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Predmluva

Jiz posSesté se letos schazeji doktorandi oboru Matematické inzenyrstvi studijniho pro-
gramu Aplikace pfirodnich véd na workshopu Doktorandské dny, ktery se kona pravidelné
na katedre matematiky FJFI. Cilem setkani je sledovat pokrok ve vyzkumu jednotlivych
doktorandi a umoznit jim ziskat pfehled o tematice svych kolegli. Obéma uceltim slouzi
jednak tistni prezentace na workshopu konaném ve dnech 11. a 25. listopadu 2011, jednak
tento sbornik, prinasejici texty prednasek, resp. jejich abstrakty. Toto je oproti predcha-
zejicim vydanim novinkou. Oborova rada se rozhodla umoznit doktorandtim vystoupit na
Doktorandskych dnech s prispévkem jiz publikovanym v odborném c¢asopise nebo procee-
dings jiné konference. V takovém piipad€ je v nasem sborniku pouze abstrakt prednasky.

I letos workshop probéhne v nékolika paralelnich sekcich délenych podle tematického
zaméreni prednasejicich doktorandi. To pokryva numerické a stochastické modely, jakoz
i matematické zaklady moderni teoretické informatiky a fyziky.

Za moralni podporu dékujeme Katedie matematiky a Dopplerovu tstavu pro mate-
matickou fyziku a aplikovanou matematiku pii FJFI. Finan¢né je workshop podpofen
Studentskou grantovou soutézi pii CVUT v rameci grantu SVK 17/11/F4.

Editori
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Abstract. An accurate and early diagnosis of the Alzheimer’s disease (AD) is of fundamental
importance for the patient’s medical treatment. Single Photon Emission Computed Tomography
(SPECT) images are commonly used by physicians to assist the diagnosis, rating them by visual
evaluations. In this work I present an automated diagnosis tool based on local Hausdorff distance
maps (LDMaps). The proposed algorithm, in the learning mode, generates two average LDMaps.
The first aggregates the differences between healthy brain SPECT pictures and the etalon. The
second one aggregates the dissimilarities between pictures of brains affected by AD and the same
etalon. In the testing mode it compares LDMaps of patients’ brain SPECT pictures against the
averages from learning process and according to which average is the patient’s brain LDMap
more similar to, is classified as healthy or AD.

Keywords: Alzheimer’s disease, SPECT, Hausdorff distance, local Hausdorff distance map, au-
tomatic detection

Abstrakt. Pre efektivnu lie¢bu pacienta s podozrenim, Ze trpi Alzheimrovou chorobou, je nevy-
hnutna jej spravna diagnéza stanovené v ¢o najskorSsom stadiu tohto degenerativneho ochorenia.
V praxi v tejto veci poméha lekdrom napriklad tomografia SPECT, pomocou ktorej mozu pacien-
tov mozog vizualne preskimat a na zadklade urcitych znakov rozhodnit, ¢i u pacienta existuja
naznaky Alzheimrovej choroby. V tejto praci uviadzam spdsob automatického rozpoznavania
Alzheimrovej choroby na zaklade dat o mozgu ziskanych tomografiou SPECT. Rozpoznavanie
funguje na metéde porovnavania mnozin zalozenej na Hausdorffovej vzdialenosti. V prvej faze
algoritmu v tzv. faze uCenia su vygenerované dve priemerné lokalne rozdielové mapy mozgu.
Prva mapa obsahuje informécie o tom, ako sa v priemere liia zdravé mozgy od zdravého etalonu.
Druha lokalna rozdielova mapa naopak agreguje rozdiely medzi mozgami postihnutymi Alzheim-
rovou chorobou a uz spominaného zdravého etalonu. V druhej faze rozpozndvania sa potom
mapa lokdlnych vzdialenosti mozgu pacienta, ktord vnzikne porovnanim so zdravym etalonom,
porovnd s oboma priemernymi lokdlnymi rozdielovymi mapami. Na zaklade vzdialenosti medzi
nimi, ktord vychadza znova z Hausdorffovej vzdialenosti, sa mozog klasifikuje ako zdravy, alebo
naopak ako postihnuty Alzheimrovou chorobou.

Kliicové slovd: Alzheimrova choroba, SPECT, Hausdorffova vzdialenost, mapa lokalnych Haus-
dorffovych vzdialenosti, automaticka detekcia
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1 Introduction

Alzheimer’s disease (AD) is the most frequent type of dementia. This serious health
problem affects middle-aged and elderly people. The elderly are the fastest growing part
of the population, and increases in life expectancy will inevitably lead to a further in-
crease in the prevalence of Alzheimer’s disease. Currently no cure is available for AD but
different strategies are under development that are expected to delay the disease, and
possibly prevent or offset the onset of AD in early stages. Therefore it is very important
to recognize individuals with high risk for developing AD as soon as possible. These
people may particularly benefit from early therapeutic interventions. Currently, the di-
agnosis of AD is based primarily on clinical and neuropsychological assessments. There is
evidence that medical imaging examinations like 3D SPECT have higher predictive value
than the clinical measures in identifying the presence of a progressive neurodegenerative
disease. However, analysis of brain images is not a simple task because patterns of brain
degeneration are highly variable and complex.

Several attempts were made towards automatic recognition of AD symptoms using
various medical imaging systems. Most attempts were based on analysis of specific brain
segments which requires segmentation of the image into regions and afterwards analyzing
these segments. These techniques rely heavily on manual or semi-automatic extraction
of the structures of interest. Furthermore, they are limited by the fact that the brain
atrophy usually involves many brain regions and different regions are affected at different
stages of the disease. Therefore, current techniques are focusing on the use of the entire
brain pattern. Disadvantage of this approach is that it is necessary to analyze much
greater amount of data. This, consequently, leads to need of a great computation power,
or a need of applying sophisticated reduction techniques on input data.

Image processing algorithm for recognizing the AD introduced in this paper is working
with the entire brain pattern. It is very simple and its computation is fast enough and
memory efficient. It is based on a comparison of 3D SPECT images of brain where the
dissimilarity is measured using a local Hausdorff distance maps. The decision whether
the subject of interest is suffering from AD is made according to degree of dissimilarity
between its brain image and images of healthy and AD brains.

2 Hausdorff distance

Hausdorff distance is a very powerful tool for measuring dissimilarity between two sets.
The set in this paper will represent 3D SPECT image of brain which is a 3D set of
discrete points. Using Hausdorff distance, we can measure a degree of mismatch between
two object shapes very precisely. Unlike feature based methods, Hausdorft distance is
zero if and only if the shapes of objects are exactly the same and increases with growing
dissimilarity. What is more, if we need to minimize the Hausdorff distance over the
space of some transformation parameters, any transformation of object (rotation, affine
transform...) can be taken into consideration. An advantage is also the possibility of
independently using the directed distances that Hausdorff distance is composed of.

On the other hand, the major disadvantage is computation burden of discussed mea-
sure and the fact that it is extremely sensitive to outliers. The latter disadvantage is
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very restrictive, because it is almost impossible to receive noise free data sets from any
scanning apparatus. Therefore several modifications of Hausdorff distance were proposed
(MHD |3], PartialHD [2], WindowedHD [4] and more), that yield much more satisfactory
results when applied on noisy data sets. This paper focuses on the modification that is
local i.e. windowed Hausdorff distance. The Hausdorff Distance and its modifications
are very often used in a different object matching or image registration algorithms [6], [7]
even in medicine [8]. Very often the utilization of HD may be found in the specific object
matching problem - face recognition [9], [10].

2.1 Conventional Hausdorff distance

Hausdorff distance is a max-min distance defined by the following definition.

Definition: Let {M, o} be a metric space where M is a finite set of points. Let A =
{ai,...,a,} and B = {b_i, . .,b;} be two subsets of M. We define Hausdorft distance
H(A, B) by:

H(A, B) := max {rgax:glin 0 (EL’, 5) , ax min o (EL’, 5) } (1)

a€A peB beB GcA

where g is defined as

where Z, 5 € R".

Note: The definition of Hausdorff distance can be derived by a series of steps naturally
extending the distance function ¢ in the underlying metric space {M, o} as follows:

Let {M, o} be a metric space. Given @ € M and non-empty set B C M we define a
distance dist (d, B) between point @ and the set B by:

dist (d, B) :==minp (d’, 5) (3)

beB

Using the previous distance we define h (A, B), the distance between A and B where
A, B C M:

h(A, B) = max dist (@, B) (4)
aec
h (A, B) is called the directed Hausdorff distance.
To obtain an undirected Hausdorff distance, which is a metric, it is necessary to combine

the two directed Hausdorff distances h (A, B) and h (B, A):

H (A, B) :=max{h(A,B),h(B,A)} (5)
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2.2 Windowed Hausdorff distance

In January 2007 in a preprint and later published in [4] a new approach was proposed
for determining dissimilarity between two sets using Hausdorff-like distances. While pre-
vious and other modifications of Hausdorff distances were global and except the classical
Hausdorff distance and the MHD [3| required some input arguments, the windowed Haus-
dorff distance operates locally and does not require any input parameter. Furthermore,
while the global ones produce only one number that expresses the dissimilarity between
two sets, the windowed Hausdorff distance produce a dissimilarity map where local mis-
matches can be examined.

The definition involves three different directed Hausdorff distances, which supplies
three possible cases of presence of set points in the window. It makes use of the distance
to the frontier F'r (W) of the window W. In this discrete case we consider that the frontier
Fr (W) is between the elements. For example the frontier of the ball B (z,n) is the line
between B (z,n) and B (x,n+ 1)\ B (z,n). The distance of a point = € B (z,n) to the
frontier is equal to the distance to the elements just behind the frontier.

Definition: Let A, B be two bounded sets of R". H,,(A, B) = max {h, (A, B), h,(B,A)}

where:

e IfFANW ADABNW #0

ho (4, B) == max Lergglw 0 (a, b) N (d, w)] (6)
e fANW ADABNW =)
hy (4, B) == max_ [mé?i?m o(a, w)] (7)
e IfANW =10
hy (A, B) :=0 (8)

The algorithm that computes the local Hausdorff distance at each non zero pixel of
both images consist of a sliding window whose radius is growing at each point until reaches
the optimal value. This value is then recorded into local distance map (LDMap) at the
point of the center of the window. However, this algorithm is time consuming. For m xm
images the computation complexity is O (m*). To save most of the time computation, it
is possible to utilize transform distances of compared images. Fast algorithms have been
developed for computing distance transforms of binary images. Taking the advantage of
these algorithms, the computation complexity may be reduced to O (m?). In the following
section, the LDMap is defined using the transform distance of compared images.

3 Local distance map

Definition: Let A and B be two non-empty finite sets of points of R” and let ¥ € R",
the local distance map LDMap (%) is defined by:

LDMap () = |L4 (&) — I (7)| max {dist (&, A) , dist (7, B)} 9)
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where I4 (Z) is equal to 1 if ¥ € A and 0 otherwise.

The maximum value in the LDMap is the Hausdorff distance H (A, B). This value is
present in the map at least once.
The notion of local dissimilarity is illustrated by following 2D image.

" L

Figure 1: Slices of two brains at the same level (left, right) and slice of corresponding 2D
LDMap (center)

The 3D image below shows the utilization of LDMaps for highlighting the most mis-
matched areas in the brain picture of the subject of interest compared to the etalon.

Figure 2: 3D LDMap utilized for highlighting the most significant differences from the
healthy etalon
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4 Proposed method for recognition of brains affected
by Alzheimer’s disease using LDMaps

The method utilizes the information included in LDMaps and is projected to keep the
computation burden low:

Notation:

E Binarized etalon

HLT Set of binarized healthy brains images

ALZ Set of binarized AD brains images

HLT L(ALZ L) Set of healthy (AD) images chosen from H LT (ALZ) for
learning

HLT T(ALZ_T) Set of healthy (AD) images chosen from HLT(ALZ) for
testing

HLTmap(ALZmap) LDMaps — results of comparison of HLT L; €

HLT L(ALZ L;€ ALZ L) against E

avgH LTmap(avgALZmap) Average LDMap generated from HLTmap; €
HLTmap (ALZmap; € ALZmap)

HLTmap t(ALZmap t) LDMaps — results of comparison of HLT T, €
HLT T(ALZ T,€ ALZ T) against E

ALZdist2H LT avg; Distance of ALZmap t; to avgH LTmap

HLTdist2H LT avg; Distance of HLTmap t; to avgH LTmap

HLTdist2ALZavg; Distance of HLTmap_ t; to avgALZmap

ALZdist2ALZavg; Distance of ALZmap_t; to avgALZmap
Algorithm:

1. Preprocess SPECT images of brains — binarization.
2. Divide data into learning sets (HLT L, ALZ L) and testingsets (HLT T,ALZ T).

3. Create LDMaps form learning data — healthy vs. etalon: HLTmap and AD vs.
etalon: ALZmap

4. Generate average LDMaps from learning data (healthy: avgH LTmap and AD:
avgALZmap)

5. Create LDMaps from Testing data - healthy vs. etalon: HLTmap t and AD vs.
etalon: ALZmap _t

6. Compute the similarity of particular LDMaps (HLTmap t, ALZmap_t) with av-
erages (avgH LTmap, avgALZmap)

7. Classify the image according the value and mark whether classification was correct
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HLT HLT L E HLTmap avgHL Tmap
[ % [w ] W] ) g |[a) 3] [
- e ] [ W) (=] [=4] [=4]
HLT_T E |HLTmap_t
RS 3] [3] [Fa]
ALZ ALZ T E ALZmap_t
- 9@ (9 ] o L]
ALZ L ALZma
ekt ) ooy g R - e ree -
[ [ [ A : avgALZmap
] ] [ L] L] L]

Figure 3: Schematic diagram of the algorithm (steps 2. - 5.): getting the average LDmaps
from learning data and preparing LDmaps from testing sets

The figure (3) describes the first part of the algorithm where the set of healthy brain
binarized pictures as well as set of binarized AD brains are divided into two parts. The
larger parts are used for the learning process of the algorithm and the smaller parts are
used for testing the method. At first, in the learning mode, LDMaps are created by
comparing the elements of the learning sets with the healthy etalon. The aggregation of
these LDMaps results in two average maps - healthy and AD average map. The healthy
average map accumulates the differences of healthy brains against the healthy etalon.
These differences are supposed to be not very marked and rather disseminated. On
the other hand, the AD average map is expected to show more marked differences and
rather localized. Except average maps, LDMaps of brain images from the testing sets are
prepared. Every time the same healthy etalon is used.

The second part of the algorithm — classification — is captured on the figure below
(4). In this part the testing healthy and the AD brain LDMaps are compared against the
average maps. The dissimilarities are evaluated and accordingly the tested LDMaps are
classified and marked weather the classification was correct or not.
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avgHLTmap
= HLTcls
N\ HLTdist2HLTavg ———
HLTmap t
HIA é" >C HLTdist2ALZavg | —— WRONG
ALZ[T%)_t ALZdist2HLTavg |——_ WRONG
L]
ALZdist2ALZavg c’ajf’;"e’ ALzel
] CIS
avgALZmap OK

Figure 4: Schematic diagram of the algorithm (steps 6. and 7.): computing the distances
between average LDMaps and LDMaps of testing samples, classifying the tested LDMaps
and marking weather the classification was correct.

Further, each step of the proposed algorithm is explained into more detail:

1.

In the first step every image A € HLTUALZ is preprocessed. The values of images
are linearly transformed to fit the range (0,1) and afterwards they are binarized
using the user input threshold ¢ € (0,1). The output is a binary matrix B where

o Bi,j = 0 where Ai,j <t and
[ Bi,j = 1 where Ai,j Z t.

Then, the HLT set as well as ALZ set are divided into two sets: a set for learning
procedure (HLT L,ALZ L) and a set for testing purpose (HLT T, ALZ T).
The ratio of HLT L to HLT is the same as the ratio of ALZ L to ALZ. Fur-
thermore, the algorithm needs an etalon £ which is also binarized using the same
t € (0,1) and constraints as in step 1. It can be computed as an average image of
all healthy images of brains for example. Anyway, for needs of this paper, a healthy
brain etalon was provided, which was checked and validated by professionals in the
field.

The next two steps forms the learning process: H LTmap(ALZmap) elements are
created by comparison of each element of HLT L(ALZ L) against E.

Average LDMaps avgH LT'map and avgALZmap are created:

Let HLT L;(ALZ L;) be the binarized image of healthy (AD) brain from the
learning set HLT L(ALZ L). Let HLTmap;(ALZmap;) be the LDMap of com-
parison between HLT L;(ALZ L;) and the etalon E. The average healthy and
AD local distance maps are then computed as:

1
max; (avgH LTmap;)

avgH LTmap = Z HLTmap; (10)
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1
max; (avgALZmap;)

avgALZmap = ALZmap; (11)

i=1

avgH LTmap(avgALZmap) aggregates dissimilarities between healthy (AD) brains
pictures and the etalon E. It contains information about how healthy (AD) patients’
brains differ from the etalon.

5. The following step is testing. Images from HLT T(ALZ T) are compared against
the etalon F. The result is a set of LDMaps: HLTmap t(ALZmap_t).

6. LDMaps from step 5 are compared against avgH LT map and avgALZmap and the
dissimilarity between these images is computed. The directed Hausdorff distance
(4) was chosen as a dissimilarity measure. The distance to both healthy and AD
average LDMap is computed:

e HLTdist2H LT avg; :

= h(HLTmap_t;,avgH LTmap)
o HILTdist2ALZavy; :=

h(HLTmap_t;,avgALZmap)
Similarly, the distances to both averages are computed for images from set ALZmap _t:

o ALZdist2H LT avg; := h(ALZmap _t;,avgH LTmap)

o ALZdist2ALZavg; := h(ALZmap _t;, avgALZmap)
LDMaps are gray 3D images. Before computing the directed Hausdorff distance
(4) between two LDMaps it is necessary to binarize them. A user input threshold
level may be used in this process. From the procedure how the average images are
constructed is arising that all images from the learning set will be subsets of the
corresponding average image after binarization:

e HLTmap; C avgH LTmap
o ALZmap; C avgALZmap

Consequently, the following equations applies to directed distances:

o hW(ALZmap;,avgALZmap) = 0 and also
e h(HLTmap;,avgH LTmap) = 0.

While

o W(ALZmap t;,avgH LTmap) > 0 and
e h(HLTmap_t;,avgALZmap) > 0.

Thus, if HLTmap(ALZmap) i.e. LDMaps from learning set will be passed into
testing process instead of LDMaps from H LTmap t(ALZmap _t), they will always
be classified correctly according to the following classification rules. It indicates the
correct behavior of the algorithm.
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7. The last step is the classification of images into two classes: ALZcls or HLTcls;
Marking of wrong and correct classification is done according the following rules:
Set is classified as healthy (H LT cls) if the distance of HLTmap t; or ALZmap_t;
to avgH L'T'map is smaller than the distance to avgALZmap:

o ALZdist2H LT avg; < ALZdist2ALZavg; (wrong classification of test image
to HLTcls)

o HLTdist2H LT avg; < HLTdist2ALZavg; (correct classification of test image
to HLTcls)

Set is classified as AD (into ALZcls) if the distance of HLTmap t; or ALZmap_t;
to avgALZmap is smaller then the distance to avgH LTmap:

o ALZdist2H LT avg; > ALZdist2ALZavg; (correct classification of test image
to ALZcls)

o HLTdist2H LT avg; > HLTdist2ALZavg; (wrong classification of test image
to ALZcls)

In case, when the LDMap of interest (HLT'map t; or ALZmap _t;) is within the
same distance from the both of average LDMaps avgH LTmap and avgALZmap,
we cannot classify it to any class. It will be marked as wrong classification.

5 Experiment

Data for experiments consist of 55 3D SPECT images of brains marked by experts as
brains affected by Alzheimer’s disease and 91 3D SPECT images of healthy people brains.
Furthermore, a healthy etalon is available. The external etalon of healthy brain image
was obtained as an average over 2000 3D scans of healthy people, which were as well
as healthy and AD samples normalized using Statistical Parametric Mapping (SPM5-
Segment). The computations were accomplished using MATLAB software. Parameters
were set as follows:

Threshold for image binarization ¢ = 0.35; |[HLT _L|/|HLT| = |ALZ _L|/|ALZ| = 60%
(|HLT _L|=55;|ALZ_L| =33;|HLT _T| = 36;|ALZ _T| = 22)

5.1 Results
Experiment # Wrong classification of healthy brains Wrong classification of AD brains
1. 25%(9/36) 18%(4/22)
2. 14%(5,/36) 14%(3/22)
3. 17%(6/36) 27%(6/22)
4. 28%(10/36) 9%(2/22)
5. 11%(4/36) 23%(5/22)
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6 Conclusion

It was shown, that it is possible to automatically classify Alzheimer’s disease quite suc-
cessfully without any specific knowledge about the patient. What is more, using the
local distance maps we are able to obtain specific local information while still retaining
the advantage of global approach. Local information contained in local distance maps
combined with appropriate display equipment may be very helpful for clinicians. It may
help to focus the attention on the parts of a patient’s brain which are most mismatched
in comparison with healthy etalon. This may help to detect the developing Alzheimer’s
disease before any clinical symptoms appear.

In a future work one may also want to eliminate the binarization before every com-
parison to preserve as much information as possible and measure also the similarity in
intensities. Furthermore, more sophisticated classification would be helpful, using for
instance the support vector machine.

The algorithm proposed in this paper works with already spatially registered data sets,
therefore the registration was not necessary in this case. However, HD and especially its
modifications are suitable tools for object matching. Therefore, I plan to investigate the
possibilities of using the local Hausdorff distance maps for object matching to be able to
work with not registered brain images.

Acknowledgement: The support of grant OHK4-165/11 CTU in Prague is gratefully
acknowledged. The author would also like to thank Helena Trojanova and Renéata Pichova
from Clinique of Nuclear Medicine FNKV in Prague and Ales Bartos from Neurological
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Abstract. Affine moment invariants are an important class of features used in image reco-
gnition. There is an infinite amount of these invariants, however only very few of them are
independent. As part of our work we have applied several standard feature selection methods
on a group of invariants and we were interested in finding patterns in selected invariants and
based on this create some advice for the selection of invariants. The range of successful features
was quite wide which indicated that the most successful features depends on the specific data.
The first ten invariants, which contain eight independent invariants, have been on average signi-
ficantly more successful than the other invariants. We have also noticed that generally invariants
with lower order and weight have been more succesful probably because they are more robust
to sampling error in the moment calculation.

Keywords: affine moment invariants, discriminability, image recognition, feature selection, in-
dependence

Abstrakt. Afinni momentové invarianty jsou dulezitou t¥idou priznakt pouzivanych v rozpo-
znavani obrazu, ale existuje jich nekoneéné mnozstvi a je znamo, Ze jen méalo z nich je nezavis-
Iych. V ramci prace jsme na readlnych datech z databéze listti aplikovali na skupinu invarianti
vybrané standardni metody na vybér priznakid a snazili jsme se na zakladé vysledkt nalézt
néjaké zakonitosti nebo rady pro vybér priznakt. Vybrana skala pfiznakt byla pomérné siroka,
coz poukazovalo na to, Ze nejlepsi priznaky zavisi na konkrétnich datech. Jednou z vypozorova-
nych skutecnosti bylo, Ze relativné nejvyssi uspésnost méla prvni desitka invarianti, o kterych
jsou invarianty s nizsim rfadem nebo vahou, zfejmé diky vétsi robustnosti viici vzorkovaci chybé
pfi vypoc¢tu momentii.

Klic¢ovd slova: afinni momentové invarianty, diskriminabilita, rozpoznavani obrazu, vybér pfi-
znakt, nezavislost

Uvod

V typické klasifikacni tloze v rozpoznavani obrazu se snazime prifadit objekt na obrazku
do urcité tiidy na zdkladé priznakt. Volba vhodnych pfiznak casto zalezi na charakteru
konkrétni tlohy, ale jednim z dtlezitych pozadavkt na priznaky je invariantnost vici
transformacim obrazku.

Z tohoto duvodu hraji v rozpoznavani obrazu dilezitou roli afinni momentové invari-
anty ([1]), které jsou invariantni vi¢i afinni transformaci prostorovych soufadnic. Afinni
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transformace neni dulezita jen v dvourozmeérnych tlohach, ale také jako aproximace pro-
jektivni transformace pii rozpoznavani fotografii trojrozmérné scény.

Pro kazdou klasifika¢ni tlohu 1ze najit velké mnozstvi piiznaki. Proto byva v praxi
¢asto po definovani priznakid dalsim krokem sniZeni poctu piiznaki pouzivanych pro kla-
sifikaci a to jak z divodu vypocetniho ¢asu, vyfazenim nepodstatnych ¢asti dat, tak pro
zlepSeni tspésnosti klasifikace (v nékterych piipadech mtze zvétSovani poctu priznaki
zvySovat chybu klasifikace). Jelikoz afinnich momentovych invarianti existuje teoreticky
nekonecné mnozstvi, je vybér piiznakt obzvlasté dulezity. Mezi afinnimi momentovymi
invarianty se vyskytuje mnoho riznych zavislosti: od jednoduchych az po slozité polyno-
mialni zavislosti. Jednoduché zavislosti (nulové invarianty, linedrni kombinace, nasobky
jinych invarianti) umime teoreticky jednoduse najit. Polynomialni zavislosti jsou znamé
jen nékteré a jejich hledani je narocné.

Cilem prace bylo prozkoumat na realnych datech, které momentové invarianty jsou vy-
birdny standardnimi metodami na vybér ptiznaki ([2]) a také jak se tyto metody chovaji
vuci zavislym invarianttim. Dalsim predmétem zkoumani bylo zjistit, jestli jsou vybirany
invarianty vyssich fadu, které teoreticky mohou obsahovat vice informace, ale kvili nu-
merické chybé jsou méné robustni, nebo jestli jsou tspésnéjsi invarianty nizsich 1adu,
které ovSem casto nesou podobnou informaci. D4 se predpokladat, ze vybér vhodnych
invariant@ zavisi na konkrétni tloze a konkrétnich datech. Chtéli jsme ale zjistit, jestli
se i presto daji vypozorovat néjaké obecnéjsi zakonitosti pro predvybér priznaki pred
spusténim samotného vybérového algoritmu, které by vylepsily vysledek. Teoreticky je
napiiklad zadouci pouzivat nezavislé priznaky, protoze zavislé priznaky neprinaseji dalsi
uziteCnou informaci a mohou ulohu komplikovat nebo dokonce snizovat kvalitu klasifi-
kace.

V prvni ¢asti popisujeme afinni momentové invarianty a zptisob jejich vypoctu. Ve
druhé c¢asti se vénujeme pouzitym metodam pro vybér priznakd a v posledni ¢asti uka-
zujeme vysledky experimentii na realnych datech.

1 Afinni momentové invarianty

Afinni momentové invarianty jsou specialni polynomiélni kombinace momentt, které maji
tu vlastnost, zZe jsou invariantni vici afinni transformaci prostorovych soutradnic. Diky
vlastnostem afinni transformace se nevyuzivaji pouze v tlohach, kde se pfimo vyskytuje
afinni deformace, ale Casto také jako nahrada invariantt vaci projektivni transformaci.

1.1 Afinni transformace

Afinni transformaci myslime jakoukoliv linearni transformaci prostorovych souradnic ob-
razku. Afinni transformace se da vyjadrit nasledovné

r = ap+ aT+ ay
y = bo+bix+ by

Jakobidnem afinni transformace je J = a1by — asb;.
Afinni transformaci je napfiklad posunuti, rotace, skalovani nebo zrcadleni. Afinni
transformace je vyznamna v rozpoznavani obrazu zejména proto, ze pii zobrazovani
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scény ze vzdalenosti, ktera je velkd v porovnani s velikosti objektd ve scéné, je afinni
transformace dobrym piibliZenim projektivni transformace. Projektivni (perspektivni)
transformace je presnym modelem pro zobrazeni rovinné scény, ovSem jeji nevyhodou je,
Ze je nelinearni a konstrukce invariant vici této transformaci je velmi slozité.

1.2 Afinni momentové invarianty

Konkrétni tvar afinnich momentovych invariantt se da odvodit nékolika riznymi zptsoby
(teorii algebraickych invariantti, teorii grafii, tenzorovou algebrou nebo fesenim vhodnych
parcidlnich diferencidlnich rovnic). Pfehled téchto zpusobii je popsan v [1].

Zde naznacime jedno z moznych odvozeni. Nejprve zavedme oznaceni pro geomet-
ricky moment m;, a centralni moment i

- / / iy F (2, ) dady,

Hik = /_ /__OO (x — mlO/mOO)i (y — m01/m00)k f (z,y) dady.

Daéle necht f je obrazek s dvéma body(x1, 1) a (x2,y2). Nasledujici vyraz ozna¢me jako
kiizovy produkt
Cra = T1y2 — T2y

Pro pocet bodii r = 2 a sadu pfirozenych ¢isel ng; budeme definovat vyraz

/ / n'“ Hf xi, ;) d;dy;.
kj=

1 =1
Afinni transformaci I (f) lze vyjadiit jako
I(f) =11 1(f),

kde w =), i Mkj se navyva vaha invariantu a r se nazjva stupeii invariantu. Pokud
normalizujeme I (f) vyrazem puly™", ziskdme hledany invariant vii¢i afinni transformaci (s

nulovym posunem). Plati tedy
<f<f>)’ _ <I(f))
fo0 1o

V pripadé zaporného J a liché vahy w je tfeba do rovnosti pridat faktor —1.
Nejjednodussi invariant lze ziskat dosazenim r = 2 a njs = 2. Potom dostaneme

= / / ($1y2 - x2y1)2 f ($17 y1) f ($27y2) dzdydzedy, = 2 (m20m02 - mfl) .

Nahrazenim geometrickych momentt centralnimi momenty a normalizovanim ziskdvame
invariant viic¢i obecné afinni transformaci
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Iy = (paottoz — 111) / Hoo-

Maximalni f4d moment vystupujicich v invariantu se nazyva fad invariantu a plati,
Ze je vzdy mensi nebo roven vaze invariantu.

1.3 Nezavislost afinnich momentovych invariantt

Pokud chceme afinni invarianty pouzivat jako priznaky v rozpoznavacich tulohach, je
zéddouci pouzivat nezavislé priznaky, protoze zavislé priznaky neptinaseji dalsi informaci
navic a ulohu komplikuji nebo mohou i snizovat kvalitu rozpoznani. Existuji nasledujici
druhy zavislosti mezi afinnimi invarianty:

1. Nuloveé invarianty. Nékteré invarianty mohou byt identicky rovné nule pro vSechny
obrazky

2. Identické invarianty.
3. Nasobky. Nékteré invarianty mohou byt nasobky nékolika invarianti

4. Linearni kombinace. Nékteré invarianty mohou byt linearni kombinaci jinych inva-
rianti

5. Polynomidlni zdvislost. Invarianty jsou polynomialné zavislé pokud existuje konecny
soucet nasobkil invariantl, ktery je roven nule.

Invarianty, které maji nékterou zavislost typu 1. - 4. se nazyvaji reducibilni. Pro ilustraci
z celkovych 2 533 942 752 invarianti s vdhou mensi nebo rovnou 12 (vygenerované na
zékladé grafi) je 2 532 349 nulovych, ze zbyvajicich je 1 575 126 rovnych jinému invari-
antu, 2 105 je nasobek jinych invariant a 14 538 je linearni kombinaci jinych invarianti.
Zbyva tedy pouze 1 589 ireducibilnich invarianti.

Nalezeni ireducibilnich invarianti je teoreticky pomérné jednoduché (i kdyz vypocetné
uz pomérné narocné). Problematické je ovSem nalezeni polynomidlnich zavislosti. Je
zndmo, ze z 1 589 ireducibilnich invariantt do vahy 12 je mozné, aby pouze 85 bylo
nezavislych, z ¢ehoz plyne, ze 1 504 invariant® je polynomialné zavislych. Nalezeni vSech
polynomialnich zavislosti je ovsem i pro nizké vahy mimo moznosti soucasnych pocitaci.

2 Metody pro vybér priznaku

Vybér vhodné podmnoziny piiznakt je dilezitda soucast vétsiny tloh pfi rozpoznavani.
Vybérem priznakt chceme dosdhnout maximélni rozlisitelnosti rtiznych tiid. Mame D
ptiznaku a hleddme d (d << D) pfiznaku tak, abychom maximalizovali vhodné kritérium.
Proces vybéru priznaki se sklada z volby metody vybéru, volby vhodné kriterialni funkce
a urceni poctu priznaki, které se maji vybrat.

Metody vybéru se déli na optimélni a suboptimalni. Optimalni metody (tplné pro-
hledévani nebo algoritmus vétvi a mezi) jsou velmi pomalé a vhodné pouze pro tlohy s
nizkou dimenzi. My jsme pouzivali suboptimalni metody, které jsou kompromisem mezi
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rychlosti vyhledavani a optimalitou feSeni. Obé metody, které jsme pouzili, jsou zalozeny
na sekven¢nim vyhledavani, pti kterém se pfidavaji nebo odebiraji pfiznaky do nebo ze
stavajici mnoziny. Dopfedny krok (pfidani jednoho pfiznaku do stavajici mnoziny) pro-
biha tak, Ze se z priznaki vybere ten, ktery ma dohromady s danou mnozinou piiznakt
nejvyssi hodnotu kriterialni funkce. Zpétny krok probiha tak, Ze je odebran ten priznak z
dané mnoziny, pro ktery ma vysledna mnozina(po odebrani pfiznaku) nejvyssi hodnotu
kriterialni funkce.

Sekvenéni dopredny vybér (SFS) je jednodussi, ale ¢asto pouzivand metoda.
Hleddme mmnozinu pfiznaki o pfedem danné velikosti d. Algoritmus zacind od prazdné
mnoziny priznakt. Opakuji se dopfedné kroky tak dlouho, dokud neni dosazeno poza-
dované velikosti mnoziny ptiznakt. Tato metoda zohlediuje zavislosti mezi piiznaky, ale
jeji nevyhodou je, Ze mize uvaznout v lokalnim maximu, protoze nejde pfiznaky, které
byly pridany, odebirat. Vylepseni této metody, které jsme také pouzivali, je sekvencni
plovouci vyhledavani.

V piipadé sekvenéniho plovouciho vyhledavani (SFFS) algoritmus opét zac¢ind
od prazdné mnoziny ptiznaki. Po kazdém dopredném kroku nésleduji zpétné kroky tak
dlouho, dokud jsou vysledné podmnoziny lepsi, nez ty, které byly pfedtim vyhodnoceny
jako nejlepsi na dané velikosti mnoziny. Hledame — li mnozinu ptiznaki o velikosti d, pak
algoritmus skon¢i po dosazeni mnoziny o velikosti d + n (n volitelné). Tato metoda je
diky stridani sekvenci dopfednych a zpétnych krokt schopnéa nalézat dostatecné dobra
feSeni a zaroven rychlost je postacujici pro vétsinu praktickych problémii.

V nasi praci jsme vyuzivali kriteridlni funkei typu wrapper, ktera je vzdy spojena s
konkrétnim klasifikditorem. Mnozinu obrazk je nutné rozdélit na trénovaci mnozinu,
ktera je pouzita k nastaveni klasifikdtoru, a testovaci mnozinu. Hodnotou kriteridlni
funkce je potom uspésnost klasifikace danym klasifikatorem na testovaci mnoziné. Pro
spolehlivéjsi vysledky je mozné pouzit nékolik variant trénovacich a testovacich mnozin a
jako hodnotu kriterialni funkce pouzit primérnou tispésnost pres téchto nékolik variant. V
nasem pfipadé jsme pouzili metodu m-fold cross-validation (jako hodnotu m jsme pouzili
3), pti které je mnoZina ndhodné rozdélena na m ¢asti a v kazdém kroku je jedna z nich
zvolena jako testovaci (pro vypocet Gspésnosti) a zbyvajici jsou pouzity jako trénovaci.

Jako klasifikdtor jsme vyuzivali metodu k& nejblizSich sousedu (k-nn). Je to kla-
sifikdtor, ktery funguje na zékladé vzdélenosti (v nasem pfipadé euklidovskd) bodu v
priznakovém prostoru. Algoritmus hledd nejblizsi body daného obrazku v pfiznakovém
prostoru a prifadi ho do té t¥idy, ktera nejdiive obsahuje k bodi.

Kriterialni funkci typu wrapper jsme zvolili hlavné z toho dtvodu, ze zavislosti mezi
invarianty jsou polynomialni a dalo se ocekavat, ze metody fungujici na zakladé kore-
lace pfiznakii nebo predpokladajici normalni rozdéleni priznakit tyto zavislosti nedokéazi
zachytit.

3 Experimenty na realnych datech

3.1 Testovaci obrazky

Obrazky, které jsme pii testovani pouzivali, pochéazi z databaze list stromt a keria LEAF
([4]). Databéze vznikla naskenovanim a binarizovanim 800 skutecnych listt od 90 druht
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Obrazek 1: Ukazka pouzitych obrazki. Prvni a tfeti obrazek jsou z puvodni databaze,
druhy a ¢tvrty jsou ukazky dodatecné vytvorenych obrazk pomoci projektivni transfor-
mace. Posledni obrazek je ukadzkou useknutého obrazku pouzitém v ptipadé 3.

stromu a keft. Poéty vzorkt jednoho daného stromu (tj. jedné tfidy) jsou rtizné. Pro nasi
praci jsme zvolili téch 12 tiid, které obsahuji alespon 15 vzorki listii. I takovyto pocet je
pro ucely rozpoznavani nedostatecny a tak jsme k existujicim redlnym vzorktim dotvofili
dodatecné umélé vzorky pozménénim ptivodnich obrazkl. Z kazdého listu jsme vytvorili
4 transformované listy za pomoci projektivni transformace s ndhodnymi parametry. Pa-
rametry projektivni transformace byly ovsem nastaveny tak, aby byla velice blizka afinni
transformaci.

Nasledujici obrazek ukazuje ptiklad listu z databaze a priklad dodate¢nych obrazki,
které jsme vytvorili projektivni transformaci ptivodniho obrazku.

3.2 Vypocet afinnich momentovych invariantu

Pro popsanou sadu obrazki (ptuvodni i dodateéné) jsme vypocetli hodnoty vsech 66
ireducibilnich afinnich momentovych invariantd do fadu 4. Vahy vsSech invariantt jsou
2 az 19. Seznam téchto invariantti a kédy v MATLABU pro jejich vypocet jsme ziskali
z piilohy knihy [1]. Byly odvozeny grafovou metodou popsanou v [1]. Metoda vyloudeni
reducibilnich invarianti je také popsana v [1]. Tento soubor pfiznakd neni nezavisly,
protoze v ném existuji polynomidlni zavislosti mezi jednotlivymi invarianty.

3.3 Vybér priznaku

Pro klasifikaci jsme pouzili C++ knihovnu FST3 vyvinutou v UTIA (popséna v [3]), kterd
obsahuje implementaci nejpouzivanéjsich kriterialnich funkci (k-nn wrapper, Mahalano-
bis, Bhattacharyya) a metod pro vybér ptiznaki (BIF, SFS, SFFS). V prvnim kroku
klasifikace jsme mnozinu vSech obrazki rozdélili na dvé ¢asti. Jednu pro vybér priznakt
(80% obrazki) a druhou pro zavéretné nezavislé otestovani vysledného klasifikatoru (20%
obrazki).
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3.4 Vysledky
3.4.1 1. priklad

V prvnim piipadé jsme pracovali s prvnimi 10 invarianty I;....[1o. V této mnoziné invari-
antll je zndma nezavisla podmnozina (11, Is, I3, Iy, Is, I7, Is, Iy). Velikost vybirané podm-
noziny jsme zvolili 10 (tedy vSechny) a tspésnost konkrétniho invariantu jsme urcovali
na zakladé poradi ve vybéru. Vybér pfiznaki jsme délali na dvojicich ttid listd. Ze vSech
12 trid, které jsou popsany vyse, jsme vytvorili vSech 66 moznych dvojic a na kazdé z
nich jsme provedli vybér priznaki.

K vybéru jsme pouzili metody SFS a SFFS. Vsimli jsme si, ze v nékterych pripadech
pii metodé SFS doslo k uviznuti v lokdlnim maximu. Ovsem pii porovnani obou metod
na celém zkoumaném souboru dvojic se ukazalo, ze obé metody davaji velmi podobné
celkové vysledky.

Visledky vybéru jsou zobrazeny na obrazku 2 vlevo. Radky odpovidaji invariant@im
(prvni fadek reprezentuje invariant I;, atd.), sloupce jednotlivym dvojicim tfid. V kaz-
dém tadku je barevné znazornéno poradi, v kterém byl dany invariant vybran pfi klasi-
fikaci na dané dvojici t¥id. Cernd/bild barva znamen4, 7e dany piiznak byl vybran jako
prvni/posledni. Na obrazku je vidét velkd uspésnost pfiznaku I, Castecné také I, I a
I7;. Naopak I5 a Iy jsou vybirany casto jako posledni.

Jeden z moznych dtivodi je jejich zavislost na ostatnim ptiznacich ve skupiné (prvni
desitka invarianti bez ptriznakt [5 a [;y jsou nejvétsi nezavisld podmnozina prvni desitky
invarianti1). Dalsim divodem muze byt lichd vaha invariantt I5 a Io. Obrazky listt
miizou byt symetrické a na symetrickych obrazcich jsou invarianty liché vahy rovny nule,
¢imz se ztraci jejich diskriminacni sila. K vylouceni tohoto diivodu jsme zkusili snizit
symetri¢nost klasifikovanych obrazkt useknutim ¢asti listu (ptiklad na obr. 1 vpravo).
Visledek této klasifikace je na obrazku 2 vpravo. UspéSnost invariantt I; a I;p se na
nesymetrickych obrazcich ale nezlepsila. Z toho vyplyva, ze licha vaha téchto pfiznakt
neni ziejmé diivodem jejich Spatné diskriminacni sily.

3.4.2 2.p¥iklad

V dalsim pripadé jsme testovali vSech 66 ireducibilnich invariantd do fadu 4. Zavislosti
mezi témito invarianty nejsou teoreticky tplné prozkoumany. Pfitom jen 9 z téchto 66
invariantt muze byt nezavislych. Velikost vybirané podmnoziny jsme zvolili 3. Vybér jsme
jako v predchozim piipadé provadéli na kazdé z 66 vytvorenych dvojic trid.

Vysledek metody SFFS pro obrazky celych listd je na obrazku 3. Vysledek metody
SFF'S pro useknuté listy je na obr. 4. V obou pfipadech jsou nejvice vybirany pocatecni
invarianty. Z invariant vyssich fada je vyrazné uspésny los. Moznym divodem je nizka
vaha invariantu I»gs ve srovnani s okolnimi invarianty. V obou pripadech jsou upied-
nostnovany invarianty nizsich fadt nebo s nizkou vdhou. Divodem by mohl byt nizsi
fad momentl a mensi pocet s¢itancti v téchto invariantech a tudiz jejich vetsi robust-
nost a mensi néchylnost k numerickym chybam (numerickd chyba je mensi v porovnani
s informaci obsaZenou v pfiznaku).
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Obrazek 2: Vysledky 1. pfipadu (vybér na invariantech Iy, ..., [19). Obréazek vlevo je vy-
sledkem na prvni sadé obrazku (bez useknuti). Obrazek vpravo je vysledkem na useknu-
tych obrazcich.

18 T T T T T T

16

14

12

40 50 60

Obrazek 3: Vysledek 2. pfipadu (vyber 3 pfiznakd z 66 invarianti metodou SFFS) na
puvodnich (neuseknutych obréazcich). Sloupec odpovida indexu invariantu a vyska sloupce
poctu vybrani.
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Obrazek 4: Vysledek 2. pfipadu (vyber 3 pfiznakd z 66 invariantti metodou SFFS) na
useknutych obrazcich. Sloupec odpovida indexu invariantu a vyska sloupce poc¢tu vybrani.

ZAavér

V nasi praci jsme pouzili afinni momentové invarianty ke klasifikaci realnych obrazki
(databéze listti doplnénd dodateénymi transformovanymi obréazky). K vybéru ptiznaki
jsme pouzili nékolik standardnich metod a snazili jsme se na zakladé vysledkid nalézt
néjaké zakonitosti nebo rady pro vybér priznaki.

Zjistovali jsme, jak si metody na vybér priznaki poradi se skutec¢nosti, Ze mezi 66
invarianty s kterymi jsme pracovali, je mozné vybrat maximalné deviticlennou nezavislou
mnozinu, pfi¢emz zavislosti mezi invarianty jsou i nelinearni. V prvnim piipadé (vybér
z 10 ptiznakt) bylo jasné vidét, ze piiznaky I5 a I1g, o kterych vime, Ze jsou soucésti
polynomialni zavislosti uvnitt prvni desitky pfiznakt, jsou pfi vybéru velice netspésné.
Je ale mozné, Ze to muze spiSe souviset s néjakou jejich samostatnou vlastnosti (oproti
nezavislosti, coZ je vlastnost skupiny ptiznaki), jelikoz tspésnost klasifikace na zakladé
téchto priznakt pii pouziti pouze jednoho priznaku byla vyrazné horsi nez v pripadé
jinych ptiznakil v prvni desitce invariantt.

Z teorie je ziejmé, ze je vyhodné klasifikaci délat jen na nezavislych priznacich, ale
diky existenci polynomidlnich zavislosti je nezavislda mnozina zndma jen v prvni desitce
invarianti (8 pfiznaki je nezavislych). Na datech, s kterymi jsme pracovali, bylo nejcastéji
maximalni uspésnosti dosazeno za pomoci dvou nebo tii pfiznakt a pfidavani dalsich
priznaki jiz ispésnost nezlepsovalo. Z tohoto divodu v nasem piipadé nehrali zavislosti
tak velkou roli (existuje mnoho nezavislych mnozin invariant o velikosti dva nebo tii)
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a proto byly v nékterych pripadech uptrednostnovany priznaky i s vysokym pofadovym
¢islem, které se hodily na konkrétni dvojici t¥id. Pro detailnéjsi prozkoumani chovani
vybérovych metod viici zavislostem mezi invarianty by bylo tfeba pouzit data, pro jejichz
klasifikaci je zapotiebi vice ptiznakd.

Skala tispésnych piiznakl je pomérné sirokd, ale neni rovnomérna, z ¢ehoz plyne, Ze
konkrétni tspésné priznaky zaviseji na konkrétni dvojici tfid a neni mozné predem za
slozitych zavislosti mezi invarianty ovsem nelze plné spoléhat na spolehlivost vybéru po-
moci metod na vybér pfiznaki (zejména v pripadé metod pracujicich na zakladé korelaci
nebo normélnich rozdéleni) a je nutné vyuzivat teoreticky znamych nezavislych ptiznaki
spolecné s priznaky vybranymi vybérovymi metodami.

Zajimavym zjisténim prace bylo, ze pro klasifikaci jsou upfednostiiovany priznaky s
nizkym poradovym c¢islem, zejména z prvni desitky. Naslo se ale i velké mnozstvi tspés-
nych invarianti s vyssim poradovym c¢islem. Vétsinou je spojovalo to, ze maji v porovnani
s okolnimi priznaky nizsi vahu nebo rad. Dtivodem je zfejmé to, Ze takovéto priznaky jsou
diky niz$im fadiim momentii a mensimu poctu ¢lenti odolnéjsi viac¢i numerickym chybam
(z diivodu vzorkovani) a mira informace v nich je oproti velikosti numerické chyby vy-
znamnéjsi.
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Abstract. This paper is concerned with the reliability of individual predictions in regression. It
is well known that predictions by regression models have for different inputs different reliability,
and if predictions by one regression model have a higher reliability than those by another in
some part of the input space, they can nevertheless be less reliable in another part. Therefore,
the reliability of individual predictions is a very important field of study. We describe conformal
predictors and some methods for estimating the reliability of individual predictions such as
sensitivity analysis or local modeling of prediction error. Finally, we carry out a simulation to
compare the methods in an experiment.

Keywords: conformal predictors, sensitivity analysis, regression

Abstrakt. Tento ¢lanek se zabyva spolehlivosti pro jednotlivé odhady v regresi. Je znamo,
ze predikce regresnich modeld maji pro rtzné vstupy riznou spolehlivost. Predikce jednoho
modelu muze byt spolehlivéjsi pro néjakou mnozinu vstupid nez predikce jiného modelu, ale
spolehlivost pro jinou mnozinu vstupli mize byt pro tento model niz§i. V ¢lanku popiSeme kon-
formni predikci a dalsi metody odhadi spolehlivosti v regresi, jako napiiklad analyzu citlivosti
nebo lokalni model chyby odhadu. Nakonec provedeme simulaci, abychom jednotlivé metody
srovnali i experimentalné.

Klicovd slova: konformni predikce, analyza citlivosti, regrese
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Abstract. This contribution is devoted to the study of positional numeration systems with
negative base introduced by Ito and Sadahiro in 2009, called (—()-expansions. We give an
admissibility criterion for a more general case of (—/f)-expansions and define the set of (—f3)-
integers, denoted by Z_g. We give a description of distances within Z_g and show that this
set can be coded by a biinfinite word over an infinite alphabet, which is a fixed point of an
antimorphism.

Full version of this contribution, Substitutions over infinite alphabet generating (—(3)-integers,
was published in Electronic Proceedings in Theoretical Computer Science [2]|, and the proofs of
given theorems can be found in paper [3] to appear in Theoretical Computer Science, and in
preprint [1].

Keywords: numeration system, infinite word, antimorphism

Abstrakt. Tento piispévek zkouméa pozi¢ni numeracni systémy, které v roce 2009 definovali
Ito a Sadahiro, tzv. (—(3)-rozvoje. Formulujeme podminku pro piipustnost Fetézci cifer pro
obecné&jsi pripad (—/f)-rozvoji a definujeme mnozinu (—/f)-celych ¢isel, znacenou Z_g. Dale
ukdzeme jak spocitat mezery mezi po sobé jdoucimi (—(3)-celymi ¢isly a jak kodovat mnoZinu
Z_g pomoci oboustranné nekonecného slova nad nekonecnou abecedou, které je pevnym bodem
jistého antimorfismu.

Nezkracena verze tohoto pfispévku, Substitutions over infinite alphabet generating (—f)-
integers, byla publikovana v Electronic Proceedings in Theoretical Computer Science [2] a dikazy
uvedenych tvrzeni lze najit v ¢lanku |3| pfijatém k publikaci v Theoretical Computer Science a
v preprintu [1].

Kli¢ovd slova: numeracni systém, nekonecné slovo, antimorfismus

1 b-expansions

In 1957, Rényi introduced positional numeration system with positive real base § > 1,
called B-expansions (see |8]). We can reformulate his definition in a more general way, such
that it also covers an analogous numeration system with negative base, (—/)-expansions,
introduced by Ito and Sadahiro in 2009 (see [6]).

*This work was supported by the Czech Science Foundation, grant GACR 201/09/0584, by the
grants MSM6840770039 and LCO06002 of the Ministry of Education, Youth, and Sports of the Czech
Republic, and by the grant of the Grant Agency of the Czech Technical University in Prague, grant No.
SGS11/162/OHK4/3T/14.
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Definition 1. Let b € R, [b| > 1 be a base and consider x € [l,1+ 1), where | € R is
arbitrary fized. We define the b-expansion of x as the digit string d(r) = x1x9x3 - - -, with
digits x; given by

= [0 (@) = 1], (1)

where T'(x) stands for the b-transformation
T:[0l+1)—=[,l+1), T(x)=br—|bx—1]. (2)

It holds that

X ? + ﬁ + ﬁ +
and we use the notation d(z) = x1x9x3---. Let us remark that the case b=/ >1,1=0
coincides with Rényi definition of (-expansions and the case b = —3 < —1,1 = —%
corresponds to Ito and Sadahiro (—f3)-expansions.
In the following we consider the negative base case b = —(3 < —1 with the condition

[ € (—1,0]. This choice of | guarantees the existence of (—()-expansions of all real
numbers. The set of digits used in (—f)-expansions depends on the choice of both 3 and
[ and can be calculated directly from (1) as

A= {[-B+1) = B,.... [-l(B+1)]}. (3)

Let x € R. Thanks to the fact that 0 € [I,{ + 1), there exists an integer k, such that
ﬁ € [l,l+1) and d(ﬁ) = TpTp_1%k_2 . The (—0)-expansion of z is then defined
as

(T)_p = TpXp—1 - T1TO @ T_1T_9- - .

Note that the similar procedure works also for all cases b = § > 1 with [ € (—1,0] and
it gives unique expansions of all reals. However, the uniqueness of (x)_g in the negative
base case will still have to be discussed.

2 (—p)-admissibility

The so-called alternate order was used in the admissibility condition by Ito and Sadahiro
and it will work also in the general case. Let us recall the definition. For the strings

u,v € (A_g)), u=wujuguz--- and v =vv05---

we say that u <4 v (u is less than v in the alternate order) if wu,,(—1)™ < v, (—1)",
where m = min{k € N | u; # v }. Note that standard ordering between reals in [[,[+41)
corresponds to the alternate order on their respective (—()-expansions.

Definition 2. An infinite string xixoxs - -+ of integers is called (—f3)-admissible (or just
admissible), if there exists an x € [I,1+ 1) such that x xoxs - - - is its (—[3)-expansion, i.e.
T1Tox3 -+ = d(x).

We give the criterion for (—f)-admissibility (proven in [3]) in a form similar to both
Parry lexicographic condition (see [7]) and Ito-Sadahiro admissibility criterion (see [6]).
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Theorem 3. ([3|) An infinite string x1x9x3 - - - of integers is (—3)-admissible, if and only
if

Lisly -+ R i1 Tigo -+ < T1r2rs -+, forall i >1, (4)
where lylals - = d(l) and ryrors--- =d* (I + 1) =limo+ d(l + 1 —€).

3 (—[0)-integers

In the following, (—/)-admissibility will be used to define the set of (—(3)-integers. How-
ever a further discussion concerning the uniqueness of (—f)-expansions is needed. In the
following example we show, that non-invariance of the interval [[, [+ 1) under division by
—( can cause problems.

Example 4. Let § be thge greater root of the polynomial x> — 2z — 1, i.e. =1+ /2,
and let 1,1+ 1) = [ — 57, 5o7) - Note that 5[0+ 1) ¢ [I,1+1).
If we want to find the (—f3)-expansion of number xz ¢ [l,l+1), we have to find such

keN that —oF € [l,l+1), and then use d( ) ) to get the expansion of x. The problem

is that, in geneml different choices of the exponent k may give different (—(3)-admissible
digit strings which all represent the same number x.

Let us find possible (—3)-expansions of 1. It can be shown that by various choices of
k we obtain five possible expansions:

le0¥ = 12000¥ = 13210e0¥ = 13222100 = 132222210e0“.

However, only one of these digit strings possesses the property of being admissible even if
we add the prefiz 0 to its left end. For allz € R, > 1 and | € (—1,0], this unique digit
string exists and we use it to define the unique (x)_g for all real x.

Definition 5. Let > 1, 1 € (—1,0]. The set of (—()-integers is defined as

e
—_

Z 5= {x = ai(—ﬂ)i‘ Oag_1a_3 - - ayap0” is admissible} .

i

Il
o

A phenomenon unseen in Rényi numeration arises, there are cases when the set of
B)- 1ntegers is trivial, i.e. when Z_g = {0}. This happens if and only if both numbers

and —= are outside of the interval [,/ + 1). This can be reformulated as

(=
i
g 5

1 1
= - < —.
Z_3={0} & (< ;i and [ < 1

Let us define a “value function” v. Consider a finite digit string xy_; - - - £120, then
Y(xp_1, - T170) = Zf:_ol 2;(—B)%. In order to describe distances between adjacent (—3)-
integers, we will study ordering of finite digit strings in the alternate order. Denote by
S(k) the set of infinite (—()-admissible digit strings such that erasing a prefix of length
k yields 0% i.e. for k£ > 0, we have

S(k) =A{ar_1ak_2---ao0” | ax_1ax_s - - -ao0* is (—/)-admissible} ,



28 D. Dombek

in particular S(0) = {0“}. For a fixed k, the setS(k) is finite. Denote by Max(k) the
maximal element in S(k) with respect to the alternate order and by max(k) its prefix of
length k, i.e. Max(k) = max(k)0%. Similarly, we define Min(k) and min(k). Thus,

Min(k) <at 7 Sa Max(k), for all digit strings r € S(k).

Theorem 6. ([1]) Let x <y be two consecutive (—f3)-integers. Then there exist a finite
string w over the alphabet A_g,;, a non-negative integer k € {0,1,2,...} and a positive
digitd € A_z;\{0} such that w(d—1)Max(k) and wdMin(k) are strongly (—f3)-admissible
strings and

r=7y(w(d—1)max(k)) < y=y(wdmin(k)) for k even,

x = y(wdmin(k)) < y=7(w(d—1)max(k))  fork odd.
In particular, the distance y—x between these (—[3)-integers depends only on k and equals
to

Ay = )(—W + 7 (min(k)) — y(max(k))) . (5)

4 Coding Z_3 by an infinite word

Let us now describe how we can code the set of (—()-integers by an infinite word over
the infinite alphabet N.
Let (z,)nez be a strictly increasing sequence satisfying

20=0 and Z_g={z,|ne€Z}.

We define a bidirectional infinite word over an infinite alphabet v_z € N% which codes
the set of (—f)-integers. According to Theorem 6, for any n € Z there exist a unique
k € N, a word w with prefix 0 and a letter d such that

Zni1 — 20 = |7(w(d — 1) max(k)) — v(wd min(k))| .
We define the word v_g = (v;)iez by v, = k.

Theorem 7. ([1]) Let v_g be the word associated with (—3)-integers. There exists an
antimorphism ® : N* — N* such that ¥ = ®? is a non-erasing non-identical morphism
and U(v_g) = v_g. ® is always of the form

O(2l) = Su(20+ )Ry and ®(21 + 1) = Ryy1(20 + 2) o1,

where u denotes the reversal of the word v and words R;, S; depend only on j and on
min(k), max(k) with k € {j,j + 1}.

As it turns out, in some cases (mostly when reference strings lylsl3 - -+ and ryrors - - -
are eventually periodic of a particular form) we can find a letter-to-letter projection to a
finite alphabet II : N — B with B C N, such that u_g = IIv_g also encodes Z_z and it
is a fixed point of a an antimorphism ¢ = Il o ® over the finite alphabet B. Clearly, the
square of ¢ is then a non-erasing morphism over B which fixes u_g.

Let us mention that (—/3)-integers in the Ito-Sadahiro case [ = —%
of [9]. For 8 with eventually periodic d(l), Steiner finds a coding of Z_z by a finite
alphabet and shows, using only the properties of the (—()-transformation, that the word
is a fixed point of a non-trivial morphism. Our approach is of a combinatorial nature,
follows a similar idea as in [1] and shows existence of an antimorphism for any base (3.

are also subject
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Abstract. Identification of acoustic sources is a great deal and the most important problem
emerging in biomedical applications and nondestructive testing. We present the basics of time
reversal Acoustic Emission (AE) principle and point out the advantages of AE nondestructive
testing for localization and classification of acoustic sources. This approach provides the tool
for the defect localization by means of the reversal wave focusing in nonlinearity position in
the material under consideration. Also, using time reversal (TR) acoustics to AE signal, we
are able to perform so-called experimental deconvolution. That means we are able by means of
TR acoustics to eliminate the influence of material properties and AE sensor characteristics in
measured signal. Consequently, we obtain convolutional signal in the closest neighborhood of
acoustic source, which gives us the pure image of the real characteristics of AE source after de-
convolution process applied to the signals detected. We describe the mathematical background
for backside deconvolution through the Green functions. Further, we derive basis for experi-
mental deconvolution by means of time reversal acoustics and Fourier transform. Finally, we
design the laboratory settings realizing experiments for AE signal deconvolution of the reversed
signals measured by the AE sensor centering to the position of the defect. Our first experiment
of experimental deconvolution was measured at the Institute of Thermomechanics, Academy of
Science of the Czech Republic, on small aircraft component — a steering actuator bracket. This
experiment confirmed our expectation.

The whole contribution will be published in Proceedings of NDT in Progress 2011,
10.-12.10.2011, Prague.

Keywords: TRA, Green function, experimental deconvolution, acoustic emission

Abstrakt. Uréovani zdroje akustické emise je velmi dilezitou tlohou jak v biomedicindlnich
aplikacich tak i v nedestruktivnim testovani materidlu. V ¢lanku shrnujeme zaklady time
reverzalni akustiky (TRA) a vyhody aplikace akustické emise pii klasifikaci a lokalizaci defektu
v materalech. Pouziti time reverzni akustiky pro hledani nelinearit v materialu je i¢innym pos-
tupem pro lokalizaci defektii. Pomoci TRA jsme schopni téz provést tzv. experimentalni dekon-
voluci, tedy jsme schopni pomoci TRA odstranit vliv materidlovych vlastnosti na méfeny signél.
Tim dostdavame signél, jez je velmi podobny puvodnimu signalu ze zdroje akustické emise, a
tudiz jsme schopni pfesnéji urcit typ zdroje akustické emise. V praci popisujeme matematicky
zéklad pro dekonvoluci a vlastnosti Greenovy funkce. Dale jsme odvodili zaklady experimentalni
dekonvoluce pomoci TRA a Fourierovy transformace. Rovnéz jsme navrhli experiment, kde jsme
porovnah klasifikaci pred a po experimentalni dekonvoluci. Tento nas experiment byl proveden
na Ustavu termomechaniky, Akademie véd CR na malé soucéstce letadlového podvozku, ktera
byla podrobena zatézovému testu.
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Cely ¢lanek byl uplikovan v Proceedings of NDT in Progress 2011, 10.-12.10.2011,
Prague.

Klicova slova: TRA, Greenova funkce, experimentalni dekonvoluce, akustickd emise

References

[1] Aki K., Richards P. G., Quantitative Seismology. University Science Books, 2002.

[2] Chlada M., Prevorovsky Z., Blahacek M., Neural Network AE Source Location Apart
From Structure Size and Material Journal of Acoustic Emission, 28, 99-108, 2010.

[3] Fink M., Time-reversed Acoustics. Rep. Prog. Phys., 63, 1933-1995, 2000.

[4] Klibanov M.V., Timonov A., On the Mathematical Treatment of time reversal, In-
stitute of physics publishing. Inverse Problems, 19, 1299-1318, 2003.






Introduction to Total Least Trimmed Squares
Estimation

Jiri Franc

2nd year of PGS, email: jiri.franc@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Jan Amos Vigek, Department of Macroeconomics and Econometrics,
Faculty of Social Sciences, Institute of Economic Studies, Charles University
in Prague

Abstract. In this paper we introduce the robustified version of total least squares, called total
least trimmed squares. This method is the proper estimation in error-in-variables model, if
outliers in datasets occur. We give different formulations of the estimator, obtain its breakdown
point and show some properties. We summarize main information and recent developments in
algorithms and computation. Small computational experiments on sets of benchmark instances
show that the proposed algorithms performs well and gives reasonable estimation in sufferable
computational time.

Keywords: robust regression analysis, error in variables mode, robustified total least squares, to-
tal least trimmed squares, mixed least trimmed squares - total least trimmed squares, breakdown
point.

Abstrakt. V tomto ¢lanku predstavime robustni verzi metody nejmensich totalnich ¢tverct
nazvanou totalni nejmensi usekané ¢tverce. Tato metoda je vhodnd zejména pro modely kde je
jak zavisla tak nezavisl4 proménna meérena s ndhodnou chybou a v datech se mohou vyskytovat
odlehld pozorovani. Uvedeme razné formulace odhadu, spoc¢teme jeho bod zlomu a ukidzeme
nékteré jeho vlastnosti. Déle shrneme nejnovéjsi vyvoj ve zptsobu vypoctu totélnich nejmensich
usekanych ¢tverci a predstavime vhodné algoritmy. Nakonec provedeme nékolik experimenti
na vzorku testovacich dat s riznymi parametry, které nam ukézi, ze odhad dava rozumné feSeni
v pfipustném vypocetnim case.

Klicovd slova: robusti regresni analyza, metoda robustifikovanych totalnich ¢tvercd, metoda
totalnich nejmengich usekanych ¢tverct, bod zlomu, invariantnost odhadu

1 Introduction

The total least square (TLS) method is one of several linear parameter estimation method
that has been proposed to solving a multivariate measurement error models. Let us
consider the overdetermined set of linear equations

Y ~ X3°,

where Y € R™! is vector of response (dependent) variable, X € R™ P matrix of predic-
tors (independent variables), 3 € RP*! unknown parameter vector and we have more
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equations than unknowns, i.e. n > p. Our aim is to find such a linear model that ex-
plains the data set. The classical regression approach, such as ordinary least squares
(OLS) technique, assumes that the matrix X (measurements of independent variables)
is error free and hence, all errors are confined to the dependent variable. When this
condition is broken, then not only OLS estimate of parameter 5° is inconsistent. The
assumption of error free measurements of response variable is frequently unrealistic, es-
pecially in econometrics or engineering applications were human, sampling or modeling
errors occur. The TLS method is motivated by this asymmetry, where the dependent
variable Y is corrected while the independent variables X not. The idea is to modify
(correct) all data points in such a way that some norm of the correction is minimized sub-
ject to the constraint that that the corrected vectors satisfy a linear relation. Although
the history of TLS technique is very long and the method is also known as orthogonal
regression or errors-in-variables method, it became popular as lately as in last 20 years
after the paper of Golub and Van Loan |2] and book of Van Huffel and Vandewalle |12].
The good paper that summarizes the recent development in TLS is [5]. According to
these works we define the ordinary total least squares.

Given an overdetermined set of linear equations Y ~ X% The total least squares
problem seeks to

BTLSm) _ o I[e,O]]l» subject to Y +e=(X+0O)p. (1)

BTLSm) s called a TLS solution to the problem (1) and [e, ©] is called the corresponding
TLS correction.

The suitable norm used in previous definition of the TLS problem is called the Frobe-
nius norm and for the matrix X is defined as follows

min{n,p} rank

i ixfj = /trace(XTX) = Z ol =
i=1

i=1 =1

Xz =

(X)
2
Ui’
1

1=

where o0;’s are the singular values of the matrix X.

Let us consider an n-element point set P € RPT! whose ith point is denoted by p;,
iLep; = (Xi1, .., X, Yi)T. A model parameter vector 3 corresponds to a p-dimensional
hyperplane, which we will denote by p(f) or simply p. The residual d;(p) is defined
to be the signed orthogonal distance from p to p;. In this formulation the total least
squares problem is equivalent to computing the hyperplane that minimizes the sum of
the squared orthogonal distances from the data points p; to the fitting hyperplane p. The
normal vector of the hyperplane p is v = [ﬂT, —1]T and the formula for the orthogonal

distance of point p; € RP! from the hyperplane p is

’I/T(A —pi)}

v

Y
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where A € p is arbitrary point. Then we can formulate the total least square problem as

o]
n [ﬁT>_1} [ Z:|
purLsm  _ argmlnz}y fll 2l Zafgmmz 1157 1]1;2

BER? i1
Xi
= argmin 2Z| Xﬁ| —argmmM.
B T S o

It tell us that while the OLS minimizes a sum of squared residuals (vertical distances),
TLS minimizes a sum of weighted squared residuals. The TLS weights the residuals by
multiplying them with inverse of the corresponding error covariance matrix in order to
derive a consistent estimate. In spite of the TLS theory connects the algebraic and nu-
merical mathematics with statistics, there are not so many papers from the statistical
point of view. The introduction into this field is for example in 10| and for further read-
ing we can recommend [9] and [11].

(2)

In practice multivariate datasets contain often outliers, that is, data points that devi-
ate from the usual assumptions or from the linear pattern formed by the majority of the
data. If we apply classical statistical method such as TLS to these datasets we can obtain
a misleading estimation. Our goal is to develop methods based on TLS technique that
are robust against the possibility that one or several outliers may occur anywhere in the
data. We focus on high-breakdown methods, which can deal with a substantial fraction
of outliers in the data and is computationally efficient. We consider the idea of trimming
bad observations proposed in least trimmed squares estimator (LTS) by Rousseeuw [6]
and adapt it to TLS.

2 Total least trimmed squares

The total least trimmed squares method (TLTS) is based on the principle of robustifi-
cation of OLS introduced by Rousseeuw |6] and developed by Rousseeuw and Leroy |7].
The estimator is based on the trimming of influential points, which is supposed to be
outliers, and minimizes the sum of the h smallest squared orthogonal distances of data
points p;’s from the pth dimensional fitting hyperplane p([3).

The j-th orthogonal distances is denoted by d;(/) and defined by

Y, - X Tﬂ
d;(3) = ‘ T |
I=1. 6710
The TLTS estimation is defined by
h
A(TLTS,n,h) __ — are min d2- :
s gm > di

where h is an optional parameter called coverage and satisfying § < h < n, d%i) is the
i-th least squared orthogonal distance, i.e. for any g € R?

A2y (B) < diyy(B) < ... < d7,,)(B).
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Since TLT'S has the infinite local sensitivity, we can define the total least weighted squares
(TLWS) estimator. TLWS is based on the idea of an implicit weighting and multiply the
squared orthogonal distances by a weights from (0, 1). The definition and more details are
in [1|. However, TLTS gives in overwhelming majority sufficiently good results as TLWS
and for small datasets we have for TLTS in contrast to TLWS an useable exact algorithm.

If we consider the model with intercept or some columns of X are known exactly,
the TLS solution does not give the accurate estimation. It is natural to require that the
corresponding columns of the data matrix X be unperturbed since they are known exactly.
The generalization of the TLTS approach is called mixed least trimmed squares - total
least trimmed squares (LTS-TLTS) estimator and it minimizes the sum of the i smallest
squared distances, which is given as the sum of both parts (orthogonal and vertical).
To solve the mixed LTS-TLTS problem we us QR factorization. At first we solve the
ordinary TLS problem of reduced dimension and after that we compute the components
corresponding to non-perturbed variables. The detailed description of classical mixed
LS-TLS is in [12]| and the proper definition of its robustified version in [1].

3 Properties of total least trimmed squares

TLTS has some nice properties and may become the most popular robust estimation tech-
nique for error-in-variables models as L'T'S is for classical regression. The first important
properties is that the solution of TLTS always exists. The TLTS estimator minimizes
the objective function S | d%i), where h is to be chosen between n/2 and n. This is
equivalent to finding the subset of size h with the smallest TLS objective function. The
TLTS estimate of the unknown parameter 3° is then the TLTS estimate of that subset.

Since we want to have robust estimator, we have to show the resistance of TLTS
against the occurrence of outliers. The most widely used measure of robustness is the
finite sample breakdown value (breakdown point), which is a global measure of reliability
and says when an estimator “still gives some relevant information”. The breakdown value
of a regression estimator 7" at a dataset D is the smallest fraction of outliers that can
have an arbitrarily large effect on breakdown value. It is denoted by ¢ (7, D) and the
formally definition, due to [3] is following.

Let D = {(X11,.--, X1, Y1), ooy (Xn1y oo, Xip, Yi)} be a sample of n data points,
and let T be a regression estimator so that ﬁ = T(D). Consider all possible corrupted
samples D’ (submatrix of D) that are obtained by replacing any m of the original data
points by arbitrary values.

The breakdown value of the estimator T at the sample D is defined as

£1(7:D) i= i { ssup [7(D)  T(D)] =0 |

If supp, ||T'(D’) — T(D)|| is infinite, this means that m outliers can have an arbitrary large
effect on 7T then the estimator “breaks down”. So the breakdown value is the smallest
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fraction of contamination that can cause the estimator 7' fails. Note that this break-
down value usually does not depend on given dataset D and depends only slightly on
the sample size n. The limit of £ (7") for n — oo gives the asymptotic breakdown value
e*(T') which is the value that is usually called breakdown point of given estimator and
denotes in percents. For robust estimators, the breakdown point should be more than
0 % and the highest breakdown point that can be achieved is 50%, this estimators are
called high-breakdown.

If the data come from a continuous distribution, the breakdown point of the TLTS
estimator for any integer h with [(n +p+1)/2] < h <n'is

n—h-+1

en(TLTS,h) = —

The maximum breakdown value is reached for h = [(n + p + 1)/2], when the breakdown
point e*(T'LTS, h) = 50%, whereas h = n gives the TLS estimator with breakdown point
equal to 0%. To prove the previous statement we have to find lower and upper bound.
First we show that ¢} (T'LTS,h) < (n — h+ 1)/n. From the definition of the breakdown
point is obvious that we have to show, that we can always construct a corrupted sample
D’ with (n — h + 1) observations, such that the TLTS estimation breaks down. Let us
define 3 = /@TLTS’”JL(D), B = ﬁTLTS’”’h(D’), and take some M > 3. Further define
Myx = max; || X;||. Now we set all (n — h + 1) corrupted observation equal to the point
(X,Y) = (X, M,M? + K) for which || X|| = M, and K > 0. These replaced observations
satisfy
X681 < X8 < [XIM = MM < MyM? + K = Y

and thus
B |YZ-—XZ-T5\ S Y:| — |XZ-T6| S M. M?+ K — M, M B M, MM —-1)+ K
=187 = T+ (BT ~ VMZ+ 1 VS

Since (n —h + 1) > n — h we obtain

d;(5)

h
M, M(M -1 K
Zd2 S ( ) +

@) M2 41

i=1

and since we can choose K arbitrary large the minimum of the objective function of TLTS
will not be reached for ||3]] < M. As ||5'|| > M and letting M go to infinity causes the
TLTS estimation to break down. The lower bound needs more complicated construction,
but the proof is similar as in previous case and as for the LTS estimation (see [7]| chapter
3). It has to be shown that if we replaced n — h points in the original sample the TLTS
estimation does not break down, i.e. || — (4’| is bounded.

The upper bound we have to prove by another way than Rousseeuw and Leroy did in
[7] for LTS. They showed that any regression equivariant estimator 7" satisfies

51
n

e (T,D) <
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at all samples D. But unfortunately our TLTS estimator does not have this desirable
property.

We can mention that any estimator ﬁ is
e regression equivariant if ﬁ(X, Y +Xv) = ﬁ(X, Y) + v, where v is any p x 1 vector.
e scale equivariant if 3(X,cY) = ¢3(X,Y) , where ¢ is any scalar.

e matrix affine equivariant if B(XA,Y) = A‘lﬁ(X,Y) , where A is any p X p non-
singular matrix.

It is easy to prove by finding simple univariate examples that both ordinary TLS and
TLTS do not satisfy any mentioned equivariance. We proved it on computer for small
datasets with 10 observations.

As well as most robust estimators, if we want to use TLTS, we have to make a compro-
mise between robustness and efficiency. If we do not have any prior information about the
occurrence of outliers, but we are sure that the data contains less than 25% of contamina-
tion, a good compromise between breakdown point and statistical efficiency is obtained
by putting h = floor(0.75 - n), yielding an breakdown point of 25%.

The investigation of further properties such as consistency or asymptotic normality is
task of future work.

4 Computation of total least trimmed squares

The computation of LTS estimates is not a straightforward task. The optional function
of TLTS is continuous, non-convex, non-differentiable and has multiple local minima,
whose number commonly rises with the number of observations and unknowns. It is
obvious that the TLTS estimator coincides with the TLS estimator for the subset of h
observations whose sum of squared orthogonal distances is minimal. Since the classical
finite exhaustive algorithm has to compute the sum of squared orthogonal distances for
all (Z) subsets, for large datasets in high dimensions it is practically not feasible to find
the exact solution. In [1] we proposed the non-exhaustive exact algorithm based on a
branch-and-bound (BAB) technique. This BAB algorithm slightly extends the set, for
that we can compute the exact solution, but still the number of observations should be
less than 60 and p < 6. For larger datasets with more observations and unknowns it is
necessary to use some approximating algorithm. We developed the resampling algorithm
for TLTS based on the idea of PROGRESS algorithm for LTS proposed by Rousseeuw
and Leroy [7| and improved into FAST-LTS algorithm by Rousseeuw and Van Driessen in
[8]. The algorithm is very simple and aims to find the h-subset which yields the smallest
objective function. The algorithm usually finds a local minimum which is close to the
global minimum, but not necessarily equal to that global minimum. A key element of the
algorithm is the fact that starting from any h-subset, it is possible to construct another
h-subset yielding a lower value of the objective function.
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The simple description of this algorithm is following:

e suppose we have an h-subset H,; with corresponding TLS-estimate ESZ;LS’”),

e compute the orthogonal distances d; for all points from the hyperplane p(ﬁélj;fs’n)),

o set H,e, := {h observations with smallest orthogonal distances d;}.

The TLS estimate B,%S’"’, based on H,,, and its corresponding orthogonal distances
then yield a value of the objective function that is smaller or equal to that of H,4. The
idea of the algorithm is to construct many different initial h-subsets, apply previous steps
until convergence, and keep the solution with the lowest value of the objective function. If
we have small datasets and we construct the initial h-subset from a random (p+1)-subset
more than thousand times, we usually obtain the global minimum. For large datasets we
can not verify the optimality of the solution.

In spite of the algorithm gives reasonable estimations and is very fast, Hawkins and
Olive [4] proved that elemental concentration algorithms are zero breakdown and that
elemental basic resampling estimators are zero breakdown and inconsistent. For example
the breakdown point of concentration algorithms that use K elemental starts is bounded
above by K/n. For example if 100 starts are used and n = 10000, then the breakdown
value is at most 1%. To cause a algorithm to break down, simply contaminate one
observation in each starting elemental set. Since K elemental starts are used, at most
K points need to be contaminated. Consequently, for small datasets we are using exact
BAB algorithm, which gives robust estimation and for large datasets we tried to use as
much as possible starting elemental sets.

5 Benchmark instances

In this small experimental study we use three widely used benchmark instances. All of
them are taken from [7] and have been studied by many statisticians in robust literature,
who in contrast to us assumed that independent variables were measured exactly and all
random error is only in dependent variable.

The first dataset is Hertzsprung-Russell Diagram of the Star Cluster CYG OB1, which
contains 47 stars in the direction of Cygnus, from C.Doom. The independent variable X is
the logarithm of the effective temperature at the surface of a star and Y is the logarithm
of its light intensity. The model with intercept is consider. Four stars, called giants, have
low temperature with high light intensity and represent outliers. The second datasets is
modified Wood Gravity Data. This is a real data set with five independent variables and
intercept. It consists of 20 cases and some of them were replaced to contaminate the data
by few outliers. The last dataset is called Hawkins, Bradu and Kass Data. This dataset
is artificial and have been generatedfor illustrating the merits of a robust technique. It
offers the advantage that at least the position of the good or bad leverage points is known.
The Hawkins, Bradu and Kass data consists of 75 observations in four dimensions. The
first ten observations form a group of identical bad leverage points, the next four points
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are good leverage while the remaining are good data. In all three cases we supposed that
there are mostly 20% of outliers in datasets and we set h = 0,8 - n. We investigate, if
our algorithms identify outliers and downweight them (“% success”). Further we observed
the CPU computational time in seconds (“time”), the value of objective function (S) and
the estimated parameter ﬁ All computations were performed in MATLAB on personal
computer with 1826 Mhz processor. The resampling algorithm used 10000 initial p-subset
estimates. Results are summarized in the table 1.

Data Algorithm n|p S | CPU time | % success BUITS-TLTSn,h=0,8n)
Stars resampling | 47 | 2 5.8739 8.9844 96 (—21.54,5.98)T
BAB | 47 | 2| 4.9733 | 381.6406 100 (—16.05,4.75)T

Wood resampling | 20 | 6 0.0089 9.6563 90 | (0.63,0.97,—3.87,—0.49, —0.87,0.60)T
BAB | 20 | 6 0.0008 0.4219 100 | (0.36,0.22, —0.12, —0.57, —0.42,0.64)T

Hawkins | resampling | 75 | 4 | 29.0801 17.5620 100 (—0.42,0.19,0.16, —0.16)T

Table 1: Performance of the mixed LTS-TLTS algorithms on three small data sets.

6 Conclusion

In this paper we summarized existing knowledge on the robustified total least squares
method, introduced TLTS estimator and its modification. We mentioned some proper-
ties of TLTS, investigate and explain its behavior and prove its positive breakdown point
which depends on the subset size h to be chosen by the user. The choice of A is a option
between efficiency and breakdown. We discussed the advantages and disadvantages of
different algorithms to calculate an estimate. In the last section we showed some results
and performance of mentioned estimators and algorithms and discussed them. Further
work will focus primarily on prove properties of TLTS such as consistency and improve-
ment of branch-and-bound algorithm.

All MATLAB source codes of all algorithms mentioned in this paper may be obtained
on request without charge from the author.
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Abstract. This paper summarizes results published in Proceedings of the 17th European Young
Statisticians Meeting [1] and Proceedings of SPMS 2011 [2]. This two articles deal with minimum
distance estimates of unknown parameter 6. Two modification of well known Cramér—von Mises
distance are defined and statistical properties of the corresponding estimators are investigated.

Keywords: minimum distance estimates, Cramér—von Mises distance, consistency, robustness

Abstrakt. Tento ¢lanek shrnuje vysledky publikované v Proceedings of the 17th European
Young Statisticians Meeting [1] a Proceedings of SPMS 2011 [2]|. Tyto ¢lanky se zabyvaji odhady
metodou s minimalni vzdalenosti neznamého parametru 6g. Jsou definoviny dvé modifikace
znamé Cramér—von Mises vzdalenosti a jsou zkoumény statistické vlastnosti jim odpovidajicich
odhadii.

Klicovd slova: odhady s minimalni vzdalenosti, Cramér—von Mises vzdalenost, konzistence, ro-
bustnost

1 Summary

We investigate minimum distance estimators based on two different modifications of
Cramér—von Mises distance. We proposed this modifications due to improve robustness
and consistency properties of Cramér—von Mises estimate. First modification is called
generalized Cramér—von Mises distance (GCM) and is defined by replacing the second
power in the original formula by general power.

deom(F,G) = /(F(x) — G(2))P?dF (), where p is even, and ¢ is odd.

Neither original CM distance nor GCM distance are symmetric and therefore there are
two possibilities how to define minimum distance estimate based on this distance. We
can search for minimum of (1) or (2)

dacu(Fu Fa) = [ (Fu(@) = Bo@))1dFu(o) = £ Y (Fola) ~ Fue)?" ()

1=1

decri(Fy, Fy) = / (Fy(z) — Flz)P/dFy(z). (2)

*This work has been supported by the grant SGS 10/209/OHK4/2T /14
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The integral form (2) could be simplified by straightforward calculating to the expression
more appropriate for simulation purposes.

[ - Fu)pirars(e) = L [ - =7~ (R -9 7). @

P+

The second investigated modification is so called Kolmogorov—Cramér distance de-
fined as distance between empirical distribution function F), and theoretical distribution
function F in the following way. Define a sequence (d;(F,, F'))3" by

di(F,, F) = (Fu(x;) — F(x;))P9 fori=1,...,n, (4)
dons1—i(F, F) = (Fp_ () — F_(x;))?/4 fori=1,...,n, (5)

where F,_(x;) = lim,_,,_ F,(z) and similarly F_(z;) = lim,_,,_ F(z), p is even, ¢ is
odd. Then we define KC distance

dic(Fo, F) = Zda F,, F), (6)

where d;)(F,, F') denotes ordered sequence of (d;(F,, F))i" and m is an integer less or
equal to 2n. The distance is called Kolmogorov-Cramér because for choice m = 1 it con-
verts to p/q power of Kolmogorov distance. Obviously the corresponding MD estimator
is the same as for standard Kolmogorov distance. And for m =n, p = 2, and ¢ = 1 the
KC distance becomes average of CM distance and CM distance with left limit instead of

For the KC distance estimate we are able to prove consistency of the order n in
the L;—norm and in the expected L;—norm under the assumption of finiteness of degree of
variation of the family {Fy, 0 € ©}. Moreover, the parameter m is allowed to depend on
the sample size n, we denote the distance as KOp. Let m = O(n?), 8 < p/2q. In this case
we do not achieve the n~'/2 consistency but only n~7 consistency, where v = 1/2 — 3q/p.
Unfortunately we have not such theoretical results for GCM estimate, but extensive
simulation study was produced to study its statistical properties experimentally and
results are as follows.

As simulations show, the minimum distance estimators with CM and GCM distance
posses consistency in the Li;—norm for all choices of parameters p,q with p/q € (0,2) if
the sample is non-contaminated and preserve some consistency even under contamination
up to the proportion € = 0.15. The character of their L;—consistency is almost the same
as for Kolmogorov estimator, which is proven to by L;—consistent. But under increasing
contamination proportion the Kolmogorov estimate loses its consistency in contrast to
CM and GCM estimates. Further, the best choice of p/q was established. The heavier
contamination is the smaller choice of p/q produces the best estimate. If the sample
is non-contaminated, the choice p/q near to zero produces faulty estimator. Thus, the
optimal could be the choice p/q ~ 0.2. For KC estimate we have proven L;—consistency
for non-contaminated sample. Under contamination KC estimate loses consistency in
contrast to KCp which preserve some. Regarding robustness if m is chosen fixed for
all n, the robustness of KC estimate depends on p/q only slightly. Situation differs if

~1/2
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the parameter m depends on the sample size n. There are two situations, if we choose
the parameter § as large as possible for the given value of p/q then the best results are
achieved for p/q = 2. On the other hand, if we fix the value of parameter (3, then the
smaller value of p/q the better results we gain.

To conclude, the GCM estimate is still more robust than the KC estimate, but not
proven to be consistent. Thus the proposed KC estimate partly integrates the good
properties of Kolmogorov and GCM estimates. These conclusions show us that it is
worth to study the robustness and efficiency of GM and KC estimate theoretically, not
only via simulations.
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Abstract. The Bidirectional Texture Function (BTF) is the recent most advanced representa-
tion of material surface visual properties. BTF specifies the changes of its visual appearance due
to varying illumination and viewing conditions. Such a function might be represented by thou-
sands of images of given material surface taken in different illumination and viewing conditions.
Resulting BTF size, hundreds of gigabytes, excludes its direct rendering in graphical applica-
tions, accordingly some compression of these data is obviously necessary. This paper presents
a novel probabilistic model based algorithm for realistic multispectral BTF texture modelling.
This complex but efficient method combines several multispectral band limited spatial factors
and corresponding range map to produce the required BTF texture. Proposed scheme enables
very high BTF texture compression ratio and in addition may be used to reconstruct BTF space
i.e. unmeasured parts of the BTF space.

Keywords: BTF, texture analysis, texture synthesis, data compression, virtual reality

Abstrakt. Obousmeérné texturovaci funkce je nejpokrocilejsi v souc¢asné dobé pouzivana reprezen-
tace vizudlnich vlastnosti povrchu materidlu. Popisuje zmény jeho vzhledu v disledku ménicich
se thla osvétleni a pohledu. Tato funkce mtZe byt reprezentovana tisici obrazy daného povrchu
vzorku materidlu, které jsou pofizeny za ruznych svételnych podminek a pod riznym thlem.
Vysledna velikost BTF, stovky gigabajti, znemoziuje pfimé vyuziti v grafickych aplikacich
a je tedy tfeba tato data néjakym zpusobem komprimovat. Tento ¢lanek pfedstavuje novy
pravdépodobnostni model umoznujici realistické modelovan{ multispektrélnich BTF textur. Tato
slozita ale u¢inné metoda kombinuje nékolik multispektralnich frekvenénich faktort a odpovida-
jict hloubkovou mapu vysledkem ¢ehoz je pozadovand BTF textura. Navrzeny postup umoziiuje
velmi vysokou droven komprese BTF textur a navic miZze byt vyuzit k rekonstrukci BTF pros-
toru, tj. téch casti BTF, které nebyly ptivodné naméreny.

Klicovd slova: BTF, analyza textur, syntéza textur, komprese dat, virtualni realita

1 Introduction

Photo realism in virtual reality scenes cannot be realized without nature like colour tex-
tures covering visualised scene objects. These textures can be either smooth or rough.
The rough ones have rugged surface and do not obey Lambertian law, their reflectance
is both illumination and view angle dependent. Such textures might be represented by

“This research was supported by the grant GACR 102/08/0593 and partially by the projects MSMT
1M0572 DAR, GACR 103/11/0335, CESNET 387/2010.
TPattern Recognition Department, Institute of Information Theory and Automation, ASCR.
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Bidirectional Texture Function (BTF) [3] which is 7-dimensional function describing tex-
ture appearance variations due to varying illumination and viewing angles. Generally,
textures can be either digitised natural or artificial materials or images synthesised from
an appropriate mathematical model.

The former simplistic option suffers among others with extreme memory requirements
for storage of a large number of digitised cross sectioned slices through different material
samples (apposite example can be found in [15]). This solution become unmanageable
for rough textures which require to store thousands of different illumination and view
angle samples for every texture so that even simple virtual reality scene featuring only
several different textures requires to store tera bytes of texture data which is still far out
of limits for any present day hardware. Several so called intelligent sampling methods
(for example [4], [5] and many others) were proposed to reduce these extensive memory
requirements. All these methods are based on some sort of original small texture sam-
pling and the best of them produce very realistic textures. However they require to store
thousands images for every combination of viewing and illumination angle of the original
target texture sample and in addition often produce visible seams (except for method
presented in [10]). Some of them are computationally demanding and they are not able
to generate textures unseen by these algorithms as well.

While synthetic textures are more flexible and extremely compressed, because only
several parameters have to be stored in contrast with gigabytes of original data [15]. They
may be evaluated directly in procedural form and can be used to fill virtually infinite tex-
ture space without visible discontinuities. On the other hand, mathematical models can
only approximate real measurements which results in visual quality compromise of some
methods. Several multispectral modelling approaches were published for example [11],
[1], [12], [13]. Modelling multispectral images requires three dimensional models but it
is possible to approximate such model with a set of simpler two dimensional ones. Ev-
idently this leads to certain loss of information (for example three dimensional Causal
Autoregressive (CAR) model [7] versus two dimensional CAR model [8]).

Among such possible models the random fields are appropriate for texture modelling
not only because they do not suffer with some problems of alternative options (see 6], [12]
for details) but they provide relatively easy to implement and computational undemand-
ing texture synthesis and sufficient flexibility to reproduce a large set of both natural and
artificial textures. While the random field based models quite successfully represent high
frequencies appeared in natural textures low frequencies are sometimes difficult for them.
This slight drawback may be overcome by usage of a multiscale random field model. In
this case the hierarchy of different resolutions of an input image provides a transition
between pixel level features and region or global features and hence such a representa-
tion simplify modelling a large variety of possible textures. Each resolution component
is both analysed and synthesised independently. Multiple resolution decomposition may
be performed by means of Gaussian Laplacian pyramids, wavelet pyramids or subband
pyramids. Because of its relative simplicity we decided to utilize Gaussian Laplacian
pyramid decomposition for this task.
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2 Smooth Texture Model

The overall roughness of a textured surface significantly influences a BTF texture ap-
pearance. Such a surface can be specified using its range map, which can be estimated
by several existing approaches. The most accurate range map can be acquired by direct
measurement of the observed surface using corresponding range cameras, however this
method requires special hardware and measurement methodology [9]. Hence alternative
approaches for range map estimation from surface images are more suitable. One of the
most accurate approaches is the photometric stereo [9] which estimates surface range map
from at least three images obtained for different position of illumination source and fixed
camera position. This approach was utilized for range map estimation from textures used
for experiments described below. Naturally it is enough to estimate range map once per
material and reuse it whenever it is needed.

We propose a novel algorithm for efficient rough texture modelling which combines an
estimated range map with synthetic multiscale smooth textures generated using Multi-
spectral Simultaneous Autoregressive Model (MSAR) [1]. The material visual appearance
during changes of viewing and illumination conditions can be simulated using the bump
mapping [2]| or displacement mapping technique [16]. The obvious advantage of this
solution is the possibility to use hardware support of bump mapping and displacement
mapping in up to date visualisation hardware. The overall appearance is guided by the
corresponding underlying probabilistic model.

2.1 Spatial Factorization

An analysed texture is decomposed into multiple resolution factors using Laplacian pyra-
mid and the intermediary Gaussian pyramid y: " which is a sequence of images and each
its element is a low pass down sampled version of its predecessor. The Gaussian pyramid
for a reduction factor n is [8]:

" n " k_l
g ® =" @V ew), k=12.. |,
where | denotes down sampling with reduction factor n and ® is the convolution
operation. The Laplacian pyramid y,«(k) contains band pass components and provides a
good approximation to the Laplacian of the Gaussian kernel. It can be constructed by
simple differencing single Gaussian pyramid layers:

y;(k) = y:(k)_ T:«L (y//(k+1))7 k=0,1,...

As previously noticed each resolution data are independently modelled by their ded-
icated MSAR model so that model parameters are estimated for each component inde-
pendently in analysis step.

2.2 Multispectral Simultaneous Autoregressive Model

In the multispectral case random field models are defined as intensity levels on multiple
two dimensional lattice planes (e.g. in case of widely used standard RGB colour model
three such planes are considered). The value at each lattice location is taken to be a linear
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combination of neighbouring ones and an additive noise component. For mathematical
simplicity, all lattices are double toroidal (the same way as in case of Gaussian Markov
Random Field model [9] for example). Let a location within an M x M two dimensional
lattice be denoted by s = (s1,52), with s1,80 € J and the set J is defined as J =
{0,1,..., M — 1}. The set of all lattice locations is then defined as Q = {s = (s1, s2) :
s1,89 € J}. The value of an image observation at location s is denoted by y(s). These
random vectors are expected to have zero mean. Neighbour sets relating the dependence
of image plane ¢ on image plane j are defined as N;; = {r = (k,{) : k,l € £J} with
the associated neighbour coefficients ¢;; = {¢;;(r) : € N;;}. The set £J = {—(M —
1),...,—1,0,1,..., M —1}. We also use shortened notation: ¢ = {¢;;; 7,5 € {1,...,P}}
and r = {r;; i € {1,...,P}}). P equals number of image planes. Neighbour sets may
be classified as symmetric or nonsymmetric. In particular, in the case of multispectral
models, a symmetric neighbour set is defined as one for which » € N;; <= —r € Nj;.
Our model is defined on symmetric neighbour set. Scale parameter p associated with the
corresponding noise component of the model is defined for each particular lattice.

The Multispectral Simultaneous Autoregressive model (MSAR) [1] relates each lattice
position y;(s) to its neighbouring pixels, both within and between image planes, according
to the following equations:

P

yi(s) = Z Z giJ'(T)yj(s@r)_'—\/Ewi(s)? 1= 17"'7P ) (1)

7=1 TENij

where p; is noise variance of image plane i, w;(s) are i.i.d. random variables with zero
mean and unit variance and @ denotes modulo M addition in each index. Virtually the
MSAR model characterizes the spatial interactions between neighbouring pixels through
the parameter vectors 0 = (0;;;i=1,...,P;j=1,...,P)T and p= (p;;i=1,..., P)T.
Rewriting (1) in matrix form for the RGB colour model, i.e. i € {r,g,b}, the MSAR
model equations are then B(6)y = w where

Y= (yT(S)v yg(8)7 yb(s))T7 w = (\/EMT(S), \/p_gw!](s)7 \/Ewb(s))T

and both y;(s) and w;(s) are M?-vectors of lexicographic ordered arrays {y;(s)} and
{w;(s)}, respectively. The transformation matrix B(f) is composed of M? x M? block
circulant submatrices

B(eij)l B(Qz‘j)g B(Qij)M
B(Qij) _ B(QU)M B(sz)l . B<9ij:)]V[—1
B<91j)2 B(Gu)g e B(ngh

where each element B(6;;),, p € {l,...,M}is an M x M circulant matrix whose
(m,n)-th element is given by:
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1, 1=7,m=mn,
b<8ij>10(m7n) = _eij(ka l)> k= p—- 17 l= ((77, - m) mod M)> (k’,l) S Nija
0, otherwise.
Writing the image observations as y = B(q) Lw, the image covariance matrix is

obtained as ¥, = e{yy'} = e { B(g)™" ww' [B () T = Blo™'Su[Bl@)™]"

where

ol 0 0
Yo =cfwwy=| 0 p I 0
0 0 pl

2.3 Parameter Estimation

It is necessary to notice that the selection of an appropriate MSAR model support is
important to obtain good results in modelling of a given random field. If the contextual
neighbourhood is too small it can not capture all details of the random field. Contrari-
wise, inclusion of the unnecessary neighbours add to the computational burden and can
potentially degrade the performance of the model as an additional source of noise [9].

A least squares (LS) estimate of the MSAR model parameters can be obtained by
equating the observed pixel values of an image to the expected value of the model equa-
tions. As we prefer RGB colour model our task leads to three independent systems of
M? equations:

yz(s) = Qi(s)Teiv ERS Q? (&S {Taga b}7

with vectors 6; and ¢;(s) formed as follows 6; = (6;,,6;y,0:)" and
a(s) = ({y(s@t) 1t € N}, {yg(s@t) 1t € Nigl, {m(sdt):t € Ny})l.
The LS solution 6; and p; can be found then as

)i = <Z qz‘(S)q@'(S)T> (Z Qi(s)yi(5)> ,

':_Zyz _AiTz ))2

seEN

2.4 Texture Synthesis

The goal of texture synthesis in case of probabilistic model is to generate image of ar-
bitrary size directly from the model parameters so that resulting texture has the same
statistical properties as measured and analysed original. Several possibilities exist for a
finite lattice MSAR synthesis. The most effective method uses the discrete fast Fourier
transformation (DFT). The MSAR model equations (1) may be expressed in terms of the
DFT of each image plane as
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Y;(t) = Z Z eij(r)y}(t)e\/?lwm + \/EVVZ(t)v i=1,...,P (2)

where Y;(t) and W;(t) are the two-dimensional DFT coefficients of the image ob-
servation {y;(s)} and noise sequence {w;(s)}, respectively, at discrete frequency index

t=(m,n) and w, = Q”(m—]\’f"l) for r = (k,1). For the RGB colour model equations (2)

can be written in matrix form as

Y(t) = AP S2 W(t), teQ
where the vectors Y (¢) and W (t) are formed this way:

Y(t) = (Ya(t), Yy(t), Yo(1))", W(t) = (Wi(t), Wy(t), Wi(1))",
and the matrices ¥ and A(t) are defined as:

)‘W(t) >‘7“g t) Tb<t)
A(t) = /\gr(t) )‘99 t) gb(t) )
Ao (1) Avg(t) An(t)

- 0,(r) VT =,
)\z](t) :{ ZTENi]’ J ) J

Apparently, the MSAR model will be stable and valid if A(¢) is nonsingular matrix
vVt € Q. Given the model parameters, a M x M MSAR image can be synthesized accord-
ing to the following algorithm:

1) Generate the i.i.d. noise arrays {w;(s)} for each image plane using a pseudo ran-
dom number generator.

2) Calculate the two-dimensional DFT of each noise array i.e. produce the transformed
noise arrays {W;(t)}).

3) For each discrete frequency index ¢ compute Y (£) = A(t) "L Sz W (t).

4) Perform the two-dimensional inverse DFT of each frequency plane {Y;(¢)}, producing
the synthesized image planes {y;(s)}.

The resulting image planes will have zero mean thus it is necessary to add desired mean
to each spectral plane after step 4. Fine resolution texture is obtained from the pyramid
collapse procedure that is inversion process to the procedure described in section 2.1.

3 Results

We have tested the algorithm on colour BTF textures from the University of Bonn BTF
measurements [15], namely on following materials: artificial leather, foil, glazed tails,
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plastic floor and two different samples of wood. Each BTF material sample comprised
in mentioned database is measured in 81 illumination and 81 viewing angles and each
resulting image has resolution 800 x 800 pixels, so that 6561 such images had to be
analysed for each material.

The open source project Blender! with special plugin for BTF support [14] was used
to render the results i.e. the scene in virtual reality featuring three-dimensional object
covered with synthesised BTF texture. Figure 1 demonstrates the result for one picked
material, foil in this case, i.e. synthesised BTF texture combined with its range map
in a displacement mapping filter of the rendering software mapped on bumpy board.
Scene was rendered in several different illumination conditions with fixed view angle to
demonstrate visual quality of synthesised BTF.

3.1 Implementation Details

The source code was written in C++ and compiled in several different environments
(namely with g++ versions 3.4.4, 4.1.2, 4.3.2, 4.3.4 and 4.5.0)? and tested on many dif-
ferent systems including Microsoft’s Windows XP operating system with cygwin® envi-
ronment as well as Linux systems to prove stability and portability of the program. This
implementation uses many parts of library developed at Pattern Recognition Depart-
ment, Institute of Information Theory and Automation, ASCR*, such as image reading
and writing routines, memory management and XML format support.

4 Summary and Conclusion

Our testing results of the algorithm on available BTF data are encouraging. Some syn-
thetic textures reproduce given measured texture images so that both natural and syn-
thetic texture are almost visually indiscernible. The main benefit of this method is more
realistic representation of texture colourfulness which is naturally apparent in case of very
distinctively coloured textures. The multiscale approach is more robust and allows some-
times better results than the singlescale one due to capabilities of the model described
above.

The proposed method allows huge compression ratio unattainable by alternative in-
telligent sampling approaches for transmission or storing texture data while it has still
moderate computation complexity. It is necessary to mention that the complexity of
analysis is not as important as the complexity of synthesis because the parameter esti-
mation can be performed offline unlike the synthesis which should be as fast as possible.
The method does not need any time consuming numerical optimisation like for example
the usually employed Monte Carlo methods. The replacement of the bump mapping
technique with the displacement mapping further significantly improve the visual quality
of the results. The presented method is based on the mathematical model in contrast
to intelligent sampling type of methods, and as such it can only approximate realism

Thttp://www.blender.org
2http://gec.gnu.org
Shttp://www.cygwin.com
4http://www.utia.cas.cz
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Figure 1: Resulting BTF texture of foil, synthesised texture combined with its range map
mapped on bumpy board rendered with 15 different angles of illumination and fixed view
angle.
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of the original measurement. However it offers easy simulation of even non existing i.e.
previously unmeasured BTF textures and fast seamless synthesis of texture of arbitrary
size.

5 Future Work

This developed model might be further tested on different BTF measurements and com-
pared with other random field based models such as already mentioned CAR or Gauss-
Markov random field model [9]. Though the quality of the model was proven it would be
interesting to find its limitation and study the influence of the size of the neighbourhood
to overall performance for example. Naturally more interesting is possible extension of
current implementation by means of parallel programming with use of OpenMP? library
which is straightforward and would notably increase the model performance. It is also
possible rewrite the source code so that program would perform all computations on a
graphics processing unit.

References

[1] J. Bennett, A. Khotanzad. Multispectral Random Field Models for Synthesis and
Analysis of Color Images. IEEE Transactions on Pattern Analysis and Machine
Intelligence 20(3) (1998), 327-332.

[2] J. Blinn. Simulation of Wrinkled Surfaces. ACM SIGGRAPH Computer Graphics
12(3) (1978), 286 292.

[3] K. Dana, S. Nayar, B van Ginneken, J. Koenderink. Reflectance and Texture of
Real-World Surfaces. Proceedings of IEEE Conference Computer Vision and Pattern
Recognition (1997), 151-157.

[4] J. De Bonet Multiresolution sampling procedure for analysis and synthesis of textured
images. Proceedings of SIGGRAPH 97, ACM (1997), 361-368.

[5] W. Efros, A.A. Freeman. Image quilting for texture synthesis and transfer. SIG-
GRAPH 2001, Computer Graphics Proceedings, E. Fiume, Ed. ACM Press / ACM
SIGGRAPH (2001), 341-346.

[6] M. Haindl. Tezture synthesis. CWI Quarterly 4(4) (1991), 305-331.

[7] M. Haindl, J. Filip, M. Arnold. BTF Image Space Utmost Compression and Mod-
elling Method. Proceedings of 17th ICPR 3, IEEE Computer Society Press (2004),
194-198.

[8] M. Haindl, J. Filip. A Fast Probabilistic Bidirectional Texture Function Model. Pro-
ceedings of ICTAR (lecture notes in computer science 3212) 2, Springer-Verlag, Berlin
Heidenberg (2004), 298-305.

http://openmp.org



56

M. Havlicek

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M. Haindl, J. Filip. Fast BTF Tezture Modeling. Proceedings of the 3rd International
Workshop on Texture Analysis and Synthesis (2003), 47-52.

M. Haindl, M. Hatka. BTF Roller. Texture 2005: Proceedings of the 4th Interna-
tional Workshop on Texture Analysis and Synthesis (2005), 89-94.

M. Haindl, V. Havlicek. Multiresolution colour texture synthesis. Proceedings of the
7th International Workshop on Robotics in Alpe-Adria-Danube Region, K. Do-
brovodsky, Ed. Bratislava: ASCO Art (1998), 297-302, Berlin: Springer-Verlag
(2000), 114-122.

M. Haindl, V. Havli¢ek. A multiresolution causal colour texture model. Proceedings
of the Joint IAPR International Workshops on Advances in Pattern Recognition,
Springer-Verlag (2000), 114-122.

M. Haindl, V. Havli¢ek. A multiscale colour texture model. Proceedings of the 16th
International Conference on Pattern Recognition (2002), 255-258.

M. Hatka Vizualizace BTF textur v Blenderu. Doktorandské dny 2009, sbornik work-
shopu doktorandia FJFI oboru Matematické inzenyrstvi, Ceské vysoké uceni tech-
nické v Praze (2009), 37-46.

G. Miiller, J. Meseth, M. Sattler, R. Sarlette, R. Klein. Acquisition, Compression,
and Synthesis of Bidirectional Texture Functions. State of the art report, Eurograph-
ics (2004), 69-94.

X. Wang, X. Tong, S. Lin, S. Hu, B. Guo, H.-Y. Shum. View-dependent displacement
mapping. ACM SIGGRAPH 2002 22(3), ACM Press (2003), 334-339.



DAQ System for RelaxD Pixel Detector®

Martin Hejtmanek

1st year of PGS, email: hejtmank@fzu.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Vaclav Vrba, Institute of Physics, AS CR

Abstract. This paper concerns with the RelaxD readout interface for Medipix2 quad chips (four
chips which form one unit). Particularly, the development of control software tools is discussed.
The RelaxD interface is connected to the PC with the fast 1 GB ethernet link which currently
provides readout speed 50 frames per second. Because of its high speed, many software issues
related to the processing and storing of obtained data arise. In the last section some results of
tests performed at the National Radiation Protection Institute in Prague are presented.

Keywords: pixel detector, Medipix2 quad, readout electronics

Abstrakt. Tento piispévek se zabyva projektem RelaxD — vyvoj vycitaciho rozhran{ pro quady
Medipix2 (¢tyfi spojené Cipy tvorici jeden celek). Stfedem pozornosti v tomto ¢lanku je vyvoj
softwaru pro ovladani detektoru. Vzhledem k tomu, Ze RelaxD je navrzen tak, aby umozioval
co nejrychlejsi sbér dat pomoci rychlého 1 GB ethernetového spojeni (soucasné 50 snimki za
sekundu), je nutno vyfesit mnoho problémi s ukladanim a zpracovanim velkého objemu dat.
Na zavér je diskutovano jedno z uskutecnénych méfeni ve Statnim tstavu radia¢ni{ ochrany v
Praze.

Klicovd slova: pixelovy detektor, Medipix2 quad, ¢teci elektronika

1 Introduction

This article deals with the pixel detector RelaxD which can detect ionizing radiation
and photons by converting ionization in a sensor into electrical signals. Such detectors
are commonly used in particle physics and also for medical applications (e.g. X-ray
imaging, X-ray computed tomography). The RelaxD (high-REsolution Large Area X-
ray Detector) is a complete data readout system for the Medipix2 readout chip. It has
been developed at Nikhef!. Each RelaxD module can serve one Medipix2 quad (i.e. four
Medipix2 readout chips formed in a 2 x 2 grid).

There are several existing readout interfaces such as Muros2 (Nikhef) or USB interface
(IEAP?) but the RelaxD is exceptional because of its readout speed. It uses 1 Gb Ethernet
connection to the PC which enables the readout of the Medipix2 quad at 50 frames per
second (current status, frame rate should be improved in future). This is crucial for
many real applications such as high speed imaging of fast processes. For further technical
overview on the RelaxD system see [4]. For further details on the Medipix2 readout chip
see 5, 3, 2].

*This work has been done in cooperation with Nikhef, Amsterdam
! National Institute for Subatomic Physics, Amsterdam, The Netherlands
Institute of Experimental and Applied Physics, Prague, Czech Republic

a7
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Figure 1: RelaxD module. Figure 2: Modules tiled into grid.

1.1 RelaxD module physical layout

As mentioned above, the RelaxD module is designed to achieve the highest frame rate as
possible. Since the total sensitive area of Medipix2 chip is relatively small (about 2 cm?
per chip) it is expected that the modules will be tiled into a 2D grid as shown in figure 2.
Therefore the RelaxD is built in a "I’ shape. There is the Medipix2 quad at the front side
and readout electronics placed on a PCB (printable circuit board) which is connected to
the perpendicular PCB of electronics board. The simplified scheme of the module layout
is shown in figure 3.

The core of readout board forms Lattice LFSC15 Field Programmable Gate Ar-
ray (FPGA) with embedded MICO32 32-bit microprocessor and built-in RAM mem-
ory. The FPGA is connected to the 2 blocks of EEPROM memory (electrically erasable
programmable read-only memory). The first block serves as a storage for the FPGA
controlling program written in the C programming language while the second block is
used for storing user specific information such as settings and configurations. When the
module is powered up, the FPGA code and user data are loaded into the microprocessor.

The connection to the PC is done via two links. The USB link is used for debugging
purposes. The gigabit Ethernet link provides data transmission between the user PC
and RelaxD module, i.e. it is used both for controlling of the device and reading out the
measured data.

2 RelaxD software utilities

The main task of my stay at Nikhef was to develop and improve PC software applications
for controlling RelaxD modules and for further processing of the obtained data. Some of
applications were already functional, but since the readout speed of the module is rela-
tively high, there remained still unsolved software challenges. All applications together
form a standalone data acquisition (DAQ) system programmed in C++ programming
language. For graphical user interfaces (GUT) the Qt framework from Nokia® was used.
Since all software developing tools are cross-platform, user can use the applications both

3see http://qt.nokia.com/
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Figure 3: Simplified physical layout of the RelaxD module.

on Linux and Windows operating systems. However, in order not to duplicate effort in
Medipix2 project, special features like calibration of the Medipix2 chips is done in already
existing program Pixelman from IEAP, Prague.

The complete list of developed applications follows:

MpxHwRelaxD
a library providing a class and an API (Application Programming Interface) for
accessing and controlling a RelaxD module; the library is the basis for the other
tools in this list; the library also complies to the definition of a so-called ‘Pixelman
hardware library’, allowing the Pixelman program to control and read out multiple
RelaxD modules.

RelaxDaq
a program for fast read-out, frame data storage and frame display for up to 4
RelaxD modules, relying on the use of Pixelman for configuration of the modules
before starting read-out.

Convert
a command line tool to read the raw data files produced by RelaxDAQ, then de-
compress, decode and zerosuppress the frames and write out the frame data in an
ASCII format more-or-less compatible with what Pixelman produces.

DacView
a program to view, modify and store Medipix2 device DAC settings on the RelaxD
module.

Setld
a command line tool to change the IP-address of a RelaxD module.

In following subsections some of my solutions to the problems will be discussed.
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Figure 4: Scheme of data flow during storage of compressed data.

compression

file

2.1 On-the-fly data compression

As already discussed above, one of the main advantages of the RelaxD is its readout
speed. This causes serious problem with storing the obtained data. Normally, in not so
fast systems the raw data (i.e. data from every 14-bit pixel register of Medipix2 quad)
can be decoded and zero suppressed ’on-the-fly’ (during measurement). This procedure
becomes impossible in case of the RelaxD due to amount of data — system should be
ready to take the information of another frame as soon as readout of previous frame is
finished. Therefore the raw data in first approach were stored to computer hard drive
‘as they are’ without any further processing. This has 2 drawbacks — less comfort for
the user, since he does not see the currently taken picture during the measurement and
also problems with disk space, since the raw data produce very large data files which
are decoded offline. The first drawback is quite easy to solve — every second one frame
is decoded and displayed, so the user has some reduced but sufficient overview how his
measurement is being performed. The second drawback is quite tricky, though.

As turned out, a compression of the raw data can be performed. Since the framerate
is currently 50 frames per second and each frame consists of 512 x 512 - 14 bits, the total
amount of data to be stored per second is 448 MB. The total time of measurement can
easily take minutes or even more, there are typically gigabytes of raw data which should
be stored. When using pixel detectors in medical applications, commonly the frames are
very sparse = the standard LZ77 compression algorithm developed by Abraham Lempel
and Jacob Ziv implemented in Qt framework is suitable to use.

The idea of data compression introduces one more interlink into the readout chain.
The frame data are readout from the detector to the readout buffer in a computer RAM
memory, then they are compressed and finally stored to a file. Since both compression
and writing to disk consumes a significant amount of time, the benefits of multi-threaded
programming should be employed. In the final solution, new thread which compresses the
data is created for each readout frame. That means that the RelaxDAQ application does
not wait until the compression of current frame is finished but it is continuously preparing
the frames for writing into file. The application is checking if the current frame is already
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Writing speed for different compression levels
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Figure 5: The writing-to-file speed when using different compression levels (0 means no
compression, 9 the best but also the slowest compression). The solid line represents
frames with 1/2 randomly generated non-zero pixels, the dashed line with 1/32, the
dashed-dotted line with 1/512, respectively.

prepared and if it is, it writes the compressed frame immediately to file. This procedure
allows to utilize time efficiently, since there is less idle time (when the RelaxDAQ does not
write to file) because of data compression. However, to perform such solution succesfully,
PC processor with multiple cores must be used. Scheme which ilustrates the creating of
different compression threads is displayed in figure 4.

For testing purposes was used computer containing quad processor. The obtained
writing speed results for different compression levels (quality of compression) and different
occupancy of images (sparsity of images) can be seen in figure 5. The achieved file size
using different levels of compression is displayed in figure 6. As can be seen, it does not
make much sense to use higher compression levels.

2.2 Fast image preview application

In this subsection the application for fast RelaxD image preview will be introduced. As
mentioned above, the RelaxD is designed to perform measurements consisting of many
frames in sequence. Because of its readout speed, it is impossible to display each frame
during the measurement. The data are stored in large files containing up to 1000 images.
Processing of the frames is done offline, i.e. after the measurement. The application
EvtDisplay was made for purposes of fast image browsing.

The EvtDisplay simply takes the data files from the RelaxDAQ and display its
content on the PC screen. One can then easily find which frames are interesting and
which frames should be processed further. The application also provides features like
zooming of the image, printing it out into PDF, PNG or text file (just data formated in 3
columns). For better display functionality, additional Qt library Qwt* for technical GUI

“see http://qut.sourceforge.net/
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Average event size for different compression levels
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Figure 6: The average event size vs. different compression levels (0 means no compression,
9 the best but also the slowest compression). The solid line represents frames with 1/2
randomly generated non-zero pixels, the dashed line with 1/32; the dashed-dotted line
with 1/512, respectively.

building was used. The main application window is displayed in figure 7.

3 Measurements with RelaxD

In the beginning of June, the RelaxD module was tested at the National Radiation
Protection Institute in Prague®. In these measurements, molybdenum and tungsten X-
ray tubes were used. As imaging objects several electronic chips and mammographic
phantoms were used. Measurements were done in cooperation with Maria Carna who
describes it in more detail in her diploma thesis [1].

3.1 Imaging of electronic chips

In this measurements we were trying to display the composite structure of electronics
chip. Various X-ray energies and intensities were used.

In figure 8 the image of dual inline memory module is shown. As can be seen, inside of
the chip is displayed with high contrast. Both copper interconnects and soldered memory
chips are clear and sharp. The used voltage of X-ray tube in this case was 40kV, the
current 20 mA and exposition time 1s.

The second imaged chip is microcontroller MHB8748 from Tesla company (figure 9).
The contrast is again very high, and at the top of the circle part on the right side can be
even seen small 30 um golden wire bonds. This image was taken with the voltage 50kV,
the current 10 mA, and exposition time 1s.

5SURO - Statni ustav radia¢ni ochrany, v.v.i.
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Figure 7: The main EvtDisplay application window. On the right are controlling
buttons providing additional display features.

3.2 Mammographic phantom

Mammography is one of the most promising fields for application of the Medipix2 photon
counting chip. Because the Medipix2 chip is very sensitive to radiation, the radiation
doses needed for examination of patient could be significantly reduced.

Mammographic phantom provides the physical standard baseline for assuring the
quality of the images produced by mammographic system. In this measurement, one of
such phantoms was imaged (from company Kodak-Pathé). The results are displayed in
figure 10. In the center of the figure there is an image of the whole phantom as provided
in the phantom documentation (image taken with use of digital mammography). The
rest are the images obtained in the measurements. Each image corresponds to some part
of the phantom. The parameters of X-ray tube were in this case 25kV, 30mA, and 2s.

4 Conclusion

The pixel detectors are very promising in many applications in particle physics as well
as in medical imaging. In this work, we discussed control software development for the
RelaxD readout interface for Medipix2 pixel detector, particularly some specific software
issues cocerning its high readout speed. The PC software tools are necessary for perform-
ing measurements, their quality is crucial for the comfort of the user. With help of the
developed software tools additional tests investigating the properties of Medipix2 sensors
can be done, e.g. the qualities of so called 'edgeless sensors’. In section 3 we discussed one
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Figure 8: Dual inline memory module image taken by RelaxD detector.
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Figure 9: Microcontroller MHB8748 from Tesla company image taken by RelaxD detector.

of such tests, which was done at the National Radiation Protection Institute in Prague
in June. These tests proved that the Medipix2 chip is very suitable for mammographic
imaging — the obtained images of the testing mammographic phantom were nearly in the
same or better quality than images taken by the digital mammograph (see figure 10).
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Figure 10: Comparison between the image of mammographic phantom taken with use of
digital mammography (in the centre) and images of parts of phantom taken by RelaxD
detector.

The developed software tools were introduced and presented at international Medipix2
collaboration meeting at CERN in March.
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Abstract. The phase-field method has appeared in the context of diffuse interfaces. It has been
applied to the three major materials processes: solidification, solid-state phase transformation,
and grain growth and coarsening. Very recently, a number of new phase-field models have been
developed for modelling heteroepitaxial growth (see |2, 4, 5]). Accurate knowledge of morpho-
logical changes in heteroepitaxial thin films is crucial for governing the materials properties. We
provide a computational tool based on the finite difference method for study of this phenomenon.
Finally, we present our latest results.

Keywords: phase-field method, FDM, heteroepitaxy, ATG instability

Abstrakt. Metoda phase-field se objevila v souvislosti s difuznimi rozhranimi. Byla aplikovina
na tyto t¥i hlavni procesy: tuhnuti, fazovy pfechod a rist zrn. Rada modeli typu phase-field byla
vyvinuta pro modelovani heteroepitaxniho riistu krystala (viz |2, 4, 5]). Pfesna znalost morfo-
logickych zmén heteroepitaxniho filmu v Case je rozhodujici pro nastaveni vlastnosti materiala.
Pouzivame zde metodu siti pro simulaci tohoto jevu. Nakonec prezentujeme nasSe nejnovéjsi
vysledky.

Klicovd slova: metoda phase-field, metoda siti, heteroepitaxe

Introduction

Crystallization is the process where solid crystals are formed from melt, solution, or
vapour phase. There are two major stages involved in the crystallization process — nu-
cleation and crystal growth. Nucleation is the stage where crystal forming units (atoms,

; Deposition
Dif fusion
|0

Figure 1: Atomistic view of the basic processes in epitaxy.
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Figure 2: ATG instability.

ions or molecules) gather into clusters which are unstable until they reach a critical size.
Stable clusters are called nuclei. After nuclei are created, crystal growth begins. It is
the stage where new crystal forming units are incorporated into the crystal lattice. Seed
crystals are used to bypass the nucleation stage; thus, the growth can start immediately.

In this contribution we deal with the growth of a thin film of single crystal material on
a single crystal substrate so that the film has the same structure as the substrate. Such
growth is called epitaxy. Here the substrate functions as a seed crystal. According to
the theory of Burton, Cabrera, and Frank |1] atoms are first adsorbed to the crystalline
surface where they are called adatoms. Then they diffuse freely along the surface. Finally
they can detach from or attach to the crystal (see Fig. 1). The deposited film takes on
a lattice structure and orientation identical to those of the substrate.

In general we distinguish two cases: homoepitaxy and heteroepitaxy. In homoepitaxy
the film and substrate are made of the same material while in heteroepitaxy the film is
made of a material different from the substrate. One example of heteroepitaxy is the
growth of germanium film on a silicon substrate. The lattice parameter of the film differs
from the substrate (less then 4% for Ge/Si ). Hence strains are introduced into the
heteroepitaxial film. Due to the effects of stress, the flat film surface is unstable to small
perturbations. Heteroepitaxial films undergo a morphological instability, known as the
Asaro-Tiller-Grinfeld (ATG) instability.

Figure 2 illustrates the physical mechanism of the ATG instability [3]. The surface
tends to remain flat to get lowest surface free energy (Fig. 2a). But, if elastic energy is
presented in the film, the corrugated surface has lower elastic energy than the flat one
(Fig. 2b). The elastic energy is lowered by elastic deformation so that the film breaks into
isolated islands (quantum dots). Each island then forms a quantum dot. Elastic energy
is reduced as the surface area increases. Therefore, quantum dots are caused by the
competition between surface and elastic energies. Here, T'te mass is transported by surface
diffusion. The size of quantum dots is between several and hundreds of nanometers.
Quantum dots have interesting electrical and optical properties. Quantum dots are widely
used in optical and optoelectronic devices, quantum computation, or biology. Accurate
knowledge of morphological changes in epitaxial thin films is crucial for governing the
materials properties. Our goal is to provide a suitable computational tool for study of
such phenomena.

Very recently, a number of new phase-field models have been developed for modelling
heteroepitaxial growth (see [2]). [4, 5, 6] have developed a phase-field approach including
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Figure 3: Model.

the stress as an active variable.

Model

We would like to describe the phase-field model of heteroepitaxial growth. We will follow
[5] and [4]. Let us consider a system §2 consisting of two regions — a solid heteroepitaxial
film Q/(¢) and vapour phase Q°(¢). The solid-vapour diffuse interface is denoted I'(t),
which is a function of time ¢ (see Fig. 3). We introduce a order parameter

=0 x €
O(t,x)¢ =1 xe Q.
€(0,1) xeTl

Then the state of the entire system is represented by this order parameter. The total free
energy of the system can be written as

Flo o) = [

F(@ b+ jrever|av (1)
\%

where ¢;; is the strain tensor, V is the volume, & is the length parameter controlling the
order of magnitude of the transition region described by the phase field. I' = 3v/¢ is the
energy density corresponding to the surface energy v being distributed over a layer of
widht = £. The first term represents the sum of the free energies of the film and vapour.
The second term describes the interfacial energy.

The total free energy density is given by

f(®,{e;;}) = 20g(®) + fu(®, {eij}), (2)

where g(®) = ®*(1 — ®)? and [, is the elastic energy density.
Here, the linear elastic theory is used. The stress tensor o
by Hooke’s law

(v)

;. 1n the vapour is given

o) = 2uWei; + A ey,

where einstein summation convention is implied.
Following [8] the stress tensor ai(]f ) in the heteroepitaxial film is given by
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(f) = 2uPDej; + AN eprdy; — 6m{11+2,/y({;) }ijs

where p®), A®) are Lamé constants, v} is Poisson’s ratio, where * € {f v}. €™ =
TS the misfit strain, where ay, as are lattice constants of epitaxial film or substrate.

Ouy
ox;

The strain tensor is given by €; = 2 <g;" + >, where u; is the ith component of the
displacement vector.
A straightforward ansatz for the elastic energy density is then
; A )\ 14+ N .
fa(®, {ei}) = M@ (Y = ey + ———— ()’ = T—5 (€ (3)

where h(®) = ®*(3 — 2®) may be interpreted as a "solid fraction" which must be equal
to one in the solid and equal zero in the vapour.
The stress tensor in the system is determined from

ax]w oy = [1 = h(®)]oy)’}, (4)

where h(®) = ®?(3 — 2®) is the weight function for the epitaxial layer.
Assuming relaxational dynamics, the equation of motion takes the form
0P OF
— =—-R— 5
ot o’ (5)
and the prefactor R should contain the mobility 1/k. We choose R = 1/(3kps§).
We arrive at

B

A @)

+ gh/(q)){(ﬂ(f) — pesjei + 5 (€i)? (6)

§

!
_ 1+ v )2}
1—2v) ’

where A, B, C' are constants, ¢'(®) = 2®(1 — ®)(1 — 2®), and /(D) = 6P(1 — D).

Numerical scheme

We use an explicit scheme of the finite difference method to solve the free boundary
problem of spiral crystal growth. The first step in the discretization is to divide the
computational domain into a two-dimensional grid and then derivatives are replaced
with equivalent finite differences.

We consider the computational domain S to be a rectangle (0, L) x (0, Ly) which
is to be discretized. We partition the domain S using a grid of internal nodes w;, =

{(ih1,jho)|i=1,..,Ny — 1,5 =1,..., Ny — 1}, where hy = ohy = L2 are the mesh sizes
in S. We discretize the time interval using a mesh [0,77] : T’ {k7'|k: =0,..., Nr}, where
7 = L is a time step. Then we can consider a grid functlon u : Ty X wp, — R for which

Nt
Ufj = U(ihl,th, ]{77')
The time derivative is approximated by forward difference
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and the space derivatives are approx1mated by second-order central differences:

2k~ 7,+1] 2u +u7, 1,7
Ozui; ~ R ,
k
2,k A Vg1 2un T

Oyugy A ==t

7,]1

Then the Laplace operator in two dimensions is given by Ajuf;; ~ 8§ufj + 82 k
Finally we obtain this explicit scheme

OEF = B,
DF 4+ O —ADY + Y, + D B
4 raZins ¥ P g (@)
C . ) A — \@)
+ ?h/( ){(H( =l ))Gz'jeij + f(ﬁii)Q (7)
1+v©
- m(e )}

fore=1,...Ny—1,7=1,.... No— 1,k =0, ..., Np. That means we can obtain the values
at time k£ + 1 from the corresponding ones at time £.

The boundary conditions are treated by mirroring the values in the inner nodes across
the boundary.

Numerical results

We implemented the model using the explicit scheme based on FDM for the phase-field
equation (6). In numerical experiments, we used the rectangular domain 2 = (0,2)x (0, 1)
with the grid 200 x 100. The spatial step size in x-direction is set to hy = 2/199 and the
spatial step size in y-direction is set to hy = 1/99 . The other model parameters are as
follows: A = 0.005, B = —0.01, C' = —0.00333, £ = 0.015, and time step 7 = Axhy*hy/8.
The initial conditions for the phase-field variable are given by

Bz, y) = 0.5 (tanh (hil (0.1cos(3mz) — y)) 4 1) |

For the elastic problem, we used FreeFem++ [7] based on FEM. Material dimension-
less parameters are taken as follows: E®) = 1, v =0, B =1 x 107, v = 0.278,
€™ = 0.05, p = E/(2.0(1.0+v)), A = Ev/((1.0 + v)(1.0 — 2.0 x v)). Computations of
stress field were very time consuming. Fig. 4b shows x-component of normal strain at t
— 0.00038.

We observed the valleys of the surface profile deepen under stress. However, the tops
deepen as well, even at higher speed (see Fig. 4a). Our study is at early stage and it is
not obvious from the experiments whether it can lead to fracture or it evolves towards the
planar interface. We also found that numerical noise avoid us to simulate the problem in
longer time. Therefore, it is necessary to develop better numerical schemes suitable for
modelling heteroepitaxial growth.
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(a) Evolution of the interface. ( is the interface position, given
by its z coordinate.
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(b) Normal strain in x-direction at ¢ = 0.00038.

Figure 4: Numerical results.
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Abstract. This article serves as a summary of results published in articles [1| and [2], and seve-
ral newest results which will be published in the Proceedings of the conference SPMS 2011 |3].
The main goal of the articles is to investigate the characteristics of the TASEP model, used for
describing the microstructure of the traffic flow, i.e., the distance- and time- headway distribu-
tion. Using the matrix product Ansatz the exact formula for distance-headway distribution far
from and close to the boundary has been derived. By means of this result the exact formula for
the time-headway distribution is obtained.

Keywords: TASEP, distance-headway distribution, time-headway distribution.

Abstrakt. Tento ¢lanek slouzi jako shrnuti vysledku publikovanych v ¢lancich [1] a |2]| a néko-
lika nejnovéjsich vysledki, které budou publikovany ve sborniku konference SPMS 2011 [3].
Cilem téchto ¢lanka je vySetfit charakteristiky modelu TASEP, které jsou uzivany k popisu
mikrostruktury dopravniho proudu, t.j. délkové a Casové rozestupy. Uzitim matrix product
Ansatz je odvozen vzorec pro délkové rozestupy daleko od hranice i pobliz hranice. Na zakladé
téchto vysledkt je odvozen vztah pro ¢asové rozestupy.

Klicovd slova: TASEP, délkovy rozestup, ¢asovy rozestup.

1 Introduction

The totally asymmetric simple exclusion process (TASEP) is an interacting particle sys-
tem defined on the one-dimensional lattice consisting of N cells. The particles are moving
along the lattice in one direction by hopping to the neighboring cell according to following
rules: New particle enters the system by hopping to the first cell with probability «, if the
target cell is empty, a particle in the system hops to the neighboring cell with probability
p, if the target cell is empty, the particle leaves the system by hopping out of the last cell
with probability (.

Considering the system in stationary state (non-equilibrium) it has been proven that

*This work has been supported by the grant SGS10/209/OHK4/2T /14
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the probability of finding the system in the configuration 7 can be written as

Py(m, 72, . 7)) = Zy (W[ [D + (1 = m)E]|V) (1)

i=1

where E, D are square matrices and W, V vectors for which holds

DE—-D+E, <W|E:é<W|, D|V):%|V>. (2)

2 Results

Using the configuration distribution (1) and the rules (2) it has been shown in the arti-
cle [2] that the distance-headway probability density, i.e., the probability of finding a gap
of £ — 1 empty cells between two successive particles, is of the form

= a>3 AN B>3,
. Ja@l=a))t a<i A B>a,
@(l{},O&,ﬂ)— (1_5)6k_1 ﬂ<% A 6<05, (3)
apk-l a+pB=1,

when investigating the system far from the boundary. Concerning the headway distribu-
tion near the right boundary we obtain

e (1- 5+ o0- ) aziA B2l
— o)k _ ke _ .
S T TR TRES
(1-p3)B*" B<inpB<a,
agh! a+3=1.

\
(4)
Using the formula (3) the time-headway distribution, i.e., the distribution of time
interval At between the passings of two successive particle through certain reference cell,
can be derived. By means of the random-sequential discrete-time update the step-headway
probability density far from the boundaries with the bulk density o can be obtained as

=g (-5) 0865

k-1
p < p)k—l 1 o < O-)k—Z < p)k—l
LA -L2)y —(1- = T (1-Z 1-(1-2
TN [ N N TNV N N )
for k > 2 and fy(1) = 0, whereoc = 1 — p. To obtain the probability density f,(¢) for the

time continuous dynamics, we will proceed as follows: The corresponding step-headway
distribution function Fy(t) will be calculated as

_|_

k(N)
Fx(t) =Y fn(k), (6)
k=1
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where w <t< w Using the large N limit we obtain the limiting distribution

function in the form

PO =L -L-e) st 1-e) -2 1-e ) retaan -1 (0

g

and the corresponding probability density function reads

ey =L —1)e+ % (e —1) et —te (8)

3 Conclusion

Studying carefully the probability density function (8) we notice that the function is
symmetrical against the exchange of p and ¢. This corresponds to the "particle-hole
symmetry" of the system, i.e., the symmetry of particles moving in one direction and
holes in the opposite direction. This symmetry is undesirable for traffic flow models for
it does not appear in the real traffic.

The future goal of our research is to present such long-ranged interaction between par-
ticles, which breaks the symmetry of particles and holes. The dependance of the hopping
probability A on the distance-headway to the previous particle d is under investigation.

Using the dependance
min{d,dmax }

L—p

Ad) = 9
@)= )
better agreement with the realistic traffic has been observed using numerical simulations.
We aim to derive the headway distribution for the long-ranged model analytically and to

extract the proper form of the dependance A(d) from the realistic traffic data.
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Abstract. This paper deals with image segmentation and its use in recognizing Alzheimer’s
disease. Segmentation is performed by using the morphological method called watershed, in
the image in the dodecahedral topology. The following describes the technique for converting
the image into dodecahedral topology and the method for image filtering and edge detection.
Finally, these methods are tested on the human brains, which are obtained by Single-Photon
Emission Computed Tomography (SPECT).

Keywords: watershed, dodecahedral topology, Alzheimer’s disease

Abstrakt. Clanek se zabyva segmentaci obrazu a jejiho vyuziti pfi rozpoznavani Alzheimerovy
choroby. Segmentace se provadi pomoci metody rozvodi na obrazu v dodekaedrické topologii.
Dale je popsan postup pro pfevedeni obrazu do dodekaedrické topologie a metoda pro filtraci
obrazu a detekci hran. V zavéru jsou tyto metody testoviny na snimcich mozkd ziskanych
pomoci jednofotonové emisni vypocetni tomografie (SPECT).

Klicovd slova: metoda rozvodi, dodekaedricka topologie, Alzheimerova choroba

1 Introduction

Alzheimer’s disease, which is characterised by loss of neurons and their’s synapses, is
the most common form of dementia. This disease is still incurable by modern medicine,
but it can be slowed down. Therefore time of recognition of diseased patient has highest
priority.

SPECT is a technique using gamma rays to provide 3D imaging. Before the technique
begins, an injection of radionuclide is introduced into the bloodstream of the patient. The
result of this technique is the set of 2D slices of radionuclide distribution in the brain
from which the final image is built.

This work is based on hypothesis that the brain scans of patients with Alzheimer’s
disease differ from the brain scans of healthy people. These changes are observed using
watershed, which is the method for image segmentation based on morphological under-
standing the image and modeling of gradual flooding of virtual terrain. Moreover, water-
shed is implemented in dodecahedral topology to eliminate its sensitivity to the number
of neighboring voxels. We calculate four main characteristics for each image: number of
regions (|r|), volume of regions (> r), cardinalty of wateshed shapes (> w) and average
volume of region (7). The results of the measurement are summarized in the paper.
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2 Dodecahedral Topology of 3D Images

Each 3D image is represented by a finite set of points in the computer. These points are
generated by using three rectangular vectors of the same length in the cubic topology.
Consequently, every voxel has 26 neighbors. Given that the neighbors vary in distance
from the central voxel, this distribution of the voxels can cause a problem for the methods
that work within the neighborhoods of the central voxel.

The points in the dodecahedral topology are generated by vectors of same length with
mutual angles equal to . A sample of three vectors (1) is used in foloving calculations.
Based on this equation, the image can still be represented by the 3D matrix in the com-
puter. Unlike the cubic topology, the image in dodecahedral topology consists of voxels
in the shape of a rhombic dodecahedron. Every dodecahedral voxel has 12 neighbors, but
distances from the central voxel to each neighboring voxel are equal.

L 5 J=cos
Cos T\ €S 137 V3 %
a=| singm |,b=| singm |, =] Zzsing (1)
0 0 V6

3

The conversion of 3D image (rectangular) input into the dodecahedral topology is
performed via linear interpolation. Positions for neighboring voxels are show in Fig. 1.

Figure 1: Neighbors in dodecahedral topology

Final representation for the computer in the form of a 3D matrix is shown in Fig. 2.

12 |11

Figure 2: Neighbor representation in matrix
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3 Edge Detection

We used linear filters to reduce the noise level and detect the edges. In this paper we
discuss the best filter we tested: the DoG (Difference of Gaussian) filter. This method
is based on the subtraction of two blurred images, where the images are blurred with a
Gaussian kernel with a different parameters oy, o9 using the convolution.

Fl(x,y,z):gal(x,y,z)*f@,y,z) (2)

Fy(2,y,2) = goo (2,9, 2) * f(2,9, 2) (3)

We can calculate the convolution of the kernel, but we can only use the convolution
once because the it is distributive. This operation provides the same results two times
faster.

Fl(ZI},y,Z) - FQ(ZIJ,y,Z) = (901<I7y7z> - gaz(xaywz)) * f(ZIJ,y,Z) (4)

4 Dodecahedral watershed

Watershed is a morphological method based on the modeling of a gradual flooding of
virtual terrain. It starts in each local minimum to flood and build barriers (watershed
shapes) in voxels where different domains join. This method gives us an image that is
divided into regions.

The algorithm goes from the lowest level of grey to the highest level of grey. In each
step, the Algorithm finds all coherent areas of a given level of grey and marks them
depending on the following three conditions:

1. If it is touching just one area, then it will join to this area.

2. If it is touching more than one area, or it is touching only a barrier, then it will
join to the barrier.

3. If it is touching neither area nor barrier, then it becomes a new area.

5 Matlab realization

There have been several documents written on the functions for loading, converting from
cubic to dodecahedral topology, filtering, and rendering.

As mentioned before, we made the conversion from cubic to dodecahedral topology
using linear interpolation. In this case, we used the Matlab function interp3. To use
interp3 correctly, we cannot rotate the cubic image; therefore, we rotated the future
dodecahedral image in the opposite direction and placed the cubic image in the correct
position in the space.

Filtering was performed via linear filters. To speed up the algorithm, we used the
Fourier transform for convolution and the Matlab functions: fftn, ifftn, fftshift.
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Since the cut in the image is composed of regular hexagons in dodecahedral topology,
we could not use the standard Matlab function for renderig. Instead, we put together
regular hexagons using function £ill to make the final image.

6 Results

The main statistical properties for the DoG filter are similar to an arithmetic mean (),
standard deviation (s), and coefficient of variation () are collected in the Tab. 1 for
groups of diseased and healthy patients. Our results provide a comparision between two
sets of samples: ADT (set of testing samples of diseased brain scans), and CNT (set of
testing samples of healthy brain scans).

Table 1: Properties for filter DoG (0 = 1.6, 05 = 3.6)
set stat. | |r] Sor dw T

z 3792 314280 | 224792 | 83.27
ADT | s 265 10265 | 7984 6.78

¥ 0.0698 | 0.0327 | 0.0355 | 0.0814

T 3439 335533 | 211654 | 98.03
CNT | s 241 14934 | 6839 8.66

v 0.0700 | 0.0445 | 0.0323 | 0.0884

Before the interpolation from cubic to dodecaedric topology, the cubic image can be
rotated. Sensitivity to the rotation is documented in the Tab. 2 for typical 3D scan. As
shown, the rotation has only an insignificant effect on the final results.

Table 2: Rotation test for filter DoG (07 = 1.6, 09 = 3.6)
stat. | |r| dor dw T
T 4191 304756 | 238213 | 72.74
S 70 3261 1585 1.91
ol 0.0167 | 0.0107 | 0.0067 | 0.0262

The next property that we tested was shift resistance. The results for this testing are
collected in the Tab. 3 for the typical 3D scan. In this case, the results are slightly better
than for the rotation test, which means that the shift has only an insignificant effect as
well.
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Table 3: Shift test for filter DoG (07 = 1.6, 09 = 3.6)
stat. | |r| >or dw T
4184 304498 | 237714 | 72.78
59 2176 963 1.12
0.0140 | 0.0071 | 0.0041 | 0.0154

=2 » &

The DoG filter was tested on the set of test samples (ADT and CNT). The results of
this testing using two sample Students’ t-test are shown in the Tab. 4 on the "training"
line. In addition, the DoG filter was verified on the set of verification samples (ADV
and CNV). The results for the verification samples are provided on the "verification"
line. While the results for the verification samples are worse than the results for the test
samples, they are still significant, with a probability of Type 1 error of about 1% for all
characteristics.

Table 4: Results for filter DoG (o7 = 1.6, 02 = 3.6)
p-value

set 7| d>or Yw | T
training 0.0060 | 0.0016 | 0.0009 | 0.0005
verification | 0.0121 | 0.0110 | 0.0096 | 0.0065

The difference between typical AD and CN patients is ilustrated in the Fig. 3. As
seen, the watershed image of an patient with Alzheimer’s disease is divided into more
regions.

Figure 3: Images after segmentation: AD (left), CN (right)
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7 Conclusion

Dodecahedral topology of 3D image is a useful structure for the digital diagnosis of
Alzheimer’s disease. Optimal parameter for DoG filter and watershed procedure were
obtained. The watershed shape volume ()  w) is the most robust measure related to
rotation an shifting of the original image (patient) and second best in p-value for the
classification of Alzheimer’s diseased patient.
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Abstract. For the improvement of the present ATLAS Pixel detector, implementation of the
new FE-I4 sensors is required. This implementation includes changes in the present DAQ-
software as well as development of the hardware. The main aim is to make a system in which
present FE-I3 modules and FE-I4 modules can co-exist.
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Abstrakt. Pre vylepSenie stavajuceho Pixelového detektoru v experimente ATLAS sa vyzaduje
implementacia nového FE-I4 ¢ipu. Implementacia zahfiia zmeny nielen v stavajicom DAQ-
software ale sti¢asne je nutné aj uprava hardwaru. Hlavnym cielom je navrhnat systém, kde
dnesné FE-I3 moduly budi koexistovat s novymi modulmi FE-14.

Kliicové slovd: LHC, ATLAS, Pixel detektor, Rozsirenie, DAQ, FE-14

1 Introduction

This article describes the data acquisition system of ATLAS Pixel detector and imple-
mentation of the new FE-I4 Si-detector to this system. It is an overview of the data
acquisition chain from both sides - software and also hardware. The crucial point is the
library which is responsible for proper work of the Pixel modules in the DAQ-system.

2 ATLAS Pixel Detector

The Pixel Detector is divided into three barrel layers in the center and three disks on both
either sides for the forward direction. Due to its close distance to the beam pipe, the Pixel
Detector faces the highest amount of particle flux, corresponding to the largest radiation
damage and hit occupancies in ATLAS. Innermost barrel layer is the most occupied layer
with occupancy approx. 5-107% per 50 x 400um? area.

The Pixel Detector consists of amount of pixel modules including a single silicon sensor.
The sensor is connected to 16 front-end FE-I3 chips using bump bonding. The FE chip
is designed to digitise the charge signal received from the sensor pixels. The present
version of FE chip (FE-I3) contains 2880 individual charge sensitive analogue circuits
with a digital read-out cell. The chip is organised into 18 columns by 160 rows, so such
that two columns are combined into pairs for the digital readout. As interface between
FE-I3 chips and off-detector read-out system is Module Control Chip (MCC). The MCC
is responsible for distributing commands to FE chips and collecting data from them.
For the future upgrade of ATLAS Pixel Detector, FE-I4 chip has been developed. The
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FE-I4 integrated circuit contains readout circuitry for 26 880 hybrid pixels arranged in
80 columns on 250pm pitch by 336 rows on 50pm pitch. Many of the specifications
and features of FE-I4 have been derived from the FE-I3 chip, but FE-I4 offers a lots of

advantages:
e Much cheaper module manufacture = chip size as big as possible

e Greater fraction of the footprint devoted to pixel array = move the memory inside
the array

e Lower power = don’t move the hits around unless they are triggered

Able to take higher hit rate = store the hits locally and distribute the trigger

Still able to resolve the hits at higher rate = smaller pixels and faster recovery time

No need for extra control chip = significant digital logic blocks on array periphery

The module with planar sensor consists of two front end chips and one sensor [1] and
does not contain any MCC chip. Due to this a new protocol have been developed that
is not fully compatible with the existing detector DAQ hardware. However, it is still
compatible with the optical hardware used in the present detector. It is necessary to
implement changes to DAQ software as well. Nevertheless, the command structure has
been kept the same and “fast” commands (lower number of bits needed to transmit) are
identical. The FE-14 output is significantly different from the present detector mainly
because of the requirement of capability of 160 Mb/s with the expected hit rate at 100
kHz trigger [1].

}7 Readout crate \‘

~1 m cable ~80mFibre  [BOC i_@f' ROD TIM
Ty
Module Optoboard 0 TX-plugind3
(MCG + 16 EE chips) I letelalc, TTC fink BPM) Bt g dommands | o [T
P VDC, VGSEL) I
Clock, Dataln, \k‘ ) .
DataQut1, DataQut2 Data link R()é}{p;(‘;g'” Event
Module data Builder
_|'s-LINK

= Electrical communication gEventdala L — L TTC—ng'iaf
— Pixel specific optical transmission from LHC
= S-Link optical transmission machine
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= Communication with main detector machine Read Out Buffer

O read out
by LV2 trigger
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Figure 1: Readout chain of the pixel detector [5].

The figure 1 describes the readout chain of the pixel detector. The Read Out Driver
(ROD) is a board designed to interface the detector specific readout components (optical
interface, buffers) with the standard ATLAS DAQ chain consists of Timing, Triggering
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and Control system - TTC Interface Module (TTC) and other components of Readout
system. TIM is placed at ROD crate as well. Modules connections are grouped at PPo
(PPo is not displayed at the figure 1). Each PPo can contain six or seven modules and
these are connected to the ROD. The one ROD can be connected to 1, 2 or 4 PPOs, it
depends on the speed and events count [2]. ROD is responsible for generating command
bit-stream for the modules and for decoding incoming data from the sensors as well. From
these data ROD creates event (from all modules) and transfers it in a general ATLAS
format. Data from sensors are transferred by optical fibres to the off-detector interface
(ROD) via the Back of Crate card (BOC) which is converting signals (optical to LVDS)
and by S-LINK interface to the Read Out system (ROS). The all off-detector parts are
located approx. 100 m away from the detector. The common signals other than trigger,
timing, e.g. configurations for read-out chips are being transferred to the ROD via a
VME interface form the DAQ-system. These data are transform in ROD card by DPS
and FPGA chips to the form for modules. These chips are creating also histograms and
some analysis and sending them to the rest of DAQ-system for online monitoring by VME
interface or for further processing and archiving to the DAQ-system by S-LINK interface.

2.1 TurboDAQ set-up

For the testing purpose, known as Test-beam, we have TurboDAQ set-up, where ROD
card is replaced by VME-crate, also known as Turbo Pixel Low Level card (TPLL)
and interface between VME-crate and modules are made by Turbo Pixel Control Card
(TPCC) according figure 2.

GPIB

adapter
-card

PCI-MXI2 VME

chip/
module/
wafer

VME - Crate

Figure 2: TurboDAQ test system [3].

For reading data from VME-crate we use standard PC connected to the TPLL by VME
interface. TPCC is used for converting signals to specific format readable by modules
consisting of the MCC and FE chips in number of maximum four modules.

3 DAQ-software

The data acquisition software (DAQ-software) is based on a library PizLib. The PixLib
library is a complex collection of C+-+ applications and libraries used in a distributed
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environment. This library provides the support of the hardware of the all Pixel Detector
such as sub-library PizBoc for the BOC card, RodPizController for the ROD card, PizFe
and PizMcc for modules, etc. as well as controlling, scanning, tuning capabilities, calibra-
tion, data-taking, making histograms, etc. This makes the Pixel DAQ-software different
from the one than software used in other sub-detectors in the ATLAS. Pixel DAQ-software
is making calibrations not just as standard taking-data and changing trigger set-up, but
it makes scans, short sequences of triggers, with different detector conditions such as dif-
ferent thresholds, shaping time, pulse height, Opto-link, intensities or delays etc. These
results are formed as histograms in the RODs and transferred to DAQ-system for moni-
toring. Differences between the local data-taking and calibration are marked in the figure
3 and 4. Each ROD can be used for data-taking mode as well as for calibration mode.

Module

— —

GNAM
LTP Crate LIS EGE

Storage

——
ATHENA
Monitoring

Figure 3: Local Data Taking in the Pixel Detector [2].

—
Analysis
Module Task

Storage

Figure 4: Calibration in the Pixel Detector [2].

Very important feature is also a sophisticated database system (DB) as well. In the
configuration DB Module and Opto-link configurations are stored. That database is
formed as Oracle server and in order to avoid too many processes in the DAQ-system
access to this server at a same time, cache is created. In these caches basic configura-
tions are stored. These are called DB Servers and can read configuration from Oracle
server and distribute them to the DAQ-system as well as store the present configuration
of set-up to the Oracle server [2]. As well Histogram Server as cache was created. The
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Histogram Server is used to collect histograms from the RODs and distribute them to
the processes running in the analysis farm.

The structure of DAQ-software is shown at figure 5. The software consists of an appli-
cations running on the different places in the system. Some are running on the Single
Board Computer (SBC). This SBC is standard disk-less Intel based computer with VME
interface for connection with ROD crate. The SBC is used for to controlling ROD crate,
downloading configurations for FE chips and for the all modules from DB as well as for
taking histograms saved in the ROD and sending them to the histogram server. SBC is
also interacting with archiving system as well as with the rest of the DAQ-system. The
communication between the SBC and the outside is based on the Gigabit Ethernet. The
applications running in the SBC are called Action Servers. These are running as a couple
of threads per one ROD. For each ROD only one application can be run. This is checked
by Crate Broke application running in the SBC computer.

The DAQ-software includes applications that can perform different tasks and are running
on different computers connected to each other via Inter Process Communication (IPC),
so the TPC is used to address the crate controllers. This technology allows remote appli-
cations to call transparently across the network functions executed by different processors
and to connect the ROD crate with the rest of the DAQ-system.

~
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Figure 5: DAQ-software structure [1].

AAA A

The whole system is created to be able to run different hardware on the same architec-
ture. It means that the implementation of the new read-out electronics using the VME
interface is limited only by changing software at the crate level such as drivers for BOC
and ROD crates. When we implement new FE-14 chip to the system, changes appear
only at the hardware level and data and signals remain still compatible with the present
Pixel detector.

Due to these aspects the implementation of the new FE-I4 chip is possible as additional
layer to the present architecture of the Pixel Detector.
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3.1 Detector partitions

The ATLAS detector consist of couple of detectors. Each detector can take data inde-
pendently. Data-taking from one detector is called partition. In our case, Pixel detector
is divided into three partitions: Layer 1 and 2 and Disks and each partition can run alone
or with other partitions together. This division gives us an advantage of taking data with
different (local) triggering - from Local Trigger Processor (LTP) or with trigger for all
other partitions from Central Trigger Processor (CTP). Individual RODs can be removed
from a partition and used for calibrations. Overview of partitions is in figure 6.

B Laye m PPo ROD Crate ROS
- [[ l | ]
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(D- ROD crates)
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Figure 6: Pixel Detector Partitions [2].

DAQ-software is also divided to partitions for different tasks. TDAQ-system has
TDAQ partition which is collections of processes running on different computers. These
processes can be controlled by commands sent to the root controller for all processes or
to the individual process. With the TDAQ partition it is possible to make data-taking
from one or more detector partitions at the same time. On another hand it is possible
to use the same tool for controlling processes such as calibrations, processes which are
not taking data. TDAQ partition includes special partition called Pizellnfr partition for
control the Action and Broker processes and other servers. Always before a process such
as calibration or data-taking can start, first we have to load correct configurations for
current set-up from the DB server.

4 PixLib

The PixLib is the library which acts as software layer to interface the ROD with the
other end user applications to access the Pixel modules. This library consist of couple
of sub-libraries such as drivers for ROD, BOC, FE modules etc. as well as controlling
applications as timing, scaning, tuning, calibration, data-taking, etc. A lot of them are
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detector independent because of many actions which are made by ROD hardware itself.
Many of these actions are running on SBC computer and connected with other GUI
application on the different computer via a Ethernet connection.

In global, PixLib does not provide any specific task, it provides just access to control
Pixel Modules which are hidden to the end users. The PixLib also provides an interface
to the TIM and to the Detector Control System (DCS) which is computer controlling and
supervising the detector and related services aiming at stable operation of the detector
system such as the voltages, the temperatures etc. It also provides access to the database
servers where calibration and histogram data are stored.

PixModuleGroup

’-_

Figure 7: Structure of the PixLib library [4].

Figure 7 shows a basic structure of the PizLib library. The top level of the structure
consist of PizModuleGroup class. This class corresponds with the set of the modules
controlled by the same ROD. The structure of the PizLib library does not allow to
control more than one ROD. It means that PizLib is just for one ROD and to access to
the more RODs we need to run another application at the run controller. Exactly one
Action Server in the SBC computer per one ROD card.

PizModuleGroup creates one or more instances of the following object depending on the
configuration:

e PixModule - up to 6 or 7 instances according configuration
e PixController - only one instance
PizModuleGroup object also receives pointers to:
e Vmelnterface
e PixTriggerController

e PixDCSlnterface
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o PixConfDBInterface

These are just main sub-classes listed. In point of fact there are plenty of the sub-classes.
The PixController is the abstract class used mainly for communication with Modules and
for access to the specific ROD implementation such as TIM controller.

The PizModule class is responsible for the most of the work because it contains the code
for working with the module. This class will create instances of the following object:

e PixMecc - only one for FE-I3 or no instance for FE-14
e PixFE - up to 16 for FE-I3 or up to two for FE-I4 according configuration

PizMcec and PixFE are representatives of the generation of the specific MCC and FE
commands with communication with read-out chips, since the PizModule class provides
the complex task for the all Module such as full module configuration, calibration loops,
threshold scans, etc.

The PizMce class contains the full image of Mcc registers. This register has to be loaded
from configuration DB first and then copied to the ROD memory to be used for con-
figuration. There are also methods to upgrade and save configurations to and from the
database. PixMCC will also generate the bit stream corresponding to the command and
pass it to PixModule for execution.

The PixFE class contains the whole image of all sensor and read-out chip settings such
as FE DACs and pixel bits loaded also from the configuration DB in the same way as
for MCC chip. The class can directly execute some commands or make bit-stream for
execution by PixMcc.

We can divide commands to higher-level and low-level commands. Low level commands
can be created by PixFE and be implemented only on the corresponding FE chip or
higher-level commands that can create PixMcc, PixController or PixModuleGroup and
be applied to all group of modules or FE chips.

I have to mention also another main classes as PizTriggerController which is used to
interface trigger controller (TIM), PizDCSInterface which is used to interface DCS com-
puter for setting voltages, temperatures etc. and PizConfDBInterface which is used to
interface configuration databases.

4.1 Implementation of FE-I4 to PixLib

The class PizLib was developed originally for FE-I1, FE-I2 and FE-I3 read-out chips.
Since the new FE-I4 chip has been developed, we need to adjust PizL:b.

We started with DAQ-software version tagged as IBLDAQ-0-0-0 which is frozen and no
code for FE-I4 is made. We already have instances as objects for FE-I4 derived from
the USBPix application written for testing single FE-14 chips. These already existing
instances we have copied directly to PixLib without any changes.

Since FE-I3 chip is connected to MCC chip, software is full of hard-coded points with
connection to these hardware constrains and these need to be eliminated. We need a
code in witch MCC/FE-I3 and FE-I4 modules can co-exist. It means that both types
of modules will be dealt within the same class. From another point of view, to keep the
current code intact, and wherever things are different for FE-14, implement them so that
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new code shall be used for FE-I4-type modules as well. Just to be more specific, firmware
changes (DSP software) are required for ROD and BOC card as well.
We have two option for fixing present daq-software:

e with a dynamic_cast < PizFel4x > (& fe)
e using PixModule’s m__ feFlavour variable

First one can use C++ type-casting in order to find out what type of chip is connected.
The second one is using the chip flavours, variables m_ meccFlavour and m_ feFlavour
which are known to the PixModule. Example how to use the second variant with chip
flavours is shown below:

// m_mccFlavour and m_feFlavour already read from DB
if (m_mccFlavour==PM_MCC_I2 && m_feFlavour==PM_FE_I2){
m_mcc = new PixMccI2(dbServer, this, dom, tag, "MCC");
conf.addConfig(&(m_mcc->config()));
for (int i=0; i<16; i++) {
m_fe.push_back(new PixFeI2(dbServer, this, dom, tag,"FE",i));
conf.addConfig(&(m_fe.back()->config()));
}
}
else if (m_mccFlavour==PM_NO_MCC && m_feFlavour==PM_FE_I4){
m_mcc = 0;
// to be seen if we have 1 or 2 FE-I4 per module
for (int i=0; i<1; i++) {
m_fe.push_back(new PixFeI4(dbServer, this, dom, tag,"FE",i));
conf.addConfig(&(m_fe.back()->config()));
}
}
else std::cerr << "Inconsistent or non-existing MCC/FE types for module "
<< m_name << std::endl;

For testing purpose we use DummyPixController, which is replacement for real Pixel
Detector set-up. Working with this simulator makes process easier, because in major cases
we are not able to set the all pixel set-up and debug software because of its enormous
complexity. The DummyPixController needs just one PC, it is as host-PC and SBC
computer at the same time.

5 Conclusion

Since the LHC brought the first results, there is effort for upgrade of particular com-
ponents. One of theme is the replacement or addition of new detectors to the LHC
experiment. In co-operation with an international group of scientists, we are working on
the implementation of the new FE-I4 sensors to the present ATLAS Pixel detector. De-
spite quite robust architecture of the DAQ-software it is necessary to take DAQ-software
as one cell and in aim of implementation of FE-I4 to be familiar with all this architecture.
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The work includes software as well as hardware and firmware development. The plan of
the Pixel group is to have a functional set ready for testing at the end of this year, how-
ever, there are still a lot of problems with code debugging due to the request of proper
environment.
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Abstract. The COMPASS is a particle physics experiment with a fixed target situated on the
SPS accelerator at the CERN laboratory in Geneva, Switzerland. The current data acquisition
system of the experiment based on the ALICE DATE package suffers from the performance
and stability problems. In this paper, several improvements of the current DAQ system are
mentioned. Recently, the online database service of the experiment has been updated and
operating system on all nodes participating in the data acquisition has been upgraded to a more
recent version. Also, the requested remote control of the experiment has been implemented
into the system. In parallel, a development of a brand new DAQ system based on a custom
FPGA-based hardware has started. The proposal of the run control and monitoring software
for this new platform is presented.

Keywords: data acquisition, COMPASS, remote control, distributed systems

Abstrakt. COMPASS je fyzikaln{ experiment s pevnym tercem umistény na ¢asticovém urychlo-
vaci SPS v laboratofi CERN v Zenevé, Svycarsko. Soucasny systém pro sbér dat zaloZeny na
softwarovém baliku ALICE DATE se potyka s problémy s vykonem a stabilitou. Tento ¢lanek
popisuje nékolik feseni téchto problémi. V prvni fadé doslo nedavno ke kompletni vymeéné
databazové sluzby. Zaroven probéhla migrace na novéjsi verzi opera¢niho systému na vSech
strojich tcastnicich se sbéru dat a bylo nainstalovano a otestovano pozadované vzdalené fizeni
experimentu. Paralelné k témto aktivitdm zapocal vyvoj zbrusu nového systému pro sbér dat
zalozeného na vlastnim hardware. V ¢lanku je predstaven navrzeny fidici a dohledovy software
pro tuto hardwarovou platformu a jsou zminény prvni postiehy z implementace tohoto navrhu.

Klicovd slova: sbér dat, COMPASS, vzdélené fizeni, distribuované systémy

1 Introduction

The Common muon and proton apparatus for structure and spectroscopy (COMPASS) is
a particle physics experiment with a fixed target running on the Super Proton Synchrotron
accelerator at CERN laboratory in Geneva, Switzerland [1]. The scientific program of
the experiment was approved by the CERN Scientific Council in 1997, the data taking
started after several years of construction and testing in 2002. The scientific program
consists of the muon program, that includes the research of the transverse spin effects
or the investigation of the muon polarization, and the hadron program, that covers the
research of the Primakoff scattering or the exotic states. Recently, the extension of the
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program of the experiment, known as COMPASS II, has been approved [2]. The extension
includes the research of the generalized parton distribution function, the Drell-Yan effect,
and the Primakoff scattering.

At first, the existing data acquisition system based on the ALICE DATE software
package is presented. Then, several improvements of this system are described. These
improvements include update of the online database service or implementation of the
remote control of the experiment. Finally, a brand new data acquisition system that is
currently under development is presented.

2 The DAQ system of the COMPASS experiment

A typical data acquisition system performs several tasks: it reads data produced by detec-
tor(s) (readout), assembles full events from fragments of data (event building), transfers
data to a permanent storage (data logging), and provides control, configuration, and
monitoring to human operators (run control).

The COMPASS data acquisition (DAQ) system strongly depends on the supercycle
of the SPS accelerator that consists of the acceleration (12s) and the extraction (4.8s)
period known also as a spill. The DAQ system must use the acceleration period to
reduce the data rate to one third of the on—spill rate. Typical SPS spill contains 2 x
10® particles for the muon beam and 1 x 10® particles for the hadron beam. When a
beam particle interacts with the COMPASS polarized target, secondary particles are
produced and are later detected in a system of detectors that forms the COMPASS
spectrometer. Detectors are used to track particle (various wire chambers), to identify
particles (e.g. Ring Imaging Cherenkov counter, muon filters), and to measure deposited
energy (hadronic and electromagnetic calorimeters).

Collection of data describing the flight of particle through the spectrometer is called
the event. The majority of registered events does not correspond to any physically in-
teresting phenomena. The purpose of the trigger system is to select interesting events
in a high rate environment. The trigger decision is based on signals from fast detectors,
e.g. hodoscopes. The trigger system greatly reduces the storage requirements and also
the CPU power required to analyze data. Average event size is approximately 40 kB, the
data collected per one spill can reach up to 18 GB. During the 2004 Run, the experiment
collected almost %PB of data. DAQ of the COMPASS experiment uses buffering and
parallel processing to handle these data rates.

The COMPASS DAQ system consists of several layers. On the lowest layer, the
primary (frontend) electronics lies. Its main task is to preamplify, discriminate, and digi-
tize data from detectors. There are roughly 250000 channels; data streams from multiple
channels are concentrated into the concentrator modules CATCH and GeSiCA. The read-
out of data is triggered by signals distributed by the trigger control system TCS. This
system also distributes the event identification and the time reference. When the concen-
trator module receives the TCS signal, it performs detector readout and appends subevent
header to data. Subevents are then transferred via optical bus S-Link to the readout buffer
computers that form the following layer of the system. The readout buffers are standard
servers equipped by the custom PCI cards called spillbuffers. Readout buffers receive
subevents during spills and continuously transfer them to the event builder servers that
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form the last layer of the DAQ. Thus, readout buffers use the SPS supercycle to reduce
the data rate to one third of the on-spill rate. Connection between readout buffers and
event builders is based on the TCP/IP standard. Event builders use information from
the subevent headers to assemble full events. Full events are stored in the CERN perma-
nent storage CASTOR;; additionally, catalogue file with metainformation is prepared and
stored in the Oracle database. Remaining CPU power of the event builders is dedicated
for additional tasks such as event sampling or online data filtering.

DAQ software is based on the DATE (Data Acquisition and Test Environment) pack-
age that has been developed for the ALICE experiment. The DATE package is designed to
perform DAQ tasks in a multiprocessor distributed environment. DATE was designed to
be a very scalable system; at the ALICE experiment, it runs at two modes: proton—proton
collisions and heavy ion collisions. The pp mode is characterized by a high interaction
rate and small event sizes. On the contrary, the heavy ion mode is characterized by rela-
tively small interaction rates and large events. The DATE performs the data acquisition
at the ALICE experiment on hundreds of distributed nodes. On the other hand, it can
be also used in a small experiments with just one node that performs all the tasks. At
the COMPASS experiment, the DATE runs in the fixed-target mode, at ALICE in the
collider mode. The performance of the package has been measured with the following
results: 40 GB/s of the readout, 2.5 GB/s of the event building, and 1.25GB/s of the
storage [3|]. The DATE requires each node to be x86-compatible machine powered by
GNU /Linux operating system that supports the TCP/IP stack. From the functionality
point of view, the DATE provides data flow control (EDM ), run control (dateControl),
interactive configuration (editDB), event sampling (COOOL), data logging (infoLogger),
information reporting (infoBrowser, MurphyTV'), and other tasks.

On the readout buffers, that are also known as the Local Data Concentrators in the
DATE terminology, the process recorder runs. It off-loads the spillbuffer and passes the
data to the recording device - in the case of the COMPASS experiment, the data is trans-
ferred to the event builders over the TCP/IP connection. On the event builders (also
known as Global Data Collectors in the DATE terminology), the process eventBuilder
runs. It receives subevents from readout buffers, uses subevent headers to assemble full
events, passes the events to the next processing stage (e.g. online filter called Cinderella),
and sends the events to the permanent storage. The transfer of subevents is initialized
by the process recorder that runs on the LDCs. The eventBuilder process is also commu-
nicating with the edm (Event Distribution Manager) process that implements the load
balancing. Event builders can send two types of messages to the EDM: nearly empty
and nearly full. The EDM uses these messages to keep list of available event builders.
Processes edmClient and edmAgent pass this list to the recorder process which selects an
appropriate destination GDC for subevents. The destination GDC is selected using the
round robin algorithm.

The current DAQ system suffers from a high dead time! caused by recent increases
of the trigger rate and the beam intensity. Moreover, as the hardware gets older, the
failure rate is also increasing. Thus it has been decided to propose and implement a
new DAQ architecture. In the meantime, several improvements to the system have been

!'DAQ dead time is a ratio between time when system is busy and cannot accept new events and total
time.
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implemented. At first, the online database service has been replaced.

3 Online database service

The DAQ system of the COMPASS experiment uses the MyS@QL database to store con-
figuration, monitoring data, logbook, and software logs. As a consequence of increases in
the trigger rates, the database service became overloaded and caused several crashes of
the data acquisition during the 2009 Run, thus it has been decided to update it.

Original architecture consisted of two physical database servers pccodb01 and pccodb02
that were synchronized by the master-master replication. In this configuration, the server
pecodb01 acts as a replication master of the slave server pccodb02. At the same time, the
server pccodb(2 also acts as a master of the slave server pccodb1. Clients connected to
the database through the virtual address pccodb00. Normally, this address pointed to the
pecodb01 server. If the watchdog process detected a crash of the pccodb01 server, it reset
the virtual address to point to the remaining server pccodb02.

pccodb00 db10
(virtual address) pcco
MySQL proxy
<« monitoring
WWW server

Master 1 Master 2
Slave 2 E MySQL replication E Slave 1
pccodbll > pccodbl?2

Figure 1: New database architecture

Before the start of the 2010 Run, the database service has been updated. In the
updated architecture, the pccodb01 and pccodb02 servers are replaced by the servers
pecodbl1 and pecodbl?2 that are equipped by much more modern hardware. Also, the
MySQL software and operating system have been upgraded to more recent versions.
These new servers are also synchronized using the replication. Moreover, additional server
pecodb10 has been added. This server hosts the MySQL Proxy software that enables the
(read only) load balancing. There is also monitoring service Nagios running on the proxy
server. If some problem with a physical server is detected, the proxy is automatically
reconfigured to forward all traffic to the unaffected server and e-mail message is sent to
a database administrator. The web server is also running on the pccodb10. This service
serves the web interface of the Nagios, the electronic loghook, and also the database
management tool phpMyAdmin.
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Server pccodbl1 is also replicated to the CERN IT center and from here into the
computing centers of member organizations. This topology is known as a chain replication
and can be regarded as a geographical backup. Moreover, regular backups are executed
hourly (partial) and daily (full) by the system scheduler cron. During the replication
process, the file with binary log is being created. This log can be used as an incremental
backup. With the information contained in the daily, hourly, and the incremental backup,
it is possible to reconstruct almost all data in case of the database failure.

In this configuration, the virtual address pccodb00 still points to the proxy server.
Since the virtual address is still the same, there was no need to reconfigure any clients
during migration. During the 2010 Run, the database service ran stably and did not
experience any crash. In case a higher performance is required, it is possible to easily add
more replication slaves into the configuration and to enable the load balancing. More
information about the new database service can be found in [6].

4 Remote control

The control room of the COMPASS experiment is placed directly in the experimental
hall, just a few meters away from the spectrometer. The radiation levels increase with
increasing beam intensity and safety limits might be exceeded in the future during the
Drell-Yan program. Thus, the technical coordinator of the experiment has decided to
install a remote control room.

Since the communication between nodes participating in the DAQ system is based
on the TCP/IP protocols, the TCP/IP connection has been established between the
experiment hall with detectors and the remote control room. Several applications are
used by a shift crew to control and monitor the experiment and data taking.

The following equipment has been provided to power these applications: 8 HP work-
stations and 12 LCD screens. The operating system with the DATE package needed to
be installed and configured on these workstations. The Windows 7 has been installed
on two workstations, Scientific Linuz CERN (SLC) on others. As a Red Hat Enterprise
Linux derivative, SLC contains the Anaconda system installer. Anaconda supports au-
tomated unattended installation using the kickstart technology. The kickstart is a text
file that contains installation options such as a disk partitioning scheme, a network con-
figuration, a package selection, or post-installation scripts. Using the CERN Automatic
Installations Management Facility, the kickstart files are published in a network storage.
During the installation, the Anaconda program downloads the appropriate kickstart file
and performs the installation according to instructions stored in the file.

Moreover, it is not necessary to create a kickstart file for each computer, on the
contrary, templates are supported. Computers participating in the DAQ can be divided
into several groups: run control machines, event builders, readout buffers, gateways, file
servers, or database servers. Each of this group is described by one kickstart template.
During the installation, the template is parametrized by the IP address and the hostname
of the machine. Additionally, the kickstart file can be used to quickly reinstall machine
to original state in the case of a crash or a misconfiguration.

The run control workstations has been installed from the kickstart template. First
workstation is running the human interface of the run control application, second is
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displaying DAQ and detector errors, third one is running event sampling tool COOOL.
Detector control system DCS is running on the fourth workstation, beam line and magnet
monitoring program on the fifth, and IP cameras on the sixth. These 6 computers are
part of the internal COMPASS network; the two remaining workstations are connected
into the general purpose network (GPN) and are available for the shift crew.

A test run has been successfully started remotely, thus the remote control room is
prepared for the future employment. Without the remote control room, the COMPASS
collaboration would have to invest approximately 400000 EUR into the additional shield-
ing of the spectrometer.

5 Research and Development of the new DAQ system

The development of the brand new data acquisition system has started. The main purpose
is to increase the stability and decrease the dead time of the data acquisition. The new
system is based on a custom FPGA? hardware that controls the data flow, the readout,
and the event building [9]. Thus software is responsible only for the control and the
monitoring. Moreover, the existing readout buffers and event builders can be turned into
a dedicated filtering farm for COMPASS in the future.

At first, the possibility of using the DATE package with a new hardware has been
evaluated |7]. It has been found out that the DATE is too complex software, moreover,
it requires x86 compatible hardware [3]. Therefore, it has been decided to develop a
new control and monitoring software. However, the DATE should be used as a source of
inspiration during research and development of the new software.
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Figure 2: DIM name server

The new software should stay compatible with other parts of the experiment, espe-
cially with the Detector Control System. This implies that the new system should be
built on top of the DIM package |4]. DIM (Distributed Information Management Sys-
tem) is a software library that provides asynchronous, one-to-many communication in a
heterogeneous network environment. The library is based on the TCP/IP protocols, it
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extends the client—server paradigm with the concept of a name server. Each DIM service
or command is identified by its unique name. When a server (publisher) publishes a
service, it passes its name to the DIM name server (DNS) that registers it. When a
client (subscriber) wishes to subscribe to a service, it also passes its name to the DNS
which returns the location of the server that publishes the requested service. After that,
normal TCP/IP connection is established between the subscriber and the publisher. The
communication with the DNS is handled transparently by the library. Moreover, the
library also handles the conversion of data between the host and the network encoding.
The library is written in the C language, however interfaces to the FORTRAN, C++,
Java (using the Java Native Interface), and Python also exist. The performance of the
C++ and the Java interface has been compared. In the test, the server publishes one
information service and one command. The client sends command to the server, when the
server receives this command, it updates its service. This forces client to fetch the updated
information; when the client receives this information, it sends another command. This
cycle is repeated million times and network usage and elapsed time is measured for
different sizes of the message. The results have been measured on the 100 MBit/s network
card. It has been found out, that the DIM performance scales well with the increasing
size of the message. Moreover, the DIM is able to saturate the network, the overhead
caused by the communication with the name server can be neglected for larger messages.
As expected, the Java performance is lower than the performance of the C+-+ because
of the JNI overhead. For smaller messages, the difference in performance is about 20%,
however as the message size increases, the performance hit caused by the JNI diminishes.
Unfortunately, the Java DIM interface is not complete, thus it has been decided to use
the C++ version. Results of the performance test are discussed in more details in [8].
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Figure 3: Nodes participating in the new DAQ architecture

The control and the monitoring software has been designed. Figure 3 shows the rela-
tions between actors participating in the system. The actors are running on distributed
nodes, communication is implemented using the DIM library. The master node plays
the key role. The master loads the global configuration from the online database. The
MySQL database server has been selected because of the compatibility with the current
DAQ system. Master distributes the configuration to all slaves; in this way, the slave do
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not need a database access. The information stored in the database contains the list of
the slave nodes. Each node is identified by its unique number and its hostname. Master
connects to these nodes using the ssh client and wakes up the slave processes that start
DIM servers. The master acts as a DIM client of these servers. The master can send
DIM commands to the slaves. Typically, these commands are used to start or stop data
taking. On the other hand, slave nodes publish some monitoring information, such as
a buffer usage, data rates, or errors in data, as a DIM services. The master subscribes
to these services and collects the monitoring data. The format of the message has been
proposed. Each message starts with header with metainformation. The header is followed
by the payload and the message is closed by the trailer with the check sum. The format
is described in the table 1.

The format of the message
Header
1. Data size 4 bytes Total size of the message in 32b words
= header size-+payload size+trailer size
2. Version 4 bytes Version of the protocol
3. Sender 1D 4 bytes Unique ID of the message’s sender
4. | Message number 4 bytes Number of the message
D. Receiver 1D 4 bytes Unique ID of the message’s receiver
6. Message 1D 4 bytes ID of the message
7.-8. Time 8 bytes Time stamp
Payload
9. ‘ Body ‘ (0-N) x 4 bytes ‘ Body of the message (can be empty)
Trailer
10. Reserved 4 bytes 0x00000000
11. Reserved 4 bytes 0x00000000
12. | Message number 4 bytes Number of the message
(the same as in the header)
13. Check sum 4 bytes Check sum of the message

Table 1: Message format

On the other hand, the master node is also containing the DIM server part. This
part is receiving commands from the user interface application and publishes information
about state of the system. At the same time, multiple user application can communicate
with the master, however only one can control the system - the remaining users can only
observe the behaviour of the system. The remote control is supported thanks to the DIM
library. Communication protocol between the user interface applications and the master
node uses the same message format. It has been decided to implement the user interface
in the QT framework that is portable and contains rich class library that covers widget,
database access, graphics, and platform independent data manipulation.

The master and all the slave nodes are also sending debug information to a Message
Logger application. The Message Logger buffers these messages and periodically flushes
them into the permanent storage, usually into the MySQL database. The debug informa-
tion contains the time stamp, the identification of the node, the severity (notice, warning,
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error, fatal error), and the actual description of the incident. The Message Browser is
an application with a graphical user interface that will be used to display and to query
the database with messages. The Message Logger and the Message Browser replace the
InfoLogger and the InfoBrowser applications from the DATE package.

The master node, the user interface, and the Message Logger with the Message
Browser will be running on a standard x86-compatible hardware powered by the Scien-
tific Linux CERN operating system. Thus, it is possible to use some higher level libraries
such as QT during the implementation of these applications. On the other hand, slave
nodes will be running on a custom hardware (MICO32 softcore processor) under some
Linux distribution for microcontrollers. The slave application will depend only on the
DIM library which should be available also for the microcontroller Linux.

The work on implementation of the above described proposal has already started.
The communication of the master node with slave nodes and user interface node has
been tested on three nodes. Further tests on multiple nodes are scheduled into the
nearest future. The code of the slave process needs to be ported to the microcontroller
Linux. The goal is to have a fully functional prototype for the 2012 Run. During the year
2013, the shutdown of the entire accelerator complex is expected at CERN. This period
should be used for final testing and installation so that the new data acquisition system
is ready to be in operation in the 2014 Run. If proved to be successful, the system will
also be deployed at the PANDA experiment at the FAIR facility at Darmstatd, Germany.

6 Conclusion and outlook

The existing data acquisition system of the COMPASS experiment has been described.
The stability of the system decreases as the hardware gets older and the trigger rate
increases with increasing beam intensity. Several interventions have been proposed and
performed in order to improve the stability. The database service that has caused several
crashes during the 2009 Run has been migrated to the new software and hardware. Since
the migration, the database has not experienced any severe problem. In order to reduce
the exposure of the shift crew to the radiation, a remote control room has been installed.
A new data acquisition system based on the custom hardware is being developed. The
readout, the data flow control, and the event building is controlled by the hardware, the
software is responsible for the run control and monitoring. The requirements has been
analyzed and the proposal has been designed. The implementation of the proposal has
started. It is projected to have the new system in a full operation for the 2014 Run.
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Abstrakt. V ¢lanku konstruujeme diferen¢ni analogie k tzv. Smorodinského-Winternitzovym
superintegrabilnim systémim v Eukleidovské roviné. Za pouziti metod umbralniho poctu
ziskdvame diferen¢ni rovnice pro zobecnény isotropni harmonicky oscilator na uniformni miizce
a taktéz jeho feSeni ve tvaru mocninnych fad. V pfipadé kalibracné transformovanych Hamil-
tonianu je reSenim polynom, dobfe definovany v celé roviné.

Klicovd slova: diskrétni harmonicky oscilator, umbralni pocet, uniformni mfizka

Abstract. We construct difference analogues of so called Smorodinsky-Winternitz superinte-
grable systems in the Euclidean plane. Using methods of umbral calculus, we obtain difference
equations for generalized isotropic harmonic oscillator on the uniform lattice, and also its solu-
tion in the terms of power series. In the case of gauge-rotated Hamiltonian, the solution is a
polynomial, well-defined in the whole plane.

Keywords: discrete harmonic oscillator, umbral calculus, uniform lattice

1 Introduction

Recent development in the field of theoretical and mathematical physics leads to an
idea that existing models in quantum mechanics are only a continuous approximation
of discrete space-time. Discretization has shown to be a convenient tool for quantum
chromodynamics and renormalization theories [4], as well as for one of the candidates
for a grand unification theory — loop quantum gravity [1]. This assumes an elementary
length Ip = v/Ak = 1073 cm which is referred to as Planck length.

There have been several attempts to create models for discrete quantum mechanics.
An approach to the harmonic oscillator and hydrogen atom using special functions theory
has been introduced in Atakishiev, Suslov [2] and Lorente [10]. Odake and Sasaki [12]-[11]
construct Hamiltonians as infinite-dimensional Jacobi matrices which can be understood
as a discrete quantum mechanical system on a uniform grid or ¢-grid. An operator
approach for discretization of harmonic oscillator has been used by Turbiner [17].

The problem with these methods is that one encounters issues with preserving Lorentz
and Galilei invariance and symmetry algebras. This can be partially solved by using a
mathematical tool called "umbral calculus”, introduced by Roman [14] and Rota [15] in
1970’s. An umbral approach for simple systems has been used in Dimakis [5] and later
extended to two dimensions by Levi and Winternitz [9].
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The aim of this article is to extend the application of umbral calculus and use a
particular realization of difference operators that transfer some integrable systems to two-
dimensional uniform grid. Thanks to the essence of the umbral theory, Lie symmetries
are preserved and solutions are obtained by a simple substitution.

In Section II, we introduce the mathematics of umbral calculus and we show the par-
ticular difference operators to be used. In Section III, superintegrable systems are defined
and two classes of harmonic oscillators on an Euclidean plane are described. Section IV is
devoted to the own discretization and we find the solutions of the corresponding difference
equations. Finally, in Section V some conclusions are drawn.

2 Discretization Method

Let IF be a field of characteristic zero. We denote &7 = F|x] a vector space of polynomials
over F in variable x and .Z (&) a space of linear operators on &. Addition and scalar
multiplication are defined as usual.

Let . be an algebra of formal power series in variable ¢, i.e. the elements of .# are in
the form > "7 axt®. For f(t) = Y 7, axt” and g(t) = > p, bit* we define the algebraical
operations as follows:

PO o) = 3 o+ b
k=0
[e's) k
090 =3 (z b) n
k=0 \j=0

With these operations, .% is an algebra with no zero divisors, and is called an umbral
algebra. Moreover we define a formal derivative on .# naturally as

F1t)=> kapt"™".
k=1

There is a certain correspondence between formal power series and linear operators
on &. For each f(t) € # we define an operator Uy € £ (%) as

o0

f() = Up = ad,

k=0

where 0, = % is an operator of derivative with respect to z. The operator Uy is called
a delta operator if and only if ag = 0 and a; # 0. For o € F, we define a shift operator
U =T, € Z(Z) using power series f(t) € .F as

ft)y=>" 7t
k=0
We can easily see that the action of 7T, on &7 is

Top(z) = p(x + o),
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in other words, T, is indeed a shift in the variable . Consequently, we can define an
important subalgebra &/ C .Z(4?) in the following manner:

o ={Se€ L(P)VoeF ST, =T,5}.

We call the elements of o7 shift-invariant operators. There is one-to-one correspondence
between .# and 7.

Theorem 1. The map f(t) — Uy is an isomorphism between umbral algebra ¥ and
shift-invariant operators <7 .

Now we establish a connection between delta operators and certain polynomial se-
quences.

Theorem 2. For each delta operator () € <f there exists a unique associated sequence
pn(z), where the degree of p,(x) is n, such that

po(z) =1, p,(0)=0 for n=1,2,...
Qpn(x) = npn_l(llf).

A simple example of an associated sequence is p,(x) = x" for the delta operator
Q) = 0,. However, the previous theorem shows that similar sequences can be found for
every delta operator.

Let @ € & be a delta operator with an associated sequence p,(x). An operator
0 € L(2) is called an umbral shift if for all n € Z* it holds 0p,(x) = p,i1(x). For the
operator d, an umbral shift is trivially # = x, that is a multiplication by z in &?. There
is an important theorem that gives us a formula to find an umbral shift for any operator:

Theorem 3. The umbral shift for a delta operator ) € </ has the form

6 =28, with 8= Q)"

where Q' = Qx — x(Q) is so called Pincherle derivative of the operator Q. The operator (3
1s called a conjugate operator to ). Moreover

@ zf] = 1.

A Pincherle derivative is defined for every shift-invariant operator and is easy to
compute even without the series expansion from .#. However, if f(¢) is an indicator (i.e.
the defining series) for @), it can be proved that the formal derivative f'(¢) is indeed an
indicator of Q'

Because 6 = x3 takes a polynomial p,(z) of a given delta operator to p,.1(x), it can
be used to “generate” the complete associated sequence as

pu() =O0pp_1(x) = ... = 0"po(z) = (z5)"1.

The discretization procedure is based on so called umbral correspondence. We use it
in the particular form
Oy —— Q,  z—uf,
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where () is an arbitrary delta operator. This mapping, thanks to Theorem 3, preserves
Heisenberg commutation relations, particularly it preserves Lie symmetries of a system.
Let

F(0y, ) f(x) =0

be a linear differential equation with a solution f(z) that can be expanded into a power
series around a nonsingular point xy. Without loss of generality, we assume that o = 0
and that the expansion is

O f(n)
f) =3 0

n!

n=0

Let @ be a delta operator with a conjugate operator [ and an associated sequence p, ().
We make an operator substitution in the differential equation obtaining

F(Q,z0)f(x)-1=0.

Following the umbral correspondence, we can see that after substitution 2" «— p,(z) in
the solution f(z) we can write down a solution of our new equation, that is

- . fn)

o =3 o)
This can be proved realizing that the pair (Q,z(3) acts on p,(z) in the same manner as
(0r, x) acts on x".

A special case of delta operators, which is of our interest, is a case of difference
operators. Using the formalism of shift operators, we can introduce three simple cases
of delta operators, right, left and symmetric discrete derivatives. For the right discrete
derivative we get

1

A= T i) =]l -
for the left discrete derivative

) p;(fﬂ):ﬁ(xﬂa),

g =0
and finally for the symmetric one
1 n—1
A= (T, -T,), ) :xg[x+(n—2¢)a].

For ¢ — 0 the operators converge to a continuous derivative, whereas the associated
sequences tend to the simple sequence x". A corresponding operator substitution in the
differential equation leads to a difference equation which can be understood as a discrete
analogue of the original system.
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In the Hamiltonians and solutions of the considered systems, we need to substitute not
only the positive powers of z, but also the negative ones. Therefore a following extension
of the associated sequences will be convenient. Let k € Z~, then

pula) = @B)* 1= [(@B) )1 (al) 1

For the difference operators § = A, A_ A, we get the following extensions:

+i) — 1 = L

pl) = (z+0)(x+20)... (x—ko) T[] (z—io)
N 1 B 1

P (7) = (z—o)(x—20)...(x+ko) [[(z+io)

) = e v (k4 20] o — (k¥ Dol — o] [Tl — (k +20)0]

However, one has to be careful with the domain of these expressions: p; (z) has singular-
ities in negative lattice points.

3 Smorodinsky-Winternitz Systems

In this section, we introduce a class of quantum-mechanical system that will be discretized
using the methods of umbral calculus. Let F;, (); be operators of canonical momenta and
coordinates, 7,7 = 1,...,n. We say that a quantum mechanical system with n degrees of
freedom described by the Hamiltonian

H=Y P +V(Qi....Qn)

i=1

is integrable if it allows n — 1 independent integrals of motion in involution, that is the
operators Xi,...,X,_1 such that

[H, X.] =0, [Xa, Xp] = 0.

The system is called superintegrable if there exist further 1 < k£ < mn — 1 operators
Y1, ..., Yy commuting with the Hamiltonian.

Considerable attention is given to the superintegrable systems since 1920’s, beginning
with works of Jauch and Hill [8] (harmonic oscillator), Pauli [13], Fock [6] and Bargmann
[3] (hydrogen atom). A complete classification of superintegrable systems on an Euclidean
plane was provided by Winternitz and Smorodinsky [7], [18] in 1965, and it was later found
that all these models are exactly solvable [16]. We are interested mainly in the following
two oscillator systems:

I. Generalized isotropic harmonic oscillator

2
@+ g )

1
Hi(z,y) = —5(83 +0;) + 222 242
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with solution of eigenvalue problem in Cartesian coordinates

w;cz wy2

1 1
bnm(@,9) = 27y LE ) (0ot LY () F ¥ )
Eym=w2n+2m+p+q+1),

where a = p(p—1) > —é, B=q(g—1)> —é are parameters and w is frequency of
the oscillator. Gauge-rotated Hamiltonian follows as

1
hr = %%_,3(7'(1 — Eo,0)t0,0 = —t0; —ud, + 10, + udy — (p+ )0 — (¢ + 3)0%,

(3)

t=waz?
u:wy2

having simple polynomial solution

_1 _1
Zmltw) = LD 0L ). (4)
This system is also separable (and can be solved) in polar coordinates.

II. Generalized nonisotropic harmonic oscillator

e )

1
Hi(z,y) = —5(8§ + 02) + 2wa® + 2

The solution of the corresponding Schrodinger equation is given by
q (q—%) 2\ —wz? _wy?
Ynm(2,y) =y H,(V2wz) Ly * (wy*)e e 2, (6)
Eom=w2n+2m+q+3).

The parameter ( is the same as in case I. After the gauge rotation, we get

1 1
hir = %%_75(7111 — Eo.0)Y00| o, = —53,? + 10, — w02 + udy — (¢ + 3)0u. (7)

u=wy?

A polynomial solution of this equation is

=m(tu) = Ha@®) LD (). (8)

This Hamiltonian also separates in parabolic coordinates.

There are also two classes of Coulomb-type systems in the Euclidean plane which are
related to the generalized oscillators through so called coupling constant metamorphosis.
Basically, their Hamiltonians in parabolic coordinates coincide with the systems I and II
and, therefore, they can be discretized in similar manner.
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4 Results

4.1 General Discretization

For the discretization of S.-W. systems, we need to perform an umbral correspondence in
&, i.e. in two coordinates. In variables x, ¥y, the substitution is denoted

Op — A\ Oy — Ay
T — 13, Yy — Yy

where A, and A, are arbitrary difference operators in the corresponding variable and £,
B, their conjugates. Similar notation is used for different coordinates (after a substitu-
tion).

Both models of generalized oscillators in &, are separable in Cartesian coordinates and
their gauge-rotated partners are separable in the substituted variables. Consequently,
the difference equation obtained by the umbral correspondence is also separable and the
solutions can be written as products of two functions.

Let us start with an operator substitution in gauge-rotated Hamiltonian (3). The
discrete version has the form

Since the eigenfunctions are polynomials, we can immediately discretize the solutions (4)
of the corresponding Schrodinger equation:

~ m 1
=2, () = B 1= LD sl (s 1 = Zz o) > ),
=0
_1 _1
where li(,i :) is the ¢-th coefficient of Laguerre polynomial L,(f’ :)
ated sequence for the delta operator A;.
In case of the original Hamiltonian (1), the general discretization leads to the operator

5, B _
2 + E(yﬁy) 27

The eigenfunctions of this operator corresponding to the lowest eigenvalue can be written
in the terms of power series in associated polynomials. We restrict ourselves to p,q € Z
which allows us to use the extended associated sequences. For the ground state, we get

and p;(t) is the associ-

HP = 224 A2 4 LB + W8]+ ()

k=0 l:O

and the excited states can be computed as

62 (o) = LY (w(@8)?) LYY (wis,)?) v,

The expressions =3, and y3, in the expansion of Laguerre polynomials act as umbral
shifts for the associated polynomials in the ground state ¢£0. The issue of convergence
reduces to the convergence of the infinite series of discrete Gaussians in .
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Similar transfer to the lattice in case of the Hamiltonian (7) follows as
1
which is solved by

=0 tu) = H )L D i) 1= 3 hen) S 1 ).
=0 7=0

The number h; ,, is the i-th coefficient of the n-th Hermite polynomial H,,(t), other nota-
tion as before.
Similarly, the original operator (5) takes the form

HP 1(A2 + A2) 4+ 202 (26,)* + L‘1—2( B,)? + é( -2
5 = 2 T Y T 9 YPy D) yﬁy)

The expression for the ground state is for ¢ € Z

¢00 z,y) Z k:' p2k Z 21[, Par+q(Y),
k=0

=0

For the excited states we get

D (0y) = Ha(VZrB) L) (w(B,)?) oo(e,v).

The Hermite and Laguerre polynomials of the arguments x3, and (yf,)? (up to constants)
are the umbral shifts acting on the appropriate parts of the wave function ¢£0. The
convergence is not affected by these terms.

4.2 Particular Discretization

In this paragraph we show the results for the particular difference operator mentioned in
Section II. The solutions obtained by the umbral correspondence are well-defined on the
lattice points 0Z (at least positive) and in the case of gauge-rotated Hamiltonian they
converge everywhere. For brevity, the results will be demonstrated on the generalized
isotropic harmonic oscillator.

With the right discrete derivative, we denote the spacings on the lattice as (oy, 0,,) or
(04, 0y) (according to the coordinates used). Similarly, the shift operators are denoted
T,,, Ty, etc. The operator (3) is discretized as

hY = 0_%2 [((o0r +2)t +or(p+3)) = (t+0ulp+ 3)) To, — t(or + )T, ] +

+ % [ (u+ou(qg+3) To, + ((ou+2u+ou(qg+3)) —ulow+ 1)1, .
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Written as a difference equation:
1 — — —
po [— (t +o(p+ %)) E(t+ op,u) —t(op + D)E(t — oy, u) + ((at +2)t+o(p+ %)) :(t,u)} +
t
1 —_ 1 — 1 -
—l—; [ (0w + DE(t,u—0y) + ((O’u +2u+o,.(qg+ 5)) E(t,u) — (u +ou(qg+ 5)) =(t,u+ au)—} =

= eZ=(t,u).

The solution is a polynomial and can be expressed as

m 1 j—1
=2(t,u) Zl H t—rat)Zl](-z;E) h(u—sau).
r=0 7=0 s=0

If we return to the original problem and use the right discrete derivative, the eigenvalue
problem can be formulated by the following difference equation on a lattice:

2

2; w(fc,y)+i2w(x+am,y)+%€6($—%)w(m—2aw,y)+

2

212w(x y)t— w<x Yo+ 5 Y(y—oy)¥(z,y=20,) =
y

= Ey(z,y).

{ 2(w Ux)(x—O—QUx) -5 }Wfﬂﬂ%y)

s
+[ 2(y +oy)(y + 20@/

} z,y+20,)

Using the extended associated sequence, the ground state for this eigenvalue problem can
be written as

[es) 2k+p—1
(=w)* 1 (—w)* .
@bD, (z,y) = + (x —io,)| X
0,0 P Qkk" H2k+p (SL’ - ZO'E> k:[_p273 Qkkl Zl;!
[_q_Ql] oo 2k+q—1
(—w)* 1 (—w)* .

' — + (y —ioy)

R e RS

where we use the blanket hypothesis that ), = 0 for ¢ positive. This function solves
the difference equation on the lattice points {(io,, jo,) | 1,7 =0,1,2,...}, that is for the
first quadrant in &. In other points the series diverges.

The excited states can be obtained as

e} k m 1 e} 1
Z (r-3) Z w) 3ol iz(—w)

n,m 1’ y L ok p2k+2j+p ) X lz(,m 2)(4} o] p;_l+2i+q(y)
k=0 i=0 1=0 ’

where p(z) is the generalized associated sequence for the right discrete derivative. For
p,q € Z3 these polynomials can be easily substituted.

The results for the left and symmetric discrete derivatives would be obtained in similar
fashion.
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5 Conclusions

We have shown that certain two-dimensional quantum-mechanical superintegrable sys-
tems can be transferred to a uniform lattice by the means of umbral discretization. The
difference equations for the generalized isotropic harmonic oscillator using a simple ex-
ample of right discrete derivative have been found and the solutions have been obtained
by substituting into the original ones. In the case of gauge-rotated Hamiltonian, the
solution of the difference analogue is a well-defined polynomial in &, however, for the
original system, we need to restrict ourselves to the lattice points only.

The method of umbral discretization offers an infinite number of difference operators
(that approximates the derivative in an arbitrary order) and therefore this procedure
can be done with various operator replacements. Moreover, there is no restriction for
the dimension of the system, nor for the coordinate system. Therefore the difference
analogues of quantum mechanics can be formulated on non-square lattices as well, while
still preserving the symmetries.
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Abstract. This article is dealing with microscopic structure of multi-segment cellular thermal-
like model. In the beginning the meaning of congestions as macroscopic phenomenon is reminded.
The simulation procedure is described. Then the clearance probability density is analyzed inside
segments and also at the edges. The function derived for the one-segment model is tried to be
used to approximate the probability density also for multi-segment model.

Keywords: thermal-like traffic model, clearance distribution and traffic congestion

Abstrakt. Tenhle ¢lanek se zaobird analyzou mikroskopické struktury vice-segmentového bu-
nécéného termodynamického modelu. V tvodu je shrnut vyznam vyskytu kongesci jako zastupce
makroskopickych jevi. Pfipomenuta je simula¢ni procedura vedouci k ustalenému stavy da-
ného systému, ktery je nasledné zkoumdan. Déle je pozornost vénovand pravdépodobnostnimu
rozdéleni vzdalenosti a to nejen uvniti segmentu ale taky na jeho okrajich. Testuje se, jestli
je funkce popisujici uvedené rozdéleni pravdépodobnosti pro jednodussi verzi modelu jenom s
jednim segmentem vhodnd i pro hrani¢ni dseky.

Klicovd slova: termalni dopravni model, pravdépodobnostni rozdéleni vzdélenosti a dopravni
Zacpa

1 Uvod

Prvni pokus o matematicky popis dopravniho systému se datuji k roku 1935 a vdéc¢ime
za néj doktorovi Michiganské university Bruceovi Greenshieldsovi. Od té doby ho na-
sledovalo mnoho védctu pouzivajicich ruzné piistupy. Pozadavki kladenych na dopravni
modely je nékolik: analyticka TeSitelnost, nenaro¢né simula¢ni procedura, mikroskopicka
a makroskopické struktura odpovidajici realnym vzorkim, atd. Snahou je predstavit uni-
verzalni model postihujici vSechny fenomény vyskytujici se v cestni dopravé. Zaroven by
pocet vstupnich parametri takového modelu nemél byt neimérné vysoky.

NagSim cilem je nechat se inspirovat nékterymi aspésnymi dopravnimi modely pfi mo-
difikaci a tak postoupit o kriucek dal v univerzifikaci. Jako zéklad slouzi model zalozen
na vlastnostech termodynamického plynu.

117
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1.1 Termodynamicky dopravni model

V kratkosti pfipomeneme vychodiskovy model. Jedna se jednorozmérny modifikovany
Dysnuv plyn, pouzivany pro analyzu mikroskopické struktury. Jednotlivé castice jsou
identické s hmotnosti m. Uvazuje se soubor N ¢astic umistnénych na kruznici. Pozice
castice je dana uhlovou soutradnici ¢;, kde 7 udava poradové cislo Castice. Byla zvolena
kratkodosahova varianta vzhledem k lepsi korespondenci s chovanim fidi¢a v cestni do-
pravé. Konkrétné céastice v uvazovaném modelu interaguje pouze s nejblizsi predchozi
castici. Mira vzajemné interakce je zavisla pouze na vzdalenosti mezi ¢asticemi r; a znaci
se V(r;). Hamiltonian uvedeného souboru méa pak tvar

N

H = Z m(v; — 0)* + Z V(ry),

=1 =1

N —

pri¢emz v; znaci rychlost i-té ¢astice a © prumérnou rychlost souboru. Ted jesté zbyva
urcit exaktni tvar odpudivého potencialu V (r;). V starich verzich termodynamického mo-
delu se pracovalo s logaritmickym tvarem V(r;) = In(r;), pro ktery byl model relativné
snadno analyticky feSitelny. Pozdéji se vSak ukazalo jako vhodnéjsi popisovat vzajem-

nou interakei ¢astic pomoci newtonovské odpudivé sily F(r;) o= —Tig a tedy pouzivat
potencial
1
Vir;) oc= ——.
() o= —=

Prumérna vzdalenost ¢astic (r) je normovana na hodnotu 1, co znamend obvod kruz-
nice, na které se ¢astice pohybuji roven V.
Z realnych dopravnych méieni a nasledné analyzy dat 1ze lehce vypozorovat ménici se mi-
kroskopickou strukturu v zavislosti na aktualni dopravni situaci. Ve zkoumaném modelu
je vliv tohoto faktoru reprezentovan teplotni lazni, ve které je soubor ¢astic umistnén.
Pohyb castic je pak ovlivnén jeji termodynamickou teplotou 7T'. Z praktickych duvodu je
zavedena inverzni termodynamicka teplota § definovana vztahem

1
5_ﬁ7

kde k znaci Boltzmannovu konstantu.
[ piedstavuje vyznamny parametr celého modelu reprezentujici miru dopravniho stresu
ovliviujicitho poc¢inani ridice.
Jednou z hlavnich zkoumanych statistik bude pravdépodobnostni rozdéleni vzdalenosti
sousednich ¢astic. To lze odvodit |1] z Hamiltonianu daného systému a ma tvar

P(r)= @(T)Aexp[—g — Br], (1)

kde O(r) oznacuje Heavisidovu funkci, 3 pfedstavuje jiz zminénou inverzni termody-
namickou teplotu a A a B jsou normaliza¢ni konstanty, ziskdvané z dvou normaliza¢nich
rovnic:

/ Aexp[—é — Brldr =1,
0 r
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(r)y = /0 rAe:Bp[—g — Br|dr = 1.

Prvni vztah musi spliiovat kazdé pravdépodobnostni rozdéleni, druhy zajistuje nor-
malizaci stfedni hodnoty r na 1. Hodnoty obou normaliza¢nich konstant jsou zavislé na
hodnoté parametru 3 a lze je pfiblizné aproximovat funkcemi

3 — exp[sqrtf]

B=p§+

2
1 /B
A7 =2 §K1(2¢@)a

kde K;(x) oznacuje modifikovanou Besselovou funkei druhého druhu.

Ziskany tvar pravdépodobnostniho rozdéleni vzdalenosti odpovida struktufe redlnych do-
pravnych dat, jak jiz bylo dokédzano. Tato funkce je vhodnou aproximaci jak u vzorku v
rezimu volné dopravy, tak u téch, kde dochéazi ke zhusténi, rozdil je v hodnoté parame-
tru . Ptiblizné plati, Ze rezim volné dopravy koresponduje s nizsimi hodnotami inverzni
termodynamické teploty, zatimco pii zacpach hodnota tohohle parametru stoupa. Pro
extrémni piipad § = 0 jde o Poissonovo rozdéleni, které se pouziva pro nezavisle se
pohybujici c¢astice.

Y

2 Vice-segmentovy bunécny termodynamicky modelu

V nékterich pracich [4] byla hodnota parametru (3 nastavena globalné, tj. v8echny uvazo-
vané ¢astice byly ve stejném dopravnim rezimu. Bylo jiz ukazano [1], Ze volbou vhodné
hodnoty inverzni termodynamické teploty 3 lze uspokojivé aproximovat redlnd data zis-
kané pro rizné dopravni rezimy. Obecné lze fict, Ze volnému dopravnimu rezimu od-
povidaji niz$i hodnoty parametru (, zatimco pro synchronizovany dopravni rezim lze
dosahnout vyssi hodnoty, kolem § = 3. Extrémnim ptipadem je pak § = 0, kdy jde o
Poissonovo rozdéleni pouzivano pro zcela nezavisle se pohybujici elementy.

V takhle definovaném modelu se nevyskytuji pozorovatelné zacpy. Absence tohoto makro-
skopického dopravniho fenoménu je zpusobena globdlnim nastavenim parametru 3. Zna-
mené to, ze viechny uvazované elementy jsou ve stejném rezimu, tedy piimo v pripadné
kongesci. Navic dochazi k normalizaci vzdalenosti mezi ¢asticemi, takze je nelze vyuzit k
detekci zacpy.

Abychom uvedeny makroskopicky fenomén v termodynamickém modelu obsahly je po-
tfeba provést modifikaci. Konkrétné jde o zménu definice inverzni termodynamické teploty
0 z globalni na lokalni.

Pro nase ucely zatim postaci rozdélit uvazovanou kruznici na dva segmenty s riznymi
hodnotami parametru 3. Cilem je priblizit se modelovani dopravni situace, kdy volnou
dopravu komplikuje néjaky druh prekazky. Tahle prekazka je predstavovana mensSim ze
segmentl, ktery nazveme kritickou oblasti, a budou pro ni voleny vyssi hodnoty parame-
tru oznacovany .. Pro hlavni segment reprezentujici volnou dopravu bude odpovidajici
hodnota inverzni termodynamické teploty znacena jako (. Jelikoz uvazujeme stacionarni
prekazku, segmenty jsou definovany pevné, pomoci uhlovych soutadnic: volny segment od
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@ = 0 po ¢, a kritickd oblast od ¢. po ¢ = 27. V nésledujicich simulacich bylo zvoleno

_ 3
QOC—EW.

Dalsi modifikaci predstavuje pouziti diskrétnich vzdalenosti v simulac¢ni procedufe.
Jako inspirace slouzil slavny Nageluv-Schreckenbergiv bunéény model, kterého velkou
prednosti je jednoduchost.

Kruznice délky N je rozdélena na m stejné dlouhych bunék. Dale uvazujeme Castice jako
bezrozmérné elementy pohybujici se skokové mezi buiitkami. Takze je jednoznacné déano,
ve které buiice se ¢astice aktualné nachazi a jestli je buiika obsazena ¢astici nebo nikoliv.
V jedné buiice se miize nachazet maximalné jedna Castice.
Experimentalné bylo zjiSténo, ze pti pouziti dostatecné podrobného déleni na buiky se
tvar pravdépodobnostniho rozdéleni vzdalenosti zachovava.

2.1 Simula¢ni metoda

Pro numerické vypocty byla pouzita simula¢ni metoda zalozend na Metropolisové algo-
ritmu.

Nejdiiv se vygeneruje pocatecni rozmisténi ¢astic. Pouzit se muze jak ndhodné tak ekvi-
distantni rozlozeni. Pak se upravuji pozice ¢astic podle nasledujiciho algoritmu:

e Pro aktuélni rozmisténi ¢astic se vypocte hodnota potencialni energie podle vztahu
1
Uv=> - (2)
T
=1
e Néhodné je zvolen index | € {1,2,...,n}.

e Je vybrana aktudalni hodnota inverzni termodynamické teploty vzhledem k umist-
néni [-té ¢astice definovanému prislusnym uhlem ¢; podle vztahu

B = B0O(01)O(e — 1) + B.0(01 — )02 — i)

e Je vygenerovano ¢islo 6 rovnomérné rozdélené na intervalu (0,1).

e Dé¢lka skoku je jesté diskretizovana

5].

o=

=|3

e Je vypoctena nova predpokladand pozice [té Castice podle vztahu 2, = x; + w.
V uvazovaném modelu neni povoleno predbihani, proto muze byt nova pozice 2
akceptovana pouze v piipadé, Ze je nerovnost 2; < ;1 splnéna.

e Nova hodnota potencidlni energie U je vypoctena pro konfiguraci, kde je poloha [té
¢astice dana ;.
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e Pokud je splnéno U < Uy, lta castice zaujme polohu 2, jinak je potieba vypocitat
Boltzmannuyv faktor ¢

AU —(U—Uy)

q= exp_ﬁ = exp
Pak je vybrano nahodné ¢islo g rovnomérné rozdéleno na intervalu (0, 1) a porov-
nano s Boltzmannovym faktorem. Pti splnéni nerovnosti ¢ > g je skok pfijat, jinak
zustava konfigurace nezménéna.

Tenhle postup provadi az do dosazeni termalni rovnovahy, kterd je charakterizovana
stabilni hodnotou potencialni energie U. Jeji hodnota nezavisi na poc¢atecnim rozmisténi
castic.

3 Vysledky simulaci

3.1 Kongesce

Pripomenme si nyni vysledky ziskané v predchozi praci a sice evidenci kongesci u nume-
rickych simulaci.

Dobrou metodou na jednoduchou detekci dat je vizualni zkoumani grafického znazor-
néni trajektorii jednotlivych ¢astic. Pro porovnani jsou vyobrazeny jak trajektorie pro
vice-segmentovy model, tak pro model s globalné definovanou hodnotou inverzni termo-
dynamické teploty .

1000 2000 3000 4000 5000 6000 7000 8000 3000 4000 6000 8000 10000 12000 14000 16000 18000
steps ofalgorthn steps ofagrithm

Porovnani trajektorii ¢astic pro model s globalni hodnotou 3 a vice-segmentovy model.

Z grafu (3.1) lze snadno odvodit, Ze ke kongescim dochazi pouze u vice-segmentového
modelu. V grafické reprezentaci trajektorii pro tenhle model je detekovano nékolik vyraz-
nych zhus§téni siticich se proti sméru pohybu ¢astic napii¢ celym souborem. Lze tedy dojit
k zavéru, ze vyse popsand modifikace lokdlniho termodynamického plynu je dostacenym
zobecnénim vyvolavajicim vznik kongesci jako zastupce makroskopickych fenoménii.

3.2 Rozmisténi ¢astic

Ted se zaméiime na podrobnou analyzu pozic ¢astic ve stavu termalni rovnovahy. Zkou-
many jsou konecné konfigurace po ustaleni hodnoty potencialni energie U. V nésledujicich
simulacich je pouzito By = 0,1 a hodnoty [, jsou voleny mezi 1 a 3.Simulace jsou pro
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Obréazek 1: Graf hustotnich profila vice-segmentového modelu

kazdy soubor parametri nékolikrat opakovany, aby byl ziskan dostatek dat.

Nez bude pozornost vénovana pravdépodobnostnim rozdélenim vzdalenosti, je zajimavé
zaobirat se hustotnim profilem zkoumanych dat. Pro model s globalni hodnotou [ je pfii
dostatecné velkém objemu dat prumérna lokalni hustota po ustaleni termélni rovnovahy
ve vSech cCastech stejné. Nyni se podivame na hustotni profil vice-segmentového systému.

Na grafu (1) jsou patrné dva vyrazné vykyvy v hustotnich profilech. Prvni piedsta-
vujici vyznamné zhusténi, kterému by v realné dopravé odpovidala husta zacpa, a druhy
naopak podpriameérnou hustotu, ta mize korespondovat se situaci, kdy kon¢i néjaké do-
pravni omezeni. Vrcholy téchto vykyvi pfesné odpovidaji prelomim segmenti. Pii na-
riustu parametru 3 dochazi ke kongesci a pfi poklesu naopak k fedéni dopravy. Jelikoz
inverzni termodynamickéa teplota 3 predstavuje miru dopravniho stresu a pii jeji vyssi
hodnoté predpokladame snizeni rychlosti, odpovid4 uvedené pozorovani predpokladu. Za-
jimavy je taky fakt, ze v stifednich ¢astech obou segmenti je hodnota primérné lokalni
hustoty stejna. Kongesce predstavuje vyraznéjsi vykyv ale k zhusténi i rozpusténi dochazi
na kratsim tseku. Dalsi analyzou hustotnich profilu lze odvodit, Ze velikost vykyvu roste
s rozdilem hodnot 3y a f..

A ted muzeme pfistoupit ke zkoumani pravdépodobnostnich rozdéleni vzdalenosti sou-
sednich elementt v ruznych ¢astech uvazované kruznice.

Vzhledem k nastaveni parametri pro numerické simulace, je nejvic dat k dispozici
pro hodnotu inverzni termodynamické teploty 5, = 0, 1. Pfipomeime, Ze se nepouzivaji
data z okrajovych oblasti, aby se eliminoval vliv sousedniho segmentu. Na piislusném
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Obrézek 2: Graf pravdépodobnostniho rozdéleni vzdalenosti pro G, = 0, 1. Histogram re-
prezentuje vysledky numerickych simulaci, kiivka analytickou aproximaci a body hodnoty
ziskané z redlnych dopravnich dat.
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grafu lze pozorovat nejlepsi korespondenci dat ziskanych pomoci numerickych simulaci s
analytickou predpovédi a taky s rozdélenim pravdépodobnosti z redlnych dopravnych dat
namérenych v odpovidajicim, volném dopravnim rezimu.

Dulezité vSak je analyzovat i ostatni useky. U kritické oblasti lze opét brat jenom stied
segmentu a porovnat je s analytickymi pfedpovédmi.
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Grafy pravdépodobnostniho rozdéleni vzdalenosti pro 8. = 1;1,5;2; 2, 5. Histogramy reprezentuji
vysledky numerickych simulaci, kfivky analytickou aproximaci a body hodnoty ziskané z realnych
dopravnich dat.

Vysledky pro kritické oblasti jsou zobrazeny na grafech (3.2). Vzhledem k mensimu

poctu pro analyzu pouzitelnych dat, nejsou uvedené histogramy tolik piesné. Stejné lze
vypozorovat relativné uspokojivou korespondenci s o¢ekdvanou analytickou aproximaci.
Obecné tedy lze predpokladat, ze i pfi rozsifeni na vice segmentt se uvniti nich zachova
oc¢ekdvané pravdépodobnostni rozdéleni vzdalenosti.
Zbyva jesté zjistit, co se déje na okrajich segmenti. Za timhle tucelem byly vytvoreny
specialni simulace s nastavenim parametri Gy = 0,1 a (. = 2,5 zaznamenéavajici pravée
situaci na prelomu segmentt. Primérna vzdalenost naméfend v téchto dsecich se vyrazné
1is1 od globalni primérné vzdalenosti, proto je nutné ziskané data nejdiiv normalizovat.
Otézkou je, jetsli je analyticka funkce (1) pouZitelna taky pro aproximaci dat okrajovych
oblasti.
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Grafy pravdépodobnostniho rozdéleni vzdélenosti pro pielomy segmentii. Hvézdicky reprezentuji
vysledky numerickych simulaci a kiivky analytickou aproximaci.

Grafy (3.2) znazorhuji pravdépodobnostni rozdéleni vzdalenosti na pielomu segmentii.
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Ta se aproximuje funkci (1), pfi¢emz je optimélni hodnota parametru 3 nalezena nume-
ricky. Opét lze konstatovat, ze ziskané data relativné dobie koresponduji s analytickou
aproximaci. Vypoc¢tené hodnoty parametru 3 jsou # = 1.0976 pro prvni pielom segmentu
(zvySovani inverzni termodynamické teploty) a § = 1.4560 pro druhy pfelom segmenti
(snizovéani inverzni termodynamické teploty).

4 Zavér

Vysledky numerickych simulaci naznacuji, ze funkce (1) by mohla byt univerzalni funkei
pro popis mikroskopické struktury. Vzhledem k zjisténim tykajicim se pielomu segmentu
lze predpokladat, ze parametr J se neméni skokové ale plynule. Dalsim krokem by tedy
mohla byt zména zpisobu definovani hodnot parametru inverzni teploty v zavislosti na
uhlové soutadnici a to naptiklad pomoci spojité kfivky. Jinou vyzvou je navrhnout proces
dynamického vypoctu aktudlni hodnoty 3 na zakladé lokalni hustoty pifipadné number
variance. Takhle modifikovany model by mohl vést ke vzniku tzv. "phantom traffic jam".
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Abstract. This contribution is an extended abstract of the paper [6]. The paper deals with
segmentation of image data using a partial differential equation of level-set type. The first part
of this paper describes the level-set formulation and modification of the level-set equation. The
evolution process are controlled by the segmented image data in such a way that the edges of
objects can be found. The semi-implicit complementary-volume numerical scheme is used for
solving the level-set equation. The final part of the paper describes algorithm parameters and
their setting used for segmentation of the left heart ventricle in the cardiac MRI images.

Keywords: cardiac MRI, co-volume method, image segmentation, level set method, PDE

Abstrakt. Tento pfispévek je rozsifenym abstraktem ¢lanku [6]. Tématem tohoto ¢lanku je
segmentace obrazovych dat pomoci parcidlni diferencialni rovnice vrstevnicového typu. Prvni
¢ast se zabyva vrstevnicovou formulaci k odvozeni vrstevnicové rovnice. Pro nalezeni objekti
v daném obraze je t¥eba tuto rovnici modifikovat. Pro numerické feSeni vrstevnicové rovnice
je pouzita metoda dudlnich objemi. Druhé ¢ast se zabyva vhodnym nastavenim vypocetnich
parametri k dosazeni co nejlepsich vysledkt p#i segmentaci levé srdecni komory na snimcich
ziskanych pomoci magnetické rezonance.

Klicovad slova: metoda dudlnich objemt, segmentace obrazu, vrstevnicova rovnice

1 Introduction

The presented work is motivated by the need of medical practice for evaluation of the dy-
namical images of the heart obtained by the magnetic resonance imaging (cardiac MRI).
One of important purposes of cardiac MRI examination is an estimation of parameters
reflecting current clinical state of patients. A typical example could be an accurate mea-
surement of heart ventricle volume during the heart contraction showing the contractive
ability of myocardium. Within this framework, it is necessary to find the inner contour
of the ventricle in the MR images. We attempt to adapt and modify a segmentation
model based on numerical solution of a partial differential equation of the level set type.
The iterative algorithm is controlled by the segmented image data in such a way that the
edges of the objects can be found. The level set equation is solved by the semi-implicit

*This work has been supported by the grant of the Ministry of Education of the Czech Republic
MSM6840770010 “Applied Mathematics in Technical and Physical Sciences”. Partial support of the
project “Jindfich Necas Center for Mathematical Modeling”, No. LC06052.
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complementary-volume numerical scheme. We describe parameters and their setting used
for segmentation of the left heart ventricle from the cardiac MRI images.

2 Mathematical model

Segmentation of the left heart ventricle volume is an important part of the cardiac MRI
data post-processing. Examination of the heart ventricle consists of several hundreds of
MR images covering the entire left ventricle volume and recording complete cardiac-cycle
interval with a given temporal resolution. The MRI images are segmented separately by
our approach based on level set formulation for the motion of the curve I'y C Q,Q C R?
propagating in the normal direction with speed V. J. A. Sethian, belonging to the authors
who first contributed to the level set methods, wrote on this topic a comprehensive work
9]

Main idea is to describe the motion of I'(¢) by means of the zero level set of a function
w:[0,7] x Q — R such that

I'(t) ={z € Q|u(t,z) =0}. (1)
We define the signed distance function (SDF) needed for our approach:

Definition 2.1. Let I' be a closed curve in R? for which 'y, = intT' and Toye = ext T are
defined and satisfies I' = Oy, = Olout, I'in UT Ul o = R2. We define the signed distance
function (dr) as
dist(z,I') 2 € Tou s
dr(x) = 0 rzel,
—dist(z,I") x €Ty,

where dist(x,I") = min{|z —y| |y € T'}.
For a given initial closed simple curve I'y, we can define u;,; as follows
Uini () = u(0, z) = dr,(z) Ve e. (2)

The Hamilton-Jacobi equation for u implicitly describes the motion of I'(t) by (1)
reads

ou
E—I—V|Vu| =0. (3)

The function wu(t,z) will be referred to as the segmentation function. Consider the fol-
lowing form of the normal velocity

Vu

V=-rk+F=-V-——+F, 4

Yl (4)
where k is the mean curvature of each level set defined as the divergence of its normal
vector and F' is an external force term. Substituting (4) to equation (3), we obtain the
level set equation in the form

Vu
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(a) (b) (c)

Figure 1: The testing image (a) and the corresponding edge detector (b) together with
the velocity field of the advection term (c).

where we denote u; := Ju/0t. Modification of the level set equation in the form

Vu
U = |VU|EV . |V—u|€ - |VU|8F,

where |Vu| = |Vu|. = 1/€2 + |Vu|® denotes a regularization, can be used as a tool to

prove existence of viscosity solution of the level set equation (see [3]). In this work ¢ is a
computational parameter.

Detection of image object edges (boundaries) is a known task in image segmentation.
Edges in the input image I can be recognized by the magnitude of its spatial gradient
V1I°. Application of the level set equation in this area requires an adaptation as follows

Vu
u = |Vul.V - (g (|1°% VG,|) W) — g (|I°* VG,|) |Vul.F, (5)
where g : R — RT is a non-increasing function for which ¢(0) = 1 and g(s) — 0

for s — +oo. This function was first used by P. Perona and J. Malik ([8] in 1987) to
modify the heat equation into a nonlinear diffusion equation which maintains edges in
an image. Consequently, the function g is called the Perona-Malik function. We put
g(s) = 1/(1 + Xs?) with s > 0. G, € C*(R?) is a smoothing kernel, e.g. the Gauss
function with zero mean and variance o>

1 |22

A

which is used in pre-smoothing (denoising) of image gradients by convolution

(I° + VG,)(t) = / Pt — 7)VG, (7)dr |

R2
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Figure 2: Example of segmentation function. Initial segmentation function ug (left),
segmentation function u for (¢ > 0) (middle), restored SDF (right)

where I is the extension of I° to R? by mirroring, periodic prolongation or zero padding.
Let us note that equation (5) can be rewritten into the advection-diffusion form

Vu
~ ~ (4) (F)

(D)

For convenience, we use the abbreviation ¢° = g(|I° * VG,|). (D) in (6) denotes the
diffusion term, (A) the advection term and (F) the external force term. The term ¢°
is called the edge detector. For an example of an edge detector, see Fig. 1b. We can
observe that value of the edge detector is approximately equal to zero close to the image
edges. Here the evolution of the segmentation function slows down. On the contrary, in
parts of the image with constant intensity the edge detector equals one. As we can see
in Figure 1c, the advection term attracts the segmentation function to the image edges.
We propose an advection parameter A to change the magnitude of the advection term.
Finally, we obtain the final form of the modified level set equation, namely

uy = ¢°|Vul.V - ( Vu

0 0
. — F
|Vu|5) + AVg" - Vu — ¢g"|Vu| (7)

2.1 Initial condition

A segmentation function u(¢,x) evolves from the initial guess (2). The initial curve Ty
has to be placed inside the segmented area (inside the left heart ventricle). To expand
the initial curve, velocity (4) has to be positive. Positive value of V' implies positive value
of the external force F', rather F' > k. We use the signed distance function (SDF) for
setting and restoring (redistancing) of the initial condition.

At the beginning of segmentation, i.e. for the first image, we have to place the initial
curve [y into the left heart ventricle manually, e.g. as a circle. For a given I'j we construct
SDF dp, and set the initial condition as w;,; = dr,. The segmentation function u evolves
from the initial guess (Fig. 2 left) according to (5). This evolution distorts the original
shape of w;y; into u(t, z) which fails to have unit gradient slopes (Fig. 2 middle). At the
beginning of next image segmentation it is convenient to use the result of previous image
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segmentation I'; = {z € R?|u(t,x) = 0} and its signed distance function dr, as a new
initial condition.

This is performed by means of the fast sweeping method introduced in [10]. This
method is used to compute the viscosity solution of the eikonal equation

[Vu(z)|=1 x€Q,
u(z) =0 rel CQ.

Example of the restored signed distance function is shown in Figure 2 on the right.

3 Numerical scheme

A semi-implicit co-volume space discretization is used to solve (7) numerically. In [2],
[4], |5], |7] a semi-implicit co-volume method discretizing (5) without the external force
term is presented. First, we choose a uniform discrete time step 7. Then we replace time
derivative in (7) by backward difference. Linear terms of the equation are considered at
the current time level while the nonlinear terms (i.e. |Vu|.) are treated from the previous
time level. In this way we obtain the following semi-implicit discretization

k k-1

u® —u Vuk

= |V NV | = | + AV Vb — 0|V F (8)
|Vuk—1],

The derivation of numerical scheme using co-volume technique results in system of linear

equation, which we solve by the SOR (Successive Over-Relaxation) iterative method.

4 Results

To apply the scheme derived from (8), we have to specify correct values of the parameters
of equation (7). The sensitivity of the edge detector depends on value of the parameter
A. Very low values of A\ decrease the efficiency of edge detection. On the other hand, very
high values of A can cause detection of spurious edges (i.e. noise, blood flow artifacts,
etc.). In our work we set A = 0.25. The spatial discrete step is denoted by h and is given
as h = 1/(max{n,,,n,,} — 1), the temporal discrete time step 7 is given by 7 = h/5 and
o is set to the value o = 3h.

We propose image dependent setting of the force parameter F' and of the advection
parameter 4. In the cardiac MR images obtained by means of the bright blood technique
(see |1], chapter 4), the blood in the ventricle is lighter than the myocardium and the
surrounding tissue. Also, blood in the ventricle has higher intensity than surrounding
cardiac muscle. Using this information we can set a threshold [;, for picture elements
certainly inside the ventricle and a threshold I, for picture elements certainly in the
myocardium and the surrounding tissue. These thresholds are set automatically using
an algorithm based on minimum search on selected slices for a given initial condition.
Using these thresholds we propose the threshold-dependent parameters F' and A which
are fundamental to obtain good segmentation results. On the other hand, the strong
dependence of the algorithm on the thresholds [;, and I,,; could be a hindrance. Indeed,
wrong settings of these thresholds can cause incorrect segmentation results. Therefore it is
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) Result of segmentation (end-diastole)

) Result of segmentation (end-systole)

Figure 3: Segmentation result for (a) end-diastole and (b) end-systole with parameters
h =0.0028, A = 0.25, Aoyt = 2, Four = —10, Fi, = 50.
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important to apply robust automatic threshold selection. An example of the segmentation
results can be seen in Fig. 3. The images are depicted in the end-diastolic phase (maximal
volume of the ventricle) and in the end-systolic phase (minimum volume of the ventricle).
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Abstract. The traditional approach to equilibrium phase-splitting computation, based on the
Gibbs energy minimization at given temerature, pressure and chemical composition of the mix-
ture, cannot fully describe the state of a pure substance at the saturation pressure. This issue
can be avoided by using the Helmholtz energy minimization instead of the traditional appro-
ach. The new approach allows to develop unified theory for both pure and multicomponent
systems. It also simplifies the computation of phase-splitting in closed systems. This article
briefly summarizes the thermodynamic formulation of the phase splitting at constant volume,
temperature and moles. Two numerical methods are described and discussed, and finally, two
examples solved with suggested algorithm are presented.

Keywords: equilibrium phase-splitting, VT-flash, Helmholtz energy, SSI method, Newton-Raphson
method

Abstrakt. Tradi¢ni metoda vypoctu rovnovaznych fazovych prechodi, zalozena na minimali-
zaci Gibbsovy energie pfi konstantnim tlaku, teploté a chemickém sloZeni smési, neni schopné
jednoznacné popsat stav Cisté latky pfi satura¢nim tlaku. Tento problém zmizi, pokud je namisto
tradi¢niho pfistupu minimalizovana Helmholtzova volna energie. Novy pristup umoznuje for-
mulaci spolecné teorie pro Cisté latky a smési. Dalsi vyhodou je zjednoduSeni popisu fazovych
prechodt v uzavienych systémech. Tato prace stru¢né popisuje termodynamickou formulaci
fazovych prechodu pfi konstantnim objemu, teploté a chemickém sloZeni. Jsou popsény dva
numerické modely a na zavér jsou ukazany dva priklady vyresené navrhovanym algoritmem.

Klicovd slova: rovnovazné fazové prechody, VT-flash, Helmholtzova volna energie, metoda SSI,
Newtonova-Raphsonova metoda

1 Uvod

Tradi¢ni popis rovnovaznych fazovych prechodu (popsany napt. v [1]) vyuziva jako krité-
rium stability systému minimalizaci Gibbsovy energie, coz je funkce tlaku, teploty a latko-
vych mnozstvi jednotlivych komponent systému. Tzv. PT-rovnovéha (”Pressure-Tempe-
rature flash”) je algoritmus, ktery pfi danych podminkich uréi mnoZstvi a chemické
slozeni jednotlivych fazi v systému. Problém nastane v ptipadé, kdy se pokusime pomoci
PT-rovnovahy popsat stav ¢isté latky pfi saturacnim tlaku odpovidajicim dané teploté.
V tomto pripadé se miize objem jednotlivych fazi ménit pii zachovani konstantniho satu-
racniho tlaku. Proto je v této praci pouzit termodynamicky model, ktery jako podminku
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stability vyuzivd minimalizaci Helmholtzovy energie. Tato formulace vychazi z [2]. Hel-
mholtzova energie je zavisla na objemu, teploté a chemickém sloZeni systému a proto je
tzv. VT-rovnovédha (Volume-Temperature flash) schopna rozlisit jednotlivé stavy nejen
smési o vice komponentach, ale také cisté latky pfi saturacnim tlaku.

V [2] je navrZen algoritmus pro feseni VT-rovnovahy, zaloZzeny na metodé SSI (Succe-
sive Substitute Iteration). V této praci je popsan také algoritmus, ktery vyuziva Newtono-
vu-Raphsonovu metodu spolu s metodou primek. Navrzeny vysledny algoritmus vyuziva
obé zminéné metody.

2 VT-rovnovaha

Systém v rovnovazném stavu nabyva nejmensi mozné Helmholtzovy energie A pii dané
teploté, celkovém objemu a latkovém mnozstvi. Necht je systém tvofen k komponen-
tami s latkovym mnozstvim nq, ..., ng. Ozna¢me termodynamickou teplotu 7" a ob-
jem celého systému V. Helmholtzova energie potom muze byt vyjadfena jako funkce
A=AWV,T,ny,...,ng).

V pripadé systému, ve kterém je p rtznych fazi a k riznych komponent, oznacime
n;,; latkové mnozstvi j-té faze (j = 1,...,p) v i-té komponenté (i =1, ..., k). Chemicky
potencial i-té komponenty v j-té fazi znacime f1; ;. Nyni lze Helmholtzovu energii vyjadrit

ve tvaru
p k D
A= Z Z,Uj,inj,i - Z P;Vj, (1)
j=1

j=1 i=1

kde V; a P; oznacuji objem a tlak j-té faze. Celkovy objem a latkové mnozstvi jednotlivych
komponent musi byt zachovany a proto musi platit

i Vi=V Gt M = N, (2)

kde V' je objem celého systému a n; je latkové mnozstvi i-té komponenty. Podminku rov-
novahy lze tedy vyjadrit jako pozadavek na minimalitu Helmholtzovy energie vzhledem
k proménnym n;; a V; takovym, Ze plati podminka (2).

Chceme-li minimalizovat Helmholtzovu energii jako funkci objemu, teploty a latkového
mnozstvi jednotlivych komponent systému, musime v téchto proménnych vyjadrit i tlak
P a chemicky potencial p.

Pro vypocet hodnoty tlaku je v této praci pouzita Pengova-Robinsonova stavova rov-
nice [3]

P(V,T,nl,...,nk):RT%’:lB VT E B (3)
kde A a B jsou zavislé na vlastnostech materialu komponenty. Funkce A a B lze vyjadrit
pomoci materidlovych konstant a; ; a b; a latkovych mnozstvi n;, kde 7,j = 1,...,k jako

A=Y Y8 aiming, B =31, bni. (4)

Takto lze tlak v j-té fazi vyjadrit ve tvaru P; = P(V;, T, njq,...,n;%), 7 =1,...,p.
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Pro vyjadfeni chemického potencidlu v zavislosti na pozadovanych proménnych vyu-
zivame tzv. koeficienty objemovych funkci jednotlivych komponent. Koeficient objemové

funkce i-té komponenty ®; = ®,(V, T, ny, ..., ng) zavaidime vztahem
Vo ®;(Vo, T my, ... ,mg)
RTIn (2 — (Vi Tona,s o) — 11V Ty, ). (5

Koeficienty objemovych funkci mohou byt vyjadfeny jako funkce objemu, teploty latko-
vych mnozstvi nasledujicim vztahem (odvozeni viz [2])

ln(IDi(V,T,nl,...,nk):/ (V,T,ny,...,ng)| dV. (6)

00[1 1 OP - ~
v

Nyni je Helmholtzova energie vyjadiena jako funkce objemu, tlaku a latkovych mnoz-
stvi, a proto je mozné pristoupit k jeji minimalizaci.

3 Dvoufazové systémy

Vzhledem k tomu, Ze nasi hlavni motivaci je popis fazovych prechodu pii sekvestraci COs,
zajimame se predevsim o dvoufazové systémy, konkrétné systémy s kapalnou a plynnou
fazi. V nésledujicim textu bude tedy formulovana teorie pro dvoufdzové systémy.

Pti popisu stavu systému nas predevsim zajima, zda se v systému vibec vyskytuje
druhé faze a v pfipadé, Ze ano, chceme popsat podil jednotlivych komponent v obou
fazich. Pro tento ucel zavadime funkci AA, coz je rozdil Helmholtzovy energie systému,
ktery obsahuje jen jedinou fazi, a Helmholtzovy energie systému rozdéleného do dvou fazi
vydéleny celkovym objemem systému.

A= = (A(V,T,m) = AV, o) = AV", T, (7)

Misto minimalizace A tedy nyni minimalizujeme funkci AA. V piipadé, ze je minimalni

hodnota AA nezdporna, je v systému pritomna jediné faze. V opacném pripadé je tfeba
nalézt také rozlozeni komponent v obou fazich.

Zavedme nyni znaceni pro dvoufdzové systémy. Jednu fazi popisuji proménné V', n/,

..., ny (n' = Z?Zl n’;) a druhou fazi proménné V", n”, nf,..., ny (n" = Z?Zl nf).

Zachovéani objemu a latkovych mnozstvi jednotlivych komponent (2) lze nyni zapsat jako

podminku
V=V'+V ni=n;+nl, i=1.. k. (8)

Dale 1ze formulaci problému zjednodusit zavedenim novych proménnych

’ ’ ’ / 1
e saturaci obou fazi S’ = VV, S = V7

!

_n n__n"
_W’C =

/

3

"

e koncentraci ¢ = 3, ¢

<

3

!
e molérnich zlomkti z; = ™, 7y = =, 2f = 5, i =1...k.
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P1i pouziti téchto proménnych prechézi minimalizovany problém do tvaru

AA = AQ,T,cz;) — AL T, d2) — A(1, T, "zf), (9)
s podminkou (8) vyjadfenou ve tvaru
1= S+95,
cz; = S'dal+S""x!, i=1.. k. (10)
Aby byl systém v rovnovaze, je nutné splnéni rovnosti
P(l,T,c’x;) = P(l,T,c”x;’), (11)
In@;i(1,7T,cd2%) —Incdr; = Ing(1,T,c"2}) —Inc"z}, i=1...k

4 Numerické metody

V této kapitole predstavime dvé numerické metody, které byly v ramci této prace pouzity
k feseni VT-rovnovahy. Vyhody a nevyhody obou metod budou diskutovany a na zaveér
navrhneme algoritmus pro feseni tohoto typu problému.

4.1 SSI (Successive Substitute Iteration)

Predpokladejme, Ze znadme n-té (iteracni) feSeni molarnich zlomka zf, =7, ¢ = 1...k.
“ !’ , . . e, y s ,
Oznacme K; = 2. Dosazenim zj = Kz do rovnice popisujici zachovani latkového

7
CNS”
c Y

mnozstvi i-té komponenty v (10) a zavedenim o = dostaneme vztahy

/! Zi "o KLZZ
i = T, —Da> i = 9K -Da- (12)

Protoze Zle rh=1= Zle x}, dostaneme dosazenim (12) do Zle x —a! =0 tzv.
Rachfordovu-Riceovu rovnici
k
K; — 1)z
Z—( Da (13)
i—1 1 + (KZ — 1)0&
Vyftesenim Rachfordovy-Riceovy rovnice pro K; ziskané v i-té iteraci dostaneme a.. Poté
stadi vyfesit soustavu 4 rovnic pro ¢, ¢’, S’, S”
dS" = (1 - a),
d'S" = ca,

S/ + S// — 1’ (14)
P(%,T,x&,...,x%): P(%7T7$,1/7---,$%>.
Reseni této soustavy je ekvivalentni feseni jediné rovnice pro nezndmou S” € (0,1)
1 - S// S//
P(m,T,xi,...,xé):P(a,T,x’l’,...,x;;). (15)

Tlak vyjadiujeme pomoci Pengovy-Robinsonovy stavové rovnice, coz je kubicka rovnice.
Rovnice (15) je proto polynomialni rovnici patého fadu, ve vSech nami prozkoumanych
ptripadech vsak existoval pouze jeden kofen v intervalu (0, 1) a proto vede tento p¥istup
k jednoznac¢nému feseni problému.
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4.2 Newtonova-Raphsonova metoda

Newtonova-Raphsonova metoda je jednou z nejznaméjsich metod pro feSeni rovnic ve
tvaru F(X) = 0. Chceme-li pouzit tuto metodu pro VT-rovnovahu, jednad se o FeSeni
vektorové rovnice, kde

S'dx) + 5""x] — ez

ot
)
oo S'dx) + 8" ] — ez
ok P(1,T,cd2}) — P(1,T,c"x})
C x ! i
X — 1 F(X) — 1 cdzip1(1,T,c"2)) (]_6)
"z p1(1,T,c'x})
/i .
cCx .
k
s’ 1 c’:vgcapk(l,T,c”:v;-’)
g c”mgapk(l,T,c’:vg)

S’ 485" -1

Newtonova-Raphsonova metoda je iteracni metoda, kterd na zakladé znalosti n-tého
feSeni hleda (n + 1)-ni FeSeni pomoci rovnosti

X" — X" = (AF(X™) T F(X™). (17)

AF oznacuje gradient funkce F', coz je matice se strukturou

] ]
] n
] n

u ]

] E EE B ]
i E EE B ] (18)
] E N EN ]
N lill li
E . EEEENE. HEBH
3]

4.3 Porovnani obou metod, navrhovany algoritmus

Metoda SSI dosahuje nejvyse prvniho fadu konvergence, je to velmi stabilni metoda.
Newtonova-Raphsonova metoda dosahuje az druhého radu konvergence, je vSak velmi
citlivd na volbu pocatecniho odhadu feseni. Proto pro feseni VT-rovnovahy pouzivame
v ramci této prace algoritmus, ktery nejdtive provede nékolik iteraci metodou SSI, ¢imz se
priblizi presnému feseni dostatecné na to, aby mohla byt pouzita Newtonova-Raphsonova
metoda, ktera vede rychleji k numerickému feseni s pozadovanou presnosti.
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5 Numerické experimenty

V nasledujicim textu uvedeme dva experimenty, které simuluji chovani postupné stlacova-
nych smési. Zmensovani celkového objemu systému vyjadiuje zvySovani celkové koncent-
race latky. Z graft je patrny prechod od dvoufazové smési k jednofazové smési v zavislosti
na celkové koncentraci. K vypoc¢tim je pouzit algoritmus navrzeny v kapitole 4.3.

5.1 Smés methanu C; a n-penthanu nC;

Nejdfive simulujeme kompresi binarni smési methanu C; a n-penthanu nCjs. Pfi znaceni
z kapitoly 3 je komprese vyjadfena postupnym nartstem celkové koncentrace. Presny
popis parametri vypoctu je nasledujici:

e celkova koncentrace roste z 5000 mol-m® na 10000 mol-m?,
e termodynamicka teplota je T'= 371 K,
e slozeni smési popisuji molarni zlomky z¢, = 0,547413, 2,0, = 0,452587.

Na obr. 1 je vyobrazen pribéh molarnich zlomkid metanu a n-penthanu v obou fazich.
Z definice molarnich fazovych zlomki je nutné, aby se fazové molarni zlomky obou kom-
ponent scitaly na jednicku (tj. zg, + 2,0, = 1 = 2¢, +2;,0.). Z obrazku je vidét, ze tato
vlastnost je numerickym modelem zachovana. V obr. 1 je vyobrazen také priibéh saturaci
obou fazi. Opét je z definice saturaci nutné, aby S’ + 5" = 1, coz je opét velmi dobte vy-
stizeno v grafu. Z pribéhu saturaci je ziejmé, ze se zvySovanim celkové koncentrace roste
saturace prvni faze, az pii koncentraci zhruba 8450 mol-m~2 dojde k pfechodu ptivodné
dvoufazové smeési na smés jednofazovou.

Obr. 2 zachycuje prubéh tlaku smési pii kompresi. Opét je mozné vypozorvat misto
prechodu z dvoufazové smési na smés jednofazovou podle zmény prubéhu tlaku pti zhruba
8450 mol-m~3.
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Obrazek 1: Molarni zlomky C; a nCjy a saturace obou fazi v zavislosti na celkové koncen-
traci pro vypocet popsany v 5.1.
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Obrazek 2: Vyvoj tlaku uvnitt smési C;-nCs v zavislosti na celkové koncentraci pro pro-
blém 5.1.
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5.2 Smés dusiku Ny, methanu C;, propanu C; a n-dekanu nC;

Stejny algoritmus jako byl v kapitole 5.1 pouzit k feSeni komprese binarni smési lze
pouzit také k feseni VT-rovnovahy viceslozkovych smési. Jako priklad uvadime vypocet
VT-rovnovahy stlacované 4-slozkové smési tvorené dusikem, methanem, propanem a n-de-
kanem. Parametry vypoctu jsou nasledujici:

e celkova koncentrace roste z 1000 mol-m?® na 10000 mol-m?,
e termodynamicka teplota je T' = 393, 15 K,

e slozeni smési je dano molarni zlomky zy, = 0,2463, z¢, = 0,2208, z¢, = 0,2208,
Zncy, = 0, 3121,

Obr. 3 znazornuje priubéh fazovych molarnich zlomkd vsech 4 komponent. V tomto
pripadé jiz neni tak zfejmé zachovani jednotkového souctu fazovych zlomkt komponent,
nicméné pii dikladném prozkoumani priibéhu molarnich zlomkt je vidét, ze opét plati
Ty, + 70, +T0, + 20, = 1= T, 36, + 3, + 200, - Stejné tak je zachovan jednotkovy
soucet obou saturaci S a S”. Stejné jako v pfipadé 5.1 pievazuje s rostouci celkovou kon-
centraci objem prvni faze, jejiz saturace je oznacena S’. Pti celkové koncentraci zhruba
8100 mol-m~? dojde k pfechodu dvoufazového systému na systém jednofazovy. Tento pie-
chod je patrny jednak z priibéhu saturaci a fazovych molarnich zlomkt v grafu na obr. 3,

pii zminéné koncentraci je vSak zietelnd i zména v pribéhu celkového tlaku systému.

Obréazek 3: Molarni zlomky komponent a saturace obou fazi v systému N,-C;-C3-nCy
popsaného v 5.2 v zavislosti na celkové koncentraci.
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Obrazek 4: Vyvoj tlaku uvnitt systému Ny-C;-C3-nCyy popsaného v 5.2 v zavislosti na
celkové koncentraci.
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6 Zavér

V této praci byl pouzit novy pristup k popisu termodynamiky rovnovaznych fazovych pro-
cest, ktery je formulovan pfi konstantnim objemu namisto klasického pojeti, pii kterém
je udrzovan konstantni tlak smési. Byly strucné diskutovany vlastnosti a divody zave-
deni nového pristupu a navrzeny dvé numerické metody pro feseni fazovych ptrechodu
v souladu s novou formulaci.

V ramci této prace byl navrzen algoritmus k vypocétu VT-rovnovahy. Tento algoritmus
byl pouzit k vypoctu prubéhu slozeni dvou viceslozkovych systému pri jejich kompresi.
Z vysledki je patrny postupny pfechod od dvoufazové smési k smési jednofazové pri
narustajici celkové koncentraci. V obou experimentech systém ptesel do faze popsané
proménnymi S’, i, . Z vysledki vSak neni mozné rozligit o jakou fazi se jedna (zda
bude pii vysoké koncentraci smés v kapalném nebo plynném stavu).

V soucasnosti jsou kody implementované v programu Matlab, do budoucna planujeme
jejich prevedeni do programovaciho jazyka C++, aby bylo mozné tento model fazovych
prechodii propojit napt. s modelem vicefazového proudéni.
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Abstract. Performance of a heuristic depends on the principle on which the algorithm is based
on, on the setting of its parameters and also on the type of problem being solved. In the
paper we are proposing a deterministic methodology to address the problem of the effectiveness
evaluation of these algorithms. Furthermore, a demonstration of this methodology is presented.
Its objective is to show how the proposed methods can be helpful for further development or
application of heuristics.
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Abstrakt. Vykonnost heuristiky zalezi na principe na ktorom je zaloZend, na nastaveni jej
parametrov a taktiez aj na type problému, ktory riesi. V nasSej praci navrhujeme determin-
istickiht metodiku na riefenie problému vyhodnocovania efektivnosti tychto algoritmov. Ealej
predstavujeme demonstraciu, ktora ukazuje ako mézu byt navrhnuté metoédy uzito¢né pri vyvoji
a aplikicii heuristik.

Klicové slovd: optimalizacia, heuristiky, vykonnost

1 Introduction

As it follows from the "No Free Lunch" theorem [1], every heuristic algorithm, or even
every distinct parameters setting of the same algorithm, performs differently on differ-
ent problems. Moreover, there is not just one criterion for the evaluation of heuristic
performance itself.

Thus, when when it comes to the development of a new algorithm or utilisation of
an existing one to solve an optimization problem (OP), it is relevant to question how
to compare different heuristics and/or their parameter settings when searching for the
solution a specific problem.

A few attempts have been made [2] [3] to point out the difficulties one will deal with
when analyzing and comparing heuristic algorithms performance, or to describe some of
the "best practices" in this field, but a formalized framework is missing and we do believe
that a contribution to this field could be made.

In our previous work |7] we have introduced a set of techniques we find useful for the
analysis of the heuristic algorithms performance. These techniques can be divided into

*This paper has been supported by the grant OHK4-165/11 CTU in Prague
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two main categories - deterministic and stochastic. Apart from the principles on which
these methods are based, they are both delivering slightly different results. Using the
deterministic methods, we arrive at a precise ranking of the heuristics performance, i.e.
we know which has the best performance, which is the second one, etc. On the other
hand, stochastic methods can generate a "cluster" of the best performing heuristics.
Every heuristic in this cluster is better than the rest and heuristics in the cluster are all
equally good by the means of statistical analysis.

However, in this paper we are focusing only on the deterministic methods and we are
proposing an approach that enables also the deterministic methods to produce results
similar to the latter category.

2 Methodology of comparison

Before detailed description of the proposed techniques, we begin with a more exact prob-
lem definition and the definition of heuristics performance measures.
An OP can be defined as minimization of the objective function f: D — R where

D={xeX"|a<x<b}

is an appropriate domain. For purposes of this paper we are using the binary domain,
X" ={0,1}", but it can be an integer or a real one as well. Let’s suppose that we have
an acceptable value of the objective function f*. Then we can define a set of solutions,
the goal set, as

G={xeD|f(x) < f}

where

f*>min{f(x) | x € D }.

We will suppose that we have a set of H € N heuristics, each having P, € N parameters
for i = 1,2,...,H. Then p,; € P,; means that the setting of j-th parameter of i-th
heuristic p; ; belongs to domain P;; which is a set of any distinct values specific for
the given heuristic algorithm implementation, e.g. real numbers, logical values, or text
strings. Domain P; ; has the cardinality (number of elements) C;; = card(P; ;). Actual
parameter settings and their combinations may be based on recommendations (e.g. [6]),
own experience, or by "random shooting" in the worst case.

2.1 Performance measures

Following the principles of Monte Carlo simulation we will run every instance of heuristic
algorithm (meaning one specific heuristic approach with one specific setting of its para-
meters) for a specified, sufficiently large, number of times ¢ € N and then we will define
the following estimates:

o Reliability, REL = m/q where m € N is the number of successful runs i.e. runs
during which the algorithm found a solution from the goal set before exceeding the
maximum allowed number of objective function evaluations (clearly m < ¢ and thus
REL € [0,1]);
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o Mean Number of Evaluations, MNE = % 2111 NE; where NE; € N is the number
of evaluations of the objective function until the algorithm found a solution from
the goal set;

e Standard deviation of the Number of Evaluations,
SNE = \/ﬁ S (NE; — MNE)?,

It may happen, that reliability will be so low that it is impossible to evaluate SNE
and for that reason it is necessary to discard such instances from further analysis. Also,
since reliability is often a very sensitive attribute, we recommend further preliminary
elimination of very unreliable instances, no matter how effective they are.

The number of evaluations is a positive integer stochastic variable which significantly
varies in order. It is hardly possible to suppose that this variable has a distribution which
is close to the Gaussian normal one. It is a good habit to analyze its natural or decadic
logarithm instead of the original value to eliminate positive skewness [2]. So we introduce
the logarithmic measures as follows:

o Logarithm of Number of Evaluations, LNE; =In NFE; forv € 1,2,...,m;
e Mean Logarithm of the Number of evaluations, MLN = % S, LNE;;

e Standard deviation of the Logarithm of Number of evaluations,
SLN = \/ LS (LNE; — MLN)2.

Our task is to maximize REL and minimize M LN and SLN together. However,
at this point it is obvious that REL, M LN and SLN are independent variables, and,
typically, they are in contrast with each other (e.g. a very reliable heuristic has higher
MLN than another, less reliable one). Therefore this is a typical example of a multi-
criteria decision analysis.

We can start analysing weakly performing instances using the condition of Pareto
optimality [4] — this way we can exclude heuristics which are worse than others in every
measured characteristic. Nevertheless, in most cases this will not be of great impact and
there will still be plenty of instances to choose from.

2.2 Proposed methodology

The weighted approach, which is discussed in this paper, is based on minimizing the
general formula with positive weights w; € R for ¢« € 1,2,3 of included performance

measures:
F=w -MLN+wy-SLN +ws3-LNR

where LNR = —In REL.

Weights can be determined using various techniques. Some of them are motivated by
the traditional Feoktistov’s criterion: FEO = MNE/REL |5].

However, we are suggesting a criterion that works on a presumption that NE can be
approximated by the ezponential distribution with time constant T [7] and it is in the
form of
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C -6

™

F=MLN + -SLN + LNR

where C' is the Euler’s constant and just for illustration %6 = (.4501.

Moreover, to be able to decide which instance of heuristic algorithm is efficient and
which one is not, we are suggesting certain bounds of acceptance. We say that the
instance k is efficient when the value of its criterion F}, satisfies the following inequality:

T
V3q

Here, Fi, is the score of the best instance and ® ! is inverse of cumulative distribution
function (cdf) of the normal distribution N(0, 1).

Previous formula is based on pessimistic assumption that random variable F' has a
variance 0% = g which is ¢ times smaller than variance in the case of random shooting.
Now we can test the hypothesis Hy : Fy, = Fn against Hy @ Fj, # Fpi, at the level of
significance a.

Under this assumptions the variable Fy, — Fp, follows normal distribution N(0, 20%)

and after substitution:

FkSFmin—’_ (P_l(].—Oé)

2

Fy, — Frin ~ N 0, —
k 0,3 q)
In the case of symmetric testing, the hypothesis is rejected when
s o
Fi — Foin| > — -1 (1 — =

However, we need to test whether F} < Fl,;, and thus reject the hypothesis if

™

/37

Fj, > Fun + (1 -a)

and, for a = 0.05, it is approximately

2.9834
Va

Fk>Fmin+

3 Experimental results

3.1 Testing environment

As far as the testing problem is concerned we have chosen the 0-1 Knapsack Problem
(KP) since it is a very well known one and for a reasonably small problem dimensions,
i.e. the number of items, each having its own weight and value to put into the knapsack
with limited maximum load, we can easily find an analytical solution using methods of
binary programming and set the f* value accordingly. Objective function is the total
value of items in the knapsack, of course with a negative sign, incremented by a penalty
for exceeding the maximal load of the knapsack, if appropriate. Both weights and values
of items come from geometric sequences.
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While on the other hand we have the heuristic algorithms to deal with the testing
problem. The first algorithm we have used is the Genetic Optimization (GO) [6], and
since its detailed description is out of scope of this paper, we will mention only the
parameters and respective settings which are to be analysed:

e N € {5,50,100} — the size of population

Ty € {0.1,10,100} — temperature controlling the probability of selection

R € {0.001,0.1} - radius of mutation

rep € {1,3,5} — number of generation repetitions

gdc € {0,1} — indication as to whether gradually decrease Ty and R over time

Finally, our implementation of the Fast Simulated Annealing (FSA) [6], the second
heuristic, has a following set of parameters and settings:

e Ty € {0.00001,0.0001,0.001,0.01,0.1, 1,10} — initial temperature
e ng € {1,10,500,1000} — cooling delay
e a € {0.5,1,1.5,2} — cooling exponent

To summarize the number of instances, we get NI = 3-3-2-3-24+7-4-4 =
108+ 112 = 220. The first part of the sum is the product of individual distinct parameter
values counts of GO and the second one of FSA, which performance we want to compare.

3.2 Results
To get a satisfactorily precise result, we set ¢ = 100, and thus we analyzed N1-q = 22000

of single runs of heuristic algorithms per problem. Table 1 gives us a rough idea of what
the outcome of our experiment was.

Table 1: Overall performance results

GO FSA Total

All 108 112 220
Reliable 81 112 193
Effective 5 0 )
The best one 1 0 1

Note: A reliable instance was the one having REL > 0.2.

Even from this, very high-level, statistic we can draw interesting conclusions about the
two different heuristics: GO, despite being a bit unreliable, has been able to produce all
the most effective instances. FSA on the other hand, seems to be at least a significantly
more reliable heuristic.



150

M. Mojzes

Table 2: Basic performance characteristics

Characteristic GO FSA
Average reliability 0.62  0.93
Average MNE 519.9 2193.0

Average SNE 609.9 2803.1
Fiin 5.02  6.60
Fovg 6.17  7.62
Finax 10.93  7.93

Table 2 supports the above mentioned conclusions and adds also another relevant
observations, which are rather self-explanatory.

It is also worth mentioning that three instances of GO had REL < 0.01. This
prevented us from calculating the F' criterion value altogether.

Last, but not least, we are presenting a detailed overview of the effective instances
parameter settings in table 3.

Heuristic Parameter

GO
GO
GO
GO
GO
GO
GO
GO
GO

Table 3: Effective instances parameter settings

N 50 3
N 5
Tiel 10
Tiel 0.1
R 0.1
rep
rep
rep
gdc

St — NN Ot Wi

— Ot W

0.6
0.4
0.6
0.4
1.0
0.4
0.4
0.2
1.0

Value Times present Impact ratio

A table similar to table 3 may be of significant use, since it does reveal the parameters
and their settings which have the biggest impact on the performance of the heuristic. E.g.
from the values in this specific one we can conclude that it may be a good idea to set
gdc =1 and R = 1, further search for the optimal setting of N and T, and stop tuning
the rep as it will most probably not bring the desired effect.

For the sake of illustration, we are also including an analogous table, table 4, for the
FSA heuristic, but of course, under the assumption that it would be the only available
heuristic to deal with the given problem.
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Table 4: Effective instances parameter settings - FSA only

Heuristic Parameter Value Times present Impact ratio

FSA Th 10 3 1.0
FSA ng 1000 2 0.7
FSA ng 50 1 0.3
FSA o} 1.5 2 0.7
FSA Q@ 2 1 0.3

4 Conclusions

Having the outcome of the previous section in mind, we can conclude that it is possi-
ble to analyse the performance of heuristic algorithms using the proposed deterministic
approach.

In addition to that, we do believe that it is also relevant, and feasible as well, to intro-
duce a deterministic methodology to address the problem of determining which instances
of heuristic algorithms are performing equally well and to extract appropriate knowledge
from such data.

As we have shown in the fore-mentioned case study, this approach can be used to
better understand and interpret the behaviour of the heuristic and reveal the potential
effect of settings tuning.

However, in the last part of the experimental section, we have analysed the effects
of possible tuning of individual settings. Of course, the settings, and most importantly
the effects they may have on the performance, are not completely independent — so it is
here, where we see the most straight-forward potential for future work, to analyse effects
of settings combinations.
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Abstract. Information systems becomes more difficult and communication during their con-
struction is still more difficult. But good communication and good requirements analysis is the
condition for making good and usable information system. This paper tries to offer view on basic
methods of business process modeling. This methods have one goal - make the communication
between developers and their customers simplier. I also try to evaluace methods and outline
their lability for different situation.

Keywords: Requeirement analysis, business modeling, IDEF, UML, BPMN, EPC

Abstrakt. Informacni systémy se stavaji stale slozitéjsimi a komunikace pfi jejich vytvareni je
tvorit dobry a pouzitelny informacni systém. Tento Clanek se snazi nabidnout pohled na zakladni
metody modelovani byznys procest, pficemz tyto metody maji za cil usnadnit komunikaci mezi
vyvojaii a zédkazniky. Zaroven se pokouSim o zhodnoceni jednotlivych metod a nastinéni jejich
pouzitelnosti pro rizné situace.

Kli¢ovd slova: Spréava pozadavki, byznys modelovani, IDEF, UML, BPMN, EPC

1 Uvod

Tvorba informac¢niho systému je ve své nejvnitinéjsi podstaté svétem dvou zcela odlis-
nych svéti. Prvnim z nich je svét vypocetni techniky, tedy svét zalozeny na hlubokém
pochopeni ptirodnich véd, na formalni matematizaci problémi, na rigoréznich dikazech.
Informatici vyuzivaji modely a metody znac¢né se lisici od bézného vniméani reality. Oproti
tomu svét obchodu, svét byznysu, je zcela jiny. Je zalozen na tvrdém vniméni reality, ¢asto
vice na intuici nez na exaktnich metodach. Pokud maji lidé z tohoto svéta vnimat modely,
pak musi pochopit souvislost mezi nimi a tim, co jsou schopni vnimat v realité. Jejich
schopnost abstrakce je ¢asto nizsi, navic abstrakci ¢asto vnimaji jen jako prekazku realné
prace, pricemz pravé realna préce a jeji vysledky jsou generatory zisku, ktery je hlavnim
cilem podnikanijako takového.

Je pak logické, ze v ptipadé, ze maji tyto dva zcela odlisné svéty komunikovat, dochézi
ke zna¢nym rozporum, nedorozuménim a zmatkim. Disledkem je pak fakt, ze velka ¢ast
(¢asto az nadpolovi¢ni vétsina) vSech softwarovych projektiu kon¢i naprostym fiaskem —
tedy bud pfimym zastavenim projektu nebo, coz je jesté horsi, nasazenim do provozu dila,
které v zadném pripadé nespliuje puvodni pozadavky a které je casto nikoliv pomoci,

*Tato prace byla podpofena grantem SGS2011
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ale spiSe pritezi pro ty, kdoZ jsou nuceni takovéto systémy vyuzivat [7]. Tato obrovska
neefektivita zpusobuje velké ztraty jak samotnému byznysu, tak také I'T spole¢nostem a
pracovnikim v nich, nebot snizuje jejich divéryhodnost a jejich mozné dalsi uplatnéni a
také vrha negativni stin na moderni technologie. Ty vSak samy o sobé vinikem problému
nejsou a byt nemohou. Na viné je Spatnd forma komunikace. Cilem mého odborného a
védeckého zajmu je hledat zpusoby, jakymi by bylo mozné tyto bariéry odstranit nebo
alespon zmirnit, naptiklad formou vhodnych transformaci modelu [6), pfipadné vyuzitim
analogii [4]. Dulezitym aspektem pak je a zistava modelovani. A pravé moznymi piistupy
modelovani se zabyva tento ¢lanek.

2 Vyznam modelovani byznys procesti v managementu

V predchozim odstavci jsme se zabyvali modelovanim byznys procesi pro potieby SW
inZenyrstvi, nicméné tato oblast je jen jednou z téch, kde se modelovani procesi vyuziva.
Je nutno si uvédomit zakladni myslenku:

Software je pouze ndstroj, kteryy ma slouzit k efektivnimu 7izeni a zpracovdani informaci.
Podstatou je vsak proces.

Jinymi slovy lze Fici, ze zdkladni véci, kterou manazer fesi, je samotny proces a jeho
provedeni, ptipadné problémy, které se vyskytnou. To, zda pouzije ¢i nepouzije infor-
macni systém, je pouze o volbé konkrétniho nastroje. Procesni a projektové fizeni patii
mezi vyznamné pilite dnes$nich teorii managementu. Jsou to Gc¢inné nstroje uskutecio-
vani podnikatelskych strategii a dosahovani cili — ocenované pro systémovy piistup, ktery
umoziuje vyuzit matematické a statistické metody k optimalizaci procesi i projekti, a
informacni systémy k jejich fizeni. Ackoliv se pouziti procesniho a projektového manage-
mentu vénuje fada publikaci, manazerskych styl, metodik ¢i technik, byva jejich ptijeti v
podminkéch Ceské republiky ponékud rozpacité. Procesni piistup je u néas ¢asto zuzovan
na certifikaci systému managementu kvality (dle ISO 9001) [10]. Problémem zde byva
fakt, ze se jedna o formalni certifikaci, kterd slouzi k piistupu do ruznych vybérovych
fizeni, ale samotné procesni fizeni je opomijeno a piindsi jen zvySenou byrokracii. Pfi-
tom pro fizeni je velmi dulezité znat a byt schopen pfesné popsat jednotlivé procesy ve
firmé, nebot jen tak pracujeme se skute¢nymi daty. Pro zlepSeni fungovani firmy v trznim
hospodéaistvi je nutné neustale inovovat, v piipadé procesu tedy provadét reengineering.

Reengineering znamend zdsadni prehodnocent a radikdlni rekonstrukci (redesign) podni-
kovych procesi tak, aby mohlo bijt dosaZeno dramatickijch zdokonaleni z hlediska kritickych
méritek vgkonnosti, jako jsou ndklady, kvalita, sluzby a rychlost [13].

Praktické provedeni reengineeringu je specifickym projektem fizeni zmény v podniku.
Projekt je zpravidla iniciovn vrcholovym vedenim, jehoz ¢lenové dale i ptijimaji role (pfi-
nejmensim roli sponzora) v realiza¢nim tymu. Metodiky reengineeringovych projekta jsou
charakterové blizké projektiim implementace informac¢nich systémi. Klasické metodiky
¢leni projektu do tif zakladnich etap:



Requirements Engineering 155

1. Piipravy projektu reengineeringu.
2. Rekonstrukce procesu.
3. Implementace zmény.

Paklize chceme provadét reengineering procesu, musime dokonale pochopit to, jak
funguje dany proces v soucasnosti a jaké jsou jeho slabiny. Prvni nam zajisti kvalitni
procesni modely, druhé pak simulace (automatickd ¢i manuélni) danych procesi.

3 MoZné pristupy

Mame-li se dale zabyvat modelovanim procesii, musime se seznamit s alesponn nékterymi
zajimavymi piistupy, které miuzeme pro tento tcel vyuzit. Nastroje mizeme obecné roz-
ligit na [10].

1. Grafické jazyky a nastroje pro modelovani.
2. Formalni jazyky pro automatizované provadéni procesu a workflow.

3. Formalni jazyky pro B2B vymeénu dat.

Vzhledem k tomu, Ze cilem neni naprosto formélni a matematické popsani procest, ale
takova forma modelovani, kterd umozni lepsi komunikaci mezi zadavatelem a vyvojarem,
pfipadné ndm jde o modelovani procesu pro manazerské rizeni, budeme volit nastroje z
prvni skupiny — tedy nastroje grafické, umozinujici vizualni zobtazeni jednotlivych pro-
cesii. Zde mame k dispozici naptiklad nasledujici Siroce vyuzivané nastroje a metodiky
[10].

| Metodika/nastroj | Popis |
UML (Unified Modeling | Standard UML je rozsahlou sadou néstroju pro
Language modelovani informac¢nich systému a jejich chovani.

Je udrzovan konsorciem OMG. K modelovani pro-
cesti jsou vyuzitelné diagramy stavi a aktivit ze
standardnich profili nebo rozsitujici profily jako
napi. (Eriksson, a dalsi, 2000).

BPMN (Business Process | Dnes patrné nejrozsifenéjsi notaci pro modelo-

Modeling Notation). vani procesu lze charakterizovat jako rozSiteni di-
agramu aktivit UML. Standard spravuje konsor-
cium OMG.

EPC (Event-driven Process | EPC je notaci pouzivanou v metodice a nastro-

Chain). jich ARIS (Software AG), které patii k nejrozsite-
néjsim a nejpropracovanéjsim nastrojum na trhu s
BPM.

IDEF3 (The Integrated DE- | Jde o jeden ze standardu vyvinutych v ramci US

Finition). AirForce pro komplexni podporu modelovani pod-

nikové architektury.
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4 IDEF

Metoda IDEF (Integration DEFinition), konkrétné IDEF0, poskytuje modelovaci jazyk s
danou syntaxi a sémantikou, umoznujici vytvorit strukturovanou grafickou reprezentaci
systému nebo organizace. Jejim pouzitim je mozné sestavit konsistentni model tvoreny
popisem funkei systému, jejich vzajemnych vztahi a dat umoznujicich tyto funkce inte-
grovat. Metoda IDEF byla odvozena z graficky orientovaného jazyka SADT (Structured
Analysis and Design Technique) na zakladé pozadavki U.S. Air Force. Ucelem bylo nalézt
prostiedek pro analyzu a komunikaci mezi lidmi zaméfenymi na zvySovani produktivity
vyroby. Vysledkem bylo vytvoieni celé fady technik, které byly v budoucnu jesté dale
roziifeny. Ucelem pouziti IDEF0 je vytvofeni modelu, ktery se sestava z hierarchicky
usporadané sady diagram a textil s pfesné vytvorenym systémem vzajemnych odkazi
popisujicimi funkce organizace ¢i podniku. Primérnimi modelovacimi komponentami jsou
funkce a data/objekty, které vzajemné tyto funkce propojuji. Konkrétné se jedna o na-
sledujici syntaktické prvky (viz dalsi obrazky:

1. Funkce (Function) popisujici ¢innost transformujici vstup na pozadovany vystup.

2. Vstupem (Input) jsou data nebo objekty, které budou funkci transformovany na
vystup.

3. Vystupem (Output) rozumime data nebo objekty produkované funkei.
4. Rizent (Control) je dano pravidly potfebnymi k vytvofeni pozadovaného vystupu.

5. Mechanismus (Mechanism) definuje prostiedky nutné k realizaci funkce.

Z anglickych nazvu jednotlivych toku se pak hovoii o tzv. ICOM (Inputs, Controls,
Outputs, Mechanisms), které je vyzadovano kazdou funkeci. Kromé toho, kazda funkce
nese své ¢iselné oznaceni (ID) a pifpadné také oznaceni diagramu, ve kterém je funkce
pak déle rozpracovana do svych dalsich podfunkei (obr. 2.4). Diky tomu je mozné vytva-
fet hierarchii diagramu odpovidajici dekompozici funkei na své podfunkce (strukturovany
pfistup). Vrchol této hierarchie je definovan tzv.kontextovym diagramem oznacenym pis-
menem a Cislem 0 (obr. 2.3). Pii sestavovani diagrami jsou dodrzovany zasady jejich
fazeni ve sméru diagondly a diagram by nemél mit méné nez tii a vice nez Sest funkei.
Plati zde také dilezitd vlastnost téchto diagramu, kdy vystupy dané funkce mohou byt
vstupem, Tfizenim ¢i mechanismem jinych funkci. Timto zptsobem jsou definovany vza-
jemné zavislosti mezi funkcemi (pfevzato z [8]).
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Obrazek 1: Ukazka diagramu IDEF [§]

5 UML

UML je zkratka pro Unified Modelling Language. Jedna se o obecné pouzitelny (unified)
modelovaci jazyk slouzici pro modelovani softwarovych systémii. Diky tomuto modelova-
cimu jazyku muzeme zvladnout témér cely zivotni cyklus aplikace, od popisu pozadavkii,
pies modelovani statické struktury i dynamického chovani aplikace. Bohuzel, jedna se
o jazyk zejména technicky zaméteny, tudiz nikoliv procesné. Jeho pouziti pro modelo-
vani byznys procesu se tak omezuje spiSe na jednodussi a méné komplikované ptipady.
Pouzitelny je zejména diagram aktivit [12|. Ukazku tohoto diagramu uvadim na obrazku.

Obrazek 2: Aktivitni diagram [12]

Pouziti tohoto diagramu je tedy mozné, ale rozhodné neni doporucené. Byznys mo-
delovani zkratka neni silnou strankou UML, ktery byl primarné urcen pro jiné tcely. Pro
nedostatky a chybéjici notace pro zminéné aspekty procesu. Pro modelovani nesouvisejici
se SW inzenyrstvim, urc¢enym napiiklad pro tvorbu procesni struktury firmy ¢i podkladu
pro reengineering dokonce povazuji tento modelovaci jazyk za nevhodny.

6 BPMN

BPMN vychézi z diagramu aktivit UML. Jak jsem naznacil v pfedchozi kapitole, tyto
diagramy jsou pouzitelné v omezené mire a nejsou pfimo urceny pro modelovani byznys
procesu. Neékteré jednodussi procesy sice miuzeme modelovat pouze pomoci samotného
kterych skutecnosti, zejména se pak jednd o hierarchii subprocest, vazby mezi procesy,
transak¢ni zpracovani ¢i vyjimky [10].
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BPMN jde v tomto pravé tim smérem, ktery nam v UML chybél a pridava prave ty
symboly a notace, které chybély. Cilem BPMN je tedy standardizovana notace, ktera bude
srozumitelna jak byznys analytikiim, tak také zdkaznikim, ktefi budou moci validovat
jednotlivé procesy a jejich spravnost a adekvatnost. Na nasledujicich obrazcich pak mizete
vidét zakladni elementy BPMN, ze kterych jsou dale tvoreny diagramy.

Velkou vyhodou BPMN je fakt, ze modely v ném vytvorené lze pomérné snadno
uzpusobit do podoby, ve kterém je moznost procesy virtualné spustit a tim testovat,
zda jsou skutecné pouzitelné a zda neobsahuji cokoliv, co by mohlo zptsobit nemoznost
dokonéeni procesu (deadlock, uvaznuti atd.). BPMN definuje, jak prevadét jednotlivé
elementy a sekvence téchto elementi do jazyka BPEL. Je tedy moZné (manualné) model
procesu do jeho spustitelné podoby prevést. Diky pomeérné volnosti modelovani v BPMN
neni mozné vygenerovat BPEL automaticky, nékteré BPMS nastroje vSak tuto funkei
nabizeji, a to za cenu urc¢itych omezeni pii samotném modelovani procesu [11].

BPMN definuje jediny diagram, tzv. Business Process Diagram (BPD). Ten je tvo-
fen siti grafickych objekti, zejména aktivitami a zobrazenim toku informaci mezi nimi.
Jednotlivé grafické objekty jsou od sebe dobie odliSené, coz prispiva k prehlednosti dia-
gramu. Jasné dany jsou tvary téchto objekti, které je tieba dodrzovat, je ovSem mozné
volit pro né vlastni barvy, napiiklad z odliSovacich uceli. V urcitych pripadech lze pouzit
v diagramu i vlastni graficky objekt, ten se v8ak nesmi piekryvat s zadnym jiz existujicim
a rovnéz by nemél ovliviiovat samotny tok procesu, pouze jej upteshovat, ¢i poskytovat
néjaké dodate¢né informace [11].
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Obrazek 3: Grafické elementy v BPMN (zdroj: OMG, upraveno v [10])

Na nasledujicich obrazcich jsou ukézany moznosti modelovani konkrétnich procesu
pomoci BPMN. Prvni model pfedstavuje model procesu Odmeénovani, druhy pak model
procesu Nabor zaméstnanci.

7 ARIS (EPC)

Uvedl jsem metodiku IDEF. Tato metodika specifikuje funkce, které by vyvijeny systém
mél obsahovat a plnit. Dale je vSak nutné definovat posloupnost aktivit, které k tomuto
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e e

T

Obrazek 4: Model procesu v BPMN [10 |

cili povedou a také definovat ¢asovou, prostorovou névaznost a prifazeni rolim. Metoda
EPC (Event-driven Process Chain) patii k jedné z nejrozsirenéjsim piedevsim proto, Ze se
stala soucasti systému jako SAP R/3 (ERP/WFM) a ARIS (BPR). Podstata metody, jak
vyplyva i z jejiho nazvu, spociva v Tetézeni udalosti a aktivit do posloupnosti realizujici
pozadovany cil. Z obecného pohledu vykonavani procesu udalost definuje vstupni pod-
minku (precondition) uskute¢néni aktivity. Ukonceni aktivity pak definuje dalsi udalost
— vystupni podminku (postcondition), na kterou mohou navazovat dalsi aktivity. Z toho
vyplyva, ze kazda aktivita je vymezena dvémi udalostmi a tak je i jednoznac¢né definovan
jeji zacatek a konec. (8]
EPC diagramy obsahuji tii zdkladni prvky:

1. Aktivity - jednotlivé ¢innosti, které se v ramci procesu provadéji.

2. Udalosti - jsou vstupnimi a vystupnimi podminkami udalosti - jinymi slovy - dané
udalost vede k tomu, Ze je vykonana aktivita a aktivita mize vést ke spuSténi
udalosti.

3. Ridici spojky - umoziuji vétvit tok procesu.

Ukazka EPC diagramu popisujicitho jednoduchy proces je opét na obrazku. Je zvy-
kem kromé grafického odliseni aktivit, spojek a udalosti také volit barevné odliSeni, které
ovSem neni piimo popsano v notaci EPC diagrami. Kromé standardnitho EPC diagramu
existuje také rozsiteny EPC diagram (extendedEPC, eEPC), ktery déale umoziuje mo-
delovat podprocesy, organizacni jednotky, podminky atd. eEPC se tak stava kvalitnim a
rozhodné pouzitelnym modelovacim nastrojem.

8 Zhodnoceni

Uvedl jsem nékolik metodik, které je mozno vyuzivat pro modelovani, pfipadné simu-
laci byznys procesi. Pochopitelné, kazdy z nich ma své uplatnéni za danych podminek.
Z4adn4 z metodik nenf samospasna a kazda kromé pouziti ve spravné situaci vyzaduje také
znalosti a zkuSenosti byznys analytika. V nasledujici tabulce uvadim doporucené pouziti
jednotlivych metodik.
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| Metodika/nastroj | PouZziti |
UML (Unified Modeling | Aktivitni diagram lze vyuzit pro mensi, nekompli-
Language kované procesy, piipadné tam, kde procesy nebu-

dou dale vyuzivany pro komunikaci se zakazniky a
nepredpoklada se jejich rozsitovani, pii kterém by
se mohly ukazat nedostatky této metodiky
BPMN (Business Process | Obecné pouZitelnd metodika pro popis sekvenci
Modeling Notation). aktivit a dalsich aspekti procesu. Pouzitelny pro
rozsahlé projekty

EPC (Event-driven Process | Obecné pouZitelnd metodika pro popis sekvenci
Chain). aktivit a dalsich aspekti procesu. Pouzitelny pro
rozsahlé projekty

IDEF3 (The Integrated DE- | Pouzitelny pro mensi i vétsi projekty, diky dekom-
Finition). pozici je prehledny i u velkych projektu. Je pouzi-
telny spiSe pro funkéni néhled.

Z tohoto popisu tedy vyplyva, ze seriozni modelovani nebude prilis vyuzivat aktivitni
diagram z metodiky UML. Ostatni metodiky jsou pouzitelné a zavisi na tom, jaky pohled
cheete pouzit (funkéni, sekvenéni), pfipadné jaké mate zkuSenosti z praxe.

9 Zavér

V tomto kratkém textu jsem se snazil predevsim o kratké seznameni se zdkladnimi meto-
dikami modelovani procesti. Divodem takového modelovani je, jak bylo uvedeno, zejména
pochopeni firemnich procesu zakaznik, at uz pro potieby vyvoje nového SW ¢ pro potieby
vytvofeni procesni mapy pro Fizeni ¢i reengineering. VySe uvedené metodiky umoziuji
oboji - je tedy mozné priblizit zakaznikovi procesy a zaroven mit k dispozici kvalitni
procesni schéma, které umozni vytvorit produkt, ktery bude dale validovan. Text neni
komplexnim a vycerpavajicim seznamem ani navodem, jak vyuzivat jednotlivé procesni
metodiky. U kazdé metodiky si musime byt védomi nedostatki a toho, ze zadna dnes
vyuzivana procesni metodika neni optimalni z hlediska prekonéni sémantickych bariér. Z
tohoto diivodu bude dale vhodné vést vyzkum a metodiky pripadné doplnit o dalsi prvky.
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Abstract. In 2006 was proposed one of the most effective source camera identification technique
based on uneven sensitivity of pixels. This unevenness causes unique noise for each sensor known
as Photo-Response Non-Uniformity (PRNU). Methods based on PRNU are shown as powerful
tool for image forensics. However, their accuracy can be reduced by the interpolation noise or
image compression by the camera post-processing. In experiments with compact cameras, we
found that the resulting PRNU is changing when we used the zoom in camera. The aim of this
paper is analyze these changes and propose a methodology of the detection PRNU of compact
cameras with zoom.

Keywords: image forensics, PRNU, source camera identification

Abstrakt. V roce 2006 byla navrzena jedna z nejefektivnéjsich technik na identifikaci fotoa-
paratu zalozend na nerovnomeérné citlivosti pixeld. Tato nerovnomérnost zptisobuje Sum, nazy-
vany Photo-Response Non-Uniformity (PRNU), ktery je specificky pro dany senzor. Metody
zalozené na PRNU se ukazuji jako silné nastroje pro forenzni analyzu obrazu. Ackoli jejich pres-
nost muze byt snizena interpolacnim Sumem nebo kompresi probihajici ve fotoaparatech. Pri
experimentech s kompaktnimi fotoapardty jsme zjistili, ze se vysledné PRNU méni pii pouziti
zoomu. Cil této préace je analyzovat tyto zmeény a navrhnout metodiku detekce PRNU u kom-
paktnich fotoaparati se zoomem.

Klicovd slova: forenzni analyza obrazu, PRNU, identifikace fotoaparatu

1 Introduction

Source Camera Identification is useful to determine if images were recorded using a spe-
cific camera, especially in the court for establishing the origin of images presented as
evidence. In the past, many techniques have been described for this type of identifica-
tion, the most effective was presented by Lukas et al. [4]. This approach works very well
in the basic settings without further editing photos. Castiglion [1] et al. examined some
basic photo editing, but no publication has discovered a problem with different camera
settings.

This paper deals with the zooming, which is one of the most frequently used camera

*This work has been supported by the grant PIZZARO, VG20102013064
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settings. Cameras with adjustable zoom lenses are far more widespread than with fixed-
parameter lenses. Therefore, we feel that this publication will be beneficial to use the
method in practice.

2 PRNU-based Digital Camera Identification

These days the solid-state image sensors contain hundreds of thousands of pixels (CCD,
CMOS). Individual pixels in the grid exhibit imperfection, which leads to Pattern Noise.
It is a noise component superimposed on the image signal and is independent of it. The
two main components of the Patter Noise are the Fized Pattern Noise (FPN) and the
Photo-response Nonuniformity Noise (PRNU). The first one is caused by Dark Currents
and it is an additive noise, so most consumer cameras suppress FPN automatically. The
second one is caused primarily by different sensitivity of pixels to light. It appears that
this PRNU, formed during manufacturing, is unique for each image sensor and PRNUs
from two images are correlated if they are coming from the same sensor (camera). If we
have enough images with flat regions, we can estimate the PRNU and compare with the
PRNU separated from the other images. The separation of PRNU is easy, it just take
a picture and removes the noise. Then take the clean picture and subtract it from the
original.

For a more accurate description of the method we recommend reading the publication
[4], from which we base.

2.1 Owur Implementation

We implemented the method proposed by [4| using the Matlab software. We tried both
the wavelet |3] and median filter. Median may have a problem if you take pictures too
rugged scene (e.g. Persian carpet), but in our test it has the same results as wavelet
filter. Therefore, we chose the median for its faster calculations.

3 Experiment Results

As shown in Table 1, nine cameras were available for our experiments, while seven of them
were different types. They are common-hundred-dollar compacts generally obtainable
on the market, except S100fs, which is super-zoom SLR-like compact with electronic
viewfinder (EVF) and was added to the experiment because of the possibility of saving
in RAW format. All had a charge coupled device (CCD), but different size from 1/2.9
to the largest with 1/1.5 inch. In order to verify the identification method were chosen
three same models 1.23 from one manufactures.

First, it was necessary to determine the change of PRNU by using zoom, the Section 3.2,
and then to compare all the reference PRNU of cameras with their images, the Section
3.2.2. In conclusion we present a simplified method for comparing PRNU, and its results,
the Section 3.3.
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Table 1. Cameras used in experiments and their properties

ID Model Sensor Resolution Opt. Zoom Focal Length JPEG RAW
A495  Canon PowerShot A495 CCD 1/2.3-inch 4:3  3648x2736 3.3x 37-122 mm X -
5200 Casio EX S200 CCD 1/2.3-inch 4:3  4320x3240 4x 27-108 mm X -
S100fs  Fujifilm FinePix S100fs CCD 1/1.5-inch 4:3  3840x2880 14.3x 28-400 mm X X
L23-1  Nikon Coolpix L23 CCD 1/2.9-inch 4:3  3648x2736 5x 28-140 mm X -
L23-2  Nikon Coolpix L23 CCD 1/2.9-inch 4:3  3648x2736 b5x 28-140 mm X -
L23-3  Nikon Coolpix L23 CCD 1/2.9-inch 4:3  3648x2736 5x 28-140 mm X -
S3000  Nikon Coolpix S3000 CCD 1/2.3-inch 4:3  4000x3000  4x 27-108 mm X -
P80 Pentax Optio P80 CCD 1/2.3-inch 4:3  4000x3000 4x 27.5-110 mm  x -
PL51  Samsung PL51 CCD 1/2.33-inch 4:3  3648x2736 3x 35-105 mm X -

3.1 Image Preprocessing

All images were captured with full resolution of sensor. First was necessary to square up
with different size of images, because the native resolution was unequal between models.
We had three possibilities how to solve this problem. RESIZE all images to a maximum
size in the set, which is 4320x3240. Extract (SUB) from all images the sub-image with the
same size, e.g. 1024x1024 originated at the beginning (0,0), or CROP the larger images
to match the smaller images symmetrically from the center, in our case 3648x2736. Like
a better method we had chosen the CROP, as |4], because the RESIZE brings additional
interpolation noise and the SUB isn’t indrawn to the center of the image.

For each camera model three sets of images were captured: the Images for Reference
Pattern (TRAIN,_,), the Images for Testing without Zoom (TESTnZ.) and the Images
for Testing with Zoom (TEST,._,), where ¢ € C' = {4495, 5200, ..., PI51}, by ID in Table
1, denotes the using camera and z denotes the using zoom when acquiring images.

The images in TRAIN,. , and TEST._, sets were taken on a tripod, with zoom, no
flash, best JPEG compression quality, and other options were set to their default values.
The TESTnZ. were taken without tripod and no zoom (minimum focal length). Each
TRAIN,_, has 50 pictures of flat scene as was suggested in [4]. For the flat scene we used
the white photographic paper. For all TRAIN._ ., was count the reference PRNU.

3.2 PRNU at Different Zoom

The EVF S100fs is very finely adjusting the zoom, because it is controlled mechanically
by turning the lens. Other compacts do not have such fine adjustment of the zoom -
mostly a few discrete steps of zoom which are controlled by electric motors. Therefore,
we chose S100fs for testing if a sets of TRAIN,._, and TEST,._, give a high correlation
for different settings of zoom.

The focal length of the S100fs lens is from 28 to 400 mm, so we took five TRAINg100fs—,
where z € {28,50, 100,200,400}, each 50 images. We took with the same zoom also the
TESTs100fs—2, €ach 5 images. Correlation values are plotted in Figure 1. On each graph
corresponds to the first five values of correlations images with zoom 28, 5 more images
with zoom 50, 5 more photos with zoom 100, etc. Although the TEST g190¢s composed
of only 25 pictures, it is obvious that for various zoom, has the sensor a different PRNU.
As is it seen in the Graph 1f, it would be sufficient for such a set of photos just three
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Figure 1: Scatter plot of the correlations between TESTg100fs and the Image Reference
Pattern of the camera with ID S100fs.
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Figure 2: Correlations between images with zoom 28-35 and the Image Reference Pattern
of the camera with ID S100fs.

TRAINg10055—2, 2 € {28,100, 400}.

3.2.1 Entire Zoom Range

We took 5 external scenes so that we set the zoom to minimum (zoom = 28), and then we
increased the zoom slightly for each image, until we reached the maximum zoom (zoom
= 400). In this way we obtained the 50 photos of each scene, for a total of 250 photos
for TESTSIOOfs—all-

We found out after counting correlations that none of our TRAIN g0 s makes good results
in the zoom range 29-35, Figure 2a. So we took another set of zoom 30 - TRAINg100fs—30-
The correlation show good response for this set, Figure 2b. Figure 3 presents the scatter
plot of the correlations between images from TEST g109¢s—qu and the reference pattern of
the TRAINg100£5—28,30,100,400. Although the zoom range is quite considerable, we covered
it with only a few reference patterns. So we have assumed we can proceed similarly by
the other cameras. We took more TRAIN sets for one camera, so we needed to know if
some pictures from other eight cameras do not give False Positive. Analyzing Figure 4,
it can be noted that all correlations with 1000 images (eight cameras, each 125) are an
order of magnitude lower than the lowest correlations in Figure 3.
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Figure 3: Correlations between 250 images of the camera with ID S100fs and its Image
Reference Pattern.
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Figure 4: Scatter plot of the correlations between 1000 images form other cameras and
the Image Reference Pattern of S100fs.

Table 2: Number of TRAIN for cameras in experiment
1D A495 S200 L23-1 1L23-2 L23-3 S3000 P80 PL51

Num. of TRAIN in Test 7 4 4 4 4 5 ) 2
Min of TRAIN 1 4 4 4 4 5 4 1




168 A. Novozamsky

3.2.2 Testing of Particular Cameras

The classic low-cost compacts have only a few discrete steps of zoom, in our test no more
than 10, but some just 7. Therefore, we decided to shoot a testing set consisting of 35
photos for each camera, TEST,._., where z equals 1 to 7, and where every 5 pictures is
photographed by another zoom. For different models we took different number of TRAIN
sets, see second row of Table 2. Results of testing of individual cameras can be seen on the
graphs in Figure 5. As shown in Graph 5a and 5e some compacts do not need more than
one TRAIN,, but most need at least four. Figure 6 is a comparison of three compacts
L23 among themselves. First 35 images are from L23-1, and another 35 from L23-2 and
the last 35 from L.23-3.

3.3 Experiment with Cropping

According to what we read in [4], PRNU should not depend on anything other than
the properties of the actual sensor itself. We therefore believe that changes in PRNU
using the zoom camera are caused by post-processing. To verify this, we took into RAW
format 50 pictures one scene with varying zoom with S100fs. This camera has the option
to save the RAW format as a only one in the test, if you like the RAF format (Fuji
CCD-RAW Graphic File). The computed correlation of individual TRAINgggfs—, is in
Figure 7. Higher correlation has only TRAINgigoss—200 and TRAINgigfs—400, SO sets
shoot with more than a half zoom. We suppose it could be a correction of vignetting,
which causes a change of PRNU at low zoom levels. We have many types of vignetting
such as Mechanical, Optical, Natural or Pizel Vignetting [2]. Some types of vignetting
can be completely cured by lens settings (special filters), but most digital cameras use
built-in image processing to compensate vignetting when converting raw sensor data to
standard image formats such as JPEG or TIFF.

Vignetting appears mainly at the edge of the image so we cropped all images in the
TRAINg100£s—28,400 and TEST g100fs relative to the center. Figures 8a, 8b, and 8c show
the graphs for individual cuts - 1000x1000px, 500x500px, and 256x256px, and 8d shows
correlation for 1125 images cropped to 256x256px from all cameras (nine cameras, each
125 according to Table 1). Figure 251-375 is shooting with S100fs. Although the tests
of this camera fared well, not all other cameras given up good results in this cropping
(256x256px), Figure 10. The Figure 9 shows the same graphs as 8d but for A495 and
L23-3. For A495 we see a false positive for some images from other cameras. This method
should therefore be used only in rare cases and we do not recommend it.

4 Conclusion

Source Camera Identification Based on PRNU was studied in this paper. The experi-
mental results show, first of all, that the using zoom has a considerable influence on the
resulting PRNU. Not by itself, as we think but used by the post-processing. This prob-
lem can be solved by comparing pictures with multiple TRAIN sets with different zoom,
which is more difficult to lengthy, but gives good results. The second cropping method
can be used as the first sighting. The research will be continued by testing various camera
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105 photos with zoom from all L23 cameras (35 each)
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Figure 6: Comparison of three same models Nikon Coolpix L23.
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Figure 7: 50 RAW images and their correlation with TRAINg00fs—--

settings and shooting modes, such as flash, lower resolution, or macro.
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A How to Read Graphs in This Paper

All graphs are scatter plots in this paper. The horizontal axis represents the individ-
ual pictures and the vertical axis indicates their correlation of PRNU with appropriate
TRAIN sets. If there are more TRAIN sets in the graph, it contains a legend that tell us
how the particular TRAIN sets are represent - what color and symbol.
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Abstract. The paper deals with the numerical modeling of compressible single-phase flow of
a mixture composed of several components in a porous medium. The mathematical model is
formulated by means of Darcy’s law, components continuity equations, constitutive relations,
and appropriate initial and boundary conditions. The problem is solved numerically using a
combination of the mixed-hybrid finite element method for Darcy’s law discretization and the
finite volume method for the discretization of the transport equations. This approach provides
exact local mass balance. The time discretization is carried out by the Euler method. The
resulting large system of nonlinear algebraic equations is solved by the Newton-Raphson iterative
method. The dimensions of obtained system of linear algebraic equations are significantly reduced
so that they do not depend on the number of mixture components. The convergence of the
numerical scheme is verified on a problem of methane injection into a homogeneous 2D reservoir
filled with propane.

Keywords: mixed-hybrid finite element method, finite volume method, Newton-Raphson method,
single-phase compressible multicomponent flow, miscible displacement

Abstrakt. Clanek pojednava o numerickém modelovani stlacitelného jednofdzového proudéni
smési o nékolika slozkich v poréznim prostFedi. Matematicky model je formulovan pomoci Dar-
cyho zékona, rovnic kontinuity pro slozky smési, konstitutivnich vztaht a vhodnych pocééatec-
nich i okrajovych podminek. Uloha je feSena numericky kombinaci smigené hybridni metody
koneénych prvki pouzitou pro diskretizaci Darcyho zdkona a metody kone¢nych objemu pro
diskretizaci transportnich rovnic. Tento p¥istup poskytuje pfesnou lokalni bilanci hmoty. Casové
diskretizace je provedena Eulerovou metodou. Vysledné soustava nelinearnich algebraickych rov-
nic je feSena Newtonovou-Raphsonovou itera¢ni metodou. Rozméry ziskané soustavy linearnich
algebraickych rovnic jsou vyznamné zredukovany tak, Ze nezavisi na pocétu komponent smési.
Konvergence numerického schématu je ovéfena na problému vtla¢eni metanu do homogenniho
2D rezervoaru naplnéného propanem.

Klicovd slova: smiSend hybridni metoda kone¢nych prvki, metoda kone¢nych objemi, Newto-
nova-Raphsonova metoda, jednofdzové stlacitelné vicekomponentni proudéni, misitelné proudéni

*Tato prace byla podpofena grantem “Mathematical modeling of multi-phase porous media flow”,
201/08/P567, Grantové agentury Ceské republiky a projektem “Numerical Methods for Multiphase Flow
and Transport in Subsurface Environmental Applications”, Kontakt ME10009, Ministerstva Skolstvi,
mladeze a télovychovy Ceské republiky
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1 Uvod

Spolehliva simulace transportu vicekomponentni smési v podzemnim poréznim prostiedi
je dilezita pii reSeni fady problému, jako je napf. tézba ropy nebo sekvestrace CO..
Klasické piistupy se zaméiuji na plné implicitni nebo sekven¢ni metody [19, 5]. Plné
implicitni pfistup je stabilni, umoznuje volbu dlouhych ¢asovych krokt, ale vede k ob-
rovskym systémum linedrnich algebraickych rovnic, jejichz rozméry jsou imérné poctu
slozek smési. P¥i pouziti sekven¢nich metod, jako je IMPEC (implicitni tlak, explicitni
koncentrace) [12|, se rovnice pro tlak ziskava s¢itanim transportnich rovnic |19, 5] nebo
jinymi metodami [11, 20, 1]. Tlak se pak po¢ita implicitné za pouziti koncentraci z pred-
choziho ¢asového kroku a molarni zlomky se ziskavaji explicitné. Tento postup umoznuje
redukci rozméru feSené soustavy, nicméné je ¢asto nutné volit velmi malé ¢asové kroky.

V této praci se zabyvame numerickym modelovanim stlacitelného jednofazového prou-
déni smési slozené z nékolika komponent v poréznim prostiedi. Navrhujeme vlastni pii-
stup postaveny na kombinaci smiSené hybridni metody kone¢nych prvka (MHFEM) a
metody koneénych objemi (FVM). Podobné jako u implicitnich schémat vede i nase me-
toda k velkym systémum linearnich algebraickych rovnic, ale jejich rozméry je v nasem
pripadé mozné zredukovat tak, Ze nezavisi na poctu slozek smési. Vypocetni naroky jsou
tedy srovnatelné se sekvencnimi piistupy, u kterych je ale nutné sestavovat rovnici pro
tlak. V naSem ptipadé je tlak ziskan pfimo ze stavové rovnice.

2 Matematicka formulace

Necht Q C R? je omezend oblast s porozitou ¢ [-| a (0,7) je ¢asovy interval [s|. Uvazujme
jednofazové stlacitelné proudéni tekutiny o N¢ slozkach v oblasti pfi konstantni teploté T'
|K]. Pti zanedbani diftze je transport jednotlivych slozek popsan nasledujicimi rovnicemi
[11]

¢ =c(xt), xeQ, te(0,71),

kde neznamé velic¢iny ¢;, ¢ = 1,..., N¢, jsou molarni koncentrace komponent smési
[mol m~3]. Na pravé strané rovnice (1) stoji zdrojovy ¢len f; [molm—3s~!|. Darcyho rych-
lost q [ms™!] je dana Darcyho zakonem (viz [2])

q=—pn""K(Vp—og), (2)

kde K € [L®(€Q)]**? je vlastni permeabilita [m?| (obecné symetricky stejnomérné elipticky
tenzor [15]), u je viskozita [kgm™'s™!], Vp oznacuje gradient tlaku p [Pal, g je vektor
gravitacntho zrychleni [ms™] a ¢ je hustota tekutiny [kgm™3]. Rovnice (1), (2) jsou
svazany konstitutivnimi vztahy vyjadifujicimi zavislosti

p:p(cl7"'7CNc7T)7 M:M(Clw"achaT)? Q:Q(Clu"‘7ch)- (3)

Tlak je predepsan Pengovou-Robinsonovou stavovou rovnici (PR EOS) [17], viskozita je
dana Lohrenzovou-Brayovou-Clarkovou (LBC) metodou [14]. Hustotu spo¢teme dle [10].
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Pocatecni a okrajové podminky jsou nasledujici

ci(x,0)=c(x), xe€Q,i=1,...,Ng, (4a)
ci(x,t) =c’(x,t), xel.t),te(0,7),i=1,...,N¢, (4b)
p(x,t) =pP(x,t), xeTl,, te(0,7), (4c)
a(x,t) -nx) =q¢"(x,t), xeT,, te(0,1), (4d)

kde n je jednotkovy vektor vnéjsi normaly k hranici 9. Rovnice (4c¢), (4d) urcéuji Di-
richletovy a Neumannovy okrajové podminky na ¢astech hranice I',, resp. I'y, pfi¢emz
plati [, UT, =9Q aT,NT, = (. Okrajovd podminka (4b) pro molarni koncentrace je
také Dirichletova typu. Mnozina I'.(t) znaéi vtokovou ¢ast hranice 092 v ¢ase t, tj.

T.(t) = {x € 90| q(x,t) - n(x) < 0} .

3 Numerické reSeni

Systém rovnic (1)—(4) je fesen numericky kombinaci MHFEM aplikovanou na Darcyho
zékon (2) a FVM aplikovanou na transportni rovnice (1). Casové diskretizace je prove-
dena Eulerovou metodou a vysledné schéma ziskano linearizaci Newtonovou-Raphsonovou
metodou (NRM).

Uvazujme 2D polygonalni oblast 2 s hranici 0€), kterd je rozdélena triangulaci 7q
na trojuhelniky. Ozna¢me K prvek triangulace 7q s plosnym obsahem |K|, E je hrana
trojuhelniku o délce |E|, Nx pak pocet vSech elementi triangulace a Np pocet hran
trojihelnikové sité.

3.1 Diskretizace Darcyho zakona

Darcyho rychlost q lze aproximovat v Raviartové-Thomasové prostoru nejnizsiho fadu
(RT%) nad elementem K € 7 jako

A= > qrEWkE, (5)
BeoK

kde koeficient qx g vyjadiuje tok vektorové funkce q pfes hranu E elementu K vzhledem
k vnéjsi norméale a wg p po ¢astech linedrni bazickou funkei prostoru RTY9 prislusejici
hrané E (viz |3, 4, 16]).

Vyjadfenim gradientu tlaku z Darcyho zékona (2) ziskdme

Vp=—uK'q+ 0g. (6)

Vynasobenim (6) bazickou funkei wg g, integraci pies K, vyuzitim vlastnosti prostoru
RTY , vztahu (5), Greenovy véty a véty o stiedni hodnoté odvodime diskrétni tvar Dar-
cyho zakona

KB = P (ang - Z 51]5(,13/1?}(,13' + 7501{) , EedK. (7)

E'€0K
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V rovnici (7) jsou aj, 35 p a vg koeficienty zavisejici na geometrii sité a lokalnich hod-
notach permeability; px , px r je primérna hodnota tlaku na elementu K, resp. na hrané
E'"; ug , ox znaci stiedni hodnotu viskozity a hustoty na trojuhelniku K.

Spojitost toku a tlaku na hrané E mezi sousedicimi elementy K, K' € 7q lze zapsat
jako

dx,E +aqr g =0, (8)
PK.E = PK'.E =: DE - (9)

Okrajové podminky (4c), (4d) vyjadiené v diskrétnim tvaru jsou

prr=p"(E), VECT,, (10a)
QK,E = (]N<E) s \V/E C Fq, (]_Ob)

kde pP(E) je predepsana hodnota tlaku p na hrané E a ¢V (E) pfedepsany tok skrz hranu
E.

Tok mizeme eliminovat dosazenim ¢ g ze vztahu (7) do rovnic (8) a (10b). Pro dalsi
odvozeni oznac¢me Casové zavislé veli¢iny v ¢ase t,,.1 hornim indexem n + 1. Pak rovnice
(7)—(10) piejdou na nasledujici soustavu Ng linearnich algebraickych rovnic

> () (Oéifp%“ S BE e+ E @”“) =0 VE¢0Q,

K:E€dK E'€dK
=9 () (aEp}z“ = b+ g““) ~¢¥Bm)=0 vEcT,, 1
Pics —pP(E) =0 VECT,
Zde symbol >  znadi s¢itani pies elementy obsahujici hranu E. Podobny postup

K:ECOK
vedouci ke smiSené hybridni formulaci lze nalézt v [15].

3.2 Aproximace transportnich rovnic

Transportni rovnice (1) s poc¢ate¢nimi a okrajovymi podminkami (4) jsou diskretizovany
pomoci FVM [13]. Integraci (1) pfes libovolny element K € 7q a pouzitim Greenovy véty
dostaneme

%/qﬁ(x)ci(x,t)—i—/ci(x,t)q( N (x /fz , i=1,...,Nc. (12)
K oK

Aplikovanim véty o stiedni hodnoté a oznacenim ¢k ,¢i|k, filxk pramérnych hodnot
¢,ci, fi (i=1,..., Ng) pres element K, piejde rovnice (12) na

i ~
WW + ci|E/Q'nK,E:fi|K|K|’ (13)
EcoK E
—

=d4K,E

kde ¢;|p predstavuje koncentraci ¢; na hrané E. Integral v (13) je roven toku skrz hranu
E elementu K (slozka q ve sméru vngjsi normaly k E).
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Predpokladejme, ze porozita nezavisi na ¢ase. Casova derivace ¢;|x v (13) je apro-
ximovana ¢asovou diferenci s ¢asovym krokem At, . P¥i pouziti Eulerovy metody [13],

mame pro kazdé n véechny elementy K € 7o a komponenty ¢ = 1,..., No
¢ —cil%
FKJ— |K| ZK ZK+ Z C’L|%Q?(+L; pqg(+évclln+lv"'7cN n+1) f‘K‘K|_0
EcOK

(14)
kde q”Jrl je dano vztahem (7). Hodnota ¢;|} je volena jako koncentrace ze sousediciho
prvku v upwindovém sméru, tj.

alie pro gilp >0,
Glp =19 cli pro qEg <0 ANEZIN:KNK =E, (15)
Pl pro qpty <0 ANECOQ,
kde cP znaéi koncentraci i-té komponenty na vtokové hranici. Poznamenejme, Ze schéma
je téméf plné implicitni, jediny ¢len v (14), ktery je vy¢islen explicitné, je hodnota ¢;| .
Poc¢atecni a okrajové podminky (4a), (4b) v diskrétnim tvaru mizeme psat jako
al% =(K), VKeTy,i=1,...,Ng, (16a)
Gl =cP(Et,), VECT.(t),i=1,...,Ng, t, <T. (16b)

3.3 Propojeni schémat z MHFEM a FVM
Ozna¢me F a Fi; ,prohranu E € {1,..., Ng},element K € {1,..., Nx} a komponentu

i € {1,...,N¢}, levé strany rovnic (11) a (14) s ¢lenem q”Jrl dosazeny’m ze vztahu
(7). Pramérné hodnoty px = pk (1|, .- cne|k) s 0k = 0K (C1!K, o CNGlK) A pk =
pr (C1lk, - - eng| k) jsou vycisleny za pouziti konstitutivnich vztahu (3). Soustava Ng +
Ny x Ng roviic
T

F = [Fl,. . -aFNE;Fl,la N ,FLNC, cee ,FNK’l, . "FNK,NC] =0 (17)
pro neznamé molarni koncentrace ¢; |5, ... eno W, K € {1,..., Nk} a tlaky na hra-
nach pi™, E € {1,...,Ng}, je nelinearni systém algebraickych rovnic, ktery feime

pomoci NRM. Vysledna soustava linedrnich algebraickych rovnic je zobrazena na obr. 1.
Jacobiho matice je Tidka, nesymetrickd a vektor neznamych obsahuje korekce molarnich
koncentraci a tlakii na hranach. Nenulové ¢erné vybarvené hodnoty na obr. 1 jsou dany
parcialnimi derivacemi

Ux)iy =21 ke, =271 Uek); =57 Jer =0, (18)
Ot apKJ,% T deylitt apKJ,ré/
kde Jg g je prvek matice Jgp g, i, =1,...,Ne;s K =1,... Ng; E/E' =1,...,Ng.

Derivace v (18) mohou byt vyé¢isleny analyticky s vyuzitim (3), (11) a (14).

Rozméry soustavy na obr. 1 1ze zredukovat invertovanim bloku Jx pro kazdé K (bloky
jsou diagonalné dominantn{ pro dostate¢né malé casové kroky) a eliminaci vektort Jpg
pro vSechny E, K. Poté ziskavame nasledujici systém Ng rovnic pro Ng korekci tlakt pg

Z Z (Jepr — Jp kI Ik.pr) Opp = Z JexJ'Flx — Fa, (19)

K:E€0K E'€0K K:EcOK
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cili.. .CN¢ \1 cila.. .CN¢g |2 Cl|Ng. . .CNU\NK )41 PNg
cih dcify —Fia
enelt deng i —F1.ne
01‘2 601‘2 _FZ,I
CN¢ |2 (56‘;\?0 |2 *Fz,Nc
c1|Ng der| N —Fpea
L4 —
CNG |Ng] OeNc N —FnyNe
P1 (5]71 *Fl
PNy OpNg —Fnp

Obréazek 1: Struktura soustavy linearnich algebraickych rovnic v NRM.

kde E = 1,...,Ng, Flx = [FKJ,...,FKNC]T. Jakmile mame spocteny dpp, muzeme
vydislit korekce koncentraci Ac|g = [0c1|k, ..., 0cn,|k]" na kazdém elementu K FeSenim

Aclg = —J3 <F|K + Z dpEr JK,E’) ; (20)

E'coK

pro K =1,..., Nk . Korekce dpg, d¢;|x pro vSechny hrany, slozky a elementy spoctené
v kazdé iteraci NRM jsou pfi¢teny k hodnotam p%“ , G ”K“ z predchozi iterace. Itera¢ni

procedura kon¢i pii splnéni podminky
H[(Sclh, ceey (sCNC’NK, opi1, ... 75pNE]TH <€ (21)

pro zvolené € > 0 (viz [18]).

4 Numerické vysledky

Uvazujme 2D &tvercovou oblast 50 x 50 m? reprezentujici fez propanovym rezervoarem
o porozité ¢ = 0.2 a izotropni permeabilité K = k& = 107'*m? pii pocateénim tlaku
p =5-10°Pa a teplotée T = 397K. V levém dolnim rohu rezervoaru je vtlacen metan
a v pravém hornim rohu smés metanu a propanu odtékd (obr. 2). Hodnota vtlaceni
filx je 2.643 - 1072 /| K| molm—3s™!, kde |K| je obsah rohového trojihelniku vypocetni
sité. Fyzikalné-chemické vlastnosti smési jsou shrnuty v tab. 1. Pti vSech vypoctech jsou
pocate¢ni hodnoty voleny tak, aby ve smési nedochazelo k fazovym piechodim. Hranice
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oblasti je nepropustna kromé odtokového rohu, kde je udrzovan tlak p = 5 - 10° Pa.
Struktura vypocetni sité o 2 x m x m elementech je zobrazena na obr. 2 (pro m = 10).
Parametr ¢ z konvergen¢niho kritéria NRM (21) byl zvolen 107%. Soustava rovnic (19)
byla fesena pomoci knihovny UMFPACK |6, 7, 8, 9].

Odtékani smési

50
40+ 40
304 Podzemni rezervoar 30
y[m] puvodné Tlaplneny ¥ [m]
201 pouze propanem 2
10+ 10
Vtlaceni
metanu ( 10 20 30 40 50 10 20 30 40
x [m] x [m]

Obréazek 2: Schéma simulovaného rezervoaru a struktura vypocetni sité.

i (slozka smési) pe; |Pal T.; |K] V.; [m3mol™?]
1 (CHy) 4.58373 - 10° | 1.89743 - 10? | 9.897054 - 10~°
2 (C3Hg) 4.248 - 106 3.6983 - 10% | 2.000001 - 10~*
i (slozka smési) | M; [kgmol™!] w; [-] 01 [ | b2 [F]
1 (CHy) 1.62077 - 1072 | 1.14272 - 1072 0 0.0365
2 (C3Hg) 4.40962 - 1072 1.53-107! 0.0365 0

Tabulka 1: Piislusné parametry PR, EOS pro metan CH4 a propan C3Hsg.

4.1 Konvergencni analyza

V této casti ovéfime konvergenci numerického schématu odvozeného v sekci 3 pomoci
pseudoanalytického feseni — numerického feseni spo¢teného na nejjemnéjsi siti m = 160
(2 x 160 x 160 prvki). Experimentéilni ¥ad konvergence (EOC) budeme poéitat mezi
sitémi m = 10, m = 20 a m = 40 s pouzitim L', L? a L* konzistentnich norem pro
chyby E,, ve srovnani s feSenim ze sité m = 160. Chyba je vzdy spoctena na nejjemnéjsi
siti projekei feseni ze sité hrubsi a naslednou linearni interpolaci. éasovy krok pro reseni
s parametrem m = 160 je zvolen konstantni At = 750s. Pro feSeni na hrubsich sitich je
At ¢tyrikrat vétsi s kazdym zjemnénim sité (At ~ m™2), tj. At = 12000s pro m = 40,
At = 48000s pro m = 20, At = 192000s pro m = 10. EOC v normé ||.||, spo¢teme jako

In ||Em1HV —In HEmQHV
Inmy — Inmy

EOC, =

kde E,,, , resp. E,,, jsou chyby numerickych feSeni na sitich s parametry m, , resp. ms.
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Konvergen¢ni analyza je provedena na problému vtlaceni metanu do horizontalniho
propanem naplnéného rezervoaru (tj. s nulovou gravitaci). EOC a chyby pro situaci v ¢ase
7 = 6 -10%s jsou zahrnuty v tab. 2. Dalii tab. 3 obsahuje data z ¢asu 7 = 2.4 - 107s.
Porovnani feSeni na jednotlivych sitich v tomto ¢ase je zobrazeno na obr. 3. Obdobné
1ze provést konvergenéni analyzu na tloze s vertikalni oblasti (s gravitaci), ktera je zde

ovSem pro nedostatek prostoru vynechana.

y[m]

y[m]

150.1 40 144.1
30
1440
20
10
40 0

20 1437
10
0 20 30 10 20 30 40
x [m] x [m]
(a) m =10 (b) m =20

40

3

=

y[m]

2

=3

1

=

144.4

40

y[m]

1444
0 10 20 30 40

x [m]

(c) m=40

Obrazek 3: Koncentrace metanu ¢;, 7 = 2.4 - 107s na riznych sitich pro tab. 3. Izo¢ary

x [m]

(d) m = 160

jsou rozlozeny rovnomeérné mezi dvéma zobrazenymi hodnotami.

| Grid (m)||  ||E.n | BOC, | ||E.] | EOC, |
10 1.1025 - 10° 6.5336 - 103
20 7.1621 - 104 ggzig 4.5922 - 103 822?2
40 4.0627-10% | 2.8635-103 |
Grid (m) | [|[Enllee | EOCs

10 1.1204 - 103 05077

20 7.8804 - 102 0'5298

40 5.4584 -10% |

Tabulka 2: Experimentalni fady konvergence a chyby koncentrace ¢, g = 0, v ¢ase 7 =
6-10%s ve srovnani s numerickym FeSenim na siti m = 160 (2 x m x m prvki) a ¢asovym

krokem At = 750s. Na hrubsich sitich je At ~m™2.

O. Polivka
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Grid m)| |Enl, | EOC: | |E.|. | EOC,
10 3.4079 - 10° 0.6514 1.109 - 104 0.5973
20 2.1697 - 10° 0 933 7.6948 - 103 0'6814
40 1.218-10° | 47982-10° | -
[ Grid (m) | ||Enle | EOC |

10 1.0485 - 103

20 6.9948 - 102 00;15753448

40 5.0333 - 102 )

Tabulka 3: Experimentalni fady konvergence a chyby koncentrace ¢, g = 0, v ¢ase 7 =
2.4-10"s ve srovnani s numerickym fegenim na siti m = 160 (2 x m x m prvki) a ¢asovym
krokem At = 750s. Na hrubsgich sitich je At ~m™2.

5 Zaveér

V této praci jsme popsali numerické schéma pro feseni jednofazového stlacitelného prou-
déni smési v poréznim prostiedi zaloZené na kombinaci MHFEM a FVM. Oproti tradi¢nim
pristuptim je tlak spoc¢ten piimo ze stavové rovnice. Soustava nelinearnich algebraickych
rovnic ziskana kombinaci MHFEM a FVM pfi pouziti Eulerovy metody je linearizovana
Newtonovou-Raphsonovou metodou. Rozméry ziskané soustavy linearnich algebraickych
rovnic zavisi na poc¢tu komponent smési. Proto je navrzena technika, kterd vyznamné re-
dukuje velikost soustavy tak, ze jiz nezavisi na poctu slozek smési. Vypocetni slozitost je
tedy srovnatelna s klasickymi sekven¢nimi pristupy. Vysledné schéma poskytuje presnou
lokalni bilanci hmoty, ktera je dilezita zejména pii feSeni problémi v heterogennim pro-
stiedi. Numericky model jsme testovali na simulaci dvouslozkové smési — metan, propan.
Konvergence numerického schématu byla ovéfena vycislenim experimentéalnich fada kon-
vergence na tloze vtlac¢eni metanu do horizontalntho propanem naplnéného rezervoaru.
V dalsi praci bychom radi vylepsili stavajici model pouzitim MHFEM vyssiho fadu a na-
sledné rozsitili o moznost simulace vicefazového proudéni s prestupem komponent mezi
fazemi.
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Abstract. Quantum walks represent an important research topic within the scope of quantum
algorithms. Our workgroup has been focusing on the possibilities of a powerful compact interfero-
metric layout which makes it possible to implement and observe quantum walks experimentally.
The research is carried out in an international collaboration, in which all the theoretical re-
sults are accompanied by an actual experimental realisation. This extended abstract gives an
introduction to the topic and summarises the main present results, emphasising the results and
ongoing research questions covered during the last year.

Keywords: Quantum Walks, Optical Implementations, Statistical Physics

Abstrakt. Kvantové prochazky jsou jednou z vyznamnych oblasti vyzkumu v tématu kvanto-
vych algoritmii. Nase pracovni skupina se dlouhodobé zabyva studiem moznosti kompaktniho
interferometrického schématu, které umoznuje jednoduché kvantové prochazky experimentalné
implementovat a pozorovat. Vyzkum probihd v mezinarodni spolupraci, v jejimz ramci jsou
vSechny vysledky experimentalné realizovany. Tento rozsifeny abstrakt poskytuje ivod do pro-
blematiky a shrnuti dosavadnich vysledki s diirazem na nové teoretické vysledky a oblasti vy-
zkumu pokryté po dobu posledniho akademického roku.

Klicovd slova: Kvantové prochazky, Optické implementace, Statisticka fyzika

1 Uvod

Kvantové prochéazky se od puvodni myslenky publikované v roce 1993 rozvinuly v Siroce
diskutovanou oblast vyzkumu mezi védeckymi komunitami zabyvajicimi se predevSim
kvantovymi algoritmy a kvantovym zpracovanim informace. Model kvantové prochazky
vSak naSel vyznamné uplatnéni i v jinych, vzdalenéjsich oblastech, naptiklad v popisu
systému podléhajicich ndhodnym vlivim okoli, v simulaci Andersonovy lokalizace ¢i do-
konce jako kandidat na popis piekvapivych fyzikalné chemickych vlastnosti nékterych
vyznamnych biologickych procest.

S rozvojem vyznamu kvantovych prochézek jako mozného zakladniho néstroje pro
navrh kvantovych algoritmi, stejné jako néstroje pro snadnou simulaci slozitéjsich fy-
zikdlnich procest, vyvstava otazka moznosti pfimé ¢i nepiimé experimentalni realizace
tohoto konceptu. Spravna funkce kvantového algoritmu zalozeného na kvantovém procha-
zeni Ci presnost simulace pomoci néj modelované jsou vitalné zavislé na jednoduchosti,
spolehlivosti a Skalovatelnosti této realizace.

*Tato prace byla podpofena grantem SGS10/294/OHK4/3T /14
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Vyzkumné skupina kvantovych prochazek na Katedie fyziky FJFI se od roku 2008
ucastni mezinarodni spoluprace, jejimz cilem bylo takovy experiment navrhnout a realizo-
vat, s dirazem na identifikaci, proméfeni a v nejlepsim pfipadé eliminaci moznych zdroju
chyb, které vysledek degraduji. Zakladni navrzené schéma, tspéSné realizované v roce
2009, se vyznacuje vysokou flexibilitou i odolnosti vici vlivim prostiedi za zachovani
nizké casové i cenové narocnosti. Po tomto tspéchu se skupina zabyva rozsifovanim moz-
nosti tohoto schématu nad ramec zakladni jednorozmérné kvantové prochazky a dalsim
vyuzitim, které se jeho prostiednictvim nabizeji.

Tento prispévek je ¢lenéna nasledujicim zpusobem. Sekce 2 poskytuje motivaci ke
studiu kvantovych prochézek a stru¢ny tvod do matematické definice tohoto modelu.
Sekce 3 popisuje zakladni experiment, na kterém jsou zalozeny i dalsi oblasti vyzkumu
v ramci spolupréce. Sekce 4 shrnuje nové moznosti, které puvodni experiment nabizi, a
vysledky takto ziskané. Zavérecna sekce prispévek shrnuje a poskytuje nahled na aktualni
oteviené otazky podléhajici probihajicimu vyzkumu.

2 Kvantové prochazky

Popularita teoretického studia kvantovych prochazek tézi z prekvapivé Sirokého spektra
aplikaci klasickych nahodnych prochéazek, které slouzily jako predloha k hledéni tohoto
analogického principu podléhajicimu zdkontim kvantové mechaniky. Za par ptiklada ob-
lasti vyuziti klasickych ndhodnych prochazek jmenujme statistickou fyziku (modelovani
difuze, termalizace, Brownova pohybu apod.), ekonomii, kombinatoriku a statistiku, zpra-
covani obrazu a mnoho dal$ich. Nahodné prochazky hraji také roli vyznamného nastroje
v algoritmizaci, kde se pouzivaji pro navrh nedeterministickych algoritmi zalozenych
na vzorkovani cest v datovych strukturach, algoritma pro odhad objemu ¢i odhad glo-
balnich vlastnosti rozsahlych grafi. Préavé teoretickda informatika, skiizend s nedévnou
vlnou zajmu o vyzkum kvantovych pocitaci a algoritmu pro né, iniciovala myslenku, zda
kvantova verze ndhodnych prochazek mize nabidnout podobné univerzalni uplatnéni pro
navrh kvantovych algoritmi. Soucasné vyuziti takto objevené teorie vSak, podobné jako
v klasickém piipadé, Siroce presahlo puivodni ocekavani.

Nejjednodussi model kvantové prochazky ziskdme, hleddme-li analogii klasické na-
hodné prochazky probihajici v diskrétnich ¢asovych krocich po primce, s pevnou délkou
kazdého kroku. V klasickém schématu bychom polohu chodce popisovali celo¢iselnou ve-
licinou podléhajici Markovovu procesu, pii kterém by se v kazdém kroku mohla zvysit
¢i snizit o jednicku. Pro jednoduchost muzeme dale predpokladat, ze pravdépodobnosti
obou moznych ptrechodu (které budeme pracovné nazyvat krokem doprava, resp. doleva),
nezavisi na aktualni poloze a neméni se v ¢ase. Pro pravdépodobnost vyskytu ndhodného
chodce na poloze x € Z v ¢tase t € Ny, P(z,t), tak ziskdvame rekurentni relaci

P(z,t)=p Pl —1,t—1)+p_Plx+1,t —1), (1)

kde p, a p_ jsou nezdporné konstanty se souctem 1 a ¢ > 0. Z moznych pocatecnich
podminek se casto predpokladd chodec lokalizovany na jednom misté, diky translac¢ni
invarianci v proménné x posta¢i uvazovat P(x,0) = 0,0, s ¢imz rovnice (1) vede na
binomické rozdéleni pravdépodobnosti v kazdém case t > 0.
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Pti navrhu kvantového systému, ktery by predstavoval analogii takovéhoto procesu,
vychazime z predpokladu, ze pravdépodobnostni rozdéleni v kazdém okamziku bude pod-
lozeno vinovou funkci definovanou na Z. Diskrétni pohybova rovnice systému by pak méla
mit tvar, dle kterého hodnota vlnové funkce v ¢ase t > 0 a poloze x zavisi pouze na hodno-
tach v case t —1 a polohach 41, a byt invariantni vi¢i posunu v poloze i ¢ase. Kvantova
mechanika dale vymezuje, ze transformace vinové funkce odpovidajici pfechodu z ¢asu
t — 1 do casu t musi byt v libovolném uzavieném systému popsana unitarnim operato-
rem.! Ukazuje se, Ze tato podminka je natolik siln4, Ze vylu¢uje jakoukoli dynamiku mimo
trividlnich pfipadu (deterministicky jednosmérny drift), dokud vinova funkce je skalarni.

Tuto vyznamnou piekdzku snadno prekoname, jestlize v pfedpokladech umoznime,
ze Castice ma kromé polohy alespon jeden dalsi vnitini stupen volnosti. Pohybova rov-
nice, reprezentovana piredpisem ¢asového vyvoje béhem jednoho diskrétniho kroku, pak
mize vzdy byt rozepsana jako slozeni dvou operatori: rotace Cisté v prostoru vnitinich
stupni volnosti nasledovana posunutim, které na rizné bazové vektory ptisobi v odlisnych
smérech, v zavislosti na tomto vnitinim stavu ¢astice.

Konkrétnéji, zédkladni jednorozmérné kvantova prochazka na piimce s diskrétnimi
kroky o velikostech +1 a —1 je definovana na stavovém prostoru daném tenzorovym
sou¢inem prostoru polohy ¢?(Z) a prostoru jednoho dvoustavového vnitiniho stupné vol-
nosti (dale jen ,prostoru mince*), C%. Jestlize v prvnim piipadé uvazujeme ortonormalni
béazi keti oznacenych celymi ¢isly a ve druhém ortonormélni bazi {|+),|—)}, miZzeme
stavovy prostor ‘H také zapsat jako linearni obal tenzorového soucinu téchto bazi,

H = (*(Z) ® C* = Span{|n,d) | n € Z,d € {+,—}}.
Casovy vyvoj okamZitého stavu |1(t)) € H je pak popsan rovnici

[t +1)) = Uly(t)), (2)

kde propagator U budeme uvazovat ve tvaru kompozice
U =5 (Iez®0), (3)

operator ,hodu minci C' je libovolny unitarni operator na C? a rovnéz unitarni operétor
ykroku“ S definujeme predpisem akce na bazovych stavech jako

Sin,£) = |n£1,+).

Tato definice vyjadfuje podminku zmény polohy o +1 nebo —1 v kazdém kroku, v zavis-
losti na vnitfnim stavu kvantové castice.

Pii stanovené pocateéni podmince na tvar vinové funkce |¢(0)), platny v ¢ase t = 0,
pak snadno forméalné dojdeme k obecnému feSeni tvaru

[4(1)) = U'l(0)).

V piipadé volby |¢(0)) = «|0,4) + 3|0, —), vyjadiujici chodce lokalizovaného v poloze
0, ziskané pravdépodobnostni rozdéleni vykazuje zcela odlisné chovani nez binomické

!Poznamenejme, Ze ¢asovy vyvoj kvantového uzavieného systému je vidy deterministicky. Kvantova
prochazka tedy nikdy nebude ndhodna.
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Pravdépodobnost

Poloha

Obrazek 1: Typické pravdépodobnostni rozdéleni pro ndhodnou (svétla barva) a kvanto-
vou (tmava barva) prochazku po 100 krocich. Asymetrie pravdépodobnostniho rozdéleni
kvantové prochazky je dusledkem silného vlivu pocatecnich podminek.

rozdéleni charakteristické pro klasické difuzivni systémy. Diky interferenci vlnové funkce
dojde k jevu, ze Castice nebude setrvavat v blizkosti své pocatecni polohy, ale postupné
utvori dvé vlny, jejichz ¢ela se od této polohy vzdaluji konstantni rychlosti (viz Obr. 1).

Disledkem tohoto chovani pravdépodobnostniho rozdéleni, typického pro kvantové
prochazky, je kvadraticky prudsi riust variance v ¢ase s okamzitymi disledky pro ¢as do-
sazeni vrcholu v dané vzdalenosti, ¢as dosazeni rovnomeérného rozdéleni pravdépodobnosti
na intervalu hodnot apod. Tyto vlastnosti jsou pak obzvlasté dilezité pro algoritmické
vyuziti prochéazky.

Podobnym myslenkovym postupem jako vySe muzeme najit kvantové varianty na-
s vice moznymi délkami kroku (¢i pfestavkami) a prochézek na spojitych prostiedich,
prochazek spojitych v ¢ase atd. Po zbytek tohoto prispévku vsak zistaneme u prochazek
diskrétnich v ¢ase na rovnomeérné miizce.

3 Optickd implementace linearni kvantové prochazky

Zakladni zdroj [1] popisuje experiment, ktery byl navrzen ve spolupraci pracovist Heriot-
Watt University (Edinburgh, Velkd Britanie), Max Planck Institute for the Science of
Light (Erlangen, Némecko) a FJFI CVUT. Samotny experiment byl realizovan v optic-
kych laboratofich Max Planck Institute. Schéma experimentu znazoriiuje Obr. 2.

Zakladni myslenkou kompaktni interferometrické realizace, kde pocet optickych ele-
menti nebude rust s maximalnim pozadovanym poctem kroki nahodné prochazky, je
simulace ¢asového vyvoje prevedenim celé historie vinové funkce na jednu spole¢nou ca-
sovou osu. To je umoznéno skutecnosti, ze poloha i pocet kroku vykonanych chodcem jsou
celociselné veliciny. Jestlize zvolime dvé algebraicky nezavislé nezaporné realné velic¢iny
71 a T2, pak celou mnozinu dvojic (¢as, poloha) mizeme injektivné vnofit do jedné realné
osy pomoci zobrazeni

i:7Z xNy:(x,t) — xm + t7e. (4)
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Obrazek 2: Schéma experimentalnfho rozlozeni (pfevzato z [1]). Podstatné zkratky:
QWP — ¢tvrtvlnné desticka, HWP — pulvinna desticka, BS — polopropustné zrcadlo,
PBS — polarizujici déli¢ svazku, APD — detektor (lavinova fotodioda).

Takto ziskany ¢as budeme chtit interpretovat jako c¢as, kdy bude ¢astice podléhajici pro-
chazce namétena na vystupu z celého zaméteni. Jeden krok kvantové prochézky, popsany
rovnici (2), pak muzeme realizovat nasledujicim zptsobem:

1. fyzikalni c¢astici podléhajici prochézce nejprve nechame projit prostredim, které
zpusobi zménu jejiho vnitiniho stavu,

2. nechame ¢astici rozdélit svou drahu v zavislosti na vnitinim stavu,

3. ve dvou vétvich zpusobime ¢asové zpozdéni 15 + 71, resp. 75 — 71, a rekombinujeme
L2

je.
V8echny tyto kroky miizeme snadno fyzikalné realizovat, konkrétni implementace zavisi
na druhu c¢éastice a zvolené vnitini veli¢iné, kterou pouzijeme.

V piipadé optické realizace je chodec reprezentovan jednotlivym fotonem a jako vnitini
stav je pouzita polarizace. Jednotlivé kroky pak muzeme realizovat takto: Obecnou uni-
tarni transformaci je vzdy mozno sestavit ze ¢tvrtvlnné, pulvinné a ¢tvrtvinné desticky
(v tomto poradi) pii vhodné volbé natoceni optickych os. K rozdéleni drahy fotonu v za-
vislosti na jeho polarizaci ve zvolené bazi slouzi polarizujici déli¢ svazku, ktery jeden
polariza¢ni stav propousti a jeho ortogondlni stav odrazi. Totozny element miizeme po-
uzit pro rekombinaci, jestlize se polariza¢ni stav po dobu separace nezméni. Poslednim
zbyvajicim krokem je pouze zafazeni vhodné zpozdovaci linky mezi dvé takto separo-
vané trajektorie. Prichod dvou vlnovych baliku (které samy jsou vysledkem podobného
rozdéleni v predchozim kroku) takovou sekvenci je znédzornén na Obr. 3.

Interferometr trivialné realizujici ¢ kroku prochazky timto zpusobem by obsahoval ¢
kopii této atomarni sestavy zafazenych za sebou. Po vyzareni jednoho fotonu do vstupniho
ramene a jeho prichodem celou sestavou by se jeho vlnovy balik rozdélil na ¢ pulzu
oddélenych ¢asovym rozdilem 27, jejichz amplitudy piesné odpovidaji hodnotam vlnové
funkce [¢(t)) v ¢ moznych polohach chodce, které tvori jeji nosic.

2Typicky volime 7, < 79. Vystupni ¢asy odpovidajici stejnému ¢, ale riiznému z, tak vystupuji ve
vyrazné oddélenych shlucich.
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Obréazek 3: Transformace vnitintho stavu na pulvinné desti¢ce, rozdéleni polarizaci na
polarizujicim délic¢i svazku a jejich rekombinace s ¢asovym posunem odpovidajicim pu-
vodnimu rozdilu obou pulzi. Zdroj: [1]

Schéma muzeme vyrazné zjednodus$it pouzitim zpétnovazebni smycky. Uzavienim in-
terferometru sama do sebe dosdhneme toho, ze sestavu realizujici jeden krok prochézky
postaci implementovat jednou; stejny foton ji projde nékolikrat, nez je z interferometru
vypustén nebo jej ndhodné opusti v ptipadé pasivniho uzavieni smycky polopropustnym
zrcadlem. Toto uzavird popis schématu, které bylo pfesné realizovano v praci [1].

Experimentalni vysledky potvrzuji vysokou nadéjnost vyse popsané soustavy pro pii-
padnou realizaci ve vétsim métitku. Zdroj [1] cituje pouze 5 kroku prochazky pozorova-
nych s vysokou presnosti, ve vysSich iteracich byl jiz signal piilis slaby vici Sumu. Nicméné
analyza pritomnych zdroju ruseni, vyména optickych elementt za kvalitnéjsi ekvivalenty
a optimalizace polopropustného zrcadla, které realizuje vstup a vystup signalu z hlavni
smy¢ky, snadno zvysily tento pocet na 28 [2]. Se zachovanim soucastek a implementaci
aktivniho uzavirani, resp. otevirani smycky elektronickou modulaci optickych parametri
prostiedi by stejny interferometr byl schopen mérit az 100 kroku kvantové prochéazky.
Tato uprava nebyla dosud realizovana.

4 Dalsi vyuziti schématu

Pivodni schéma, zobrazené na Obr. 2, realizuje ¢isty unitarni vyvoj kvantové prochazky
s diskrétnim ¢asovym krokem na pifimce. MySlenka zpétnovazebni interferometrickou re-
alizaci v8ak nabizi i 8irSi vyuziti.

Po predvedeni zakladni funk¢nosti a zivotaschopnosti v [1| se tym realizujici pro-
jekt zabyval studiem stability systému a vlivu prostiedi na chyby méteni. Diky realizaci
maximalni ¢asti optické drahy, vcéetné celé zpozdovaci linky, pomoci eliptického optic-
kého vlakna zachovéavajiciho polarizaci se tyto externi vlivy ukazaly jako zcela zanedba-
telné. Ztrata koherence méla na viditelnost vysledné vlnové funkce nemétitelny vliv oproti
ztratam intenzity, danym disipaci energie pti odrazech a prechodech mezi volnym prostie-
dim a optickym vldknem. Tyto vlivy jsou nevyhnutelné, jde je vSak vyvazit namérenim
vétsiho mnozstvi experimentéilnich dat prodlouzenim doby konéani experimentu. Popi-
sovany systém mé tedy koherentni vlastnosti, jimz nemuze zadna jind znaméa realizace
konkurovat.

Vysoka nezavislost na chybach prostiedi dava moznost do systému vnést plné fizeny
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Obrazek 4: Efekt silné fizené dekoherence na pravdépodobnostni rozdéleni v piipadé
(a) dynamické a (b) statické chyby. Porovnani teoretické piedpovédi (sloupce v pozadi)
s experimentalné naméfenymi tdaji (v popiedi). Pievzato z [2].

zdroj chyb a sledovat tak vliv dekoherence v kontrolovanych podminkéich. To je hlav-
nim tématem navazujici prace [2]. V ni vyuZivame puvodni schéma, do néjz je piidan
elektro-opticky modulator, zpisobujici ndhodné fazové zmény, za ¢ast obvodu realizujici
kvantovou minci. Efektivné tak zkoumame kvantovou prochéazku, jejiz mince je zavisla
na ¢ase, ¢i, v ptipadé velmi rychlych zmén, jejiz evolu¢ni operator (3) je upraven tak, ze
na bazové stavy s ruznou polohou pisobi ruzny operator mince.

V préci |2]| zkouméame dva hlavni druhy chyb: modulaci vlnové funkce ndhodnou fa-
zovou chybou zéavislou na poloze po kazdém provedeném kroce, kde ndhodné faze je
volena nezavisle v kazdém kroce a kazdé poloze, ¢i tato faze jakozto funkce polohy je
zvolena nahodné na zacatku vyvoje, ale pro jednotlivé kroky kvantové prochazky zustava
konstantni. V obou piipadech je mozno experimentalné ridit rozptyl vnesené chyby. Pro
extrémni piipad rovnomérného rozdéleni faze na celém intervalu jsou vysledky predpovédi
i experimentu vyneseny na Obr. 4.

Prvni situace (nazyvana dynamicka chyba), ktera predstavuje ztratu fazové informace
pod vlivem silné dekoherence, vede k uplné ztraté kvantového chovani prochéazky. Jeji
pravdépodobnostni rozdéleni tak pri jinak stejnych podminkach prechazi v zavislosti na
sile ruSeni od pribéhu typického pro kvantovou prochézku k binomickému rozdéleni a
z kvantové prochéazky se stava klasickd ndhodné prochéazka.

Druh4 situace, staticka chyba, modeluje prichod chodce nahodnym, ale stabilnim pro-
stfedim. V takovém piipadé pro ziskani pruimérnych charakteristik pies mozné konfigurace
prostiedi poc¢itame stiedni pravdépodobnostni rozdéleni. Vysledky numerickych simulaci
pak presné ve shodé s experimentem predpovidaji prekvapivé chovani pravdépodobnost-
niho rozdéleni polohy chodce, kterd zustava vyrazné lokalizovana v blizkosti pocatecni
polohy. Préace |2] ma prvenstvi v experimentalnim pfedvedeni tohoto jevu tzv. exponen-
cialni lokalizace v kvantovych prochazkach.

Dalsi vyznamné zobecnéni, které bude implementovano v nésledujicim béhu experi-
mentu, je zvySeni dimenze prochazky. Podobné jako prochazku na pfimce muzeme defi-
novat prochazku napt. na miizce. V kvantové prochézce je pak nutno nahradit stavovy
prostor polohy ¢astice prostorem ¢*(Z?) a prostor mince C* v souvislosti s faktem, ze
chodec ma v kazdém kroku 4 moznosti prechodu na sousedni pole. V prezentované ex-
perimentalni implementaci je snadné druhy rozmér (pfipadné vyssi rozméry) zahrnout
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zavedenim daliho ¢asového rozestupu 73 a zobecnénim rovnice (4) na
i:7Z* x Ny : (z,y,t) = 27 + Y7o + 73.

Problém nastava pii potiebé ctyirozmérného vnitiniho stavového prostoru Castice, jelikoz
neni mozno vyuzit pouze polarizaci. Teoreticky vyzkum i prvni experimentalni vysledky
vSak nabizeji moznost vyuzit polarizaci fotonu spolu s jeho orbitdlnim momentem hyb-
nosti. Tento vyzkum aktualné probiha a jeho Gspésné uzavieni je pristim dilezitym cilem
projektu.

5 Zaveér

Predstavili jsme zakladni ivod do problematiky kvantovych prochazek a skutecnou ex-
perimentalni realizaci, na jejimz teoretickém podkladu se podilela Katedra fyziky FJFIL.
Experimentalni schéma predstavuje realizaci kvantové prochazky, ktera je vyjimecna opa-
kovanym pouzivanim jedné sady optickych elementu v konfiguraci zpétnovazebné smycky.
Diky tomu dosahuje experiment velmi kvalitnich vysledki a dobré shody s idealizovanou
teoretickou predpovédi. Jednoducha tprava experimentu umoziuje plné kontrolovanou
injekci Sumu a pozorovani jeho dusledkii. Tyto vysledky jsou k dispozici s plnymi detaily
v publikacich |1, 2].

Nejblizsi vyhlidky pro pokracovani v projektu jsou realizace vice nez jednorozmérné
kvantové prochazky, tj. prochazky po miizce. Konec¢nym cilem vyzkumu je pak experimen-
talni pozorovani pribéhu jednoduchého kvantového algoritmu zalozeného na kvantovém
prochéazeni.
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Abstract. The paper deals with the possibilities and data modeling tools to better understan-
ding of the modeled reality, their advantages and disadvantages. Flow Charts, UML diagrams
and the method Business Object Relation Modeling (BORM) are methods that allow analysis
and modeling of information system from different perspectives and serves not only to mutual
communication between developers, but also to communicate with clients.
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Abstrakt. V prispévku se zabyvam moznostmi a nastroji datového modelovani k lepsimu po-
znani modelované reality, jejich vyhodami a nevyhodami. Vjvojové diagramy, UML diagramy
i metoda BORM jsou metody, které umoznuji analyzu a modelovani informac¢nich systémi z
ruznych hledisek a slouzi nejen ke vzajemné komunikaci mezi vyvojafi, ale i ke komunikaci s
klienty.

Klicovd slova: Vyvojové diagramy, UML, metoda BORM

1 Uvod

V literatufe muzeme najit celou fadu definic pojmu datové modelovani. Uvadim nékteré
z nich:

Datové modelovani je zakladni soucasti analyzy kazdého softwarového projektu. Spravny
navrh datové struktury muize do zna¢né miry ovlivnit bezporuchovost, udrzovatelnost a
rozsifitelnost vysledné aplikace. [4]

Podle Thierry Bruneta je zdkladnim principem datového modelovani centralni a stan-
dardizovany navrh (schéma) databéze. Bez tohoto schématu nemiize existovat Zadna
robustni architektura a tomuto schématu musi rozumét vsichni, kdo na projektu datové
architektury pracuji - obchodnici, technici, obchodni uzivatelé, datovi architekti, analy-
tici, navrhari databahi, projektovi manazefi, vyvojari i databazovi administratofi. [14]

Scott Ambler ve své knize The Object Primer definuje datové modelovani jako ” Data
modeling is the act of exploring data-oriented structures. Like other modeling artifacts
data models can be used for a variety of purposes, from high-level conceptual models to
physical data models.” [19]
process of creating a data model by applying formal data model descriptions using data
modeling techniques.” [13]

*Tato prace byla podpofena grantem SGS2011
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Podle Merunky je datové modelovani specificka ¢ast softwarového inzenyrstvi, ktera
nema za cil tvorbu programi ani obsluhu databazovych systémi. Neni to ani programo-
vani, ani pouhé kresleni diagramii a psani manazerské dokumentace. P¥i datovém mode-
lovani se pouziva jen vybrand ¢ast programovacich jazyka (zapis a manipulace s daty),
nepouzivaji se knihovny softwarovych komponent, pouzivaji se jen navrhové vzory pro
popis dat, formalni aparét je néstrojem pro popis a manipulaci s daty (vyrokova logika,
operace s mnozinami,...), pouzivaji se pouze diagramy popisujici vlastnosti dat a vztahy
mezi nimi. [§]

Graficky muzeme modely vyjadfit napf. pomoci vyvojovych diagramt, UML dia-
grami, nebo grafické notace BPMN (Business Process Management Notation). K ana-
lyze miZzeme vyuzit napf. metody BORM (Business Object Relationship Modelling) a Six
Sigma. V této praci se budu podrobnéji vénovat vyvojovym diagramim, UML diagramiim
a metodé BORM a moznostem jejich vyuziti pfi modelovani reality.

2 Vyvojové diagramy

Algoritmus je pfesny postup, ktery vede k vyfeseni urcitého vysledku. Pokud programu
dame urcita data, vrati nam vysledek, pokud mu tataz data zadame znovu, vysledek bude
totozny s predchozim. [2]

Vyvojovy diagram je druh diagramu, ktery slouzi k grafickému znazornéni jednotli-
vych kroki algoritmu nebo obecného procesu. Vyvojovy diagram pouziva pro znazornéni
jednotlivych kroki algoritmu pomoci symboli, které jsou navzajem propojeny pomoci
orientovanych sipek. Symboly reprezentuji jednotlivé procesy, Sipky tok fizeni. Vyvojové
diagramy standardné nezobrazuji tok dat, ten je zobrazovan pomoci data flow diagrami.
Vyvojové diagramy jsou casto vyuzivany v informatice béhem programovani pro analyzu,
navrh, dokumentaci nebo Fizeni procesu. [21]

Alan B. Sterneckert (2003) navrhl, ze by vyvojové diagramy mohly byt tvoreny z
nezavislého pohledu jiné skupiny uzivateli (napf manazery, systémovymi analytiky a
uredniky) a diky tomuto névrhu existuji ¢tyti hlavni typy vyvojovych diagrami:

1. Document flowcharts — ukazuji fizeni tokd dokumentt v systému.
2. Data flowcharts — ukazuji tizeni tokt dat v systému.
3. System flowcharts — ukazuji fizeni toki fyzické vrstvy nebo vrstvy zdrojt.

4. Program flowchart — ukazuji fizeni tokt v programu v rdmci systému. Kazdy z
druhi diagramu se zaméfuje spiSe na fizeni, nez na konkrétni tok. [16]

Tvorbu vivojovich diagrami upravuji CSN 36 9030 ”Znacky vyvojovych diagrami
pro systémy zpracovani dat” z roku 1974 a CSN ISO 5807 ”Zpracovani informaci. Do-
kumentacni symboly a konvence pro vyvojové diagramy toku dat, programu a systému,
sifové diagramy programu a diagramy zdroju systému” z roku 1996.

Nevyhodou vyvojovych diagramt je pracnost a slozitost konstrukce, vétsi diagramy
se nevejdou na jednu stranku, coz je ¢ini méné prehlednymi.
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Postup pfi tvorbé vyvojovych diagrami: [6]
1. Co se stane nejdiive?

2. Co ma nasledovat?

3. Co se déje rozhodne-li se ANO?

4. Co se déje rozhodne-li se NE?

5. Odkud ptichézi vyrobek?

6. Kdo rozhoduje?

Pro tvorbu vyvojovych diagramt existuje cela fada softwarovych néstroji, napt. MS
Visio nebo SmartDraw, ktery umi kreslit nejen vyvojové diagramy, ale i UML diagramy,
myslenkové mapy, organizacni diagramy a celou fadu dalsich diagram.

Prichod do \
\ restaurace )
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prinesen v
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Obrazek 1: Vyvojovy diagram objednani jidla v restauraci
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3 UML

UML (Unified Modeling Language) je v softwarovém inzenyrstvi graficky jazyk pro vizu-
alizaci, specifikaci, navrhovani a dokumentaci programovych systémi. UML nabizi stan-
dardni zptisob zapisu jak navrhi systému vcéetné konceptualnich prvki jako jsou business
procesy a systémové funkce, tak konkrétnich prvku jako jsou ptikazy programovaciho ja-
zyka, databazova schémata a znovupouzitelné programové komponenty. UML podporuje
objektové orientovany pristup k analyze, navrhu a popisu programovych systémia. UML
neobsahuje zptsob, jak se méa pouzivat, ani neobsahuje metodiku(y), jak analyzovat,
specifikovat ¢i navrhovat programové systémy. Standard UML definuje standardizacni
skupina Object Management Group (OMG). [20]

UML bylo pfijato jako primyslovy standard ISO, v praxi se pouziva jak ke vzajemné
komunikaci mezi vyvojari, tak ke komunikaci s klienty. Jazyk UML je sam definovan
pomoci modelu v UML — metamodel UML je zapsan pomoci diagrami t¥id UML do-
plnénych popisem sémantiky v prirozeném jazyce a formalnim vyjadienim sémantiky v
OCL.

UML pokryva v podstaté cely vyvojovy cyklus informac¢niho systému od sbéru poza-
davki zakaznika az po nasazeni. Analytik vét§inou neni programéatorem, nemusi byt proto
vhodné, aby navrhoval diagram t¥id nebo API. Z tohoto dtivodu je vhodné rozlisSovat role
analytika (definuje pozadavky klienta) a architekta (navrhuje, jak pozadavky realizovat).
Tyto dveé role by mély byt obsazeny dvéma lidmi.

Nevyhodou je, ze v praxi jsou vétsinou modelované problémy velmi slozité a podrobné
zachyceni vSech detaili je z casovych divodi nemozné. Je proto nutné nalézt vhodny
kompromis, urcujici miru detailti, které maji byt zachyceny.

Elementy a vztahy mezi nimi:
1. Kazdy model je dokumentovan sadou pohledi.

2. Model v UML je dokumentovan sadou diagramti, dokumentujicich ur¢ité rysy mo-
delu.

3. Kazdy diagram je sestaven z jistych elementt a vztahii mezi nimi.
4. Obecné se v UML pfipousti, aby v kazdém modelu byl pouzit libovolny element.

5. Ne vSechny kombinace jsou ale smysluplné, vzdy urcitd kombinace elementd a
vztahtl predstavuje superstrukturu diagramu jistého typu. Nékteré elementy a vztahy
jsou pouzitelné obecné.

Standard ve verzi 2.0 se sklada z:

1. UML 2.0 SuperStructure - popis UML z hlediska uzivatele (analytik /programator)
- popis jednotlivych diagramt.

2. UML 2.0 Infrastructure - metamodel specifikovany pomoci Meta-Object Facility
(MOF).
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3. UML 2.0 Object Constraint Language (OCL) - jazyk pro specifikaci vstupnich
a vystupnich podminek, invariant v diagramech.

4. UML 2.0 Diagram Interchange - popis XML struktur pro vyménu konkrétnich
modeld mezi jednotliviymi modelovacimi nastroji.

Nejznaméjsi a nejpouzivané€jsi ¢asti standardu jsou diagramy, které mizeme délit do
nekolika skupin:

1. strukturni diagramy
(a) diagram t¥id
(b) diagram komponent
(
(

)
)

) diagram vnitini struktury
d) diagram nasazeni
)
)

c
(e) diagram balick

(f) diagram objektii
2. diagramy chovani

(a) diagram aktivit
(b) diagram uziti

(c) stavovy diagram
3. diagramy interakce

a) sekvenéni diagram
(a) g
(b

) diagram komunikace
(c) diagram prehledu interakei
)

(d) diagram casovani
Jakymi diagramy zac¢iname?
1. Funkéni pfistup - diagram pripada uziti, model jednani.
2. Datové orientovany pristup - diagram tiid.

Pro tvorbu UML diagramii existuje cela fada softwarovych nastrojt, napi. Enterprise
Architect, Rational Rose nebo free nastroje Umbrello UML Modeller a ArgoUML.

Podle Svaciny [18] programator nebo softwarovy architekt vyuzivajici UML pro mo-
delovéni realizaci pfipadi uziti musi dostate¢né dobfe znat jak model systému (aby mohl
prislusné t¥idy /komponenty vyuzivat opakované), tak cilové implementa¢ni prostiedi (aby
model mél hlavu a patu a byl implementovatelny).

Programéator nebo softwarovy architekt musi védét, jak danou funkénost realizovat
a v zasadé tesi predevsim konkrétni detaily. Za timto tcelem musi vyvojovy tym sdi-
let spolec¢nou technickou vizi daného systému. Tato vize je realizovana tzv. aplika¢nim
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frameworkem. Framework definuje softwarovou architekturu pozadoveného systému. V
informacnich systémech lze z pohledu architektury nalézt urcité typické opakujici se si-
tuace. Aplika¢ni framework pak vyuzije tzv. architektonické design patterns, ukazujici
typické feseni takovychto situaci. Piikladem architektonickych design patterns mohou
byt systémové problémy, jako je autorizace, autentifikace, auditing, pooling a caching
objektt, Tizeni transakci apod., nebo typické situace z pohledu uzivatele, napt. prace s
formulafem, privodce, obsluha jednoduchého ¢iselniku nebo préce se sestavami. Takovéto
design patterns je vhodné vyhledat, popsat a opakované pouzivat.

Klicovou otazkou z pohledu modelovani potom je, zda je tfeba tyto konkrétni situace
odpovidajici néjakému design pattern znovu modelovat nebo ”jen” odkazat na existujici
znadmé TeSeni. V takovéto situaci se jednd predevsim o ekonomické rozhodnuti souvise-
jici s rozporem mezi naklady na projekt a touhou po co nejpodrobné€jsi a nejpresnéjsi
dokumentaci softwarového Feseni. [18]

prineseni jidelniho listku
ohjednani jidla
ohdrzeni ohjednawky
potirzeni objednawky
uvareni jidla cishik
kanzumace jidla

nlatba

Obrazek 2: Diagram pfipadt uziti objednavani jidla v restauraci
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4 BORM metoda

BORM (Business Object Relation Modeling) je objektové orientovand metoda softwaro-
vého inzenyrstvi tieti generace, ktera je velmi efektivni pii vyvoji znalostnich systému.
Efektivity je dosahovano pomoci jednoduchych metod pro prezentaci vSech aspektt rele-
vatniho modelu. Metoda ma Siroké vyuziti pfi modelovani business procesti.

Metoda je vyvijena od r. 1993 v ramci mezinarodniho vyzkumného projektu, od r.
1996 je vyvoj podporovan firmou Deloitte&Touche, kde je metoda prakticky vyuzivana
nejen pii tvorbé softwaru, ale i k analyze pozadavkl a modelovani business procesu.
Od pocatku byla orientovana na podporu tvorby objektové orientovanych softwarovych
systémi zalozenych na cisté objektoveé orientovanych programovacich jazycich a vyvo-
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jovych prostiedich (napf. Smalltalk - VisualWorks, VisualAge...) a objektové databéze
(Gemstone...). [§]
Metoda BORM a piedevsim jeji moznosti analyzy v pocatec¢nich fazich vyvoje pro-
jektu byla prakticky pouzita napiiklad v projektech pro prazské zdravotnictvi, Ustav pro
statni informaéni systém CR, elektroenergetiku, zemédélstvi, telekomunikace a plynéren-
stvi. Ve vsech techto projektech se ukazalo, ze BORM lze dobre vyuzivat jako nastroj
pro provadéni business process reengineeringu. Vysledky takové analyzy také velmi dobre
slouzi pro podrobnou a tplnou specifikaci zadani softwarového projektu. [8]
Metoda BORM je podporovana riznymi CASE néastroji, napt. MetaEdit+ nebo CRAFT.CASE.

Faze zivotniho cyklu podle BORM |8, 17]

1. Strategicka analyza - definice problému, stanoveni jeho rozhrani, rozpoznani za-
kladnich procesti odehravajicich se v systému a jeho okoli.

2. Uvodni analyza - rozpracovani problému, mapovani procestt v systému a vlast-
nosti zakladnich objekti.

3. Podrobna analyza - detailni rozpracovani analyzy jednotlivych objekti, vazeb
mezi nimi a jejich zivotnich cyklti. Toto je posledni analyticka faze, na jejimz konci
by vSe mélo byt rozpoznano.

4. Uvodni navrh - prvni faze, ve které se snazime upravit systém pro softwarovou
implementaci.

5. Podrobny navrh - dochazi k preméné prvku existujiciho modelu do podoby podii-
zené cilovému implementac¢nimu prostiedi. Zohlednuji se vlastnosti konkrétnich pro-
gramovych jazyktd, databazi apod.

6. Implementace - vlastni vytvareni pozadovaného software programovanim nebo
generovanim z CASE nastroje.

Ve fazi analyzy je nejcastéji vytvaren seznam funkeci, tabulka scénait, architektura na
business urovni (vztah funkei a scénéaii) a ORD diagramy. Soucasné vznikaji seznamy
ucastniki a datovych tokt. V této fazi se vlastné provadi kompletni OBA (Object Beha-
vioral Analysis).

Ve fazi navrhu jsou vytvareny diagramy t¥id a komponent, tabulka podsystémt, ta-
bulka bali¢kii a architektura na implementa¢ni Grovni (vztah podsystémi a balicki).

Odlisnosti metody BORM oproti ostatnim metodam podle V. Merunky: [8]

1. Vétsina metod je zalozena na analyze textového popisu zadani a odvozovani objekti
a jejich operaci z podstatnych jmen a sloves ve vétach. UML poskytuje malou
podporu pro identifikaci objektt ze zadani. U vSech diagramil se predpoklada, ze
objekty a tfidy jsou jiz rozpoznany.

2. BORM pro kazdou jednotlivou fazi zivotniho cyklu vyuziva v diagramech omezenou
sadu pojmt - predpoklada se, zZe béhem projektovani dochézi k postupnym piremé-
nam objektt na jiné. Napf. pojmy jako stav, pfechod nebo asociace jsou pouzivany
jen béhem analyzy, pojmy jako agregace nebo dédi¢nost se pouzivaji jen ve fazi
implementace.
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3. Nevyzaduje oddé€lovani od sebe statickych a dynamickych pohledi na systém do
riznych typtu diagrami s rozdilnou notaci, je mozno je v jednotlivych diagramech
kombinovat.

Vyhody metody BORM:

Metoda je zalozena na postupné transformaci modelu a v kazdé fazi se pracuje jen s
urc¢itou omezenou a konzistentni podnozinou BORM navrhu, coz umoznuje jeji snadné
osvojeni analytiky, konzultanty i vyvojafi. Je nadSené pfijimana programatory ve Small-
talku i v Javé stejné jako programétory objektovych databazi (Gemstone, ArtBase).
BORM pracuje rovnéz s hierarchii objektt (polymorfismus, is-a vztah, zavislost objekti)
[11].

Komplexnost metody BORM je i jeji nevyhodou, dnes nejrozsitenéjsi software pro
tuto metodu CRAFT.CASE je komercni a pracuje se s nim zptisobem odlisnym od vétsiny
béznych CASE néstroju.

Metoda BORM umoznuje v jednom grafu zachytit vyvoj objektt tcastnicich se pro-
cesu, jejich stavy a akce, na kterych participuji. Velké obdélniky jsou objekty tcastnici
se procesti, malé obdélniky stavy objektt, ovaly predstavuji aktivity objekttl. Sipky mezi
aktivitami predstavuji komunikaci, kterd miize obsahovat datovy tok.
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Obréazek 3: Diagram znazornujici vyvoj objektl a vztahy mezi nim v ramci procesi ob-
jednavani jidla v restauraci
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5 Zavér

Primarnim cilem projektt informac¢nich systémt je vytvoreni pozadovaného softwaru pti
dodrzeni kvality, kvantity, terminu a rozpoctu. Model jako takovy neni primarnim cilem,
ale jen podkladem slouzicim k vytvofeni softwaru a ke vzajemné komunikaci mezi lidmi.

Informacni systémy jsou casto velmi komplexni, coz klade vysoké naroky na analyzu.
Proto je snaha o vylepSeni tivodnich fazi vyvoje softwaru. Modelovaci nastroje musi slouzit
nejen k vizualizaci kédu aplikace, ale musi co nejlépe umoznovat zachyceni, analyzu a
validaci pozadavkt uzivatele.

Zakladem analyzy informacniho systému je vytvoreni spravného datového modelu pro
konkrétni aplikaci a databazovy systém. CASE nastroje nam pak umozni z datového mo-
delu vygenerovat SQL skripty pro vytvofeni struktury databaze. CASE néstroje rovnéz
umoziuji vytvoreni diagrami a generovani zdrojového kédu z modelu (resp. ze zdrojového
kédu zpétné vytvoreni modelu) a vygenerovani dokumentace.

Vsechny vyse uvedené techniky modelovani (vyvojové diagramy, UML diagramy a me-
toda BORM) maji kazda své vyhody i nevyhody. Jejich vzajemnou kombinaci muzeme
lépe poznat modelovanou realitu ze vSsech moznych hledisek a maji proto pfi vyvoji in-
formac¢niho systému nezastupitelnou roli.
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Abstract. The paper introduces the problem of bacterial colony simulation and proposal of
the discrete model for a simulation of mutually interacting bacterial bodies which is based on
experimental observations. Special tool for simulations is designed and implemented in Java
programming language.
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Abstrakt. Prispévek predstavuje problematiku simulace bakteridlnich kolonii a ndvrh diskrét-
niho modelu pro simulaci interakce dvou a vice bakteridlnich téles, ktery vychazi z experimen-
talnich pozorovani. Pro potieby simulace modelu je navrzen a implementovan specidlni nastroj
v programovacim jazyce Java.

Klicovd slova: simulace bakteridlni kolonie, objektova databaze, Java, Groovy

1 Uvod

Rist monoklonélni bakterialni kolonie (konkrétné bakterie Serratia rubidaea) je ovlivnén
ruznymi faktory, jako napiriklad pfisun zivin nebo koncentrace a rozlozeni bakterii v pro-
storu. Experimenty ukazuji, Ze vyvoj kolonie mize byt zna¢né ovlivnén i pfitomnosti jiné
kolonie stejného druhu, a to zpusobem, ktery naznacCuje rozvinutou komunika¢ni schop-
nost bakterii. Jak tato komunikace probih&? Jak se kolonie navzajem ovliviuji? Tyto
otazky se snazi zodpovédét skupina mikrobiologi pomoci sady experimenti. Pii svém
vyzkumu chtéji vyuzit simulacni nastroj, ktery by umoznil vzajemnou interakci bakteri-
alnich kolonii simulovat. Tento ¢lanek popisuje navrh a realizaci tohoto nastroje.

1.1 Podoba experimentu

Experiment za¢ina inokulaci bakterii na Petriho misku s agarem, ktery obsahuje potiebné
ziviny pro jejich kultivaci. Bakterie jsou umistény v pfedem pfipraveném rozlozeni, podle
kterého tvoiri dvé nebo vice kolonii. V ramci experimentu se pozoruji interakce téles
jednotlivych kolonii v zavislosti na riznych podminkach: rozlozeni, pritomnost cizich
téles, pritomnost ruznych latek, a jiné. Délka jednoho experimentu se pohybuje v fadech
jednotek dnu.

*Tato prace byla podpofena grantem SGS 11/167
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Pocatecni stav Koncovy stav

Konfigurace 1

Konfigurace 2

Obrézek 1: V pripadé konfigurace 1 jsou téla dvou bakterialnich kolonii natolik vzdalen4,
ze koncentrace signéalnich latek, ktera zabranuje dalsimu rozvoji bakterii, dosdhne kritické
urovné diive, nez se kolonie staci spojit. Konfigurace 2 pak zobrazuje opac¢ny piipad.

2 Zakladni modely

Simulace mnoziny bakterii (tj. jedna nebo vice kolonii) na misce s agarem je zaloZena na
modelovani chovani jednotlivych bunék v diskrétnim prostoru a case. Tento model vychazi
z experimentalnich pozorovani a ze vSseobecné znamych fakti. Zakladni myslenky modelu
vychézi z nékolika jednoduchych spojitych modeli kiivky rustu bakteridlni populace.

Bakterie se mnozi metodou binarniho déleni, tedy z jedné materské bunky vzniknou
za piiznivych podminek dvé dcefiné |9]. Pokud budeme uvazovat pouze toto tvrzeni,
muzeme rust kolonie popsat obycejnou diferencidlni rovnici 1, kde y je celkovy pocet
bakterii v ¢ase t[hod] a ki[hod~1] je koeficient rustu kolonie [3][9].

W — kit (1)

Rychlost ristu kolonie je tedy v tomto jednoduchém modelu pfimo imeérna celkovému
poctu bakterii a celkova populace neni nijak omezena.

Uvazujeme-li, Ze s pfibyvajicim poc¢tem bakterii se Gmérné zhorSuji podminky umoz-
nujici jejich dalsi rozvoj (ubyvajici ziviny, mnozici se odpadni latky), musi se tempo ristu
témto podminkam prizpusobit. Tento fakt zohledniuje rovnice 2.

dy(t)

i (k1t — Kay(t))y(t) (2)

Z grafu 2, ktery ukazuje vyvoj bakteridlni populace v prvnich dvaceti osmi hodinach, je

vidét, ze v pripadé druhého modelu mé kiivka ristu tvar logistické kiivky a je tedy shora

omezena. Tento model vSak obsahuje nepfesnost, jelikoz rychlost rustu kolonie v case ¢

by méla byt zavisla na poc¢tu bakterii v predchozi generaci. Tato skutec¢nost je zahrnuta

v tzv. Hutchinsonové rovnici (viz rovnice 3), kde 7. je délka bunééného cyklu [5][3].
dy(t)

= = (kat = kay(t = T))y (1) (3)
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100000 T T — 1000 T T T
Exponencialni rlst Logisticky rdst
90000 900 -
80000 800 -
70000 | 700 -
60000 |- 600 -
50000 |- 500 -
40000 | 400 |
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20000 200 -
10000 | 100
0 1 1 1 0 1
0 5 10 15 0 5 10 15 20 25

Obréazek 2: Graf vlevo zobrazuje vyvoj bakteridlni populace modelovany rovnici 1, graf
vpravo zobrazuje vyvoj bakteridlni populace modelovany rovnici 2. Osa X zobrazuje ¢as
v hodinéch, osa Y zobrazuje populaci v tis. bakterii. Rovnice byly feSeny ve volné dostup-
ném programovém baliku Octave pomoci metody LSODE (autor Alan C. Hindmarsh).
Vypocet byl proveden s yo = 10, k1 = 0.58 a ko = 0.00000058.

Na grafu 3 je vidét cyklické kolisani celkového poctu bunék, které se po néjaké dobé
ustali na podobné hodnoté jako v piipadé rovnice 2. VSechny dosud uvedené spojité
modely uvazovaly pouze s vnitinimi faktory, které ovliviiovaly tempo déleni a imrtnosti
bunék. Jednim z vnéjsich faktori, které je urcité nutné do modelu zahrnout, je omezenost
okolnich zdroju, predevsim pak zivin. Tuto skutec¢nost lze do modelu zahrnout pridanim
dalsi rovnice, popisujici ubytek zdroji v zavislosti na velikosti populace (viz rovnice 4).

1400 T L T LT T T 900 T T T T. T T
Hutchinson (bez Zivin) Hutchinsgh (s Zivinami)
1200 | 800 |-
700 |
1000
600 |
800 - 500
600 |- 400 -
300 |
400
200
200 - 100 L
0 1 1 1 1 1 1 1 1 O 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

Obrazek 3: Graf vlevo zobrazuje vyvoj bakterialni populace modelovany Hutchinsono-
vou rovnici, graf vpravo zobrazuje vyvoj bakteridlni populace modelovany modifikovanou
Hutchinsonovou rovnici s pfidanym omezenim na mnozstvi zivin. Osa X zobrazuje c¢as
v hodinach, osa Y zobrazuje populaci v tis. bakterii. Rovnice byly feSeny ve volné do-
stupném programovém baliku Octave pomoci metody ODE78D (metoda pro feseni ODR
se zpozdénim).
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T T (e SR AN0
d;it) —kyy(t) @

S ubyvajicim poc¢tem zivin se zvySuje pocet bunék, které v daném Case neziskaji dostatek
zivin pro dalsi fungovani a umiraji. Zavislost velikosti populace na poc¢tu zivin zobrazuje
graf 4.

900 T T =, T T T T T
~. Velikost populace

> Dostupné zdroje ——--

800 -

700

600

500 -

400

300

200 -

100

Obréazek 4: Graf zobrazujici zavislost velikosti populace na mnozstvi dostupnych zivin
v prostfedi. S klesajicim mnozstvim zZivin se zvySuje tmrtnost bunék, kterd nakonec
prevladne nad tempem déleni bunék, a celkova populace se zac¢ne snizovat.

3 Simulovany model
Pro simulaci byl zvolen diskrétni model v prostoru a ¢ase. Simulovany prostor (tj. fez
miskou s agarem a prostorem nad miskou) je pokryt pravidelnou ¢tvercovou siti S. Kazdé

policko S, ,, € S je charakterizovano souborem vlastnosti (G, B, R), kde:

e G ={g1...9,} je mnozina signalnich latek, jejichZ koncentrace zpusobuji zmény
v metabolismu bunék,

o B = {by...b;} je mnozina bakterii ve ¢tverci S, ,, mohutnost mnoziny |B| pfed-
stavuje koncentraci bunék v S, ,,

e R={ry...r,} je mnozina dostupnych zdroji v S, .
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Tim, Ze kazdé S, , muze obsahovat zddnou, jednu, nebo vice bakterii, je dosazeno promén-
livé koncentrace bunék v prostoru. Pokud by model pocital pouze s zadnou, nebo jednou
buiikou v S, ,, neodpovidalo by to stavu, kdy u dospélé kolonie 1ze jednozna¢né pozo-
rovat hust&jsi koncentraci bunék v jadie (zpusobeno pravdépodobné inokulaci bunék)|2|.
Konkrétni bakterie b; je charakterizovana souborem vlastnosti (a, m, R, s), kde a je staii
bakterie, m je celkovd hmota bakterie, R je zasoba zdroju a s je stav metabolismu.
Samotna reprezentace kolonie je pouze prvni ¢asti modelu. Druhou ¢éast tvori evolucni

Vzduch

Sy

. ) Signaly
L J

Bakterie

Zdroje

[~

Misk
Iska s agarem \simumvany prostor S

Obrazek 5: Reprezentace simulovaného prostoru v navrzeném diskrétnim modelu. Prostor
je pokryt pravidelnou ¢tvercovou siti, kde kazdy ¢tverec v siti je charakterizovan souborem
vlastnosti.

algoritmus, ktery dokaze pomoci nékolika procest provést prechod kolonie ze stavu /; do
K1, kde stav K; je dan odpovidajici konfiguraci S v case t.

3.1 Simulované procesy

Evolué¢ni algoritmus implementovany v simulatoru se sklada z procest dvou druhii: pro-
cesy prvniho druhu se tykaji pouze samotnych bakterii, procesy druhého druhu pak si-
muluji zmény v prostiedi. Mezi prvni druh patii tyto:

e Priijem zivin — Bakterie se snazi poziit ziviny v blizkém okoli, celkové mnozstvi
piijatého zdroje R; bakterii B; v ¢ase t je popsano funkei Rg,(m;, h;) = %@)(t),

J
kde ko je zékladni pfijaté mnozstvi, kym; predstavuje Ziviny navic, které dokaze

poziit mohutnéjsi jedinec a koh; je penalizace za vzdalenost bakterie od agaru,
ktery ziviny obsahuje.

e Prijem kysliku — Pokud simulujeme aerobni bakterie, je pfijem kysliku bakterie B;
v Case t popsan funkci 5, kde C'(S,,,) piedstavuje okoli polictka S, .

e Syntéza — Bakterie pfeménuji prijaté ziviny a kyslik na vlastni hmotu a vylucuji
signalni latky.

e Udrzba — Bakterie starnou a udrzuji se.
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e Reprodukce — Pokud jsou splnény vSechny podminky, muze se bakterie pokusit
rozdélit.

> B

CEC(S;c,y)

= . 1 - =—"
O(Sea) = o+ k@) | 1= 5 oy
ce

(5)

Umrtnost bunék neni v modelu zohlednéna, protoze v ¢asovém rozsahu, ve kterém expe-
rimenty probihaji, je zanedbatelna. Mezi procesy druhého druhu patii difuze signalnich
latek ve vzduchu a v agaru, které néasledné ovliviiuji metabolismus bunék a mohou na-

sv

piiklad zapri¢init to, zZe se bakterie pfestanou v oblasti zvySené koncentrace délit.

4 Navrh a implementace simulatoru

Zakladem simulatoru je jednoducha objektova databaze ulozend v opera¢ni paméti po-
¢itace, kterd obsahuje vesSkeré informace o simulovaném prostoru S. Schéma databéze
zachycuje diagram tiid na obrazku 6. Databaze umoziuje praci v pseudotransakénim
rezimu v nasledujicim smyslu:

o Veskeré zmény v databazi jsou zaznamenavany ve specidlnim zménovém deniku,
ktery je aplikovan az pfi commitu.

e Cteni z databédze neni timto zménovym denikem ovlivnén.

Toto chovani se mize zdat na prvni pohled podivné, ale odpovida faktu, Ze vSechny
zmény pii prechodu mezi stavy se musi aplikovat najednou. Podstatnou ¢asti databéaze
je prostorovy index, ktery urychluje piistup k informacim na konkrétnim policku S, ,,.
Tento index je implementovan pomoci dynamické datové stromové struktury Quadtree.

Space ! - SpaceCell
<
i 1
* *
Bacterium (>1—* Resource
3
Signal

Obréazek 6: Diagram t¥id znazornujici datovy model objektové databaze simulatoru.

Databéaze poskytuje pro manipulaci s daty specialni dotazovaci jazyk zalozeny na
dynamickém jazyku Groovy. Ttida Space zde v podstaté zastupuje databazové schéma,
pricemz kazdy experiment ma svoje schéma. Prace s nim probiha nasledovné:
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// vytvoreni nového schématu
d.create(‘space’) .name (‘myExperiment1’)

// pristup k nové vytvorenému schématu
d.space[‘myExperiment1’]

// pristup k preddefinovanému schématu
d.use(‘myExperimentl’)

d.s

// smazani schématu a v8ech dat, které obsahuje
d.s.delete

Préace se samotnymi daty je zaloZena na schopnostech jazyka Groovy efektivné pracovat
s kolekcemi objektu a vypadéa naptiklad nasledovné:

// vytvorime radu policek v siti

for (x in 0 .. 10) d.s.create(‘cell’).location(x, 0)

// do kazdého policka vloZime jednu buitku s n&hodné zvolenou hmotnosti
d.s.cells*.insert(d.s.create(‘bacterium’) .mass(d.rand))

// a nyni smaZeme vSechny bakterie, které maji hmotnost menSi neZ 0.5
d.s.select(‘bacterium’).filter{b -> b.mass < 0.5}*.delete

Co kdybychom napftiklad chtéli vybrat v ur¢ité oblasti bakterie starsi nez zadana hranice?

d.s.cells.findAll{c -> c.x <= 10}.collect{c -> c.bacteria}
.flatten() .findA11{b -> b.age > t}

// nebo jednoduSeji

d.s.bacteria.findAl1l{b -> b.cell?.x < 10 && b.age > t}

Pouziti Groovy operatoru *., ?. a funkci findAll a collect umoziuje velice jednoduchou

implementaci navrzeného modelu v prostiredi platformy Java.

5 Vysledky

Implementovany model prokazuje nékteré experimentalné pozorované vlastnosti. Na grafu 7
je vidét, ze obé kfivky vyvoje populace ze zacatku prokazuji exponencialni charakter, coz

Mo

N

a zachovaji si samostatnost, prestoze jim nic jiného ve spojeni nebrani. V soucasné dobé
probihé ladéni a validace modelu.

Co se tyce simula¢niho nastroje, jeho jadro bylo implementovano v programovacim
jazyce Java. Samotny evolu¢ni algoritmus byl vSak implementovan v podobé pouhych
dotazi do objektové databaze samotného néstroje. Obrazek 8 zobrazuje sérii tii snimki ze
simula¢niho nastroje. Kazdy snimek obsahuje tii ¢asti: prvni ¢ast zobrazuje fez koloniemi,
druhé ¢ast zasobu zivin a posledni treti ¢ast pak difuzi signalni latky.
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Obrazek 7: Graf vyvoje celkové populace jedné, resp. dvou kolonii v prubéhu sedmi dnu
simulovany navrzenym diskrétnim modelem. Osa X zobrazuje ¢as v hodinach, osa Y
zobrazuje celkovou populaci v tisicich bakterii.

Bacterial Colory [V3] Day 1 Hour 12 Fopulation 2604

Eacterial Colony [V3] Day 2 Hour 0 Population 14195

Eacterial Colony [V3] Day 2 Hour 12 Population 29422

L e .. e — |

Obrazek 8: Snimky obrazovky ze simula¢niho nastroje.
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6 Zavér

Clanek predstavil navrh diskrétniho modelu pro simulaci interakce dvou a vice bakteri-
alnich kolonii, ktery vychazi z nékolika zakladnich spojitych modeli. Tyto modely byly
v uvodu také strucné popsany. Model neni zatim zcela hotov a probiha jeho dalsi zpies-
novani.

Pro potfeby simulace byl navrzen a implementovan nastroj v jazyce Java. Pro zefek-
tivnéni implementacniho procesu samotného modelu byla navrzena jednoducha objektova
databéze, jejiz dotazovaci jazyk umoznil rychlé prototypovani modelu. Simula¢ni nastroj
je vytvaren v ramci vyzkumu chovani a interakce monoklonalnich bakterialnich kolonii
na Katedre filosofie a déjin piirodnich véd Ptirodovédecké fakulty UK.
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Abstract. The electronic structure of the carbon nanoparticles is investigated for the hyper-
boloidal geometries. The main object of our interest is the local density of states. We use a
continuum gauge field-theory model for this purpose.
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Abstrakt. Elektronické vlastnosti uhlikovych nanoéastic jsou zkoumény pro geometrii hyper-
boloidu. Hlavnim pgedmitem vyzkumu je lokalni hustota stavii. Pro tento téel pouzivime model
kalibraéni invariance.
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1 Introduction

Nanostructured carbon materials are materials with a special geometrical structure of
their molecules which we call carbon nanoparticles. This geometrical structure is accom-
panied by the topological defects in a hexagonal planar lattice called graphene.

There are many variously-shaped carbon nanostructures known. The most famous is
fullerene, which has the structure of a soccer ball and can be approximated as a sphere.
It is composed of 60 carbon atoms which create 20 hexagons and 12 pentagons. However
other structures also exist, for example nanocones, nanotoroids, nanotubes, nanohorns
etc. A wide variety of electronic properties of these structures have been studied. They
suggest a potential use in nanoscale devices like quantum wires, transistors or molecular
memory devices.

The electronic properties of these structures can be explored by solving the Dirac
equation at a curved surface [4]. In most cases, the defects on this surface originate
from the presence of the pentagons for the positive curvature and the heptagons for the
negative curvature [1|. They cause breaking of the rotational symmetry of the wave
function. It must be compensated by the addition of some local gauge fields. For the
calculation of the local density of states, the hyperboloidal geometry is used.

2 Basic formalism

We introduce the Dirac equation in (2+1) dimensions. It has the form:
iyl [V, —ia, — 1A = E. (1)
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The wave function v, the so-called bispinor, is composed of two parts:

o= (o), @)

each corresponding to different sublattices of the curved graphene sheet [5].
Next, some additional gauge fields are introduced. Without them, the Hamiltonian
in (1) would have the form:
Ho = iy"ef[0, — i4,] (3)

and the corresponding wave function we denote 1)y. Then:

¢(7“> gp) = exp(in (T> 30)) eXp(iQ2 (Ta 90)) T eXp(iQn (Ta 90))’17/)0(7“, 30)7 (4)

where €;,7 = 1,...n are functions, theirs form follows from the boundary conditions.
Because:

Hyho = Enbo ()
and, at the same time:

Hi = Ei, (6)
it follows that:

H = exp(i€)) exp(i€y) - - - exp (i€, ) Ho exp (i€, ) . . . exp(—i€ds) exp(—ifdy). (7)

For our purpose, we introduce 2 additional gauge fields,a, and w,, p =&, ¢.

The gauge field a, arises from spin rotation invariance. The gauge field w, comes
from introducing the zweibein e, which incorporates fermions on the curved 2D surface.
It ensures the invariance of (1) for different choices of the frame and it satisfies

Ouey — Thep + (wu)jey =0, (8)
where I, is the Levi-Civita connection coming from the metrics g,, (see below). Then
w,, is called the spin connection. Next, the covariant derivative V, is defined as:

V=0, +Q, (9)

where
1

= 30" Dvas vl (10)

denotes the spin connection in the spinor representation. The Dirac matrices v, can be
replaced in two dimensions by the Pauli matrices o,:

Q

«
i

71 = —O02, Y2 = 01. (11)

A, is the vector potential arising from the external magnetic field.
The metric g,, of the 2D surface comes from following parametrisation using the two
parameters &, p:

(€&0) = R = (2(5,9), y(€,9), 2(£,9)), (12)
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where
0 <& <o, 0 <y <2m. (13)

The 4 components of the metric are defined as:
— =
9w =0, RO, R. (14)

The hyperboloid geometry which we use has, for both heptagons and pentagons, very
similar but not identical parametrisation. We consider it in separate chapters. Generally,
the non-diagonal components of the metric are:

Gep = gpe = 0. (15)

For the zweibeins and the diagonal components of the metric the following relation-
ships hold:

eé = \/Jee COS @, 30 —v/Gopp Sin @, (16)
= /Jee sin g, ?0 \/Gopp COS P, (17)

and for the spin connection coefficients w,,:

del = —(U12 A 627 d€2 = —(U21 VAN 61, w12 = —(U21, (]‘8)
SO: P _
(Ug102 = —Wfpl =1- ‘ 95050 = 2(“)7 (19)
VAU3S

Then the coefficients €, are:
Qe =0, Q, = iwos. (21)

If we write the wave function in the form

1 U ipj .
( Z; ) - m ( @'(12()2;3()#1) ) ) 7 =0,£1,... (22)

and substituting (22) into (1) we obtain

33

o

0517— (]+1/2—CL¢—|—A¢) U—E gggg, (23)

—0v—(j+1/2—a,+ A, )M—v-E Geell. (24)
e

It is possible to try to approximate the considered geometry by the metric of the
cone [2|. However, this approach does not correspond to the real situation because of the
point-like apex. Here we propose a method to avoid this problem.
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3 Geometrical properties

3.1 Heptagonal defects

In the case of negative curvature and associated heptagonal defects, the parametrisation
(12) for the case of the hyperboloid is:

(&, ) — (acosh& cos @, acoshsinp, csinh §), (25)

where a and c are some dimensionless parameters. The corresponding diagonal compo-
nents of the metric are:

gee = a®sinh? € + ¢? cosh? €, Jpop = a® cosh® (26)

and the nonzero spin connection term:

asinh &
Ve

The defect arises by the so-called cut and glue procedure - we cut a line in the graphene
plane, add a 60° area and glue the resulting borders [2|. The geometrical properties of the

(27)

12 4
w¢—1

new surface can be described with the help of the gauge potentials W&O), which change
the initial components of the metric (now denoted g'%) [6]:

O 4 —V, RV, R (28)
g/W Guv w A (0) v 41(0),
where: - . N
ViR =0, Ro+ W, Rl (29)
Then — — = 0 B
G = Ou R (o) - Oy B(o) + Ou B )[W,”, R o))+
— = — e T — = —3 =
O, Ro)[WY, Rl + WOW R, — (WO R o) (WP R o)) (30)

and the components of the metric and the spin connection term will be changed such
that:
gee = a?sinh® € + ¢ cosh® ¢, Gpp = a’a’ cosh® €, (31)

inh
wlzzl—w, a=1+v, (32)

L4 \/9_55
where v = N/6 is called the Frank index and N is the number of heptagons in the defect.
In this paper, we take N = 1. Let us stress that as the number of defects increases,
the geometrical structure becomes more complicated and we have to take into account
additional assumptions [2].
We can encircle the origin of the defect (£ = 0) by a closed loop C. and integrate over
it. The result is:

7{ ds = 2mv. (33)
Ce
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No transformation of variables can change this value. If the values of the gauge field W/LO)
are:

Wﬁo)¢:1,2 o, WL(LO)Z':ZS _ Wﬁo), (34)
where:
WO = —vy/r, Wy(o) = va/r?, r= 22+ 42, (35)
then:
% ds =2mv = ngo)dx”, (36)
e Ce

ﬁ
SO WLO) serves as a vortex-like potential with a nonzero flux. This flux should be elimi-
nated by the corresponding integral over the spin connection, so we must get:

lim w}fdgo = —27v. (37)
e—0 C.

Substituting (32) into the appropriate integral, the required result is readily obtained.

For our purpose, the gauge field a, = N/4. In the general case, a, depends on two
constants N and M as a, = N/4 + M/3, where M = —1,0,1 for an even number of
defects and M = 0 for an odd number of defects |2, 3,_?]

If the magnetic field is chosen in such a way that A = B(y, —z,0)/2, then:
A, = —®cosh?¢, A =0, (38)

where:

1 e
b = §a2<I>OB, (I)O = % (39)

The geometric units are used, i.e. e=h=c=1.

3.2 Pentagonal defects

The case of the positive curvature is described in more detail in |3]. The parametrisation
is changed into:
(&,¢) — (asinh cos ¢, asinh € sin g, ¢ cosh &), (40)

and the diagonal components of the metric are:
gee = a’ cosh® € + ¢?sinh? €, Gpp = a?sinh? €. (41)
O

Introducing the gauge potentials Wuo as for the heptagonal defects, the component
Jep Of the metric changes such that:

Jpp = a’a’sinh® ¢, (42)

where @« = 1 — v. This means that in the cut and glue procedure, we cut a 60° area
instead of inserting it. Then the nonzero spin connection term is:

L2 aacoshS.

¢ N 43)
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The values of the gauge field and the magnetic field are the same as in the previous

case: N
a‘P :N/4> A= B(y> —ZL’,O)/2, (44)

so that for the chosen parametrisation:
A, = —Psinh’¢, Ae =0, (45)

where @ is defined as in (39).

4 Solution of the Dirac equation

The solution of (23),(24) for heptagonal and pentagonal defects in the case of hyper-
boloidal geometry is introduced and the local density of states is calculated here. The
linear elasticity theory |6] is used. For the numerical calculations of LDoS, the method
described in [7] is exploited.

4.1 Heptagonal defects
The form of (23),(24) will be:

Oeti — (j — ® cosh? €)1/ tanh? € + nii = E\/eeD, (46)
—0cU — (j — ®cosh?&)y/tanh® & + o = E Geell, (47)

J=0G+1/2—a,)/a, d=ad/a, n=c?/a. (48)

The parameter n < 1 is a dimensionless parameter which describes the elasticity proper-
ties of the initial graphene plane. Due to these properties, the defects can be interpreted
as small perturbations in the graphene plane. In the case of finite elasticity, we can use
an approximation 1 ~ /ve, where ¢ < 0.1 [3|. In this way, the elasticity is described by
a small parameter €. Its value is usually taken between 0.01 and 0.1. If we perform some
necessary corrections to the gauge field w,, then as we take e — 0 we obtain the metric
of the cone.

Let us now suppose E = (. This energy corresponds to the so-called zero-energy
mode which is appropriate for the electron states at the Fermi level. Then, the solution
of (46),(47) is:

where:

e , Gon® cosh ¢ 7 _5&(5) sinh &
Uo(€) = C(A(E) + ksinh &)k (W) exp ( #> : (49)

N , KGR cosh & - PA(E) sinh &
(&) = C'(A(E) + ksinh &)~%7 (—A(O +sinh§) exp <—2 ) , (50)

k=+/1+n, A(€) = \/k?cosh® ¢ — 1, (51)

where:
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and C', C" are the normalisation constants.
For nonzero values of E we use a perturbation scheme described in [7]. Then, for a
given &g, the local density of states is defined as:

LDoS(E) =u*(E,&) +0*(E,&). (52)

To evaluate the local density of states, we have to calculate the normalisation constants
=~

C,C". They differ for different values of E. For unnormalised solutions @' (§),v'(§) of
(46),(47) and each value of energy:

gmaz

1/C? = 1/C” = / @ () +7(€)?)de. (53)

0

Since for &, = oo the integral diverges, some finite value of &,,,, in some interval which
is of particular interest is needed. In this work, we take &, = 2.5 and &0 = 2. It
follows from the parametrisation (25) that for the given values of £, the corresponding
distance is » = acosh§, which means that for a« = 1 A we have r,,,, = 6.13 A, or
Tmaz = 3.76 A. These values are of the same order as the size of the Brillouin zone which
is formed by the single hexagons. Each atom in the hexagon lies at a distance 1.42 A from
its nearest neighbours. This is the main principle of the tight-binding approximation [8|
in which we only account for the influence of the nearest neighbours.

4.2 Pentagonal defects
The form of (23),(24) is:

Ogtt — (G — ® sinh? €)y/coth® € + nu = E/Gee0, (54)

—0cU — (G — ® sinh? €)y/coth? € + nv = E,/gecu. (55)

In the case &/ = 0, the corresponding solution is:

~ T n® inh J (Af)A h
T(€) = C(A0) + koosh )T (o S ) e <—%) (50

sinh & 7 O (&) cosh &
(A(ﬁ) + coshg) P ( 2 ) - 7)

k=+/1+n, A(€) = y/k2sinh? € + 1. (58)

To calculate the solution for nonzero values of £ and the local density of states we
use the same procedure as presented for the heptagonal defects.

=
?|»e«a

T0(€) = C'(A(€) + kcosh )73

where:
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Figure 1: LDoS as a function of E € (—0.5,0.5) and ¢ € (0,2.5) for 1-heptagon defects
(left part) and 1-pentagon defects (right part) for B = 0; e = 0.01.
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Figure 2: LDoS as a function of E € (—0.5,0.5) and ¢ € (0,2.5) for 1-heptagon defects
(left part) and 1-pentagon defects (right part) for B = 0.5; € = 0.01.
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4.3 Local density of states

In Figs. 1 and 2, the LDoS as a function of energy FE and the parameter £ is presented
for hyperboloidal surfaces with the defects formed by 1 polygon. In all of these figures,
we set j = 0 in (48) and € = 0.01 in the expression for n. We can see the evidence
that for increasing B or .., the LDoS is decreasing and the decrease is faster for the
pentagonal defects. If we took larger &,,4., the LDoS would go to zero with the exception
of a small number of energies for which we would obtain plane waves. The larger values of
¢ are, however, unphysical because of the limited interval of validity of the tight-binding
approximation.

5 Conclusion

We have studied the electronic structure of disclinated graphene in the vicinity of heptag-
onal and pentagonal defects depending on the kind of a curvature (negative or positive).
Hyperboloidal parametrisations (25),(40) were assumed after rejection of the conical met-
ric. The continuum field-theory gauge model was used, in which the disclinations are
incorporated using the vortex-like potential (34), (35) for the calculation of the compo-
nents of the metric. The arising fictitious flux was compensated for by the gauge flux of
spin connection field (19),(20). The potential (34), (35) also results in the dependence
of the corresponding Dirac equation on the Frank index o which includes the number of
defects. The defects are involved in (48) with the help of the parameter €, which comes
from the elasticity properties of the graphene.

Next, we incorporated a uniform magnetic field (38),(45) that can significantly influ-
ence the LDoS. These were calculated from the solution of the Dirac equation, which we
obtained numerically with the help of the extension of an analytical solution for zero-
energy modes (49),(50),(56),(57).

To conclude, the presented results have a large potential use for calculating the metal-
lic properties of carbon nanohorns which have widespread application in electronic de-
vices. Let us mention the significance of the zero-energy modes. Generally, they appear
as a solution for disclinated graphene in the presence of a magnetic field [9] and they play
a key role in explanations of anomalies, paramagnetism, high-temperature superconduc-
tance etc.

We have to stress that we assumed defects in which only 1 heptagon or 1 pentagon
appeared. For a higher number of polygons in defects the calculation is more compli-
cated, especially for heptagons, because in contrast to pentagonal defects problems with
the geometrical interpretation occur. It will be useful to perform calculations for more
complicated forms of defects in the future.
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exponent of its language is finite. We also explore the possible orders of growth of factor
complexity of circular DOL-systems and include examples.
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Abstrakt. Ukazujeme, ze DOL-systém je cirkularni a non-pushy pravé tehdy, kdyz kriticky expo-
nent jeho jazyka je kone¢ny. Zkoumame také mozné rady rastu faktorové komplexity cirkularnich
DOL-systémi a uvadime piiklady.

Klicovd slova: cirkularni DOL-systém, kriticky exponent, faktorova komplexita,

1 Introduction

Morphisms play an important role in combinatorics on words. A morphism is often used
to define an infinite word — either as a fixed point of a morphism or as an image of another
infinite word. Perhaps one of the most famous morphisms is the Thue-Morse morphism
orur, defined over the binary alphabet {0,1} as

) 001
orTM - 11— 10

Its fixed point
ury, = 011010011001011010. ..

is the famous Thue-Morse sequence (see for instance [1] for various results).

Given a morphism ¢ it may not have only one fixed point. However, if ¢ is primitive,
then all its fixed points have the same set of factors. In other words, the symbolic
dynamical system associated to o is the same (see for instance [6]). In this article, we
are interested not only in primitive morphism but in a larger class: circular morphisms.
Roughly speaking, a circular morphism is a morphism for which we can find preimages of

*This work has been supported by the Czech Science Foundation grant GACR 201/09/0584, by the
grants MSM6840770039 and LCO06002 of the Ministry of Education, Youth, and Sports of the Czech
Republic, and by the grant of the Grant Agency of the Czech Technical University in Prague grant No.
SGS11/162/OHK4/3T/14.
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factors which are long enough (see below for exact definition). Circular morphisms include
injective primitive morphisms (see [12]). The notion of circularity has been explored
for instance in |2]| where an algorithm for deciding whether a language generated by
a morphism avoids a certain factor is introduced, or in |7| where factor complexity of
systems generated by a subclass of circular morphisms is given. Also, in [8], a method
to enumerate bispecial factors for systems generated by non-pushy circular morphisms is
derived. (See Definition 14 below for exact definition of non-pushy systems.)

Another notion from combinatorics on words is the critical exponent of a language.
Given a language L, its critical exponent E.(L) is defined as

E.(L) =sup{r € Q| w" is a factor of u for some non-empty w € L},

i.e., it is the maximal (if attained) fractional power that occurs in the language £. By
critical exponent E.(u) of an infinite word u we mean the critical exponent of its set of
factors.

The critical exponent of the Thue-Morse word is 2 and is attained for some factor. A
more interesting example is the Fibonacci word, i.e., the fixed point of o defined as

) 001
9F "\ 11

Its fixed point has critical exponent £(5+v/5) (see [10]) which is obviously not attained.
As shown in |9], every real number greater than 1 is the critical exponent of some word.
The notion is also connected to the famous Dejean’s conjecture (see |4]). Let n > 2 be
an integer. We define the repetition threshold RT(n) as follows

RT(n) = inf{E.(u) | u is an infinite word over n-letter alphabet}.
Dejean conjectured that

2 ifn=2
7 ifn=3
RT(n) = 7751 if n =4
"/n_1 otherwise

The conjecture is now proved, see |3] and [14].

Since in general a circular morphism can generate different languages, we use the
notion of a DOL-system S = (A, o, w) to specify the language. The language of the
system S is the set of factors of words o™ (w) for all n € N where w € A* is a non-empty
word. The main result of this article is the following theorem.

Theorem 1. Let S = (A, 0,w) be a DOL-system. Then the critical exponent of L(S) is
finite if and only if S is circular and non-pushy.

In the last section, we state that pushy circular DOL-systems have factor complexity
in the class ©(n?), while non-pushy circular DOL-systems have their factor complexity in
one of the following classes: O(n), ©(nloglogn), or ©(nlogn). This result is based on
the work done in [13| where factor complexities of fixed points of morphisms are explored.
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2 Preliminaries

A finite set of symbols, usually called [etters, is called an alphabet and denoted A. A
finite sequence w = wow; . .. w,_1 of letters is said to be a finite word, its length |w| = n.
The set of all finite words, including the empty word, denoted €, and the operation of
concatenation is the free monoid A*.

An infinite sequence u = (u,) 5 of letters u, € A is an infinite word. A finite word
w = Wwows ... Wy_1 18 a factor of u if there exists an index j € N such that wow, ... w,_1 =
UjUj11Uj4n—1. The index j is called an occurrence of w in u. The set of all factors of u
is the language of u and is denoted by L(u).

Let z be a word (finite or infinite). If there exist words p, 2, s such that z = pz’s,
then p is called a prefix of z and s a suffiz of z.

Let u be an infinite word. If there are words p and w such that u = pwww . .., then
u is said to be eventually periodic. If p = ¢, then u is purely periodic. Otherwise, u is
aperiodic.

We say that an infinite word is recurrent if any its factor occurs in it infinitely many
times. It is uniformly recurrent if any its factor occurs with bounded gaps between
successive occurrences.

The k-power of a finite word w is defined as w* = ww*~! for k > 0 and w® = ¢. If a
finite non-empty word w can be factorized as w = p*e such that k > 1, e is a prefix of

k

]
p, and |p| is minimal, then w is %—power of p and we write w = p»I. For instance, we
have abbaab = (abba)? and starosta = (staro)s. The critical ezponent of a language £
is the number

E.(L) =sup{r € Q| w" € L for some non-empty w € L}.

A morphism on a free monoid A* is a mapping o satisfying o(vw) = o(v)o(w) for all
v,w € A*. We say a morphism o is primitive if for all a € A there exist an integer k
such that o*(a) contains all letters of A. By substitution we understand a non-erasing
morphism (for all @ € A, o(a) # ¢) such that there exists a letter a and a non-empty word
w such that o(a) = aw. Note that we can find slightly different definitions of substitution
in the literature. For instance, some authors define a substitution to be just a non-erasing
morphism.

In what follows, we are interested in infinite words (more precisely their languages)
defined as fixed points of a substitution. Given a substitution o, one can construct its
fixed point u as follows: u = 0*(a) = awo(w)o?(w)o?(w). ... Since there may be more
fixed points, it is convenient to denote which fixed point are we working with. To specify
the language generated by o, we use the following definition of DOL-system which is a
commonly used notion (see [15]).

Definition 2. A triplet S = (A, 0, w) is called DOL-system if 4 is an alphabet, o a
substitution on A, and w € A* is a non-empty word. The language of the system L£(.5)
is the set of all factors of words " (w) for all n € N.

We implicitly suppose that given a DOL-system S = (A, o, w), it holds that A C L(S).
In other words, if the system does not contain all the letters of A, we implicitly consider
the restriction of A and o to those letters it contains.
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Remark 3. If o is primitive, then it follows directly from the definition of primitivity that
its associated DOL-system (A, o, w) does not depend on the choice of w.

As already mentioned, circular systems include injective primitive morphisms.

Theorem 4 ([12|). Any DOL-system S = (A,o,w), with a € A and o injective and
primitive, s circular.

Given a language £, we define its factor complexity as the mapping C(n) which asso-
ciates to an integer n the number of factors of length n, i.e.,

C(n) =#{we L] |w =n}

for all n € N.

The fact that a language is given by a substitution is very important. Given a factor
w € L(9), there is a factor v € L£(.5) such that w is a factor of o(v). If v is the shortest
such factor, then it is called an ancestor (see [11]).

Ezxample 5. Let ¢g be the substitution over {0, 1,2} defined as

0— 01
vp:¢ 1—1012 .
21

We are interested in the system Sp = ({0,1,2}, pg,0). The fixed point ug of pg
begins with
ur = 011012101201101211012.. ..

and since g is primitive, it is clear that £(Sg) = L(ug).
The factor 01 has 2 ancestors: 0 and 1. The factor 011 has only 1 ancestor which is
the factor 01.

As already mentioned, in a DOL-system every factor has at least one ancestor. To
look for such factors means in fact to decompose a word w into images of letters by the
substitution . The following notion (introduced in [2]) of synchronizing point indicates
whether there is a common point for all such decompositions in a given factor.

Definition 6. Let S = (A, 0,w) be a DOL-system with o injective and let v € L(5).
An ordered pair (v, vy), where vy, ve € L(S), is called a synchronizing point point of v if
v = v109 and

Vz1,29 € A", (zwzz € o(L(S)) = z1v1 € 0(L(S)) and vy29 € U(E(S))).
We denote this by v = vy |svs.

One can see that if a factor v has a unique ancestor and o is injective, then v has a
synchronizing point (provided v is long enough not to be central factor of an image of
a letter). However, the notion of synchronizing point is more subtle and the converse is
not true.
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Ezample 7. Consider again the system Sg from Example 5. Its factor 101 can be decom-
posed as 1|01 or [101. On the other hand, the factor 0121 can be decomposed only as
012|1, i.e., it contains a common “bar” for all decompositions and thus a synchronizing
point. For more examples see for instance [8].

Definition 8. A DOL-system S = (A, o, w) is circular if o is injective on L£(S) and if
there exists an integer D € N such that any v € £(S) longer than D has at least one
synchronizing point. The integer D is called a synchronizing delay.

Ezample 9. Consider once more the system Sg from Example 5. Anytime the letter 2
occurs in a factor, we can place a synchronizing point after it. Since the substitution
is primitive, its fixed point is uniformly recurrent. Therefore, the factors 2 occurs in a
bounded distance and there exists synchronizing delay. Looking at its set of factors we
can find the minimal synchronizing delay to be 4.

Ezample 10. The system ({0, 1,2},4,0) where v is defined as
0— 01

v:d 111
2 — 02

is not circular. One can see that the language of the system contains arbitrary powers of

1 and such factors have no synchronizing point, i.e., can be decomposed as 11|11|1... or
1111....

The presence of arbitrary k-power of a factor in a language of a non-circular system

are not a coincidence. The following result states this fact.

Theorem 11 ([11]). If a DOL-system does not contain the k-power of any its factors for
some k > 0, then it is circular.

The following definitions and lemmas taken from [5| are used in the proof of Theo-
rem 1.

Definition 12 ([5]). Let S = (A, o, w) be a DOL-system. We say it is strongly repetitive
if there exists a non-empty v € £(S) such that v* € £(9) for all k € N.

Lemma 13 ([5]). Given a DOL-system S = (A, o,w), if L(S) contains a k-power for all
k€N, then G is strongly repetitive.

Definition 14 (|5]). Let S = (A, o, w) be a DOL-system. A letter b € A has rank zero if
L((A,o,b)) is finite.

S is pushy if for all n € N there exits v € L(S) of length n which is composed of
letters having rank zero. Otherwise S is non-pushy.
Remark 15. One can see that if a system S = (A, 0, w) is pushy, then there exists a letter
a € A such that |o(a)| = 1.

As illustrated by the following example, the converse to the last remark is not true.

FEzxample 16. Let or be the Fibonacci substitution defined above. Since both {c%(0)}
and {0} (1)} are infinite, the system ({0,1}, o, 0) is non-pushy.
Moreover, for pushy systems, the following lemma holds.

Lemma 17 ([5]). If a DOL-system S = (A, o,w) is pushy, then it is strongly repetitive.
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3 Proof of Theorem 1

Proof of Theorem 1. (=):
Circularity follows from Theorem 11. S being pushy is in contradiction with Lemma 17,
thus, it is non-pushy.

(<):

Suppose the critical exponent of £(S) is infinite. According to Lemma 13, there exists
a non-empty factor v € L£(S) such that for all n € N, v™ € L£(S). Take the shortest
factor v having such property. Since S is circular, there exists a finite synchronizing
delay D. Take N € N such that [vV| > D. Then vV contains a synchronizing point,
i.e., vV = vi|,vy. It is clear that vV ™! contains at least two synchronizing points, i.e.,
pVFL = v1|sv2v = vv1|svy. In general, vN** contains k + 1 synchronizing points at fixed
distances equal to |v|. Since o is injective, it implies that there exists a unique z € £(.5)
such that vV** = po(z¥)s (for some factors p and s) and z¥ € L(S) for all k > 0.
According to the choice of v, it is clear that |o(z)] = |z| = |v|. Denote by L£,(z) the
set of letters occurring in z. It is clear that o(£1(2)) = £1(v) and Ya € L£4(z) we have
o(a)] = 1.

We can now repeat the process: take the factor z to play the role of factor v. Thus, we
can find an infinite sequence of factors zp = z, z1, 22 . .. such that o(Lq(zx11)) = L1(2x)
and |z;| = |z| for all £ > 0. Since A is finite, it is clear that there exists integers m # ¢
such that £1(z,,) = L£1(2¢). This implies that for all k& the factor z; is composed of letters
of rank zero. This is a contradiction with S being non-pushy. U

The following claim illustrates that we cannot hope to have infinite critical exponent
with a primitive substitution.

Claim 18. Let o be a primitive substitution and let w € A* be a non-empty word. Then
S = (A, o,w) is non-pushy.

Proof. Since L(S) is infinite, according to Remark 3, there are no letters of rank zero.
Thus, the system is non-pushy. O

According to Lemma 17, a pushy system has always critical exponent infinite. The
next example illustrates the last case of a DOL-system having infinite critical exponent:
a system generated by a non-circular substitution.

Ezample 19. The system ({0, 1,2},4,0) where v is defined as

0+— 01
P 122
211

is non-pushy and not circular. Its critical exponent is clearly infinite.

4 Factor complexity of circular DOL-systems

In this section, we use the results of [13] to explore possible orders of growth of factor
complexities of circular DOL-systems.
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Definition 20 ([13]). A substitution o is growing if for all letters a € A we have |o(a)| >
1. Otherwise it is non-growing.

In the next definition, by the order of growth of a letter @ we mean the order of growth

of the sequence (|o™(a)]); 3.

Definition 21 (|13]). A substitution o is said to be quasi-uniform if for all letters have
the same order of growth A". It is said to be polynomially divergent if every letter a has
its order of growth n® A" with A > 1 and e, non zero. Finally, it is exponentially divergent
if there exist two letters a and b such that their order of growth is n®\} and n®\} with
1< A< XNand A\, > 1 forall ce A.

Theorem 22 ([13]). Let u = 0¥ (a) be an aperiodic infinite word such that o is a growing
substitution. If o s respectively quasi-uniform, polynomially divergent or exponentially
divergent, the factor complezity of L(u) is respectively ©(n), O(nloglogn) or O(nlogn).

Corollary 23. Let S = (A, o,w) be circular and non-pushy. Then its factor complezity
C(n) is ©(n), O(nloglogn) or ©(nlogn).

Proof. Suppose o is not growing. One can see that since S is non-pushy, we can find an
integer k > 0 such that o* is growing and £(S) = L(S") where S’ = (A, 0%, w). Thus,
we may suppose o is growing without loss of generality. For all a € A, the circularity
of S” = (A, 0,a) implies that there is no factor p such that £(p~) = £(S”) and thus the
factor complexity of £(S”) is unbounded. (Since 0 (a) may not be well defined, we need
this to replace the aperiodicity assumption in order to be able to apply Theorem 22.)
To finish the proof it remains to see if o is quasi-uniform, polynomially divergent, or
exponentially divergent and apply Theorem 22. O

The systems generated by a primitive substitution have their factor complexity of
order ©(n). The next two examples illustrate the last two cases.

Example 24. Let ¥ be the following substitution

0 +— 012340
1+— 21112
U 2+ 12221
3 — 344443
41— 433334

is exponentially divergent (|U"(1)| = |V"(2)| = 5" and [¥"(3)| = |¥"(4)| = 6™), the DOL-
system ({0, 1,2,3,4}, W, 0) is circular and non-pushy. Therefore, the factor complexity of
this system is ©(nlogn).

Example 25. Let ¥ be the following substitution

0+ 0101010101
U< 1+ 02220
2 +— 20002

is polynomially divergent (|¥™(1)| = |¥"(2)| = 5" and [¥"(0)| = (n + 1)5"), the DOL-
system ({0, 1,2,3,4}, ¥, 0) is circular and non-pushy. Therefore, the factor complexity of
this system is ©(nloglogn).
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It remains to deal with push circular DOL-systems. The following theorem is rewritten
in our terminology.

Theorem 26 ([13]). Let u = ¢“(a) be an aperiodic infinite word such that o is a non-
growing substitution. If L(u) contains factors composed of letters of rank zero of arbitrary
length, then its factor complexity satisfies

cin? < C(n) < con?,
with c1 > 0.
The following corollary is an application of the last theorem to our setting.

Corollary 27. Let S = (A,o,w) be circular and pushy. Then its factor complezity
satisfies C(n) = O(n?).

Proof. Since S is pushy, there exists a letter a € A such that S’ = (A, 0,a) is pushy.
According to Lemma 17, S’ is strongly repetitive, i.e., there exists a factor v € £(S") such
that v* € £(9’) for any k > 0. We can now use a similar argument as in the proof of
Theorem 1 to see that v can be chosen to be composed of letters of rank zero. According
to Remark 15, o is non-growing.

Suppose that the factor complexity of S’ is bounded. In other words, there exists a
word p such that £(S") = L(p*). However, this is in contradiction with circularity of S’
and £(5") is unbounded.

Thus, applying Theorem 26, one can see that the factor complexity of S’ is quadratic.
Finally, since for every letter b € A the system (A, o, b) has at most quadratic complexity
(using also Corollary 23), it follows that the factor complexity C(n) of S is ©(n?). O

Let us illustrate this case by an example.

Example 28. Let op be defined as

) 0+~ 001
9PN 151

The system S = ({0,1},0p,0) is circular and pushy. It is easy to see that its factor
complexity is quadratic.
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Abstract. We explain the basic operation of the hydrogen fuel cell. Then we compute the voltage
generated by fuel cell and its efficiency. We will present the major causes of voltage drop. Then
we describe the most important transport phenomena in fuel cells. We are especially interested
in water transport.
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Abstrakt. V ¢lanku je vysvétlen princip fungovani vodikovych palivovych ¢lanki. Dale je vypo-
¢itano napéti generované palivovym ¢lankem a jeho Gc¢innost. Jsou rozebrany nejcastéjsi priciny
napétovych ztrat. Dale jsou popsany nejvyznamnéjsi transportni jevy probihajici v palivovém
¢lanku, pficemz zvlastni pozornost je vénovana pohybu vody.

Klicovd slova: vodikovy palivovy ¢lanek, napétové ztraty, transport vody

1 Uvod

Pocet lidi na planeté neustale vzrusta, stejné tak se zvySuje i jejich zivotni drovein. Vy-
sokd zivotni Uroven spojend s moznosti cestovani na velké vzdalenosti s sebou nese vétsi
spotiebu elektrické energie a ropy. Tato enormni spotieba vede k rychlému vycerpavani
zdroju fosilnich paliv. Obrovské mnozstvi aut také produkuje velké objemy vytfukovych
plyni, které nenavratné nic¢i nase zivotni prostiedi. V posledni dobé se proto usilovné
hleda feSeni, jak nahradit fosilni paliva jinymi zdroji energie a jak napravit poskozené
zivotni prostiedi.

Jednim z moznych feSeni této situace je pouzivani aut s vodikovymi palivovymi ¢lanky
namisto aut s klasickymi spalovacimi motory.

Zékladni princip fungovani vodikového palivového ¢lanku je velmi jednoduchy. Jedna
se o obracenou elektrolyzu vody - vodik se slucuje s kyslikem za vzniku elektrického
proudu a vody. Protoze voda je jedinym vedlejsim produktem tohoto procesu, jedna se o
velmi ekologicky zpusob ziskavani elektrické energie.

Navic vodikové palivové ¢lanky pracuji velmi tiSe a vyznacuji se vysokou ucinnosti. Z
téchto duvodi je vodikovym technologiim v soucasné dobé vénovana zna¢na pozornost.
Ve vyspélych zemich se uvazuje o pirechodu na vodikovou ekonomiku, jez by znamenala
podstatné snizeni emisi sklenikovych plyni a latek znecistujicich ovzdusi. Pokud by byl

*Tato préce byla podpofena grantem &islo GD202/08 /H072 financovanym Grantovou agenturou Ceské
republiky
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vodik vyrabén z obnovitelnych zdroju, byly by Skodlivé emise v podstaté nulové. Ale i pii
vyrobé z fosilnich paliv by doslo ke zna¢nému zlepSeni ovzdusi ve velkych aglomeracich
presunutim exhalaci do vyroben vodiku.

Na nasledujicich strankach se proto budu vénovat vodikovym palivovym c¢lanktm.
Nejdiive popiSu princip fungovani vodikového palivového ¢lanku s polymerni elektroly-
transportni jevy probihajici v membrané, pficemz zvlastni pozornost bude vénovana po-
hybu vody.

2 Vodikovy palivovy c¢lanek

Prvni vodikovy palivovy ¢lanek sestrojil William Grove uz v roce 1839. Vznikajici proud
byl vSak velmi maly. Jednak proto, ze pfivedeny plyn, tycova elektroda a elektrolyt se
stykali na velmi malé ploSe. Navic velka vzdalenost mezi elektrodami zpusobovala znacné
ohmické ztraty.

Aby se zvysilo mnozstvi elektrického proudu, elektrody se dnes obvykle vyrabi ploché
s tenkou vrstvickou elektrolytu mezi nimi. Dal$i véc, kterd limituje mnozstvi vznikajiciho
elektrického proudu, je pomaly priubéh chemickych reakei na povrsich elektrod. Vodikové
palivové clanky totiz pracuji pti nizsich teplotach, coz pravé vede k pomalému priubéhu
reakce. Rychlost reakce se bézné zvysuje uzitim katalyzatora a zvySenim teploty, za které
chemicka reakce probiha. U vodikovych palivovych ¢lanki se uziva jako katalyzator pla-
tina a i kdyz se jedna o velmi drahy kov, v ¢lanku je ho pouzito tak malé mnozstvi, ze
ve srovnani s cenou zbylych komponent je jeho cena zanedbatelna.

Protoze vzniklé elektrony musi byt odvedeny pry¢, musi reakce probihat na povrchu
elektrody. Je jasné, ze ¢im vétsi povrch bude elektroda mit, tim rychleji bude reakce
probihat. Pro zvysSeni jejich povrchu se elektrody vyrabi velmi porézni. Mikrostruktura
dnes uzivanych elektrod zvysuje jejich ucinny povrch o 2 az 3 rady.

Palivovy ¢lanek je elektrochemické zarizeni, které spotfebovava palivo a oxidant a
prevadi je na vodu a elektrickou energii. Zakladni princip vodikového palivového ¢lanku
muze byt popsan takto.

Na anodu je piiveden plynny vodik. Ten zde ionizuje.

2H, — 4H" + de” (1)

Tato reakce je exotermicka, ale nazacne samovolné, vzdy je potieba urcité mnozstvi akti-
vacni energie k jejimu rozbéhnuti. Vzniklé protony prochazi elektrolytem ke katodé, kde
reaguji s kyslikem, ktery je na katodu obvykle vhanén jako soucast vzduchu, a elektrony
z elektrody za vzniku vody.

Oy +4e” +4HT — 2H,0 (2)

Pro spravné fungovani vodikového palivového ¢lanku je nutné, aby tyto reakce probihaly
spojité. Elektrony vzniklé na anodé prochézeji vnéjsim elektrickym obvodem ke katodé a
protony prochézeji ke katodé pres elektrolyt. Elektrolyt proto musi byt vyroben z tako-
vého materidlu, ktery se vyznacuje vysokou protonovou vodivosti a zaroven neumoziuje
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prichod elektrontu. Pokud by elektrolytem prochézely i elektrony, nedostali bychom po-
zadovany elektricky proud.

Nase skupina se zabyva vodikovymi palivovymi ¢lanky, kde je elektrolytem pevny po-
lymer na bazi polyfluorethylenu, zndmy pod obchodni znackou Nafion. Zékladem tohoto
materidlu je tetrafluorethylen, znamy také pod nazvem Teflon. Tetrafluorethylenu pro-
jde polymerizaci a poté jsou k nému piipojeny boc¢ni fetizky obsahujici kyselinu sifi¢nou
HSO3. Mezi H* a SO3 je iontova vazba. lonty H' a SO3 z ruznych boc¢nich Fetizki
jsou k sobé velmi silné pritahovany a tvoii shluky. Kyselina sifi¢na je silné hydrofilni,
zatimco polytetrafluorethylen je naopak silné hydrofobni. Tyto hydrofilni shluky retizku
uvniti hydrofobniho materialu k sobé vazou molekuly vody a tvoii tak jakysi kanalek,
ktery umoznuje hladky prichod protonim.

Je jasné, ze ¢im vice vody tyto shluky bocnich fetizki obsahuji, tim lepsi protonovou
vodivosti se elektrolyt vyznacuje.

Kromé vysoké protonové vodivosti je Nafion velmi odolny jak vici chemickym, tak
mechanickym vliviim. Jeho mechanickd pevnost umoziuje vyrobit velmi tenkou vrstvicku
elektrolytu az do hodnoty 50um, coz podstatné snizuje jeho elektricky odpor.

3 Napéti generované palivovym c¢lankem

Velmi jednoduchou tvahou urc¢ime teoretickou hodnotu napéti generovaného palivovym
¢lankem. Z rovnic (1), (2) je zfejmé, Ze na 1 mol vodiku pfipada 2N, elektront jdoucich
vnéjsim obvodem, kde N4 je Avogadrovo ¢islo. Vznikly naboj je tedy

Q = —2Ne = —2F,

kde F' = 96485C.mol™" je Faradayova konstanta.
Prace vykonana vnéjSim elektrickym polem je

W =QU.

Z klasické termodynamiky je znadmo, ze maximalni mozna prace vykonand systémem
je rovna zméné jeho Gibbsovy volné energie

W =Ag=—-2FU.

Zména Gibbsovy energie Ag je rovna rozdilu Gibbsovych energii produktu a reaktanti a v
nasem piipadé je vyhodné vztahnout jeji mnozstvi na 1 mol latky, coz pravé zdaraznujeme
malym pismenem.
Teoretickd hodnota napéti (oznac¢ime ji indexem 0) generovaného vodikovym palivo-
vym ¢lankem je tedy
Ag
——. 3
5F (3)
Zména Gibbsovy energie zavisi na hodnotach stavovych veli¢in - tlaku a teploty. Pii
teploté t = 25°C' a standardnim tlaku p = 100k Pa vznika voda v kapalné fazi a teoreticka
hodnota napéti je U° = 1,23V.

U° =
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Z klasické termodynamiky je zndmo, Ze pro nasi chemickou reakci
1
H2 + 502 — HQO

se Gibbsova energie méni s tlakem podle vztahu

1

3
Ag=Ag"— RTIn <%>, (4)
AH,0

kde a jsou aktivity jednotlivych slozek a Ag°® zna¢i zménu Gibbsovy energie za standard-
niho tlaku.
Potom miizeme teoretické napéti palivového ¢lanku psat ve tvaru

1

0 aHQag
U=U +RT1n(72>, (5)
a’HzO

kde indexem 0 u hodnoty napéti opét oznacCujeme, 7ze se jedna o hodnotu za standarniho
tlaku. Rovnice (5) se nazyva Nernstova rovnice.

Predpokladame-li, ze palivovy ¢lanek pracuje pii vyssich teplotach, voda vznika ve
formé pary a je rozumné predpokladat, ze chovani reaktanti i produkti bude s dobrou
presnosti odpovidat chovani idealniho plynu. Pro idealni plyn plati, Ze jeho aktivita je
rovna a = p%, kde pg je hodnota standardniho tlaku. Proto plati

_ Pm _ Po, Pry0

a’Hz ) a’Oz ) aHz o —
Po Po Po

a dosazujeme-li tlaky v barech, muzeme psat Nernstovu rovnici ve tvaru
1
2

prOz) (6)

U=0U"+ Rl (
pHQO

Zména Gibbsovy energie Ag s tlakem je velmi dulezita. Jak uz bylo feceno, na katodu
je vhanén kyslik jako soucast vzduchu. Kyslik je béhem chemické reakce spotiebovavan,
tzn. klesa jeho parcialni tlak. Naopak parcialni tlak vody béhem reakce roste, protoze je
reakci produkovana.

K urceni zavislosti napéti generovaného palivovym c¢lankem na teploté, vyuzijeme
termodynamickou rovnost

oG
(57),= 5
Rovnici muzeme piepsat do tvaru
0Ag
( oT >p = —4s,
odkud plyne
o, As 0
U=U"+—=(T-1T°), (7)

2F
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Obrazek 1: Napéti generované palivovym ¢lankem. |5]

kde U je napéti generované ¢lankem za standardni teploty a As zna¢i zménu entropie 1
molu latky. S velkou piesnosti se da predpokladat, Ze se entropie s teplotou neméni a jeji
zména zavisi predevsim na zméné latkového mnozstvi plynu béhem reakce.

As ~ Anplyn = Z)nplynprod — Nplynreak

coz v naSem piipadé dava hodnotu As ~ 1—1,5 = —0, 5. Ve vodikovém palivovém ¢lanku
tedy napéti se vzrustajici teplotou klesa.

4 Napétoveé ztraty

Urdcili jsme, ze teoretickd hodnota napéti UY se da spo¢itat jednoduchou formulf (3). Na
obrazku muzeme vidét typicky priubéh napéti generovaného nizkoteplotnim (ke kterym
patii i vodikovy) palivovym ¢lankem. Z obréazku je ziejmé, ze dokonce i napéti naprazdno
je podstatné mens$i nez ndmi vypoctena hodnota. Navic ¢im vétsi odebirame proud, tim
mens$i napéti jsme schopni ziskat. Na nésledujicich fadcich popisu hlavni pri¢iny napéto-
vych ztrat [3].

Aktivaéni ztraty jsou zpusobeny pomalym pritbéhem reakce na povrsich elektrod. Z
experimentu vyplynulo, Ze pro vSechny typy palivovych ¢lanki muzeme aktivac¢ni ztraty
popsat jednoduchou empirickou rovnici

AUy = Aln <%), 7> 1.

vvvvv

hem reakce vzrustd, pricemz narust zpusobeny iy prevysi pokles zptisobeny konstantou
A.

Konstanta ig ma jednoduchy fyzikalni vyznam. I kdyz se ndm zd&, Ze reakce

Oy +4e” +4HT — 2H,0
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neprobihé, skutecnost je takova, ze tato reakce probihé, ale obéma sméry stejné rychle.
Existuje tedy neustaly tok elektront, proudova hustota 2o udava pravé hodnotu tohoto
toku a nazyva se proto vymeénny proud.

Chceme-li tedy snizit aktivacni ztraty, musime zvysit vyménny proud. Jednim z moz-
nych zpusobi je zvySeni teploty, za které chemické reakce v palivovém c¢lanku probihaji.
Skute¢né je pozorovano, ze u vysokoteplotnich palivovych ¢lanku je napétovy skok zpu-
sobeny aktivacnimi ztratami mnohem mensi nez u ¢lanku nizkoteplotnich. Dalsi zptsob,
jak zvysit hodnotu 7¢, je uzit katalyzator a zvétsit povrch elektrod.

Vnitini proud a prichod paliva elektrolytem také zpusobuji pokles napéti.
Jak bylo feceno na zacatku, od elektrolytu pozadujeme, aby byl dobrym protonovym
vodic¢em, zaroven ale neumoznil prichod elektrontim. V praxi ale vzdy nepatrné mnozstvi
elektronu elektrolytem projde. Tento proud elektronti nazyvame proudem vnitinim. Jesté
vyznamnéjsSi nez ztraty zpusobené vnitinim proudem je nevyuzité palivo prochézejici
elektrolytem. Stava se, ze mald ¢ast vodiku na anodé nestihne zreagovat, ale difunduje
ke katodé, kde zreaguje s kyslikem piimo, bez zisku elektrického proudu. Muzeme si
predstavit vnitini proud jako proud, ktery se pfida k odebiranému proudu a zpiisobuje
tak aktivacni ztraty. Spojime-li aktivacni ztraty a vnitini proud do jedné rovnice, ziskame
pro zménu napéti vyraz

AUy = Aln (HZ")

io
Ohmické ztraty jsou zpusobeny z mensi ¢asti elektrickym odporem elektrod, z vétsi

pak odporem elektrolytu. Jsou popsany Ohmovym zédkonem
U =1r,

kde 7 je proudova hustota a r plosny elektricky odpor vyjadieny v jednotkiach Qm?.

Ohmické ztraty je mozné snizit uzitim elektrod s co nejlepsi vodivosti a také, coz je u
palivovych ¢lankti bézné, mit mezi elektrodami co nejtensi vrstvicku elektrolytu. Problém
je, ze tato vrstvicka nesmi byt tenka moc, protoze jinak by mohlo dojit mezi elektrodami
ke zkratu.

Koncentra¢ni ztraty Na katodu je vhanén vzduch a je z néj spotfebovavan kyslik.
Tim klesa jeho parcialni tlak a podle Nernstovy rovnice dochéazi k poklesu napéti. Velikost
téchto ztrat zavisi na velikosti odebiraného proudu a také na tom, jak rychle vzduch v
¢lanku cirkuluje, tj. jak rychle muze byt spotiebovany kyslik nahrazen novym.

Stejna situace nastava na anodé, kdy dochézi ke snizeni parcialniho tlaku vodiku.

Bohuzel neexistuje fyzikalni teorie, ktera by byla univerzalné pouzitelna pro vsechny
typy palivovych ¢lanki. Proto se uziva empirického vzorce

A[]kon = mexp (m),

kde 7 je proudova hustota a konstanty m, n jdou zvolit tak, aby odpovidaly experimentalné
nameéienym hodnotam.
S prihlédnutim k predchozim rovnicim muzeme tedy napéti generované palivovym
¢lankem napsat ve tvaru
. 141 .
U:UO—ZT’—A1H< , ")+mexp(m). (8)
20
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5 Ucinnost palivového ¢lanku

Je nékolik zpusobi, jak definovat uc¢innost palivového ¢lanku. My budeme mluvit o dvou z
nich - o G¢innosti termodynamické a uc¢innosti napétové. Protoze palivové ¢lanky vyuzivaji
materialy, které se obvykle pro ziskani energie spaluji, je vhodné srovnat produkovanou
elektrickou energii s teplem, které bychom ziskali spalenim vodiku, tj. se zménou entalpie
AH.

Termodynamicka uc¢innost je tedy definovana jako

%74
N = E' (9)

Z klasické termodynamiky je zndmo, ze produkovand elektrickd energie W miize byt
maximalné rovna zméné Gibbsovy energie AG. Proto je maximalni mozna termodyna-
micka ic¢innost rovna

AG

mar — A 77 Oa 33
I A

pro reakci probihajici za standardniho tlaku a teploty.

Napétova ucinnost n = % srovnava produkovanou elektrickou energii s maximalni
moznou.

Gibbsova energie je spojena s entalpii termodynamickym vztahem

G=H-TS. (10)
Definujeme-li ¢asovou zménu entalpie jako H = AA—VX a vykon jako W = AA—VZ, muzeme
psat termodynamickou ucinnost ve tvaru
W W

H G+TS

Ur

kde vykon elektrického pole je ve tvaru
W = —jy+.FVo (12)

a protoze se jedna o disipativni proces, je produkce entropie kladna.
Z termodynamiky je znadmo, zZe produkce entropie ma obecné tvar souc¢inu zobecnénych
toki a jim pfisluSejicich zobecnénych sil.

§ = —]HQO.V<“§3O) . jmv(%) (13)

Diky tomu, ze je membrana tak tenki, muzeme predpokladat, ze jeji teplota je konstantni.
Ted vyuzijeme standardniho postupu linearni nerovnovazné termodynamiky a napi-
Seme toky vody a protonu jako

im0 = —InVimo — LV (F9), (14)

jH+ = —L21VMH2O — LQQV(F¢) (15)
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Fenomenologické koeficienty L;; zavisi na stavovych proménnych systému, ale nezavisi na
tocich, ani zobecnénych silach. O jejich fyzikdlnim vyznamu promluvime v posledni ¢asti.
Postupem z [4] vypoé¢itdme termodynamickou t¢innost. Jeji obracenou hodnotu mu-
Zeme napsat ve tvaru
16 718 11 o
n W W n ¢

kde ¢ oznacuje relativni disipaci definovanou jako

B . (17)
TS jH+FV¢ +jH2ov,uH2o
W AG AG
"= AGAH T "AH (18)
AH—AG
e =0.2 1
n N 0, 205¢ (19)

Hodnota t¢innosti n° je opét vyjadiena za standardniho tlaku a teploty. Je tedy jasné,
ze pokud chceme zvysit ucinnost palivového ¢lanku, musime zvysit hodnotu relativni
disipace e. Dosadime-li do rovnice (17) hodnoty toki ve tvaru (14), (15) a zavedeme-li

nové promeénné
[L11 Vim0 Loy
=/ = . = ——, 20

relativni disipace ziské tvar

14 qy

1+ 2qy + 2 (1)

Podminka maxima funkce Z—; = 0 vede na kvadratickou rovnici qy%+ 2y + ¢ = 0. Redlnym

podminkdm odpovida kofen
—1+/1-¢?
y= p : (22)

6 Transport vody membranou

Z predchoziho popisu vodikového palivového ¢lanku je jasné, ze aby byla polymerni elekt-
rolytickd membrana dobrym protonovym vodic¢em, musi byt dostatecné hydratovana. Na
druhou stranu nesmi byt hydratovana moc, doslo by totiz k zaplaveni elektrod.

Jesté jednou popiSeme nejvyznamnéjsi transportni procesy v membrané. Protony se
tvori na anodé a prochézi elektrolytickou membranou ke katodé. Protonova vodivost je
umeérna obsahu vody v elektrolytu. Voda se tvori na katodé a difunduje smérem k anodé.

Protoze membrana je velmi tenka, pii trose snahy miize byt dosazeno vhodné hydra-
tace celé membrany. Existuje ale nékolik komplikaci. Jednim z nich je tzv. elektroosmo-
tické strhavani. Protony pohybujici se od anody ke katodé s sebou strhnou molekuly vody
(jeden proton dokaze strhnout az 5 molekul vody). To znamena, ze obzvlasté pii velkych
hustotach odebiraného proudu, muze byt cast elektrolytu bliz anodé zcela vysuSena, i
kdyz katoda sama o sobé je hydratovana dostatec¢né.
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Jesté vétSim problémem nez elektroosmotické strhavani je vysouSeni vzduchem, které
pri vysokych teplotach nastava. Proto je bézné zvlhcovat vzduch pred tim, nez vstoupi
do palivového ¢lanku.

Nyni se podivame na fyzikalni vyznam fenomenologickych koeficientt L;;, které se ob-
jevily v rovnicich (14), (15). Je jasné, Ze v membrané probiha diftize vody a pohyb protoni.
Diftizi miuzeme popsat Fickovym zakonem a pohyb protonu zase zakonem Ohmovym.

J0 = =DioVemo — 1V (23)

- ag
JHt+ = —Fvcb — LyVem,o (24)

Dy,0 je diftuzni koeficient a o vodivost membrany. Jak uz bylo feceno, pohybujici se pro-
tony s sebou strhavaji molekuly vody a naopak molekuly vody strhavaji pii svém pohybu
protony. Proto ptedchozi rovnice obsahuji i kfizové ¢leny. Z predchoziho popisu je jasné, ze
koeficient L; miizeme napsat jako L; = ng%, kde ng je tzv. koeficient elektroosmotického
strhavani a jeho hodnota udava, kolik molekul vody je strzeno jednim protonem.

7 Zavér

Cilem moji prace bylo seznamit se s fungovanim vodikového palivového ¢lanku s polymerni
elektrolytickou membranou. Pochopila jsem, na jakém principu palivovy ¢lanek funguje a
zajimala jsem se o transportni jevy probihajici v membrané. Tato prace mé slouzit jako
podklad pro tvorbu numerického modelu, ktery by byl schopny popsat transportni jevy
probihajici v membrané.
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Abstract. A function called § defined on a subspace of the space of complex sequences is
introduced with its main algebraic properties. With the aid of §, the characteristic function
is defined for a Jacobi matrix from a certain class. Similarly as in the case of finite matrices,
zeros of the characteristic function coincide with eigenvalues of the respective Jacobi operator.
Further, I restrict myself on a more special subclass of investigated Jacobi matrices and derive a
formula for the regularized characteristic function in terms of the infinite product of Hadamard
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Abstrakt. Na podmnozine prostoru komplexnich posloupnosti definuji funkci § a uvedu nékteré
jeji algebraické vlastnosti. Pomoci § zavedu charakteristickou funkci pro Jacobiho matice jistého
typu. Podobné jako v pripadé kone¢nych matic plati, ze nuly charakteristické funkce jsou vlastni
Cisla studovaného Jacobiho operdtoru. Hlavni ¢ast piispévku je vénovana odvozeni formule pro
regularizovanou charakteristickou funkci ve tvaru nekonecného soucinu Hadamardova typu.

Klicovd slova: Jacobiho matice, charakteristickd funkce, Hadamardova faktorizace

1 Introduction

Results of this paper are related to the eigenvalue problem of infinite symmetric tridiago-
nal (Jacobi) matrices. At the start, I introduce a function which is called § and is defined
on a subspace of the linear space of all complex sequences. This function has many nice
and simple algebraic properties. Several of them are presented, first of all, the three-term
recurrence relation. Other properties are discussed in [5].

Further, I present the Jacobi operator J of a certain type and, with the aid of §,
define a complex function of one complex variable called the characteristic function of
J. Zeros of the characteristic function coincide with the spectrum of J, similarly as in
the case of finite matrices. Moreover, a vector-valued function is constructed having the
property that its values on spectral points of J are equal to corresponding eigenvectors.

*This work has been supported by the grant 10/210/0HK4/2T /14
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Finally, the Green function of the Jacobi operator J is expressed in terms of § in a very
compact manner.

In the last and main part of this contribution I focus on the derivation of the formula
for the regularized characteristic function in the form of Hadamard infinite product where
eigenvalues of the studied operator plays an essential role. The approach is based on
the theory of regularized determinants which is nicely treated in [4]. General results are
demonstrated on a very special Jacobi matrix whose parallels to the diagonal are constant
and whose diagonal depends linearly on the index.

2 Function § and its Properties

I have introduced a function called § and list its main properties in doctoral days 2010
proceedings, |6]. Let me briefly recall the definition and the main properties since these
facts are essential for next sections.

Definition 1. Define §: D — C

oo

S(flf> =1+ Z(—l)m Z Z C Z Ly Ty +1L ko Lho+1 « + » Ll Lhopp+1 (1)
m=1

k1=1 ko=k1+2 km=km—_1+2

where
D= {{Ik}iozl cG Z |Tzna| < OO} ~
k=1
For a finite number of complex variables let me identify §(z1, xo, . . ., x,) with §F(z) where

x = (r1,%2,...,2,,0,0,0,...).

Remark 2. Note that the domain D is not a linear space. One has, however, (*(N) C D.
Further, for x € D one has estimation

()] < exp (Z |93k93k+1|> : (2)

k=1

This inequality follows from the fact that the absolute value of the mth summand in the
RHS of (1) is majorized by the expression

1 (& "
> [ T 41Ty b1+ T T | S > fjwial |
&

keN™
ki1<ko<--<km

First, § satisfies a very important three-term recurrence relation
g(fﬁ) = g(xlv s 7']:/6) S(Tkx) - g(xlu sty xk—l)xkxk—klg(Tk—‘rlx)? k= 17 27 s (3)

where z € D and T denotes the truncation operator from the left defined on the space
of all sequences and which has, for £ = 1, very simple form

§(z) = §(Tx) — 112:5(Tx). (4)
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Respective proofs of the above statements and other details can be found in [5|. Second,
function § restricted on £%(N) is a continuous functional and, finally, for x € D, it holds

lim §(T"z) = 1 (5)
and
Jirgog(xl,xg,...,xn) =F(x). (6)

Although proofs of these properties has not been published yet and exists only in personal
notes of the author, they are not presented here.

3 Characteristic Function and Jacobi Operators

In the whole section, suppose sequences A := {\,}>2, C C, w = {w,}2, C C\ {0},

satisfying
Z ol @

n+1_z >‘ _Z)‘

for some z € C, are given. Further, let the set of all accumulation points of A, denoted
der()), be finite. It can be shown, if the condition (7) holds for one z € C\ A (A stands
for the closure of A in C) then it remains true for all z € C\ X\. Consequently, the function

F;, given by relation
2 [o¢]
Tn
F = —
o= )

where v, = 1 and 7,7V,11 = wy, for n € N, is well defined on C \ X. For the origin
of the gamma sequence see [5]. Let me call F; the characteristic function for Jacobi
operator J introduced below. The reason for this terminology follows from the fact that
the characteristic function for a Jacobi matrix of a finite dimension can be expressed in
terms of § with truncated argument. More precisely, it holds

n 2 2 2
det(J, — zI,,) = (H(Ak - Z)> 3<Alvi . A:i g 3 Z) | (8)

k=1

where
)\1 w1
w1 >\2 Wa
Wn—2 )\n—l Wn—1
Wn—1 )\n
which was proved in [6]. Properties of F; as a complex function of one complex variable
are listed in the following proposition without proof.

Proposition 3. Function F; is an analytic on C\X and it has poles in points z € X\der(\)
of finite order less or equal to the number

= San-
n=1



246 F. E’:tampacb

Function F); is closely related to the spectrum of Jacobi operator J := WU*+UW + A
acting on £%(N), where W, A are diagonal operators, We, = wpe,, Ae, = A\pen, U is
unilateral shift, Ue,, = e,41, U* its adjoint (U*e; = 0, U*epyy = €,), n = 1,2,...,
and {e, : n € N} is the canonical basis of ¢*(N). The domain of J is the respective
intersection,

Dom(J) = Dom(UW) N Dom(WU*) N Dom(A).

For other ways how a Jacobi operator can be constructed from a semi-infinite symmetric
matrix see [1].

Example 4. The Bessel function of the first kind can be expressed in terms of §. More
precisely, for w, v, € C, @ # 0, v/a ¢ —N, one has

() = men () (1)) 0

This equality can be verified by only slightly modified computation which is work out in
5]

The connection between F; and spec(J) and much more is described in the following
theorem.

Theorem 5. Let me denote

z—Zz

3(J) = {ze@\der(k):ljm(z—z) *Fy(2)=0,r, = 25(“‘” }

then equalities

spec(J) \ der()\) = spec,(J) \ der(\) = 3(J) \ der(}) (10)

hold. Further, vector-valued function £(z) = {&,(2) 2, defined by the relation

n 2 00
oemerBE(Y ) o
enl) =l (2 = 2) E(Z—Al Ak k=nt1 "

for z ¢ der(X), has the property that its values on spectral points z € spec,(J) \ der(A) are
equal to corresponding eigenvectors, i.e., JE(z) = 2€(z) and 0 # £(z) € (*(N). Finally,
for z ¢ (spec(J) U der(N)), and i,5 € N, the matriz element of the Green function
Gi(2) == (e;, (J — 2)"te;) is given by the formula

%2 min(z,j)—1 'le o0
1 max(3,5) w, ',S { N—=z }l:1 3( { AN—z }l:max(i,j)-l—l
Gij(2) IR H ( ) |
)

- Z—)\l

Whnax(i.j)

I=min(%,5

(12)

This theorem sums up statements of several propositions which proofs will be pub-
lished in a future paper.
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Remark 6. First, note the set 3(J) includes the set of all zeros of F);. Second, functions
&n(z) satisfy an interesting identity,

D (&(2))? = &(2)&(2) — L(2)€(2),

e
k=1

for € C\ der(A). In particular, if A, w are real and z € spec,(J) then one gets a simple
formula for the />-norm of the corresponding eigenvector,

IE()I1* = & (2)&1(2)-

Example 7. By Theorem 5 and Example 4, one arrives at the following expression,

spec(]) = {z €C; J_: (%“’) _ 0}

where J is the Jacobi operator given by the choice A, = an, a # 0 and w, = w # 0, n =

1,2,.... The formula for the k-th entry of the eigenvector corrensponding to eigenvalue
z € spec,(J) then reads
2w
vk(z) = (—1)kjk_§ (;) .

4 Hadamard Type Infinite Product and Characteristic
Function

In this section, I derive a formula for regularized characteristic function in terms of the
Hadamard infinite product.

Let {w,}22,, {\}52, be real sequences and lim, ., A, = oco. In addition, without
loss of generality one can assume {\,}>2; to be positive. Otherwise, one adds a positive
constant to every element of the sequence to fulfill the positivity. This step means that
a multiple of identity is added to the Jacobi operator which only shifts the spectrum.
Next, let

< oo and — < 0. (13)

To remove poles of finite order of the function F;, let me define function ¢, by relation
00 » L
oa(z) == ,1:[1 (1 + )\—n) e An.

Since Y, 1/A2 < oo the function ¢, is well defined and it is an entire function. Further,
wa has zeros in points z = —\,, with multiplicity equal to the number of repeating of the
value )\, in the sequence {\,} and ¢, has no other zeros (see, for instance, |3|, Chapter
15). Let me call the function H, defined by the relation

Hy(2) = eal2)Fy(=2),

the regularized characteristic function for operator J.
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Theorem 8. Function H;(z) is entire and the equality
{—2z€C: H;(z) =0} = spec(J)
holds.

Proof. Assumption (13) implies der(\) = () .The statement then follows from Proposition
3 and Theorem 5. O

Example 9. By using Example 4 and the well-known formula for the gamma function,

e ®

I(z) = ﬁ (1 + %)_1 e, (14)

z

n=1

where 7 is the Euler—Mascheroni constant, one gets
H;(z) =e w7 J,(2w)
with the choice A\, = n, and w,, = w.

In Chapters 3,5, and 9 of [4] it is shown how to define determinant of I + A where
A is a Schatten class operator, especially, a Hilbert-Schmidt operator. Let me write,
for simplicity, W instead of UW and similarly W* instead of WU*. Thus, the Jacobi
operator J is then equal to W 4+ W* 4+ A. Since, for z € C, operator

ATRW 4 W* 4 2) A2

is represented by matrix

=2 w1

A1 VA1A2

w1 Z w2
VAL 2 A2 orye

w2 Z w3 )
RV4 )\2 )\3 >\3 vV 3)\4

it is, due to (13), the Hilbert-Schmidt operator for all z € C. Hence, the number
det (1 + A2 (W + W* + 2)A™2) exp{—A"2(W + W* + 2)A71/2})
which is usually denoted as
det o(T + A7V2(W + W* + 2)A7Y?),
is well defined for all z € C (see [4], Chapter 9, for details).
Proposition 10. It holds

Hy(2) = det (I +A7V2(W + W* + 2)A™Y2) exp{—A7V2(W + W* + 2)A72).
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Proof. First, we verify the formula for truncated finite dimensional operators, Jy =
PyJPy, ANy = PyAPy, where Py is OG projection on the space spanned by the first N
vectors ey, ..., ey of the canonical basis of £2(N). Thus,

det ((I + PyATY2(W + W* + 2) A2 Py) exp{—PyA"2(W + W* + 2)A™/2Py})

= det(Ay') det(Jy + z) exp (—2 Tr(AY")) = ﬁ (1 + Ain) e g <{ A:—% Z}N ) ;

n=1 n=1

where properties of the determinant, det(AB) = det(A) det(B), det(exp(A)) = exp(Tr(A)),
and formula (8) were used. Next, it suffices to sent N to infinity in the above equation.
By (6), it is clear the RHS tends to H;(z) with N — oco. What remains to be shown
is that if A, Ay are Hilbert-Schmidt operators and ||Ay — A|l2 — 0 (||.||2 stands for the
Hilbert-Schmidt norm) then it holds

]\}i—{noo det ((1 + An) exp(—An)) =det (I + A) exp(—A)).

This follows from inequality
‘det ((I + AN)e_AN) — det ((I + A)e‘A)} < ||Ax — All2exp{C(||All2 + [|An]]2 + 1)?},

see [4], Theorem 9.2. C'is a constant and ||[Ay|l2 < ||A||2 in this case (otherwise, it is

bounded anyway). O

Remark 11. Bearing in mind identities holding for finite matrices, det(AB) = det(A) det(B)
and det(exp(A)) = exp(Tr(A)), one would like to write

det ((1+A7Y2(W 4+ W* + 2)A™ ) exp{—A"2(W + W* + 2)A712)
=det (I + A72(W + W* + 2) A exp{—2A""})

however, the operator in the argument of the determinant on the RHS is not of the form:
identity + trace class operator, hence the RHS has not a good sense from the point of
view of the Simon’s book [4].

To find a formula for H; in the form of an infinite product one can try to apply the
Hadamard factorization theorem (see |2|, Theorem 3.4). To use the theorem one has to
know the order of the entire function H;. The order A of H; can be computed by using

formula
Inln || Hy||s5.00

A =1l
P TR

where || H||sp.00 = sup{|H;(2)| : |z2| = R} (|2], Proposition 2.15).

However, I have not been successful in computing the order by this straightforward
way. One could guess the order is strictly less then 2. If this would be true the desired
formula could have this form

m@:wWHO+E%Qfﬁ” (15)

n=1

where a,b € C and {A,(J) : n € N} = spec,(J). I will show this identity is true.
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First, let me assume J to be invertible. This assumption is not too restrictive. Since,
according to Theorem 8, spec(J) coincides with zeros of the entire function H;, spec(J)
is composed of isolated points (which are simple eigenvalues). Hence, an appropriate
constant multiple of identity can be add to J to let zero be in the resolvent set of J.

Second, note that J is invertible if and only if (I + A) is invertible, where

A= AW + WA,
which follows from equality F4(0) = F};(0) and Theorem 8. Equivalently, one has
0 € spec,(J) <= —1 € spec,(A4).

Since, by (12), J~! has symmetric and real matrix representation, it is a hermitian
operator. Moreover, (A~'(I + A)~1)? is a trace class operator (it is multiplication of two
Hilbert-Schmidt operators), hence one has

TH() = Tr (A3 (1 + A)—lA—%)2 — T (AT + A < oo,

thus J~! is Hilbert-Schmidt.
Next, since, for C, D Hilbert-Schmidt operators, it holds

deto(I +C+ D+ CD) =det (I + C)dety({ + D) exp(—Tr(CD)),
see [4], Chapter 9, one can write

Hj(z) = deto(I+A+2A71)
= deto(l + A)dets (I +2(I + A)"A™") exp (=2 Tr(A(L + A)7'A™Y)).(16)

Lemma 12. For J invertible, the identity
deto (I+2(I+A)7'A™Y) =dety (I +2J7") (17)
holds.

Proof. The proof is based on Plemejl-Smithies formula for det 5 (|4], Theorem 9.3), which,
for C' a Hilbert-Schmidt operator, reads

> am(C’
deto(I 4 2C) = ZO -
where

0 m—1 0 o 0 0

Tr C? 0 m—-2 ... 0 0

Tr C3 Tr C? 0 . 0 0

ozm(C') - : : : .. : : ’
TrC™ ! TrC™2 TrCom3 .. 0 1
TcCc™ TeC™ ! TrC™2 ... TrC? 0
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for m > 1, ap(C) = 1. Now, since
Tr((I+A4)'A)" =Tr (A—%(I + A)—lA—%>m =Tr(J™™),
one has
am (I +A) A =, (J7Y),
for m =0,1,..., and the statement is proved by the Plemejl-Smithies formula. O

Finally, according to Theorem 9.2 in [4], a product formula of the form

deto(I + 2C) = ﬁ(l + 21, (C))e (O (18)

n=1

where C' is Hilbert-Schmidt operator with spec(C) = {u,(C) : n = 1,2,...} (counting
up to multiplicity), holds. By putting together (16), (17), and (18), one arrives at the
following theorem.

Theorem 13. Let J is invertible then the product formula

Hy(z) = e+ ﬁ (1 + A,f J)> e X, (19)

n=1

where a = In(deto(I + A)), b = —Tr (AL + A)7'A™Y), and spec,(J) = {MA(J) : n =
1,2,...}, holds.

Corollary 14. For each o > 0 there is R, > 0 such that, for |z| > R,,
1H5(2)| < exp (al:P)

Proof. By Theorem 13, H; is an entire function of genus one. The statement then follows
from Theorem 2.6 in [2]. O

Example 15. With the aid of Theorem 13 and Example 9 one can rediscover the infinite
product formula for the Bessel function of the first kind considered as a function of its
order. The formula reads

w*J,(2w) e st z =
Il S Ap— An(J)
Jo(2w) 611@*%@)6

n=1

where \,(J), n =1,2,... are eigenvalues of Jacobi operator J with linear diagonal and
constant parallels, i.e. \, =n,w, = w, z,w € C, Jy(2w) # 0. To verify this identity one
only has to show the constant b from Theorem 13 is zero in this special case. By using
the series expansion for J,(2w) in w and by setting w = 0 in (19) (note (19) holds even
if w = 0), one arrives at the equality

e *

o bzoo Z) -
— 14+ 2)e
rz+1) ¢ I1( e

for A\, (J) — n as w — 0. Finally, it suffices to use identity (14).
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Remark 16. For {\,}°°, positive, satisfying

= 1
2 o <

ros(fd ) HE )

where £¢i(2), £((2),... are all zeros of F,, is also true. The proof is ready to be
published in a future work, however, is omitted here. In fact, this result was known
before Theorem 13 and served as a motivation for the work presented here.

the formula
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Abstract. As the literature shows, the performance of a pattern recognition system can be
improved by introducing the concept of classifier aggregation [2|. Instead of using a single
classifier ¢, we create a team of classifiers ¢, ..., ¢,, let the classifiers predict independently, and
aggregate the results using an aggregation operator. One of the popular aggregation operators
is the fuzzy integral [4, 1], which aggregates the outputs of the individual classifiers in the team
with respect to a fuzzy measure. Fuzzy measure is a set function representing the classification
confidence of the prediction for a given set of classifiers.

Fuzzy measure is a generalization of the additive probabilistic measure, where the additivity
is replaced by a weaker condition, monotonicity (A C B = u(A) < w(B)) — this gives us
a tool which can model interactions between different elements of the fuzzy measure space.
However, due to the lack of additivity, the fuzzy measure needs to be defined on all subsets of
the fuzzy measure space, resulting in 2" defining values for finite cases, where r is the size of the
universe (the number of classifiers). There are several approaches to overcome this weakness:
additive measures, corresponding to the probabilistic measure, symmetric fuzzy measures, for
which the value of the measure depends only on the number of elements in the argument, and
L -decomposable fuzzy measures, including Sugeno A-measure , for which the fuzzy measure
values are computed from the fuzzy measure values for the singletons (called fuzzy densities)
using a fixed t-conorm L. However, it can be shown that none of the aforementioned approaches
can reasonably model interactions between the different elements of the universe, i.e., to model
similarities of the individual classifiers.

In the literature of classifier aggregation, fuzzy integral is usually used with Sugeno A-
measure. There is usually no explicit reason for the choice of this measure other than its
simplicity. Sugeno A-measure is a special case of a L-decomposable fuzzy measure, and as such,
it cannot model similarities between the individual classifiers, and thus the contribution of using
fuzzy integral in the agregation is unclear.

In classifier aggregation, we usually try to create a team of classifiers that are not similar.
This property is called diversity |3|. There are many methods for building a diverse team of
classifiers; however, the team always contains classifiers that are similar. If we use the fuzzy
integral with a symmetric or 1-decomposable fuzzy measure, we are not able to incorporate the
diversity into the measure (and thus to the aggregation process), because the fuzzy measure of
a union of two sets is a function only of the fuzzy measures of the two sets, regardless of the
similarity of the elements in the sets.

To overcome this weakness, we have introduced an Interaction-Sensitive Fuzzy Measure
(ISFM) |6, 5], which is defined using the fuzzy measure values for the singletons (fuzzy densities),
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and the similarities of the elements in the universe. If the fuzzy measure space corresponds to
the team of classifiers, the fuzzy measure incorporates both the classification confidence (fuzzy
densities), and the diversity of the team of classifiers (mutual similarities of the classifiers). Us-
ing ISFM in fuzzy integral as an aggregation operator in classifier aggregation, the aggregation
process involves all the important properties: the predictions of the classifiers, the classification
confidences, and the diversity of the team.

The theoretical results with preliminary experiments with ISFM were published in [6]. In
[5], the experiments were extended to cover the Choquet and the Sugeno integral, and also
to cover other classification models, namely Random Forests, ensembles of k-Nearest Neighbor
classifiers created by bagging and ensembles of Quadratic Discriminant Classifiers created by the
Multiple feature subset method. The methods were evaluated on 23 benchmark datasets, and
the results show that ISFM outperforms the Sugeno A-measure for both Choquet and Sugeno
fuzzy integrals.

Keywords: classier aggregation, fuzzy integral, fuzzy measure
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Abstract. Factor analysis is a well established mathematical method for factor separation in
the analysis of scintigraphical sequences. The results are typically an input to the next step, e.g.
factor analysis for computing significant diagnostic coefficients. However, this computing highly
depends on proper identification of factors and their biological meaning, which is not ensure
only by factor analysis. The main issue is separation overlaping factors from themselves and
from tissue background covering the whole sequence. Factor analysis highly depends on prior
information which allows us to set biologically reasonable conditions to a mathematical model.
In this paper, we propose a mathematical model which estimates the probability mask of each
image factor and sets it as a prior information for the next step of iterative algorithm based on
Variational Bayes method. The new proposed model provides more realistic estimates of factors
than the standard factor analysis.

Keywords: Nuclear Medicine, Scintigraphy, Factor Analysis, Factor Separation

Abstrakt. Jednou ze znamych matematickych metod pro analyzu scintigrafickych obrazovych
sekvenci je faktorova analyza. Cilem diagnostiky je urcit dilezité diagnostické koeficienty, k
tomu je ovSem potieba detekovat jednotlivé, biologicky smysluplné, faktory, coz nelze zajistit
samotnou faktorovou analyzou. Zakladnim problémem pii analyze sekvence je prekryv jed-
notlivych organi a jejich ¢asti a odseparovani krevniho a tkdhového pozadi, které se vyskytuji
v celé sekvenci, pficemz faktorova analyza umoziuje zabudovat biologické predpoklady vedouci
ke smysluplnému feSeni problému. V tomto piispévku je pfedstaven novy matematicky model,
ktery odhaduje pravdépodobnost piislusnosti jednotlivych pixeli k faktorovym obrazkim a tuto
informaci vyuziva k nastaveni apriorna pro dalsi krok vypoctu zalozeném na metodé Varia¢ni
Bayes. Tento model déva realisti¢t&jsi odhady faktort nez standardni faktorova analyza.

Klicovd slova: Nukledrni Medicina, Scintigrafie, Faktorova Analyza, Separace Faktora

1 Introduction

Scintigraphy is a well known and very important method in nuclear medicine. Diagnosis
using scintigraphy includes following steps. At first, a tagged radiopharmaceutical is
applied into a human body lying under the scintillation camera. At second, in every

*Institute of Information Theory and Automation, Department of Adaptive Systems, AS CR
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10 seconds an image of distribution of radiopharmaceutical is saved; consequently, the
functional image sequence with the scanned region of interest is obtained. Further analysis
of measurement is necessary for propper diagnosis. In this paper, we are focused on renal
scintigraphy.

A kidney is composed of parenchyma and pelvis. In biological constraint, in about the
first 120 - 180 seconds fills only parenchyma of kidney |2|; then the radiopharmaceutical
passes from parenchyma to pelvis and next to the urinary bladder. This is very important
information for biologically meaningful solution and verification of a mathematical model,
see Section 4.1. Another assumption, the shape of convolution kernel of factor curve, will
be studied in Section 4.2. For further analysis, factor identification is necessary. This
is typically done by expert manually or by factor analysis automatically [1|. Finally,
the resulting factors can be analyzed to set the proper diagnosis. This analysis can
be done by expert or by semi-automatic algorithm based on more or less sophisticated
mathematical background: Patlak-Rutland plot [4], or post-processing by deconvolution
[6]. The result highly depends on the first step, correct separation, identification, and
detection of factors.

Factor analysis is a statistical method based on data decomposition to the factors.
[ts usage is mostly scintigraphy [1|, ultrasound [7], or PET |5|. However, the solution of
factor analysis is ambiguous and allows infinitely many solutions. Some restrictions have
been made for biologically meaningful solution, e.g. positivity of factors [10]; nevertheless,
the uniqueness of solution or even biologically meaningful solution is not guaranteed only
by positivity. Uniqueness can be guaranteed when each factor has at least one pixel
where the others have no activity [11], but this assumption does not hold in scintigraphy
because of residue activity in the whole sequence. Additional constraints are necessary
to restrict the space of possible solutions.

The analytical solution of the presented model is intractable; therefore, an additional
approximations have been made. The Variational Bayes approximation methodology [8|
was successfully used in fields related to factor decomposition, e.g. principal compo-
nent analysis, factor analysis, or models with convolution. In addition, Variational Bayes
approximation offers reasonable ratio between options of modeling and computation dif-
ficulties.

2 Variational Factor Analysis (FA)

We briefly review Variational Factor Analysis. The sequence obtained by scintillation
camera contains n images taken at time ¢ = 1...n, typically after 10 seconds. Every
image is a compound of p pixels; consequently, the images are saved in p-dimensional
vectors and data matrix D € RP*" is generated. Let us assume that each observed image
is a linear combination of r factor images, aggregated in matrix A € RP*". Typically, r <
n < p is expected. Every factor image has its time-activity curve, x; = [z1,..., 2, ];
therefore, time-activity matrix X € R™ " is created. The only that we have is data-
storage matrix D, and we would like to estimate factor image matrix A and factor curve
matrix X.
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The model of the factor analysis can be written in matrix form as
D=AX"+E, (1)

where E € RP*" is noise matrix with i.i.d. elements with variance w™!. Matrix D
aggregates measurements of radioactive particles with Poisson distributions which can be
approximated by Gauss normal distribution; therefore, covariance matrix of noise matrix
E can be found using correspondence analysis [3| as

f(DJA, X, w) =tNp(AX', w™'Q, ®Q,), (2)
Q, = diag(D1,,,), 2, = diag(1,,D), (3)

where tN(.) denotes truncated normal distribution, diag(.) denotes square diagonal
matrix with diagonal vector as an argument, 1;; denotes matrix of ones of subscripted
dimensions, and ® denotes Kronecker matrix product.

A prior model of parameters follows as:

f(w) = Gu(o, po), (4)
(X|T) _tNX( nraQn®T_1)> (5)
T = diag(v),v = [v1,...,v,], (6)
f(w) =1]Gv(aj0,B50), (7)
f(A) = tNa(0pr, € @ L), (8)

where g, po € R are scalar prior parameters, v is vector of hyper-parameters with prior
parameters o, 5y € R, G(.) is gamma distribution, and I, is identity matrix of dimen-
sions r X 1.

The difference between principal component analysis (PCA) and factor analysis is
truncation in equations (5) and (8); in addition, for non-truncated distributions in (5)
and (8), variational solution converges to the PCA solution [8].

With respect to Variational Bayes method [8], a logarithm of joint distribution
f(D, A, X, T wlr) is computed and the resulting approximate posterior marginals are
recognized in form:

fw|D,r) = G (9. p), f(XID,r) = tNx(ux, £x @ 1), (9)

(v D, ) HG% i, 3), FIAID, 1) = tNa(na, 2,  ® 1), (10)
and the associated shaping parameters are

-1

jia = 9,DQ, X3, S, = (w@c n IT)

~\ —1

jy = 60, D'Q, Ay, Sy = (@@p\A + T)

)

)



258 O. Tichy

1 —
a:a0+glm, ﬁ:ﬂo+§diag <X’QnX),
np 1 P N Ny =, 1 e~
0=y + p=p0+§tr<DD—AXD—DXA)+§tr<A’AX’X>.

The necessary moments of previous distributions are T = diag(aw o 371), where o
denotes Hadamard product, & = % and moments of truncated normal distribution are
computed with respect to Appendix A.

3 Factor Analysis with a Prior Mask on Factor Images
(FAM)

In the previous section, we revised classical factor analysis without any additional assump-
tions. Our long-way intention is to automatically analyse a scintigraphical sequence, not
only set out factor images and factor curves. This section models a prior probabilistic
mask on factor images, i.e. matrix A. This is motivated by unsatisfactory separation
of tissue background from other organs, parenchyma and pelvis at most, in the previous
methods.

3.1 Modeling of Factor Images

Our new model should better separate tissue background and the proper organ; conse-
quently, the relation factor curve will be better too. In addition, a probability mask of
location of a factor will be obtained.

Consider prior probability mask of A of the same size as A, i € RP*", where

1 ith pixel belongs to the jth factor ) )
L = , } , , with prior
0 7th pixel not belongs to the jth factor

f(ii;) = Exp(Aijo)- (11)

In places with pixels which not belong to the related factor, the noise with normal
distribution with zero mean value is expected. For the jth factor, these pixels have
distribution N (0, 50_;) Here, & ; is covariance of these zero-mean-pixels of the jth factor
hyperparametrized by ¢ and 1 as gamma distribution; for § = [§o1,...,&0) 20 =
diag(&o) is

F(&) =T Gev, (650, 150)- (12)

i=1

In case of non-zero-value-pixels of the jth factor, uniform distribution is expected in the
form U(0, A7*) for AT** = max; A, ;. In general, the second parameter of uniform distri-
bution can be replaced by Pareto distribution or Gamma distribution, but the maximum
of the jth column of matrix A is almost the same.
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Generally, matrix A is modeled as independent elements as
p
=111 f(ap. (13)
i=1 j=1
and each element is modeled as
f(a@j) = U(O7 A;'nax)ii’j tNai,j (07 50_,}>(1_ii’j)7 (14)

where exponentation of i; ; or (1 —1i;;) provides an affilation to the informative or non-
informative part of the factor image.

3.2 Variational Solution

The joint likelihood for the new model, f(D, A, X, T, =y, 1,w|r), is obtained by replacing
(8) in model (2) - (8) with prior information (11), (12), and (14). Using Variational Bayes
method, the following posterior densities are identified:

s

JE(X|D7T):N(NX7]7L®2X)7 ‘D T HGU] ajvﬁj)
f(w\D,r):Gw(ﬁ,p), f(ai|DvT) :Nai(ﬂaivzaz-)v
f(&lD, ) = Ge,(¢,), flis | D, 7) = Exp;, (Ai),

with shaping parameters

—_— A~ _1 A~
ZX = (@A/A—F T) s Ux = @D,AZX,
]_ —_
a=ag+ 31, B = o+ 5 diag(X'X),
= pr — 1 / T Al
9=+ 2, p—p0+§tr<DD—AXD—DXA>+

% tr (A’AX’X)

n -1 n !
Y = (&3 (rhxr) + EE(IT’ - Z;)) ) Ha; = (Zai <E‘J\ Z(fkduk),>> )
k=1
1< —~
¢j = (%’,0 + 5 (1- ii,j)) ) Y = (%0 + 5 Z 12] )

1. ~ 1 ——
)‘i,j = )\ij,O —In A;nax — 5 In 50 + §ai,j£0ai7j,

where ¢; = diag(i;..).
The required moments are T = diag(a o 371), 5y = diag(¢pov™1), & = %, i = ﬁ,
and moments of truncated normal distribution are computed with respect to Appendix

A.
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Figure 1: The results from the FA algorithm (left) and from the FAM algorithm (right)

4 Feasibility Study with Clinical Data

The previous algorithms were tested on a scintigraphic study. Factor images and factor
curves were estimated in the case of FA and FAM algorithms; next, the resulting estimates
and computed convolution kernels of parenchyma are studied.

4.1 Estimation of Factor Images and Curves

The first task is an estimation and separation of factors. Figure 1 shows the results from
the FA algorithm, section 2, and from the FAM algorithm, section 3. From the left, FA
estimates factor images, i.e. A, and factor curves, i.e. X; FAM estimates probability mask
of factor images, i.e. i, factor images, i.e. A, and factor curves, i.e. X. Both algorithms
automatically estimated as the strongest factors blood background, renal parenchyma,
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Organ time activity, zy Blood time activity, b Convolution kernel u s
A A

Figure 2: Theoretical decomposition of a factor curve

renal pelves, and urinary bladder; in addition, FAM estimated tissue background as the
last significant factor.

The main differences between FA and FAM are in the beginning of the factor curves,
especially of renal pelves and urinary bladder. In biological restriction, pelves curve
should be at a zero level for the first 2 — 3 minutes, i.e. 12 — 18 frames. This restriction
is well satisfied by FAM in contrast with FA with significant activity at the beginning of
the curve. The same can be seen by urinary bladder; here, non-zero beginning is caused
by improper separation of tissue background and bladder by FA algorithm. This zero-
level-plateaus are very important from the biological view. In addition, this fact implies
that the factor images of pelves and urinary bladder are undoubtedly better separated
from tissue background by FAM then by FA.

4.2 Estimation of Convolution Kernel of Parenchyma

In the biological point of view, each time activity curve of factor is a convolution between
blood and its specific convolution kernel [6, 2, 9. Moreover, this convolution kernel is
positive and its shape is shown in Figure 2. There should be a constant positive plateau
and then linear or exponential decline to zero. From the length the plateau can be
identified an important diagnostic coefficient - the transit time.

Figure 3 shows convolution kernels of parenchyma computed using Fourier transform.
The result of FA is in the top, the result of FAM is the bottom row. In FA case, the
peak at the beginning of the convolution kernel implies that separation of parenchyma
and tissue background are not perfect |2]. From this point of view, FAM gives more
appropriate results.

5 Discussion

The results presented in Section 4 suggest that factor analysis with integrated probability
mask on factor images has a potential to improve the whole estimative procedure. How-
ever, more improvement is necessary for automatic estimation of diagnostic coefficients,
which can be compared with experts. For example, the information from probabilis-
tic mask i can be adopted for automatic selection of position of the single organs and
consecutive computations. Study and usage of this fact is suggestion for future work.
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blood stream parenchyma convolution kernel
kwv 0
FA . 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
blood stream parenchyma convolution kernel

FAM: °

Figure 3: Convolution kernel of parenchyma (right) obtained from blood curve (left) and
parenchyma curve (center).

Modeling of non-zero pixels as uniform distribution (14) is motivated by observation
and seems to be better than modeling as normal distribution. However, more appropriate
distribution or method should be used for modeling of histogram of the matrix A. It could
lead to better separation of the factors.

With respect to study of non-zero priors of factor images, factor curves can be studied
in the same way. A prior zero mean value of X is chosen due to computable reasons;
nevertheless, more appropriate mean value can be computed |9].

6 Conclusion

A new model of factor images in functional analysis of scintigraphic dynamic sequences
is proposed. The main addition is the dividing of pixels of factor images into informative
and non-informative parts. The resulting algorithm is obtained using Variational Bayes
method based on modeling parameters as independent components. Feasibility of solution
is shown on clinical data from renal scintigraphy and compared with classical factor
analysis where is demonstrated an improvements over previous methods. An automatic
estimation of important diagnostic parameters will follow so as an extensive clinical study.

Appendix

A Moments of truncated Normal Distribution

Scalar truncated normal distribution

N2
tN, (), 1) = av/2exp (—%) , x>0, (15)
has moments

2

T = p+rav2exp (_g_r)’ ;2:7’+,u§,

where o' = /7r(1 — erf(——£-) and erf is the error function.

5
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Abstract. Logistic regression has been widely used in many areas. In this contribution, it is
extended to two other applications. First, it is used as a tool for reducing the size of a hidden
layer of an artificial neural network (ANN), which can be generalized to a universal instrument to
find the optimal structure of an ANN. Second, the logistic regression is used to solve a multi-class
partition task. In this case, when the number of input variables is fixed and the patterns are non-
separable, the task can be solved via likelihood maximization with two fundamental extensions.
First, Bayesian approach is used to formulate an alternative, a regularized optimization task
with the corresponding objective function smooth and convex, which makes the problem easy
to be solved. Then, the structure of multi-classifier is pruned to obtain the best model. The
implementation of pruning process leads to binary optimization task, which is solved via fast
simulated annealing heuristics. In both cases, the likelihood ratio test is used to the evaluation
criterion to reach the objective.

Keywords: Logistic regression, LR test, ANN pruning, Regularization, Binary optimization,
Multi-class classifier, FSA.

Abstrakt. Logistickd regrese je Siroce vyuzita v mnoha oblastech. V tomto p¥ispévku vyuziti
této regrese je rozsitena o dal§l dvé moznosti. Nejdiive je vyuzita jako néstroj tpravy velikosti
skryté vrstvy umélé neuronové sité, ktery déle lze zobecnit na univerzalni nastroj k nalezeni opti-
malnf struktury umélé neuronové sité. Pak logisticka regrese je vyuzita jako nastroj k fesenf dlohy
vicenasobné klasifikace. V tomto piipadé, kdyz je pocet vstupnich proménnych je fixni a vzory
jsou neseparabilni, tato tloha je feSitelnd pfes maximalizaci vérohodnosti s dvéma dilezitymi
rozSifenimi. Zaprvé, bayesovsky pfistup je pouzit k formulovani alternativni ucelové funkce,
ktera je hladkd a konvexni (tzv. regulovana optimalizacni iloha), coZ zna¢né usnadiiuje FeSeni
problému. Nasledné struktura vicendsobného klasifikdtoru bude vyt¥ibena, aby byl zjistén ne-
jlep8i model. Implementace vytfibeni vede k bindrni optimaliza¢ni tloze, kterd se fesi pomoci
heuristické metody rychlého simulovaného zihani. V obou piipadech je pouzivan test poméru
vérohodnosti jako evalua¢ni kritérium k dosazeni vytycéeného cile.

Klicovd slova: Logisticka regrese, LR test, ANN ofezani, Regularizace, Binarni optimalizace,
Vicenasobny klasifikitor a Rychlé simulované zihan{

1 Introduction

The traditional probit regression proposed by Bliss [1| , which is based on the Gaussian
normal distribution assumption, is a well-known two-class classifier. Later Berkson |2]

*This work has been supported by the grant OHK4-165/11 CTU in Prague
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introduced the logistic regression based logistic distribution. From then on, logistic re-
gression is widely used [4], [5], [9] and it has also been generalized to multi-class classifier
[4], [9] and several tests have been invented to verify the relevance of a variable or a group
of them. The most often used is the likelihood ratio (LR) test. In this work, first, the
logistic regression and the LR test are used to examine if an input or a group of inputs
are significant for the hierarchical decision process inside an ANN and by this way, it can
help to eliminate redundant inputs or generate a hidden layer of a multilayer perceptron
(MLP). Secondly, in this work, a multi-class classifier is developed. Unlike the one in
Kukal and VyS8ata [6], which is a soft multi-classifier with constrained gain together with
maximum sensitivity and specificity and designs its learning as multi-criteria optimiza-
tion task, this one can deal with the difficulties resulting from the fact that the number
of input variables is higher than two, but fixed and the patterns are non-separable. The
problem is solved via likelihood maximization with two important extensions. First,
the Bayesian approach is used to set an alternative, a regularized optimization problem,
which is easy to be solved because the objective function smooth and convex. The sec-
ond extension is to prune the structure of multi-classifier to obtain the best model by
solving a binary optimization problem with the help of the heuristic method called fast
simulated annealing. In this very case, the likelihood ratio test is also used to achieve
the best model.

2 Logistic regression with binary outcome

In this section, first, T will go over the general binary response index model, then I
will show several versions of the binary index model with the emphasis on the logistic
regression. After that, I will show how parameters of the logistic regression are estimated.
Finally, in this part, I will show the essence of the LR test.

2.1 The general binary response index model

Let’s suppose a model with m real inputs  and a single binary output y in the form:
y = h(z0 + e), where h(z) = 1if z 0 and h(z) = 0 if 2 < 0 is the Heaviside’s unit step
function and =, 3 € R™", 2y = 1, e is a continuous random variable with positive
and symmetric probability density function g(z) around zero. Its cumulative distribution
function is:

G(z) = / " gu)du. 1)

By definition, the output variable y is of stochastic nature and it can be defined through
probability as follows:

p(z) =p(y=1]2z) =pef+e>0)=pi>—e)=1-G(-zf) =G(zf). (2)

This is the well-known formula for binary model with logistic probability density function.
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2.2 Special cases of binary model

The binary model was first introduced by Bliss [1] in 1934 as the probit model with
the following cumulative distribution function and the corresponding probability density
function are:

o) = —— [ exp (—“—2) du, (3)

o) = e (—%) | B

In 1944, Berkson [2] presented the logit model with logistic cumulative distribution func-
tion and the corresponding density function of logistic distribution defined as follows:

1
G(Z) = m, (5)
ale) = —o2l2) (6)

(1 + exp(—2))?

The logistic model is the most frequently used model in many applications. Since the
density function of logistic distribution has fatter tails than the density function of normal
distribution, it is often used when the normal distribution assumption is not appropriate.
Other distributions also can be used for the binary response index model. One of them is
the so called Cauchy distribution and the corresponding cumulative distribution function
defined as follows:

1

glz) = T+ (7)
G(z) = %—l—%arctan. (8)

Like logistic distribution, Cauchy distribution also has heavy tails and provides some
interesting features for modelling binary responses. The existence of various probability
density functions suitable for binary response modelling provides a unique opportunity
to choose the most appropriate one for this purpose.

2.3 The estimation of parameters of a binary response model

The parameters of a binary response model are estimated by the maximum likelihood
method. Let’s N be the number of observations, and (g, yx) be the individual observation
for k = 1, ..., N. The density of y for individual xy is:

fyrlz18) = [GlaxB))™ [L = G(ziB)] . (9)

The logarithmic likelihood function over all observations is defined as:

L(B) = Z (yrlogG(zB) + (1 — yx)log[l — G(z13)]) . (10)

k=1
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The point estimate of the vector of parameters is the solution of the maximization problem
of the objective function L on a closed convex domain D as b = § = argmaxg.pL(3).
It is necessary to remind that b exists but is not unique. Replacing D by an open set
R" will be problematic when the observations are separable, which is the ideal case for
classifier tuning but not for parameter estimation. The analysis of asymptotic variance
begins with matrix:

:zzkb :z:kazf
11

When matrix U is regular, it is posmve definite and the asymptotic variance of estimate
b is:
Avar(b) =V =U"". (12)

The asymptotic standard error of estimate b is:

Astd(b) = s = diag (V)"/*. (13)
The corresponding approximate 95% confidence interval is:

Be[b—196s,b+1.96s|. (14)

The confidence interval is important for the final report of the significance of the estimates
ant it is sensitive to the singularity of matrix U.

2.4 Hypothesis testing

There are several methods to test for the significance of some input or a group of inputs.
One of them is the likelihood ratio test which compares a given model to its sub-models.
Let’s r = (1, r1, ..., 7m) € {0,1}™" be the selection vector which describes whether the
corresponding components of vector & will be present in the model. Vector r divides
vector ¢ into 2 vectors: vector w of active inputs with « € RX ™ and vector v of
eliminated inputs with v € R?. It is obvious that K + Q = m. Similarly, vector of
parameters 3 can be decomposed into p € R¥™ and n € RY. If Q = 0, then K = m
and we get the full model:

p(z) = G(z3) = G(up + vn) (15)

with the optimal likelihood value Lgy. And if @ > 0 and K < m, then the model is
reduced to a sub-model in the form:

p(u) = G(up) (16)

with the optimal likelihood value Lg,,. The likelihood ratio test examines the validity of
the null hypothesis Hy : 7 = 0 against the alternative hypothesis Hy : n # 0. The test
statistic is calculated as:

LR = 2(Lsm — Lsuy) (17)

and has the chi-squared distribution with @) degrees of freedom. The corresponding p-
value can be calculated as
Pvalue = 1— FQ(LR>7 (18)
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where Fg is the cumulative distribution function of chi-squared distribution. The LR
test evaluates how good the sub-model is compared to the full model. There are two
important cases. The first one is when K = 0 and (Q = m and we get a model only with
a constant. In this case, the maximum likelihood procedure is trivial:

p(u) = G(uo) = pe = %Zyk (19)

k=1

The likelihood value of the model with a constant and the p-value of the model with a
constant compared to the full model are as follows:

Leonst = N(pdogpe) + (1 —pc)(1 — logp.) (20)
Po = 1— Fm(Q(quH - Lconst))- (21)

The lower the value of pg is, the higher the significance of a model is and various models
can be sortd by pg. The second important case is when K = m — 1 and () = 1. In this
case, we can compare the full model with a model with k-th input taken away and the
optimal likelihood value is denoted as L. We can test the significance of k-th input by
using LR test again. The null hypothesis Hy is : [§; = 0 against the alternative Hj4 :
0Ok # 0. The p-value is:

P1 = 1-— F1(2(qu11 — Lk)) (22)

We can use stepwise strategy to eliminate irrelevant inputs to get the model, in which
each parameter is significant in the sense that p, < a as well as py < a. If there are more
models satisfied this criterion, the best on is the model with minimum p.

3 Application of binary model to ANN

In this part, the binary logistic model and its selection with the help of LR test are used
first to prune a given ANN and then to build an optimal hidden layer in an ANN.

3.1 Pruning an ANN by using logistic model

Let’s have a hierarchical ANN classifier with a single hidden layer and one binary output.
The hidden layer is supposed to be fixed, i. e. the weights from input layer are constant
without any opportunity to learn. The hidden layer can be designed as a result of
systematic or sophisticated preprocessing. Under this setting, the logistic regression can
be applied as a sophisticated preprocessor. Using the LR test, it prunes those redundant
connections between the hidden layer and the output layer. An ANN with binary output
can be expressed as follows:

y=h (Z Brew(z) + 6’) - (23)

It is similar to the logistic model p(z) = G (®(x)/3), where instead of  we have ®(x)
and oo(z). The domain of optimization must be closed and convex and should be defined
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as D = {3 € RV || B||< p}. Statistical meaning of ANN pruning is to find the best
sub-model in the defined domain and log-likelihood optimization is applied in the inner
loop. There are 2 possibilities how to design selection vector r and any integer heuristics
(FSA, GO) can be used to find the best pruning as a global minimum of objective function:

q(r) = po- (24)

A stronger form of the previous problem is the one when we require the significance of
parameters as a set constraints:

pi(r) < a,for k=0,1,...,N. (25)

The result of this integer optimization problem is an ANN classifier in the form (23) with
only significant weights, therefore the network has only Ny < N neurons in the hidden
layer.

3.2 Hidden layer of an ANN via logistic regression

Logistic regression can be also used as a tool for building a hidden layer of ANN. In order
to do so, first, we need to define the notions a local minimum and a degenerated point in
the problem of constrained binary optimization. In this problem, the searching domain is
set S = {0,1}" "', The feasible domain is set T — {r € S|ro = 1,¥k =0,..., N : p;, < a}.
The feasible neighborhood of a point r» € Tisset N (r) = {g € T|| ¢—r || = 1}. Then,
a local minimum of function q on the feasible domain is any point r,. € T satisfying

q(710c) < min {q(7)|r € T(T10c)} - (26)

Similarly, a degenerated point of function q on the feasible domain is any point rgqes € T
satisfying

A(raeg) = min{q(r)|r € T(Tgeq)} - (27)
The global minimum of (24) satisfying (25) is either a local minimum or a degenerated
point. This method is based on finding local minima and degenerated points. They are
easily found as a result of random walk or steepest descent algorithm from a random initial
point. The feasibility is solved by a penalization of objective function (24) with respect
to constraint (25).By repeating the local searching we get a set of various solutions. The
final three layer ANN is formed by them through the formula:

H
p(z) =ply=1]|z) =G <w0 + Zkak(:Izﬂk)> : (28)
k=1
where H is the number of local minima or degenerated points found by each of them
is characterized by selection vector r, and complete vector (3, and the unknown vector
of weights w is estimated with the help of logistic regression. The ANN built upon
the logistic regression was used to predict the probability of increase of the number
of sunspots. The annual dataset from 1700 to 1987 was used. As input, the relative
differences was introduced to the ANN. For the pruning study, the number of input was
30, and a global solution was found which consists of 1 significant positive and 5 negative
weights. The optimal topology is 29 - 6 - 1. In the case of the hierarchical approach, 12
various local minima were found and the final topology is 29 - 12 - 1.
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4 Multi-class logistic regression

The binary response model in the previous part is in fact a two-class classifier which can
be extended to classify more classes. Let n, N € N be the number of properties and
the number of classes. Then, the classifier f has n inputs and N outputs. It realizes a
partition among N classes and can be described as a function f: RY — @, where Q
={yePy||yl|i=1} CPx =[01". The original logit model can be generalized
for N classes as follows:

Yi = M,Where S; = Zvi,jmj fori=1,..., N, (29)
j=1

exp(sg)

WE

B
Il

1

with z € RY, V € RV and 2, = 1. Since there are N classes, when we identify
N — 1 classes, the last one will be identified as well, therefore we can rearrange formula
[29] to the following form:

exp(s; — s1) exp(h;)
Y, = N = N (30)
Z exp(sk — $1) Z exp(hy)
k=1 k=1
where hz = Z(UZ'J — ’ULj)xj = Zwi7jxj for i = 1, ceey N, (31)
j=1 j=1

where W € RV and wy,; =0 for j =0,...,n. Model (30) with unknown matrix W
has only (N71)(n + 1) free parameters. The sensitivity of this model to input variables
depends only on reduced matrix W ., which is defined via relationship

W — [2 WORJ , (32)

where Woq € R™ D and b € RV is a bias vector for N classes.

4.1 Maximum likelihood estimate and its regularization

As usual, the estimation of model parameters is frequently performed via maximization
of its likelihood function. Let m be the number of patterns, (zy, c¢x) be a pattern and
cr = 1,..., N be the class index, then the MLE estimate of W is:

O(W)=—InL(W) = min, (33)
where L is the likelihood function for a given pattern set. Since y, = f(z;) is a vector of

class membership probability and denote its i*" component as (y,);, then

m

CI)(W) = Zln(yk)ckv (34)

k=1
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which is smooth and convex, thus a unimodal function. But in many cases, the minimum
of (34) does not exist and the norm of W approaches infinity during search process. In
such cases task regularization is needed. The regularization is based on statistical theory,
we can convert the task to M-estimate finding and testing. Bayesian approach is used
to regularize. Based on an a priori knowledge of distribution of W .4 while without this
knowledge for the bias vector b, the conditional probability defined in (11) is:

1 - _
V(W) = 55| Weealli = > In(yp)e, = min. (35)
k=1
Here, || ... ||r is Frobenius norm and resulting function in (35) is smooth and convex,

again. But in this case, the optimum of (35) exists in all cases. After some rearrangement
we get:

m

W) =3 (<)o ol W) = S 0(W) =i, (39

k=1

where W .q is defined in (32). We can use the theory of M-estimates for model and sub-
model testing. The minimization of (35) is easy to perform in the Matlab environment
using functions fminunc or fminsearch.

4.2 Model and sub-model testing

The likelihood ratio test can be used to compare the full model with its sub-models, as
it was in the previous section. If ¥ and ¥, are the optimal values from (35) for a model
and a model only with a constant respectively, then the significance of the model different
with the one with a constant is:

N
m
po=1-Fq(2(¥o— ¥)), where Ug=—m> yilny), i = Ek (37)
k=1

for k = 1,...,N. The lower value of py indicates the higher significance of given model
and various models can be ordered according to py to obtain the best one.

4.3 Model pruning as a binary optimization task

The minimization of (36) is easy task of convex programming but it is only a subject of
inner loop. Statistical meaning of model pruning is in finding of the best model or its
control matrix B, respectively. There are 20" D" possibilities how to design the control
matrix B. We find the best pruning as a global minimum of this objective function:

q(W) = logyg po, (38)
The probability of state changing from W to W, is:

W) — Wnew
Prnew = 5 + ; arctan q< ) T(:( )

(39)
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where T}, is the cooling strategy set by this formula:

B!

T, =Ty (1 + —) (40)
no

where T, ng and k are initial temperature, index scale and index of state change respec-

tively.

4.4 TIris flower classification task

The dataset from [3] consists of 50 samples from each of three species of Iris flowers
(Iris Setosa, Iris Virginica and Iris Versicolor). Four features were measured on each
pattern. They are: sepal length, sepal width, petal length and petal width. Based on
the combination of the four features, Fisher developed a linear discriminant model to
determine which species they are. In our setting, the multi-classification task has N
= 3 classes, n = 4 inputs, m = 150 patterns and 10 free parameters including biases.
Thus 0 < Q < 8 and there are only 2® — 256 states for binary optimization by FSA.
We used Ty = 0.01, ng = 10, pmyy = 0.2 to reach global optimum after less than 200
function evaluations. The apriori value of parameter o changes the optimum solution of
multi-classification task: @, logygpo, Nerrs || W ||rea as the number of free parameters,
the quality of model, the number of miss-classified patterns and the sensitivity to input
signals. When o is small, the model is over-regularized and imprecise. When o > 2, the
number of classification errors is suppressed to 3 from 150 and the multi-classifier use only
four active weights from three inputs (excluding sepal length), but the sensitivity to inputs
is higher than 20. In the medium range of regularization, the multi-classifier used only
three active weights from two inputs (only petal length and width) with slightly increased
number of classification errors but with decreased sensitivity to inputs. The classification
problem then was proceeded with a quadratic preprocessing by adding squared terms
and cross terms of the 4 original inputs. By doing so, we obtained a new data set with 3
classes, 14 inputs and 150 patterns. The number of states has increased to Q = 228. We
kept the parameters of FSA and the value of ¢ unchanged and monitored the same set
of output variables: @, 1og,o Po, Nerr, || W |lrea @s in the case without preprocessing. The
most interesting feature in this case is that the number of misclassification was suppressed
to 0. At the same time, as the misclassification disappeared, the sensitivity to inputs of
the model increased significantly (see table 1).

5 Conclusion

Logistic regression has had a wide scope of applications. In this paper, the use is ex-
tended into two directions. First, it is used to prune a given ANN and then to build
an optimal hidden layer in an ANN. The cutting off the redundant connections between
the hidden layer and the output layer is based on the LR test. In the same fashion it is
also used to build a optimal hidden layer in an ANN. Then logistic regression was used
to construct a regularized multi-classifier, whose parameter estimation was converted to
convex optimization task for free minimization. Even in this case, the likelihood ratio
test is used to select the best sub-model with the help of Fast Simulated Annealing. This
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Table 1: The results of Iris classification using logistic approach

without preprocessing with preprocessing

o Q 10g10 Po | Nerr || Wred ”F Q 1OglO Po | Nerr || Wred ||F
0.1 [ 3| -7.32 24 0.82 2 | -43.54 7 0.65
0.2 | 3| -33.64 5 3.31 2 | -57.43 6 1.20
0.5 | 3| -56.25 6 8.26 2 | -64.10 D 1.95

1 3 | -62.70 6 12.55 2 | -66.57 4 2.57

2 4 | -65.16 3 20.46 2 | -67.54 4 6.41

5 4 | -66.22 3 28.05 2 | -67.84 4 6.82
10 | 4 | -66.41 3 31.32 2 | -67.89 4 6.76
20 | 4| -66.47 3 33.81 4 | -68.31 1 6.84
50 | 4 | -66.48 3 37.00 4 | -68.96 0 3199.6
100 | 4 | -66.48 3 39.16 4 1 -69.21 0 4986.8
1000 | 4 | -66.49 3 70.47 4 | -69.34 0 10678.0
oo | 4] -66.49 3 70.95 4 —00 0 00

regularized multi-classifier then was employed to perform iris flower classification task as
well as to examine the effect of model structure pruning. The novel method and program
library in the Matlab environment can act as a universal tool for multi-classification.
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Abstract. In this article, the sufficient Pontryagin’s maximum principle for infinite horizon
discounted stochastic control problem is given. The sufficiency is ensured by an additional
assumption of concavity of the Hamiltonian function. In the paper, it is assumed that the
control domain U is a convex set and the control enters also the diffusion part of the state
equation. Due to our setting, the Hamiltonian function has to be modified using an additional
term coming from Lyapunov function for the FBSDE system. The result of this paper extends
the one in [17] where the knowledge of the terminal condition of the associated BSDE is assumed.
In this paper, to overcome this unrealistic assumption, we establish a so called transversality
condition. In the end, we apply the result to an example from finance with known solution to
conclude that our approach gives the same result.

Keywords: Stochastic maximum principle, discounted control problem, BSDE, transversality
condition

Abstrakt. V tomto ¢lanku se zabyvame stochastickym principem maxima ve smyslu postacujici
podminky pro optimalitu fizeni, kterd je zajiSténa dodatecny predpokladem konkavity Hamil-
tonianu. Predpokladdme, 7ze fizeni je z konvexniho stavového prostoru a ze téz vstupuje do
difuzniho ¢lenu stavové rovnice. Diky tvaru uvazovaného funkcionalu modifikujeme Hamil-
tonian dodateénym ¢lenem, ktery pfichazi z Ljapunovské funkce pro ¥izenou FBSDE. Tento
¢lanek rozsifuje vysledek uvedeny v [17], kde autor predpoklada znalost koncové podminky piis-
lusné BSDE. Tento v praxi tézko zarucitelny predpoklad je v tomto ¢lanku nahrazen piislusnou
podminkou transverzality. Na zavér ukazeme uZziti stochastického principu maxima na tlohu z
financi, u které je Feseni znamo a pro kterou dava predkladana metoda stejny vysledek.

Klicovd slova: Stochasticky princip maxima, diskontovand tiloha fizeni, BSDE, podminka trans-
verzality

1 Introduction

In this paper, the discounted stochastic control problem is considered. This kind of prob-
lem is very popular and plentifully used in many domains, especially in stochastic finance
since it leads to maximizing the average discounted agent’s utility. The approach to the
solution here is the maximum principle which, in deterministic setting, was formulated
in 1950s by the group of L.S.Pontryagin. For diffusions, the maximum principle has
been studied by many researchers. The earliest versions of a maximum principle for such
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process were given by Kushner [7] and Bismut [8]. Further progress on the subject was
subsequently made by Bensoussan [9], Peng [10], and Cadenillas and Haussmann [12].
Originally, the main technical tool used when considering maximum principle was the
calculus of variations which was not easy to apply to real examples and was difficult
to simulate. This was the reason why the approach via maximum principle was rather
theoretical and discomfited by the dynamic programming approach. The turning point
which led to its intensive study was the paper [4] by Pardoux and Peng who formulated
the general problem of Backward Stochastic Differential Equation (BSDE in short) and
proved the existence and uniqueness theorems. BSDE’s provide an elegant and easy-to-
handle tool to describe the adjoint (shadow price) processes to the control problem and
to formulate the maximum principle using the Hamiltonian function. For diffusions with
jumps, a necessary maximum principle on the finite time horizon was formulated by Tang
and Li [13] whereas sufficient optimality conditions on finite time horizon were specified
by Oksendal, Sulem and Framstad [1].

The paper is organized as follows: in the second section, some known results on
Forward-Backward Stochastic Differential Equations with infinite tim e horizon are pro-
vided. The formulation of the discounted problem is in the third section. Fourth section
contains the main result of the paper - the formulation and proof of the sufficient infinite
time maximum principle for the discounted problem. In the last section, one example
on agent’s optimal consumption with known solution due to [16] is used to be compared
with our approach.

2 Preliminaries

We are given a basic probability space (Q, F ,P), Révalued standard Wiener process
W = (VVt)tZO' Let (ﬁtw)tzo be the canonical filtration of W, i.e. Z)V = o (Wy;s < t),
and (t%)ﬁo be its P—null sets augmentation. We denote .%o, = \/,»,-%# C #. Further,

to simplify the notation, we write just ’a.s.” instead of 'P -a.s.”. We denote |- | and || - ||
the Euclidean norms in R™ and R™*¢ respectively.

3 Formulation of the problem

3.1 Controlled state equation

The controlled state process (X;);>o is a strong solution to the following controlled SDE
on R,

dX; = b( Xy, ug, w)dt + o( Xy, ug,w)dWy, Vit >0 a.s. (1)
X() =,

where U is a compact convex subset of R*, the random functions b : R* x U x ) — R
and 0 : R x U x Q — R™ % are continuous in variables (x,u). Further we assume that
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b and o satisfy some assumptions ensuring the existence of strong solution to (1). For
example, these can be

<£U1 — X, b(l'l,u,UJ) - b(xg,u,w» S |l‘1 - ZL'2|2 (2)
o (21, u,w) — o (22, u,w)| < |z — 29, (3)
[b(z, u, w)| + |o (2, u,w)| < K(1+ [x] 4 [u]), (4)

for every z,xy,29 € R" u € U and some constants u € R, ¢, K > 0. The above
conditions hold a.s. The condition (2) means some kind of monotonicity of b in x, (3) is
the standard (global) Lipschitz condition, (4) controls growth of b, o in (x,u) as most as
linearly. In the latter, we omit the notation of the dependence on w and we denote as u
both the element of the set U and the admissible control process u = (u),~, as defined
bellow.

We denote as U,, the set of all admissible controls which satisfy

Una = {u= () oy u € LE(R4:U) | (5)

where L% (R+; U) denotes the Hilbert space of (L%)—adapted, U —valued processes u

with Ef0+°° lug|?dt < +o00. Any process u € U,q is called an admissible control. The
functional considered is of the form

J(u) = E /0 m e P ( Xy, uy)dt, (6)

where f : R” x U — R is the penalization (or appreciation) function over R, such
that J(u) converges for all every admissible control. 5 > 0 is the discount factor.
Further, we define the cost function v by

v= sup J(u). (7)
u€EULq
The goal is to find such a strategy u* € U,y so that the supremum in (7) is attained
in u*, ie. v=J(u").

3.2 Hamiltonian of the system

We define a generalized Hamiltonian function H associated to control problem (1) - (7)
by H:R" x U x R* x R"*¢ — R and

H(z,u,y,2) = <b(x,u),y> +Tr(o(z,u)'z) + f(z,u) ﬁ<x y> (8)

where <-, > denotes inner product in R"™, 2’ is the transpose of z and T'r(-) denotes
trace of a matrix in R%¢, The Hamiltonian is an analogy of the Lagrange function
in the theory of constrained optimization since the variables y and z can be viewed as
‘generalized Lagrange multiplicators’ and the functions b and ¢ as the constraints for
the dynamics of the space process X;. The additional term —B<J;, y> comes up from the
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Lyapunov function of the FBSDE system, see [11]. We note that the extremal point of H
w.r.t. v does not depend on the last term —5<x, y> and neither the concavity /convexity
w.r.t. (z,u).

We further suppose that H is differentiable in x (with the gradient denoted as V,H)
and we consider the following BSDE

+o0 +oo
Y, = V. H(Xs, us, Yy, Zs)ds — / ZdW,, VYt >0 a.s..
t

t

3.3 Some discussion of FBSDE on infinite time horizon

In the previous subsection, we have seen that when applying the Hamiltonian formalism
to stochastic control problems, the class of Forward-Backward Stochastic Differential
Equations (FBSDE in short) naturally arises in form of a partially-coupled system of the
state (forward) equation for the controlled diffusion and the adjoint backward equation for
‘generalized Lagrange multiplicators’. Forward-Backward stochastic differential systems
with infinite (or random) time horizon are today still under study. The question which
is quite delicate is the behaviour of the solution processes at infinity. There are several
papers answering this question under different assumptions both on the coefficients of the
FBSDE and on the terminal condition. All those approaches naturally assume that the
terminal condition of the Backward equation is given in advance with suitable properties
which consequently determine properties of the solution processes. The problem when
considering stochastic control problems in infinite time is that one does not know this
terminal condition. Therefore, we have to introduce some kind of transversality condition
specifying the behavior of the processes at infinity. On the other hand, if we would be
able to state the terminal condition (which is an open question), we could use the existing
theory as mentioned above. For illustration, we mention in short those known result on
FBSDE in view of the transversality condition.
In all the papers, the fully coupled system of equations is considered. Let us have

dXt = b(t,Xt,Y;,Zt,w)dt—l—a(t,Xt,Yt,Zt,w)th, Vit Z 0 a.s. (9)
XO =T € Rn,

—+00 —+00
Yt:/ h(s,Xs,Ys,ZS,w)ds—/ ZdW,, Yt>0, as.
t t
(10)

In Peng and Shi [11], very strong conditions on b, o and h are imposed. Namely, it is
assumed that they are monotone and globally Lipschitz in all the variables. In that case,
the solution process is vanishing in infinity and therefore, the terminal condition is zero
a.s. In the paper by Wu [18], a different monotonicity condition is assumed to obtain a
solution process with non zero (in general) yet still a.s. constant terminal condition. The
most general result is due to Yin 6] who weakens the assumptions to obtain the solution
in L? spaces with some exponential weight.

We note that assumptions laid on the terminal condition ¢ in all those papers are
implied by £ € L?(Q2, P).
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4 Infinite horizon sufficient maximum principle
In this section, the main result is given.
Theorem 1 (Sufficient stochastic maximum principle). Let @ € Uyg and X be the asso-

ciated controlled diffusion process. Let us suppose that there exists a solution (Y, Z) to
the associated BSDFE (9) such that

° H(X't, Uy, SA/;, Zt) = ma(}”UH(Xt,u, Y;, Zt), P®dt — a.e.,
ue

o (z,u) — H(x,u,fft, Zt) is a concave function for all t,

e the transversality condition

i Bl (X, - X, ;)| <o, (11)

t—+4o00

holds for every X = X", u € Uyq.

Then u = u*, i.e. u s the optimal control strategy to the stochastic control problem
(1) - (7).
Proof. Let us take an arbitrary u € U,q and examine the difference J(a) — J(u). The

goal is to show that this quantity is nonnegative. Using the definition of J(u) and H we
have

J(@) — J(u) = E/O+OO (Ko i) — F(Xo,ur))dt =
B[ e [ Vi 20) = 1K w0 Y2 20)
+{b( Xy, uz) — b( X, ), fﬁ> + Tr{ (o' (X, up) — o' (X, at))Zt}
+B(X, - X, ﬁﬂ dt. (12)
The Lebesgue integral over R, can be expressed (from Fubini’s theorem and existence

of the original integral) as the following limit

— 400

+o0 T
0 T 0
where Z, is the integrand of (12).

Now we take into account the transversality condition (11) with the sequence T,,
+00 realizing the lim sup. Applying the It6 formula we arrive at
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Tp—00 Tn——+00

Tn
0= lim B[e (X, - Xy, ¥5,)] = lim B / (%~ X, d(e 7))
0
+€7ﬁt<5};, d(Xt — Xt)> -+ €7ﬂtT7’{ (O'/<Xt, fbt) — O'/<Xt, ut))Zt}i| dt =
Tn
= dim B[ [( X VLM Vi 20) - (Y - XY
n—1T00 0

—Tr{(a’(Xt,ut) ~ (X, at))Zt} — (b(Xp,uy) — b(X,, i), f@} dt. (14)

Then, putting (14) into (13) we get

Tyn——+00

Tn R o o
J(ﬂ) — J(U) = hm E/ e_ﬁt |:H(Xt, ﬂt, }/;g, Zt) — H(Xt, Uy, Y;, Zt)
0
(% - Xt,vm()%t,at,ﬁ,zt)ﬂ dt. (15)

>From the concavity of H in (z,u), we know that

H( X, 11y, Y, Z2) = H(Xp w, Ve, Ze) — (Xo = Xy, VoH(X, 0, Yy, Z)) 2 0. (16)
Therefore, we deduce that

J(@) — J(u) >0, Vu € Uy,

which proves that u is indeed the optimal control. O

5 Example - Optimal consumption rate

The problem of optimal consumption rate is taken from [16] where it is solved using a
bit different definition of Hamiltonian. For our setting, we can, in fact, exactly follow the
solution process step by step showing the same result.

Let us consider an agent whose wealth evolves according to the following controlled
bilinear SDE in R

dXt = Xt (,LLt — Ut)dt + Xto-ttha Vit Z 0 a.s.,
Xo =0 >0, (17)

where u, is the consumption rate process, y; and o, are some deterministic functions.
The aim is to maximize over all u(-) > 0 the discounted cost functional

J(u) = E/OjLC>O e 7n <utXt>dt, (18)
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where > 0 is a discount factor.
The Hamiltonian of this control problem is

H(z,u,y, 2) = (e — u)y + zoyz + In(zu) — Bry (19)

which is a concave function in (x,u). The driver of the backward adjoint equation is
obtained as the derivative of H w.r.t z, i.e.

1
h(z,u,y,z) = (u —u— By + oz + — (20)
To find the maximal point of H we lay
0 1
%H(x,u, y,z2) = —xy + o= 0, (21)
which leads to
1
'Ilt — T~ (22)
XYy

and the associated BSDE is

400 1 +0o0
Y, = / (s — us — B)Ys + 0525 + y)ds — / ZdW, YVt >0 a.s. (23)
t t

s

Further, we will try to find the solution to BSDE (23) for general control u(-). We
denote ®; the fundamental solution of the following equation

ét = —([Lt — Ut — ﬁ)¢t7 Vit Z 0 a.s.
B = 1. (24)

It is easy to show that

O, = e Jolps—us=Pds . =St (25)

Using ®;, (23) can be rewritten as

t 1 t
Y, = e %Y, — e / e (UTZT + Y)dr + e / e Z,dW,, Vt>0 as. (26)
0

r 0

As in [16] we lay

(27)
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Indeed, laying F;, = e~ X, one can easily verify that

dFt = ﬁF’tdt + thttha

and therefore

1 1 o? Ot
d| — | = —=dt + =Ldt — —=—dW,. 28
<Ft6) E ' BE - BE T (28)

Integrating (28) from 0 to ¢ we finally observe that

1 1 1 Lol /’f g OF /t s O, Y,
= = — | err—dr+ | e"—2-dr— [ e"—dW,=—-, (29
BB e Xy xof /o X 0 BX, 0 BX,; e (29)
by (26) and (27). Therefore we conclude that

1
Y, = — d u, = 03.
} X5 and ;= (3 (30)

The last thing which remains to be shown is that our solution fulfils the transversality
condition (11). We know that

o 1 X 1 ,, 1
—Bt B _ - —pt At _ —Bt _ _— [y usds - -Bt] _,
E[e Yi(X, Xt)} 5E [e (1 Xtﬂ 5E [e ¢ } < 5Bl }H(m)o,
31

which was to prove.

6 Further work

The next step will be finding an example with nonlinear state dynamics and deriving the
necessary maximum principle. Some other generalizations could be introducing jumps
into the model, considering relaxed controls or solving the problem in spaces of infinite
dimension.

[ am grateful to my supervisor, prof. RNDr. Bohdan Maslowski, DrSc. for his helpful
comments and his kind guidance.
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Abstract. Path planning is one of the critical tasks for autonomous robots. We will study
the problem of finding the shortest path for a robot collecting waste spread over the area such
that the robot has a limited capacity and hence during the route it must periodically visit de-
pots/collectors to empty the collected waste. This is a variant of often overlooked vehicle routing
problem with satellite facilities. We present the approach based on Constraint Programming
techniques driven by the concept of finite state automaton. The experimental comparison and
enhancements of models are discussed.

Keywords: vehicle routing, autonomous robots, constraint programming, optimization

Abstrakt. Planovanie cesty je jednou z kritickych tloh v atonémnej robotike. Zameriame
sa na problém n&jdenia najkratsej trajektorie robota zbierajuceho odpadky v prostredi, kde
je kapacita robota obmedzend a preto musi robot pravidelne navstevovat tzv. depoty, kde
je jeho zasobnik vyprazdneny. Jednd sa o variantu Casto prehliadaného problému - VRP so
satelitmi. Predstavime pristup zaloZeny na programovani s obmedzujicimi podmienkami in-
Spirovany konefnymi stavovymi automatmi. Prediskutujeme tiez experimendalne porovnania a
rozsirenia modelov.

Kliicové slovd: logistika, autonémni roboti, programovanie s obmedzujtcimi podmienkami, op-
timizacia

1 Introduction

Recent advances in robotics have allowed robots to operate in cluttered and complex
spaces. However, to efficiently handle the full complexity of the real-world tasks, new
deliberative planning strategies are required. We solve the problem of planning a route
for a single robot such that all waste is collected, robot’s capacity is never exceeded,
and the route is as short as possible. We assume the environment to be known and
not changing, in particular, the location of waste and depots is known and the robot
knows how to move between these locations. To handle changes in the environment we
focus on anytime planning algorithms that can be re-run when the initial task changes.
We propose to use Constraint Programming (CP) to solve the problem because of the
flexibility of CP. The task we are dealing with is to develop a robot solving a specific
routing problem - an often overlooked variant of the standard Vehicle Routing Problem
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(VRP). In our setting, the robot has to clean out a collection of waste spread in a building,
but under the condition of not exceeding its internal storage capacity at any time. The
storage tank can be emptied in one of available collectors. The goal is to come up with
the routing plan minimizing the travelled trajectory. This is a similar setting to a Vehicle
Routing Problem with Satellite Facilities (VRPSF), where the task is to deliver goods
rather than to collect waste. However, this variant of VRP problem, has not been solved
extensively. The latest published results can be found in [1], and are mentioned also in [3].
Authors presented an exact procedure for solving the VRPSF that combines heuristics
with methods from polyhedral theory in a branch and cut framework. They focused on
obtaining an optimal solution, that took almost an hour on 15-customer case instances.

Our primary goal is to develop an algorithm that returns good solutions in a short time
(almost anytime algorithm) and that can be easily extended by additional constraints.
Neither of existing CP-oriented works solves the above problem, but we can use them as
the initial motivation for the design of our constraint model. Most of the routing models
are based on the formulation of the problem using network flows (Simonis [7]) so we also
proposed a constraint model based on this standard technique. Very often, authors use
CP methods embedded into Local Search (LS) in order to achieve better running time
while preserving good quality of the solution. We will present also the LS extension and
comparison to the pure CP model. Nevertheless, the performance of this model was not
satisfactory in our experiments so we proposed a radically new approach to model the
problem using a finite state automaton. In our experiments, this model outperforms the
traditional model and can solve larger instances of the problem.

2 Problem formulation

The robot’s environment consists of the navigation points defined by the locations of
waste and collectors. We use a mixed weighted graph (V, E) with both directed and
undirected edges to represent this environment. The reason for using undirected edges is
minimizing the size of the representation. The set of vertices V = {I} UW U C U {D}
consists of the initial position I, the set W of waste vertices, the set C' of collectors and
the destination vertex D. From the initial position the robot has to visit some waste
so we have directed arcs from I to all vertices in W. The robot can travel between the
waste vertices so we assume a complete undirected graph between vertices in W. From
any waste vertex the robot can go to a collector so we use a directed edge there and from
any collector we can go to any waste which is again modelled using a directed edge. We
need directed edges here as we need to count the number of incoming and ongoing edges
for the collectors. There are no edges between the collector vertices. As mentioned, we
use a dummy destination vertex that is connected to all collector vertices by a directed
edge. The weight of each edge describes the distance between the navigation points.
The edges going to the dummy destination vertex D have zero weight so the robot can
actually finish at any collector. The task is to find a minimal-cost path starting at I,
finishing at D and visiting each vertex in W exactly once such that the number of any
consecutive vertices from W does not exceed the given capacity of the robot.
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3 CP model based on finite state automata

The model that we propose brings a radically new approach not seen so far when modelling
VRPs or TSPs. We can base the model on the existing regular constraint (Pesant [4]).
This constraint allows a more global view of the problem so the hope is that it can infer
more information than the network-based model and hence decreases the search space
to be explored. First, it is important to realize that the exact path length is unknown
in advance. Each waste vertex is visited exactly once, but the collector vertices can
be visited more times and it is not clear in advance how many times. Nevertheless, it
is possible to compute the upper bound on the path’s length. Let us assume that the
path length is measured as the number of visited vertices, the robot starts at the initial
position and finishes at some collector vertex (we will use the dummy destination in a
slightly different meaning here), and the weight /cost of arcs is non-negative. Let K = |IV/|
be the number of waste vertices and cap > 1 be the robot’s capacity. Then the maximal
path length is 2K + 1. This corresponds to visiting a collector vertex immediately after
visiting a waste vertex. Recall that each waste vertex must be visited exactly once and
there is no arc between the collector vertices.

Our model is based on four types of constraints. First, there is a restriction on the
existence of a connection between two vertices - a routing constraint. This constraint
describes the routing network. It roughly corresponds to the Kirchoff’s constraints from
the network-based model. Note that the sub-tour elimination constraints are not nec-
essary here. Second, there is a restriction on the robot’s capacity stating that there in
no continuous subsequence of waste vertices whose length exceeds the given capacity - a
capacity constraint. Third, each waste must be visited exactly once, while the collectors
can be visited more times (even zero times) - an occurrence constraint. Finally, each arc
is annotated by a weight and there is a constraint that the sum of the weights of used
arcs does not exceed some limit - a cost constraint. This constraint is used to define the
total cost of the solution.

In the constraint model we use three types of variables. Let N = 2K + 1 be the
maximal path length. Then we have N variables Node;, N variables Cap;, and N variables
Costi(i =1,...,N) so we assume the path of maximal length. Clearly, the real path may
be shorter so we introduce a dummy destination vertex that fills the rest of the path till
the length N. In other words, when we reach the dummy vertex, it is not possible to
leave it. This way, we can always look for the path of length N and the model gives
flexibility to explore the shorter paths too.

The semantic of the variables is as follows. The variables Node; describe the path
hence their domain is the set of numerical identifications of the vertices. We use positive
integers 1,..., K(K = |W]) to identify the waste vertices, K + 1,..., K + L for the
collector vertices (L = |C|), and 0 for the dummy destination vertex. In summary, the
initial domain of each variable Node; consists of values 0,..., K + L. Cap, is the used
capacity of the robot after leaving vertex Node;(Cap; = 0 as the robot starts empty),
the initial domain is {0,...,cap}. Cost; is the cost of the arc used to leave the vertex
Node;(Costy = 0), the initial domain consists of non-negative numbers. Formally:
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0 < Node; < K + L
Vi=1,...,.N(N=2K+1): 0 < Cap,; <cap,Cap, =0 (1)
0 < Cost;, Costy =0

We will start the description of the constraints with the occurrence constraint saying
that each waste vertex is visited exactly once. This can be modelled using the global
cardinality constraint (Régin [5]) over the set {Nodes,...,Nodey}. The constraint is
set such that the each value from the set {1,..., K} is assigned to exactly one variable
from {Nodey,...,Nodey} - each waste node is visited exactly once. The values {0, K +
1,..., K + L} can be used any number of times. Formally:

gee({Nodey, ..., Nodey },
{’U: [LHVU:L--”K?
0: [0700]7 (2)
v: [0,00]Vv=K+1,...,K+L})

where v : [min, max] means that value v is assigned to at least min and at most max
variables from {Nodey, ..., Nodex}. The gee constraint allows specifying the number of
appearances of the value using another variable rather than using a fixed interval as in
2. Let D be the variable describing the number of appearances of value 0 (identification
of the dummy vertex) in the set {Node;, ..., Nodey}, then we can use the following
constraints instead of 2:

gec({Nodey, ..., Nodey },
{v: 1,1]Vvo=1,..., K,
0 D. (3)
v: [0,00]Vo=K+1,...,K+L})

NOd6N_D >0 (4)

The constraint 4 says that Nodey_p is not a dummy vertex; actually it is the last
real vertex in the path. We can also set the upper bound for D by using the information
about the minimal path length (MinPathLength is a constant computed in advance):

D < N — MinPathLength (5)

These additional constraints 4 and 5 are not necessary for the problem specification but
they improve inference (we use them in experiments).
The cost constraint can be easily described as

Obj = Y Cost; (6)

1,.,.N

so we can use the constraints Obj < Bound in the branch-and-bound procedure exactly
the same way as in the network-based model.

For the cost constraint to work properly we need to set the value of Cost; vari-
ables. Recall that Cost; is the cost/weight of the arc going from vertex Node; to vertex
Node; 1. Hence, we can connect the Cost variables with the Node variables when specify-
ing the routing constraint. In particular, we use the ternary constraints over the variables
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Node;, Cost;, Node; 1 1 = 1,..., N — 1. This set of constraints corresponds to the idea of
slide constraint (Bessiere et al. [2]). We implement the constraint between the variables
Node;, Cost;, Node; 1 as a ternary tabular (extensionally defined) constraint; let us call it
link, where the triple (p, g, r) satisfies the constraint if there is an arc from the vertex p
to the vertex r with the cost ¢q. In other words, this table describes the original routing
network with the costs extended by the dummy vertex. Formally:

lznk(puqu) = de € E:e= (pv T)uq = Wezght(e) (7)
Vig=r=0A(p=0Vp>K)

Vi=1,...,2K : link(Node;, Cost;, Node; 1) (8)

It remains to show how the capacity constraint is realized. Briefly speaking, we use a
similar approach as for the routing constraint. The capacity constraint is realized using a
set of ternary constraints over the variables Cap;, Node; 1, Cap,, ;i =1,..., N —1, again
exploiting the idea of slide constraint. The constraint is implemented using a tabular
constraint, let us call it capa, with the following semantics. Triple (p, ¢, r) satisfies this
constraint if and only if:

e ¢ is an identification of a collector vertex (¢ > K) or a dummy vertex (¢ = 0) and
r=20

e ¢ is an identification of a waste node (0 < ¢ < K) and r=p+ 1.

Recall that the domain of capacity variables is {0, ..., cap} so we never exceed the
capacity of the robot. Formally:

capa(p, q,r) = (q=7=0)
V(g> K Ar=0) 9)
VO<g< KAr=p+1)

Vi=1,...,2K : capa(Cap;, Node;11, Cap, ) (10)

Any solution to the above described constraint satisfaction problem defines a valid solu-
tion of our single robot path planning problem with the capacity constraint. Vice versa,
any solution to the path planning problem is also a feasible solution of the specified
constraint satisfaction problem. We omit the formal proof due to limited space.

3.1 Search procedure

It is important to specify the search strategy. Only the variables Node; are the decision
variables - they define the search space. It is easy to realize that the inference through the
routing constraints 8 decides the values of the Cost; variables and the inference through
the capacity constraints 10 decides the values of the Cap, variables provided that the
values of all variables Node; are known.

When searching for the solution we first use a greedy approach to find the initial
solution (the initial cost). This greedy algorithm instantiates the variables Node; in the
order of increasing ¢ in such a way that the arc with the smallest cost is preferred. We
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select the node to which the least expensive arc from the previously decided node leads.
Naturally, the capacity constraint is taken into account so only the nodes such that the
capacity is not exceeded are assumed.

To find the optimal solution we use a standard branch-and-bound approach with
restarts. To instantiate the Node variables we use the min-dom heuristic for the variable
selection, that is, the variable with the smallest current domain is instantiated first. We
select the values in the order defined in the problem (the waste nodes are tried before
the collector nodes). After finding a solution with the total cost Bound, the constraint
Obj < Bound is posted and search continues until any solution is found. The last found
solution is the optimum. Note that using the well known and widely applied min-dom
heuristic for the variable selection is meaningful in this model because we have larger
domains.

4 Embedding CP models into local search

The current state of the art techniques for solving VRPs are frequently based on hybrid
approaches. For example the paper (Rousseau et al. [6]) suggests using CP techniques
to explore the neighborhood within Large Neighborhood Search (LNS). We decided to
apply a similar approach with our CP models to check, if the solution quality can be
improved in comparison with the pure branch-and-bound approaches presented above.

The basic elements in the neighborhood local search are the concept of the neigh-
borhood of a solution and the mechanism for generating neighborhoods. It is eminent
that the performance and “success” of the local search algorithm strongly depends on the
neighborhood operator and its state space. In our case, the state corresponds to the plan
- a valid path for the robot. The local search algorithm is repeatedly choosing another
solution in the neighborhood of the current solution with the goal to improve the value
of the objective function. This move is realized by a so called neighborhood operator.

We have implemented an operator that is successfully used for solving the Travelling
Salesman Problems. The operator relaxes the solution by removing an induced path of a
given length and then it calls the CP solver to complete the solution. It means that we
add to a given constraint model additional constraints that fix some edges (for the model
based on network flows) or forbid using some edges (for the model based on finite state
automata). These fixed edges correspond to the edges in the original solution that were
not removed by the neighborhood operator. The role of the CP solver is to optimally
complete this partial solution by adding the missing edges. The new solution is the state
to which the local search procedure moves. As the local search repeatedly chooses a
move that improves the value of the objective function (we are minimizing the value),
it can get “trapped” in the first local minimum it encounters. In order to escape the
local minimum, a controlled method of accepting an ascending move is required. In this
paper, we examined the simplified simulated annealing. Note finally, that as the initial
solution for local search we used the first solution obtained from the pure CP model (see
the description of the search procedures above).
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5 Experimental results

In this section we will present the experimental evaluation of the presented solving tech-
niques. As there is no standard benchmark set for the studied problem, we generated
own problem instances. We used a square-sized robot arena where the positions of the
waste and the initial location of the robot were uniformly distributed. The collectors
were uniformly distributed along the boundaries of the arena and the weights set up as
a point-to-point distance using the Euclidean metric. All the following measurements
were performed on Intel Xeon CPU@2.5GHz with 4GB of RAM, running a Debian GNU
Linux operating system.

5.1 Performance of the network flow model

As stated earlier, the model based on network flows corresponds to the traditional op-
erations research approach, but we modified the model to describe specifics of our robot
routing problem. The model was implemented in Java SE 6 ! using Choco 2, an open-
source constraint programming library. The optimization search strategy uses the built-in
branch-and-bound method, while all constraints correspond to the mathematic formula-
tions described earlier.

Figure 1 (left) shows the runtime (a logarithmic scale) to obtain the optimal solution
as a function of the instance size measured by the number of waste and by the number
of collectors. We generated 15 instances for each problem size and the graph shows the
average time the solver needs for finding and proving the optimality of the solution. The
capacity of robot was 3.

As already mentioned in (Bard et al. [1]), the satellite facilities in VRP (or collectors
in robotics case) heavily increase the complexity of the problem. The initial experiment
shows that the runtime increases exponentially with the number of waste but the runtime
is not significantly affected by the increased number of collectors. In fact it seems that
for different quantities of waste there are different numbers of collectors where the best
runtime is achieved. This is an interesting observation claiming that for a given number
of waste there is some number of collectors that gives the best result. Nevertheless, this
observation requires additional experiments to confirm it.

While the graph in Fig. 1 (left) represents the total time the solver needs for finding
and proving the optimality of the solution, we are also interested in how fast a “good
enough” solution can be found. This characteristic can be seen in Fig. 1 (right), where
the graph displays the convergence of the solution during search. We can see that even a
simple greedy heuristic performs very well and the difference from the optimal solution
was less than 5% within first seconds for the instance 7 + 3.

5.2 Performance of the network flow model within local search

As mentioned above, the CP model can be used within the Large Neighborhood Search
procedure to solve larger instances but obviously without any guarantee of optimality.

1 Java: http://www.java.comhttp://www.java.com
2Choco: http://choco.sourceforge.nethttp://choco.sourceforge.net



292 M. Zerola

i Convergence of CP search
" T 100 25

"7 Wast-‘as, 3 Collectors ——

12

20

15 -

- 0,0001
- 0,00001
0,000001

o N & O ©

10

5t

. M

0 10 20 30 40 50 60 70 80
Time (sec)

Loss on optimum (%)
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Figure 2: Comparison of the quality convergence of the network flow model in the pure
CP approach and the CP model embedded into local search.

We generated 50 independent problem instances with 20 wastes and 3 collectors (referred
to as 20 + 3). The capacity of the robot was set to 7 units. The neighborhood operator
was allowed to remove 5 randomly selected consecutive edges during the search and the
embedded CP solver was allowed to search for 1 second. The graph in Fig. 2 shows an
average one-to-one performance of the pure CP method and the LS method (with the
embedded CP model) applied to the produced instances. The graph shows the difference
in the quality of a solution found in the corresponding time from the LS viewpoint.

The local search procedure performed better in the long run, when compared to the
pure CP method relaying only on its inner heuristic. However, CP beat LS in the first
seconds where the convergence drop was steeper. As a consequence, CP seems to be
a more appropriate method under very short time constraints, while reasonably good
solutions can be found with a combination of LS for larger instances.
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Figure 3: Left. Runtime (seconds) for the model based on finite state automata. Right:
Time difference (seconds) between the CP models. Positive values means that the model
based on finite state automata is faster.

5.3 Performance of the finite state automaton model

The network flow model represents a standard approach to solving the Vehicle Routing
Problems so we compared our novel constraint model based on the finite state automaton
directly to this approach. The second model was implemented in SICStus Prolog 3.
Figure 3 (left) shows the runtime (a logarithmic scale) to obtain the optimal solution using
the constraint model based on finite state automata using the same problems as for the
model based on network flows (Fig. 1 (left)). The result also shows the exponential grow
with the increased number of waste and weaker dependence on the number of collectors.

To directly compare both models, we generated a difference graph showing the differ-
ence of runtimes for the network model and for the automata model - the values above
zero mean faster automata model, while the times below zero mean faster network model.
Figure 3 (right) shows these difference times. The automata-based model is visibly bet-
ter for a smaller number of collectors where the problem is more constrained and the
capacity constraints can prune more of the search space. A bit surprisingly, it seems that
the network-based model is better when the number of collectors becomes larger. This
feature will require a further investigation.

Since in robotic, finding a good plan fast is more important than having the optimal
one late, we started to investigate again the quality of the plans found by the CP solver
in a limited time. In particular, we embedded the new CP model in the LNS procedure
as described above and we tried to compare the pure CP model with this LS approach on
much bigger instances with 40 wastes and 3 collectors. To our surprise, the LS method
was not able to improve the solution found by the CP model in the 2 minutes runtime.
As we need to produce a good solution in seconds, the pure CP model based on finite
state automaton seems more appropriate for our purpose.

3SICStus Prolog: http://www.sics.se/sicstushttp://www.sics.se/sicstus
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6 Conclusions

We developed the robotic architecture incorporating both purely reactive execution and
deliberative planning that works in complex and dynamic environment. The goal of the
robot is to pick up all wastes in a given environment and put them to collectors while
assuming a limited capacity of the robot. We used a constraint model based on network
flows that is traditionally applied to this type of routing problems and we developed a
completely new model based on finite automata. We further studied local search tech-
niques that are traditionally used to improve the runtime performance of CP models for
vehicle routing problems and we have found that our novel model based on finite au-
tomata performs better without local search. The experiments showed some interesting
behavior of the model in relation to the number of collectors that we are going to further
investigate. In summary, there are three novel contributions. First, we reformulated
the traditional network flow model to solve the waste collecting problem with limited
capacity of the robot. Second, we proposed a novel constraint model based on finite
automata (state transitions) and we experimentally showed that it outperforms the tra-
ditional approach, if the number of waste collecting places is small. Finally, we integrated
the proposed models with a reactive planner to show that deliberative planning based on
CP can be used in real robots and environments.
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Abstract. The aim of this article is to investigate the Schur complement method for parallel
numerical solution of the two-dimensional Stokes problem. Parallel MPI implementation of the
method is developed and tested on the lid driven cavity flow. The implementation relies on
the LU decomposition and the unpreconditioned conjugate gradient method. Possible ways of
improving the implementation are discussed.
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Abstrakt. Cilem tohoto pfispévku je implementovat metodu Schurova doplitku pro paralelni
numerické FeSeni Stokesova problému ve 2D. S pouzitim MPI byla implementovana metoda
Schurova dopliku zaloZzenad na nepfedpodminéné metodé konjugovanych gradienti a LU rozk-
ladu. Funkénost implementace metody byla ovéfena na problému proudéni v kavité. V c¢lanku
jsou také rozebrany moznosti vylepseni implementace.

Klicovd slova: Metoda Schurova doplitku, Stokestiv problém, doménova dekompozice, MKP

1 Introduction

Solving the Stokes problem by means of the mixed finite element method leads to a
symmetric saddle point system of linear equations. Because of their indefiniteness, such
systems are difficult to solve. Numerous techniques have been proposed in recent years
[2]. So far, we have used a multigrid solver developed by P. Bauer [1|. The main drawback
of this solver is its sequential nature which limits the size of problems it is applicable to.

In this article, we investigate the Schur complement method. This non-overlapping do-
main decomposition method is suitable for parallel implementation on distributed mem-
ory systems. We implement the method using MPI. Our implementation is based on the
conjugate gradient method and the LU decomposition, and it is tested on the lid driven
cavity flow problem.

The article is organized as follows. In Section 2, we introduce the Stokes problem with
the Dirichlet boundary condition and its solution by the mixed finite element method. In
Section 3, we describe the Schur complement method. In Section 4, we present our parallel
implementation of the Schur complement method for the Stokes problem. In Section 5,

*The work has been performed under the Project HPC-EUROPA2 (Project number 228398), with
the support of the European Community — under the FP7 “Research Infrastructures” Programme.

295



296 V. Zabka

we compare the implementation with a corresponding sequential GMRES solver and a
multigrid solver.

2 Stokes problem

Let Q C R? be a bounded domain filled with a viscous fluid of constant density. Low-
speed incompressible flow of the fluid can be modelled by the following system of Stokes
equations with the Dirichlet boundary condition:

—uAﬁ+Vp:f in Q,
—V-4=0 inQ, (1)

where, x being the spatial variable, 4 = (z) is the vector of flow velocity, p = p(x) is the
pressure divided by the fluid mass density, f = f (x) denotes the density of volume forces
per mass unit, v denotes the kinematic viscosity of the fluid, ) denotes the boundary
of Q and § = g(z) is a given function satisfying [, §- 7 ds = 0 with @ denoting the unit
normal vector to the boundary 0.

We now introduce the mixed weak formulation of the Stokes problem (1). Let us
consider the usual Sobolev space H'(£2) and denote

v={7e (H(®)": 5o =0},
Vi={7e (H'(®)": 5lon = 7} )
Q = Ly(12),

where the restriction vU|sq is understood in the sense of traces. Then, the mixed weak
formulation of the problem (1) reads: Find 4 € V; and p € @ such that

y/w:vadﬁ—/pv.m@:/f.ﬁdﬁ Vo eV,

—/qV-ﬁdQ:O Vg € Q.
Q

To obtain a discrete analogue of (3), the sets V, Vz and @ are replaced by their finite
dimensional subsets V* C V, Vgh C Vz and Q" C Q. Denoting iy, = i, — gn € V", where
gn € Vgﬁ represents the Dirichlet boundary condition g in (1), the discrete Stokes problem
reads: Find iy, € V" and p, € Q" such that

y/VﬁOh:Vﬁth—/phV-ﬁth:/f-ﬁth—y/Vﬁh:Vﬁth Vi, € VI,
Q Q Q Q
—/qhvﬁ%dsz:/qhvahdﬂ Va, € Q"

Q

Q

(4)
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Let (gzgj):‘z/l be a basis of V" and (1/1]-):21 a basis of Q". The functions @, and p, can

then be expressed as linear combinations of the corresponding basis functions:

ny nQ
fon = > uonjb,  Ph= Y Phsy (5)
j=1 j=1
We introduce matrices
A= (A5 Ay =v / Vs : Vs dQ, (6)
Q
B = (B, By = - / GV 3 de, (7)
Q
right-hand side vectors
b= (b)1, b= [ F-diaa-v [ Vg véan (®)
Q Q
= ()% o= / 5V - Ghode (9)
Q

and vectors of unknowns uy = (ugn;), P = (pni)i%. Now, taking @, = ¢; for i =
1,...,ny and g, = ¢; fori = 1,...,ng, the discrete formulation (4) leads to the following
symmetric indefinite system of linear equations:

A BT b
o) = . (10)

B 0 P c
We discretize the problem (3) by the mixed finite element method using triangular
PNC — Py Crouzeix-Raviart elements [4], i.e. a combination of non-conforming piecewise
linear elements for the components of velocity and piecewise constant elements for pres-

sure. Velocity unknowns are located in the centers of mesh edges, pressure unknowns at
the centers of mesh cells. Such a combination satisfies the Babugka-Brezzi condition [3].

3 Schur complement method

The Schur complement method (see, e.g., [6]) belongs to non-overlapping domain decom-
position methods. The mesh obtained by triangulation of the domain €2 is split into N
non-overlapping submeshes, i.e. submeshes with no common cells (see Figure 1). How-
ever, the submeshes can share certain edges and, consequently, velocity unknowns. The
union of all unknowns associated with at least two submeshes is called the interface, and
it is denoted by I'. Other unknowns are called interior unknowns.
Viewing the system (10) as
Cx =d, (11)
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Figure 1: Computational mesh and its decomposition into 8 non-overlapping submeshes.

c=(37) x(3) ao(t) o

we can now formally reorder its unknowns into N +1 blocks. The i-th block,7=1,... N,
contains the interior unknowns associated with the ¢-th submesh, whereas the last block
corresponds to the interface unknowns. Then, system (11) can be rewritten as follows:

(S &) (m)=(3) -

Here, x; contains only the interior unknowns, xr is composed of the interface unknowns,
the matrices Cq; and Crr are square matrices, and C;; is invertible and has a block
diagonal structure with N blocks. Applying blockwise Gaussian elimination to (13), we

get
Cu Cir X1 _ d;
1 = . ) (14)
0 Crr—CnCCir Xr dr - CrCi1 dy

The solution of (13) is obtained in two steps. First, the interface unknowns xr are
computed as the solution of

where

Sxr =f, (15)
where S is the Schur complement matrix defined as
S = Crr — Cr1C{' Cir (16)
and the condensed right-hand side f as
f =dr — Cr;Ci'd;. (17)

The matrix Cy; is typically inverted using an LU decomposition, i.e. C;;' = UL,
Consequently, the Schur complement matrix S does not have to be formed explicitly; its
multiplication by a vector can be accomplished by three sparse matrix multiplications
and one forward and back substitution instead. Once the vector of interface unknowns
xr is known, the interior unknowns are found using the relation

CHX1 = d1 — CH"XF. (18)
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There are two main advantages of the Schur complement method. First, Krylov sub-
space methods usually converge faster for the system (15) than for the original system
(11); see |7]. And second, the matrix Cy; has a block diagonal structure. Thus, compu-
tations involving Cy; can be performed in parallel.

4 Implementation

We implemented a parallel algorithm of the Schur complement method using MPI. Our
implementation relies on a parallel conjugate gradient solver [6| for the Schur comple-
ment system (15) and an LU decomposition of Cy;. In this section, we describe the
implementation including the way of assembling the system (13).

Let us begin with a brief analysis of (13). Since the matrix Cy; is block diagonal, we
can rewrite (13) in the following form:

i Y (=Y ([ a
| : =1 | (19)

o o ||« ||

c ... ¢ cCpr Xp dr
where the vectors xgi), 1 = 1,...,N, are composed of the interior unknowns associ-

ated with the i-th submesh, the matrices ngl) describe interactions between the interior
unknowns associated with the i-th submesh, the matrices CEZF) and C{fi describe interac-
tions between the interior unknowns associated with the i-th submesh and the interface.
Moreover, the matrix Crr can be expressed as a sum of matrices describing interactions
between the interface unknowns associated with each submesh:

N
Crr =Y CH. (20)
i=1

As a result, the system (19) can be easily decomposed.
Considering (20), the Schur complement matrix S is, in accordance with (16), given
by

N . . N1
s=> (et -oft (ef) o). )
i=1
Similarly, the condensed right-hand side f defined by (17) takes the form
N N1
f=ar-> cfj(cf)) a?, (22)
i=1
and the relation (18) splits into
ci)x! =d - clxp, i=1,... N (23)

We can now proceed to the description of our parallel implementation. Let us assume
N + 1 MPI processes labeled 0, ..., N are available. The 0-th process is referred to as
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the root process; the other processes are called non-root processes. In the beginning,
the root process creates the computational mesh, decomposes it into /N non-overlapping
submeshes (see Section 3), and distributes them to the non-root processes, so that the
i-th process owns the i-th submesh. The root process also computes the right-hand side
vector of (19) and distributes dgl) to the other processes. Next, each non-root process
assembles the four matrices Cgil), Cg?, Cg and Cl(f%, and computes an LU decomposition
of C1¥.

At this moment, the conjugate gradient solver is applied to the system (15). We use
the zero vector as the initial guess, so there are two operations to be performed in parallel
by the non-root processes: evaluation of the right-hand side vector f and matrix-vector
multiplication Sp with p being an arbitrary vector of the same size as xr stored in the
memory of the root process. The outcome of both operations is a vector stored in the
memory of the root process. All other vector operations are performed sequentially by
the root process.

To evaluate f given by (22), each non-root process computes

. . A\ —1 .
£0 —cf} (cl) al’ (24)

and sends the result f) to the root process. This can be done in parallel. Then, the root
process obtains f by

N
f=dp—) £ (25)
i=1

The Sp multiplication for the matrix S decomposed according to (21) starts with
sending the vector p from the root process to the non-root processes. Afterwards, each
non-root process computes

; i i D\ Al
s = cfilp - ¢l (cf}) " ciip (26)
and sends s to the root process which then sums the partial results s:
N
Sp = Z s, (27)
i=1

Once the Schur system (15) is solved, the resulting vector of interface unknowns xp
is distributed by the root process to the non-root processes, and the interior unknowns
are found in parallel using (23).

Our implementation of the Schur complement method stores all matrices in the CSR
sparse matrix format. It is written in the C++ programming language, and all data
transfers between the root process and the non-root processes are accomplished using the
blocking MPI functions MPI_Send() and MPI_Recv() [5].

5 Results

We tested our implementation of the Schur complement method for the Stokes problem
on the lid driven cavity flow problem with the following setting: Q = [0,1]?, v = 0.01,
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Figure 2: Solution of the lid driven cavity flow. Left: velocity magnitude, right: velocity
magnitude contours.

f: 0, g is zero except for its horizontal component on the upper part of the boundary,
which is 1. For the FEM discretization, meshes obtained by uniform refinements of the
mesh depicted in Figure 1 were used. The results are shown in Figure 2.

We measured running times of the solver and compared it with a sequential imple-
mentation of the GMRES method applied to (10). The computations were performed on
the IBM SP6 cluster at CINECA. The maximum error tolerance was set to 10~ times
the Euclidean norm of the right-hand side of the respective system for all the methods,
and the GMRES method was restarted after each 20 iterations. The results are presented
in Table 1 including those achieved by a sequential multigrid method [1].

It follows from the results that the Schur complement method needed much less iter-
ations to converge than the GMRES method, which agrees with our expectations. The
performance of our implementation of the Schur complement method was strongly af-
fected by the underlying LU decomposition of the matrices C If larger submeshes
were used, i.e. N = 2 or N = &, the LU decomposition consumed a significant amount
of time and memory. Otherwise, the number of iterations increased, but the total time
decreased (with the exception of the smallest problem). However, the multigrid solver
still performed much better.

6 Conclusion

Our implementation of the Schur complement method performs worse than the multigrid
method. The results suggest that it suffers from two issues: computational and memory
cost of the LU decomposition of the matrices C11 and slow convergence of the conju-
gate gradient solver for the Schur complement system (15). In addition, in the case of
large submeshes, the LU decomposition requires such huge amount of memory that its
allocation fails. This restricts the usability of the implementation.

When deahng with large submeshes, avoiding the LU decomposition for inverting
the matrices C11 might be beneficial. There are several options available: an iterative
solver would be easy to implement on the CPU and the GPU; a multigrid-based solver
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‘ Problem DOFs N Iterations LU-decomp. time Total time ‘
8064 2 66 45.0 52.1
8 706 0.8 5.0
32 4752 0.013 2.64
128 15807 0.000 4 16.5
GMRES 65992 - 155
multigrid - - 0.07
32512 2 80 2730 2860
8 962 50.0 152
32 6127 0.76 38.6
128 22729 0.01 31.5
GMRES 273118 - 2650.0
multigrid - - 0.19
130560 2 LU decomposition out of memory
8 2110 2710 6 200
32 11206 46.5 1268
128 30237 0.7 222
GMRES did not converge within time limit
multigrid - - 0.61

Table 1: Comparison of solution methods. The time values are in seconds.

proved to be effective when solving the global system (10). Another possibility is to
employ the Schur complement method recursively, i.e. for both, the global system and
the subsystems. Such approach would allow to exploit another level of parallelism using,
e.g., OpenMP.

To improve convergence of the conjugate gradient solver for the Schur complement
system (15), a suitable preconditioner can be used (e.g. BDDC [§]).
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