasible and not to affect the performance of HARP in a negative way. Also, the performance-
complexity characterics of these methods are studied and HARP is established as a way of
efficient pretraining which can reduce the ammount of computational power needed to train
graph-based models on large data.

Keywords: graph neural networks, graph coarsening, HARP, partially injective homomorphism

Abstrakt. Vypocetni modely zaloZené na grafech se v soucasné dobé& pouzivaji na data se stale
se zvétsujici velikosti a tedy i naroky na vypocetni vykon. Tento ¢lanek se zaméiuje na metody
pro pretraining na hrubsich grafech, konkrétné na metodu HARP. Tato metoda je zobecnéna
pomoci ¢asteéné injektivnich homomorfismi, konceptu z oboru dolovani z dat. Je ukézano, Ze
takovy zptisob generovani hrubgich graft je prakticky pouzitelny a nijak negativné neovliviiuje
vykonnost metody HARP. Pomér vykonnosti a vypocetni naro¢nosti byl také vyhodnocen a
metoda HARP byla prokazana jako efektivni zpiisob pretrainingu, ktery miize zmensit vypodcetni
néroky modeli zaloZenych na velkych grafech.

Klicovd slova: grafové neuronové sité, zhrubovani grafi, HARP, ¢astecné injektivni homomor-
fismus

1 Introduction

Graph-based models for machine learning are often used for task with millions of nodes
and billions of edges. For such tasks, many machine learning algorithms may be computa-
tionally intractable. As a way to combat these growing demands, we look at the trade-off
between performance, complexity and method generality. Our work in progress builds on
HARP [1], a method for pretraining graph-based learning algorithms by first learning on

*The research reported in this paper has been supported by the Czech Science Foundation (GACR)
grant 18-18080S.
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scaled down versions of the graph in question. While in HARP, this downscaling of the
graphs is done in a fixed way, we propose a formal generalization of such a downscaling
using partially injective homomorphisms, a theoretical result with background in data
mining. This generalization would in the future enable the downscaling method to be
tailored or trained to the problem at hand. The performance characteristics of HARP
are also studied in our work, with the focus being on comparing the performance of mod-
els with lower training costs, potentially enabling the use of graph-based algorithms on
bigger datasets than previously possible.

In the next section, the graph learning algorithm HARP is presented, followed by a
section presenting partially injective homomorphisms. Section 4 connects these ideas and
Section 5 discusses the performance characteristics of HARP. Finally, Section 6 supports
our theses with experimental evaluation.

2 HARP

2.1 Method overview

HARP is a method for improving the performance of graph-based learning algorithms such
as DeepWalk [8], LINE [12]|, PTE [11] or node2vec [3]. The method is a combination of
dataset augmentation and pre-training based on the general principle that graph-based
models train more efficiently on smaller graphs and can thus be pre-trained on a coarsened
representation of the graph task at hand. In an overview, the method consists of the
following steps:

1. Dataset augmentation. The graph is consecutively reduced in size by the ap-
plication of several graph coarsening schemas. In each step, the coarsened can be
viewed as a representation of ever more global structure in the task.

After all the coarsened graphs are pre-computed, the method itself can be executed by
repeating the following steps on the graphs from the coarsest to the finest:

2. Training on an intermediary graph. The model is trained on one of the pre-
computed intermediary graphs.

3. Embedding prolongation. The embedding generated by the model is prolonged
from a coarser graph to a finer one (with the original graph being the finest).

The first step is independent of the rest of the computation and can be done ahead
of time. The last two steps can be seen as a form of pre-training for the model that is to
be learnt on the original task.

2.2 Graph coarsening

Consider an undirected graph G with nodes V (G) and edges F (G). The aim of the graph
coarsening part of the algorithm is to generate a sequence of graphs Go, G1,Ga, ..., G
where Gy = G and L € N is a hyperparameter of the method. In this sequence, each
graph Gj is generated from the graph G;_; by coarsening it — lowering the number of
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nodes and edges while preserving the general structure of the graph. Following [1], let 1)
denote the mapping between the graphs such that V (G;) = ¢; (V (Gi-1)).

In Section 4, a general framework for graph coarsening is presented. The authors of
[1] instead introduce two particular coarsening relations ¢; — edge collapsing and star
collapsing. Edge collapsing is a very simple method — out of all the edges E (G;_1),
a subset E' is selected such that no two edges from E’ are incident on the same node.
Then, for each edge (u,v) € E’, u and v are merged into a single node w, with all edges
incident on u or v being replaced with edges incident on w.

The edge collapsing algorithm is a good general way of lowering the number of nodes
in a graph, however, some structures are not easily collapsed by it. An example of such
a structure is a “star” — a single node connected to many other nodes. To coarsen graphs
with such structures effectively, the star collapsing algorithm is proposed. For each such
hub node wu, its unconnected neighbouring nodes are taken and merged pairwise. Again,
all edges incident on such nodes are replaced with edges incident on the corresponding
newly created nodes. These two approaches are combined in HARP, with each coarsening
step being a star collapsing step followed by an edge collapsing step.

2.3 Embedding prolongation

In each coarsening step, an embedding of the graph G; is trained by one of the embedding
algorithms. To continue training with a finer graph, this embedding ®; : V (G;) — R?
needs to be prolonged to create the finer embedding ®; 1 : V (G;_1) — R%. To achieve
this, the representation of a node in the graph G; is copied for each of the nodes in G;_;
it was created from (by the graph collapsing algorithm). That is,

This is then taken as the starting point for the next training phase.

3 Partially injective homomorphism

In [10], the authors present the notion of partially injective homomorphisms as
a bridge between the comparatively weak concept of a homomorphism and the much
stronger concept of an injective homomorphism (i.e., a subgraph isomorphism). This
section presents these concepts and explores some of their properties. In Section 4, graph
homomorphisms are then used as a general framework for graph coarsening.

A graph homomorphism between graphs G and H is a mapping ¢ : V (G) — V (H)
that preserves edges, thus

(u,v) € E(G) = (¢ (u),p(v) € E(H).

A homomorphism is injective iff Vu,v € V (G) ¢ (u) = ¢ (v) = u = v. Finally, a
homomorphism is partially injective iff V (u,v) € C ¢ (u) = ¢ (v) = u = v for some
C C (V(@)*\ E(G), that is, C is a set of non-edges of the graph G. Observe that for
any (u,v) € F (@) the condition holds in general per the definition of a homomorphism
on a graph without loops, which justifies the limitation of C to non-edges of the graph.
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For given graphs G and H, let £ denote the finite set of all partially injective ho-
momorphisms between them. Let a particular partially injective homomorphism de-
scribed by C be denoted as PIHom (G, H,C). L has a natural partial order < where
PIHom (G, H,C;) = PIHom (G, H,C,) iff C; C Cy and forms a lattice with order <.
The minimum of this lattice PIHom (G, H, })) corresponds to an ordinary homomorphism
while the maximum PIHom (G, H, (V (G)*\ E (G)) corresponds to an injective homo-
morphism.

4 HARP and partially injective homomorphisms

The connection between HARP and partially injective homomorphisms is a theoretical,
yet useful one. If the HARP coarsenings could be restricted to partially injective homo-
morphisms or their compositions, general coarsenings could be learned for each task. In
Section 6.3 we explore whether this restriction limits the performance of HARP.

When both the edge and star collapsing algorithms are used, the mapping 1; intro-
duced in 2.2 is not a homomorphism nor a combination of homomorphisms due to its
not meeting the injectivity condition on edges. However, it is met for the complementary
graph (graph where edges are swapped with non-edges). For the complementary graph,
the star collapsing algorithm is not a homomorphism, however, it can be replaced by ho-
momorphisms that also collapses stars. We propose a coarsening that merges a hub node
with half of its neighbours. Because merging a node with its neighbour only collapses an
edge, this coarsening scheme is a composition of partially injective homomorphisms on
the complementary graph. Such a model is studied in Section 6.3.

This theoretical connection gives a way of constructing more general graph coarsenings
by setting a constraint on such relations and finding the maximum of a subset of L
that satisfies such a constraint. The authors of [10] present a way of effectively (in
polynomial time for bounded tree-width graphs) searching for such maximally constrained
homomorphisms.

5 HARP and the performance-complexity trade-off

Graph-based methods such as node2vec typically have a large number of parameters - on
the widely used OGBN-ArXiv dataset (see [4]), the SOTA node2vec model has over 21
million parameters. At the same time, recent works have started to focus more heavily
on simpler methods as a competitive alternative to heavy-weight ones (see |2, 5, 9, 13]).
As the authors of [1] observed, HARP improves the performance of models when fewer
labelled data are available. The proposed lower complexity models based on HARP could
also improve performance in a setting where only low fidelity data are available for large
parts of the graph. Coarser models could be trained on them, with a subsequent training
of finer models using only a limited sample of high fidelity data.

As a core principle of HARP, lower level representations of the task are generated
and a model is learnt on them. How good these models are remains in question. In
order to test this, several models were compared. Each model M; was trained on graphs
Gr,...,G; as with HARP, then the embeddings were prolonged on graphs G,;_1,...,Gy
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without training. On G, the models were then trained as they would be in an ordinary
node2vec setup. With this schema, L models are obtained, each trained on graphs of
different granularity. As the coarsers graphs are much smaller in size, the pretraining
is much more efficient to compute that training on the original graph. To examine the
performance-complexity trade-off of HARP, the trade-off between decreasing predictive
accuracy and decreasing amount of training data was evaluated.

6 Experimental evaluation

The experiments proposed in the previous sections were run on the OGBN-ArXiv dataset
(see [4]) with node2vec as the underlying graph learning algorithm. The experiments build
upon the SOTA node2vec implementation for this dataset.

6.1 Experiment setup

The configurations of both the node2vec and the MLP models are taken from the PyTorch
Geometric implementation of node2vec on the ogbn-arxiv dataset (a dataset of 169 343
computer science arXiv papers, see [7]), which was also used for the experiments. The
node2vec model generated an embedding into R'?® from 10 random walks of length 80
for each node with a context window size of 20. The optimizer ADAM [6] was used
with a learning rate of 0.01 and batches of 256 samples. The MLP classifier using the
embeddings featured 3 linear layers of 256 neurons with batch normalization after each
layer. Finally, a linear layer was used for the class prediction. ADAM with a learning
rate of 0.01 and a dropout rate of 0.5 was used for 200 epochs of training with the cross-
entropy loss function. The experiments were implemented using PyTorch! and PyTorch
Geometric [7].

6.2 Effect of HARP pretraining

To asses the effect of HARP as a pretraining, the main question is how does HARP
pretraining change the behaviour of the node2vec training? To this end, 10 different
models My, ..., My as defined in Section 5 were trained. The sizes of the respective
graphs Gy, ..., Gy are denoted in Table 1.

Figure 1 compares the accuracy of several models over learning epochs on the original
graph Go. An MLP using just dataset features and an ordinary node2vec model are
provided as a reference. The models My, ..., My are then compared.

As can be seen, there is no noticeable difference in the performance of a pretrained
node2vec in comparison to an ordinary one when it comes to performance after 4 or more
training epochs. Our explanation is that the configuration used for node2vec training
already samples large parts of the graph thanks to a relatively high number of long
random walks. There is, however, a noticeable improvement in the performance of models
when only very few training epochs are available.

Thttps://pytorch.org/
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Graph # of nodes # of edges

Go 169 343 2 315 598
G, 67 496 1 886 875
Go 29 408 1 558 368
Gs 15039 1252276
Gy 9273 815 493
Gs 6 768 433 795
Ge 5 607 197 876
Gr 4 994 86 307
Gs 4 655 42 441
Gy 4 404 29 167

Table 1: Size of the graphs generated at different coarsening levels.
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Figure 1: Performance over epochs of models pretrained on different coarsening levels.
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Figure 2: Standard HARP compared to the version built on partially injective homomor-
phisms.

6.3 Feasibility of partially injective transformations

In order to test the feasibility of HARP-like algorithms based purely on partially injective
homomorphisms, ordinary HARP is compared to one with the coarsening proposed in
Section 4. Figure 2 shows the performance of such a model compared to ordinary HARP,
node2vec and purely feature-based MLP classifier. As can be seen, there is no meaningful
difference between the two models.

7 Future work

In this work-in-progress, two properties of graph-based models are studied. While these
properties seem to be unconnected at first, they are both highly relevant to the future
progress of our work. The target use of these approaches is the detection of similar sub-
structures in graphs of very large size. It is computationally unfeasible to use techniques
such as graph convolution for extremely large graphs. With HARP, such graphs could be
significantly reduced in size, enabling the use of such more computationally demanding
techniques. Also, the way in which the graphs are coarsened can be specifically tailored
in a way that either preserves, or collapses the subgraphs of interest. Using such tailored
coarsening techniques would allow for scanning for a pre-determined structure in the
graph.

The target application of this work lies in the domain of computer network security.
Malware running on endpoint devices connects to remote resources, i.e. as a check for
internet connectivity or a connection to a Command & Control server. From the traffic
of regular user-induced behaviour as well as malware, a connection map can be built and
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represented with a graph. A skilled analyst can recognize nodes and edges associated
with malicious software, however, in the present time, some families of malware are ei-
ther sold to multiple threat actors and set up with duplicate infrastructure or they change
the infrastructure they use as a means of evading detection. Our work aims towards rec-
ognizing such duplications or changes in infrastructure previously marked as malicious
by an analyst. Moreover, the methods studied could enable automatic recognition of
new infrastructure employed by previously seen malware families and suggest it for man-
ual review, thus dramatically reducing the time needed until the new infrastructure is
discovered.

8 Conclusion

In our work in progress, a way to merge method generality, computational efficiency and
high performance was explored. HARP and partially injective homomorphisms were pre-
sented and subsequently connected as a way to, in a future work, adapt graph coarsenings
to a specific task. This connection was experimentally verified not to impact prediction
performance. Furthermore, the effect of HARP pretraining on learning characteristics was
studied and found to reduce the need for training on fine (and therefore large) graphs,
making way for a more efficient training without sacrificing performance.

References

[1] H. Chen, B. Perozzi, Y. Hu, and S. Skiena. HARP: Hierarchical Representation
Learning for Networks. Proceedings of the AAAI Conference on Artificial Intelligence
32 (April 2018). Number: 1.

[2] F. Frasca, E. Rossi, D. Eynard, B. Chamberlain, M. Bronstein, and F. Monti. SIGN:
Scalable Inception Graph Neural Networks. arXiv:2004.11198 [cs, stat] (November
2020). arXiv: 2004.11198.

[3] A. Grover and J. Leskovec. node2vec: Scalable feature learning for networks. In
"Proceedings of the 22nd ACM SIGKDD international conference on Knowledge
discovery and data mining’, 855-864, (2016).

[4] W. Hu, M. Fey, M. Zitnik, Y. Dong, H. Ren, B. Liu, M. Catasta, and
J. Leskovec. Open Graph Benchmark: Datasets for Machine Learning on Graphs.
arXiv:2005.00687 [cs, stat| (February 2021). arXiv: 2005.00687.

[5] Q. Huang, H. He, A. Singh, S.-N. Lim, and A. R. Benson. Combining Label Propa-
gation and Simple Models Out-performs Graph Neural Networks. arXiv:2010.13993
[cs] (November 2020). arXiv: 2010.13993.

[6] D. P. Kingma and J. Ba. Adam: A Method for Stochastic Optimization.
arXiv:1412.6980 [cs| (January 2017). arXiv: 1412.6980.



Graph Coarsening Can Increase Learning Dfficiency 21

7]

18]

19]

[10]

[11]

[12]

[13]

A. Paszke, S. Gross, F. Massa, A. Lerer, J. Bradbury, G. Chanan, T. Killeen, Z. Lin,
N. Gimelshein, L. Antiga, A. Desmaison, A. Kopf, E. Yang, Z. DeVito, M. Raison,
A. Tejani, S. Chilamkurthy, B. Steiner, L. Fang, J. Bai, and S. Chintala. PyTorch:
An Imperative Style, High-Performance Deep Learning Library. In ’Advances in
Neural Information Processing Systems 32, H. Wallach, H. Larochelle, A. Beygelz-
imer, F. d. Alché-Buc, E. Fox, and R. Garnett, (eds.), 8024-8035. Curran Associates,
Inc., (2019).

B. Perozzi, R. Al-Rfou, and S. Skiena. Deepwalk: Online learning of social repre-
sentations. In "Proceedings of the 20th ACM SIGKDD international conference on
Knowledge discovery and data mining’, 701-710, (2014).

G. Salha, R. Hennequin, and M. Vazirgiannis. Keep It Simple: Graph Autoencoders
Without Graph Convolutional Networks. arXiv:1910.00942 [cs, stat] (October 2019).
arXiv: 1910.00942.

T. H. Schulz, T. Horvath, P. Welke, and S. Wrobel. Mining Tree Patterns with
Partially Injective Homomorphisms. In ’Machine Learning and Knowledge Discovery
in Databases’, M. Berlingerio, F. Bonchi, T. Gértner, N. Hurley, and G. Ifrim, (eds.),

Lecture Notes in Computer Science, 585-601, Cham, (2019). Springer International
Publishing.

J. Tang, M. Qu, and Q. Mei. PTE: Predictive Text Embedding through Large-scale
Heterogeneous Text Networks. In 'Proceedings of the 21th ACM SIGKDD Inter-
national Conference on Knowledge Discovery and Data Mining’, Association for
Computing Machinery (August 2015), 1165-1174.

J. Tang, M. Qu, M. Wang, M. Zhang, J. Yan, and Q. Mei. Line: Large-scale
information network embedding. In ’Proceedings of the 24th international conference
on world wide web’, 1067-1077, (2015).

Z. Zhang, P. Cui, J. Pei, X. Wang, and W. Zhu. FEigen-GNN: A Graph Structure
Preserving Plug-in for GNNs. arXiv:2006.04330 [cs, stat] (June 2020). arXiv:
2006.04330.






Fluid Flow Simulations through Distributor

Plate Using Cumulant Lattice Boltzmann
Method*

Pavel Eichler

4th year of PGS, email: eichlpal@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Radek Fucik, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. Fluidized bed boilers are modern devices for energy generation through the com-
bustion of granular solid fuels, such as coal waste or woody biomass. Because of the complex
geometry of the boiler and expensive experiments, CFD simulations are a useful tool to inves-
tigate complex phenomena occurring during the combustion process and optimize the boiler
performance.

One of the fluidized boiler parts is the combustion chamber, where fossil fuel releases its
energy to the surrounding area through combustion. It was observed that air space distribution
plays a dominant role. Thus, there is a plate at the bottom of the combustion chamber. This
plate contains tiny holes which should distribute the airflow uniformly in the combustion cham-
ber. Furthermore, this plate prevents the falling of fuel particles to the other parts before the
combustion chamber.

In this contribution, we consider an experimental model of the fluidized bed boiler and study
the dependence of pressure drop at the distributor plate on the airflow rate. The experimental
results are compared with the results of two numerical methods. The first numerical method
is the cumulant lattice Boltzmann method. Next, the finite volume method implemented in
ANSYS Fluent CFD software is used.

The numerical results of pressure drop with a low airflow rate match the experimental results
well. As the airflow rate grows, the differences between numerical and experimental results
grow, and ANSYS Fluent simulations better predict the experimental results. However, lattice
Boltzmann method uses finer computational mesh, and thus it produces a detailed view of the
air distribution behind the distributor holes. The obtained results can be utilized to design a
simplified model of the distributor plate in our complex CFD tool for the simulation of multiphase
flow and combustion in fluidized bed boilers.

Keywords: cumulant lattice Boltzmann method, turbulent fluid flow, pressure drop, direct nu-
merical simulations.

Abstrakt. Kotle s fluidnim lozem jsou moderni zafizeni pro vyrobu energie spalovanim gran-
ulovanych tuhych paliv, jako je uhelny odpad nebo dfevni biomasa. Vzhledem ke slozité ge-

*The work was supported by the project Research center for low-carbon energy technologies, project
of excellent research no. CZ.02.1.01/0.0/0.0/16 019/0000753, Operational Programme of Research,
Development and Education, Ministry of Education, Youth and Sports of the Czech Republic (2018-
2022).
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ometrii kotle a nakladnym experimenttim jsou simulace CFD uZiteénym néstrojem pro zkoumani
slozitych jeva vyskytujicich se b&éhem spalovani a optimalizaci vykonu kotle.

Jednou z ¢asti fluidniho kotle je spalovaci komora, kde se spaluje fosilni palivo a uvoliiuje
se energie do okolniho prostfedi. Bylo pozorovano, Ze rozlozeni proudéni vzduchu ve spalovaci
komote hraje vyznamnou roli. Na dné spalovaci komory je tak umisténa distributorova deska.
Tento distributor obsahuje malé otvory, které by mély rovnomérné distribuovat proud vzduchu
ve spalovaci komote. Kromé toho tato deska zabraniuje padu c¢astic paliva do ostatnich ¢asti
pred spalovaci komorou.

V tomto prispévku budeme uvaZovat proudéni vzduchu v experimentalnim fluidnim kotli
a budeme vySetrfovat tlakovou ztratu na distributoru v zavislost na velikosti vstupniho toku.
Experimentalni vysledky jsou porovnany s vysledky dvou numerickych metod. Prvni numerickou
metodou je kumulantni{ mrizkové Boltzmannova metoda. Druhou metodou je metoda kone¢nych
objemil implementované v softwaru ANSYS Fluent.

Numerické vysledky tlakové ztraty s nizkym priutokem vzduchu dobie odpovidaji experimen-
talnim vysledkim. S rostouci hodnotou toku vzduchu rostou také rozdily mezi numerickymi a
experimentalnimi vysledky. Vysledky ziskané pomoci softwaru ANSYS Fluent lépe aproximuji
experimentéalni vysledky. Miizkova Boltzmannova metoda vak pouZiva jemnéjsi vypodetni sit, a
tak poskytuje detailnéjsi pohled na distribuci vzduchu za otvory distributoru. Ziskané vysledky
1ze pouzit k navrhu zjednoduseného modelu distributoru v nasem vyvijeném komplexnim nastroji
CFD pro simulaci vicefazového proudéni a spalovani v kotlich s fluidnim loZem.

Klicovd slova: kumulantni miizkova Boltzmannova metoda, turbulentni proudéni, tlakova ztrata,
primé numerické simulace.

Full paper: This paper [1] is under review in JJTAMP and summarizes results of the
research group engaged in OPVVYV project no. CZ.02.1.01/0.0/0.0/16 _019/0000753.
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Abstract. An important task in motion planning is to follow a given state trajectory into some
target set. This involves first designing a controller that tracks the desired state trajectory,
and then determining a neighbourhood of the trajectory where this controller fulfils its goal of
reaching the target set [7]. In this contribution, we present an efficient method for this second
task.

A funnel is a time-varying set of states that contains the followed system trajectory, for which
the evolution from within the funnel at any given time stays in the funnel. Thus, it generalizes
the behaviour of the system trajectory to the states near it. In the literature [3, 8], funnel
construction is usually based on sum-of-squares programming (SOS) [6], a relaxation technique
for polynomial systems. However, such formulations are sensitive to numerical errors and scale
poorly to high dimensions both in theory [2] and in practice [5].

Our algorithm is based on falsification that tackles the funnel computation task directly
through numerical optimization. This method allows computation of accurate funnel estimates
far more efficiently. We show in our computational experiments that the algorithm computes
larger funnels in less time compared to SOS programming. The algorithm does not formally
verify in itself. But even without the verification part, the falsifiers still provide upper estimates
of control funnels which provides clear boundaries, beyond which controller will probably fail.
Moreover, its result can then be formally verified using a well-known palette of verification
techniques that includes—in addition to SOS programming—computer algebra [1] or interval
computation [4].

Keywords: nonlinear systems, motion planning, Lyapunov methods

Abstrakt. Nasledovani dané trajektorie systému je duleZitou soucésti planovéni pohybu. Za
timto Gcelem je nejprve nutné navrhnout pfislusné fizeni, a nasledné urcit okoli trajektorie, na
kterém toto Fizeni navede systém do mnoziny cilovych stavi [7]. V tomto prispévku se zaméfime
na tuto druhou cast.

Funnel je ¢asové proménné mnozina stavi, ktera obsahuje sledovanou trajektorii systému
a pro kterou ¢asovy vyvoj stavi systému z tohoto funnelu zustava uvnitf funnelu. Funnel
tudiz zobecnuje chovani systému podél sledované trajektorie i na stavy z okoli této trajektorie.
Konstrukce funnela je obvykle [3, 8| zalozend na sum-of-squares programovani (SOS) [6], coz
je relaxacéni technika pro polynomidlni systémy. Takova reformulace je ale citlivd na numerické
chyby a skaluje se Spatné v dimenzi tlohy a to jak teoreticky [2], tak prakticky [5].

*This work was supported by the project GA21-09458S of the Czech Science Foundation GACR and
institutional supportRVO:67985807
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Na&s algoritmus je zalozeny na falzifikitoru, ktery resi napocitadvani funnelt pfimo pomoci
numerické optimalizace. Toto umoznuje rychle pocitani presnych odhadt funnela. UkaZeme, Ze
nase metoda oproti SOS metodé napocitava na testovacich dlohach vétsi funnely rychleji. Algo-
ritmus sdm o sobé& neobsahuje formalni verifikaci. Pfresto, i bez formalni verifikace, falzifikitor
poskytuje horni odhady funneld, které predstavuji jasnou hranici, za kterou fizeni miZe selhat
v dosazeni cilové mnoziny. Vysledné odhady funnelt lze navic nésledné formalné verifikovat
napiiklad pomoci algebraickych [1] a intervalovych [4] metod.

Klicovd slova: nelineérni systémy, planovani pohybu, Ljapunovské metody

Full paper: Jifi Fejlek and Stefan Ratschan, Computing Funnels Using Numerical Op-
timization Based Falsifiers, arXiv:2109.11420 (https://arxiv.org/abs/2109.11420),
2021.
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Abstract. Anomaly detection is gaining on importance with the massive increase of data we
can observe in every domain of human activity. In many applications, the goal is to recognize
objects or events of classes with unclear definitions and missing prior ground truth, while the
only assumed certainty is that these entities should be different from what we know well.

The problem can thus be seen as the problem of modeling what is common and then identify-
ing outliers. Anomaly detection is inherent in cybersecurity, is successfully applied in industrial
quality control, banking and credit card fraud detection, in medicine it can help raise alarms
when a patient’s condition deteriorates, etc.

Traditionally, in anomaly detection context the common use of neural models is in the form
of auto-encoders and generative adversarial models. This models often perform well but do not
guarantee to perform as expected in all cases. A popular more direct way of modeling anomaly
distribution is through k-Nearest Neighbor models. Although KNN can perform better than
traditional models in some cases, their applicability can be seriously impaired by their space
and time complexity especially with high-dimensional large-scale data.

In our previous work [1] [2], we proposed density-approximating neural network models for
anomaly detection (DANNMAD), the alternative use of neural models in anomaly detection.
Instead of modeling anomaly indirectly through reconstruction error as is common in auto-
encoders, DANNMAD use a neural model to efficiently approximate anomaly as inferred by
k-Nearest Neighbor, which is popular due to its good performance as an anomaly detector.
Moreover, the neural model can achieve even better accuracy in case of noisy data as it allows
better control of over-fitting through control of its expressivity.

In this contribution, we propose online learning for DANNMAD, an essential ability for
many real-world application scenarios, especially for cybersecurity. Whereas the update process
is not straightforward, we demonstrate and discuss the main challenges. We explain the trade-off
between accuracy and memory requirements and introduce possible strategies at various trade-
off level. Finally, we focus on the strategy with the best compromise of the trade-off. We utilize
two various evaluation schemes for the online learning and then we briefly evaluate the proposed
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approach on both public (UCI) data and real-world computer network traffic data provided by
Cisco Systems.

Keywords: Anomaly detection, neural network, nearest neighbor, computer network traffic,
online anomaly detection

Abstrakt. Detekce anomalii nabira stile vetsiho vyznamu s rostoucim objemem dat v kazdé
doméné lidské aktivity. V mnoha oblastech je cilem této tlohy rozpoznat objekt nebo udalost,
jejichz podoba je nezndmé, na zékladé odlisnosti od jiz zndmych pozorovani. Tato tloha mtze
byt také chapana jako modelovani znamych objektt a nésledné rozeznavani objektt vybocujicich
z modelu. Detekce anomélii je nedilnou soucasti kybernetické bezpecénosti, iispésné se pouziva
pri kontrole kvality v primyslu, detekci finan¢ni kriminality v bankovnictvi, nebo mediciné, kde
se pouziva k automatizovanému hliddni stavu pacienta.

Typické pouziti neuronovych siti pri detekci anomalii je ve formé auto-encoderu a gener-
ativnich modelt. Auto-encodery nabizeji dobry pomeér rychlosti a kvality detekce, ale neni
zarucena optimalni funkénost ve vSech piipadech. Nejznaméjsi a zaroven velmi spolehlivy
a piimy zptisob modelovani distribuce anomélii se provadi pomoci metody k-tého nejblizsiho
souseda (KNN). Prestoze kNN v nékterych pripadech dokonce vykazuje lepsi vysledky nez auto-
encodery, jeho pouZziti je zna¢né limitovano vypocetni a pamétovou néarocnosti, zejména pro
objemné a vysoko dimenzionélni data.

V nasi pfedchozi praci 1] [2] jsme predstavili metodu zvanou ,density — approximating neu-
ral network” (DANNMAD), ktera je alternativnim pfistupem pro pouziti neuronovych siti pfi
detekci anomalii. Hlavni vyhodou zminéné neuralni metody oproti auto-encoderu je pfimé mod-
elovani distribuce anomalii, které je emitovidno pomoci konvenéniho kNN, jez dosahuje velmi do-
brych vysledku pfi detekci anomaélii. Tato aproximac¢ni metoda dosahuje srovnatelnych vysledkua
s kNN pfi mnohem mensi ¢asové a pamétové naro¢nosti vzhledem k vlastnostem neuronové sité.
V nékterych piipadech dosahuje dokonce lepsich vysledkt nez kNN diky lepsimu zobecnéni a to
zejména v pfipadech kdy trénovaci data obsahuji vétsi mnozstvi Sumu.

V tomto pfispévku navrhujeme metody pro online u¢eni modelu DANNMAD. Online ucenti je
zékladnim predpokladem k tspé&Snému nasazeni zminéného modelu na realné problémy, zejména
v oboru pocitacové bezpec¢nosti. Vzhledem k tomu, Ze prechod k online uceni neni piimocary,
budeme diskutovat vzniklé problémy a jejich mozné feSeni. Vysvétlime kompromis mezi presnosti
a pamétovou na naro¢nosti a nastinime nékolik strategii které operuji na rtiznych trovnich
tohoto kompromisu. Nakonec se zaméFime na strategii ktera nabizi skvélé vlastnosti od obojiho.
Ukazeme dvé rtzna schémata pro evaluaci online uéeni a stru¢né shrneme dosavadni vysledky
pomoci jak vefejné dostupnych dat z UCI repozitafe tak redlnych dat z oblasti pocitacové
bezpecnosti poskytnuté firmou Cisco Systems.

Klicovd slova: Detekce anomélii, auto-encoder, neuronové sité, metoda nejblizsiho souseda,
provoz na pocitacové siti, online detekce anomélii
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Abstract. The multicomponent flow modeling has many applications in various disciplines rang-
ing from petroleum engineering (enhanced oil recovery) to geochemical engineering (groundwa-
ter contamination). In this work we consider the single-phase flow of miscible and compressible
multicomponent fluids in porous media. The mathematical model consists of Darcy velocity,
transport equations for components of a mixture, pressure equation and associated constitutive
relations (e.g. equation of state or viscosity). We follow an approach of the previous works of
[1, 2, 4, 5] based on the combination of the mixed-hybrid finite element for the approximation
of the pressure and velocity fields and discontinuous Galerkin method for the approximation of
transport equations. Although they used piecewise linear basis functions for the concentrations,
they used only piecewise constant functions for the pressures and lowest-order approximation
for the velocity field. They also used a different form of the pressure equation which seems to be
more complicated than the one used in [3]. In contrast to classical IMPEC schemes, used in the
previous works and which are known to have a mass-conservation problem, Chen, Fan and Sun
[3] have rewritten the pressure equation with only one additional paramater to be determined
and proposed a new fully mass-conservative IMPEC scheme where conservation of mass for all
components holds true. So far only the lowest-order approximation for pressure and velocity
field has been utilized in the models. In this work we show how to extend these ideas for the
higher-order framework. In contrast to previous works we apply higher-order scheme not only
for the transport of the species but also for the pressure and the velocity fields.

Keywords: Multicomponent flow, Mixed-hybrid finite element method, Discontinuous Galerkin
method

Abstrakt. Modely viceslozkového proudéni maji Siroké vyuziti pres oblasti ropného primyslu
(t&zba ropy) az po geochemické inZenyrstvi (kontaminace podzemnich vod). V této praci zk-
ouméme jednofazové proudéni misitelné viceslozkové smési v poréznim prostiedi. Matematicky
model je popsan Darcyho rychlosti, rovnic{ transportu pro kazdou slozku smési, tlakovou rovnici
a konstituénimi vztahy (napf. pro stavovou rovnici & viskozitu). K FeSeni jsme zvolili pFistup
jako v [1, 2, 4, 5| zaloZeny na kombinaci hybridni verze metody smiSenych kone¢nych prvki pro
feSeni tlakového a rychlostniho pole a nespojité Galerkinovy metody pro feSeni transportnich
rovnic. PfestoZe je v téchto pracich pouzita aproximace koncentraci po ¢astech linearni funkci,

*This work has been supported by the by the Czech Science Foundation project no. 21-09093S Multi-
phase flow, transport, and structural changes related to water freezing and thawing in the subsurface, by
the Ministry of Education, Youth and Sports of the Czech Republic under the OP RDE grant number
(CZ.02.1.01/0.0/0.0/16__019/0000778 Centre for Advanced Applied Sciences, and by the Student Grant
Agency of the Czech Technical University in Prague, grant no. SGS20/184/OHK4/3T/14.
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pro tlakové a rychlostni pole je stale uzita aproximace nejnizsitho fadu. V uvedenych pracich
je dale pouzito standardni IMPEC schéma, které je zndmo svym problematickym chovanim se
zachovanim hmoty. To je vyfeseno v [3], spoletné s uvedenim tlakové rovnice v jednodussim
tvaru, navrhem nové verze iterativaiho IMPEC schématu, kde je problém se zachovanim hmoty
odstranén. Doposud je ve vSech uvedenych pracich pouZita aproximace nejnizsiho fadu pro
tlakové a rychlostni pole. V této praci jsou predeslé modely rozsifeny o pouziti metod vyssiho
fadu presnosti. VySsi fad aproximace je tedy pouzit jak pro koncentrace tak pro tlakové a
rychlostni pole.

Klicovd slova: Proudéni viceslozkové smési, Hybridni verze metody smiSenych konecnych prvki,
Nespojitd Galerkinova metoda

Full paper: Galis, Petr and Mikyska, Jiti. Mathematical Modeling of the Single-Phase
Multicomponent Flow in Porous Media. International Conference on Computational
Science 2021, Proceedings, Part VI, 2021.
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Abstract. Stochastic models of diffusion in spatial domains of noninteger dimension are widely
applicable as a basis of simulations. Obtaining data having fractal properties requires the con-
struction of fine enough discrete latices that is computationally expensive. This contribution
presents a novel way of representing graph-based finite models using a generalized coordinate
system. Fractal properties of obtained simulation data are tested using dimension estimates
based on generalized linear regression.

Keywords: fractal diffusion, fractal dimension, spectral dimension, walk dimension

Abstrakt. Stochastické modely diftize v prostorech s necelo¢iselnou dimenz{ jsou Siroce vyuzivany
pro ucely simulaci. Pro ziskédni dat s fraktélnimi vlastnostmi je nutné konstrukce dostatecné
jemnych struktur, které jsou vypocetné néro¢né. Tento piispévek predstavuje novy zptsob
reprezentace konetnych modeltu zaloZzenych na grafech, ktery uziva zobecnény soutradnicovy sys-
tém. Fraktalni vlastnosti dat ziskanych ze simulaci jsou testovany pomoci odhadii dimenze
zalozenych na zobecnéné linearni regresi.

Klicovd slova: fraktalni difuze, fraktélni dimenze, spektralni dimenze, dimenze ndhodné prochéazky

1 Introduction

Analysis on fractals was initially motivated by modelling of heat and wave transfer in
distorted media [I]. Nature of these problems motivated mathematicians to present a
new field analysis on fractals and to introduce differential operators on fractals such as
Laplace operator [6]. As a reference for the introduction to fractals serves [7] or [11].

Several definitions of dimension exist. The Hausdorff dimension [7] based on the Haus-
dorff measure is the most general one. The similarity dimension [10] based on the scaling
property of fractal sets can be used only for simple self-similar sets. For these sets
the Hausdorff dimension and the similarity dimension take on the same value and are
referred to as fractal dimension. Study of dynamic systems within fractal spaces further
introduces walk dimension as discussed in [2], 4].

*The research was supported by the internal grant of Czech Technical University in Prague
SGS20/190/0OHK4/3T/14. Computational resources were supplied by the project "e-Infrastruktura CZ"
(e-INFRA CZ ID:90140) supported by the Ministry of Education, Youth and Sports of the Czech Re-
public
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Above mentioned works assume known fractal dimensions as parameters of studied
systems. Our focus is the inverse problem, finding the unknown values of the dimensions
using observed properties of a given set. Most of the known methods for estimating
the similarity dimension of fractal sets are based on the evaluation of a single geometric
characteristic, e.g. box-counting [12]. Estimating dimensions by studying process within
the fractal set, e.g. diffusion, and not the fractal set itself is a novel approach.

2 Diffusion over Fractal Substrate

2.1 Fractal Substrate

We will study the set of points F C R? where d € N is traditional vector space dimension
and F is finite substrate considered as a model of fractal set. Firstly we introduce diffusion
based on physical model that can be performed on regular evenly spaced grid which is
defined as follows:

Let h > 0 be constant grid spacing and e;,...,e, € R? be its normalized base:
le;|| = h, Vi € {1,...,n}. The gird points are defined as ¢ = ), w; e;, where w € Z".
The regular grid is infinite undirected graph G = (V,€), where V = {z = >  w; e; :
w € Z"} is set of all grid points and €& = {{z,y} : x,y € V,||lx — y||o = h} is a set
of grid points connections. In this paper, we will study square and hexagonal grids as
discrete approximations of 2D continuum.

The main subject of this paper is diffusion on finite discrete approximations of fractal
sets. Therefore, we define finite substrate F as finite compact sub-graph of graph G,
consisting of one edge at least. There are many cases of finite substrates related to finite
depth approximations of Sierpinski Gasket and many other self-similar fractal sets.

3 Dimension Estimation

Fractal diffusion modeled as random walk {X;}Y, on finite substrate F serves as a tool
to simulate and study properties of modeled fractal sets. Assuming that X, is isotropic
on G we limit our study on absolute travelled distance R; = || X; — Xj||2 where X is
selected uniformly randomly from /. The aim is to present estimates of walk dimension
d.,, and spectral dimension dg obtained only from i.i.d. realizations rq,...,r, ~ R;.

3.1 Spectral Dimension

Base model giving distribution of mass on given fractal set from [2} 4] states that there
exist Ay, Ag, Q1,Q2 € R for any @ € F,r = ||x — x|z and ¢ > 0 so that

rdw 1/(dw—1)
At oo (-0 ()

il \ 1/ (dw=1)
< PI‘(Rt = 7") < Ag tids/2 exp —QQ <T> .
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Inequalities cannot be generally reduced to equality for A; = Ay = A, Q1 = Q2 = Q
because scaling is needed for varying scales of values of r and t.

To obtain advantageous relation to use as a base of spectral dimension estimate we
reduce inequalities by setting r = 0 and reducing studied time on short time window
t € (t1,t3). These concessions from generality allow us to assume return probability
model

pO,t = Pr(Rt = O) = At_ds/z. (2)

Having sample ry4,...7,; ~ R; we are able to obtain estimate of py, as
1 n
I)/()Tlf:ﬁzl:]-('ri,t:o)a (3)
1=

where 1 is the indicator function. Let us note that given the construction of estimate pg;
we can assume its binomial distribution.

3.2 Walk Dimension

Walk dimension d,,, linked together with fractal dimension dy and spectral dimension dj
by relation

df
dy, = 2—, 4
dy (4)

plays a role as power in the relation for moments m,(t) = ER?. From inequalities
follows that for any o > 0 there exists Cy,Cy € R for any € F,r = ||z — |2 and
t > 0 so that

Oyt 4 < my (t) < Cot ™/, (5)

Similarly to the distribution inequalities (1) we must limit studied time to ¢ € (¢, t3) to
be able to present moment model

my(t) = Ct¥%  C >0, (6)

Using only second moments o = 2 allows us to discuss distribution of the second moment
estimate

_ 1 ¢
ma(t) = n Z TiQ,t (7)
=1

as the sample estimate of the moment ms(t). Using ¢(t) = X; — X, and denoting s > 0
as a scale and we have

d
Ry =[I¢(1)[)3 =) _¢(t), where ¢ ~N(0,s7), (8)
=1

for the case of diffusion in d € N space. In this case

my(t) =ER; =s7d 9)
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but we study the estimate ms(t) using scaling to obtain

n - Ma(f) chw (10)

=1 j5=1

where ¢ ;(t) ~ N(0,1). Therefore 272 ~ 2  which can be generalized for noninteger
t

values of dimension d; € RT as M ~T'(n-df/2,2) and also

. -dy 2] t
ma(t) ~ T n L 5% , sl = maf ), ma(t) = C ¥/ (11)
2 n df
Models (2)) and @ together with distributions of used estimates allow us in Section
define and statistically test estimates of walk and spectral dimension.

4 Finite Substrate Representation

The Monte Carlo simulation of the modeled fractal diffusion process X; serves as a source
of random realizations of total travelled distances ry,...,r, ~ R;, which represent dis-
tribution of the mass in the finite substrate F. Initial inputs of the simulation are the
number of simulation steps ¢, jump probability p and the model of finite substrate F
consisting of the set of vertexes V coordinates and the set of edges £.

For the each random walk realization the initial vertex is selected uniformly randomly
from vertex set V. For every following time step the new vertex is selected from the set of
adjacent vertexes to the old vertex Tpew € {x € V : {x, Zo1a} € £} U{@oa} in accordance
with probability p.

For the following discussion we understand finite substrate F as a undirected graph
representing fractal set. F can be generated and represented in various ways. For the
needs of random walk simulations, large enough set of vertexes is needed so that effect
of border vertexes is negligible even for random walk realizations with large number of
time steps t. For self-similar fractal sets, number of vertexes grows exponentially with
the level of fractal set model H. To be able to represent a very large graph F, nontrivial
method is needed.

4.1 Fractal Substrate Generation

For the simulation data presented in this work, representation of fractal set models was
done only algorithmically, allowing for no need to generate or to store in memory large
representations of graphs.

Let us assume graph Fg = (Vy,Ex) C G = (V,E) representing fractal substrate
model of level H. For H = 0 we further assume Vy = {xo}. Self-similar nature of
modeled sets ensures existence of generating transforms 7' g, To g, ... Ty : Vu—1 = Vi
such that V; = {T;(xo)}F_,. This generating property must hold for any value of level

H k
U {Ti’H(w)}izl' (12)

rEVH_1
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Relation (|12)) implies that for any vertex & € Vp there exists a sequence of H transform
indexes iy,...,ig € {1,...,k} such that

T = (Tz‘l,l oTip0---0 TiH,H) ($0)> (13)

where function composition is used: (f o g)(x) = g(f(z)). We understand a vector of
used transform indexes (i1, ...,iy) as recursive coordinates of vertex .

Simple example to illustrate the use of recursive coordinates is construction of Sier-
pinski Gasket. Transforms defining recursive coordinates are defined as T} y(x) = = +
v; 27HF1 where unit translation vectors vy, vy, vs, v; = (cos(¢;),sin(¢;)) are used such
that ¢1 = /2, ¢o = 7Tn/6, ¢3 = 117/6. Analogous construction can be applied for any
Sierpinski Carpet. For Koch Curve the transformations are based on translation and
rotation.

Having available just the set of k£ generating transforms defining self-similar fractal
set we are able to uniformly randomly select any vertex @ € Vg by generating recursive
coordinates (iy,...,im), i; ~ U({1,...,k}). Let us also note that with growing value of
level H complexity of presented algorithm grows only linearly.

4.2 Random Walk Modeling

Assumed random movement between two vertexes can have non zero probability if there
is an edge connecting the vertexes. Having available recursive coordinate method of
representing all vertexes we now discuss representation of edges £.

For the purposes of random walk in finite substrate Fpg it is not necessary to have
algorithmic way to generate all vertexes. We only focus of neighbouring vertexes Ny (x) =
{y € Vi : {y,x} € &} of the given vertex € Vy with recursive coordinates (i1, ..., ix).
Finite substrate Fg is a compact sub-graph of regular grid G. This property guarantees
that any edge from £ must align with a direction from the grid base ey, ..., e,. Our aim
is to determine whether or not movement from @ in direction e; corresponds to existing
edge in &y.

Let us firstly note that all vertexes created from vertex (i, ...,ig_1) from Vy_; create
set of vertexes from Vg where edges are equivalent to £&. The set of edges &; therefore
can be used to determine subset of the neighbourhood Ny (x) by considering only the
last coordinate iy of vertex .

As an example can serve SG where &; forms a triangle and therefore any vertex (..., 1)
shares an edge with vertex (...,2) and (..., 3) for any depth H. Fact that only the last
coordinate changes represents that movement was contained within only the last level
group of fractal substrate.

We can represent edges & of SG with direction arrows and recursive coordinate values:
1) — 2, @) — (1), 2N G), 3) \ @), 1)~ (3), (3) / (1). Alternative
representation is presented as values in boxes in adjacency schema in Table

To obtain neighbouring vertexes not only from the last level group we must include
edges connection the groups. These edges are equivalent to £ because we can observe
multiple connected last level groups. All these edges from SG are represented in adjacency
schema in Table[I} The schema shows how every coordinate value, not only the last one,
can change if movement in given direction is executed. Boxes show always possible moves
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corresponding to the moves in £, x designates never allowed moves and the rest are the
moves possible if there is an level Hy < H that first Hy — 1 recursive coordinates remains
the same. This schema is used as a rule on the change of the recursive coordinates from
right to left until the Hy-th coordinate is achieved.

Let us present an example for SG for vertex (3,2,3,3) from V;. Using adjacency
schema in Table [T] we can obtain neighbouring vertexes firstly by examining the last
recursive coordinate iy = 3. Always available movements from vertex (3) based on &,
shown as values in boxes, give us vertexes (3,2,3,1) and (3,2,3,2) corresponding to
movements / and N\, Other two remaining possible movements are in directions "
and . Applying these movements on recursive coordinates from right to left side and
stopping if movement is not allowed x or movement was contained in given level D we
obtain

3, 2, 3, 3) ~ (3, x, 1, 1),

(3, 2, 3 3) N\ (3 [3, 2 2),
where vertex (3,3,2,2) is obtained by allowed movements only. This shows that level

Hy = 2. Because all possible directions from vertex (3,2, 3,3) were discussed we have
listed the full neighbourhood of this vertex.

(14)

Table 1: Adjacency schema for Sierpinski Gasket (SG). Schema pairs possible movements
in hexagonal grid with recursive coordinates. Values in box show movements correspond-
ing to edges £ which are always available.

— v N
2 3 X

1] x 3
x ] [2]

/
3]

X
1

H
X »—‘ul
[\DHX s

Adjacency schemas based on recursive coordinates and base directions of regular grid
are well suited for description of edges from range of possible variation of Sierpiski Gas-
kets, Sierpinski Carpets and their higher dimension analogues. For curves like fractals
such as Koch Curve and similar ones, where rotation is included, a simple alternative for
representation of edges is available. For curves, only two directions are possible "left"
and "right" no mater the orientation of the shape. These movements can be represented
by numbering the generating transforms starting from zero Tp g, ..., T;—1,z and under-
standing recursive coordinates as k-adic number. Movement on the line then corresponds
to adding or subtracting one. In the case of KC and vertex (0,3,1,0) from V,; we can
directly obtain neighbouring vertex (0,3,0,3) and (0,3,1,1). Random walk on finite
substrate Fg of KC is therefore mapped on random walk on {0,...,47 — 1} C Z.

4.3 Random Walk Statistics

Reliable source of independent realizations r,...,r, ~ R; allows us to utilize return
model (2) and moment model @ together with known distributions of estimates of return

probability pp; and second moment M5 () to define estimates g; and c?s
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Given exponential form of models , @ generalized liner model approach was selected
for the model regression. We assume relation

[ = exp (60 + B log(t)), (15)

where the response variable 4 has distribution F' and logarithmic link function is used.
Regression produces estimates from which ; is our main focus.

To compare obtained estimate B\l with previously known value [ of the estimated
parameter we also assume offset model

ft+w = exp (o + 71 log(t)), (16)

where w = w(f,t) present values calculated with previously known value of 5. Standard
p—value for test Hy : v, = 0, Hy : 1 # 0 allows us to validate test

Hy: B = B, H11517é5~ (17)

Considering return model ([2) we obtain spectral dimension estimate (js using binomial
distribution F, p; = poy,, 51 = —ds/2, and w; = —2d; log(t;).

Considering moment model @ we obtain walk dimension estimate d,, using gamma
distribution F', p; = ma(t;), 1 = 2/dy, and w; = 2/d,, log(t;).

5 Experimental Part

For the purposes of this work, large scale Monte Carlo simulations were realized to obtain
samples of total travelled distance rq,...r, ~ R; for various fractal sets and time ¢. Jump
probability of random walks was set for all sets to be uniform for all neighbouring vertexes
while having probability of staying in current vertex equal to zero. For every fractal set
n = 10° realizations of R, was generated for time steps ¢t = 10,...,10% In every time
step t estimates po,; and ms(t) were calculated producing sets

(i) (L) (15)

t=10 =10

Because random walk cannot stay in the same vertex two time steps in the row, it is
not possible in geometries such as SC and KC for random walk to return to origin in odd
number of time steps. For these fractal sets and return model , even time steps are
used only.

Simulation results presented in this work are obtained using implementation of recur-
sive coordinate based algorithms in MATLAB while using Combined multiple recursive
generator [§] as a source of pseudo-random variables. This generator was chosen for its
support of multi-threading calculations, its availability in MATLAB scripting environ-
ment, and its sufficiently large period, 25 streams of length 2127,
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Figure 1: Illustrations of Sierpinski Carpet (SC), Sierpinski Gasket (SG), and Koch Curve
(KC), for levels H =0, 1,2, 3.

5.1 Involved Substrates

Diffusion simulations for Sierpinski Carpet, Sierpinski Gasket, and Koch Curve were
realized. Illustration of these sets presents Figure

For the purposes of testing obtained estimates, used theoretical values of dimension
are summarised in Table 2] For Sierpinski Carpet (SC) the theoretical values of walk
and spectral dimension are not available. While various approximation methods are
available [3], [5, 9] [13], [14], to be able to compare our dimension estimates with fixed values
we use values of spectral dimension from [3] and calculate value of dy from relation (4)).
Table 2] also includes used values of finite substrate level H.

Table 2: Studied fractal sets with assumed values of fractal dimension dy, walk dimension
d,, and spectral dimension d, together with values of used finite substrate levels H.

Set Abbrev. d; d,, d, H

Sierpinski Carpet  SC 55 = 18028 d, = 209698 d,=180525 15

Sierpinski Gasket SG 83 = 15850 285223219 222 =13652 15
og og og

Koch Curve KC 22 =1.2619  PEY =25237 1 30

5.2 Conditions for Unbiased Estimation

Equalities in models , @ are limited for short time window, therefore it is not possible to
use full range of time steps of available data sets t =10,...,10° We introduce data
set time window W (tg, w) = {t € N: t > tg,t < to +w — 1} where |W| = w is a window
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width. For the fixed window width w we obtain estimates for multiple initial times ;.
Because with each dimension estimate we obtain p—values of tested hypothesis it
is necessary to combat false discovery rate. We utilise Benjamini—Yekutieli procedure
to obtain appro.05) threshold for confidence level 0.05. Method is used under arbitrary
dependence of overlapping time windows and uses sum of harmonic series.

5.3 Results

Time window method applied both for estimation of walk and spectral dimension gives
set of estimates. To present singular value estimate we use weighted average. For any
estimate ¢; with standard error s; we understand weighted estimate 6 as

522%@, wizCsi’z, Zwizl, (19)

while initial estimates @ are independent. To apply this for time window estimates
we average only over estimates from non-overlapping time windows. Furthermore we
exclude estimates from time window W (ty, w) such that ¢y < w to exclude improperly
scaled initial estimates. Values of standard error of time window estimates are obtained
from fitted generalized linear models. Results are summarised in Table [3|for time window
widths w = 500, 1000. Results for hypothesis test for window width w = 1000 are
shown in Figure [2|

Table 3: Obtained averaged estimates for used time window width w.

w = 500 w = 1000
KC 25237 1 2.5219 1.0032 2.5229 1.0000

SG 23219 1.3652 2.3211 1.3711 2.3214 1.3595
SC  2.0969 1.8052 2.0954 1.8543 2.0958 1.7986

6 Conclusion

The paper presents full framework from modeling of fractal diffusion and estimating
dimensions from simulated data. Discrete model of self-similar fractal sets is discussed as
finite substrate. Using recursive coordinates, self-similar graph based structures can be
represented algorithmically allowing for efficient implementation of large sets. Estimates
of both walk dimension and spectral dimension are derived using observations in short
time window. Regression and statistical testing is done using standard tools of generalized
linear models. Presented statistical tests of dimension estimates show that obtained
values of dimensions are in accordance with the theoretical values or with the previously
published results.



40 F. Gaspar
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Figure 2: Results of time window estimates for walk dimension estimates 8; and spec-
tral dimension estimates d,. Each dot represents dimension estimate from time window
W (t9,1000). Red dots represent estimates for which Hy in(17) was rejected. The red
lines represent values of d,, and d, from Table |2/ used in hypothesis testing .
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Abstract. Bayesian decision-making (DM) quantifies information by the probability density
(pd) of treated variables. Gradual accumulation of information during acting increases the DM
quality reachable by an agent exploiting it. The inspected accumulation way uses a parametric
model forecasting observable DM outcomes and updates the posterior pd of its unknown pa-
rameter. In the thought multi-agent case, a neighbouring agent, moreover, provides a privately-
designed pd forecasting the same observation. This pd may notably enrich the information of
the focal agent. Bayes’ rule is a unique deductive tool for a lossless compression of the infor-
mation brought by the observations. It does not suit to processing of the forecasting pd. The
paper extends solutions of this case. It: i) refines the Bayes’-rule-like use of the neighbour’s
forecasting pd, ii) deductively complements former solutions so that the learnable neighbour’s
reliability can be taken into account, iii) specialises the result to the exponential family, which
shows the high potential of this information processing, iv) cares about exploiting population
statistics.

Keywords: Kullback-Leibler divergence, information fusion, parameter estimation, decision-
making, Bayesian paradigm

Abstrakt. Bayesovské rozhodovani kvantifikuje informaci pomoci hustoty pravdépodobnosti
(hp) uzitych proménnych. Postupna akumulace informace zvysuje kvalitu rozhodovani dosazitel-
nou agentem. Zkoumany zpusob akumulace vyuzivd parametricky model predpovidajici po-
zorovatelné vysledky rozhodovani a aktualizuje aposteriorni hp neznamého parametru. Navic v
multi-agentnim pfipadé sousedni agent poskytuje vlastni hp predpovidajici stejnd pozorovani.
Tato hp mutZe zejména obohatit informaci nalezici ptivodnimu agentovi. Bayesovo pravidlo
je jedineény deduktivni nastroj pro bezztratovou kompresi informace dodanou jednotlivymi po-
zorovanimi, avSak nevyhovuje zpracovani prediktivni hp. Clanek rozsifuje FeSeni vySe zminéného
a to: 1) upfesnénim pouZiti Bayesova pravidla pro prediktivni hp sousedniho agenta, ii) deduk-
tivné dopliuje drivéjsi feSeni tak, aby bylo moZné zohlednit spolehlivost sousedniho agenta,
iii) specialné aplikuje vysledky na rodinu exponencialnich hp, ktera vykazuje vysoky potencial
takového zpracovani informaci, iv) bere v tvahu vyuziti popula¢nich statistik.

Klicovd slova: Kullbackova—Leiblerova divergence, informacni fiize, rozhodovani, odhadovani
parametru, Bayesovské paradigma
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Abstract. Deep neural networks became popular machine learning methodology within last
years. However, classical frequentist learning algorithms of neural nets are not suitable to express
model uncertainty and might be prone to overfitting if too complex model is selected. Bayesian
machine learning addresses these drawbacks with introducing prior distributions into learning.
To estimate posterior distribution of model parameters, common approach is variational infer-
ence searching for a distribution approximating the posterior. In this article, weight perturbated
variational Adam algorithm, where model parameters are sampled around its estimated mean
when computing the gradients of optimization algorithm, is presented and experimentally ana-
lyzed. It is shown that such algorithm migh be a powerfull tool to prevent from overfitting of
more complex non-linear classifiers.

Keywords: Bayesian learning, variational inference, Vadam, classification, overfitting

Abstrakt. Hluboké neuronové sité jsou populédrnim u¢icim algoritmem poslednich let. Nicméné
klasické algoritmy pro uceni neuronovych siti zpravidla nedokazi dobie popsat neurcitost modelt
a mohou byt néchylné k pietrénovani. Tyto nedostatky se snazi odstranit Bayesovské strojové
uceni, které vnasi do modelu apriorniho rozdéleni jeho parametri. K odhadu aposteriornfho
rozdéleni se ¢asto pouziva variacni inference, které hledé jeho aproximativni distribuci. V tomto
¢lanku je predstaven a analyzovan algoritmus Vadam (weight perturbated variational Adam),
ktery pfi vypoctu gradientti pouziva vzorkovani kolem odhadnovanych vah. Zejména je ukazano,
jak algoritmus poméha s moZznym pretrénovanim.

Klicovd slova: Bayesovské uceni, varia¢ni inference, Vadam, klasifikace, pfetrénovani

1 Introduction

Deep learning methods became state-of-the-are of learning algorithms, among others
thanks to its flexibility and ability to fit complicated structures in the data. However,
classical learning methods, based on minimization of loss functions (which is usually
corresponding to maximization of model likelihood), usually give only point estimate of
outputs and cannot thus express uncertainty in the model and its outputs. Also, such
methods might be prone to overfitting if too complex model or methodology is chosen for
learning. Then, applying the model on different set of data than the training set might
demonstrate poor performance.
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To overcome these drawbacks, Bayesian learning might be applied as a probabilistic
approach to learning algorithms if prior belief is introduced into model (other frequent
methodologies include dropout [12] or ensemble [7] methods). Central focus of Bayesian
learning is posterior distribution of model parameters. However, such distribution is often
explicitly intractable and must be estimated. Distinct methodologies are being used for
this purpose, including Monte Carlo Markov chain methods (MCMC) [13], variational or
Monte Carlo dropout |2, 6] or variational inference (VI) where posterior is approximated
by probability distribution from selected family of distributions.

In this article, weight perturbated variational Adam algorithm, as possible VI algo-
rithm, is described and experimentally analyzed. Key focus is given to performance of
models with varying complexity and how the algorithm can help to prevent from overfit-
ting.

2  Weight-perturbated Adam algorithm

In Bayesian deep learning, prior belief of model behavior is introduced into model. Con-
sidering model M with parameters w = (wi)ij\il (e.g. neural network weights), prior
belief is expressed by prior distribution p (w). Having data set D = (X,y) with targets
y = (yi)fil, regressors X = (Xi)f\il and likelihood p (y|X, w) (hereinafter, the dependence
on X is suppressed from the notation to make it uncluttered), key focus of Bayesian meth-
ods is to derive or estimate the posterior distribution p (w|y) expressed by the Bayes rule

p(ylw)p (W)'

p(wly) = o)

While calculating or estimating the mode of the distribution, i.e. the so called maximum
a posteriori (MAP), might be relatively easy, expressing the whole distribution is usually
computationally demanding or even impossible due to normalization p(y). However,
expressing the whole distribution is a desired property to analyze and describe uncertainty
in the model and its output.

Variational inference (VI) is a common approach to approximate the posterior distri-
bution. For the preselected family of distribution, the aim is to choose such distribution
or its parametrization that minimizes the Kullback-Leibler divergence between the ap-
proximative and posterior distributions. This is usually done by maximizing the so called
ELBO (evidence lower bound)

L(q) = Egw)[log p(y, w) — log q (w|6)]

where ¢ (w|0) is the approximative distribution parametrized by 6. Using reparametriza-
tion trick, ELBO is usually optimized by first order optimization algorithms using stochas-
tic gradient descent (SGD), i.e. in the easiest form it holds for the optimization update

0.1 =0:+7%VeL(q)

where 7, is (possibly adaptive) learning rate. Such method is a powerfull tool, however,
it requires more computation, memory, and especially implementation error compared to
classical likelihood methods.
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In this section, weight-perturbated variational Adam algorithm (called hereinafter as
Vadam) is described. Key characteristics differentiating Vadam from other VI algorithms
are as follows. First, natural momentums are introduced into optimization to allow usage
of “Adam-like” algorithm. Hence, existing code basis might be easier adapted for imple-
mentation and the algorithm requires less memory and computation compared to other
usual VI methods. Second, model parameters are sampled around its estimated mean
when computing the gradients (hence the weight perturbation in the algorithm name),
using estimated variance that is also being optimized from KL divergence perspective.
Third, natural gradients are used in optimization instead of classical SGD to exploit
geometry of approximative distribution.

2.1 Natural gradient variational inference

Prior and approximative distributions are assumed to be Gaussians in the following form
p(w) ~N (w|0,A7' ), q(w)~N (w|p,diag (6%)) .

Remark. Let us remark that exponential family (EF) is a set of distribution in a form
p(x]0) = h(x)exp [(¢ (x)|n) — A(0)], where ¢ (x) is the sufficient statistics and 1 the
natural parameter and so called expectation parameters are defined as m = E[¢p (x)].
Natural and expectation parameters of Gaussian distribution are in (3).

First characteristics of Vadam algorithm is usage of natural gradients in natural para-
metric space, i.e. using Fisher information matrix (FIM) in the optimization of natural
parameters of approximative distribution

Niyr = My + 1 F (qn (W))_l vn£("7)= (1)

where m is a vector of natural parameters. If there is one-to-one mapping from natural
parameter space to expectation parameters m of approximative distribution (which is
the case for Gaussian ¢(w)), it can be shown that

VimLu(m) = F (g (w))™" VnL(n) (2)
(refer to [10] for more details), hence

Mey1 = M + 7Vl (m)

without a necessity to explicitly calculate FIM. L£,(m) denotes the objective function if
expressed in terms of expectation parameters m.

Remark. Let us remind that FIM for distribution g (W) is a matriz with elements

2

06,00,

F (qo (W))i,j =E log go (W)|.

For Gaussian approximative, using notation X=diag (a?), it holds

_ 1o
n=x"p, n?»=-x7, (3)
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Using the chain rule for derivatives and the previous equalities

Vmu)ﬁ* = Vuﬁ -2 (Vgﬁ) M,
V, L. = VL.

Inserting this into (3), we get after couple of edits the natural gradient updates for
Gaussian approximative distribution (given Gaussian prior)

S =30 - 20 (VL) (4)
Mo = i+ %S (VL)

where L; is the objective function calculated with parameters from time step ¢.
It left to express the terms Vs £, and V,L;. Recall that

L(q) = Egw)[=N f (W) + log p(w) — log g (w)]

where we denoted by f (w) the likelihood term f(w) = —+ Zfil log p(yi|w). First,
Bonnet’s and Price’s theorems (see [9] for more details) are used for the likelihood part

VAELS (W) = E,[Vaf (W)= Elg (w)]
VE[f ()] = 5B, [Vinuf (w)] = E,[H ()],

where we denote by g (w) and H (w) the gradient and Hessian of f (w), respectively.
Then for the expectation

Viule = VuE[=Nf (w) +log p(w) — log q (w)]
ViuLy = —E4[Ng (w)] +quq[10gP(W)] _quq[IOg q(w)]
= =0

VLo = — (E[Ng ()] + An)

where we used the fact that V,E,[log ¢ (w)|=0 because differential entropy of Gaussian
is not depending on its expectation p and V,E,[logp (w)]= -Ap thanks to properties of
cross entropy of two Gaussians. Similarly for the variance part

VsLi = VsE[-Nf (W) + log p(w) — log g (w)]
Vsl = % [—E[NH (w)] = A+ Z71].

(=1 =AT)

Inserting into (4), denoting S; = ~—5— and approximating the expectations as Monte
Carlo estimate with one sample, we get the following optimization update

Si+ M\ A
i1 = Ky — Vi (%) <9 (wy) + #) )

Siv1 =1 =) S +vH (wy).
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2.2 Natural momentum update

In the next step, momentums are added into algorithm, i.e. adaptive term J; (nt — 77t71)
is added into (1) that turns into

N1 =M + Vel (qn (W>>_1 Vnﬁ(??) + 0y ("7t - 77t—1) .

Similarly to (2), it can be shown that the optimization update can be expressed in
terms of gradient w.r.t. expectation parameters (see [4] for more details)

Mir1 = M + 7V Li(m) + 6 (77t - "7t71) ~
Using the same approach as in (4), following updates are derived
Z3:5+11 = 2;1 =27 (VsLy),
Mo = My + 721 (VL) + 5t2t+12t_+11 (Ht - Ht71) .

Applying again Bonnet’s and Price’s theorem, denoting \ = % and approximating the

expectations as Monte Carlo estimate with one sample, the following is obtained

St =1 =) Se+vH (we),
Hipr = By — Ve (St+1 + :\I> - <Q (We) + 5\%&) + 0 (St+1 + S\I)l (St + 5\I> (e = Bi1) -

Estimating the Hessian by the so called gradient magnitude H (w;) = [g (w;)]*, utilizing
diagonality of ¥ and defining s; by o; = we get

N(s +A)

sir1=(1—v)se+%lg (Wt)]Qa

glw) thm o Vs,
w/stJrl_'_)\ w/StJrl_'_)\

where w; is sampled by N (s, ;) (hence the weight perturbation in algorithm name).

Hipr = By — Nt Nt—1) ) (5)

Remark. Let us remark that update of classical Adam algorithm can be expresses as
(original derivation can be found in [5])

my; ;< Simy + (1 —51) g (6y)
Sip1 < [asi + (1 —52) (g (0t>]2

mt+1

t

1 -5
Sit1

1-74

0,11+ 0, —«

l’ilt_H —

St+1 <

mg
VSt +
It can be shown that this is equivalent to heavy ball expression
- g (wy) 15 Vi + (0 ( —u )
~ t—1
V81 + ¢ \/ Str1+

0t+1 = 9t -

(see [14] for more details).
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Previous remark will be now utilized for final derivation. We can see that the update
equation (5) is in the same form as (6), hence we can use the equivalence from the
remark to deduce final Vadam algorithm as shown in Algorithm 1. Key difference w.r.t.
to classical Adam is that gradients are calculated at sampled weights w; ~ N (wy|p,, 3;),
not directly at the estimated weigths from previous update.

Algorithm 1 Vadam algorithm (Variational weight perturbated Adam)

1: while not converged do

2 wp+oe, e~N(01), at:ﬁ
3 Select minibatch from training data set D;
4: g < —Vlogp (D;|w)

5: m<—51m+(1—61)(g+%‘)
6 s« Pas+(1—052)(gog) > a o b denotes element-wise multiplication
7 m <
8

9

_m
-8l

pop-azis
t+—t+1

S

S(-m

3 Experiment

We have experimentally analyzed Vadam algorithm on classification problem and com-
pared the results to classical maximum likelihood (MLE) methods. Primary atttention
has been paid to preventing from overfitting.

It has been tested on binary classification problem on the Spirals data set for N = 600
data points. Here, regressors X are 2D coordinates and targets y are two colors. The
data set has been randomly split into training set of N, = 470 data points and testing
set of Ny = 130 points. Behavior of train and test error on the model with varying
complexity has been analyzed. We have used a neural network with one hidden layer
with variable layer width of k neurons, i.e. the model

k 2
j=1 i=1

As a measure of goodness-of-fit, negative log-likelihood (NLL), i.e. the binary cross-
entropy, has been used. Vadam algorithm with different parameters A of prior distribution
(A €10.01,0.1,1]) has been compared to MLE approach.

As can be seen from Figure 1, in case of MLE approach, both train and test error
first improves fastly with increasing model complexity. However, when widening further
the hidden layer of neural network, test error starts to dramatically deteriorate. This is
well-know behavior of classical likelihood approach.

On the contrary, train and test errors of Vadam algorithm remain stable also for
models with higher complexity, while maintaining small difference between train and test
NLL. Surprisingly, this characteristic is relatevily stable for various prior parameters A
and holds even for more "extreme” selection of such parameter to both sides.
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Figure 1: Train and test error of Vadam algorithm and MLE approach for varying NN hid-
den layer width.

It shall be remarked that best result for test error is still attained by MLE method,
however, this holds only for very specific model selection, while Vadam demonstrates
more stable behavior of test NLL for various neural network widths.

4 Conclusion and future work

In this article, we have described and experimentally analyzed weight-perturbated vari-
ational Adam algorithm (Vadam) and compared it to classical MLE method on binary
classification problem with non-linear model. Key focus has been paid to goodness-of-fit
of the testing sample. It has been shown that while MLE method is very prone to over-
fitting for increasing complexity of the model, Vadam test error remains stable and close
to train error also for models with wider neural network layers.

However, when testing on more complex problems with substantially larger data sets,
such robust behavior has not been always demonstrated in terms of covergence to global
optimums. As a result, future work involves analysis of the algorithm with more heavy-
tailed prior and approximative distribution (e.g. Student’s probability density).

Also, the goal of future work is implementation of Vadam algorithm and its extensions

on multiple-instance learning problems, esp. on problems with hierarchical input data,
and analysis of its behavior on such problems.
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Abstract. A general multi-purpose data structure for an efficient representation of conforming
unstructured homogeneous meshes for scientific computations on CPU and GPU-based systems
is presented in the paper [1|. The data structure is provided as open-source software as part of
the TNL library (https://tnl-project.org/) [2]. The abstract representation supports almost
any cell shape and common 2D quadrilateral, 3D hexahedron and arbitrarily dimensional sim-
plex shapes are currently built into the library. The implementation is highly configurable via
templates of the C++ language, which allows to avoid the storage of unnecessary dynamic data.
The internal memory layout is based on state—of-the—art sparse matrix storage formats, which
are optimized for different hardware architectures in order to provide high performance compu-
tations. The proposed data structure is also suitable for meshes decomposed into several subdo-
mains and distributed computing using the Message Passing Interface (MPI). The efficiency of
the implemented data structure on CPU and GPU hardware architectures is demonstrated on
several benchmark problems. Its applicability to advanced numerical methods is demonstrated
with an example problem of two-phase flow in porous media using a numerical scheme based on
the mixed-hybrid finite element method (MHFEM). We show GPU speed-ups that rise above
20 in 2D and 50 in 3D when compared to sequential CPU computations, and above 2 in 2D and
9 in 3D when compared to 12-threaded CPU computations.

Keywords: unstructured mesh, data structure, GPGPU, MPI, performance evaluation

Abstrakt. V ¢lanku [1] je prezentovana obecnéd datova struktura pro efektivni reprezentaci
konformnich nestrukturovanych homogennich siti pro védecké vypocty na CPU a GPU. Pred-
métna datova struktura je k dispozici jako open-source software v ramei knihovny TNL (https:
//tnl-project.org/) [2]. PouZita abstraktni reprezentace podporuje témér jakékoliv tvary
bunék a bé&zné 2D ¢tyfahelniky, 3D Sestistény a simplexy libovolné dimenze jsou aktualné im-
plementovany v dané knihovné. Implementace datové struktury je vysoce konfigurovatelna po-
moci 8ablon jazyka C++, coZz umoziuje vyhnout se nutnosti ukladat nepotfebna dynamicka
data. Interni ndvrh datové struktury je zaloZen na modernich formatech pro ukladani ridkych
matic, které jsou optimalizované pro rizné hardwarové architektury umoznujici vysoce vykonné
vypocty. Dana datova struktura je také vhodnéa pro reprezentaci siti rozdélenych na nékolik kom-
ponent a zpracovavanych pomoci distribuovanych vypocti skrze rozhrani MPI. Efektivita imple-
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mentované datové struktury na hardwarovych architekturach CPU a GPU je ukizana na néko-
lika testovacich dlohach. Pouzitelnost datové struktury v pokrocilych numerickych metodach je
ukizana na piikladu dlohy dvoufazového proudéni v poréznim prostiedi s vyuzitim numerick-
ého schématu zalozeného na smiSené metodé hybridnich kone¢nych prvka (MHFEM). Urychleni
vypocti na GPU oproti sekvenénim vypoctiim na CPU presahuji hodnoty 20 ve 2D a 50 ve 3D,
a ve srovnani s 12-vlaknovymi vypocty na CPU pfesahuji urychleni na GPU hodnoty 2 ve 2D a
9 ve 3D.

Klicovd slova: nestrukturované sité, datové struktura, GPGPU, MPI, vyhodnoceni vykonnosti
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Abstract. Our observable universe is very homogeneous and isotropic on largest scales, this
fact rests at the core of ACDM model of cosmology. However various measurements ([1], [2], [3])
display various levels of anisotropies, from these the most famous is observation of anisotropies in
relict background radiation (CMB). The origin of these anisotropies could provide hints towards
beyond SM physics. In this article, we wish to focus in particular on observations hinting at
potential existence of preferred axis and in this context we will also study dynamics of neutrino
oscillations along the lines proposed in [6]. In particular we show that oscillating neutrinos
(flavour mixing) can be viewed as non-oscillating Dirac flavour fields that interact via minimal
coupling with the Nambu-Goldstone vector field. The Nambu-Goldstone modes in question
correspond to long-wavelength fluctuation of the order parameter that is related to spontaneous
breakdown of the pseudo-orthogonal group down to its maximal compact subgroup. In this
article we will focus on 2+1 toy model, so the group in question is SO(2,1) breaking down to
U(1).

Keywords: cosmological anisotropies, neutrino oscillations, symmetry breaking

Abstrakt. N&S pozorovatelny vesmir je na nejvétSich Skaldch velmi homogenni a izotropni, tato
ického modelu. Ov8em razna pozorovani (1], [2], [3]) vykazuji razné miry anisotropie, z nich
nejslavnéjsi je pozorovani anisotropii v reliktnim zafeni pozadi. Pivod téchto anizotropii bz
mohl poskytnout néznaky k fyzice prekracujici Standardni model. V tomto ¢lanku se chceme
primarné soustiedit na pozorovani naznacujici moznou existenci preferované kosmologické osy
a v tomto kontextu studovat dynamiku oscilaci neutrin ve smyslu navrzeném v [6]. Konkrétné
ukdZzeme Ze na oscilujici neutrina lze pohliZzet jako na neoscilujici Diracovo flavour pole, kteréa
spolu interagujf skrze minimélni interakci s Nambu-Goldstone vektorovym polem. Tyto Nambu-
Goldstonovi médy pak koresponduji s dlouhovinymi fluktuacemi parametru usporadani ktery je
spojen se spontanim narusenim symetrie pseudo-ortogonalni grupy na jeji maximalni kompaktni
podgrupu. V tomto ¢lanku se budeme priméarné soustiedit na zjednoduSeny 2+1 dimenzionalni
model, tedy grupa symetrii bude SO (2, 1) zlomena na U (1).

Klicovd slova: kosmologické anisotropie, oscilace neutrin, naruseni symmetrie
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1 Introduction

The standard model of cosmology, ACDM model, has at its core two assumptions, spatial
isotropy and homogeneity of universe. However as various observatories gather data
of ever increasing accuracy and scope, some observations hint that these assumptions
might not hold as strongly as we would like. The most famous observed anisotropy
is the anisotropy of CMB, which is generally explained as due to coupling of matter
fluctuations to temperature fluctuations in early universe. But even in CMB there are
features that defy explanation for example the so-called ’Axis of Evil’ [2], or low [ deficit
in TT angular power spectrum [1]. Another would be dipole, which is generally taken to
be due to peculiar motion of Earth, however existence of intrinsic dipole is not strictly
ruled out [4]. Another place were we can see break from isotropy is in alignment of active
galactic axii in quasars, which seem to be aligned to the large-scale structure they are
found in [3].

All of these facts suggest that it makes sense to look at physics that could potentially
lead to existence of preferred directions. This direction of study can be useful in exploring
flavour oscillations of neutrinos, along the lines proposed in [6]. There it is suggested
that flavour oscillations can be alternatively explained by having neutrinos interact with
Nambu-Goldstone vector field, which would have some preferred direction. To explore
this idea we will analyse a toy model in 241 dimensions, where we will have simplified
the symmetry group (SO (2, 1) instead of SO (3, 1)), however we will also have increased
complexity of fermionic field (due to existence of inequivalent representations of Dirac
matrices). Since we can generate the kinetic term of the field through corresponding
coherent state-functional, as a result the Nambu-Goldstone vector field can be considered
dynamical. This would then imply that oscillations should not be uniform across space-
time, but should vary. If such variation in oscillation times was detected, this would serve
as an indirect proof of this hypothesis.

2 Anisotropies in the universe

In this section we will discuss some interesting observed anisotropies of our universe. In
particular, we will place the focus on observations hinting at the existence of preferred
axis, i.e. dipole anisotropies. A couple of observations of anisotropies we will focus on
are

e CMB anistropy
e "Axis of Evil’ (alignment of directions of quadrupole and octopole in CMB)
e Alignment of galactic axii

All of these and others cast the assumption of isotropy in question, and of homogeneity
as well, or to be more specific of homogeneity scale. Below we will highlight some of the
main characteristics of the chosen set of observations.

Before going into more details regarding the above mentioned observations, we would
also like to note possible consequence of finite speed of propagation in universe. If the
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anisotropies have origin in spontaneous breakdown of some symmetry, then due to finite
propagation speed we should expect there to be multiple domains with different preferred
directions. This is because when symmetry breaks down, the value of broken symmetry
operators is arbitrary, and there is no reason why the same choice should be made every-
where in physical system. As a result we would see different apparent preferred axis in
different parts of universe. Interestingly enough, galactic axii seem to be aligned along
the direction of the superstructure they are included in, indicating some preference. The
possible exception to this would be if the symmetry broke before inflation, as then our
universe could be wholly included in just one such region.

2.1 CMB anisotropy

Observation of CMB and its anisotropies is one of the great success of astronomy in
20th century. It provides look into earliest times in existence of universe, providing us
with a unique look. The observed temperature anisotropies are thought to be imprint
of density anisotropies of dark matter, due to quantum fluctuations which were 'blown
up’ during inflation into larger size. Among the features observed is suppression of odd
peaks in power, low [ deficit in TT angular power spectrum and alignment of dipole and
quadrupole moments.

What is most interesting to us, is measurement of dipole anisotropy. This anisotropy
has magnitude of 3.3621+0.0010 mK [4] and is generally interpreted as being the result of
the movement of measurement instrument (and hence also of Earth) with respect to rest
frame of the matter at time of last scattering. However, while the latest data from Planck
strengthens this explanation we would still expect to see intrinsic dipole of magnitude
10~° K and systemic and statical artefacts in analysis are still large enough to not be
conclusive. For these reasons it is reasonable to explore ideas of what could be origin of
potential intrinsic CMB dipole.

| +3.35

-3.35

Figure 1: CMB dipole with temperature in mK. [5]
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2.2 ’Axis of Evil’ (alignment of directions of quadrupole and oc-
topole in CMB)

In 2003 Tegmark et. al analysed WMAP data and found that both the quadrupole
and octopole of CMB point to preferred directions, and that these are strongly aligned
with each other [2]. This preferred direction was poetically named ’Axis of Evil’, as this
anomaly appears to give some preference to plane of Solar System and hence presents
departure from Copernican principle.

This alignment was later confirmed by alternate methods, strengthening the argu-
ment, some even extended the results to low multipoles up to [ = 5. This then presents
significant violation of the random Gaussian assumption for the primordial fluctuations.
Similarly even recent Planck collaboration data determined that their preferred directions
align with angular difference of only 12.3°, with the significance being 96.8%.

As we have mentioned in the discussion of the dipole, movement with respect to
the CMB rest frame introduces kinematic effects. When accounting for this kinematic
quadrupole, the quadrupole-octopole alignment becomes more consistent, with mis-alignment
angle decreasing to 8° and the significance increasing to 99% |[5].

Figure 2: Upper panel is the derived quadrupole (axis denoted by plus symbols), the
lower panel is the derived octopole (axis denoted by star symbols) Both images have
temperature ranges £35 uK. The diamond symbol corresponds to axis of the quadrupole
after correcting for the kinematic quadrupole. [5]
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2.3 Alignment of quasar axii

Recent surveys have observed that polarization of light coming from quasars is polarized
either parallel or perpendicular to the primary direction of the large scale structure (i.e.
cosmic filament) they reside in [3]. That such alignment would be result of random
chance is highly improbable, with less than 1% chance. Polarization of light in quasars
is generally either parallel or perpendicular to the accretion disk axis, and those with
perpendicular polarization also have greater emission widths. These facts combined with
observations suggest that it is the spin axis of the quasars are aligned with that of host
structure.

At the very least this suggests existence of emergent proffered direction within given
superstructure. Various explanations have been proposed, which can be broadly divided
into either photon path effects, or structural axis alignment. Recent work suggests that
photon path effects cannot account for the size of observed effect, with for example effect
of cosmic dust being negligible [7]. Optical correlations being redshift dependent [8] also
makes this observations difficult to explain using galactic foreground. However for radio
correlations such explanations are still viable.

Clear explanation of the origin of this effect is yet to be found, however characteristic
size of correlation could indicate departures from isotropy of the Universe.

3 Neutrinos in 2-+1 dimensions

The discussion in previous sections shows that there is some evidence for existence of
preferred direction. In light of these facts, we shall now investigate flavour oscillations in
neutrinos along the lines suggested in article [6].

By now, flavour mixing and and associated flavour oscillations are firmly established
parts of particle physics. However, the origins of mixing are still unknown. The common
picture views it as intrinsic property of particles, which are described by non-diagonal
mass matrix, with the non-diagonal terms being responsible for flavour mixing. Recently
new idea was put forward [6]. The idea is to view mixing as the effect of the interaction of
particles with external vector field which couples minimally. In this, we wish to elaborate
on this by arguing that the vector field should be Nambu-Goldstone vector field, resulting
from spontaneous symmetry breaking of the space-time symmetry group. One result of
this theory is that oscillation length will not necessarily be uniform.

In the following, we will be analysing the example in 241 dimensions, as the the
space-time symmetry group is much simpler in this case, being SO (2,1). Downside is
that in odd space-time dimensions there exist two inequivalent representation of gamma
matrices (and so also of Dirac matrices), so description of fermions is more complicated.

The two representations are

0 1_ . 2 _ -
v =03, v =101, 7 =109
0 _ 1 2.
V=03, 7 =101, 7 = —102.

Since we don’t want to comprise our results by the choice of representation, we will work
in generic representation defined as

VO = 03, 71 =104, 72 = 209 (1)
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At the end of any specific calculation, we can set z to be equal to £i and explore either
representation.
We start with the Lagrangian describing mixing of two neutrino fields

L=ve(iP—me)ve+t v, (17— my)vy—mey (VeVy + Dyuve) (2)

We can directly obtain equations of motion from (2)

i0ove = [—i (a1 + &°0s) + Pme] ve + By, (3)
1801/” = [—1 (04181 + @282) + Bmu] Vy + ﬁmeuyea (4)

where ' '
a' =7,  B=A" (5)

The equations of motion can be compactly rewritten as
iDOVf = (—162 . 62 + ﬁMd> Vg, (6)

where vy = (v, 1,)" is the flavour doublet, M, = diag (m,,m,) is the diagonal mass

matrix and 62 = (81,82)T. We have also defined the time-component of a covariant
derivative Dy as

Dy = 0y +i(01 ® B) Mey. (7)
This e.o.m. can be derived from the following Lagrangian density
£:I7f (1 DO—Md) Vf+17fi Wl/f. (8)

While we have derived the Lagrangian (8) via (7), it is fully equivalent with the La-
grangian (2).

Now we see that flavour mixing can be alternatively understood as an interaction of
flavour field v; with a vector field having in the chosen reference frame structure

Auznu%n(ol@@, n* = (1,0,0)", dm=m, —m, 9)

where A, = A, (01 ® () is a matrix-valued time-like vector field. We note that globally
defined time-like vector field can exist only on manifold that is time-orientable, general
Lorentzian manifold does not necessarily have such a field.

We are now interested in writing e.o.m. (7) in manifestly covariant form, to that end

om
we use identity me, = > tan 20. We can write

D, =0, +igA,, (10)

where we have defined g = tan20. With the help of (10) the e.o.m. for mixed fields can
be written in the form

(iv"D, — Mg) vy = 0, (11)

and the resulting Lagrangian density has the form of a doublet of spinor fields interacting
with an external (non-dynamical) minimally coupled vector field,

L: = Df (i’}/uD# — Md> l/f. (12)
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The Lagrangian (12) describes the same dynamics as Lagrangian (2), however instead
of having oscillating flavour fields v¢, we have flavour fields interacting with a static vector
field n,, via minimal interaction. Also in the (12) the fields have simultaneously definite
mass and flavour, in contrast to (2) where we need to choose to work with either mass
states or flavour states.

3.1 SO(2,1) coherent state functional integral

So far the field responsible for flavour oscillation has been static, however we can promote
it to a dynamical one by adding a kinetic term for A, (or n,) into the Lagrangian. By
adding such a term, it becomes clear that mixing and flavour oscillations cannot remain
uniform across space-time, as the field can now vary.

In general frame we will have n,n* = 1, ng > 0, implying that the dynamics of the
field A, take place in Lobachevsky 3D target space, i.e. quotient M = SO (2,1) /SO (2).
This effectively describes space of Nambu-Goldstone modes after SO (2,1) symmetry
(analogue of Lorentz symmetry) is broken down to the rotational symmetry.

We would like to point out that in contrast to the usual case of spontaneous sym-
metry breakdown (SSB) where it is an internal symmetry that is being broken, here we
have spontaneous breakdown of Lorentz symmetry (or its analogue). This means that
instead of having scalar Nambu-Goldstone field, we have Nambu-Goldstone vector field
[9]. Massless field theories where the target space is the group coset space are known as
non-linear o models, they typically describe dynamics of Nambu-Goldstone bosons. The
o model in question here is an analogue of space-time o model [10]. It is known that with
a suitable choice of interaction Hamiltonian, the generalized coherent state functional in-
tegrals describe low-energy effective field theories, i.e. Nambu-Goldstone fields, including
their interactions.

Let us consider the corresponding SO(2,1) coherent state-functional, as this is the
natural arena for discussing the quantum dynamics of Nambu-Goldstone field (|6], [11]).
We will do this in terms of the unit-vector parameters n,,.

First we note that SO(2, 1) is isomorphic to SU(1, 1), and since SO(2) is isomorphic
to U(1) the coset space is also isomorphic SO(2,1)/S0(2) = SU(1,1)/U(1). As this
space represents the upper sheet of two-sheet hyperboloid, we can choose the coordinates
on this space as

n,, = (cosh 7, sinh 7 cos ¢, sinh 7 sin ¢) . (13)

Since the group SU(1,1) has an indefinite Casimir operator, there are four classes of

unitary irreducible representations. Following the discussion in [6] we restrict ourselves

only to certain subset (that for which U(1) also has unitary representation), and we can
write for coherent states

10 (n)) = 10(7,9)) = D (7,¢)[0) = exp [ir (J - )] |0), (14)

where u = (0, sin ¢, cos ) is a unit vector, and we choose 'ground’ state as |0) = |j, —j),
i.e. as state annihilated by J_. We have also defined J = (Jy, Ji, J2) with Jy = J3. The
J; are generators of the group and this relabelling is done to keep indices consistent with
the previous discussion. As a result the commutation relations of the algebra now read

o, J ] = —2Jy, Jo=J ik, (15)
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Using Gauss decomposition we can write
. T
0(r.¢)) = (L= [¢)” e*0) =[0(¢)), ¢ = tanh 7. (16)
The transition probability between two coherent states can be written as

1_2%(0* )+|C/| ’<|2 —2[4]
0 0EE = (52 e )

1+ n/ ne\ ~2Hl
AN a

We now promote the ¢ (and so also the parameter n,) to a field, ¢ — ¢ (z).
For the path integral of SO (2,1) coherent states we can now write (along the same
lines as in [6])

0@y = [ oucre i [ an (0012 0]

(7) 17 (C*— oc C)
<les of dx, Oz

- Dy (¢, ¢* i [ da, | b o
/C(:ri) (¢, ¢7) exp 1/mi Tp |1 1— (]2

(18)

Now, as the analysis of neutrinos was done using field n, (), we need to rewrite (18)
in terms of the field n,. To do so we use definition of ¢ and identities for hyperbolic
functions. We can write

171 (C*dC d¢=¢)

— 1P = —2|j|sinh = dgp

nldng — ngdnl

= -l r(ng+r)

, (19)

where r = /n,n#. We are not going to simplify this, as the target space constraint
n,n* =1 can be introduced in the functional integral measure, i.e.

D5 [nn,] = DADn* exp [i / diz A (z) (n* (2) n,, (x) — 1)} . (20)

For the coherent state integral we can now write

/ DADn,, exp [i / diz ) (@) (" (2) n, () — 1)]

. ny (z) 82?; ns () angSE)
X exp [1/dxu (—m r(n) (no (2) £7 () )] , (21)

where the second exponent represents the derived low-energy kinetic term for field n,,.
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4 Conclusion

In this note we have reviewed some of the evidence regarding existence of preferred di-
rection on cosmological scales. While the evidence is not necessarily conclusive, there
are undeniable hints of possibility of such direction. We have used this observation as
a spring board for a discussion of alternate explanation of flavor oscillations observed in
neutrinos. The analysis was done on a toy model in 2+1 dimensions, where we traded
decreased complexity of symmetry group (SO (2,1) instead of SO (3,1)) for mildly in-
creased complexity of fermionic field (due to existence of inequivalent representations of
Dirac matrices). The analysis demonstrates that an interaction of flavour fields with a
Nambu-Goldstone vector field with preferred direction can result in apparent oscillation
of flavours. We then generate the kinetic term of the field through corresponding co-
herent state-functional, as a result the Nambu-Goldstone vector field can be considered
dynamical. This then implies that oscillations should not be uniform across space-time,
but should vary. If such variation in oscillation times was detected, it could be considered
as an indirect evidence in favour of this analysis. The goal of further work is to extend
the analysis to 3+1 dimensions, however the increased complexity of the group is making
it difficult for time being.
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Abstract. The inference of causal relations between observable phenomena is paramount across
scientific disciplines, however the means for such enterprise without experimental manipulation
are limited. A commonly applied principle is that of the cause preceding and predicting the
effect, taking into account other circumstances. Intuitively, when the temporal order of events
is reverted, one would expect the cause and effect to apparently switch roles. This has been
previously demonstrated in bivariate linear systems and utilized in design of improved causal
inference scores, while such behaviour in linear systems has been put in contrast with nonlinear
chaotic systems where the inferred causal direction appears unchanged under time reversal. The
presented work explores the conditions under which the causal reversal happens - either perfectly,
approximately, or not at all - using theoretical analysis, low-dimensional examples and network
simulations, focusing on the simplified yet illustrative linear vector autoregressive process of
order one. We start by theoretical analysis that demonstrates that a perfect coupling reversal
under time reversal occurs only under very specific conditions, followed up by constructing low-
dimensional examples where indeed the dominant causal direction is even conserved rather than
reversed. Finally, simulations of random as well as realistically motivated network coupling
patterns from brain and climate show that level of coupling reversal and conservation can be
well predicted by asymmetry and anormality indices introduced based on the theoretical analysis
of the problem. The consequences for causal inference are discussed.

Keywords: causality, time reversal, temporal symmetry, reversed time series, vector autoregres-
sive process, random networks

Abstrakt. Urceni pfi¢innych vztahti mezi pozorovatelnymi jevy je jedna ze zakladnich otazek
napii¢ védnimi obory. Bez moznosti experimentalni manipulace v rdmci systému jsou vSak
néstroje pro tento typ vyzkumu zna¢né omezené. Jednim ze zikladnich principi je princip
kauzality, tedy Ze pfi¢ina predchézi a muze predikovat dusledek, nikdy ne naopak. Pokud by-
chom zménili ¢asovy sled udalosti, intuitivné by se dalo o¢ekévat, zZe pri¢ina a nésledek zméni své
role. Tato premisa byla jiz dfive vyuzita v bivariatnich linedrnich systémech pii navrhu zpfes-
néni odhadt kauzalnich indexi (napf. koeficient Grangerovy kauzality). V ramci této prace
zkouméme podminky, za kterych dochazi ke kauzalnimu obratu - bud dokonale, p¥iblizné, nebo
viitbec - u systému popsanych vektorovym autoregresnim procesem fadu 1, a to pomoci teo-
retické analyzy a numerickych simulaci. Teoretickd analyza ukazuje, Zze k dokonalému obraceni

*This work was supported by the Czech Science Foundation projects No. 19-11753S, No. 21-32608S,
No. 21-172118S, by Ministry of Health Czech Republic - DRO 2021 (,National Institute of Mental Health
— NIMH, IN: 00023752“) and by Grant Agency of the Czech Technical University in Prague, grant No.
SGS20/183/0OHK4/3T/14.
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sméru vazby v ramci ¢asového obraceni dochazi pouze za velmi specifickych podminek. Déle
konstruujeme piiklady systémii nizké dimenze (n = 3), ve kterych, navzdory puvodni intuitivni
myslence, je dominantni smér vazby pii otoCeni sméru Casu zachovan. Simulace nahodnych i
realisticky motivovanych systému imitujici ¢asové fady mozkové aktivity ¢ globalniho klimatu
ukazuji, ze troven zachovani ¢i pfevraceni sméru vazby lze dobie predpovédét pomoci indext
asymetrie a anormality zavedenych na zakladé teoretické analyzy problému.

Klicovd slova: kauzalita, Casova symetrie, obraceni sméru ¢asu, reverzni ¢asové fady, vektorovy

autoregresni proces, ndhodné sité

Full paper: Kofenek, J.; Hlinka, J. Causality in Reversed Time Series: Reversed or
Conserved? Entropy 2021, 23, 1067. https://doi.org/10.3390 /23081067
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Abstract. This work deals with the problematics of image features. First, it reveals their
division into handcrafted and learned features and summarizes advantages and disadvantages
of both approaches. From the perspective of success rate in image classification, it’s known
which of these approaches is more suitable for a particular task. A natural continuation of the
future research could be, in our opinion, a possibility of a combination of these two types of
features. The work gives an overview of all attempts of such a combination. There is not a lot
of them and most of them uses merely a fusion of both types of features into one vector. In the
end, we present our idea of our future research in this topic.

Keywords: convolutional neural network, handcrafted features, learned features

Abstrakt. Tato prace se zabyva problematikou volby features u obrazkt. Nejdiive vysvétluje
jejich déleni na handcrafted a learned features a shrnuje vyhody a nevyhody obou pristupt. Z
hlediska success rate obrazkové klasifikace se vi, ktery z pristupi je pii dané tloze vhodnéjsi.
Prirozenym pokracovanim dalsiho vyzkumu by proto podle nas mohla byt mozZnost kombinace
téchto dvou druhu features. Prace se proto zabyva shrnutim vSech dosavadnich pokust o takovou
kombinaci. Neni jich mnoho a vétSina z nich pouziva pouhou fazi obou features do jednoho
vektoru. Na konci predstavujeme plan naseho dalsiho vyzkumu v této oblasti.

Klicova slova: handcrafted features, konvolucni neuronové sité, learned features

1 Uvod

Mnoho algoritmt pro klasifikaci obrazki je zalozeno na vypoctu features. Tyto features
se snazi objekt na obrazku dostatecné charakterizovat, abychom na zakladé prifazenych
features byli schopni obrazky co nejuspésnéji rozklasifikovat do spravnych kategorii. Exis-
tuji dva pristupy k vypoctu features. Prvni z nich je manualni ptiprava veli¢in s pfedem
definovanym vypoctem. Vybirame takové veli¢iny, které budou jednak obrazek dobte cha-
rakterizovat a navic budou robustni proti modifikacim, které mohou nastat. Tou miize byt
napfiiklad rozmazani obrazku. Druhou kategorii jsou tzv. learned features, které pocitac
sam optimalizuje podle konkrétnich dat. V dosavadnich metodach se oba pristupy ob-
vykle oddélovaly. Tento ¢lanek je resersi dosavadnich pokusti o kombinaci obou pristupt
dohromady.

V nasledujici sekci predstavujeme struc¢ny uvod do obrazkové klasifikace. V Sekci 3
dopodrobna rozebirame rozdil mezi handcrafted a learned features. Vysvétlujeme vyhody
a nevyhody obou pristupti. Zaroven zminujeme, kdy dany pfistup dopadne lépe z hlediska
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success rate klasifikace. Sekce 4 je resersi metod, které vyuzivaji néjakou formu kombinace
obou druhti features. V posledni sekci potom nastinujeme nas budouci vyzkum.

2 Klasifikace obrazku

Méjme obrazek a predpokladejme, Ze obsahuje pravé jeden z objektd wy,ws,...,w,. Ob-
razkova klasifikace je proces, pri kterém algoritmus rozpoznava, ktery z téchto objektt
obrazek obsahuje. Prikladem takové tlohy mtze byt rozpoznavani osoby z portrétni fo-
tografie nebo rozpoznavani zvirete. V takovém pripadé ale musime predem definovat
mnozinu vSech osob nebo zvirat, které se mohou na obrazku vyskytnout.

Predstavme si, Zze se z obrazku snazime naucit rozpoznavat rostliny. Abychom se
naucili rozpoznat konkrétni rostlinu, potiebujeme k tomu pfedtim vidét néjaky pocet
obrazki, kdy predem vime, Ze se o tuto rostlinu jedna. Mnoziné takovych obrazk se rika
trénovaci mnozina. Poté se budeme chtit otestovat, jak dobfe jsme se naucili rozpozna-
vat. K tomu ndm bude slouzit tzv. testovaci mnozina, ktera obsahuje obrazky, které jsme
béhem naseho uceni nevidéli. Budeme urcovat, kterou rostlinu testovaci obrazky obsahuji
a potom zpétné zkontrolujeme, jak tspésni jsme byli. Stejné funguje i naprosta vétSina
dnesnich pocitacovych algoritmi. Pocitaci predlozime dostatecny pocet ptrikladi daného
objektu, tj. nacteme trénovaci mnozinu. Algoritmus se nasledné snazi generalizovat infor-
maci z této trénovaci mnoziny, aby potom rozpoznal i obrazek, ktery v trénovaci mnoziné
nefiguroval, tj. algoritmus se podle néj neucil. Kdyz se nas algoritmus nauci prifazovat
objekt k obrazku, zajima nas, jak tispésné si vede. Proto ne vSechny obrazky z datasetu
ddvame do trénovaci mnoziny, ale nechdvame si ¢ast, napiiklad 20 %, stranou. Takové
mnoziné se Tika testovaci. Existuje mnoho moznosti, jak vyhodnotit tispésnost takového
algoritmu. Vzdy zalezi, jaky druh chyby je pro nis méné prijatelny. Jeden ze zpiisobi je
tieba success rate, ktery nabyva hodnoty v intervalu [0, 1] a pocita se jako pocet vSech
spravné rozpoznanych obrazki z testovaci mnoziny ku pocétu vSech obrazkl v testovaci
mnozine.

Prestoze je Image processing velmi popularni oblast vyzkumu, tak i pres desitky let
intenzivniho zkoumani je lidsky mozek stale mnohem lepsi v detekci objektu na obrazku
nez pocitac. Jedna z vyhod je napiiklad velikost trénovaci mnoziny, kterou potiebujeme,
abychom se néco naucili rozpoznavat. K tomu, abychom se dobfe naucili poznat néja-
kou rostlinu, ndm pravdépodobné bude stacit deset, maximéalné dvacet obrazkt. S tolika
obrazky by si ale pocita¢ nehledé na algoritmus pravdépodobné nevystacil, byly by jich
tfeba minimalné stovky, idealné tisice. Dalsim z mnoha vyhod ¢loveéka je naptiklad jeho
schopnost kontextového vniméni. Ze své zkusSenosti naptiklad predpokladéame, ze kdyz
se na obrazku objevi ¢lovék s voditkem, tak na konci voditka bude pravdépodobné pes.
Navic nam nevadi, Ze na obrazku je jen pilka psa nebo Ze je pes zakryty, dokazeme
si domyslet, jak ve skutecnosti pes vypadal. Pocita¢ mize ale takova skutecnost velmi
zmast. Skutec¢nost, ze pro clovéka je oproti pocitaci obrazkova klasifikace lehkym tkolem,
ovlivnila naptiklad vyvoj neuronovych siti, které se snazily fungovani lidského mozku
napodobit.
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3 Handcrafted vs. learned features

Prvnim krokem v rozpoznani obrazu je vypocet tzv. features, coz jsou kvantitativni ve-
liciny, které se pritazuji kazdému obrazku. Mize se jednat naptiklad o n-tice nebo matice
realnych nebo komplexnich ¢isel. Doufame, ze tyto veli¢iny budou schopny dany objekt
na obrazku néjak charakterizovat. Pokud naptiklad rozpoznavame tii kategorie objektu
a pocitame feature jako m-tici redlnych cisel, potom chceme, aby tyto tfi kategorie vy-
tvorily v R tii oddélitelné klastry. Uplné nejzékladnéji lze features délit do dvou kategorii
— handcrafted a learned features.

Handcrafted features se poéitaji predem definovanym zptisobem. Casto se snazi cha-
rakterizovat néjakou konkrétni vlastnost obrazku, napiiklad rozlozeni orientovanych gra-
dienti, hrany, textury nebo histogramy intenzit. Dalsim piikladem handcrafted features
jsou momenty, coz jsou projekce obrazku do polynomialni baze. Podle volby polynomialni
baze rozlisujeme rizné typy momentt. Vice o momentech se lze docist v [1]. Dilezitou
vlastnosti, ktera se po features casto pozaduje, je invariance na néjaky specialni typ
transformace. Tim mtze byt napiiklad rotace, translace, skadlovani nebo také rozmazani
obrazku. Pozadujeme naptiklad, aby dany objekt, ktery je na obrazku otoceny, byl stale
klasifikovan jako tentyz objekt. Proto je nutné, aby takovému obrazku byla pfitfazena
stejna nebo alespon velmi podobna hodnota dané feature, coz neni automaticky splnéno.
Napiiklad momenty tedy musi byt chytte voleny tak, aby byly (nejen) rota¢né invariantni.

Learned features jsou oproti tomu numericky optimalizovany pocitacem podle kon-
krétnich dat. Dnes jsou spojeny zejména s neuronovymi sitémi, které zacaly vznikat v
padesatych letech a zejména v poslednich letech jsou velmi populdrni. Neuronova sit je
organizovana do tzv. vrstev, kazdou vrstvu tvori neurony se svymi hodnotami. Neuron v
kazdé vrstvé kromé prvni prijima vysledek z néjakého poctu neuronii z predchozi vrstvy.
Zpravidla se hodnoty téchto neuronti nasobi tzv. vahami, sectou se a transformuji se
néjakou funkci. Jednd se tedy o transformaci linearni kombinace. Prvni vrstva obsahuje
input, tedy naptiklad pixely. Posledni vrstva poc¢itd hodnotu outputu. Sif je inicializovana
nahodné, coz znamena, ze ji jsou ndhodné pridélené vahy a output viibec neodpovida real-
nému outputu. Poté se pomoci tréninkové mnoziny a gradient descent algoritmu v krocich
uci na konkrétnich datech. Dnes se na klasifikaci obrazkd pouzivaji zejména konvolucni
neuronové sité (CNN), které mezi vrstvami komunikuji prostfednictvim konvoluci. Jejich
vyhodou oproti plné propojenym sitim je invariance na translaci objektu na obrazku a
také o hodné mensi pocet parametri, tj. vah, které musime optimalizovat.

Velkou nevyhodou neuronovych siti je neinterpretovatelnost jejich vysledki. Vahy se
aktualizuji automaticky, a proto nelze zjistit, pro¢ je sit nastavila danym zpisobem. To
znamena, ze neni mozné zjistit, co presné se naucila v obrazku rozeznavat. Nékdy vsak
potfebujeme védét, na zakladé ¢eho jsme dany obrazek klasifikovali. Tato neinterpretova-
telnost navic mtze vést k mnoha zavadéjicim chybam pii nestastném vybéru trénovaci a
testovaci mnoziny, které nejsme schopni poznat pomoci testovani. Predstavme si, Ze neu-
ronovou sit budeme chtit naucit rozeznavat dva objekty. Do trénovaci mnoziny poridime
dostatek obrazki, ale nejdiive budeme fotografovat dostatecny pocet vzorkt prvniho ob-
jektu a jiny den druhého objektu. Je dost mozné, ze svételné podminky v téchto dvou
dnech byly jiné a neuronové sit se viibec nenauci rozeznavat dané objekty, ale pouze své-
telné podminky na obréazcich. Pii handcrafted features by to nemusel byt nutné problém,
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kdybychom je tomu pfizpiisobili, tfeba invarianci na zménu intenzity.

Konvolu¢ni neuronové sité jsou invariantni na translaci. Ale dalsi zékladni transfor-
mace jako rotace jim délaji problémy. To se zpravidla fesi augmentaci trénovaci mnoziny.
To znamena, ze do trénovaci mnoziny priddme napiiklad rotace obrazki, které trénovaci
mnozina obsahuje. To ovSem vede ke zna¢nému zvyseni vypocetni narocnosti pfi tréno-
véani. Stejné tak je problém, pokud neuronovou sit ucime pouze na ostrych obrazcich a
budeme od ni ocekavat spravné vysledky na rozmazanych obrazcich. V tomto piipadé je
opét tfeba augmentovat trénovaci mnozinu o rozmazané obrazky. Kazdy obrazek musime
do trénovaci mnoziny pfidat nékolikrat s rtiznou mirou rozmazani. Otazkou je také druh
rozmazani. Tento problém lze vytesit pomoci specidlnich handcrafted features navrzenych
tak, aby byly invariantni na rozmazani, viz [1].

Vyhodou neuronovych siti ovsem je, Ze se nic nemusi pripravovat rucné. Je tieba
pouze peclivé pripravit trénovaci mnoziny a odladit gradient descent optimalizaci, ale
nemusime se zabyvat, ¢im bychom mohli danou tfidu obrazkt charakterizovat, protoze
neuronova sit to udéla za nas. Navic lze ¢asto pouzit uz naucdené sité na jiném datasetu,
které jsou uspésné a odzkousené, a mirné je prizptisobit na nas dataset. Tomu se fika
fine-tuning.

Neuronové sité ziskaly v poslednich letech velkou popularitu, protoze umély vytesit
fadu tloh s obrovskou tuspésnosti, které pomoci handcrafted features dosahnout neslo.
Je zndmo, v jakych pfipadech bude neuronovéa sit Gspésnéjsi nez hand-crafted features a
v jakych pfipadech to dopadne naopak. Hand-crafted features tlohu vyfesi lépe, pokud
existuje transformace, kterda obrazky ptrevede do tzv. feature space tak, ze jsou v ném
jednotlivé kategorie separovatelné. To ovSem neni vzdy mozné. Pokud se jedna naptiklad
o rozeznavani pohlavi z portrétni fotografie, potom jde o tak komplexni tilohu s tak velkou
variabilitou moznych dat, ze takovou transformaci najit nelze. Pokud ale se ale jedna
napiiklad pouze o rozeznavani konkrétni osoby, pak uz takovou transformaci obvykle
najit lze.

4 Kombinace handcrafted a learned features

Zatimco otéazka, které features je vhodné pouzit na kterou tlohu, je vyfesena, pfirozenou
oblasti zkoumani je potom moznost kombinace obou druhti features dohromady. Cile to-
hoto kombinovani mohou byt dva. Bud se snazime zvysit Gspésnost rozpoznavani nebo
je cilem pii zachovani Gspésnosti vyraznéji zmensit dobu trénovani. Jak bylo zminéno
v ptredchozi sekci, neinvariance neuronovych siti na rtzné typy castych transformaci se
obvykle fesi augmentaci trénovaci mnoziny, coz vede k nasobné vétsimu poc¢tu dat a tedy
vyrazné delsimu casu ucCeni. Nasim napadem je implementovani handcrafted features
do neuronovych siti tak, aby se vyuzila pravé invariance téchto features na pozadované
transformace. Mtze jit napfiklad o rotaci nebo rozmazani obrazku. Potom by nebylo
tfeba augmentovat trénovaci mnozinu a ¢as potiebny k uceni by se vyrazné snizil. Za-
rovenn nevime o zadné literatute, kterd by se touto moznosti zabyvala. Pfinasime tedy
alespon resersi vSech dosavadnich pokusii o néjakou kombinaci learned a handcrafted fea-
tures. Zac¢iname ovsem c¢lankem, kde autofi k problému neinvariance CNN na rtzné typy
transformace pristupuji jinym zptsobem.
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4.1 Zobecnéna definice konvoluce v CNN

V [2] autofi konstruuji CNN se zobecnénou definici konvoluce, kterou nazyvaji G-konvoluce,
kde G je diskrétni grupa transformaci. Mize se jednat naptiklad o grupu vsech translaci
a rotaci o nasobek /2. V takovém piipadé se jednotlivé ptiznakové mapy CNN v pod-
staté augmentuji o rotace filtrii a v disledku je CNN invariantni na rotace o nasobek
/2. Obecné vSak definuji podobu konvoluce tak, aby dand CNN, kterou nazyvaji G-
CNN, byla invariantni na obecnou grupu diskrétnich transformaci G. Problémem ovSem
je, ze pouze diskrétnich. G-CNN tedy nemtize byt invariantni na jakoukoliv rotaci, pouze
konec¢ny pocet rotaci. Dand konstrukce navic vede ke zvyseni vypocetni narocnosti i ke
zvyseni po¢tu parametri. Svou metodu testuji praveé pro pripad grupy vsech translaci a
rotaci o /2 na databazich ndhodné rotovanych MNIST (ru¢né psané ¢islice) a CIFARI0.
V obou pfipadech testuji nejdiive obycejnou CNN a poté G-CNN, kde ovSem snizi pocet
priznakovych map tak, aby pocet parametri G-CNN zustal pfiblizné stejny jako u CNN.
G-CNN vzdy vyznamné snizi error rate klasické CNN a vychéazi na obou databazich 1épe
nez vSechny doposud publikované vysledky.

4.2 Fuaze modela ucenych na handcrafted a learned features
zvI1ast

Naprosta vétsina pokusi kombinovat handcrafted a learned features, o kterych vime, pou-

zivala fazi learned features a handcrafted features jako input do Support Vector Machi-

nes (SVM) nebo podobnych klasifikitorti. Dalsim, jesté jednodussim népadem, je pouzit

vazeny prumeér outputu z SVM trénovanym pouze na learned features a outputu z SVM

trénovanym na handcrafted features.

Clanek [3] vyuziva fazi obou druhti features v tloze detekce podvodit pii nahravani
pasové fotografie do mobilnich aplikaci, identifika¢nich karet apod. Podvodem miize byt
napftiklad vyfoceni vytisknuté fotografie. Autofi zduraznuji, ze v této tloze zavisi tispéch
silné na dané databazi a neda se Fict, zda je lepsi pfistup s handcrafted features nebo
learned features. Jako handcrafted feature pouzivaji zobecnénou verzi texturového LBP,
tzv. MLBP ktery se v predchozich zkouméanich osvédcil. Testuji dva pristupy kombinace.
V prvnim piistupu natrénuji SVM na learned a handcrafted features zvlast a vysledné
skére pocitaji vahovym souctem vystupu téchto dvou SVM. Ve druhém pristupu spoji
oba typy features do jednoho vektoru a trénuji pouze jedno SVM, viz Obrazek 1. V
obou pripadech vyuzivaji PCA k redukci dimenzionality, protoze CNN produkuje 4096-
dimenzionalni vektor, MLBP potom 3732-dimenzionalni vektor. VSechny modely jsou
testovany na databézich NUAA o 12 614 obrézcich a CASIA o 110 674 obrézcich. Uspés-
nost modelu méfi tzv. average classification error rate, ktery se pocita jako procento vsech
Spatné klasifikovanych obrazktu lomeno dvéma. NUAA je piiklad databéaze, kde si hand-
crafted features vedou lépe. V ¢lanku se pouziti MLBP dostdva na ACER = 0.67 % a
CNN pouze na 11.25 %. Vahovy soucet skére z obou modelt vylepsuje vysledek na ACER
= 0.63 %, spojeni obou vektori do jednoho dokonce na 0.46 %. Na databazi CASIA do-
padé lépe CNN s ACER 2.17 %, oproti 10.57 % v pfipadé MLBP. Vahovy soucet skére
potom vraci 1.79 % a fze dvou vektorti do jednoho SVM nakonec 1.70 %. To znamena,
ze oba druhy features obsahuji komplementarni informace, které klasifikator umi vyuzit.

Publikace [4] hled4 features, které by nemusely nutné davat nejlepsi vysledek na néjaké
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1: Fusion of feature vectors:
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Obréazek 1: Dva rizné pristupy ke kombinaci handracted a learned features v clanku [3]. V
prunim pristupu dochdzi ke spojeni obou features do jednoho vektoru, ktery se posild jako
input do SVM. V druhém pristupu se nauci SVM na obou features zvldst a vysledkem je
vdhovy soucet vystupu z obou SVM. Obrazek je prevzat z [3].

konkrétni databazi, ale které by dostatecné dobte fungovaly obecné na co nejvice data-
bazich s co nejvice riznymi problémy. Jako klasifikator pro danou tlohu pouziva SVM.
Learned features jsou brané z rtizné hlubokych vrstev nékolika CNN natrénovanych na
rizné problémy. Protoze takové features maji velmi vysoké dimenze, k redukci dimenzio-
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nality je pouzita metoda PCA. Pro handcrafted features testuji mnoho rtznych piistupt.
Nejlépe vychazi features zalozené na LBP a praveé na nich testuji fazi s learned features
na 18 riznych databéazich s riznym poctem kategorii. Ve 14 pripadech tato fuze zlepsi
uspésnost modelu, kterd je mérend pomoci AUC.

Podobné napady fuze handcrafted a learned features jsou pouzity napiiklad v [5], [6]
nebo [7].

4.3 Handcrafted features jako input do CNN

Clanek [8] z roku 2018 vyuziva handcrafted features, konkrétné LBP, jako inputu do
CNN. Je inspirovany ¢lankem [9], ktery vyuziva stejnou ideu. V [8] testuji dvé archi-
tektury CNN, které uci zvlast na RGB inputu, tedy pixelové reprezentaci, a zvlast na
LBP piiznaku, viz Obrazek 2. LBP priznak je ovSsem uspotfadand n-tice Cisel, na které se
neda pocitat 2D konvoluce. Navod, jak usporadat LBP pfiznak do matice a vyzualizovat
ho, dava pravé ¢lanek [9]. Vystup z obou konvolu¢nich siti na konci fazuji dohromady.
Obé sité uci na rozsahlé databazi ImageNet o 1,3 milionech obrazcich, 1000 kategorii.
K vyhodnoceni pouzivaji top-n error, coz je procento obrazkt, jejichz prava kategorie
nebyla ani mezi n nejpravdépodobnéjsimi kategoriemi, které urcil model. Vysledek vzdy
porovnavaji s klasickou CNN nauc¢enou pouze na pixelové reprezentaci. U ImageNet doslo
ke zvySeni top-1 error z 37,6 % na 34,4 % a top-5 error z 15,9 % na 13,8 % v pripadé
prvni architektury. V pripadé druhé architektury se zvysil top-1 error z 24,4 % na 23,7
% a top-5 error z 8,0 % na 7,0 %. Siti naucenych na ImageNet dale vyuzivaji jako ex-
traktoru priznaki a testuji je nejprve na 4 databazich s rozpoznavanim textury a na 8
databazich s rozpoznavanim objektti na leteckych snimcich. Ve vsech piipadech pridava
CNN ucena na dvou reprezentacich vyznamny prispévek do tspésnosti klasifikace oproti
klasické CNN.

Podobny koncept je vyuzit v [10], kde stavi model pro rozpoznavani typu pohybu z
videa. Pro model jsou pouzity dvé konvolu¢ni neuronové sité, pricemz prvni je trénovana
na obrazcich z videa a udi se tedy ze statické informace. Druhé konvoluéni sif je trénovana
na predem vypocitaném optical flow, coz je handcrafted feature usporadany do matice
obsahujici vektorové pole pohybu na videu, ktery se pocita z nékolika po sobé jdoucich
snimkt. Vystup z obou konvolué¢nich siti je potom posilan do SVM, viz Obrazek 3. Prvni
sit je klasicka CNN, kterd se uci z obrazki, a proto ji nejdfive natrénuji na Siroké databézi
Imagenet a potom pouze lehce pifizptisobi na danou tlohu. Druhou sif musi natrénovat
pouze na mensich databéazich UCF-101 a HMDB-51, na kterych i testuji vysledky. Na
UCF-101 dava nejlepsi sif z obrazkt success rate 73 % a nejlepsi sit ucend na optical flow
83,7 %, jejich spojenim dosahuji 88 %. V pripadé druhé databaze je to potom posun z
40,5 % a 54,6 % na 59,4 %.

5 Nas budouci vyzkum

V nasem budoucim vyzkumu se budeme soustiedit na specialni typ handcrafted features,
které jsou invariantni na rozmazani, tzv. blur invarianty. Rozmazani obrazku muze byt
zpusobeno mnoha faktory jako tfeba Spatné zaostieni, pohyb fotoaparatu nebo scény,
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Obréazek 2: Metoda pouZitd v publikaci [8], obrazek je odtud rovnéz prevzat. V levé casti se
pét konvolucnich vrstev uci z pixelové reprezentace obrdazku a ndsleduji tri plné propojené
vrstvy. V pravé édsti obrdzku se stejnd neuronovd sit uci z LBP reprezentace. Visledky
se fuzuji na vystupu z obou siti.

Spatial stream ConvNet

conv1 || conv2 || conv3 || conv4 || convs fullé full7 |[softmax]
7x7x96 ||5x5x256 || 3x3x512 || 3x3x512 || 3x3x512|| 4096 2048

stride 2 || stride 2 || stride 1 stride 1 stride 1 || dropout || dropout
norm norm pool 2x2
single frame pool 2x2 || pool 2x2
. Temporal stream ConvNet
‘ conv1 || conv2 || conv3 || conv4 || convs fulle full7 |[softmax]
TxTx96 || 5x5x256 || 3x3x512 || 3x3x512 || 3x3x512 4096 2048
stride 2 || stride 2 || stride 1 stride 1 stride 1 || dropout || dropout
norm pool 2x2 pool 2x2
multi-frame pool 2x2

optical flow

Obrazek 3: Dvé stejné konvolucni sité z élanku [10] s péti vrstvami ndsledované dvéma
plné propojenymi vrstvami a softmaz vystupem. Pruni je trénovand na obrdzcich, druhd
na optical flow. Obrazek je prevzat z [10].

vibrace fotoaparatu a dalsi. V nékterych pripadech je rozmazani malé a mtzeme ho
ignorovat. Ale v mnoha ptipadech je to priméarni zdroj degradace obrazku.

Pokud predpokladame dostatecné maly expozicni Cas potizeni fotografie tak, ze fak-
tory rozmazani se neméni v pribéhu casu, a také predpokladame stejné rozmazani pro
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Obrazek 4: Rozmazdni modelované podle rovnice (2). Zleva doprava se jednd o ¢isty ob-
razek, rozmazadni vlivem pohybu, Gaussovské rozmazdni, uniformni rozmazdni a ndhodné
rozmazani. Od proni radky po treti se zvétsuje intenzita rozmazani. Obrazek je prevzaty

z [11].
vSechny barvy, miZeme aproximovat rozmazani puvodni scény f jako

g(z,y) = /_00 /_00 f(s,t)h(x,y, s, t)dsdt, (1)

kde g je porizena fotografie a h je tzv. rozptylova funkce. Pokud navic predpokladame,
Ze rozmazani je ve vSech ¢astech obrazku stejné, neboli

h(z,y,s,t) = h(z — s,y — 1),
muzeme navic (1) zjednodusit do oby¢ejné konvoluce

g(z,y) = (f xh)(z,y). (2)

Rovnice (2) je tedy zjednoduSeni skuteéného rozmazani tak, aby dobfe aproximovalo
mnoho realnych druhii rozmazani, a zaroven je to matematicky dostatecné jednoducha
formulace, aby se s ni dalo dobfe pracovat.

Necht I je vektorovy prostor vSech obrazku (ten muzeme definovat napiiklad jako
prostor viech po ¢astech spojitych funkci f : R* — R3 s omezenym nosi¢em) a S vekto-
rovy podprostor I, ktery je uzavieny na konvoluci. Do S zahrnujeme vSechny pfipustné
rozptylové funkce h, tedy vSechny funkce, které mohou zptisobit rozmazani obrazku podle
(2). Blur invariant je potom takovy funkcional Z, pro ktery plati

Z(f) = Z(f = h),
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pro vSechny h € S.

Mnozina S musi byt volena obezietné. Pokud bychom ji zvolili pfili§ malou, naptiklad
pouze jako S = {0}, potom bychom nepokryli zddné pfiklady rozmazani. Pokud bychom
do ni naopak zahrnuli pfili§ a zvolili ji jako S = I, potom by pro vSechny dva obrazky
f1, fa platilo Z(f1) = Z(f1 * f2) = Z(f2 * f1) = Z(f2) a funkciondl Z by nemél zaddnou
diskriminacni silu, tj. pro vSechny obrazky by vracel stejnou hodnotu.

Necht A je doplnék S do I. Potom muzeme kazdy obrazek napsat jako f = Pf + fa,
kde P je linearni projektor na S. Nakonec jesté predpokladejme, ze gxh € A pro vSechny
g€ AaheS. Pokud P je ortogonélni projektor a navic S je kromé konvoluce uzaviena
i na kroskorelaci, pak je tento predpoklad vzdy splnén. Za téchto predpokladi uz je lehké
ukazat, ze

(5= YL, (3)
F(Pf)

kde F je Fourierova tranformace, je blur invariant pro dany podprostor rozptylovych
funkei S.

Schopnost konvolu¢nich neuronovych siti rozpoznat rozmazané obrazky, pokud byly
trénované pouze na cistych obrazcich, je nizka. Vliv rozmazani na jejich tspésnost byl
studovan napiiklad v [11] nebo [12]. Tento problém se fesil masivni augmentaci trénovaci
mnoziny. Nasi ideou je zapojeni blur invariant ve tvaru (3) do vysSich vrstev CNN
tak, abychom vyuzili jejich robustnost na rozmazani a mohli se tak vyhnout masivni
augmentaci, a zaroven alespon zachovali klasifika¢ni silu CNN.
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Abstract. A new range of mathematical tools and approaches is required to obtain a more
complex and advanced analysis of pattern formation in reaction-diffusion (RD) systems. This
is especially true when considering generalizations to the original model, such as spatial hete-
rogeneity or domain growth. Asymptotic analysis has become one of these novel approaches
in investigations of the more complex models, e.g. RD systems in a spatially heterogeneous
environment where finding an analytic solution even to the linearized equations is generally not
possible. The WKBJ method, one of the more robust asymptotic methods for investigating dis-
sipative phenomena captured by linear equations, has recently been applied to the Turing model
in such an environment.[2] It demonstrated the anticipated modifications to the results obtai-
ned in a homogeneous setting, such as localized patterns and local Turing conditions. Motivated
by this research, we attempt a generalization of the scalar WKBJ theory to multicomponent
systems. Our broader mathematical approach results in general approximation theorems for
linear systems of ODEs. Note however, that the solutions are not represented using the usual
(exponential) 1st-order WKBJ modes, but rather in terms of special functions with correspon-
ding asymptotic behaviour, namely the Airy functions. For more clarity, we first discuss the
cases of exponential and oscillatory behaviour separately before treating the general case. Un-
surprisingly, it is the spectral properties of the system in question that allow for a distinction
between these qualitatively different cases. These spectral properties, along with the properties
of the Airy functions, are also largely relied upon in the proof of the approximation theorems.
Here, our line of approach is via showing the asymptotic closeness of the solution to a linear
combination of Airy functions using a suitable set of weight functions for measuring the error
of the approximation. Subsequently, we demonstrate the key spectral properties utilized in the
approximation theorems for a typical Turing system in the limit of large growth rates, hence
suggesting that such an approximation is reasonable.

Keywords: WKBJ, singular perturbation, reaction-diffusion systems, Airy functions

Abstrakt. Snaha o ¢oraz komplexnejSiu a pokrocilejsiu analyzu formovania vzoru v reakéno-
difiznych (RD) systémoch si vyzaduje vyuzivanie rozsirujiceho sa spektra matematickych
nastrojov a pristupov. Obzvlast to plati v pripadoch, ked uvazujeme rozsirenia povodného
modelu ako napriklad priestorovii heterogenitu ¢i rasticu oblast. Jednym z tychto néstrojov
skimania najmé zlozitejsich modelov - napr. RD modelov v heterogénnom prostredi, kde je
najdenie analytického riesenia hoci len pre linearizované rovnice vo vSeobecnosti prakticky
nemozné - je aj asymptotickd analyza. Prave na skimanie takéhoto modelu bola v neddvnom
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¢lénku[2] pouzita WKBJ metdda ako jedna z robustnejsich asymptotickych metéd analyzy di-
sipativnych javov popisanych linedrnymi rovnicami. Vysledkom tejto analyzy boli ocakavané
modifikacie v porovnani s homogénnym prostredim ako napriklad lokalizované vzory ¢i lokédlne
turingovské podmienky. Motivovany tymto vyskumom sa pokusime o zovSeobecnenie skaldrnej
WKBJ teérie na viaczlozkové systémy. Vysledkom nasho SirSieho matematického pristupu su
vSeobecné aproximacné teorémy pre linedrne systémy ODR. RieSenia vSak neaproximujeme
zvyCajnymi (exponencidlnymi) WKBJ médmi 1. rddu. Miesto toho pouzivame $pecidlne funkcie
s prislusnym asymptotickym spravanim, totiz Airyho funkcie. Pre v#ésiu prehladnost najskor
poddvame zvlast analjzu v pripade exponencidlneho a oscilaéného spravania systému, ktori
nésledne vyuzijeme pri analyze vSeobecného systému. Neprekvapivo si to spektralne vlastnosti
systému, ktoré ndm umoziiuji rozlisovat medzi tymito kvalitativne odlisnymi pripadmi. Prave
tieto spektrdlne vlastnosti - spolu s vlastnostami Airyho funkcii - s tiez zakladom dokazu
onych aproximaénych teorémov. V nich ukazujeme asymptoticki blizkost presného riesenia s
linedrnou kombindciou Airyho funkcii prostrednictvom odhadu chyby takejto aproximaécie za
pomoci vhodne zvolenych vahovych funkcii. Nasledne demonstrujeme, ze prave tie spektralne
vlastnosti, na ktorych st zalozené uvedené dokazy, ma aj typicky turingovsky systém v limite
(neobmedzene) velkych rastovych koeficientov, ¢o opodstatiiuje vyuzitie tychto metéd na jeho
skimanie.

Klicové slovd: WKBJ, singuldrne perturbécie, reakéno-difizne systémy, Airyho funkcie
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Abstract. In this paper, we continue our work on classification of superintegrable systems with
magnetic fields.

We first present a general method simplifying the search for additional integrals of motion for
three dimensional systems possessing at least one conserved canonical momentum in a suitable
coordinates system. It reduces the problem either to consideration of lower dimensional systems
or of particular constrained forms of the hypothetical integral. In particular, it is applicable to
all separable systems in the Euclidean space since they possess at least one cyclic coordinates
when magnetic field is present.

Next, we focus on systems which separate in the cylindrical coordinates. Using our method,
we are able to classify all superintegrable systems of this kind under the assumption that all
considered integrals are at most second order in the momenta. In addition to already known
systems, several new minimally superintegrable systems are found and we show that no quadrat-
ically maximally superintegrable ones can exist. We also construct some examples of systems
with higher order integrals.

Keywords: superintegrability, magnetic field, separability, classical mechanics, cylindrical coor-
dinates

Abstrakt. V tomto ¢lanku pokracujeme v praci na klasifikaci superintegrabilnich systému s
magnetickymi poli.

Nejprve predstavujeme obecnou metodu zjednodusujici hledani dalsich integrala pohybu pro
trojrozmérné systémy, které maji alesponn jeden zachovavajici se kanonicky moment hybnosti
ve vhodné soustavé souradnic. Tim se problém redukuje bud na tvahy o systémech nizsich
rozméri, nebo na konkrétni omezené formy hypotetického integralu. Zejména je pouzitelny pro
vSechny separabilni systémy v euklidovském prostoru, které maji v pfitomnosti magnetického
pole alespon jednu cyklickou soufadnici.

Dale se zamérujeme na systémy, které se separuji ve cylindrickych souradnicich. Pomoci nasi
metody plné klasifikujeme superintegrabilni systémy tohoto druhu se vSemi integraly nejvyse
druhého fddu v hybnostech. Kromé jiz znamych systému nalézéme nékolik novych minimélné
superintegrabilnich systémi a ukazujeme, Zze zadné kvadraticky maximalné superintegrabiln{
systémy neexistuji. Konstruujeme také nékolik systému s integraly vyssiho radu.

Klicovd slova: superintegrabilita, separabilita, klasickd mechanika, cylindrické soufadnice

*This work has been supported by the Grant Agency of the Czech Technical University in Prague,
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Abstract. A theorem of Cobham (1972) states that a sequence u = (uyn)n>0 is k-automatic
with & > 2 if and only if it is the image, under a coding, of a fixed point of a k-uniform
morphism [2, Theorem 6.3.2]. This result was extended to non-uniform morphisms [6], see also
[3, Theorem 3.4.1], by replacing the usual base-k expansion of non-negative integers by an
abstract numeration system and a regular language [5]. It was later extended to configurations
z:N? - ¥ in dimension d > 1 based on the notion of shape-symmetric morphic words [4], see
also [3, Theorem 3.4.26] and [1, § 5].

In this article, we explore an extension of Cobham’s result beyond the non-negative octant
N to include configurations z : Z¢ — ¥ defined on the whole lattice Z?. We concentrate on one
example in dimension d = 2.

Motivated by the study of Fibonacci-like Wang shifts, we define a numeration system F for
7 and Z? based on the binary alphabet {0,1}. We introduce a set of 16 Wang tiles Z which
generates an aperiodic minimal self-similar Wang shift {2z. Our main theorem states that there
exists a valid Wang configuration z € 2z and a deterministic finite automaton with output
A which describes the Wang configuration z — taking as input the representation of a position
(m,n) € Z?* in the numeration system F, the automaton A outputs a Wang tile at position
(m,n) € Z? in the configuration = € Qz.

Keywords: Wang shift, Cobham’s theorem, Numeration system

Abstrakt. Cobhamuv teorém (1972) fikd, ze nekonecné slovo u = (uy,)n>0 je k-automatické pro
k > 2 tehdy a jen tehdy pokud je obrazem pevného bodu k-uniformniho morfismu [2, Theorem
6.3.2]. Tento vysledek byl zobecnén pro jakykoli morfismus [6], [3, Theorem 3.4.1], nahrazenim
rozvoje prirozenych ¢isel v ¢iselné soustavé s bazi k abstraktnim numeraénim systémem a regu-
larnim jazykem [5]. Pozdéji byl vysledek rozsifen na konfigurace x : N¢ — ¥ pro dimenzi d > 1
s pouzitim pojmu shape-symetrickych morfickych slov [4], [3, Theorem 3.4.26], [1, § 5].

V tomto ¢lanku sméfujeme ke zobecnéni Cobhamova teorému pro konfigurace z : Z¢ — 3
definované na celém Z%. Soustiedime se na jeden piiklad pro d = 2.

*This work was supported by the Agence Nationale de la Recherche through the project Codys
(ANR-18-CE40-0007) and by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS20/183/0OHK4/3T/14.
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Definujeme numeraéni systém JF pro Z a Z? na binarni abecedé {0, 1}. Zavedeme mnozinu Z
16 Wangovych dlazdic, kterd generuje aperiodickou minimalni sobé-podobnou mnozinu (Wang
shift) Qz. Nas hlavni vysledek 1ik4, Ze existuje validni Wangova konfigurace = € 2z a determi-
nisticky kone¢ny automat s vystupem A, ktery popisuje danou Wangovu konfiguraci z — pokud
automat A na vstupu obdrzi reprezentaci pozice (m,n) € Z? v numera¢nim systému F, na
vystupu d4 Wangovu dlazdici na dané pozici (m,n) € Z? v konfiguraci € Qz.

Klicovd slova: Wangovo dlazdéni, Cobhamiiv teorém, Numera¢ni systém

Full paper: Labbé S., Lepsova J. (2021) A Numeration System for Fibonacci-Like Wang
Shifts. In: Lecroq T., Puzynina S. (eds) Combinatorics on Words. WORDS 2021. Lecture
Notes in Computer Science, vol 12847. Springer, Cham. https://doi.org/10.1007/978-3-
030-85088-3_9
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Abstract. In this work, we studied distributionally robust optimization. We showed that fin-
ding the worst case with respect to distribution can be equivalently rewritten to the form of the
projection onto the probability simplex with additional linear inequality constraint. We conside-
red [1, l2 and I, norms as well as several ¢-divergence to measure the distance of distributions.
Furthermore, we showed that the resulting optimization problems are equivalent to finding a
root of real-valued functions. We proved that these functions possess nice properties such as
monotonicity or convexity. Additionally, we designed optimization algorithms with guaranteed
convergence and derived their theoretical complexity. Finally, we experimentally demonstrated
that our algorithms have (almost) observed linear complexity.

Keywords: projection, probability simplex, distributionally robust optimization

Abstrakt. V této praci jsme studovali robustni optimalizaci vzhledem k distribuci. Ukézali
jsme, ze hledani nejhorsiho pripadu vzhledem k distribuci lze ekvivalentné zapsat ve formeé
projekce na pravdépodobnostni simplex s dodatecnym omezenim ve tvaru linedrni nerovnosti.
Pro méreni vzdalenosti distribuci jsme uvazovali 1, I3 and [, normy a také nékolik ¢-divergenci.
Dale jsme ukazali, zZe vzniklé optimaliza¢ni problémy jsou ekvivalentni hledani koiene realnych
funkci. Dokézali jsme, zZe tyto realné funkce maji hezké vlastnosti jako jsou monoténnost nebo
konvexita. Navic jsme navrhli optimaliza¢ni algoritmy s garantovanou konvergenci a odvodili
jejich teoretickou komplexitu. Nakonec jsme experimentalné prokazali, ze nase algoritmy maji
(téméf) linedrni pozorovanou slozitost.

Klicova slova: projekce, pravdépodobnostni simplex, robustni optimalizace vzhledem k distri-
buci

Plna verze: L. Adam, V. Macha. Projections onto the canonical simplex with additional
linear inequalities. Optimization Methods and Software (2020), 1-29.
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Abstract. This article introduces new geometric flow for space curves with positive curvature
and torsion. Curves evolving according to this motion law trace out a zero mean curvature
surface. First, the geometry of surfaces defined as trajectories of moving curves is analyzed
and the minimal surface generating flow is derived. Then, an upper bound for the area of the
generated minimal surface and for the terminating time of the flow is provided.

Keywords: geometric flows, minimal surfaces, Plateau’s problem

Abstrakt. Tento prispévek popisuje geometricky tok prostorovych kiivek s kladnou kiivosti a
torzi, jehoZ trajektorii je plocha s nulovou stfedni kiivosti. Nejprve popiSeme vlastnosti ploch
vytatych obecnym pohybovym zékonem a poté odvodime pohyb generujici minimalni plochy.
Dale popiSeme horni odhad povrchu vzniklé plochy a maximélniho ¢asu existence pohybu.

Klicovd slova: geometricky tok, minimalni plochy, Plateativ problém
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Abstract. The global adoption of social networks and technology in general indicates a change
in the process of opinion formation. Social networks and digital media have created a powerful
platform for information exchange. Thus a user’s opinion can be solely formed based on infor-
mation and opinions shared by information sources and/or other users (followers, friends, etc.)
of the network. This created a possibility to purposefully influence users’ opinions. Misinfor-
mation and fake-news are believed to thrive in echo chambers which are homogeneous groups of
agents with very similar opinions. The spread of misinformation has an irrevocable effect on the
political discourse. One of the pivotal problems therein is to model the formation and evolution
of opinions within a network. This contribution reports the preliminary results on a developed
simulation testbed for studying dynamics of opinion formation on an agent-centric basis.

Keywords: opinion formation, decision making, echo chambers

Abstrakt. Pribéh formovani nazoru prosel v dutsledku celosvétového pfijeti socidlnich siti
znacnou zménou. Socialni site prinesly efektivni metody na vyménu informace. Nazor uzivatele
socialni sité se nékdy muze formovat pouze na zakladé informaci zdilenych informa¢nimi zdroji
a jinymi uzivately socidlni sité. Tento fenomén umoznil G¢elové ovlyviiovat nazory uzivateld.
Desinformace a fake-news se pravdépodobné predevsim §ifi v prostiedich s jednolitymi skupinami
agenu se zna¢né zhodnymi nazory. Tento rozmach Sifeni desinformaci ma nevratny vlyv na
politické snazeni. Jednim ze steZejnich problému této tematiky je modelovani tvofeni nazoru a
jeho vyvoj na socialni siti v ¢ase. Tento prispévek referuje predbézné vysledky vyvoje simulace
formovéni nazoru z pohledu jednotlivého agenta.

Klicovd slova: tvorba nazoru, teorie rozhodovani, komnata ozvén

1 Introduction

Social networks and online media in general have had an irrevocable impact on opinion
formation [4]. Nowadays, social networks facilitate a considerable part of human interac-
tion and thus also greatly influence the opinion formation of its users. A soaring amount
of misinformation and fake content can significantly influence a user’s opinion and lead to
opinion polarisation and cause erroneous decisions|2|. They provide a fertile ground for
opinion polarisation where opinions are shifted towards the extremes. Particularly, echo

*This work has been supported by the MSMT project LTC18075.
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chambers ! play a significant role in this polarisation of opinions. In the past decades a
lot of attention has been paid to modelling opinion dynamics in social networks as well as
ways of its influence [1], [3], [5]. However so far, no satisfactory approach has been found.
This contribution reports on a work in progress that aims to reliably and efficiently model
opinion formation allowing further identification of echo chambers and their influence on
the users.

2 Agent-centred approach to opinion formation

In the context of social nets opinion formation can be regarded as a mechanism how the
agent combines different sources of information? to form opinion about a particular topic.
Opinion formation depends on trust the agent assign to other agents as the influence of
a trusted individual is much higher and his opinion has higher impact®. So the agent
weights others’ opinions by trust value associated with the source providing this opinion.
In many cases topic can be characterised by a number of features representing specific
details of the topic. For instance when considering buying a computer the user may
consider values of CPU, RAM, screen size, weight, price, and many other factors. Each
of the features may be rated by the user in the range from absolutely positive value (1)
down to an absolutely negative (0) value. Note that sub-selection of features is fully
determined by the user and it’s goal, and indirectly reflects the user’s DM preferences in
he subsequent DM task (for instance which computer to buy).

Let us summarise the introduced notions. The user of a social network is modelled as
an agent that carries out decisions. These agents hold opinions on topics and assign
trust to other agents. A topic can be any entity, for instance an organisation, event,
person, product/service, etc. characterised by the set of features selected by the agent.

Consider a topic 7 € T with m € N features. Let us assume that the agents attitude
to each feature is expressed by a probability mass function on previously selected n € N
discrete values. The assumption is not limiting as we can consider a sufficiently large
range of values. For instance n = 5 covers a quantification broadly used in sentiment
analysis (strong positive, positive, neutral, negative, strong negative). Let the opinion
O™ € R™" on a topic 7 be represented by a real normalised matrix

011 ... O1n
o=1: -~ [ (1)
Om,l 0m7n
In (1) the i—th row 0;4 = (051, - ,0i,) represents the agent’s attitude towards the i—th

feature, which is modelled as a discrete random variable whose probability mass function
represented by the row o;,. This is designed to be compatible with the way opinion

'Echo chambers are clusters of users where similar, extreme opinions are echoed among its members.
An echo chamber can be viewed as an extreme manifestation of the confirmation bias where only similar
opinions are reinforced between its members.

It may include prior opinion of the agent; opinions of other agents in the neighbourhood (friends,
followers, etc.); information provided by social media; information content; data/experience and possibly
other sources.

3trust can be regarded as reliability or reputation of the information source
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data are usually gathered. When one gathers postings of agents from a social network
e.g. tweets from Twitter, it is possible to assign a sentiment value to the posting that
represents the the (dis)agreement expressed in the posting towards a topic. Gathering
several postings gives a set of sentiments from an agent towards a topic. This set then
corresponds to a row of the opinion matrix O.

Example 1

Consider and illustrative example where an agent, Alice, aims to form an opinion on a
specific topic, for instance a Political party. Her DM is to vote the party which reflects
Alice’s priorities and needs in the best way. In order to do that and elaborate them
while considering her own priorities, she gathers information from available information
sources and other agents. Information sources are special types of agents which provide
opinions on a larger scale, for instance mass media, blogs, etc. Alice considers a newspaper
with relevant information on the Political party and updates her opinion on the Political
party considering the opinion of the newspaper. Alice can also update her opinion based
on the opinions of her peers. She may select agents whom she trusts and updates her
opinion based on theirs. The party programmes in different aspects (healthcare, education,
social politics, taxes, childcare, ecology, pension,...) form the whole set of features. Alice
determines subset of features that reflects her DM priorities. For instance if alice is a
student will consider a subset of features like healthcare, education, tares while a agent-
senior will more likely select healthcare,pension. Thus an opinion of a voter (Alice) will
then be formed based on a subset of selected features and values assigned to them.

2.1 Opinion formation algorithm

The proposed algorithm of the simulation progresses as follows. As a first steps, the topics
are initialized. Then information sources are created with a chosen prior opinion configu-
ration. Subsequently all agents are initialized with a chosen prior opinion. Additionally,
each agent gets assigned its information sources.

After the initialization, the main iteration loop is started. Since all agents will learn
from their neighbors, a k-nearest neighbors (kNN) tree of agents is recalculated. The
euclidean metric in the opinion space is used to construct the nearest neighbor tree.

Then, each agent performs an update of its own opinion on all topics based on the
opinions of both information sources, and of their neighbors inside a predefined kNN
radius.

The learning from information sources is straight forward. The random assignment
of a subset of information sources to agents at the initialization phase is intended to
simulate the preferences of an agent. The opinions of all information sources assigned to
an agent are hence considered and updated from. The update of opinion 0;‘}. of an agent
A on a subtopic 7; is done by taking the row o0;, of O, normalizing it by

BNORM _ o7 2)
" Dok Ofk 7
the opinions are then updated as

o

,0

B,NORM (3)

7,0

A
Oi,o +o0



94 P. Pribeli

The learning from the agents neighbors procedes in a similar fashion. The neighbors in
a given radius are queried for updates. The updating is done similarly with an additional
factor of a trust vector which represents the value of the trust an agent holds towards a
neighbor. The elements of the trust vector t4% € RY™ represent the weight with which
agent A trusts agent B in each subtopic. In this example, the trust values are fixed,
however they can also undergo learning.

The pseudocode of the algorithm is as follows.

Algorithm 1: Opinion dynamics simulation algorithm
Input: num_epochs
Input: kNN radius
topics < initialize topics;
information _sources < initialize information sources;
agents < initialize agents;
while n < 0 < num__epochs do

update neighbors tree with kNN _radius;

for agent in agents do
/* Learn from information sources */

mnf sources < information sources of agent;
trusts < trusts of inf sources;
for (inf source, trust) in (inf sources, trusts) do
for topic in topics do
‘ agent.opinion [topic| < update with inf source and trust;
end

end

/* Learn from neighbors */
neighbors < neighbors of agent;
for neighbor in neighbors do
for topic in topics do
agent.opinion [topic| <— update with neighbor.opinion [topic];
/xeq. (2), (3)*/

end

end
end
n<4n+1;
end

2.2 Experiment setup

The experiment was set up in the following way (The values of the parameters are sum-
marised in Table 1):

e Two topics are considered for the ease of visualisation. They are dubbed Topic A
and Topic B.
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e The number of features determining a topic was set to 1 for ease of visualisation.
The opinion matrix (1) has thus only one row.

e Opinion formation is modelled in an agent-centric way, i.e. each user is an au-
tonomous agent that can both observe other opinions and update own opinions. So
a collective opinion of the agents is not modelled.

e The agent’s attitude towards a topic is discretised into bins that correspond to
counts of social media postings with incremental values of positive/negative senti-
ment.

e Two bins of sentiment discretisation were considered. This can be viewed as the
count of positive and negative postings by the agent.

e The prior values of (1) were initiated randomly by choosing the counts (0;; and
01 2) uniformly randomly as integers between 1 and 10.

e The opinions of agents on Topic A and Topic B are visualised via coordinates of
agent’s position on 2D chart, see Figure 1 and 2. For instance the position (0;1)
means that the agent is neutral towards Topic A and strongly positive on Topic B.

e The number of agents in the social network (num_agents) was set to 100.

e Information sources are implemented as agents with fixed opinions. They are
marked by red markers at the coordinates reflecting their fixed opinions (—0.9, —0.9),
(0.9,-0.9), (0.9,0.9) and (—0.9,0.9), see 1 and 2.

e Each agent chooses uniformly randomly a subsest of the aforementioned information
sources at initialisation.

e The neighbours of an agent are determined by searching the nearest neighbors
within a radius in the topic space. The nearest neighbor radius has been set to 0.2.

e The weight of the neighbouring agents opinion is set to 0.4. This parameter rep-
resents the extend to which agents undergo influence from neighbouring agents.
The higher this parameter, the stronger agents influence each other increase their
tendency to cluster. For lower values, the prior opinion of an agent dominates.

e The updating (governed by (3)) of an agents opinion is organised sequentially.
First an agent updated its opinion from its chosen information sources and then
goes sequentially through its neighbors and updates its opinion.

e The number of epochs has been set to 100. In each epoch, the nearest neighbors of
all agents are recalculated (by populating a k — d tree) and all agents learn from
their information sources and their neighbors sequentially.



96 P. Pribeli

parameter value parameter value
num __epochs 90 num __epochs 90
num__agents 100 num__agents 100
num_inf sources 4 num_inf sources 4
num __topics 2 num __topics 2
learn neighbors | False learn neighbors | True
neighbors weight | None neighbors weight | 0.4
knn radius None knn radius 0.3
neighbors weight | None neighbors weight | 0.2

Table 1: (Left): The experiment configuration without neighbors learning disabled.
(Right): The experiment configuration with neighbors learning enabled.
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Figure 1: The evolution of opinions on two topics starting with uniformly random prior
opinion distributions. Agents only learn from four information sources with fixed opin-
ions (—0.9,—0.9), (0.9, —0.9), (0.9,0.9) and (—0.9,0.9). The information sources do not
change opinions and are marked by red markers. Agents do not respect opinions of their
neighbors.

2.3 Results

The obtained results of the simulation are visualised in Figures 1 and 2. The figures
represent a time evolution from top-left to bottom-right.  The first experiment (Fig.
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Figure 2: The evolution of opinions on two topics starting with uniformly random prior
opinion distributions. Agents learn from four information sources with fixed opinions
(—0.9,-0.9), (0.9, —0.9), (0.9,0.9) and (—0.9,0.9) as well as from their neighbors within
a radius of 0.2 in the topic space. The information sources are marked by red markers.
The learning from neighboring agents is taken into account with a weight of 0.4 (only
40% of the neighbouring agents opinion is transferred).

1) suggests no interaction between agents. As expected, the agents tend towards the
centres of mass of their chosen subset of information sources. One can observe clusters
forming around the information sources (agents that only chose that one information
source) around the neutral opinion (0, 0) (agents that chose all four information sources).
Clusters also form on the perimeter with the information sources as the vertices (agents
with two information sources) and at an "inner" perimeter square (agents with three
information sources). This configuration might be viewed as an approximation of the
status quo before the onset of social networks. Before social networks, the influencing
of agents neighbouring the in the topic space was minimal as agents close in the topic
space may not necessarily be close in the real world as well, thus the communication with
clusters was suppressed.

The second experimental setup (Fig. 2) reflected the case with an influence between
agents with a proximity in topic space. This is ought to reproduce the effects of the
introduction of social networks as they gave the ability to each agent to generate a
representation of its opinion and share it with other agents. In this scenario, the agents



98 P. Pribeli

tend to form clusters at seemingly random points in the opinion space. One can also
observe an increased number of outliers that do not belong to a cluster and usually have
more polarised opinions. This is expected as if an agent is not "caught" by a forming
cluster early on after the initialisation, the learning from information sources takes over
and the agents opinion gets drifted closer to the information source.

3 Conclusion

The opinion formation dynamics is of great interest in the contemporary evolution of
social networks and digital technologies. This contribution explores a novel simulation
approach to opinion dynamics modelling. The dynamics is modelled from an agent-centric
point of view where each user of a social network is an agent that modifies its opinion
independently. The simulation scenario involved special agents (information sources) that
did not modify their opinions and are rather intended to simulate large-scale disseminators
of information e.g. newspaper outlets. A Monte Carlo simulation of two configurations
was carried out.

First the interaction between agents was turned off. Agents could only modify their
opinions based on the opinions of a number of information sources. It became clear
that in this simulation scenario, the agents gravitate towards the centres of mass of the
convex span of the information sources as seen in Fig 1. This was intended to mimic the
dynamics before the widespread adoption of social networks as agents did not possess the
ability to communicate their opinions to other agents.

The second scenario involved the interaction between agents. In each epoch, agents
first learned from information sources and then from agents in their vicinity. The be-
haviour of this system lead to the formation of clusters at seemingly random locations
in the opinion space. It also exhibited significantly more outliers that were usually more
extreme in their opinions. This is due to the fact that these outliers are predominantly
influenced by information sources which are placed at relatively extreme opinions.

A future study may include

e Enhance the trivial formulation (2), (3) with a more sophisticated formula based
on the proximity of opinions.

e Respect the trust (and learn it) towards other agents base od past experience.

e Respect not only opinions but also reflect upon observed data, that will help o make
opinion formation ore realistic and connected to the subsequent DM.

References

[1] F. Baumann, P. Lorenz-Spreen, I. Sokolov, and M. Starnini. Modeling echo chambers
and polarization dynamics in social networks. Physical Review Letters (01 2020).

[2] B. Collins, D. T. Hoang, N. T. Nguyen, and D. Hwang. Trends in combating fake
news on social media — a survey. Journal of Information and Telecommunication 5
(2021), 247-266



Probabilistic Modelling Opinion Formation in Social Interactions 99

[3] W. Cota, S. C. Ferreira, R. Pastor-Satorras, and M. Starnini. Quantifying echo cham-

ber effects in information spreading over political communication networks. EPJ Data
Science 8 (2019), 35.

[4] W. Quattrociocchi, G. Caldarelli, and A. Scala. Opinion dynamics on interacting
networks: media competition and social influence. Scientific Reports 4 (2014), 4938.

[5] R. Urena, G. Kou, Y. Dong, F. Chiclana, and E. Herrera-Viedma. A review on
trust propagation and opinion dynamics in social networks and group decision making
frameworks. Information Sciences 478 (2019), 461-475.






Dynamic Mixture Ratio Model”

Marko Ruman

4th year of PGS, email: ruman@utia.cas.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisors:

Tatiana Valentine Guy, Department of Adaptive Systems
Institute of Information Theory and Automation, CAS

Miroslav Karny, Department of Adaptive Systems
Institute of Information Theory and Automation, CAS

Abstract. Any knowledge extraction from data sets implicitly or explicitly relies on hypothesis
about relations between data records. The inspected black-box methodology uses universally
approximating mapping describing a wide class of relations. The knowledge incompleteness, the
ever present uncertainty and the ultimate use in a subsequent decision making (DM) single out
probabilistic models as adequate. Among them, the use of finite mixtures with components in the
exponential family (EF) dominate. Their dominance stems from their flexibility, cluster inter-
pretability and the availability of a range sophisticated algorithms suitable for high-dimensional
data streams. They are even used in dynamic situations with mutually dependent data records.
The dependence is modelled by employing regression and auto-regression components. However,
with a few specialised exceptions, these dynamic models assume data-independent weights of
mixture components. Their use is illogical as it assumes independent (memoryless) transitions
between dynamic mixture components. The restricted nature of such mixtures follows from the
fact that the set of finite probabilistic mixtures is not closed with respect to the conditioning,
which is the key learning operation. The paper overcomes this restriction by using ratios of
finite mixtures as dynamic parametric models. It motivates them, elaborates their approximate
Bayesian stream learning. The paper reveals their application potential stemming predominantly
from their inherent ability to process unbalanced data sets. This is vital when a the portion of
interesting data, reflecting for instance failures or attacks, is small.

Keywords: Dynamic systems, Bayesian learning, mixture models, mixture ratio

Abstrakt. Jakikoli extrakce znalosti z dat implicitné nebo explicitné zévisi na hypotéze o
vztazich mezi datovymi zaznamy. Navrzena metodologie pouziva univerzalné aproximujici zo-
brazeni popisujici Sirokou tifidu vztahi. Netplnost znalosti, stile pritomna nejistota a kone¢né
pouziti v néasledném rozhodovani vynucuje pouziti pravdépodobnostnich modeli. Jednim z
pouzivanych modelt jsou kone¢né smésy se slozkami z exponencidlni rodiny. Jejich vyhody pra-
meni z jejich flexibility, klastrové interpretovatelnosti a dostupnosti fady sofistikovanych algo-
ritmt vhodnych pro vysoce dimenzionalni data. Pouzivaji se dokonce v dynamickych situacich
se vzajemné zavislymi datovymi zéznamy. Zéavislost je modelovana pomoci regresnich a au-
toregresnich komponent. Az na nékolik specializovanych vyjimek v8ak tyto dynamické modely
predpokladaji vahy komponent nezévislé na datech. Jejich pouziti je nelogické, protoze predpok-
l4d4a nezavislé prechody mezi komponentami dynamické smési. Omezenost takovych smési plyne

*The research was supported by the research project MSMT CR LTC18075 and CA1622.
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ze skutecnosti, ze mnozina kone¢nych pravdépodobnostnich smési neni uzaviena s ohledem na
podminéni, coz je klicova operace uceni. Tato prace toto omezeni prekonéva pouzitim pomért
konecnych smési jako dynamickych parametrickych modelti. Motivuje je a rozpracovava jejich
priblizné bayesovské uceni. Prispévek odhaluje jejich aplika¢ni potencial pramenici prevazné z
jejich vlastni schopnosti zpracovavat nevyvazené datové sady.

Klicovd slova: dynamické systémy, Bayesovské uceni, smésové modely, podilové smésy

References

[1] Karny, M, Ruman, M. Mizture ratio modeling of dynamic systems. Int J Adapt Control
Signal Process. 2021; 35: 660— 675. https://doi.org/10.1002/acs.3219



Conserved Quantities, Exceptional Points, and
Antilinear Symmetries in Non-Hermitian
Systems

Frantisek Ruzicka

6th year of PGS, email: fruzicka@gmail.com
Department of Physics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Miloslav Znojil, Department of Theoretical Physics
Nuclear Physics Institute, CAS

Abstrakt. Oteviené systémy (popisované nehermitovskymi Hamiltonidny) se béhem posled-
nich dvou dekad staly predmétem intenzivniho vyzkumu. Mezi tyto systémy patii jak klasické
systémy s vyvazenym pomeérem piiristku a ztraty energie, semiklasické systémy pro vybrané
hodnoty ztrat energie, a také minimalni kvantové systémy. Vyzkum téchto systémii se v tuto
chvili zaméfuje zejména na Siroké spektrum novych efekt, které poskytuji.

V tomto ¢lanku zodpovime nésledujici otazky: existuji pro tyto oteviené systémy néjaké
netrivialni zachovévajici se veli¢iny? Pokud ano, jaké jsou jejich dusledky? Pouzitim jednak
spektralniho rozkladu a jednak explicitnich rekurzivnich formuli dokdZeme zkonstruovat uplny
systém zachovavajicich se veli¢in pro obecné PT symetrické systémy. Nésledné naSe tvahy
zobecnime na Hamiltonidny s jinymi antilinedrnimi symetriemi, a vySetiime fyzikalni disledky
zkonstruovanych zachovéavajicich se veli¢in. NaSe vysledky také ilustrujeme pomoci nékolika
fyzikalné relevantnich prikladd.

Klicovd slova: zachovavajici se veli¢iny, PT symetrie, nehermitovské Hamiltonidny

Abstract. Over the past two decades, open systems that are described by a non-Hermitian
Hamiltonian have become a subject of intense research. These systems encompass classical
wave systems with balanced gain and loss, semiclassical models with mode selective losses, and
minimal quantum systems, and the meteoric research on them has mainly focused on the wide
range of novel functionalities they demonstrate.

Here, we address the following questions: Does anything remain constant in the dynamics of
such open systems? What are the consequences of such conserved quantities? Through spectral-
decomposition method and explicit, recursive procedure, we obtain all conserved observables for
general PT-symmetric systems. We then generalize the analysis to Hamiltonians with other
antilinear symmetries, and discuss the consequences of conservation laws for open systems. We
illustrate our findings with several physically motivated examples.

Keywords: conserved quantities, PT symmetry, non-hermitian Hamiltonians

Full paper: Conserved quantities, exceptional points, and antilinear symmetries in
non-Hermitian systems (2021), Frantisek Ruzicka, Kaustubh S. Agarwal and Yogesh N.
Joglekar, J. Phys. Conf. Series, accepted.
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Abstract. In this work we present a new approach to the problem of periodicity of multidimen-
sional continued fractions. We study the properties of matrices of linear transformations and we
use these matrices for the description of the matrix of repetend of a multidimensional continued
fraction expansion.

Using this theory, we prove that there exist some vectors that can not have a purely periodic
expansion in any well-defined multidimensional continued fraction algorithm.

Keywords: multidimensional continued fractions, periodicity, matrices of linear transformation

Abstrakt. Prezentujeme novy pristup k feSeni otazky periodi¢nosti vicerozmérnych retézovych
zlomkt. Zabyvame se vlastnostmi matic linearni transformace v urcité bazi a ukazujeme, jak
lze tyto matice pouzit pro popis matic repetendu vicerozmérnych fetézovych zlomki.

Pomoci téchto vysledkii ukazujeme, Ze existuji vektory, které nemohou mit Cisté periodicky
rozvoj v ziddném dobfe definovaném algoritmu vicerozmérnych retézovych zlomki.

Klicovd slova: vicerozmérné fetézové zlomky, periodicita, matice linedrnich transformaci

1 Introduction

In 1839 [4] Hermite asked Jacobi if there is an algorithm that would detect the algebraic
degree of any algebraic number (for definitions of these terms se Preliminaries). For the
rational numbers (numbers of degree 1) is such an algorithm the decimal expansion of a
number. In the case of quadratic numbers (the numbers of degree 2) is such a system
also well-known. Namely, it is the regular continued fraction representation. However,
we still do not have a satisfactory answer for numbers of degree three and higher.

In order to solve this question, there were introduced many multidimensional contin-
ued fraction (or MCF for short) algorithms. We will focus only on the vectorial algo-
rithms. That are the algorithms that can be written as a matrix multiplication. For more
information about the other type of MCF algorithms, the geometric algorithms, see [5].

The first and the most often studied MCF algorithm is the Jacobi-Perron algorithm,
introduced by Jacobi (1868, [3]) and later generalised by Perron (1935, [7]). Other

*The work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS20/183/0OHK4/3T/14.
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well-known algorithms are Poincaré algorithm (1884, [8]), Brun algorithm (1920, [2]),
Selmer algorithm (1961, [11]) and Fully subtractive algorithm (1995, [9]). There exist
also many modifications of this algorithms, for example the Algebraic Jacobi-Perron al-
gorithm (AJPA) by Tamura and Yasutomi (2009 [12]). For a detail description of the
well-know MCF algorithms and their properties see the books [1] and [10]. A good
overview of these MCF algorithms is also in [6].

In this text we want to present another approch to this problem. We will study mainly
the matrix properties of the MCF algorithms. In the third section of this text, we study
the properties of matrices of linear transformation. In Theorem 7 we show that there is
a mapping Q using which we can determine the elements of matrix of multiplication by
some number, only with the knowlege of the elements of somerow of this matrix.

In the next section, we introduce the main theorem of this text, Theorem 13, which
says that the matrices of repetend of a MCF expansion are equal to matrices of some
linear transformation. Using these two main results, we show that there exist some
vectors that can not have a purely periodic expansion in any weakly convergent MCF
algorithm (Theorem 15).

We want to adress a broad spectrum of readers and therefore we introduce the whole
problematic using a simple example.

2 Preliminaries

A number z € C is algebraic (over Q) if it is a root of some polynomial f € Q[x]. The
set of algebraic numbers (over Q) is denoted by A. Algebraic numbers of degree two are
called quadratic and algebraic numbers of degree three are called cubic (they are roots of
quadratic respectively cubic polynomial with rational coefficients).

Let a € A. The number field Q(«) is defined by

Q) := ﬂ{T|T is a subfield of C,a € T'}.

The degree of the number field Q(«) is the dimension of Q(«) as a vector space over Q.
If « is an algebraic number of degree n, then

Q(a) = {ag + aya+ -+ a,_ 10" |a; € Q}.

A number € C is called an algebraic integer if there is a monic polynomial f € Z|x]
such that f(5) = 0. The set of all algebraic integers is denoted by B. Let K be a number
field. Then the ring of integers of the number field K is the set Og := K N B.

A unit in a ring R with identity 1z is an element u of R for which there exists an
element v € R such that uv = vu = 1. The units of a ring R form a group under
multiplications, we call it the group of units U(R) of R.

We will also need some notation from the combinatorics on words.

An alphabet A is a set of symbols, called letters. A sequence of letters is called a word.
The unique sequence having zero elements is the empty word and it is denoted by €. The
number of elements of a finite word w is called its length and it is denoted by |w|. If v, w
are two words, then vw denotes the concatenation of words v and w. The word v is a
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factor of w if there exists words s,t such that w = svt. Moreover, if s = ¢, then v is a
prefiz of w and if t = ¢, then v is a suffiz of w.

A word w is (eventually) periodic if there exists a finite word u and a word v such
that w = uv® where w denotes the infinite concatenation vov.... The word u is called a
preperiodic part and the word v is called a repetend and they are not unique (for example,
we can write also w = uv(vv)¥). The number |u| is called the preperiod the number |v|
is called the period. Moreover, if u = ¢, then w is purely periodic.

Now we introduce the algorithm of multidimensional continued fractions.

2.1 Multidimensional continued fraction algorithm

Let n > 1, I = {I;, ...} be a countable set of subsets of R}™" and A = {A}, As,...}
be a set of invertible matrices from R™""! such that the cardinality of A is the same
as the cardinality of [I.

Algorithm 1 (Multidimensional continued fraction algorithm). Let & € R’

Set 70 .= 7,1 :=0.

Repeat:

Let j be some index such that 79 € I;. If there is no such j, the algorithm stops.
Otherwise set

O = A0

and AW = Aj. Seti:=i+1.

Definition 2. The sequence (A®)2, from Algorithm 1 is called an (I,.A) n-dimensional
continued fraction expansion of the vector #. The product 112 A® is the matrix of the
(I, A) n-dimensional continued fraction expansion of the vector v.

In what follows, when we mention a MCF algorithm, we mean a MCF algorithm for
some given (I, A) and n.

Definition 3. Let (M( )) be a sequence of matrices such that there exists P such that
M®) s positive. We say zt weakly converges to v with respect to k-th row and j-th

column if the sequence
(s)\ T
(s)
Mkv.j S:P

The (I, A) n-dimensional MCF algorithm is weakly convergent if for every vector

converges to

for all 1.

S

€ R, whose expansion is AP AW - with M) = A AWM A6 the

sequence M (5) weakly converges to #' with respect to the first row and j-th column for
every j.



108 H. Rada

By a well-defined MCF algorithm we will understand a weakly convergent algorithm
for which A C QnH 1 Such algorithms are for example the JP algorithm and the Brun
algorithm.

Now we introduce the basic theorem about the periodicity of MCFs.

Un

Theorem 4 ([1], Theorem 3.1. ). Let = | = | € R%™ | § = NM¥ in a given MCF
U1

Vo
algorithm, N be a matriz of the preperiodic part and M a matriz of a repetend of .
Moreover, let N7'v =1 € RTFI. We have

W= AMw,
where A € R and:
e )\ is an algebraic unit of degree at most n + 1.

o If the degree of A equals n+ 1, then the numbers i, ..., = constitute a basis of the
number field Q(N).

The proof of this theorem is based on the fact that « is an eigenvector of M and A is
the corresponding eigenvalue.

We cannot omit the condition on the degree of A, because if deg(A\) < n, we can have
o= & Q(N). For an example of such a vector and algorithm see Remark (1) in [1].

Now we can see that the Hermite’s question, which is discussed in the introduction, can

Un

be reformulated as: Is there a MCF algorithm for which every vector 7 = | * | € R,
0
1

such that the numbers ** , == constitute a basis of some number field, has an eventually

periodic expansion? In What follows we show a new approach to this problem. This
approach is based on a theory which is described in the next section.

3 Matrices of linear transformation

In this section, we introduce the matrices 77 of multiplication by a number X in a basis
v. Then we present the main theorem of this section. This theorem says that there is a

mapping Qy such that T/\’7 = Qg ((Tf)“). At the end of this section, we show, how

n

Y

to construct the mapping Q; y for arbitrary vector @ = | * |, where y is an algebraic
)
1

number of degree n, using the knowledge of its minimal polynomial. We do all of this
using a simple example.
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Ezxample 5. Let
vi V4 v V4
n=\un|= \3/5 and v3 = (Y2 | = —\3/§
1 1 1 1
The elements y; and y, are cubic numbers with minimal polynomials equal to

y; —2=0and y5 +2=0.

Let Bo, 1, B2 € Q and A\ = By + By + Payi.

We start by computing the matrices 7" and Tf_j of multiplication by a number A\; in
the basis v; and by a number A, in the basis v5. Let u = a + by; + cy?. We have
Mu = fBoa + Bobyr + Bocyi + Brays + Bubyi + 261¢ + Boayi 4 2620 + 2B5¢u1.

Using this equation, we get

3 Bo B P2
T\) =262 fo B
261 2ﬁ2 60

Remark 6. We study the properties of the matrices of multiplication by an element A
because we use them for description of the matrices of repetends of multidimensional
continued fractions. However, in this concept, we use always the transposition of these
matrices. Because of that, we use the transpositions also in the rest of this section. We
hope that this will help the reader to understand the main part of this work, althought
it can look a little unnaturally at this point.

This means that we have

o Bo 282 261
(TY) =B Bo 2B
B Br Bo

. . s\ T . .
We can easily reparametrise the elements of (T;’ll) using the elements of its first,
second or third column instead of the numbers (g, 81, B2. We get

L Zo 2.T2 2I1 AR 222 w2 W1 Wy
U1 — _ _ w
(T')\1 ) = I i 2.172 = 29 21 20 = TO wo W1
z w w
Ty X1 Xo T 2 2 5 we
Analogously, we get

T Ty —2Ty —213 n ok —2% w2 w; W
% . ~ ~ ~ i ~ ~ ~ . e —~ —~
(T)\g) = T Zo —212 = Z9 21 20 = _ZO Wo w1
Ty I Zo T 4 )

The following theorem shows that we can do this also in general.
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U’Vl
Theorem 7. Let v = : be a basis (of a finite field extension of order n) and
U1
As € Q(v1,...,v,). There ezists a mapping Quz : R™ — R™" such that for all sequences
(M(S )S:oo satzsfymg

1. for all s, (M(S))T is equal to a matriz of multiplication by As in the basis U with
>\s € Q('Ul, e ,’Un>,'

2. (M (S))::Og weakly converges to U with respect to k-th row and (-th column;

we have
QM( .£> for any s.
Proof. Because ¥ is a basis of a finite field extension and Ay € Q(vy, ..., v,) for all s, we
(s)
can find vectors 5@) such that 5® = | : | e Q" and A, = ﬁfs)vl + oot BP0,

8y
Moreover, we know that M) are matrices of linear transformation ¢, in the ba-
sis ¥. This means that the elements of M) are linear combinatios of the parame-
ters BES),...,B,(LS). This in other Words means that for all i j E {1,...,n} we have

(M), = fi( &) BY)Y), where f7. are functions linear in 8, ..., 8§ (without the
constant element). These functions are independent of the index (s) of the member of
the sequence and also of the concrete choice of the sequence. They depend only on the

vector .
Let F¥ € Q™" be a matrix such that F,3) = fg(ﬂfs), . ,5,(18)). This means that

)
We show that F¥ is an invertible matrix. Suppose otherwise. In that case there would
be a vector ¥ € Q" such that ZF? = 0. We have

FME) = ZF7F = 0756 = 0

for all s. This means that there exists a linear combination of the elements of the ¢-th
column of the matrix M) Wthh is for all s equal to zero.

On the other hand, (M (s) ) _, Weakly converges to ¢ with respect to k-th row and (-th
column and ¥ is a basis. This is a contradlctlon

Therefore, we have 5(5) (FY)~ L) .. and this means that from the knowledge of

M.(‘}) and the functions f7, we can determine the whole matrix M (#). This proves the
claim.

]

Remark 8. Let o € R. If M is a matrix of a linear transformation T in the basis ¢ then
it is a also a matrix of the same linear transformation in the basis av. Moreover, from
the definition of weak convergence follows that the limit is unique up to the multiple of
the vector.
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Therefore, we have

Qv = Qv
for all o € R.

Remark 9. We do not use that the weak limit of the matrices M®) is @ in the proof of the
last theorem. In fact, the proof would work also if the limit was an arbitrary basis. On
the other hand, we will use this theorem only for matrices that are (or potentionally could
be) matrices of repetend of an expansion of ¥ in a weakly convergent MCF algorithm.
Such matrices always converge weakly to . Therefore, for the sake of simplicity, we
introduced the last theorem in this form.

Now, we introduce a notation to explicitly represent the action of the mapping Qy 5.

Notation 10. Let Q5 be the function from Theorem 7. We associate it with the matrix
Qus € Q7" defined by

0u(5), = (@) .,
( 4 £ i, Qf’ £ (—1)n+i

Now we continue with our example and modify it a little bit to fit exactly in Theorem 7.

100
010
0 01
V4 00 2
Ezample 11. Let v = | v/2|. Then Qs = |1 0 0 This means (as we have
1 010
020
0 0 2
100
already seen) that
To To 2x9 211
Q1 ( T = |z x 219
T2 T2 T1  Zo
1 2 2
We take a matrix M/ = [1 1 2| and a sequence M) = M*. The matrix (M(S))T
111

is a matrix of multiplication by ¢ in the basis #, where ¢ is some unit in Q(3/2) and M?*
converges weakly to ¥ with respect to third row and first column.

We have
122 1 14040 04+40+2 0+240
M=|112|=%([1]]|=[0+1+0 1+0+0 0+0+2],
111 1 0+0+1 0+1+0 1+0+0
56 8 5 54040 04+40+2-3 0+2-4+0
M*=1|45 6|=0Q:||4]]=[0+4+0 1-5+0+0 0+0+2-3
345 3 0+0+3 0+1-4+0 1-5+0+0,
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19 24 30 19 1940+0 040+2-12 042-15+0
M= (15 19 24| =Qys( (15| | =[0+15+0 1-19+04+0 0+0+2-12

12 15 19 12 0+0+12 0+1-154+0 1-19+0+0
and so on.

If ¥ is a canonical basis, we can use the following simple instructions to construct the
matrix Q1 .

Theorem 12. Let y be an algebraic number of degree n with minimal polynomaial Z?;Dl apyt+
y" =0, where ay € Q,

n—1

Y

<y
I

Yy
1
Leti,j k€ {1,...n}. We have

1 fori<jk=j5—i+1

Qi 14—k for2<i<jke{j—i+2...,5}
—Qpii1sjk forj<ij+1<k<n+j—i+1’
0 otherwise

(Ql,ﬁ)(ifl)nJrj,k =

Proof. We will use Theorem 7. We compute the values of the functios f; ; from the proof
of this theorem and then we compute the concrete values of (1 3.

Let A = Z;:Ol B;y? for some B3; € Z!We put 3; = 0 for all 7 < 0.

From the definition of the matrix 7} we get

min{k—j,n—i}

n—1
(Tf)i,j = Pivj + Z B Z Op—j—r Z<_1)m+1an—p1 e Q-

k=j =0 P1..-Pm
m<k—j—/{
ps>1
Z;r;l ps=k—j—¢

Moreover, if we put z; = (T3), ; and a; = 0 for all j < 0 we get
(T)i\))ld = ‘rj7 (T)I\?)QJ = xj—l + Zlfj()én_l
for all j € {1,...,n},
(T)?)i,j = Tj—it1 T Tj—it2Qn_1 + -+ + TjQp_jq1

foralli e {3,...,n},7€{l,...,n},i <jand

n—j
d _
(T,\)m- = E L j4mOUn—i—m+1
m=1

foralli,j € {1,...,n},i>j.
Now it remains to realize that (Q1z) (Dt ik is equal to the coefficient of xj in the

expression equal to (T}\7 )”

]
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We can also use the last theorem the other way around and determine the coefficients
ay of the minimal polynomial of y directly from the elements of the matrix Q1 3.

Now we show, how this is connected to the theory of multidimensional continued
fractions.

4 Application in the theory of MCF

The following theorem shows that we can use the matrices of multiplication by some
number to describe the matrices of repetend of a MCF expansion.

Yn—1
Theorem 13. Let v = : be a basis of Q(y1), where y; is an algebraic number of
Y1
1
degree n. Moreover, let M be a matrixz of repetend of a MCFE expansion of v. We have
M = (17)",
where € € U(Z[y1, - .., yn_1]) and TP is a matriz of multiplication by € in the basis .
Proof. By Theorem 4 we have
M7v = ev, (1)

where € is an algebraic unit. Moreover, M is an integer matrix and therefore ¢ €
U(Z[yla v 7yn—1])‘
By the definition of linear transformation ¢. we have
(THTS = ev.
We show that there exists only one matrix M for which (1) holds and this already implies
that M = (T%)T.

We know, that Q(yi,...,y,—1) is an algebraic number field of degree n, v is a ba-
sis of that field and ¢ € Q(y1,...,Yn—1). Let o; for ¢ € {1,...,n} be the n distinct
monomorphisms from Q(yi, ..., y,_1) to C.

Now let 0; = 0;(¥) and ¢; = 0;(¢). We have

Mv; = g;7;

forallie{1,...,n}.

Moreover, the elements of ¢ constitute a basis of Q(yi, ..., y,—1) and therefore v; # v;
for ¢ # j. This gives us all the eigenvectors and eigenvalues of M.

Let, for a contradiction, suppose that there are two dinstict matrices M7, My for which
(1) holds. We put L to be the Jordan normal form of M;. We know, that M; and M, have
the same eigenvalues and eigenvectors and therefore, L is also the Jordan normal form of
M. This means that there exist invertible matrices P, and P, such that M; = P LP; !
and M, = PQLPQ’l.

Now we show that P, = P,. We know that the eigenvalues of L are ¢; and the
eigenvectors are w; where (w;); = 0 for ¢ # j and (w;); = 1. At the same time, the
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equation (1) holds for M; and M, and therefore w; = Pyv0; = P»v;. This means that both
P, and P, are unique and P, = P, which is a contradiction.
This already means that M = (T¥)7.

Again, we use our example to illustrate the last theorem.

Example 14. The matrix M of repetend of the Brun algorithm of the vector v7 is

9 5

1 2
M=111 2
1 11
The expansion has preperiod 1 and period 18 and it is equal to

712(7531§a7H27§a7H27§%7%17E37%27517H3732)w7

where
1 10 1 01 1 00
T, =0 1 0|, Tis=1(01 0}, Ty=1|11 0],
0 0 1 0 01 0 01
1 00 1 00 1 00
Tos =0 1 1|, T57=10 1 0|, T3x=10 1 0
0 0 1 1 01 011

Now we use the results of the previous section to prove that ther are some vectors that
can not have a purely periodic expansion in an arbitrary well-defined MCF algorithm.

Theorem 15. Let y be an algebraic number of degree n with minimal polynomial equal
to

n—1
Yoy +y" =0,
§=0

where a; € Q and ap > 0.

n—1

Y

The vector v = : does not have a purely periodic expansion in any well-
)
1

defined (n — 1)-dimensional MCF algorithm.

Proof. We show that {T?|e € U(Z(v1,...,v,))} NSL(n,N) = Id. Let ¢ be an arbitrary
unit in U(Z[y]). Using the notation from Theorem 12 we get that

(T = 25,
forall j € {1,...,n}, and
(T )ng = —wj4100,
forall j € {1,...,n—1}.
This means that there does not exist an ¢ such that 7% € SL(n,N) is not equal to

identity. Therefore, there does not exist a matrix of repetend for the vector v which
means, that every well-defined MCF algorithm of ¢ is not purely periodic. O
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An example of a vector from Theorem 15 is our vector vs.
Ezxample 16. As we have already seen, we have
To —2Ty —21
o\ 1 -~ -~ -~
(TA2 ) = I Zo —QZEQ

T2 T T
for an arbitrary Ay € Q(y2). This holds especially for every Ao = ¢ € U(Z(v1,...,v,)).

We can easily see that (T;\?)T NSL(3,N) = Id. This means that the vector v3 can not
have a purely periodic expansion in any well-defined MCF algorithm.

Remark 17. In the sake for simplicity, we used this example. However, this example is
somewhat problematic because one of the elements of the vector v5 is negative. On the
other hand, the theorem Theorem 15 gives us instructions how to find also the vector
that have all elements positive and which can not have a purely periodic expansion.

5 Conclusion

In this work we showed a new approach of dealing with the problem of periodicity of
multidimensional continued fractions. We studied the properties of matrices of multipli-
cation by an element \ in a basis ¢. In Theorem 7 we showed that the elements of such
matrices are functions of the elements of the first row of these matrices.

This theorem can be used in the theory of MCFs because, as we have proven in
Theorem 13, every matrix of repetend of an expansion in a well-defined MCF algorithm
is equal to a matrix of multiplication by some unit.

Puting these two theorems together, we showed (Theorem 15) that there exist some
vectors that can not have a purely periodic expansion in any well-defined MCF algorithm.
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Abstract. We investigate coined quantum walk search and state transfer algorithms, focusing
on the complete M-partite graph with N vertices in each partition. First, it is shown that by
adding a loop to each vertex the search algorithm finds the marked vertex with unit probability
in the limit of a large graph. Next, we employ the evolution operator of the search with two
marked vertices to perform a state transfer between the sender and the receiver. We show that
when the sender and the receiver are in different partitions the algorithm succeeds with fidelity
approaching unity for a large graph. However, when the sender and the receiver are in the same
partition the fidelity does not reach exactly one. To amend this problem we propose a state
transfer algorithm with an active switch, whose fidelity can be estimated based on the single
vertex search alone.

Keywords: quantum walk, search algorithm, state transfer algorithm, M-partite graph

Abstrakt. Zkouméame algoritmy pro vyhledavani a prenos stavu zaloZenych na kvantovych
prochazkich s minci, konkrétné jak funguji na kompletnim M-partitnim grafu s N vrcholy
v kazdé casti. Nejprve ukdzeme, ze v piipadé pridani smycek na kazdy vrchol, vyhledavaci
algoritmus najde onaceny vrchol s jednotkovou pravdépodobnosti v limité velkého grafu. Daéle
vyuzijeme evoluéni operator vyhledavani pro dva oznacené vrcholy k dosazen{ tplného prenosu
stavu mezi odesilatelem a pfijemcem. Ukazeme, Ze v piipadé, kdy odesilatel a prijemce jsou v
riznych ¢astech grafu, algoritmus pro pfenos stavu uspéje s pravdépodobnosti pfenosu blizici
se jedné pro velké grafy. Nicméné v pripadé, kdy odesilatel a pfijemce jsou ve stejné Casti,
pravdépodobnost prenosu nedosédhne presné jedné. Abychom odstranili tento problém, zavedeme
algoritmus pro prenos stavu s aktivnim prepnutim, jehoZ tspéSnost mize byt odhadnuta jiz na
zékladé vysledkt pro vyhledavani jednoho vrcholu.

Klicovd slova: kvantova prochézka, vyhledavaci algoritmus, algoritmus pro pifenos stavu, M-

partitni graf

Full paper: S. Skoupy, M. Stefanak. Quantum-walk-based state-transfer algorithms on
the complete M -partite graph, Phys. Rev. A 103, 042222, (2021).

*This work was supported from Student Grant Competition of Czech Technical University in Prague
under Grant SGS19/186/OHK4/3T /14, from GACR under Grant No. 17-00804S and project CAAS.
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Abstract. The mathematical modeling of compositional flow in a porous medium is an im-
portant topic in chemical engineering and has many applications in the industry, e.g., CO2
sequestration or enhanced oil recovery. The mathematical model has to include a transport
equation for each component in the mixture and a thermodynamical model describing the local
equilibrium behavior. Traditionally, the PT'N approach (constant pressure, temperature, and
moles) [4, 6] is used to determine the composition of equilibrium phases. No matter how wide-
spread the PT N-specification is, the approach has some limitations [5, 7|, e.g., the equilibrium
state of the system is not always determined uniquely. Alternatively, the VI'N approach (con-
stant volume, temperature, and moles) [5, 3, 1] can be used to determine the equilibrium state.
Since most equations of state are given explicitly in pressure, i.e., p = p(T,V, Ny,..., N,), the
VT N-approach has some benefits, e.g., the inversion of the equation of state does not have be
performed, and the equilibrium states are uniquely determined.

In this contribution, we present a new numerical solution of a multi-phase compressible
Darcy’s flow of a multi-component mixture in a porous medium. The mathematical model
consists of mass conservation equation of each component, extended Darcy’s law for each phase,
and an appropriate set of the initial and boundary conditions. The phase split is computed
using the phase equilibrium computation in the VT'N-specification (known as VT N-flash).

The numerical solution is based on a novel iterative IMPEC scheme [2] that was originally
developed for the single-phase compositional flow. In this contribution, we extend this method to
multi-phase problems. We provide examples showing the performance of the numerical scheme.

Keywords: Compositional simulations, Multi-phase flow, Phase equilibrium computation, Mixed-
hybrid finite element method, VI'N-flash, VI'N-stability, Iterative IMPEC, Darcy’s flow.

Abstrakt. Matematické modelovani kompozi¢niho proudéni v poréznim prostiedi je dulezitym
tématem v chemickém inZenyrstvi a ma mnoho aplikaci v pramyslu, napi. sekvestrace COso
nebo zdokonalena tézba ropy. Matematicky model musi zahrnovat transportni rovnici pro kaz-
dou slozku smési a termodynamicky model popisujici lokadlni rovnovazny stav. Ke stanoveni
rovnovazného stavu se tradiéné pouziva specifikace PT'N (konstantni tlak, teplota a latkova

*This work has been supported by the project Development and application of advanced methods for
mathematical modeling of natural and industrial processes using high-performance computing, project
no. SGS20,/184/OHK4/3T /14 of the Student Grant Agency of the Czech Technical University in Prague,
and the project Multiphase flow, transport, and structural changes related to water freezing and thawing
in the subsurface, project no. 21-09093S of the Czech Science Foundation.
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mnozstvi) [4, 6]. Bez ohledu na to jak rozsifena je specifikace PT'N, mé ur¢itd omezeni [5, 7],
napf. rovnovazny stav systému neni vzdy uren jednoznacéné. Alternativné lze ke stanoveni
rovnovazného stavu pouzit specifikaci VI'N (konstantni objem, teplota a latkova mnozstvi)
[5, 3, 1]. Jelikoz je vétsina stavovych rovnic explicitni v tlaku, tj. P = p(T,V, N1,...,N,), ma
specifikace VI'N urcité vyhody, napf. inverze stavové rovnice neni nutné a rovnovazné stavy
jsou jednozna¢né urceny.

V tomto prispévku predstavime numerické feSeni vicefazového stlacitelného Darcyho proudéni
viceslozkové smési v poréznim prostiedi. Matematicky model se sklada z rovnice zachovani
hmoty kazdé slozky, rozsifeného Darcyho zékona pro kazdou fazi a vhodné sady pocatecnich
a okrajovych podminek. Rovnovazny stav se vypocitd pomoci vypoctu fazové rovnovihy ve
specifikaci VT'N (znamé jako VT N-flash). Numerické feSeni je zaloZzeno na novém iterativnim
IMPEC schématu [2], které bylo ptivodné vyvinuto pro jednofazové proudéni. V tomto piispévku
tuto metodu rozsitime na vicefazové problémy. Vykon numerického schématu je demonstrovan
na prikladech rizné slozZitosti.

Klicovd slova: Kompozi¢ni simulace, Vicefazové proudéni, Vypocet fazové rovnovihy, SmiSena
hybridni metoda konecnych prvka, VI'N-flash, specifikace VI'N, Iterativni IMPEC, Darcyho
proudéni.

Full paper: T. Smejkal and J. Mikyska. Multi-phase compressible compositional simu-
lations with phase equilibrium computation in the VTN specification. In M. Paszynski,
D. Kranzlmiiller, V. V. Krzhizhanovskaya, J. J. Dongarra, and P. M. A. Sloot, editors,
Computational Science — ICCS 2021, Cham. Springer International Publishing (2021),
159-172.
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Abstract. Patients after surgical repair of Tetralogy of Fallot (rTOF) may suffer a decrease in
left ventricular (LV) function. The aim of our study is to evaluate a novel method of assessing
LV torsion in patients with rTOF, as an early indicator of systolic LV dysfunction. Torsion,
also known as twist, is a characteristic feature of the ventricular contraction. It is defined as the
maximal difference in rotation between the LV apex and base and is expressed in degrees. In
order to deal with the differences in LV dimensions between patients, the torsion can be divided
by the distance between base and apex.

In this study, image intensity based registration method with regularization based on the
equilibrium gap principle, known as equilibrated warping, was employed to assess LV torsion.
The equilibrium gap regularization [1] represents a regularization with strong mechanical basis,
suitable for cardiac image analysis. The method was implemented using FEniCS and VTK, and
is distributed as a freely available python library.

Seventy-six cases of r'TOF and ten normal controls were included in the study. Patients
were divided into two groups: normal vs. loss of torsion. Torsion by equilibrated warping was
successfully obtained in 68 of 76 (89%) patients and 9 of 10 (90%) controls. Loss of torsion was
noted in 32 of the 68 (47%) patients with rTOF. There was no difference in LV or RV volumes
or ejection fraction between these groups.

The assessment of LV torsion using the proposed image registration method with equilibrated
warping regularisation is feasible and shows good reliability.

Keywords: ITmage registration, torsion of left ventricle

Abstrakt. U pacientt po chirurgické korekci Fallotovy tetralogie (rTOF) mutze dojit ke snizeni
funkce levé komory. Cilem této studie je vyhodnotit vyuZziti nové metody pro urceni torze
levé komory u pacienti s r'TOF, jakozto v¢asného ukazatele dysfunkce levé komory. Torze,
oznacovand také jako twist, je charakteristickym rysem kontrakce komory. Je definovana jako
maximélni rozdil v rotaci mezi zédkladnou a hrotem komory a udéva se ve stupnich. Hodnotu
torze je mozné normalizovat vydélenim vzdalenosti mezi zékladnou a hrotem.

*This work has been supported from by the W. B. & Ellen Gordon Stuart Trust, The Communities
Foundation of Texas, and by the Pogue Family Distinguished Chair. Research reported in this publication
was supported by Children’s HealthSM but the content is solely the responsibility of the authors and does
not necessarily represent the ofcial views ofChildren’s HealthSM. The study was also partially supported
by the Inria-UTSW Associated Team TOFMOD. K. Skardova and R. Chabiniok were partially supported
by project No. NV19-08-00071 of the Ministry of Health of the Czech Republic.
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Pro vyhodnoceni torze levé komory byla v této praci pouzita metoda pro registraci obrazu,
zaloZena na zachovéani intenzity obrazu, s regularizaci zaloZzenou na tzv. equilibrated warping.
FEquilibrated warping |1] predstavuje regularizaci se silnym mechanickym zékladem, vhodnou
zejména pro registraci snimkt srdce. Metoda byla implementovina pomoci FEniCS a VTK
knihoven a je distribuovana jako volné dostupné knihovna pro Python.

Do studie bylo zahrnuto sedmdesat Sest pripadt rTOF a deset kontrolnich piripadi. Pacienti
byli rozdéleni do dvou skupin: normalni vs. se ztratou torze. Hodnota torze byla pomoci
navrzené metody uspésné vyhodnocena u 68 ze 76 (89 %) rTOF pacientt a u 9 z 10 (90 %)
kontrolnich pFipadu. Ztrata torze byla zaznamenéna u 32 z 68 (47 %) pacientti s rTOF. U dalsich
parametri, jako je rozdil v objemech levé a pravé komory nebo ejekéni frakce, nebyl mezi obéma
skupinami zjistén rozdil.

Studie ukéizala, zZe pomoci navrzené metody pro registraci obrazu s regularizaci zaloZenou na
equilibrated warping. je mozné spolehlivé urcit torzi levé komory.

Klicovd slova: Registrace obrazu, torze levé komory
Full paper: Castellanos, D. A., Skardova, K., Bhattaru, A., Berberoglu, E., Greil, G.,

Tandon, A., ... & Chabiniok, R. Left Ventricular Torsion Obtained Using Equilibrated
Warping in Patients with Repaired Tetralogy of Fallot. Pediatric Cardiology (2021): 1-9.

References
[1] Genet, M., Stoeck, C. T., Von Deuster, C., Lee, L. C., & Kozerke, S. Fquilibrated

warping: Finite element image registration with finite strain equilibrium gap reqular-
ization. (2018) Medical image analysis, 50, 1-22.



Pedestrian Density Estimates and Their Real
Applications®

Jana Vackova

5th year of PGS, email: janca.vackova@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisors:

Milan Krbalek, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Marek Bukacek, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. Flow, velocity and density are considered fundamental quantities in the both traffic
flow and pedestrian dynamics [4]. Primal models discovered relationship between these essentials
in a plain macroscopic way. Although they describe the current phase of the system, they make
it without any specific information about the dynamics inside the whole. It is possible to obtain
two systems under very different internal conditions, however they both achieve the same value
of flow or density.

Therefore the following approach is used here to estimate the density which was introduced
in |5] and applied in [2, 6]. Every single pedestrian is assumed to be a source of individual
density distribution. This assumption enable us to apply kernel distribution theory and obtain
results which can be evaluated also in a microscopic way. In this contribution, the influence of
kernel choice and its size on the density is examined - using our experimental data E4 [1] and
simple static detector located at the exit area.

It is observed that every symmetric kernel in this study (conic, cylindrical, Gaussian, Bor-
salino [3|) leads to the similar results. They depend more on the percentage of kernel mass
assigned in the specific distance (from the pedestrian location) than the type of kernel. Beside,
Voronoi diagram give results which have suitable alternatives among kernels mentioned above.
Moreover, all metrics used for describing and comparing densities among different kernels give
very similar outputs for all states of system (stable cluster, congestion) except the free flow.
Thus the free flow requires the specific treatment in choosing parametric settings.

Keywords: Pedestrian Density, Static Detector, Kernel Distribution, Pedestrian Dynamics,
Dense crowd behaviour

Abstrakt. Tok, rychlost a hustota jsou zakladni veli¢iny jak pro popis dopravniho proudu, tak i
pro vyhodnoceni dynamiky pohybu chodci [4]. Prvotni modely se zabyvaly ¢isté makroskopick-
ymi zavislostmi mezi témito veli¢inami. Ackoliv makroskopické varianty téchto veli¢in popisuji,
v jaké fazi se systém aktualné nachézi, nedavaji ndm zadnou informaci o dynamice odehravajici
se uvnitt pozorovaného celku. Zaroveii je mozné pro jednu hodnotu toku nebo hustoty ziskat
dva odlisné stavy systému.

*This work has been supported by the Grant SGS18/188/OHK4/3T /14 provided by the Ministry of
Education, Youth, and Sports of the Czech Republic (MSMT CR).
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Proto je zde zkoumdana nésledujici metoda odhadu hustoty, ktera byla predstavena v [5]
a posléze aplikovana v |2, 6]. Kazdy chodec je uvazovan jako zdroj individuélni hustotni dis-
tribuce, coz nam umoznuje aplikovat teorii jddrovych distribuci a ziskat vysledky, které miizou
byt vyhodnocovany i v mikroskopickém pohledu. Tento prispevek se pak zabyva vlivem volby
jadra a jeho velikosti na vyslednou hustotu - pfi¢emz jsou k tomu pouzita data z experimentu
E4 [1] a jednoduchy staticky detektor umistény u vychodu z mistnosti.

Lze pak pozorovat, Ze kazdé pouzité symetrické jadro (kuzelové, valcové, Gaussovo, Borsalino
[3]) vede na obdobné vysledky. Jak je ukazano, tyto vysledky zavisi spiSe na mmnozstvi hmoty
jadra, ktera je umisténa do ur¢ité vzdalenosti od pozice chodce, neZz na typu pouZitého jadra.
Vedle toho Voronoiuv diagram produkuje hustoty, ke kterym je mozné najit blizké alternativy
mezi ostatnimi jadry. Navic, v8echny metriky, které byly pouZity pro popis a porovnavani hustot
napii¢ riznymi jadry, davaji velmi podobné vysledky pro vSechny stavy systému (stabilni shluk,
kongesce) kromé volného toku. Volny tok tedy vyZaduje pii volbé parametri specifické zachéazeni.

Klicovd slova: Chodecka hustota, Staticky detektor, Jadrova distribuce, Dynamika pohybu
chodct, Chovéani hustého davu

Full paper: Vackové, Jana and Bukécek, Marek. Pedestrian Density Estimates and
Their Real Applications. Stochastic and Physical Monitoring Systems, 2021.
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Abstract. We deal with pure substance solidification of a supercooled melt using the phase
field model. This model is composed of the heat equation and the phase field equation coupled
with suitable initial and boundary conditions. Using this formulation, we simulate the evolution
of dendritic structures numerically. When doing this, one encounters numerical phenomena
that call for subtle, but meaningful modifications to the phase field equations. The object
of interest is the reaction term of the phase field equation. This term is responsible for the
spatial distribution of latent heat release during solidification. Using the known results that
asymptotic analysis provides, we propose new forms of the reaction terms that are compatible.
These terms fully agree with the known physical dependencies and exhibit favorable properties
in numerical simulations. The new reaction terms are then tested in a variety of numerical
experiments that focus on mesh-dependence and model parameter settings. The forms of the
reaction terms allow the interface thickness to be large compared to capillary length while still
maintaining agreement with previous models. One of the models is also used to demonstrate
good quantitative agreement with experimental data for the rapid solidification of Nickel.

Keywords: phase field, anisotropic crystal growth, asymtotic analysis

Abstrakt. Za uziti modelu fazového pole simulujeme solidifikaci ¢isté smési. Pouzity model
se sklada z rovnice vedeni tepla a rovnice fazového pole a je doplnén vhodnymi okrajovymi
a pocateénimi podminkami. Tuto formulaci vyuzivime pro numerické simulace dendritického
rustu. Pii této snaze se setkavame s jevy, které neodpovidaji fyzikalni realité. Proto je smyslu-
plné modifikovat model tak, aby si zachoval fyzikalni interpretaci a soucasné doslo k potlaceni
nezadoucich jevi. Za timto Gcelem modifikujeme reakéni élen v rovnici fazového pole. Tento ¢len
urcuje prostorovou distribuci uvoliiovani latentniho tepla. Za uziti klasickych vysledkt asympto-
tické analyzy navrhujeme nové reakéni ¢leny, které upravuji uvoliiovani latentniho tepla. Pfitom
jsou respektovany zakladni zavislosti vyplyvajici z fyzikalniho odvozeni rovnice fazového pole
a je dosazeno priznivych numerickych vlastnosti. Nové reakéni ¢leny jsou testovany rfadou si-
mulaci kde je zkoumana zavislost na siti a nastaveni parametru modelu. V mnoha simulacich

*Tato prace byla podpofena grantem grantové agentury CVUT v Praze, grant No.
SGS17/194/0OHK4/3T/14.
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reakéni ¢leny umoznuji nastavit Sirsi rozhrani nez je kapildrni délka, coz zarucuje proveditelnost
simulace. Jeden z modelt je také pouzit v simulaci, kterd demonstruje kvantitativni shodu pfti
simulovani rychlého tuhnuti niklu.

Klicovd slova: rovnice fazového pole, anisotropicky rist krystald, asymptotic analysis
Plna verze: Strachota, P., Wodecki, A., Benes, M.: Focusing the latent heat release in

3D phase field simulations ofdendritic crystal growth. Modelling Simul. Mater. Sci. Eng.
29 065009 (2021). ISSN: 0965-0393. https://doi.org/10.1088/1361-651X /ac0f55.
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Abstract. Triggered data acquisition systems provide only limited possibilities of triggering
methods. In our paper, we propose a novel approach that completely removes the hardware
trigger and its logic. It introduces an innovative free-running mode instead, which provides
unprecedented possibilities to physics experiments. We would like to present such system, which
is being developed for the AMBER, experiment at CERN. It is based on an intelligent data
acquisition framework including FPGA modules and advanced software processing. The sys-
tem provides a triggerless mode that allows more time for data filtering and implementation of
more complex algorithms. Moreover, it utilises a custom data protocol optimized for needs of
the free-running system. The filtering procedure takes place in a server farm playing the role
of the high-level trigger. For this purpose, we introduce a high-performance filtering framework
providing optimized algorithms and load balancing to cope with excessive data rates. Further-
more, this paper also describes the filter pipeline as well as the simulation chain that is being
used for production of artificial data, for testing, and validation.

Keywords: data acquisition, high-level filter, streaming, optimized algorithms

Abstrakt. Systémy pre zber udajov, ktoré vyuzivaja spustaci systém, poskytuju len ob-
mezené moznosti filtraénych metéd. V tomto ¢lanku preto uvadzame novy pristup, ktory tplne
odstranuje hardvérovy spustac a jeho logiku. Namiesto toho vyuZziva inovativny volne beZziaci
rezim, ktory pontika nebyvalé moznosti fyzikalnym experimentom. Radi by sme popisali takyto
systém, ktery je aktualne vyvijany pre experiment AMBER v CERNe. Je zaloZeny na inteligent-
nom ramci pre zber iidajov, ktory vyuziva FPGA moduly a pokrocilé softwarové spracovavanie
adajov. Tento systém poskytuje rezim bez spuste, ktory déva viac ¢asu filtrovaniu tdajov a
stcasne umoziuje implementéiciu komplexnejsich filtrovacich algoritmov. Okrem toho vyuZiva
vlastny komunika¢ny protokol, ktory je optimalizovany pre potreby volne beZiaceho systému.
Filtracna procedura sa vykonava na serverovej farme, ktoré plni tlohu vysoko-tiroviiového filtra.
Pre tento ucel predstavujeme vysoko vykonny filtrovaci rdmec, ktory poskytuje optimalizované
algoritmy a vyvaZovanie zataze tak, aby zvladal nadmerny tok tdajov. Tento ¢lanok navyse
popisuje filtraéni a simula¢ni retaz, ktoré si pouzité pri tvorbe umelych ddajov uréenych na
testovanie a validaciu.

Klicovd slova: zber tdajov, vysoko-uroviovy filter, streamovanie, optimalizované algoritmy

*Co-authors: Vladimir Frolov, Stefan Huber, Vladimir Jary, Igor Konorov, Antonin Kveton, Dmytro
Levit, Josef Novy, Dominik Steffen, Benjamin Moritz Veit, Miroslav Virius
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Full paper: M. Zemko, V. Frolov, S. Huber, V. Jary, 1. Konorov, A. Kveton, D.
Levit, J. Novy, D. Steffen, B. Moritz Veit and M. Virius. Free-running data acqui-
sition system for the AMBER experiment. EPJ Web Conf., 251 (2021) 04028, doi:
https://doi.org/10.1051/epjconf/202125104028.
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Cile studia ve studijnim programu

Cilem doktorského studia v programu Matematické inzenyrstvi je pripravit studenty na
zékladni i aplikovany vyzkum v riznych oblastech aplikované matematiky. Doktorandi
jsou skoleni v klasickych i modernich partiich matematiky, teoretické a matematické
fyziky a teoretické informatiky a v jejich pouziti v nejriiznéjsich oblastech. Priprava stu-
dentti reflektuje nejnovéjsi svétové poznatky v téchto oborech. Rozmanitost dotcenych
oblasti vyzaduje jednak Siroké spektrum nabizenych odbornych predméti, jednak naroc-
nou pripravu spojenou s proniknutim do hloubky dané oblasti, predchazejici vlastni tviirci
praci doktoranda. Nékteré disertacni prace jsou zaméfeny vice na teoretické vysledky,
jiné prace akcentuji aplikace dosazenych vysledkt a jsou dovedeny ke konkrétnim vys-
tuptim typu pocitacového programu nebo numerické simulace. Vzdy jsou ale zavéry
vyzkumu prezentované na mezinarodnim féru formou vystoupeni na konferencich a pub-
likaci v renomovanych impaktovanych odbornych ¢asopisech s recenznim fizenim.

Profil absolventa studijniho programu

Doktorsky program Matematické inzenyrstvi navazuje na solidni vzdélani ziskané na mag-
isterské trovni a déle je prohlubuje pokro¢ilejsimi a/nebo specidlnégjsimi disciplinami.
Obor ma interdisciplinarni povahu zaloZenou na aplikaci teoretickych poznatki v dalsich
védnich oborech a v inzenyrské praxi, v oblasti numerického a stochastického modelovani
déji v prirodé, technice a pfi ochrané zivotniho prostiedi, v oblasti modernich partii
matematické fyziky, v oblasti teoretické informatiky a diskrétni matematiky a v oblasti
softwarového inzenyrstvi aplikovaného zejména v pfirodnich védach.

Profil absolventa tohoto studia tvoii pfehled o §irsi oblasti moderni matematiky (napi.
pokrocila funkcionalni analyza, algebraické struktury, stochastické procesy, kvantova
mechanika, aperiodické struktury, nelinedrni parcidlni diferencidlni rovnice) stejné jako
prehled o Sirsi oblasti aplikaci (napf¥. ¢asticova fyzika, materidlové védy, moderni metody
informatiky, ochrana zivotniho prostiedi). V tematické oblasti své disertacni prace ziska
absolvent jednak hluboké znalosti z vybrané partie moderni matematiky, jednak poznatky
z oboru aplikace dostacujici k tvirci aktivité interdisciplinarniho charakteru. K tomu
vyraznou meérou prispiva také to, ze vsSichni doktorandi po celou dobu studia pracuji
ve vizkumnych tymech na FJFI, ve spolupracujicich institucich, zejména v tstavech UI
a UTIA AV CR, a neziidka na rozsdhljch projektech nadnarodnich tymt v zahranié.
Casto probihé studium pod dvojim vedenim spoleéné s vyznamnou zahrani¢ni univerz-
itou. Doktorandi jsou vedeni k prezentaci vysledkti na mezinarodnich konferencich a
publikuji je v odbornych recenzovanych c¢asopisech.

Absolventi maji dostatecné zkuSenosti pro dalsi tispésnou kariéru jak v zakladnim
vyzkumu, tak v oblasti aplikaci a ve spolecenské praxi. Po skonceni studia snadno
nachazeji zaméstnani. Ziskavaji postdoktorandska stipendia na domaécich i zahrani¢nich
univerzitach, pokracuji v akademické kariéte na vysokych skolach, pracuji v tstavech
AV CR, nebo vyzkumnjch oddélenich soukromych firem. Casto odchazeji do oblasti fi-
nancnictvi nebo se uplatni v softwarovych a pocitacovych firmach. Nezridka nachéazeji
uplatnéni v manazerskych pozicich.
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Studijni povinnosti

Studijni povinnosti doktoranda spocivaji ve splnéni podminek studijniho bloku stanove-
ném v ramci individualniho studijniho fadu. Jde o slozeni zkousek ze 4-6 jednosemestral-
nich odbornych predmétii, absolvovani jazykové pripravy z nejméné jednoho svétového
jazyka (zpravidla AJ) a sepséani studie k dizertacni praci. Studijni blok je rozvrzen do 4
(pro prezené¢ni) resp. 6 (pro kombinovanou formu studia) semestr od zahdjeni studia.

PoZadavky na tvurci ¢innost

Pozadavek na tvaréi ¢innost doktoranda je upfesnén Radem doktorského studia FJFI.
Podle néj musi disertace obsahovat tvirci vysledky dosazené doktorandem a publikované
¢i dolozitelné prijaté k publikaci v oborové prislusnych impaktovanych casopisech. Nut-
nym predpokladem pro odevzdani disertacni prace je proto autorsky podil doktoranda na
alespon jedné publikaci publikované nebo pfijaté k publikaci v impaktovaném casopise
(dle Web of Science Core Collection ¢i jeho pfipadného budouciho néastupce).

Pozadavky na absolvovani stazi

Absolvovani staze v zahranic¢i neni z ekonomickych divodi stanoveno jako povinnost,
nicméné je obvyklé. Studenti ¢asto absolvuji doktorat pod dvojim vedenim se zahrani¢ni
VS, kdy jsou vzijemné uznavany studijni povinnosti splnéné na partnerskych pracov-
istich. Standardem je zapojeni doktorandi do védeckych tymu svych skolitell, které jsou
zpravidla podporeny granty GACR, TACR, MSMT, atd. Skolitelé vyuzivaji svych kon-
taktii na zahrani¢nich pracovistich pro vyjednani studijnich a vyzkumnych pobytt svych
doktorandi. Pocitame s finan¢ni podporou z externich zdroji, napt. programtu Erasmus

Plus, CEEPUS, Aktion, DAAD, Marie-Curie Fellowship, apod.

Dalsi studijni povinnosti

Zakladni povinnosti jsou dany Studijnim a zkusebnim fadem pro studenty CVUT v Praze
a Radem doktorského studia FJFI. Dalsi povinnosti doktorandi jsou:

e Pracovat ve vyzkumnych tymech ptisobicich na FJFI nebo na skolicim pracovisti
mimo FJFI. Vedouci tymu povéiuji doktorandy dil¢imi tkoly se vzriistajici naro¢nosti
a kontroluji jejich plnéni.

e Aktivné se ticastnit seminait na skolicich pracovistich.

e Ucastnit se a vystupovat na mezinirodnich konferencich.

e Jedenkrat za rok predlozit hodnoceni doktoranda skolitelem, které je schvalovano na
zasedani Oborové rady.

e Jedenkrat ro¢né prezentovat vysledky své vyzkumné prace pred skoliteli a ¢leny ORO
na Doktorandskych dnech. Prednesené prispévky jsou zarazeny do kazdoroc¢né vyda-
vaného sborniku.

Vsichni studenti prezen¢ni formy doktorského studijniho programu se tcastni peda-
gogické ¢innosti na FJFI, a to zejména vedenim cviceni v bakalarskych programech.
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Predmeéty pro studijni plan
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Poruchova teorie operatorii Stovicek
Kvantové grupy Burdik
Spektralni geometrie Krejcitrik

g Schrédingerovy operatory Krejcirik

‘S Mat. aspekty kvan. fyziky s nesamosdruzenymi operatory Krejcirik

f Uvod do teorie semigrup Klika

=% Formulace termodynamicky konzistentnich modelii Klika

ﬁ Vybrané partie ze statistické fyziky Jex

% Nerovnovazné systémy Jex

‘® Kvantova informace a komunikace 1, 2 Jex, Stefanak

2 Oteviené kvantové systémy Novotny
Coxeterovy grupy Hrivnak
Symetrie diferencidlnich rovnic Snobl
Klasifikace a identifikace Lieovych algeber Snobl
Drahovy integral Jizba
Funkciondlni integral 1, 2 Jizba
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Charakteristika studijniho predmétu

Nazev studijniho pfedmétu  Metody analyzy nelinearnich evoluc¢nich tiloh
Rozsah studijniho predmétu 26p
Garant predmétu prof. Dr. Ing. Michal Benes

Prerekvizity

Znalosti zakladi funkcionalni analyzy, rovnic matematické fyziky, varia¢nich metod a
zékladi matematickych metod v dynamice kontinua

Struc¢na anotace predmétu

Predmét se zabyva matematickou analyzou feseni nelinedrnich okrajovych a smiSenych
tloh pro parcialni diferencialni rovnice eliptického a parabolického typu. Soucasti vykladu
jsou metody ziskavani odhadt pro slaba feseni, posloupnosti jejich aproximaci, metody
pro limitni prechody a zptisoby urcovani jednoznacnosti reseni.

Osnova

Slabé Teseni pro eliptickou a parabolickou nelinearni parcialni diferencialni rovnici.
Apriorni odhady posloupnosti aproximaci.

Zobecnéni principu maxima a srovhavaci postupy.

Véty o spojitém a kompaktnim vnoreni.

Limitni pfechod v posloupnosti aproximaci.

Metoda monotonie a kompaktnosti.

N G W=

Jednoznacnost slabého feseni.

Studijni literatura a studijni pomucky

[1] J. L. Lions: Quelques méthodes de résolution des problémes aux limites non linéaires.
Paris, Dunod, 1969.

[2] L. C. Evans: Partial Differential Equations, AMS, Graduate Studies in Mathemat-
ics, volume 19, Providence, Rhode Island, 2010.

[3] R. E. Showalter: Monotone Operators in Banach Space and Nonlinear Partial Dif-
ferential Equations, Mathematical Surveys and Monographs, volume 49, Provi-
dence, Rhode Island, 1997.

[4] S. Bulent Biner: Programing Phase-Field Modeling, Springer Switzerland, 2017.

[5] S. Fu¢ik and A. Kufner: Nonlinear Differential Equations, Studies in Applied Me-
chanics 2, Amsterdam-New York, Elsevier Scientific Publ. Co., 1980.



Piedméty pro studijni plan 135

Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Metoda konecénych prvki pro parabolické problémy
Rozsah studijniho predmétu 26p
Garant predmétu prof. Dr. Ing. Michal Benes

Prerekvizity

Znalosti zakladt funkcionalni analyzy, numerické matematiky, varia¢nich metod a zak-
lad metody kone¢nych prvkid pro linearni okrajové tlohy pro eliptické parcialni diferen-
cialni rovnice; zakladni znalosti operacniho systému LINUX a programovani v jazyce C.

Stru¢na anotace predmétu

Obsahem pfedmeétu je vyklad pouziti konec¢nych prvki pro feseni nelinearnich okrajovych
a smiSenych tloh pro parcidlni diferencialni rovnice. Jsou uvedeny matematické vlast-
nosti metody, odvozeny odhady chyby pri aproximaci touto metodou a vylozeny postupy
pii zajisténi limitniho procesu. Soucasti vyuky je pouziti vhodnych prostfedkt pro im-
plementaci MKP.

Osnova

1.
. Faedo-Galerkinova metoda.

Slabé feseni smiSené tlohy pro parabolickou nelinearni parcialni diferencialni rovnici.

Reseni kone¢né-rozmérné nelinerni soustavy rovnic vzniklé z metody koneénych
prvki.

Apriorni odhady a omezenost ve vhodnych funkcionalnich prostorech.
Konvergencni proces v lineadrnich a nelinearnich ¢lenech Faedo-Galerkinovy aprox-
imace.

. Vlastnosti slabého feSeni.

Implementace vybrané tlohy.

Studijni literatura a studijni pomucky

[1] S. C. Brenner and L. Ridgway Scott: The mathematical theory of finite element

methods, New York, Springer, 1994.

2] P. G. Ciarlet: The finite element method for elliptic problems, Amsterdam, North-

Holland, 1978.

[3] V. Thomée: The Galerkin finite element methods for parabolic problems, LNM

1054, Berlin, Springer, 1984.

[4] S. A. Ragab, H. E. Fayed: Introduction to Finite Element Analysis for Engineers,

CRC Press, Taylor Francis, 2017.

[5] P. Grisvard: Elliptic problems in non-smooth domains, Boston, Pitman, 1985.
6] K. Rektorys: Metoda ¢asové diskretizace a parcialni diferencidlni rovnice, SNTL

Praha, 1985.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Kvantové grupy
Rozsah studijniho predmétu 26p
Garant piedmétu prof. RNDr. Cestmir Burdik DrSc.

Prerekvizity

Zmnalosti zakladi algebry a teorie reprezentaci Lieovych algeber.

Struc¢na anotace predmétu

Predmét se zabyva matematickou analyzou feSeni integrabilnich modeli.

posluchace se zakladnimi pojmy a konstrukcemi v kvantovych grupach.

Osnova

Opakovani Lieovy algebry a Lieovy grupy.
Hopfovy algebry.

Klasicka a kvantova Yang-Baxterova rovnice.
Poissonovy algebry.

Drinfeld-Jimbova formulace kvantovych grup.
Woronowiczova formulace kvantovych grup.
Zéklady nekomutativni geometrie.

Aplikace v matematice a matematické fyzice.

© 0N Tt W

Integrabilni modely.

Studijni literatura a studijni pomucky

Seznamuje

[1] A. Klimyk, K. Schmudgen: Quantum Groups and Their Representation, Springer,

Berlin, 1997.

[2] G. Lustig: Introduction to Quantum Groups, Birkhauser, Boston, 1993.

[3] Ch. Kassell: Quantum Groups, Graduate Texts in Mathematics, Springer, New

York, 2012.

[4] E. Abe: Hopf algebras, Cambridge Tracts in Mathematics, Univ. Press. Cambridge,

2008.
[5] J. Dixmier: Enveloping Algebra, North-Holland, Amsterdam, 1997.

[6] A. Connes: Non-Commutative Geometry, Academic Press, New York 1994.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Logika pro matematiky
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Petr Cintula, PhD.

Prerekvizity

Znalosti zaklad matematické logiky:.

Struc¢na anotace predmétu

Logika je zaroven objektem, ktery matematika studuje, i jazykem, ve kterém je matem-
atika formulovana a pomoci kterého je zkoumana. Cilem predmétu je predstavit matem-
atickou logiku v obou téchto rolich s dirazem na jejich interakci a na dusledky pro
jiné oblasti matematiky jako je aritmetika, teorie grafii a algebra. Pozornost bude téz
vénovana zakladiim teorie dikazti s dirazem na formalizovanou matematiku a automat-
ické dokazovani.

Osnova

Uvod: Logika jako jazyk matematiky.

Klasicka vyrokova a predikatova logika: formalni logika jako objekt matematiky.
Dikazy nemoznosti v geometrii, teorii mnozin a aritmetice.

Zaklady teorie modelt a jeji aplikace v algebfe a teorii graft.

AR

Zaklady teorie diukazt, formalizovanad matematika, automatické dokazovani.

Studijni literatura a studijni pomucky

[1] P. Pudlak: Logical Foundations of Mathematics and Computational Complexity:
A Gentle Introduction. Springer, 2014.

[2] J. D. Barrow: Pi na nebesich. Mladé fronta, Praha, 2000.

[3] Y. I. Manin: A Course in Mathematical Logic for Mathematicians. Springer-Verlag,
New York, 2010.

[4] V. Svejdar: Logika: netiplnost, sloZitost a nutnost. Academia, Praha, 2002.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Kombinatorika na slovech
Rozsah studijniho predmétu 13p + 13s
Garant predmétu doc. Ing. Lubomira Dvorékova, Ph.D.

Osnova

1.
. Volny monoid, volna grupa, rovnice na slovech.

S

Kombinatorika na slovech: piehled pojmi a vysledkii.

Miry kombinatorické slozitosti — faktorova, palindromicka, abelovska, aritmeticka
komplexita.

De Bruijnovy a Rauzyho grafy — navratova slova, derivovana slova.

Palindromicky a antipalindromicky uzavér.

Sturmovska slova a jejich zobecnéni — slova kddujici vyménu intervalii, Arnoux-
Rauzyho slova.

Pevné body morfizmt a jejich vlastnosti.

Slova bez vyskytu zvolenych konfiguraci: slova bez prekryvu, ¢tvercuprosta slova.

. Algoritmy v kombinatorice na slovech.

Studijni literatura a studijni pomucky

[1] M. Lothaire: Combinatorics on Words, 2nd edition, Cambridge, 1997.
[2] P. Fogg: Substitutions in Dynamics, Arithmetics and Combinatorics, Springer,

2002.

[3] J. Berstel et al.: Combinatorics on Words, Christoffel Words and Repetitions in

Words, CRM Series, AMS, 20009.

[4] Combinatorics, Words and Symbolic Dynamics, V. Berthé and M. Rigo, eds., En-

cyclopedia of Mathematics and its Applications, Cambridge, 2016.

[5] Sequences, Groups, and Number Theory, V. Berthé and M. Rigo, eds., Trends in

Mathematics, Birh&duser Basel, 2018.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Specialni funkce a transformace ve zpracovani obrazu
Rozsah studijniho predmétu 26p
Garant predmétu prof. Ing. Jan Flusser, DrSc.

Prerekvizity

Znalosti zakladt zpracovani obrazu v rozsahu predmétti ROZ1, ROZ2.

Struc¢na anotace predmétu

Pfedmét je urcen pro pokrocilé studenty. Hlavni pozornost je vénovana pouziti nékterych
specidlnich funkei a transformaci (zejména momentovych funkei a waveletové transfor-
mace) pro vybrané ulohy zpracovani obrazu — detekce hran, potlaceni Sumu, rozpoznavani
deformovanych objektti, registrace obrazu, komprese apod. Vedle teorie bude probirana
i rada praktickych aplikaci.

Osnova

1. Geometrické a komplexni momenty, definice a zakladni vlastnosti.

2. Momentové invarianty vzhledem k otaceni a méfitku obrazu, tplnost, nezavislost,
konstrukce baze.

3. Momentové invarianty vzhledem k afinni transformaci obrazu.

W

Momentové invarianty vzhledem ke konvoluci, kombinované invarianty.

ot

Ortogonalni momenty (Legendrovy momenty, Fourier-Mellin momenty, Zernikovy
momenty).

Diskrétni momenty a algoritmy pro jejich vypocet.

Waveletova transformace (WT) — matematické zaklady.

Pouziti WT pro detekci hran a vyznac¢nych bodd v obrazu.

Potlaceni sSumu pomoci WT.

10. Pouziti WT pro registraci a flize obrazu.

© 0N

11. Komprese obrazu pomoci WT a blokového kvantovani.

Studijni literatura a studijni pomucky

[1] J. Flusser, T. Suk, B. Zitova: 2D and 3D Image Analysis by Moments, Wiley &
Sons Ltd., 2016.
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Charakteristika studijniho predmétu

Nazev studijniho pfedmétu  Proudéni a transport v poréznim prostiedi
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Radek Fucik, Ph.D.

Prerekvizity

Znalosti zakladt funkcionalni analyzy, numerické matematiky, varia¢nich metod a zak-
ladt metody kone¢nych prvki pro parcialni diferencialni rovnice.

Struc¢na anotace predmétu

Predmét se zabyva problematikou proudéni tekutin v poréznim prostiedi a sklada se
ze dvou hlavnich ¢asti. Prvni Cast je zaméfena na matematickou formulaci zakoni za-
chovani hmoty, hybnosti a energie pro jednotlivé komponenty a faze a tyto jsou doplnéné
o konstitutivni vztahy. Ve druhé ¢asti jsou probrany vybrané typové tlohy a diskutovany
vypocetni metody (analytické, semi-analytické a numerické) pouzitelné pro feSeni téchto
uloh s diirazem na problémy vznikajici pii praktické implementaci téchto metod.

Osnova

1.

Zakladni pojmy a veli¢iny, kapilarita. Formulace zakont zachovani hmoty, hybnosti
a energie, konstitutivni vztahy.
Ulohy s analytickym feSenim: Buckleyho-Leverettovo feseni v 1D.

. Ulohy se semi-analytickym FeSenim: McWhorterovo-Sunadovo feseni v 1D a 2D,

zobecnéné feseni v obecné dimenzi (Fucik a kol. 2016).
Uloha dvoufazového nemisivého proudéni a jeji numerické feseni metodou KP.
Uloha dvoufazového kompozi¢niho proudéni a jeji numerické feseni metodou KP.

Studijni literatura a studijni pomucky

1]
2]
3]

J. Bear: Modeling Phenomena of Flow and Transport in Porous Media, Springer,
2018.

R. Helmig: Multiphase Flow and Transport Processes in the Subsurface, A contri-
bution to the Modelling of Hydrosystems, Springer, 1997.

R. Fucik, T. H. lllangasekare and M. Benes: Multidimensional self-similar analytical
solutions of two-phase flow in porous media, Advances in Water Resources, volume
90, pages 51-56, 2016.

R. J. LeVeque: Finite volume methods for hyperbolic problems, volume 31, Cam-
bridge university press, 2002.

F. Brezzi and M. Fortin: Mixed and hybrid finite element method,, volume 15,
Springer Science & Business Media, 2012.

Z. Chen, G. Huan, Y. Ma: Computational Methods for Multiphase Flows in Porous
Media, STAM, 2006.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Aplikace metody kone¢nych objemi
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Jifi Fiirst, Ph.D.

Struéna anotace predmétu

Predmét se zabyva numerickym feSenim systému Navierovych-Stokesovych rovnic pomoci
metody konec¢nych objemti. Posluchac se seznami s principy tvorby siti pro vicerozmérné
problémy a s algoritmy pouzivanymi pro fesSeni soustav rovnic pro nestlacitelné a st-
lacitelné proudéni.

Osnova

Principy tvorby siti pro vicerozmérné ulohy.

Algebraicky, elipticky a hyperbolicky generator sité.

Nestrukturovana sit, triangulace.

Navierovy-Stokesovy rovnice pro nestlacitelné proudéni, formulace vybranych tloh.
Princip projekénich metod, Helmholtzova projekce.

Metoda SIMPLE pro Stokestiv problém.

Metoda SIMPLE pro Navierovy-Stokesovy rovnice.

Metoda PISO pro Navierovy-Stokesovy rovnice.

Rozsiteni metod pro stlacitelné proudéni.

© 0N Tt W

—_
e

Sdruzené metody pro stlacitelné proudéni.

—_
—_

. Aplikace probranych metod na feSeni vybranych tloh.

Studijni literatura a studijni pomucky

[1] J. Blazek: Computational Fluid Dynamics, Principles and Applications, Elsevier,
2005.

[2] J. H. Ferziger, M. Peric: Computational methods for fluid dynamics, Springer, 1996.

[3] J. W. Thomas: Numerical Partial Differential Equations: Finite Difference Meth-
ods, Springer Science & Business Media, 2013

[4] J. Fiirst, K. Kozel: Numerické feseni problémti proudéni I, skripta CVUT, 2001.

[5] T. J. Chung: Computational Fluid Dynamics, Cambridge University Press, 2002.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Dynamické rozhodovani za neurcitosti
Rozsah studijniho predmétu 26p
Garant predmétu Dipl.-Eng Tatiana V. Guy, Ph.D.

Prerekvizity

Znalosti matematické analyzy, algebry, teorie pravdépodobnosti a matematické statistiky,
znalosti zakladu teorie informace a statistického rozhodovani.

Struc¢na anotace predmétu

Tento kurz se zabyva dynamickym rozhodovanim (DM) jako dulezitou oblasti vyzkumu.
Kurz je vhodny pro studenty doktorandského studia zameéfené na vyzkum a vyvoj v
oblastech vyuzivajicich dynamické rozhodovani nebo tomuto rozhodovani slouzicich, naprik-
lad stochastické a adaptivni fizeni, optimalizace, uc¢eni, uméla inteligence, detekce a izo-
lace poruch, rozpoznavani a jiné.

Osnova
1. Rekapitulace dynamického rozhodovani (DR) za neur¢itosti a netuplné znalosti.
2. Distribuované rozhodovani jako univerzalni zptisob resSeni slozitosti.
3. Rozhodovaci tlohy vyvolané distribuovanym DR (spoluprace, vyjednavani).
4. Pokrocilé zptisoby ziskavani znalosti.
5. Pokrocilé zptisoby ziskavani preferenci.
6. Pfenos znalosti a liné uceni (lazy learning).
7. Respektovani osobnostnich rysti nebo emoci lidskych rozhodovact.
8. Pripadové studie tykajici se PhD témat zapojenych studenti.

Studijni literatura a studijni pomucky

[1] L. Savage: The Foundations of Statistics, Wiley, Foundations of decision theory,
1954.

[2] D. P. Bertsekas: Dynamic Programming and Optimal Control, vol. 1.,2.; Athena
Sci. Press, 2005.

[3] M. Karny, J. Bohm, T. V. Guy, L. Jirsa, I. Nagy, P. Nedoma, L. Tesai: Optimized
Bayesian Dynamic Advising: Theory and Algorithms, Springer, 2006.
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Charakteristika studijniho predmétu

Nazev studijniho pfedmétu  Pokrocilé metody teorie informace
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Tomas Hobza, Ph.D.

Prerekvizity

Zmnalosti zaklad® teorie pravdépodobnosti a matematické statistiky, znalosti zakladnich
pojmi a metod teorie informace.

Struc¢na anotace predmétu

Predmét se vénuje pokrocilejsim partiim teorie informace a zaroven zkouma vztah mezi
teorii informace a statistikou. Konkrétné se zabyva definici a vlastnostmi entropie a
informace pro spojité nahodné veli¢iny, vztahy mezi diskrétni a diferencidlni entropii,
rozdélenimi s maximalni entropii a rychlosti entropie ndhodnych procesii. Soucasti vyk-
ladu je i metoda typt a jeji pouziti pro vypocet pravdépodobnosti extrémalnich udalosti a
pro ukéazku existence univerzalniho kédu zdroje. Déle je studovan problém testovani hy-
potéz a role Fisherovy informace v odhadovani parametri pravdépodobnostnich rozdéleni.

Osnova

Diferencialni entropie.

Relativni entropie a informace pro spojité ndhodné velic¢iny.
Asymptoticka ekviparti¢ni vlastnost pro spojité ndhodné velic¢iny.
Rozdéleni s maximalni entropii.

Rychlost entropie pro gaussovsky proces.

Metoda typt.

Testovani hypotéz a Steinovo lemma.

O NSO

Odhady parametrt a Fisherova informace.

Studijni literatura a studijni pomucky

[1] 1. Vajda: Teorie informace. Vydavatelstvi CVUT, Praha, 2004.

[2] T. M. Cover, J. A. Thomas: Elements of information theory, John Wiley & Sons,
NewYork, 2012.

[3] D. J. C. MacKay: Information Theory, Inference, and Learning Algorithms, Cam-
bridge University Press, Cambridge, 2003.

[4] 1. Csiszar, J. Korner: J. Information theory: coding theorems for discrete memory-
less systems, Cambridge University Press, Cambridge, 2011.
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Charakteristika studijniho predmétu

Nazev studijniho predmétu  Coxeterovy grupy
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Jifi Hrivnék, Ph.D.

Osnova

Zrcadleni a grupy zrcadleni.

Korenové systémy, krystalografické korenové systémy.
Weylovy komory a fundamentalni systémy.

Funkce délky a nadroviny zrcadleni.

Parabolické podgrupy a stabilizéry.

Coxeterovy grupy a Coxeterovy systémy.

Bilinearni formy Coxeterovych systémii.

Klasifikace Coxeterovych systémt a grup zrcadleni.

© 0N Ot W

Weylovy grupy, kofenové mrize, fundamentalni vahy a vdhova miiz.

—
e

Klasifikace krystalografickych kofenovych systémii.

. Afinni Weylovy grupy, afinni kofenové systémy, fundamentalni domény.
. Borel-de Siebenthaltv teorém.

. MacDonaldova identita, Weylova identita.

— = =
W N =

Studijni literatura a studijni pomucky

[1] R. Kane: Reflection Groups and Invariant Theory , CMS books in Mathematics,
Springer, 2001.

[2] J. E. Humphreys: Reflection groups and Coxeter groups, Cambridge Advanced
Studies in Mathematics, no. 29, Cambridge University Press, Cambridge, 1990.

[3] C. T. Benson, L. C. Grove: Finite Reflection Groups, Second Edition, Springer,
2010.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Kvantova informace a komunikace 1
Rozsah studijniho predmétu 13p + 13s
Garant predmétu prof. Ing. Igor Jex, DrSc.

Osnova

Zaklady kvantové teorie.

Provazané stavy a matice hustoty.
Modely pocitani.

Komplexicita.

Kvantové brany a kvantové obvody.
Kvantova Fourierova transformace.
Prohledavaci algoritmy.

Realizace kvantovych pocitaci.
Korekce chyb.

Kvantové operace.

© 0N Ot W
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. Kryptografie.
. Kvantova kryptografie.

—
[\

Studijni literatura a studijni pomucky

[1] M. A. Nielsen, I. L. Chuang: Quantum computation and quantum information,
Cambridge Univ. Press, 2010.
[2] M.Dusek: Koncepéni otazky kvantové teorie, Olomouc, 2002.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Nerovnovazné systémy
Rozsah studijniho predmétu 13p + 13s
Garant predmétu prof. Ing. Igor Jex, DrSc.

Osnova

Matematicky popis nestabilit.
Teorie laseru a nestability.
Samoorganizace v chemii.
Morfogeneze.

Dynamika sociologickych systémii.
Stochastické procesy.

Nestability v ekonomii.
Samoorganizace v kosmologii.
Chaoticka dynamika.

© 0N Ot W

Studijni literatura a studijni pomucky

[1] R. Feistel, W. Ebeling: Physics of Self-Organization and Evolution, Wiley, Berlin,
2011.

[2] H. Haken: Synergetics, Springer, Berlin, 1970.

[3] G. Nicolis, C. Nicoli: Foundations of complex systems, World Scientific, 2007.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Vybrané partie ze statistické fyziky
Rozsah studijniho predmétu 13p + 13s
Garant predmétu prof. Ing. Igor Jex, DrSc.

Osnova

Zaklady statistické fyziky.

Statisticky operator v klasické a kvantové teorii.
Neidealni plyny I, viridlova stavova rovnice.
Neidealni plyny II, klastrovy rozvoj.

Fermiho plyn.

Boseho-Einsteiniv plyn.

Boseho-Einsteinova kondenzace.

Mikroskopické modely fazovych prechodt.

© 0N Ot W

Isingtiv model.

—
e

Zaklady kinetické teorie a transportni jevy.

Studijni literatura a studijni pomucky

[1] R. Balian: From microphysics to macrophysics I, II, Springer, New York, 2007.
[2] J. Kvasnica: Termodynamika, SNTL Praha, 1965.
[3] J. Kvasnica: Statistické fyzika, Academia Praha, 2003.



148 Doktorsky studijni program — Matematické inzenyrstvi

Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Drahovy integral
Rozsah studijniho predmétu 26p+13cv
Garant predmétu Ing. Petr Jizba, Ph.D.

Prerekvizity

Zmalosti zakladi kvantové mechaniky a analytické mechaniky.

Struc¢na anotace predmétu

Predmeét si klade za cil seznamit posluchace s technickou a aplika¢ni strankou Feynmanova
drahového integralu. Dtraz bude kladen na aplikace v soucasnych problémech kvantové
a statistické fyziky.

Osnova

1. Uvod a motivace: evolu¢ni kernel, Lie-Trotterova sou¢inova formule, drdhovy inte-
gral v konfigura¢nim prostoru.

2. Kernel pro volnou ¢astici a harmonicky oscilator: semiklasicka aproximace, WKB
metoda a vypocet fluktuac¢niho faktoru.

3. Poruchové metody: variacni poruchovad metoda a anharmonicky oscilator, delta
rozvoj, poruchové metody pro Greenovy funkce.

4. Drahové integraly ve fazovém prostoru a Klauderiv drahovy integral: Wickova
rotace a Euklidovské drahové integraly, jednoduché aplikace ve statistické fyzice a
fyzice instantoni.

Studijni literatura a studijni pomucky

[1] L. S. Schulman, Techniques and Applications of Path Integrals, Dover, London,
2010.

[2] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics and
Financial markets, World Scientific, Singapore, 2014.

[3] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals, Dover,
New York, 2010.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Funkcionalni integral 2
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Petr Jizba, Ph.D.

Prerekvizity

Zmnalosti na trovni zakladniho kurzu kvantové teorie pole a pfedmétu Funkcionalni inte-
gral 1.

Struc¢na anotace predmétu

Prednaska je urcena predevsSim pro ty studenty, ktefi si preji prohloubit své znalosti v
modernich pasazich kvantové teorie pole a statistické fyziky. Prednaseny material mtize
také slouzit jako vhodny zéklad pro dalsi studium, napt. v oblasti exaktné feSitelnych
systémt nebo v teorii kondenzované faze. Podstatna cast prednasek bude sestavat z
feSeni problémt. Prikladové archy budou poskytnuty.

Osnova

1.

~

Poruchovy pocet Greenovych funkei prostiednictvim Feynmanovych diagrami: bo-
sonovska pole, fermionovska pole.

Teorie Yang-Millsovych poli: Faddeev-Popovova duchova pole, Feynmanovy dia-
gramy.

Spontanni naruseni symetrie: Goldstoniv teorém, Higgstiv mechanismus.
Kolektivni jevy.

Renormaliza¢ni grupa: Callan-Symanzikova rovnice, Wetterich-Polchinski funkcio-
nalni RG.

Topologické systémy.

Kvantova teorie pole pii kone¢nych teplotach.

Nerovnovazné kvantové polni systémy.

Studijni literatura a studijni pomucky

[1] M. Blasone, P. Jizba and G. Vitiello, Quantum Field Theory and its Macroscopic

Manifestations, Boson Condensation, Ordered Patterns and Topological Defects,
Imperial College Press, London, 2011.

[2] A. Altland and B. Simons, Condensed Matter Field Theory, Cambridge University

Press, Singapore, New York, 2013.

[3] E. Fradkin, Field Theories of Condensed Matter Physics, Cambridge University

Press, New York, 2013.

[4] H. Kleinert, Particles and Quantum Fields, World Scientific, London, 2017.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Funkcionalni integral 1
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Petr Jizba, Ph.D.

Prerekvizity

Znalosti na drovni zakladniho kursu fyziky, kvantové mechaniky, absolvovani pfedmétu
Drahovy integral.

Struc¢na anotace predmétu

Prednaska je urcena predevsSim pro ty studenty, ktefi si preji prohloubit své znalosti v
modernich pasazich kvantové teorie pole a teorie strun. Prednaseny material muze také
slouzit jako vhodny zaklad pro dalsi studium, napf. v oblasti exaktné fesitelnych systémi
nebo v teorii pevnych latek. Podstatna ¢ast prednasek bude sestavat z feSeni problémii.
Prikladové archy budou poskytnuty.

Osnova

1. Konstrukce akci pro relativistickou bezspinovou ¢astici a relativistickou bosonovou
strunu: diskuse symetrii pro Wheelerovu akci relativistické ¢astice a Polyakovovu
akci bosonovské struny, teorém Emmy Noetherové a Wardovy identity

2. Kvantovani relavistické ¢astice a svétoc¢arova reprezentace Klein-Gordonova propaga-
toru, Kvantovani bosonové struny Polyakovovou metodou

3. Uvod do kvantové teorie pole: svétoarové reprezentace, Klein-Gordonovo pole a
quarticky potencial, poruchovy pocet

4. Kvantovani Diracovského pole ve svétocarové reprezentaci: svétocarové reprezen-
tace pro fermiony, quarticky potencial, poruchovy pocet.

Studijni literatura a studijni pomucky

[1] H. Kleinert, Particles and Quantum Fields, World Scientific, London, 2017.
[2] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics and
Financial markets, World Scientific, Singapore, 2014.

[3] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, Claredon Press,
Oxford, 2002.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Formulace termodynamicky konzistentnich modeli
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Vaclav Klika, PhD.

Prerekvizity

Znalosti rovnic matematické fyziky, diferencidlni geometrie, termodynamiky a statistické
fyziky; znalost zakladid matematickych metod v dynamice kontinua je vyhodou.

Struc¢na anotace predmétu

Predmét se zabyva problematikou nalezeni fyzikalné konzistentnich modeli pro rtzné
procesy s cilem ziskat relativné obecny ramec pro formulaci fyzikalnich, chemickych ¢i
biologickych modeli popisujici chovani nerovnovaznych systémii.

Osnova
1. Rovnovazné termodynamika.
2. Zakony zachovani, intuitivni zavedeni konceptu vratnosti-nevratnosti.
3. Klasicka nerovnovazna termodynamika.
4. Omezeni na fenomenologické koeficienty — konstitutivni teorie (Onsager-Casimir re-

cipro¢ni relace, funkcionalni omezeni, racionalni termodynamika a ramec Coleman-
Noll).

5. Kvalitativni analyza nékterych modeltt — Parabolické vs. hyperbolické evolué¢ni
rovnice, role nelinearnich ¢lent, princip maxima z teorie parcialnich diferencialnich
rovnic.

6. Sirsi souvislosti — ivod do GENERIC nerovnovazné termodynamiky, Poissonovy a
disipa¢ni zavorky.

7. Princip maxima entropie a prechody mezi irovnémi popisu: Liouvilleova rovnice,
Boltzmannova rovnice, klasickd hydrodynamika.

8. GENERIC, vratnost a nevratnost.

9. Aplikace na vybrané problémy.

Studijni literatura a studijni pomucky

[1] M. Pavelka, V. Klika, M. Grmela: Multiscale Thermo-Dynamics, DeGruyter, 2018.

[2] S. R. De Groot and P. Mazur: Non-equilibrium thermodynamics, Courier Corpo-
ration, 2013.

[3] G. Lebon, D. Jou, and J. Casas-Véazquez: Understanding non-equilibrium thermo-
dynamics, Vol. 295, Berlin: Springer, 2008.

[4] D. Jou, G. Lebon and J. Casas-Vazquez: Extended Irreversible Thermodynamics,
Springer, 2014.

[5] H. B. Callen: Thermodynamics and an Introduction to Thermostatistics, Wiley,
1985.
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Charakteristika studijniho predmétu

Nazev studijnfho pfedmétu  Uvod do teorie semigrup
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Vaclav Klika, PhD.

Prerekvizity

Znalosti zakladi funkcionéalni analyzy, rovnic matematické fyziky a moderni teorie par-
cidlnich diferencialnich rovnic.

Struc¢na anotace predmétu

Pro systém linearnich obycejnych diferencialnich rovnic je znamo, Ze feSeni je ziskatelné
ve tvaru exponencidly matice. Rozsifeni na parcidlni diferencidlni rovnice vSak neni
primocaré. Napriklad pro vedeni tepla je matice nahrazena Laplaceovym operatorem,
ktery je neomezeny a exponencidlni fada tedy ani nekonverguje. Navic TeSeni linearni
rovnice vedeni tepla obecné existuji jen dopfedu v cCase, a tedy fesici operator miize byt
maximalné semigrupou.

Cilem predmétu je poskytnout matematicky zaklad pro tento typ problémi a rozsirit
pojem stability z obycejnych diferencialnich rovnic, ktery opét bude dan do souvislosti se
spektrem linedrniho operatoru.

Osnova

1. Exponenciela matice, omezeného operatoru a mozna rozsifeni na neomezené opera-
tory.

Silné spojité semigrupy.

Stejnomeérné spojité semigrupy.

Analytické semigrupy.

Generatory semigrup.

Hille-Yoshida teorém.

Lumer-Phillips teorém.

Koncepty stability.

© 0N O W

operatoru.

Studijni literatura a studijni pomucky

[1] K. J. Engel, R. Nagl: A Short Course on Operator Semigroups, Springer, New York,
2006.

[2] A. Pazy: Semigroups of Linear Operators and Applications to Partial Differential
Equations, Springer, New York, 1983.

[3] L. C. Evans: Partial Differential Equations, 2nd ed., Amer. Mat. Soc., Providence,
2010.

Aplikace na vybrané problémy: souvislost spektra a stability, exponenciela neomezeného
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Charakteristika studijniho predmétu

Néazev studijniho predmétu  Prediktivni nastroje pro agentni systémy
Rozsah studijniho predmétu 26p
Garant predmétu doc. Mgr. Milan Krbalek, Ph.D.

Prerekvizity

Znalosti zakladti metod matematické fyziky, matematickych metod v dynamice dopravniho
proudéni a matematiky casticovych systému.

Struc¢na anotace predmétu

Cilem pfedmétu je pochopit matematické pozadi problematiky agentnich systémt se
socio-dynamickymi interakcemi mezi jednotlivymi agenty. Soucasti vykladu jsou metody
pro uniformni analyzu vSech takovych systémii a teoreticky aparat vystavény nad unifiko-
vanou tfidou téchto systémii.

Osnova
1. Empirické pozadi problematiky a matematicka klasifikace agentnich systém.
2. Podminky balanc¢nosti agentniho systému.
3. Unfoldovaci procedury a vyhodnoceni jejich kvality.
4. Statistické instrumenty teorie ndhodnych matic a jejich alternativy.
5. Standardizace statistického popisu balan¢niho ¢asticového systému.
6. Integralni transformace nad tfidou balanc¢nich hustot.
7. Hladinové procesy a jejich zakonitosti.
8. Teorie statistické rigidity hladinovych procesi.

Studijni literatura a studijni pomucky

[1] D. Helbing: Quantitative Sociodynamics: Stochastic Methods and Models of Social
Interaction Processes, Springer-Verlag: Berlin, 2010.

[2] M. Krbélek, P. Seba: Spectral rigidity of vehicular streams (Random Matrix Theory
approach), J. Phys. A: Math. Theor., volume 42, 2009.

[3] M. L. Mehta: Random matrices (Third Edition), New York: Academic Press, 2004.

[4] G. Grimmett, D. Stirzaker: Probability and Random Processes, Oxford University
Press, 2001.

[5] M. Krbalek: Theoretical predictions for vehicular headways and their clusters, J.
Phys. A: Math. Theor., volume 46, 2013.

[6] M. Krbalek et al.: Three methods for estimating a range of vehicular interactions,
Physica A, volume 491, pages 112-126, 2018.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Matematické aspekty kvantové teorie

s nesamosdruzenymi operatory

Rozsah studijniho predmétu 26p
Garant predmétu doc. Mgr. Krej¢irik David, Ph.D. DSc.

Prerekvizity

Pokrocilejsi znalosti funkcionélni analyzy, spektralni teorie Schrédingerovych operatori
a teorie eliptickych parcialnich diferencialnich rovnic.

Stru¢na anotace predmétu

Predmét je motivovan novym konceptem v kvantové mechanice, kdy jsou fyzikalni po-
zorovatelné reprezentovany nesamosdruzenymi operatory. Cilem prednasky je seznamit
studenty s matematickymi vyzvami spektralni teorie linearnich diferencialnich operatort
v situacich, kdy spektralni teorém a variac¢ni principy nejsou k dispozici.

Osnova

1.

Motivace. Kvazi-hermitovska a pseudo-hermitovska kvantova mechanika. Oteviené
systémy.

Uzaviené operatory na Hilbertovych prostorech. Bodova, spojité a rezidualni spek-
tra. Numericky obor hodnot. Normaélni, symetrické and komplexné symetrické
operatory, fyzikalni symetrie.

Definitice Schrodingerovych operatort s komplexnimi potencialy coby uzavienych
operatorii na Hilbertové prostoru. Sektorialni operatory a kvadratické formy. Akre-
tivni operatory a Kato nerovnost. Neakretivni operatory.

Kompaktnost a diskrétni spektra, operatory s kompaktni rezolventou. Fredholmovy
operatory a rozlicné definice esencidlniho spektra. Stabilita esencidlniho spektra.
Spektralni analyza. Nerovnosti Lieb-Thirringova typu pro Schrédingerovy opera-
tory s komplexnimim potencialy. Metoda nasobiteli.

Podobnost k normélnim a samosdruzenym operatorim. Kvazi-samosdruzené op-
eratory. Bazické vlastnosti vlastnich funkeci.

Pseudospektralni analyza. Priblizné vlastni hodnoty a vlastni funkce. Mikrolokalni
metody. WKB konstrukce pseudomodi.

Studijni literatura a studijni pomucky

rem, in “Non-Selfadjoint Operators in Quantum Physics: Mathematical Aspects”,
F. Bagarello, J.-P. Gazeau, F. H. Szafraniec, and M. Znojil, Eds., Wiley-Interscience,
2015.

[2] T. Kato: Perturbation theory for linear operators, Springer-Verlag, Berlin, 1966.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Schrodingerovy operatory
Rozsah studijniho predmétu 26p
Garant predmétu doc. Mgr. David Krejcifik, Ph.D. DSc.

Prerekvizity

Zékladni znalosti funkcionalni analyzy, kvantové mechaniky a teorie eliptickych parcial-
nich diferencialnich rovnic.

Struc¢na anotace predmétu

Cilem prednéasky je prehled klasickych, jakoz i modernich metod v nerelativistické kvan-
tové mechanice.

Osnova

1. Motivace. Krize klasické fyziky a vzestup kvantové mechaniky. Matematicka for-
mulace kvantové teorie. Kvantova stabilita hmoty.

2. Definice Schrodingerovych operatorii coby samosdruzenych operatort na Hilbertové
prostoru. Zdola omezené kvadratické formy. Samosdruzend rozsiteni symetrickych
operatoru.

3. Kvalitativni rysy spektra neomezenych operatorti. Diskrétni a esencialni spektrum.
Volny hamiltonidan a dimenzionalni vlastnosti eukleidovského prostoru. Hardyho
nerovnosti a virtualni vazané stavy.

4. Slabé vazané vlastni stavy. Birman-Schwingerova analyza. Analyticka versus asymp-
toticka poruchova teorie.

5. Silné vazané vlastni stavy. Semiklasicka limita. Lieb-Thirringovy nerovnosti.

6. Povaha esencidlniho spektra. Absolutné a singularné spojita spektra, vnotené
vlastni hodnoty. LAP (limiting absorption principle). Komutitorové metody a
Mourrova teorie.

7. Magnetické Schrodingerovy operatory. Diamagneticka nerovnost. Magnetické Har-
dyho nerovnosti. Chovani rovnice vedeni tepla a jeji semigrupy pro velké casy.

Studijni literatura a studijni pomucky

[1] W. O. Amrein, A. Boutet de Monvel and V. Georgescu: C0-groups, commutator
methods and spectral theory of N-body Hamiltonians, Progress in Math. Ser., vol.
135, Birkh&user, 1996.

[2] H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon: Schrédinger operators, with
application to quantum mechanics and global geometry, Springer-Verlag, Berlin,
2008.

[3] N. Raymond: Bound states of the magnetic Schrodinger operator, EMS, 2017.

[4] M. Reed and B. Simon: Methods of modern mathematical physics, I-IV, Academic
Press, New York, 1972-1978.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Spektralni geometrie
Rozsah studijniho predmétu 26p
Garant predmétu doc. Mgr. David Krejcifik, Ph.D. DSc.

Prerekvizity

Zékladni znalosti funkciondlni analyzy a teorie eliptickych parcialnich diferencialnich
rovnic.

Struc¢na anotace predmétu

Cilem prednasky je seznamit studenty se spektralnimi metodami parcialnich diferencidl-
nich rovnic pochéazejicich z fyziky a geometrie. Zvlastni diiraz bude kladen na geometrii
indukované spektralni vlastnosti kvantové-mechanickych a vibracnich systému.

Osnova

1. Motivace. Spektralni problémy v klasické a moderni fyzice. Geometrické aspekty.

2. Definice laplacianu coby samosdruzeného operatoru na Hilbertové prostoru. Dirich-
letovy, Neumannovy a Robinovy hrani¢ni podminky. Sobolevovy prostory a elipticka
regularita.

3. Glazmanova klasifickace eukleidovskych oblasti. Zakladni spektralni vlastnosti.

4. Kvazi-konické oblasti. Lokalizace esencialniho spektra. Kritikalita versus subkri-
tikalita.

5. Kvazi-omezené oblasti. Kompaktnost Sobolevova vnoreni a protiptiklady.

6. Omezené oblasti. Symetrické prerovnani a Faber-Krahnova nerovnost. Vlastnosti
nodalnich mnozin. Vibrac¢ni systémy.

7. Kvazi-valcové oblasti. Geometrii indukované diskrétni spektrum a Hardyho nerovnosti
v trubicich. Kvantové vinovody.

Studijni literatura a studijni pomucky

[1] B. Davies: Spectral theory and differential operators, Cambridge University Press,
1995.

2] D. E. Edmunds and W. D. Evans: Spectral theory and differential operators, Oxford
University Press, 1987.

[3] Grigor’yan: Heat kernel and analysis on manifolds, AMS, 2009.

[4] A. Henrot: Extremum problems for eigenvalues of elliptic operators, Frontiers in
Mathematics, Birkh&user, Basel, 2006.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Divergencni statistické metody
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Vaclav Kis, Ph.D.

Struéna anotace predmétu

Predmét se zabyva metodami statistiky pouzivajicimi informacné-teoretické principy min-
imalnich vzdalenosti, disparit a divergenci. Soucasti vykladu jsou metrické i nemetrické
miry na prostorech pravdépodobnostnich distribuci, jejich vlastnosti, vztahy mezi nimi,
vzajemna dominance, vlastnosti konsistence a robustnosti prislusnych odhadd parametra
statistického modelu.

Osnova

1. Postaveni odhadi s minimalni vzdalenosti ve statistické teorii rozhodovani, ztratové
funkce, rizikové funkce, MD.

2. Kolmogorovska, Lévyho, Cramérova vzdalenost, skérové funkce, phi-divergence
(Hellinger, LeCam, Power,...).

3. Dominacni vztahy mezi divergencemi (lokalni, stejnomérné, lokalné stejnomérnd) a
jejich aplikace.

4. Véty o existenci odhadti s miniméalni vzdalenosti, konvexni analyza, exponencialni
tfidy hustot.

5. Konsistence parametrickych odhad s minimélni vzdalenosti a riizné fady konsis-
tenci (Devroye, Yatracos,. .. ).

6. Kolmogorovska entropie, Vapnik-Cervonenkisova dimenze, DV a LDV Stupei vari-
aci rodiny pravd. hustot.

7. Robustnost stat. odhadt a testid, Cramér-Kolmogorov, Hellinger, Lindsay, simu-
la¢ni experimenty ve statistice.

8. Statistické phi-divergené¢ni testy (normality, dobré shody, shody dvou vybéra, HEP
aplikace).

9. Neparametrické a semiparametrické konsekvence, diskriminace pravdépodobnost-
nich modelt.

Studijni literatura a studijni pomucky

[1] L. Vajda: Information-Theoretic Methods in Statistics, RR 1834, Praha, UTIA AV
CR, 1995.

[2] L. Pardo: Statistical Inference Based on Divergence Measures, Chapman & Hall/CRC
2006.

[3] F. Liese et al:; On Divergences and Informations in Statistics and Information
Theory, IEEE Trans. on Information Theory, 52 (2006).

[4] J. Hrabakova, V. Ktis: The Consistency and Robustness of Modified Cramér-Von

Mises and Kolmogorov-Cramér Estimators, Communication in Statistics — Theory
and Method 42, 3665-3677, 2013.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Pokrocilé partie teorie ¢isel
Rozsah studijniho predmétu 13p + 13s

Garant predmétu prof. Ing. Zuzana Masakova, Ph.D.
Osnova
1. Distribuce mod 1 — Weylovo kritérium, diskrepance.

2. Zlomkové ¢asti mocnin realnych cisel — Pisotova a Pisot-Vijayaraghavanova cisla,

o

Salemova ¢isla.

Normalni ¢isla — normalita a stejnomérné rozdéleni, normalita vzhledem k riznym
béazim, blokova komplexita.

Diofanticka aproximace — aproximacni exponenty, kritérium transcendence.
Markovovo spektrum, Spatné aproximovatelna cisla.

Zobecnéné Tetézové zlomky — komplexni fetézové zlomky, vicedimenzionalni algo-
ritmy.

Noetherovské okruhy, Dedekindovy obory.

Idealova teorie — maximalni idealy, prvoidedaly, lomené idealy.

Obory s diskrétni valuaci, p-adické ¢isla.

Studijni literatura a studijni pomucky

[1] Y. Bugeaud: Distribution Modulo One and Diophantine Approximation, Cam-

bridge Tracts in Mathematics 193, Cambridge, 2012.

[2] D. Hensley: Continued fractions, World Scientific, 2006.
[3] O. Karpenkov: Geometry of Continued Fractions, Algorithms and Computation in

Mathematics, Springer, 2013.

[4] E. B. Burger: Exploring the Number Jungle: A Journey into Diophantine Analysis,

AMS, 2000.

[5] H. Li: An introduction to commutative algebra: from the viewpoint of normaliza-

tion, Singapore: World Scientific, 2004.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Iteracni metody pro feseni soustav rovnic
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Jifi Mikyska, Ph.D.

Prerekvizity

Zaklady matematické analyzy, linearni algebry a numerické matematiky; znalost zakladi
funkcionalni analyzy vyhodou.

Struc¢na anotace predmétu

Cilem kurzu je uvést prehled modernich iteracnich metod pro feseni velkych tidkych
soustav linearnich algebraickych rovnic.

Osnova

1. Zékladni itera¢ni metody (Jacobi, Gauss-Seidel, SOR), blokové verze, podminky
konvergence, itera¢ni matice a predpodminéni.

2. Metody Krylovovych podprostorti — Arnoldiho algoritmus, GMRES, Lanczosiv al-
goritmus, metoda sdruzenych gradienti, MINRES, Lanczosova biortogonalizace,
BiCGStab, QMR.

3. Pfedpodminovani iterac¢nich metod, piriklady jednoduchych pfedpodminéni, neu-
plné LU rozklady (ILU), resp. netplné Choleskiho rozklady (IC).

4. Multigridni metody a metody rozkladu na podoblasti (domain decomposition),
multigrid jako fesi¢, multigrid jako pfedpodminéni pro krylovovské metody.

Studijni literatura a studijni pomucky

[1] J. D. Tebbens, I. Hnétynkova, M. Plesinger, Z. Strakos, P. Tichy: Analyza metod
pro maticové vypocty — Zakladni metody, MatfyzPress 2012.

[2] A. Greenbaum: Iterative Method for Solving Linear Systems, SIAM Frontiers in
Applied Mathematics Series; Vol. 17, 1996.

[3] J. Liesen, Z. Strakos: Krylov Subspace Methods: Principles and Analysis, Oxford
University Press, 2012.

[4] P. Wesseling: Introduction to Multigrid Methods, Edwards, 2004.

[5] M. A. Olshanskii, E. E. Tyrtyshnikov: Iterative Methods for Linear Systems: The-
ory and Applications, Society for Industrial and Applied Mathematics, 2014.



160 Doktorsky studijni program — Matematické inzenyrstvi

Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Vypocetni metody v termodynamice smési
Rozsah studijniho predmétu 20p + 6¢v
Garant predmétu doc. Ing. Jifi Mikyska, Ph.D.

Prerekvizity

Zaklady matematické analyzy, linearni algebry a numerickych metod; znalost zakladi
termodynamiky je vyhodou.

Struc¢na anotace predmétu

Cilem predmétu je podat prehled zakladnich numerickych metod pouzivanych v termo-
dynamice smési — vySettovani stability viceslozkové smési, vypocet fazové rovnovahy, kri-
tického bodu smési a pridruzené tlohy. Napln kurzu mtze byt po dohodé s prednésejicim
upravena s ohledem na potieby posluchacii a jejich predchozi znalosti.

Osnova

1. Zéklady termodynamiky smési — zakladni termodynamické veli¢iny, prvni a druhy
zédkon termodynamiky, termodynamické potencialy.

2. Stavové rovnice redlného plynu (kubické rovnice, kubicka rovnice s asociaci), vypocet
termodynamickych veli¢in ze stavovych rovnic.

3. Gibbsovo kritérium fazové stability, podminky fazové rovnovahy, kritérium kritick-
¢ho bodu.

4. Testovani fazové rovnovahy — TPD funkce, metoda postupnych aproximaci, Newtonova
metoda.

5. Vypocet fazové rovnovahy viceslozkové smési pti zadaném tlaku, teploté a chemickém
slozeni smési — konvencéni metoda, metoda zaloZzena na objemu, metoda postupnych
aproximaci, Newtonova metoda.

6. Vypocet kritického bodu viceslozkové smési.

7. Alternativni formulace vyse uvedenych tloh — zejména test fazové stability a vypocet
fazové rovnovahy pii specifikaci VIN (objem, teplota, latkova mnozstvi) a UVN
(vnitini energie, objem, latkova mnozstvi).

Studijni literatura a studijni pomucky

[1] A. Firoozabadi: Thermodynamics and Applications in Hydrocarbon Energy Pro-
duction, McGraw Hill, 2016.

[2] M. L. Michelsen, J. Mollerup: Thermodynamic Models: Fundamentals and Com-
putational Aspects, 2nd edition, Tie-Line Publications, 2007.

[3] L. T. Biegler: Nonlinear Programming — Concepts, Algorithms, and Applications
to Chemical Processes, MOS-SIAM Series on Optimization, 2010.

[4] A. Firoozabadi: Thermodynamics of Hydrocarbon Reservoirs, McGraw Hill, 1999.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Logika v informatice
Rozsah studijniho predmétu 26p
Garant predmétu Carles Noguera, Ph.D.

Prerekvizity

Zéakladni znalosti matematické logiky:.

Struc¢na anotace predmétu

Matematicka logika poskytuje flexibilni forméalni jazyky, rizné pojmy dusledku, a fadu
matematickych vysledkl, které se ukazuji jako velmi uzitecné pro modelovani a feSeni
fady riznych problémi v oblasti informatiky. Cilem kurzu je pfedstavit zakladni pojmy
z klasickych a neklasickych logik a ukézat jejich aplikace v informatice. Kurz bude slozen
z blokii pfednasenych riznymi vyucujicimi (¢astecné v angli¢ting), ktefi se aktivné vénuji
vyzkumu v danych oblastech.

Osnova

1. Klasickd vyrokova a predikatova logika. Tableaux, rezoluce a unifikace.
2. Logické programovani. Prolog.

3. Modalni logiky a jejich aplikace v informatice.

4. Dynamické logiky a forméalni verifikace program.

Studijni literatura a studijni pomucky

[1] M. Ben-Ari. Mathematical Logic for Computer Science. Springer, 2012.
2] J. van Benthem, P. Blackburn (eds.). Handbook of Modal Logic. Elsevier, 2006.
[3] D. Harel, D. Kozen, J. Tiuryn. Dynamic logic. MIT Press, 2000.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Oteviené kvantové systémy
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Jaroslav Novotny, Ph.D.

Osnova

Popis slozenych kvantovych systému.
Entropie a kvantové korelace.
Zobecnénd kvantova méreni.

Kvantové operace a jejich reprezentace.
Kvantové dynamické semigrupy.
Kvantova ridici rovnice.

N Gt W

Dekoherence, termalizace.

Studijni literatura a studijni pomucky

[1] H.-P. Breuer and F. Petruccione: The theory of open quantum systems, Oxford
Univ. Press, 2002.

[2] M. A. Nielsen, I. L. Chuang: Quantum computation and quantum information,
Cambridge Univ. Press, 2002.

[3] Bengtsson, K. Zyczkowski: Geometry of Quantum States, Cambridge Univ. Press,
2006.

[4] R. Alicki, K. Lendi: Quantum Dynamical Semigroups and Applications, Springer-
Verlag, Berlin, 1987.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Dynamika kfivek a ploch
Rozsah studijniho predmétu 13p + 13s
Garant predmétu Ing. Tomas Oberhuber, Ph.D.

Struéna anotace predmétu

Predmeét se zabyva odvozenim zakladnich zakont pro vyvoj kiivek, ploch a rozhrani a to
v ramci raznych formulaci pro jejich popis. Jsou popsany i anizotropni modely a dale
jsou odvozena vhodné numericka schémata pro diskrétni aproximaci. Jsou také zminény
nékteré aplikace.

Osnova

1. Metody pro simulace dynamiky krivek a ploch — parametricky popis, vrstevnicovy
popis a metoda fazového pole.

Vyvoj krivek a ploch podle stfedni kiivosti.

Uloha povrchové diftze.

Willmortv tok a elastické kiivky.

Anisotropni modely.

Numerickd aproximace odvozenych tloh.

Vysetfovani numerické stability.

P NS ORI

Aplikace ve zpracovani obrazu, materidlovych védach a vicefazovém proudéni.

Studijni literatura a studijni pomucky

[1] S. Osher, R. Fedkiw: Level Set Methods and Dynamic Implicit Surfaces, Springer,
2003.

[2] S. Osher, N. Paragios: Geometric Level Set Methods in Imaging, Visions, and
Graphics, Springer, 2003.

[3] J. Fiala, I. Kraus: Povrchy a rozhrani, CVUT v Praze, 2009.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Pokrocilé partie paralelnich algoritmu a architektur
Rozsah studijniho predmétu 13p + 13s
Garant predmétu Ing. Tomas Oberhuber, Ph.D.

Struéna anotace predmétu

Obsahem pfednasky jsou pokrocilé techniky vyvoje paralelnich algoritmti na modernich
architekturach. Jsou zminény nové vlastnosti jazyka C++ pro rychly vyvoj efektivniho
kédu. Softwarové nastroje jako CUDA, OpenMP a MPI jsou popsany do vétsich podrob-
nosti a jsou zminény nové trendy ve vyvoji téchto nastroji. Pozornost je dale vénovana
skalovatelnosti na velkych paralelnich systémech a navrhu nékterych paralelnich numer-
ickych metod.

Osnova

Vyuziti modernich prvki jazyka C++ pro vyvoj vysoce vykonného kédu.
Novinky v rozhranich CUDA, MPI a OpenMP.

Vyvoj hybridnich paralelnich algoritmi kombinujicich CUDA/MPI/OpenMP.
Skalovatelnost algoritmti na velkych distribuovanych klastrech.

AN O

Paralelni datové struktury pro GPU (¥idké matice, grafy, nestrukturované numer-

ické sité).

6. Efektivni paralelizace numerickych metod (konecné prvky, konecné objemy, lattice
Boltzmannova metoda, multigridni metody).

7. Metoda rozkladu oblasti (domain decomposition) pro paralelni feSeni parcialnich

diferencialnich rovnic.

Studijni literatura a studijni pomucky

[1] A. Grama, A. Gupta, G. Karypis, V. Kumar: Introduction to Parallel Computing,
Pearson/Addison Wesley, 2003.

[2] J. Cheng, M. Grossman, T. McKercher: Professional CUDA C programming, Jihn
Wiley & Sons, 2014.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Aperiodické struktury
Rozsah studijniho predmétu 13p + 13s
Garant predmétu prof. Ing. Edita Pelantova, CSc.

Osnova

Bodové mnoziny, Delonovy mnoziny, konecné generované Z-moduly.

Voronoiovy a Delonovy buiiky, pokryvaci polomér.

Mrizky a krystaly, krystalograficka restrikce, kofenové mrizky.

Symbolické substituce a inflace, Perronova-Frobeniova véta.

Konfigurace a dlazdéni — repetitivita a kone¢na lokalni slozitost.

Infla¢ni dlazdéni — Ammanovo-Benkerovo, Penroseovo, pisotovskd a nepisotovska
dlazdéni.

7. Metoda projekce a modelové mnoziny — cut-and-project schéma, cyklotomické mod-
elové mnoziny, alternativni konstrukce.

A

Studijni literatura a studijni pomucky

[1] M. Baake, U. Grim: Aperiodic Order I : A Mathematical Invitation, Cambridge,
2015.

[2] The mathematics of Long-Range Aperiodic Order, R. V. Moody Ed., NATO ASI
Series, Kluwer, 1997.

[3] M. Fiedler: Specilni matice a jejich pouziti v numerické matematice, SNTL, Praha,
1981.
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Charakteristika studijniho predmétu

Nazev studijniho piedmétu  Ciselné systémy
Rozsah studijniho predmétu 13p + 13s

Garant predmétu prof. Ing. Edita Pelantova, CSc.
Osnova
1. Reprezentace redlnych a komplexnich ¢isel v obecné bazi a obecné abecedé, reprezen-

&

tovatelnost, jednoznacnost reprezentace, reprezentace 0 a jeji rozpoznatelnost ko-
neénym automatem.

. Erdosova spektra realnych a komplexnich c¢isel, jejich stejnomérna diskrétnost a

relativni hustota, Fengova véta.
Rényiovy rozvoje, Parryho podminka, rozvoj jednicky — Parryho ¢isla.

. Aritmetika v Rényiovych rozvojich — ¢isla s koneénym a periodickym rozvojem,

vlastnost (F), Schmidtova véta.

Rozvoje v zaporné bazi — Ito-Sadahirovy soustavy, aritmetika v nich.

Kanonické numerac¢ni systémy v komplexnim oboru a na mfizkach.

Algoritmy v ¢iselnych soustavach — paralelizace séitani, on-line nasobeni, déleni a
odmocnovani.

Studijni literatura a studijni pomucky

[1] K. Dajani, C. Kraaikamp: Ergodic Theory of Numbers, MAA USA, 2002.
[2] P. Kirka: Dynamic of Number Systems, Computation with Arbitrary Precision,

—

Studies in Systems, Decision and Control, volume 59, Springer 2016.

3] M. Rigo: Formal Languages, Automata and Numeration Systems 1, 2. Wiley, 2014.

[4] Ch. Frougny and J. Sakarovitch: Number representation and finite automata,

Chapter 2 in Combinatorics, Automata and Number Theory, V. Berthé, M. Rigo
(Eds), Encyclopedia of Mathematics and its Applications 135, Cambridge Univer-
sity Press, 2010.
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Charakteristika studijniho predmétu

Nazev studijniho predmétu  Bayesovské strojové uceni
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Vaclav Smidl, PhD.

Struéna anotace predmétu

Predmét se zabyva pouzitim Byesovskych technik pro urceni parametri metod strojového
uceni, napiiklad klasifikatori, prediktivnich a generativnich modelt dat. Jednoduché
metody strojového uceni trpi problémem pfetrénovani, kdy model dobfe reprezentuje
trénovaci sadu dat, ale selhava pii popisu testovacich dat. Bayesovské nabizeji alterna-
tivu ke kiizové validaci a umoznuji odhad ladicich parametri (hyper-parametr) modelu.
V ramci predmétu budou predstaveny pouzivané modely dat a techniky pro odhad jejich
parametri.

Osnova

Zakladni pouziti Bayesovské statistiky.
Linearni modely pro predikci, regularizace, hierarchicka apriorna.
Nelinearni modely pro predikci, neuronové sité, odhad, regularizace.

- W=

Gausovské procesy pro predikci, odhadovani hyper-parametri, hierarchické Gausovské

procesy.

5. Nelinearni generativni modely, neuronova sit typu autoencoder, regularizace metodou
varia¢ni Bayes.

6. Dynamické modely casovych fad, identifikace parametrii, metody rekurzivni iden-
tifikace.

7. Klasifikace dat do nékolika t¥id, metody s ucitelem a s ¢asteénym ucitelem (semi-
supervised).

8. Bayesovska optimalizace, volba stochastického procesu, odhadovani hyperparametri,

akvizi¢ni funkce.

Studijni literatura a studijni pomucky

[1] Ch. Bishop: Pattern Recognition and Machine Learning, Springer, 2006.

[2] C. E. Rasmussen: Gaussian processes in machine learning, pages 63-71, Springer,
Berlin, Heidelberg, 2004.

[3] D.P. Kingma, M. Welling: Auto-encoding variational Bayes, arXiv preprint:1312.6114,
2013.
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Charakteristika studijniho predmétu

Néazev studijniho predmétu  Klasifikace a identifikace Lieovych algeber
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Libor Snobl, Ph.D.

Struéna anotace predmétu

Uéelem kurzu je seznameni studentt s modernimi metodami studia a identifikace Lieovjch
algeber a rozvoj k nim potfebnych pocetnich dovednosti.

Osnova

1. Shrnuti zédkladnich pojmi z teorie Lieovych algeber, struktura poloprostych kom-
plexnich Lieovych algeber.

2. Invarianty koadjungované reprezentace (Casimirovy invarianty) a zpisoby jejich

vypoctu.

Invariantni charakteristiky Lieovych algeber a jejich vyuziti pii identifikaci.

Explicitni rozklad dané algebry do direktniho souctu algeber.

Konstrukce Leviho rozkladu.

Urceni nilradikalu.

Struktura nilpotentnich Lieovych algeber.

O NS Ot Ww

Resitelné Lieovy algebry s danym nilradikélem.

Studijni literatura a studijni pomucky

[1] L. Snobl, P. Winternitz: Classification and Identification of Lie Algebras, AMS,
2014.

2] K. Erdmann, M. J. Wildon: Introduction to Lie Algebras, Springer, 2006.

[3] S. Helgasson: Differential Geometry, Lie Groups, and Symmetric Spaces, AMS,
2001.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Symetrie diferencialnich rovnic
Rozsah studijniho predmétu 26p + 13s

Garant predmétu doc. Ing. Libor Snobl, Ph.D.
Osnova
1. Akce grupy na varieté, prolongace vektorovych poli, prostor jeti.

o

. Bodové symetrie diferencialnich rovnic.

Vyuziti bodovych symetrii pii feseni obycejnych diferencialnich rovnic, tj. snizeni
radu.
Klasifikace t¥id ekvivalentnich rovnic vzhledem k bodovym symetriim.

. Vyuziti bodovych symetrii pii feSeni parcialnich diferencidlnich rovnic, tj. invari-

antni (neboli samopodobnd) feSeni.

Klasifikace podgrup grupy symetrii, neekvivalentni redukce, vyznam pojmu fesitelna
grupa.

Rovnice s nekonecné rozmérnymi grupami bodovych symetrii.

Obecnéjsi grupy symetrii: kontaktni symetrie, podminéné symetrie.

Implementace vypoc¢tl v systému pocitacové algebry Maple, jeji vyhody a rizika.

Studijni literatura a studijni pomucky

1]
2]

3]

P. J. Olver: Applications of Lie Groups to Differential Equations, Springer, 2000.

P. E. Hydon: Symmetry Methods for Differential Equations: A Beginner’s, CUP,
2000.

P. Winternitz: Lie groups and solutions of nonlinear partial differential equations,
in: Integrable Systems, Quantum Groups and Quantum Field Theories, Kluwer,
Dordrecht, 1993.

N. Kh. Ibragimov: Group analysis of ordinary differential equations and the in-
variance principle in mathematical physics, Uspekhi Mat Nauk 47:4, 83-144, 1992;
Russian Math. Surveys 47:4, 89-156, 1992.

B. Hall: Lie Groups, Lie Algebras, and Representations: An Elementary Introduc-
tion (Graduate Texts in Mathematics), Springer, 2nd ed. 2015
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Varia¢ni metody ve zpracovani obrazu
Rozsah studijniho predmétu 26p
Garant piedmétu doc. Ing. Filip Sroubek, Ph.D., DSc.

Prerekvizity

Znalosti zakladt zpracovani obrazu v rozsahu predmétti ROZ1, ROZ2.

Struc¢na anotace predmétu

Pifedmeét volné navazuje na zakladni kurzy ROZ1 a ROZ2. Valnou vétsinu problémt ze
zpracovani obrazu lze formulovat jako varia¢ni tilohu. Posluchaci se nejprve seznami se
zéklady varia¢niho poétu a numerickymi metodami fesici optimaliza¢ni problémy. V dalsi
¢asti se pozornost soustiedi na problémy ze zpracovani obrazu, které formulujeme jako
optimalizacni tlohy a ukézeme si jejich mozna TeSeni na rfadé praktickych aplikaci.

Osnova

1. Varia¢ni pocet (historie, Euler-Lagrangeovy rovnice, brachistochrona, Lagrangeova
funce, funkce s omezenou variaci).

2. Varia¢ni Bayesuv teorém (maximalizace vérohodnosti nebo aposteriorni pravdépodob-
nost).

3. Numerické metody feseni (parcidlni diferencialni rovnice, metoda koneénych prvki,
metoda konec¢nych diferenci, metoda nejvétsiho spadu, konjugovanych gradienti,
kvadratické programovani).

4. Aproximace funkci.

5. Registrace obrazu (TPS — thin plate spline).

6. Rekonstrukce obrazu (odstraniovani Sumu, dekonvoluce, regularizace pomoci totalni
variace, rekonstrukce medicinskych dat).

7. Segmentace obrazu (Mumford-Shah funkcionél, active contours, metoda level-sets,
klasifikace).

8. Detekce pohybu (optical flow).

Studijni literatura a studijni pomucky

[1] G. Aubert, P. Kornprobst: Mathematical problems in image processing, Springer,
2002.

[2] G. H. Golub, C. F. Van Loan: Matrix Computations, Johns Hopkins University
Press.

[3] C. M. Bishop: Pattern Recognition and Machine Learning, Springer, 2006.

[4] A. Antoniou, W.-S. Lu: Practical Optimization: Algorithms and Engineering Ap-
plications, Springer, 2007.

[5] Blind Blind Image Deconvolution, Ed. P. Campisi, K. Egiazarian, CRC Press,
2008.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Symbolické dynamické systémy
Rozsah studijniho predmétu 13p + 13s
Garant predmétu doc. Ing. Stépan Starosta, Ph.D.

Osnova

Symbolické dynamické systémy: dynamicky pohled.

Symbolické dynamické systémy: kombinatoricky pohled; posun kone¢ného typu.
Substitutivni systémy a jejich vlastnosti.

Silna orbitova ekvivalence.

Ergodicka teorie.

Geometrické realizace symbolickych dynamickych systémi.

S-adické systémy; S-adickd domnénka.

Ropoznatelnost S-adickych systémii.

© 0N Ot W

S-adické systémy a vicerozmérné retézové zlomky.

—
e

Automatické posloupnosti, Cobhamiv teorém.

—_
—_

. L-systémy, jejich vlastnosti a aplikace.

Studijni literatura a studijni pomucky

[1] Combinatorics, Automata and Number Theory, Eds: V. Berthé, M. Rigo, Cam-
bridge, 2010.

[2] Mathematics of Aperiodic Order, Eds: J. Kellendonk, D. Lenz, J. Savinien, Birkhduser,
2015.

[3] K. Dajani, S. Dirksin: A Simple Introduction to Ergodic Theory, Utrecht University
Lecture notes, 2008.
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Charakteristika studijniho predmétu

Nazev studijniho pfedmétu  Kvantova informace a komunikace 2
Rozsah studijniho predmétu 26p
Garant predmétu doc. Ing. Martin Stefaiidk, Ph.D.

Struéna anotace predmétu

Predmét navazuje na prednasku Kvantova informace a komunikace 1. Prohlubuje ziskané
poznatky o kvantovém provazani a jeho vyuziti v kvantové informaci, rozsifuje koncept
kvantového pocitani na systémy spojitych proménnych, a uvadi do modernich partii kvan-
tové teorie informace, jako jsou jednosmérné kvantové pocitani a kvantové prochazky.

Osnova

Kvantové provazani — zakladni koncepty.

Kvantové provazani — miry provazani.

Kvantova teleportace.

Kvantové kanaly.

Purifika¢ni protokoly.

Kvantové klonovani.

Kvantové prochazky.

Vyuziti kvantovych prochazek v kvantové informaci.

© 0N Tt W

Jednosmeérné kvantové pocitani.

—_
e

Kvantové pocitani se spojitymi proménnymi — zakladni koncepty.

—_
—_

. Kvantové pocitani se spojitymi proménnymi — provazani, prenos klice.

—
[N}

. Kvantové pocitani v linearnich optickych sitich.

Studijni literatura a studijni pomucky

[1] M. A. Nielsen, I. L. Chuang: Quantum computation and quantum informaction,
Cambridge Univ. Press, 2002.

[2] D. Bruss, G. Leuchs: Lectures on Quantum Information, Wiley-VCH, Weinheim,
2007.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Kvantova teorie rozptylu
Rozsah studijniho predmétu 26p
Garant predmétu prof. Ing. Pavel Stovicek, DrSc.

Struéna anotace predmétu

Predmét se zabyva matematicky rigoréznim zavedenim pojmi, které se pouzivaji v kvan-
tové teorii pti feseni rozptylové tlohy, a odvozenim zakladnich vlastnosti.

Osnova

1. Vlnové operatory, pravidlo skladani, tuplnost a asymptotickd tplnost, Cookova
metoda, Pearsonova véta, Kato-Birmanova teorie a pridruzené vysledky, operatory
majici stopu (trace class).

2. Stacionarni fazova metoda.

S-matice, definice a zakladni vlastnosti.

©w

4. Rozvoj podle zobecnénych vlastnich funkci, Lippmannova-Schwingerova rovnice,
Bornova fada, amplituda rozptylu.
5. Rozklad podle parcialnich vln, Jostovy funkce.

Studijni literatura a studijni pomucky

[1] M. Reed, B. Simon: Modern Mathematical Physics III: Scattering Theory, Aca-
demic Press, New York, 1979 (kapitola XI).

[2] F. A. Berezin, M.A. Shubin: The Schrédinger Equation, Kluwer Academic Pub-
lisher, Dordrecht, 1991 (kapitola 4).

[3] M. Schechter: Operator Methods in Quantum Mechanics, Dover Publications Inc.,
2003.

[4] J. Weidmann: Linear Operators in Hilbert Spaces, Springer-Verlag, New York,
2013.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Poruchova teorie operatort
Rozsah studijniho predmétu 26p
Garant predmétu prof. Ing. Pavel Stovicek, DrSc.

Struéna anotace predmétu

Predmét se zabyva regularni a asymptotickou poruchovou teorii linearnich operator.

Osnova

1. Poruchové teorie v konecnorozmérnych prostorech, koreny polynomi zavisejicich
analyticky na parametru a Puiseuxova fada, Rayleigh-Schrédingerova rada, Relli-
chova véta.

2. Regularni poruchova teorie, analyticka operatorova funkce ve smyslu Kato, Kato-
Rellichova véta, analytickd operatorova funkce typu (A) a typu (B).

3. Asymptotickd poruchova teorie, asymptoticka rada, priklad anharmonického oscilé-
toru.

4. Rezonance a Fermiho zlaté pravidlo.

Studijni literatura a studijni pomucky

[1] M. Reed, B. Simon: Modern Mathematical Physics IV: Aanalysiz of Operators,
Academic Press, New York, 1978 (kapitola XII).

[2] T. Kato: Perturbation Theory for Linear Operators, Springer-Verlag, New York,
2013 (kapitola II).

[3] E. Brian Davies: Linear Operators and their Spectra, Cambridge University Press,
Cambridge, 2007.

[4] J. Weidmann: Linear Operators in Hilbert Spaces, Springer-Verlag, New York,
2013.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Dynamika kontinua
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Pavel Strachota, Ph.D.

Prerekvizity

Znalosti zakladi funkcionélni analyzy, teoretické fyziky, diferencialnich rovnic a numer-
ickych metod pro jejich feseni.

Struc¢na anotace predmétu

Predmét se zabyva matematickym popisem dynamiky kontinua s dirazem na modelovani
proudéni tekutin. V ramci pfedmétu jsou definovany pojmy z mechaniky kontinua jako
tenzor deformace ¢i materidlova derivace, pomoci nichz je mozné odvodit zakony za-
chovani hmoty, hybnosti, momentu hybnosti, energie a entropie v integralnim a diferen-
cidlnim tvaru pro pripad vazké a nevazké tekutiny a linedrniho a nelinearniho elastického
télesa. Dale jsou diskutovany matematické vlastnosti rovnic proudéni a jejich rozsiteni o
modely turbulence. Nakonec jsou probrany vybrané typové tilohy s analytickym fesenim.

Osnova

1. Zakladni pojmy mechaniky kontinua: pohyb a deformace kontinua, deformacni
tenzor a tenzor malych deformaci, rozklad deformace, materidlové derivace.

2. Zakladni zdkony zachovani (hmoty, hybnosti, energie) a jejich matematicka formu-
lace (rovnice kontinuity, Eulerovy a Navierovy-Stokesovy rovnice, rovnice energie).

3. Vlastnosti Navierovych-Stokesovych rovnic: silna a slabé feSeni, otazky existence a
jednoznacnosti ve stacionarnim a nestacionarnim pripadé.

4. Konstitutivni vztahy. Newtonovska a nenewtonovska tekutina.

ot

Modely turbulentniho proudéni.
6. Vybrané tulohy proudéni s analytickym feSenim.

Studijni literatura a studijni pomucky

[1] Pozrikidis, Constantine. Fluid Dynamics - Theory, Computation, and Numerical
Simulation, 3rd ed. Springer, 2017.

[2] Anderson, John D. Computational Fluid Dynamics: The Basics with Applications.
McGraw-Hill, 1995.

[3] Wilcox David, Turbulence modeling for CFD, D C W Industries, 1993.

[4] Gurtin, Morton E. An introduction to continuum mechanics. Vol. 158. Academic
Pr, 1981.

[5] Chorin, Alexandre Joel, and Jerrold E. Marsden. A mathematical introduction to
fluid mechanics. New York, Springer, 1990.

(6] Marsik, Frantisek. Termodynamika kontinua. Academia, 1999.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Metoda kone¢nych objemi v termodynamice tekutin
Rozsah studijniho predmétu 26p
Garant predmétu Ing. Pavel Strachota, Ph.D.

Prerekvizity

Znalosti teorie obycejnych a parcidlnich diferencialnich rovnic a zakladnich numerickych
metod pro jejich feSeni (metoda koneénych diferenci).

Struc¢na anotace predmétu

Predmét se zabyva schématy metody kone¢nych objemt v kontextu komplexnich tloh
vicefazového stlacitelného proudéni s dalsimi procesy (pfestup tepla, fazové prechody,
chemické reakce). Nejprve jsou vyloZzena zékladni diskrétni a semidiskrétni schémata pro
Navierovy-Stokesovy rovnice. Poté jsou diskutovana schémata s vyssim fadem presnosti,
schémata vhodna pro diskretizaci zakonii zachovani, typy okrajovych podminek a zpi-
soby jejich diskretizace. V dalsi ¢asti pfedmétu je probirana diskretizace systémi rovnic
popisujicich komplexni procesy, v nichz zasadnim jevem je proudéni tekutin. Predmét je
uzavien vykladem implementace schémat s vyuzitim paralelizace a prehledem dostupného
numerického softwaru zalozeného na metodé konecnych objemu.

Osnova

1. Formulace systému Navierovych-Stokesovych rovnic pro stlacitelné proudéni ve vek-
torovém tvaru ve 2D a 3D.

Zakladni schémata metody konec¢nych objemt na strukturovanych a nestruktur-
ovanych sitich, semidiskrétni schéma.

N

Aproximace gradientu na obecnych nestrukturovanych sitich.

Schémata typu upwind, sité typu staggered-grid.

Pokro¢ila schémata (TVD, ENO/WENO, MUSCL, MPFA), flux limitery.
Diskretizace okrajovych podminek metodou kone¢nych objemii.

N Gt W

Formulace a diskretizace komplexnich systémi rovnic proudéni (vicefazové proudénti,
chemické reakce atd.).

8. Implementace metody, numericky software zaloZzeny na metodé konecnych objemi,
paralelizace.

Studijni literatura a studijni pomucky

[1] F. Moukalled, L. Mangani, M. Darwich: The Finite Volume Method in Compu-
tational Fluid Dynamics, An Advanced Introduction with OpenFOAM and MAT-
LAB, Springer, 2016.

[2] T. Barth, M. Ohlberger: Finite volume methods: foundation and analysis. In
Encyclopedia of Computational Mechanics, Wiley, 2004.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Harmonicka analyza
Rozsah studijniho predmétu 26p
Garant predmétu doc. Jan Vybiral, PhD.

Prerekvizity

Znalosti zakladt funkcionalni analyzy a rovnic matematické fyziky.

Struc¢na anotace predmétu

Predmét predstavi zaklady harmonické analyzy na Eukleidovskych prostorech. Probirana
témata zahrnuji maximalni operator, zakladni interpola¢ni véty, Hilbertovu transformaci,
vahové nerovnosti, prostory H1 a BMO, singularni integralni operatory a Littlewood-
Paleyho teorii. Dale bude kladen diiraz na souvislosti s komplexni analyzou a analyzou
parcialnich diferencialnich rovnic.

Osnova

Maximalni operator.

Zakladni interpolacni véty.
Hilbertova transformace.
Vahové nerovnosti.

Prostory H1 a BMO.
Singularni integralni operatory.
Littlewood-Paleyho teorie.

N G W=

Studijni literatura a studijni pomucky

[1] E. M. Stein: Singular integrals and differentiability properties of functions, Prince-
ton Mathematical Series, No. 30, Princeton University Press, Princeton, N. J.,
1970.

2] E. M. Stein and G. Weiss: Introduction to Fourier analysis on Euclidean spaces,
Princeton Mathematical Series, No. 32, Princeton University Press, Princeton, N.
J., 1971.

[3] J. Duoandikoetxea: Fourier Analysis, Crm Proceedings & Lecture Notes, American
Mathematical Society, 2001.

[4] L. Grafakos, Classical Fourier Analysis, 3rd edition, Springer, 2014
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Stochastické systémy
Rozsah studijniho predmétu 26p
Garant predmétu doc. RNDr. Jan Vybiral, Ph.D.

Prerekvizity

Znalosti zakladt funkcionalni analyzy, rovnic matematické fyziky a varia¢nich metod.

Struc¢na anotace predmétu

Cilem piedmétu je pfedstavit pokroéilé metody modelovani stochastick§ch systémi. Uvod
kurzu obstara teorie markovskych nahodnjch procest jako matematickych modeld pro
stochastické systémy, tj. dynamické systémy ovlivnéné nahodou. Cilem je zejména sle-
dovat limitni chovéni v ¢ase pro rtzné procesy at jiz s diskrétnim, nebo spojitym ¢asem.

Osnova

1. Uvod do stochastickjch systémi, homogenita, stacionarita, anal§za ndhodné prochazky
a simulace ruinovani hrace.

2. Diskrétni Markovské tetézce, pravdépodobnosti pfechodu, Chapman-Kolmogorov
theorem, klasifikace stavii, trvalé a prechodné stavy, Ergodic theorem, stacionarni
rozdéleni, pravdépodobnosti pohlceni, procesy vétveni, Ehrenfestiiv a Bernoulliho
proces.

3. Markovské procesy se spojitym casem, intenzity prechodu, Kolmogorovy rovnice,
limitni pravdépodobnosti a stacionarni rozdéleni.

4. Procesy vzniku a zaniku, Procesy obnovy.

Poissoniiv proces, Coxiiv Dvojté-stochasticky proces, Nehomogeni a filtrovany Pois-

sonuv proces.

ot

Procesy hromadné obsluhy, teorie front.
Metoda Markov Chain Monte Carlo.

Wieneriiv proces, vlastnosti trajektorii.

© 0N

Zaklady stochastické analyzy, limita, derivace, integral ndhodného procesu.
10. Karhunen-Loeve rozklad pro obecny nadhodny proces a pro Wienertiv proces.
11. Diftzni procesy, zpétna Kolmogorova rovnice, Fokker-Planckova rovnice.

Studijni literatura a studijni pomucky

[1] G. Grimmett, D. Stirzaker: Probability and Random Processes, Oxford Uni. press,
2001.

[2] N. Privault: Understanding Markov Chains: Examples and Applications, Springer,
2013.

[3] M. Lefebvre: Applied Stochastic Processes, Springer, 2000.

[4] G. A. Pavliotis: Stochastic Processes and Applications, Springer, 2014.
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Charakteristika studijniho predmétu

Néazev studijniho pfedmétu  Specialni seminaf ze zpracovani obrazu
Rozsah studijniho predmétu 26s
Garant predmétu doc. RNDr. Barbara Zitova, Ph.D.

Prerekvizity

Znalosti zakladt zpracovani obrazu v rozsahu predmétti ROZ1, ROZ2.

Struc¢na anotace predmétu

Referativni seminaf z digitalniho zpracovani obrazu na zakladé zadané nebo konzultované
literatury, vétsinoveé ¢lankt z mezinarodnich c¢asopisti z oboru. Studenti se tcastni pte
dnesenim seminarni prednasky na zadané téma z oblasti digitalniho zpracovani obrazu
béhem kurzu. Témata prednéasek pokryvaji souc¢asné pokrocilé pristupy. Prednasky mez-
inarodnich hostii.

Studijni literatura a studijni pomucky

Casopisy:

Pattern Recognition,

Pattern Recognition Letters,

IEEE Transactions on Image Processing,

International Journal of Computer Vision,

IEEE Transactions on Pattern Analysis and Machine Intelligence.






