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Předmluva
Již pošesté se letos scházejí doktorandi oboru Matematické inženýrství studijního pro-

gramu Aplikace přírodních věd na workshopu Doktorandské dny, který se koná pravidelně
na katedře matematiky FJFI. Cílem setkání je sledovat pokrok ve výzkumu jednotlivých
doktorandů a umožnit jim získat přehled o tematice svých kolegů. Oběma účelům slouží
jednak ústní prezentace na workshopu konaném ve dnech 11. a 25. listopadu 2011, jednak
tento sborník, přinášející texty přednášek, resp. jejich abstrakty. Toto je oproti předchá-
zejícím vydáním novinkou. Oborová rada se rozhodla umožnit doktorandům vystoupit na
Doktorandských dnech s příspěvkem již publikovaným v odborném časopise nebo procee-
dings jiné konference. V takovém případě je v našem sborníku pouze abstrakt přednášky.

I letos workshop proběhne v několika paralelních sekcích dělených podle tematického
zaměření přednášejících doktorandů. To pokrývá numerické a stochastické modely, jakož
i matematické základy moderní teoretické informatiky a fyziky.

Za morální podporu děkujeme Katedře matematiky a Dopplerovu ústavu pro mate-
matickou fyziku a aplikovanou matematiku při FJFI. Finančně je workshop podpořen
Studentskou grantovou soutěží při ČVUT v rámci grantu SVK 17/11/F4.
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Abstra
t. An a

urate and early diagnosis of the Alzheimer's disease (AD) is of fundamentalimportan
e for the patient's medi
al treatment. Single Photon Emission Computed Tomography(SPECT) images are 
ommonly used by physi
ians to assist the diagnosis, rating them by visualevaluations. In this work I present an automated diagnosis tool based on lo
al Hausdor� distan
emaps (LDMaps). The proposed algorithm, in the learning mode, generates two average LDMaps.The �rst aggregates the di�eren
es between healthy brain SPECT pi
tures and the etalon. These
ond one aggregates the dissimilarities between pi
tures of brains a�e
ted by AD and the sameetalon. In the testing mode it 
ompares LDMaps of patients' brain SPECT pi
tures against theaverages from learning pro
ess and a

ording to whi
h average is the patient's brain LDMapmore similar to, is 
lassi�ed as healthy or AD.Keywords: Alzheimer's disease, SPECT, Hausdor� distan
e, lo
al Hausdor� distan
e map, au-tomati
 dete
tionAbstrakt. Pre efektívnu lie£bu pa
ienta s podozrením, ºe trpí Alzheimrovou 
horobou, je nevy-hnutná jej správna diagnóza stanovená v £o najskor²om ²tádiu tohto degeneratívneho o
horenia.V praxi v tejto ve
i pomáha lekárom napríklad tomogra�a SPECT, pomo
ou ktorej m�ºu pa
ien-tov mozog vizuálne preskúma´ a na základe ur£itý
h znakov rozhodnú´, £i u pa
ienta existujúnáznaky Alzheimrovej 
horoby. V tejto prá
i uvádzam sp�sob automati
kého rozpoznávaniaAlzheimrovej 
horoby na základe dát o mozgu získaný
h tomogra�ou SPECT. Rozpoznávaniefunguje na metóde porovnávania mnoºín zaloºenej na Hausdor�ovej vzdialenosti. V prvej fázealgoritmu v tzv. fáze u£enia sú vygenerované dve priemerné lokálne rozdielové mapy mozgu.Prvá mapa obsahuje informá
ie o tom, ako sa v priemere lí²ia zdravé mozgy od zdravého etalonu.Druhá lokálna rozdielová mapa naopak agreguje rozdiely medzi mozgami postihnutými Alzheim-rovou 
horobou a uº spomínaného zdravého etalonu. V druhej fáze rozpoznávania sa potommapa lokálny
h vzdialeností mozgu pa
ienta, ktorá vnzikne porovnaním so zdravým etalonom,porovná s oboma priemernými lokálnymi rozdielovými mapami. Na základe vzdialenosti medzinimi, ktorá vy
hádza znova z Hausdor�ovej vzdialenosti, sa mozog klasi�kuje ako zdravý, alebonaopak ako postihnutý Alzheimrovou 
horobou.K©ú£ové slová: Alzheimrova 
horoba, SPECT, Hausdor�ova vzdialenos´, mapa lokálny
h Haus-dor�ový
h vzdialeností, automati
ká detek
ia 1



2 K. Barbierik1 Introdu
tionAlzheimer's disease (AD) is the most frequent type of dementia. This serious healthproblem a�e
ts middle-aged and elderly people. The elderly are the fastest growing partof the population, and in
reases in life expe
tan
y will inevitably lead to a further in-
rease in the prevalen
e of Alzheimer's disease. Currently no 
ure is available for AD butdi�erent strategies are under development that are expe
ted to delay the disease, andpossibly prevent or o�set the onset of AD in early stages. Therefore it is very importantto re
ognize individuals with high risk for developing AD as soon as possible. Thesepeople may parti
ularly bene�t from early therapeuti
 interventions. Currently, the di-agnosis of AD is based primarily on 
lini
al and neuropsy
hologi
al assessments. There iseviden
e that medi
al imaging examinations like 3D SPECT have higher predi
tive valuethan the 
lini
al measures in identifying the presen
e of a progressive neurodegenerativedisease. However, analysis of brain images is not a simple task be
ause patterns of braindegeneration are highly variable and 
omplex.Several attempts were made towards automati
 re
ognition of AD symptoms usingvarious medi
al imaging systems. Most attempts were based on analysis of spe
i�
 brainsegments whi
h requires segmentation of the image into regions and afterwards analyzingthese segments. These te
hniques rely heavily on manual or semi-automati
 extra
tionof the stru
tures of interest. Furthermore, they are limited by the fa
t that the brainatrophy usually involves many brain regions and di�erent regions are a�e
ted at di�erentstages of the disease. Therefore, 
urrent te
hniques are fo
using on the use of the entirebrain pattern. Disadvantage of this approa
h is that it is ne
essary to analyze mu
hgreater amount of data. This, 
onsequently, leads to need of a great 
omputation power,or a need of applying sophisti
ated redu
tion te
hniques on input data.Image pro
essing algorithm for re
ognizing the AD introdu
ed in this paper is workingwith the entire brain pattern. It is very simple and its 
omputation is fast enough andmemory e�
ient. It is based on a 
omparison of 3D SPECT images of brain where thedissimilarity is measured using a lo
al Hausdor� distan
e maps. The de
ision whetherthe subje
t of interest is su�ering from AD is made a

ording to degree of dissimilaritybetween its brain image and images of healthy and AD brains.2 Hausdor� distan
eHausdor� distan
e is a very powerful tool for measuring dissimilarity between two sets.The set in this paper will represent 3D SPECT image of brain whi
h is a 3D set ofdis
rete points. Using Hausdor� distan
e, we 
an measure a degree of mismat
h betweentwo obje
t shapes very pre
isely. Unlike feature based methods, Hausdor� distan
e iszero if and only if the shapes of obje
ts are exa
tly the same and in
reases with growingdissimilarity. What is more, if we need to minimize the Hausdor� distan
e over thespa
e of some transformation parameters, any transformation of obje
t (rotation, a�netransform. . . ) 
an be taken into 
onsideration. An advantage is also the possibility ofindependently using the dire
ted distan
es that Hausdor� distan
e is 
omposed of.On the other hand, the major disadvantage is 
omputation burden of dis
ussed mea-sure and the fa
t that it is extremely sensitive to outliers. The latter disadvantage is



Lo
al Hausdor� Distan
e Maps in Alzheimer's Disease Automati
 Dete
tion 3very restri
tive, be
ause it is almost impossible to re
eive noise free data sets from anys
anning apparatus. Therefore several modi�
ations of Hausdor� distan
e were proposed(MHD [3℄, PartialHD [2℄, WindowedHD [4℄ and more), that yield mu
h more satisfa
toryresults when applied on noisy data sets. This paper fo
uses on the modi�
ation that islo
al i.e. windowed Hausdor� distan
e. The Hausdor� Distan
e and its modi�
ationsare very often used in a di�erent obje
t mat
hing or image registration algorithms [6℄, [7℄even in medi
ine [8℄. Very often the utilization of HD may be found in the spe
i�
 obje
tmat
hing problem - fa
e re
ognition [9℄, [10℄.2.1 Conventional Hausdor� distan
eHausdor� distan
e is a max-min distan
e de�ned by the following de�nition.De�nition: Let {M, ̺} be a metri
 spa
e where M is a �nite set of points. Let A =

{~a1, . . . , ~ap} and B =
{

~b1, . . . , ~bq

} be two subsets of M . We de�ne Hausdor� distan
e
H(A, B) by:

H(A, B) := max

{

max
~a∈A

min
~b∈B

̺
(

~a,~b
)

, max
~b∈B

min
~a∈A

̺
(

~a,~b
)

} (1)where ̺ is de�ned as
̺(~x, ~y) =

√

√

√

√

r
∑

k=1

(xk − yk)2 (2)where ~x, ~y ∈ R
r.Note: The de�nition of Hausdor� distan
e 
an be derived by a series of steps naturallyextending the distan
e fun
tion ̺ in the underlying metri
 spa
e {M, ̺} as follows:Let {M, ̺} be a metri
 spa
e. Given ~a ∈ M and non-empty set B ⊂ M we de�ne adistan
e dist (~a, B) between point ~a and the set B by:

dist (~a, B) := min
~b∈B

̺
(

~a,~b
) (3)Using the previous distan
e we de�ne h (A, B), the distan
e between A and B where

A, B ⊂ M :
h (A, B) := max

~a∈A
dist (~a, B) (4)

h (A, B) is 
alled the dire
ted Hausdor� distan
e.To obtain an undire
ted Hausdor� distan
e, whi
h is a metri
, it is ne
essary to 
ombinethe two dire
ted Hausdor� distan
es h (A, B) and h (B, A):
H (A, B) := max {h (A, B) , h (B, A)} (5)



4 K. Barbierik2.2 Windowed Hausdor� distan
eIn January 2007 in a preprint and later published in [4℄ a new approa
h was proposedfor determining dissimilarity between two sets using Hausdor�-like distan
es. While pre-vious and other modi�
ations of Hausdor� distan
es were global and ex
ept the 
lassi
alHausdor� distan
e and the MHD [3℄ required some input arguments, the windowed Haus-dor� distan
e operates lo
ally and does not require any input parameter. Furthermore,while the global ones produ
e only one number that expresses the dissimilarity betweentwo sets, the windowed Hausdor� distan
e produ
e a dissimilarity map where lo
al mis-mat
hes 
an be examined.The de�nition involves three di�erent dire
ted Hausdor� distan
es, whi
h suppliesthree possible 
ases of presen
e of set points in the window. It makes use of the distan
eto the frontier Fr (W ) of the window W . In this dis
rete 
ase we 
onsider that the frontier
Fr (W ) is between the elements. For example the frontier of the ball B (x, n) is the linebetween B (x, n) and B (x, n + 1) \ B (x, n). The distan
e of a point x ∈ B (x, n) to thefrontier is equal to the distan
e to the elements just behind the frontier.De�nition: Let A, B be two bounded sets of R

r. Hw(A, B) = max {hw(A, B), hw(B, A)}where:
• If A ∩ W 6= ∅ ∧ B ∩ W 6= ∅

hw (A, B) := max
~a∈A∩W

[

min
~b∈B∩W

̺
(

~a,~b
)

, min
~w∈Fr(W )

̺ (~a, ~w)

] (6)
• If A ∩ W 6= ∅ ∧ B ∩ W = ∅

hw (A, B) := max
~a∈A∩W

[

min
~w∈Fr(W )

̺ (~a, ~w)

] (7)
• If A ∩ W = ∅

hw (A, B) := 0 (8)The algorithm that 
omputes the lo
al Hausdor� distan
e at ea
h non zero pixel ofboth images 
onsist of a sliding window whose radius is growing at ea
h point until rea
hesthe optimal value. This value is then re
orded into lo
al distan
e map (LDMap) at thepoint of the 
enter of the window. However, this algorithm is time 
onsuming. For m×mimages the 
omputation 
omplexity is O (m4). To save most of the time 
omputation, itis possible to utilize transform distan
es of 
ompared images. Fast algorithms have beendeveloped for 
omputing distan
e transforms of binary images. Taking the advantage ofthese algorithms, the 
omputation 
omplexity may be redu
ed to O (m2). In the followingse
tion, the LDMap is de�ned using the transform distan
e of 
ompared images.3 Lo
al distan
e mapDe�nition: Let A and B be two non-empty �nite sets of points of R
r and let ~x ∈ R

r,the lo
al distan
e map LDMap (~x) is de�ned by:
LDMap (~x) = |IA (~x) − IB (~x)|max {dist (~x, A) , dist (~x, B)} (9)



Lo
al Hausdor� Distan
e Maps in Alzheimer's Disease Automati
 Dete
tion 5where IA (~x) is equal to 1 if ~x ∈ A and 0 otherwise.The maximum value in the LDMap is the Hausdor� distan
e H (A, B). This value ispresent in the map at least on
e.The notion of lo
al dissimilarity is illustrated by following 2D image.

Figure 1: Sli
es of two brains at the same level (left, right) and sli
e of 
orresponding 2DLDMap (
enter)
The 3D image below shows the utilization of LDMaps for highlighting the most mis-mat
hed areas in the brain pi
ture of the subje
t of interest 
ompared to the etalon.

Figure 2: 3D LDMap utilized for highlighting the most signi�
ant di�eren
es from thehealthy etalon



6 K. Barbierik4 Proposed method for re
ognition of brains a�e
tedby Alzheimer's disease using LDMapsThe method utilizes the information in
luded in LDMaps and is proje
ted to keep the
omputation burden low:Notation:
E Binarized etalon
HLT Set of binarized healthy brains images
ALZ Set of binarized AD brains images
HLT_L(ALZ_L) Set of healthy (AD) images 
hosen from HLT (ALZ) forlearning
HLT_T (ALZ_T ) Set of healthy (AD) images 
hosen from HLT (ALZ) fortesting
HLTmap(ALZmap) LDMaps � results of 
omparison of HLT_Li ∈

HLT_L (ALZ_Li ∈ ALZ_L) against E
avgHLTmap(avgALZmap) Average LDMap generated from HLTmapi ∈

HLTmap (ALZmapi ∈ ALZmap)
HLTmap_t(ALZmap_t) LDMaps � results of 
omparison of HLT_Ti ∈

HLT_T (ALZ_Ti ∈ ALZ_T ) against E
ALZdist2HLTavgi Distan
e of ALZmap_ti to avgHLTmap
HLTdist2HLTavgi Distan
e of HLTmap_ti to avgHLTmap
HLTdist2ALZavgi Distan
e of HLTmap_ti to avgALZmap
ALZdist2ALZavgi Distan
e of ALZmap_ti to avgALZmapAlgorithm:1. Prepro
ess SPECT images of brains � binarization.2. Divide data into learning sets (HLT_L, ALZ_L) and testing sets (HLT_T, ALZ_T ).3. Create LDMaps form learning data � healthy vs. etalon: HLTmap and AD vs.etalon: ALZmap4. Generate average LDMaps from learning data (healthy: avgHLTmap and AD:

avgALZmap)5. Create LDMaps from Testing data - healthy vs. etalon: HLTmap_t and AD vs.etalon: ALZmap_t6. Compute the similarity of parti
ular LDMaps (HLTmap_t, ALZmap_t) with av-erages (avgHLTmap, avgALZmap)7. Classify the image a

ording the value and mark whether 
lassi�
ation was 
orre
t
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Figure 3: S
hemati
 diagram of the algorithm (steps 2. - 5.): getting the average LDmapsfrom learning data and preparing LDmaps from testing sets

The �gure (3) des
ribes the �rst part of the algorithm where the set of healthy brainbinarized pi
tures as well as set of binarized AD brains are divided into two parts. Thelarger parts are used for the learning pro
ess of the algorithm and the smaller parts areused for testing the method. At �rst, in the learning mode, LDMaps are 
reated by
omparing the elements of the learning sets with the healthy etalon. The aggregation ofthese LDMaps results in two average maps - healthy and AD average map. The healthyaverage map a

umulates the di�eren
es of healthy brains against the healthy etalon.These di�eren
es are supposed to be not very marked and rather disseminated. Onthe other hand, the AD average map is expe
ted to show more marked di�eren
es andrather lo
alized. Ex
ept average maps, LDMaps of brain images from the testing sets areprepared. Every time the same healthy etalon is used.The se
ond part of the algorithm � 
lassi�
ation � is 
aptured on the �gure below(4). In this part the testing healthy and the AD brain LDMaps are 
ompared against theaverage maps. The dissimilarities are evaluated and a

ordingly the tested LDMaps are
lassi�ed and marked weather the 
lassi�
ation was 
orre
t or not.
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Figure 4: S
hemati
 diagram of the algorithm (steps 6. and 7.): 
omputing the distan
esbetween average LDMaps and LDMaps of testing samples, 
lassifying the tested LDMapsand marking weather the 
lassi�
ation was 
orre
t.Further, ea
h step of the proposed algorithm is explained into more detail:1. In the �rst step every image A ∈ HLT ∪ALZ is prepro
essed. The values of imagesare linearly transformed to �t the range 〈0, 1〉 and afterwards they are binarizedusing the user input threshold t ∈ 〈0, 1〉. The output is a binary matrix B where
• Bi,j = 0 where Ai,j < t and
• Bi,j = 1 where Ai,j ≥ t.2. Then, the HLT set as well as ALZ set are divided into two sets: a set for learningpro
edure (HLT_L, ALZ_L) and a set for testing purpose (HLT_T, ALZ_T ).The ratio of HLT_L to HLT is the same as the ratio of ALZ_L to ALZ. Fur-thermore, the algorithm needs an etalon E whi
h is also binarized using the same

t ∈ 〈0, 1〉 and 
onstraints as in step 1. It 
an be 
omputed as an average image ofall healthy images of brains for example. Anyway, for needs of this paper, a healthybrain etalon was provided, whi
h was 
he
ked and validated by professionals in the�eld.3. The next two steps forms the learning pro
ess: HLTmap(ALZmap) elements are
reated by 
omparison of ea
h element of HLT_L(ALZ_L) against E.4. Average LDMaps avgHLTmap and avgALZmap are 
reated:Let HLT_Li(ALZ_Li) be the binarized image of healthy (AD) brain from thelearning set HLT_L(ALZ_L). Let HLTmapi(ALZmapi) be the LDMap of 
om-parison between HLT_Li(ALZ_Li) and the etalon E. The average healthy andAD lo
al distan
e maps are then 
omputed as:
avgHLTmap =

1maxi (avgHLTmapi)

n
∑

i=1

HLTmapi (10)
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avgALZmap =

1maxi (avgALZmapi)

m
∑

i=1

ALZmapi (11)
avgHLTmap(avgALZmap) aggregates dissimilarities between healthy (AD) brainspi
tures and the etalon E. It 
ontains information about how healthy (AD) patients'brains di�er from the etalon.5. The following step is testing. Images from HLT_T (ALZ_T ) are 
ompared againstthe etalon E. The result is a set of LDMaps: HLTmap_t(ALZmap_t).6. LDMaps from step 5 are 
ompared against avgHLTmap and avgALZmap and thedissimilarity between these images is 
omputed. The dire
ted Hausdor� distan
e(4) was 
hosen as a dissimilarity measure. The distan
e to both healthy and ADaverage LDMap is 
omputed:

• HLTdist2HLTavgi := h(HLTmap_ti, avgHLTmap)

• HLTdist2ALZavgi := h(HLTmap_ti, avgALZmap)Similarly, the distan
es to both averages are 
omputed for images from set ALZmap_t:
• ALZdist2HLTavgi := h(ALZmap_ti, avgHLTmap)

• ALZdist2ALZavgi := h(ALZmap_ti, avgALZmap)LDMaps are gray 3D images. Before 
omputing the dire
ted Hausdor� distan
e(4) between two LDMaps it is ne
essary to binarize them. A user input thresholdlevel may be used in this pro
ess. From the pro
edure how the average images are
onstru
ted is arising that all images from the learning set will be subsets of the
orresponding average image after binarization:
• HLTmapi ⊂ avgHLTmap

• ALZmapi ⊂ avgALZmapConsequently, the following equations applies to dire
ted distan
es:
• h(ALZmapi, avgALZmap) = 0 and also
• h(HLTmapi, avgHLTmap) = 0.While
• h(ALZmap_ti, avgHLTmap) ≥ 0 and
• h(HLTmap_ti, avgALZmap) ≥ 0.Thus, if HLTmap(ALZmap) i.e. LDMaps from learning set will be passed intotesting pro
ess instead of LDMaps from HLTmap_t(ALZmap_t), they will alwaysbe 
lassi�ed 
orre
tly a

ording to the following 
lassi�
ation rules. It indi
ates the
orre
t behavior of the algorithm.



10 K. Barbierik7. The last step is the 
lassi�
ation of images into two 
lasses: ALZcls or HLTcls;Marking of wrong and 
orre
t 
lassi�
ation is done a

ording the following rules:Set is 
lassi�ed as healthy (HLTcls) if the distan
e of HLTmap_ti or ALZmap_tito avgHLTmap is smaller than the distan
e to avgALZmap:
• ALZdist2HLTavgi < ALZdist2ALZavgi (wrong 
lassi�
ation of test imageto HLTcls)
• HLTdist2HLTavgj < HLTdist2ALZavgj (
orre
t 
lassi�
ation of test imageto HLTcls)Set is 
lassi�ed as AD (into ALZcls) if the distan
e of HLTmap_ti or ALZmap_tito avgALZmap is smaller then the distan
e to avgHLTmap:
• ALZdist2HLTavgi > ALZdist2ALZavgi (
orre
t 
lassi�
ation of test imageto ALZcls)
• HLTdist2HLTavgj > HLTdist2ALZavgj (wrong 
lassi�
ation of test imageto ALZcls)In 
ase, when the LDMap of interest (HLTmap_ti or ALZmap_ti) is within thesame distan
e from the both of average LDMaps avgHLTmap and avgALZmap,we 
annot 
lassify it to any 
lass. It will be marked as wrong 
lassi�
ation.5 ExperimentData for experiments 
onsist of 55 3D SPECT images of brains marked by experts asbrains a�e
ted by Alzheimer's disease and 91 3D SPECT images of healthy people brains.Furthermore, a healthy etalon is available. The external etalon of healthy brain imagewas obtained as an average over 2000 3D s
ans of healthy people, whi
h were as wellas healthy and AD samples normalized using Statisti
al Parametri
 Mapping (SPM5-Segment). The 
omputations were a

omplished using MATLAB software. Parameterswere set as follows:Threshold for image binarization t = 0.35; |HLT_L|/|HLT | = |ALZ_L|/|ALZ| = 60%(|HLT_L| = 55; |ALZ_L| = 33; |HLT_T | = 36; |ALZ_T | = 22)5.1 ResultsExperiment # Wrong 
lassi�
ation of healthy brains Wrong 
lassi�
ation of AD brains1. 25%(9/36) 18%(4/22)2. 14%(5/36) 14%(3/22)3. 17%(6/36) 27%(6/22)4. 28%(10/36) 9%(2/22)5. 11%(4/36) 23%(5/22)
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lusionIt was shown, that it is possible to automati
ally 
lassify Alzheimer's disease quite su
-
essfully without any spe
i�
 knowledge about the patient. What is more, using thelo
al distan
e maps we are able to obtain spe
i�
 lo
al information while still retainingthe advantage of global approa
h. Lo
al information 
ontained in lo
al distan
e maps
ombined with appropriate display equipment may be very helpful for 
lini
ians. It mayhelp to fo
us the attention on the parts of a patient's brain whi
h are most mismat
hedin 
omparison with healthy etalon. This may help to dete
t the developing Alzheimer'sdisease before any 
lini
al symptoms appear.In a future work one may also want to eliminate the binarization before every 
om-parison to preserve as mu
h information as possible and measure also the similarity inintensities. Furthermore, more sophisti
ated 
lassi�
ation would be helpful, using forinstan
e the support ve
tor ma
hine.The algorithm proposed in this paper works with already spatially registered data sets,therefore the registration was not ne
essary in this 
ase. However, HD and espe
ially itsmodi�
ations are suitable tools for obje
t mat
hing. Therefore, I plan to investigate thepossibilities of using the lo
al Hausdor� distan
e maps for obje
t mat
hing to be able towork with not registered brain images.A
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Abstract. Affine moment invariants are an important class of features used in image reco-

gnition. There is an infinite amount of these invariants, however only very few of them are

independent. As part of our work we have applied several standard feature selection methods

on a group of invariants and we were interested in finding patterns in selected invariants and

based on this create some advice for the selection of invariants. The range of successful features

was quite wide which indicated that the most successful features depends on the specific data.

The first ten invariants, which contain eight independent invariants, have been on average signi-

ficantly more successful than the other invariants. We have also noticed that generally invariants

with lower order and weight have been more succesful probably because they are more robust

to sampling error in the moment calculation.

Keywords: affine moment invariants, discriminability, image recognition, feature selection, in-

dependence

Abstrakt. Afinní momentové invarianty jsou důležitou třídou příznaků používaných v rozpo-

znávání obrazu, ale existuje jich nekonečné množství a je známo, že jen málo z nich je nezávis-

lých. V rámci práce jsme na reálných datech z databáze listů aplikovali na skupinu invariantů

vybrané standardní metody na výběr příznaků a snažili jsme se na základě výsledků nalézt

nějaké zákonitosti nebo rady pro výběr příznaků. Vybraná škála příznaků byla poměrně široká,

což poukazovalo na to, že nejlepší příznaky závisí na konkrétních datech. Jednou z vypozorova-

ných skutečností bylo, že relativně nejvyšší úspěšnost měla první desítka invariantů, o kterých

je známo, že obsahují 8 nezávislých příznaků. Zároveň bylo viditelné, že úspěšnější v klasifikaci

jsou invarianty s nižším řádem nebo vahou, zřejmě díky větší robustnosti vůči vzorkovací chybě

při výpočtu momentů.

Klíčová slova: afinní momentové invarianty, diskriminabilita, rozpoznávání obrazu, výběr pří-

znaků, nezávislost

Úvod

V typické klasifikační úloze v rozpoznávání obrazu se snažíme přiřadit objekt na obrázku
do určité třídy na základě příznaků. Volba vhodných příznaků často záleží na charakteru
konkrétní úlohy, ale jedním z důležitých požadavků na příznaky je invariantnost vůči
transformacím obrázku.
Z tohoto důvodu hrají v rozpoznávání obrazu důležitou roli afinní momentové invari-

anty ([1]), které jsou invariantní vůči afinní transformaci prostorových souřadnic. Afinní

13
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transformace není důležitá jen v dvourozměrných úlohách, ale také jako aproximace pro-
jektivní transformace při rozpoznávání fotografií trojrozměrné scény.
Pro každou klasifikační úlohu lze najít velké množství příznaků. Proto bývá v praxi

často po definování příznaků dalším krokem snížení počtu příznaků používaných pro kla-
sifikaci a to jak z důvodu výpočetního času, vyřazením nepodstatných částí dat, tak pro
zlepšení úspěšnosti klasifikace (v některých případech může zvětšování počtu příznaků
zvyšovat chybu klasifikace). Jelikož afinních momentových invariantů existuje teoreticky
nekonečné množství, je výběr příznaků obzvláště důležitý. Mezi afinními momentovými
invarianty se vyskytuje mnoho různých závislostí: od jednoduchých až po složité polyno-
miální závislosti. Jednoduché závislosti (nulové invarianty, lineární kombinace, násobky
jiných invariantů) umíme teoreticky jednoduše najít. Polynomiální závislosti jsou známé
jen některé a jejich hledání je náročné.
Cílem práce bylo prozkoumat na reálných datech, které momentové invarianty jsou vy-

bírány standardními metodami na výběr příznaků ([2]) a také jak se tyto metody chovají
vůči závislým invariantům. Dalším předmětem zkoumání bylo zjistit, jestli jsou vybírány
invarianty vyšších řádů, které teoreticky mohou obsahovat více informace, ale kvůli nu-
merické chybě jsou méně robustní, nebo jestli jsou úspěšnější invarianty nižších řádů,
které ovšem často nesou podobnou informaci. Dá se předpokládat, že výběr vhodných
invariantů závisí na konkrétní úloze a konkrétních datech. Chtěli jsme ale zjistit, jestli
se i přesto dají vypozorovat nějaké obecnější zákonitosti pro předvýběr příznaků před
spuštěním samotného výběrového algoritmu, které by vylepšily výsledek. Teoreticky je
například žádoucí používat nezávislé příznaky, protože závislé příznaky nepřinášejí další
užitečnou informaci a mohou úlohu komplikovat nebo dokonce snižovat kvalitu klasifi-
kace.
V první části popisujeme afinní momentové invarianty a způsob jejich výpočtu. Ve

druhé části se věnujeme použitým metodám pro výběr příznaků a v poslední části uka-
zujeme výsledky experimentů na reálných datech.

1 Afinní momentové invarianty

Afinní momentové invarianty jsou speciální polynomiální kombinace momentů, které mají
tu vlastnost, že jsou invariantní vůči afinní transformaci prostorových souřadnic. Díky
vlastnostem afinní transformace se nevyužívají pouze v úlohách, kde se přímo vyskytuje
afinní deformace, ale často také jako náhrada invariantů vůči projektivní transformaci.

1.1 Afinní transformace

Afinní transformací myslíme jakoukoliv lineární transformaci prostorových souřadnic ob-
rázku. Afinní transformace se dá vyjádřit následovně

x = a0 + a1x + a2y

y = b0 + b1x + b2y

Jakobiánem afinní transformace je J = a1b2 − a2b1.
Afinní transformací je například posunutí, rotace, škálování nebo zrcadlení. Afinní

transformace je významná v rozpoznávání obrazu zejména proto, že při zobrazování



Diskriminabilita afinních momentových invariantů 15

scény ze vzdálenosti, která je velká v porovnání s velikostí objektů ve scéně, je afinní
transformace dobrým přiblížením projektivní transformace. Projektivní (perspektivní)
transformace je přesným modelem pro zobrazení rovinné scény, ovšem její nevýhodou je,
že je nelineární a konstrukce invariantů vůči této transformaci je velmi složitá.

1.2 Afinní momentové invarianty

Konkrétní tvar afinních momentových invariantů se dá odvodit několika různými způsoby
(teorií algebraických invariantů, teorií grafů, tenzorovou algebrou nebo řešením vhodných
parciálních diferenciálních rovnic). Přehled těchto způsobů je popsán v [1].
Zde naznačíme jedno z možných odvození. Nejprve zaveďme označení pro geomet-

rický moment mik a centrální moment µik

mik =

�
−∞

−∞

�
−∞

−∞

xiykf (x, y)dxdy,

µik =

�
−∞

−∞

�
−∞

−∞

(x − m10/m00)
i (y − m01/m00)

k f (x, y)dxdy.

Dále nechť f je obrázek s dvěma body(x1, y1) a (x2, y2). Následující výraz označme jako
křížový produkt

C12 = x1y2 − x2y1.

Pro počet bodů r ≧ 2 a sadu přirozených čísel nkj budeme definovat výraz

I(f) =

�
−∞

−∞

�
−∞

−∞

r
∏

k,j=1

C
nkj

kj

r
∏

i=1

f (xi, yi) dxidyi.

Afinní transformaci I (f) lze vyjádřit jako

I (f)
′

= Jw |J |r I (f) ,

kde w =
∑

k,j nkj se navývá váha invariantu a r se nazývá stupeň invariantu. Pokud
normalizujeme I (f) výrazem µw+r

00 , získáme hledaný invariant vůči afinní transformaci (s
nulovým posunem). Platí tedy

(

I (f)

µw+r
00

)′

=

(

I (f)

µw+r
00

)

.

V případě záporného J a liché váhy w je třeba do rovnosti přidat faktor −1.
Nejjednodušší invariant lze získat dosazením r = 2 a n12 = 2. Potom dostaneme

I(f) =

�
−∞

−∞

�
−∞

−∞

(x1y2 − x2y1)
2 f (x1, y1) f (x2, y2) dx1dy1dx2dy2 = 2

(

m20m02 − m2

11

)

.

(1)
Nahrazením geometrických momentů centrálními momenty a normalizováním získáváme
invariant vůči obecné afinní transformaci
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I1 =
(

µ20µ02 − µ2

11

)

/µ4

00.

Maximální řád momentů vystupujících v invariantu se nazývá řád invariantu a platí,
že je vždy menší nebo roven váze invariantu.

1.3 Nezávislost afinních momentových invariantů

Pokud chceme afinní invarianty používat jako příznaky v rozpoznávacích úlohách, je
žádoucí používat nezávislé příznaky, protože závislé příznaky nepřinášejí další informaci
navíc a úlohu komplikují nebo mohou i snižovat kvalitu rozpoznání. Existují následující
druhy závislostí mezi afinními invarianty:

1. Nulové invarianty. Některé invarianty mohou být identicky rovné nule pro všechny
obrázky

2. Identické invarianty.

3. Násobky. Některé invarianty mohou být násobky několika invariantů

4. Lineární kombinace. Některé invarianty mohou být lineární kombinací jiných inva-
riantů

5. Polynomiální závislost. Invarianty jsou polynomiálně závislé pokud existuje konečný
součet násobků invariantů, který je roven nule.

Invarianty, které mají některou závislost typu 1. - 4. se nazývají reducibilní. Pro ilustraci
z celkových 2 533 942 752 invariantů s váhou menší nebo rovnou 12 (vygenerované na
základě grafů) je 2 532 349 nulových, ze zbývajících je 1 575 126 rovných jinému invari-
antu, 2 105 je násobek jiných invariantů a 14 538 je lineární kombinací jiných invariantů.
Zbývá tedy pouze 1 589 ireducibilních invariantů.
Nalezení ireducibilních invariantů je teoreticky poměrně jednoduché (i když výpočetně

už poměrně náročné). Problematické je ovšem nalezení polynomiálních závislostí. Je
známo, že z 1 589 ireducibilních invariantů do váhy 12 je možné, aby pouze 85 bylo
nezávislých, z čehož plyne, že 1 504 invariantů je polynomiálně závislých. Nalezení všech
polynomiálních závislostí je ovšem i pro nízké váhy mimo možnosti současných počítačů.

2 Metody pro výběr příznaků

Výběr vhodné podmnožiny příznaků je důležitá součást většiny úloh při rozpoznávání.
Výběrem příznaků chceme dosáhnout maximální rozlišitelnosti různých tříd. Máme D
příznaků a hledáme d (d << D) příznaků tak, abychom maximalizovali vhodné kritérium.
Proces výběru příznaků se skládá z volby metody výběru, volby vhodné kriteriální funkce
a určení počtu příznaků, které se mají vybrat.
Metody výběru se dělí na optimální a suboptimální. Optimální metody (úplné pro-

hledávání nebo algoritmus větví a mezí) jsou velmi pomalé a vhodné pouze pro úlohy s
nízkou dimenzí. My jsme používali suboptimální metody, které jsou kompromisem mezi
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rychlostí vyhledávání a optimalitou řešení. Obě metody, které jsme použili, jsou založeny
na sekvenčním vyhledávání, při kterém se přidávají nebo odebírají příznaky do nebo ze
stávající množiny. Dopředný krok (přidání jednoho příznaku do stávající množiny) pro-
bíhá tak, že se z příznaků vybere ten, který má dohromady s danou množinou příznaků
nejvyšší hodnotu kriteriální funkce. Zpětný krok probíhá tak, že je odebrán ten příznak z
dané množiny, pro který má výsledná množina(po odebrání příznaku) nejvyšší hodnotu
kriteriální funkce.
Sekvenční dopředný výběr (SFS) je jednodušší, ale často používaná metoda.

Hledáme množinu příznaků o předem danné velikosti d. Algoritmus začíná od prázdné
množiny příznaků. Opakují se dopředné kroky tak dlouho, dokud není dosaženo poža-
dované velikosti množiny příznaků. Tato metoda zohledňuje závislosti mezi příznaky, ale
její nevýhodou je, že může uváznout v lokálním maximu, protože nejde příznaky, které
byly přidány, odebírat. Vylepšení této metody, které jsme také používali, je sekvenční
plovoucí vyhledávání.
V případě sekvenčního plovoucího vyhledávání (SFFS) algoritmus opět začíná

od prázdné množiny příznaků. Po každém dopředném kroku následují zpětné kroky tak
dlouho, dokud jsou výsledné podmnožiny lepší, než ty, které byly předtím vyhodnoceny
jako nejlepší na dané velikosti množiny. Hledáme – li množinu příznaků o velikosti d, pak
algoritmus skončí po dosažení množiny o velikosti d + n (n volitelné). Tato metoda je
díky střídání sekvencí dopředných a zpětných kroků schopná nalézat dostatečně dobrá
řešení a zároveň rychlost je postačující pro většinu praktických problémů.
V naší práci jsme využívali kriteriální funkci typu wrapper, která je vždy spojena s

konkrétním klasifikátorem. Množinu obrázků je nutné rozdělit na trénovací množinu,
která je použita k nastavení klasifikátoru, a testovací množinu. Hodnotou kriteriální
funkce je potom úspěšnost klasifikace daným klasifikátorem na testovací množině. Pro
spolehlivější výsledky je možné použít několik variant trénovacích a testovacích množin a
jako hodnotu kriteriální funkce použít průměrnou úspěšnost přes těchto několik variant. V
našem případě jsme použili metodu m-fold cross-validation (jako hodnotu m jsme použili
3), při které je množina náhodně rozdělena na m částí a v každém kroku je jedna z nich
zvolena jako testovací (pro výpočet úspěšnosti) a zbývající jsou použity jako trénovací.
Jako klasifikátor jsme využívali metodu k nejbližších sousedů (k-nn). Je to kla-

sifikátor, který funguje na základě vzdáleností (v našem případě euklidovská) bodů v
příznakovém prostoru. Algoritmus hledá nejbližší body daného obrázku v příznakovém
prostoru a přiřadí ho do té třídy, která nejdříve obsahuje k bodů.
Kriteriální funkci typu wrapper jsme zvolili hlavně z toho důvodu, že závislosti mezi

invarianty jsou polynomiální a dalo se očekávat, že metody fungující na základě kore-
lace příznaků nebo předpokládající normální rozdělení příznaků tyto závislosti nedokáží
zachytit.

3 Experimenty na reálných datech

3.1 Testovací obrázky

Obrázky, které jsme při testování používali, pochází z databáze listů stromů a keřů LEAF
([4]). Databáze vznikla naskenováním a binarizováním 800 skutečných listů od 90 druhů
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Obrázek 1: Ukázka použitých obrázků. První a třetí obrázek jsou z původní databáze,
druhý a čtvrtý jsou ukázky dodatečně vytvořených obrázků pomocí projektivní transfor-
mace. Poslední obrázek je ukázkou useknutého obrázku použitém v případě 3.

stromů a keřů. Počty vzorků jednoho daného stromu (tj. jedné třídy) jsou různé. Pro naši
práci jsme zvolili těch 12 tříd, které obsahují alespoň 15 vzorků listů. I takovýto počet je
pro účely rozpoznávání nedostatečný a tak jsme k existujícím reálným vzorkům dotvořili
dodatečné umělé vzorky pozměněním původních obrázků. Z každého listu jsme vytvořili
4 transformované listy za pomoci projektivní transformace s náhodnými parametry. Pa-
rametry projektivní transformace byly ovšem nastaveny tak, aby byla velice blízká afinní
transformaci.
Následující obrázek ukazuje příklad listu z databáze a příklad dodatečných obrázků,

které jsme vytvořili projektivní transformací původního obrázku.

3.2 Výpočet afinních momentových invariantů

Pro popsanou sadu obrázků (původní i dodatečné) jsme vypočetli hodnoty všech 66
ireducibilních afinních momentových invariantů do řádu 4. Váhy všech invariantů jsou
2 až 19. Seznam těchto invariantů a kódy v MATLABU pro jejich výpočet jsme získali
z přílohy knihy [1]. Byly odvozeny grafovou metodou popsanou v [1]. Metoda vyloučení
reducibilních invariantů je také popsána v [1]. Tento soubor příznaků není nezávislý,
protože v něm existují polynomiální závislosti mezi jednotlivými invarianty.

3.3 Výběr příznaků

Pro klasifikaci jsme použili C++ knihovnu FST3 vyvinutou v ÚTIA (popsána v [3]), která
obsahuje implementaci nejpoužívanějších kriteriálních funkcí (k-nn wrapper, Mahalano-
bis, Bhattacharyya) a metod pro výběr příznaků (BIF, SFS, SFFS). V prvním kroku
klasifikace jsme množinu všech obrázků rozdělili na dvě části. Jednu pro výběr příznaků
(80% obrázků) a druhou pro závěrečné nezávislé otestování výsledného klasifikátoru (20%
obrázků).
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3.4 Výsledky

3.4.1 1. příklad

V prvním případě jsme pracovali s prvními 10 invarianty I1. . . .I10. V této množině invari-
antů je známá nezávislá podmnožina (I1, I2, I3, I4, I6, I7, I8, I9). Velikost vybírané podm-
nožiny jsme zvolili 10 (tedy všechny) a úspěšnost konkrétního invariantu jsme určovali
na základě pořadí ve výběru. Výběr příznaků jsme dělali na dvojicích tříd listů. Ze všech
12 tříd, které jsou popsány výše, jsme vytvořili všech 66 možných dvojic a na každé z
nich jsme provedli výběr příznaků.
K výběru jsme použili metody SFS a SFFS. Všimli jsme si, že v některých případech

při metodě SFS došlo k uvíznutí v lokálním maximu. Ovšem při porovnání obou metod
na celém zkoumaném souboru dvojic se ukázalo, že obě metody dávají velmi podobné
celkové výsledky.
Výsledky výběru jsou zobrazeny na obrázku 2 vlevo. Řádky odpovídají invariantům

(první řádek reprezentuje invariant I1, atd.), sloupce jednotlivým dvojicím tříd. V kaž-
dém řádku je barevně znázorněno pořadí, v kterém byl daný invariant vybrán při klasi-
fikaci na dané dvojici tříd. Černá/bílá barva znamená, že daný příznak byl vybrán jako
první/poslední. Na obrázku je vidět velká úspěšnost příznaku I1, částečně také I2, I6 a
I7. Naopak I5 a I10 jsou vybírány často jako poslední.
Jeden z možných důvodů je jejich závislost na ostatním příznacích ve skupině (první

desítka invariantů bez příznaků I5 a I10 jsou největší nezávislá podmnožina první desítky
invariantů). Dalším důvodem může být lichá váha invariantů I5 a I10. Obrázky listů
můžou být symetrické a na symetrických obrázcích jsou invarianty liché váhy rovny nule,
čímž se ztrácí jejich diskriminační síla. K vyloučení tohoto důvodu jsme zkusili snížit
symetričnost klasifikovaných obrázků useknutím části listu (příklad na obr. 1 vpravo).
Výsledek této klasifikace je na obrázku 2 vpravo. Úspěšnost invariantů I5 a I10 se na
nesymetrických obrázcích ale nezlepšila. Z toho vyplývá, že lichá váha těchto příznaků
není zřejmě důvodem jejich špatné diskriminační síly.

3.4.2 2.příklad

V dalším případě jsme testovali všech 66 ireducibilních invariantů do řádu 4. Závislosti
mezi těmito invarianty nejsou teoreticky úplně prozkoumány. Přitom jen 9 z těchto 66
invariantů může být nezávislých. Velikost vybírané podmnožiny jsme zvolili 3. Výběr jsme
jako v předchozím případě prováděli na každé z 66 vytvořených dvojic tříd.
Výsledek metody SFFS pro obrázky celých listů je na obrázku 3. Výsledek metody

SFFS pro useknuté listy je na obr. 4. V obou případech jsou nejvíce vybírány počáteční
invarianty. Z invariantů vyšších řádů je výrazně úspěšný I28. Možným důvodem je nízká
váha invariantu I28 ve srovnání s okolními invarianty. V obou případech jsou upřed-
nostňovány invarianty nižších řádů nebo s nízkou váhou. Důvodem by mohl být nižší
řád momentů a menší počet sčítanců v těchto invariantech a tudíž jejich vetší robust-
nost a menší náchylnost k numerickým chybám (numerická chyba je menší v porovnání
s informací obsaženou v příznaku).
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Obrázek 2: Výsledky 1. případu (výběr na invariantech I1, ..., I10). Obrázek vlevo je vý-
sledkem na první sadě obrázků (bez useknutí). Obrázek vpravo je výsledkem na useknu-
tých obrázcích.
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Obrázek 3: Výsledek 2. případu (výber 3 příznaků z 66 invariantů metodou SFFS) na
původních (neuseknutých obrázcích). Sloupec odpovídá indexu invariantu a výška sloupce
počtu výbrání.
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Obrázek 4: Výsledek 2. případu (výber 3 příznaků z 66 invariantů metodou SFFS) na
useknutých obrázcích. Sloupec odpovídá indexu invariantu a výška sloupce počtu výbrání.

Závěr

V naší práci jsme použili afinní momentové invarianty ke klasifikaci reálných obrázků
(databáze listů doplněná dodatečnými transformovanými obrázky). K výběru příznaků
jsme použili několik standardních metod a snažili jsme se na základě výsledků nalézt
nějaké zákonitosti nebo rady pro výběr příznaků.
Zjišťovali jsme, jak si metody na výběr příznaků poradí se skutečností, že mezi 66

invarianty s kterými jsme pracovali, je možné vybrat maximálně devítičlennou nezávislou
množinu, přičemž závislosti mezi invarianty jsou i nelineární. V prvním případě (výběr
z 10 příznaků) bylo jasně vidět, že příznaky I5 a I10, o kterých víme, že jsou součástí
polynomiální závislosti uvnitř první desítky příznaků, jsou při výběru velice neúspěšné.
Je ale možné, že to může spíše souviset s nějakou jejich samostatnou vlastností (oproti
nezávislosti, což je vlastnost skupiny příznaků), jelikož úspěšnost klasifikace na základě
těchto příznaků při použití pouze jednoho příznaku byla výrazně horší než v případě
jiných příznaků v první desítce invariantů.
Z teorie je zřejmé, že je výhodné klasifikaci dělat jen na nezávislých příznacích, ale

díky existenci polynomiálních závislostí je nezávislá množina známá jen v první desítce
invariantů (8 příznaků je nezávislých). Na datech, s kterými jsme pracovali, bylo nejčastěji
maximální úspěšnosti dosaženo za pomocí dvou nebo tří příznaků a přidávání dalších
příznaků již úspěšnost nezlepšovalo. Z tohoto důvodu v našem případě nehráli závislosti
tak velkou roli (existuje mnoho nezávislých množin invariantů o velikosti dva nebo tři)
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a proto byly v některých případech upřednostňovány příznaky i s vysokým pořadovým
číslem, které se hodily na konkrétní dvojici tříd. Pro detailnější prozkoumání chování
výběrových metod vůči závislostem mezi invarianty by bylo třeba použít data, pro jejichž
klasifikaci je zapotřebí více příznaků.
Škála úspěšných příznaků je poměrně široká, ale není rovnoměrná, z čehož plyne, že

konkrétní úspěšné příznaky závisejí na konkrétní dvojici tříd a není možné předem za
pomoci teorie odhadnout, které příznaky budou pro daná data úspěšnější. V přítomnosti
složitých závislostí mezi invarianty ovšem nelze plně spoléhat na spolehlivost výběru po-
mocí metod na výběr příznaků (zejména v případě metod pracujících na základě korelací
nebo normálních rozdělení) a je nutné využívat teoreticky známých nezávislých příznaků
společně s příznaky vybranými výběrovými metodami.
Zajímavým zjištěním práce bylo, že pro klasifikaci jsou upřednostňovány příznaky s

nízkým pořadovým číslem, zejména z první desítky. Našlo se ale i velké množství úspěš-
ných invariantů s vyšším pořadovým číslem. Většinou je spojovalo to, že mají v porovnání
s okolními příznaky nižší váhu nebo řád. Důvodem je zřejmě to, že takovéto příznaky jsou
díky nižším řádům momentů a menšímu počtu členů odolnější vůči numerickým chybám
(z důvodu vzorkování) a míra informace v nich je oproti velikosti numerické chyby vý-
znamnější.
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26 D. DombekDe�nition 1. Let b ∈ R, |b| > 1 be a base and 
onsider x ∈ [l, l + 1), where l ∈ R isarbitrary �xed. We de�ne the b-expansion of x as the digit string d(x) = x1x2x3 · · · , withdigits xi given by
xi = ⌊bT i−1(x) − l⌋ , (1)where T (x) stands for the b-transformation

T : [l, l + 1) → [l, l + 1) , T (x) = bx − ⌊bx − l⌋ . (2)It holds that
x =

x1

b
+

x2

b2
+

x3

b3
+ · · ·and we use the notation d(x) = x1x2x3 · · · . Let us remark that the 
ase b = β > 1, l = 0
oin
ides with Rényi de�nition of β-expansions and the 
ase b = −β < −1, l = − β

β+1
orresponds to Ito and Sadahiro (−β)-expansions.In the following we 
onsider the negative base 
ase b = −β < −1 with the 
ondition
l ∈ (−1, 0]. This 
hoi
e of l guarantees the existen
e of (−β)-expansions of all realnumbers. The set of digits used in (−β)-expansions depends on the 
hoi
e of both β and
l and 
an be 
al
ulated dire
tly from (1) as

A−β,l =
{
⌊−l(β + 1) − β⌋, . . . , ⌊−l(β + 1)⌋

}
. (3)Let x ∈ R. Thanks to the fa
t that 0 ∈ [l, l + 1), there exists an integer k, su
h that

x
(−β)k ∈ [l, l +1) and d

(
x

(−β)k

)
= xkxk−1xk−2 · · · . The (−β)-expansion of x is then de�nedas

〈x〉−β = xkxk−1 · · ·x1x0 • x−1x−2 · · · .Note that the similar pro
edure works also for all 
ases b = β > 1 with l ∈ (−1, 0] andit gives unique expansions of all reals. However, the uniqueness of 〈x〉−β in the negativebase 
ase will still have to be dis
ussed.2 (−β)-admissibilityThe so-
alled alternate order was used in the admissibility 
ondition by Ito and Sadahiroand it will work also in the general 
ase. Let us re
all the de�nition. For the strings
u, v ∈ (A−β,l)

N , u = u1u2u3 · · · and v = v1v2v3 · · ·we say that u ≺alt v (u is less than v in the alternate order) if um(−1)m < vm(−1)m,where m = min{k ∈ N | uk 6= vk}. Note that standard ordering between reals in [l, l+1)
orresponds to the alternate order on their respe
tive (−β)-expansions.De�nition 2. An in�nite string x1x2x3 · · · of integers is 
alled (−β)-admissible (or justadmissible), if there exists an x ∈ [l, l+1) su
h that x1x2x3 · · · is its (−β)-expansion, i.e.
x1x2x3 · · · = d(x).We give the 
riterion for (−β)-admissibility (proven in [3]) in a form similar to bothParry lexi
ographi
 
ondition (see [7℄) and Ito-Sadahiro admissibility 
riterion (see [6℄).



Antimorphisms Generating (−β)-integers 27Theorem 3. ([3℄) An in�nite string x1x2x3 · · · of integers is (−β)-admissible, if and onlyif
l1l2l3 · · · �alt xixi+1xi+2 · · · ≺alt r1r2r3 · · · , for all i ≥ 1, (4)where l1l2l3 · · · = d(l) and r1r2r3 · · · = d∗(l + 1) = limǫ→0+ d(l + 1 − ǫ).3 (−β)-integersIn the following, (−β)-admissibility will be used to de�ne the set of (−β)-integers. How-ever a further dis
ussion 
on
erning the uniqueness of (−β)-expansions is needed. In thefollowing example we show, that non-invarian
e of the interval [l, l +1) under division by

−β 
an 
ause problems.Example 4. Let β be the greater root of the polynomial x2 − 2x − 1, i.e. β = 1 +
√

2,and let [l, l + 1) =
[
− β9

β9+1
, 1

β9+1

). Note that 1
−β

[l, l + 1) /∈ [l, l + 1).If we want to �nd the (−β)-expansion of number x /∈ [l, l + 1), we have to �nd su
h
k ∈ N that x

(−β)k ∈ [l, l+1), and then use d
(

x
(−β)k

) to get the expansion of x. The problemis that, in general, di�erent 
hoi
es of the exponent k may give di�erent (−β)-admissibledigit strings whi
h all represent the same number x.Let us �nd possible (−β)-expansions of 1. It 
an be shown that by various 
hoi
es of
k we obtain �ve possible expansions:

1 • 0ω = 120 • 0ω = 13210 • 0ω = 1322210 • 0ω = 132222210 • 0ω .However, only one of these digit strings possesses the property of being admissible even ifwe add the pre�x 0 to its left end. For all x ∈ R, β > 1 and l ∈ (−1, 0], this unique digitstring exists and we use it to de�ne the unique 〈x〉−β for all real x.De�nition 5. Let β > 1, l ∈ (−1, 0]. The set of (−β)-integers is de�ned as
Z−β =

{
x =

k−1∑

i=0

ai(−β)i
∣∣∣ 0ak−1ak−2 · · ·a1a00

ω is admissible} .A phenomenon unseen in Rényi numeration arises, there are 
ases when the set of
(−β)-integers is trivial, i.e. when Z−β = {0}. This happens if and only if both numbers
1
β
and − 1

β
are outside of the interval [l, l + 1). This 
an be reformulated as

Z−β = {0} ⇔ β < −1

l
and β ≤ 1

l + 1
.Let us de�ne a �value fun
tion� γ. Consider a �nite digit string xk−1 · · ·x1x0, then

γ(xk−1, · · ·x1x0) =
∑k−1

i=0 xi(−β)i. In order to des
ribe distan
es between adja
ent (−β)-integers, we will study ordering of �nite digit strings in the alternate order. Denote by
S(k) the set of in�nite (−β)-admissible digit strings su
h that erasing a pre�x of length
k yields 0ω, i.e. for k ≥ 0, we have

S(k) = {ak−1ak−2 · · ·a00
ω | ak−1ak−2 · · ·a00

ω is (−β)-admissible} ,



28 D. Dombekin parti
ular S(0) = {0ω}. For a �xed k, the setS(k) is �nite. Denote by Max(k) themaximal element in S(k) with respe
t to the alternate order and by max(k) its pre�x oflength k, i.e. Max(k) = max(k)0ω. Similarly, we de�ne Min(k) and min(k). Thus,
Min(k) �alt r �alt Max(k) , for all digit strings r ∈ S(k).Theorem 6. ([1℄) Let x < y be two 
onse
utive (−β)-integers. Then there exist a �nitestring w over the alphabet A−β,l, a non-negative integer k ∈ {0, 1, 2, . . .} and a positivedigit d ∈ A−β,l\{0} su
h that w(d−1)Max(k) and wdMin(k) are strongly (−β)-admissiblestrings and

x = γ(w(d − 1) max(k)) < y = γ(wd min(k)) for k even,
x = γ(wd min(k)) < y = γ(w(d − 1) max(k)) for k odd.In parti
ular, the distan
e y−x between these (−β)-integers depends only on k and equalsto

∆k :=
∣∣∣(−β)k + γ

(
min(k)

)
− γ

(
max(k)

)∣∣∣ . (5)4 Coding Z−β by an in�nite wordLet us now des
ribe how we 
an 
ode the set of (−β)-integers by an in�nite word overthe in�nite alphabet N.Let (zn)n∈Z be a stri
tly in
reasing sequen
e satisfying
z0 = 0 and Z−β = {zn | n ∈ Z} .We de�ne a bidire
tional in�nite word over an in�nite alphabet v−β ∈ NZ, whi
h 
odesthe set of (−β)-integers. A

ording to Theorem 6, for any n ∈ Z there exist a unique

k ∈ N, a word w with pre�x 0 and a letter d su
h that
zn+1 − zn =

∣∣γ(w(d − 1) max(k)) − γ(wd min(k))
∣∣ .We de�ne the word v−β = (vi)i∈Z by vn = k.Theorem 7. ([1℄) Let v−β be the word asso
iated with (−β)-integers. There exists anantimorphism Φ : N∗ → N∗ su
h that Ψ = Φ2 is a non-erasing non-identi
al morphismand Ψ(v−β) = v−β. Φ is always of the form

Φ(2l) = S2l(2l + 1)R̃2l and Φ(2l + 1) = R2l+1(2l + 2)S̃2l+1 ,where ũ denotes the reversal of the word u and words Rj, Sj depend only on j and on
min(k), max(k) with k ∈ {j, j + 1}.As it turns out, in some 
ases (mostly when referen
e strings l1l2l3 · · · and r1r2r3 · · ·are eventually periodi
 of a parti
ular form) we 
an �nd a letter-to-letter proje
tion to a�nite alphabet Π : N → B with B ⊂ N, su
h that u−β = Πv−β also en
odes Z−β and itis a �xed point of a an antimorphism ϕ = Π ◦ Φ over the �nite alphabet B. Clearly, thesquare of ϕ is then a non-erasing morphism over B whi
h �xes u−β .Let us mention that (−β)-integers in the Ito-Sadahiro 
ase l = − β

β+1
are also subje
tof [9℄. For β with eventually periodi
 d(l), Steiner �nds a 
oding of Z−β by a �nitealphabet and shows, using only the properties of the (−β)-transformation, that the wordis a �xed point of a non-trivial morphism. Our approa
h is of a 
ombinatorial nature,follows a similar idea as in [1℄ and shows existen
e of an antimorphism for any base β.
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Abstract. Identification of acoustic sources is a great deal and the most important problem
emerging in biomedical applications and nondestructive testing. We present the basics of time
reversal Acoustic Emission (AE) principle and point out the advantages of AE nondestructive
testing for localization and classification of acoustic sources. This approach provides the tool
for the defect localization by means of the reversal wave focusing in nonlinearity position in
the material under consideration. Also, using time reversal (TR) acoustics to AE signal, we
are able to perform so-called experimental deconvolution. That means we are able by means of
TR acoustics to eliminate the influence of material properties and AE sensor characteristics in
measured signal. Consequently, we obtain convolutional signal in the closest neighborhood of
acoustic source, which gives us the pure image of the real characteristics of AE source after de-
convolution process applied to the signals detected. We describe the mathematical background
for backside deconvolution through the Green functions. Further, we derive basis for experi-
mental deconvolution by means of time reversal acoustics and Fourier transform. Finally, we
design the laboratory settings realizing experiments for AE signal deconvolution of the reversed
signals measured by the AE sensor centering to the position of the defect. Our first experiment
of experimental deconvolution was measured at the Institute of Thermomechanics, Academy of
Science of the Czech Republic, on small aircraft component – a steering actuator bracket. This
experiment confirmed our expectation.

The whole contribution will be published in Proceedings of NDT in Progress 2011,
10.–12.10.2011, Prague.

Keywords: TRA, Green function, experimental deconvolution, acoustic emission

Abstrakt. Určováńı zdroje akustické emise je velmi d̊uležitou úlohou jak v biomedicinálńıch
aplikaćıch tak i v nedestruktivńım testováńı materiál̊u. V článku shrnujeme základy time
reverzálńı akustiky (TRA) a výhody aplikace akustické emise při klasifikaci a lokalizaci defekt̊u
v materálech. Použit́ı time reverzńı akustiky pro hledáńı nelinearit v materiálu je účinným pos-
tupem pro lokalizaci defekt̊u. Pomoćı TRA jsme schopni též provést tzv. experimentálńı dekon-
voluci, tedy jsme schopni pomoćı TRA odstranit vliv materiálových vlastnost́ı na měřený signál.
Tı́m dostáváme signál, jež je velmi podobný p̊uvodńımu signálu ze zdroje akustické emise, a
tud́ıž jsme schopni přesněji určit typ zdroje akustické emise. V práci popisujeme matematický
základ pro dekonvoluci a vlastnosti Greenovy funkce. Dále jsme odvodili základy experimentálńı
dekonvoluce pomoćı TRA a Fourierovy transformace. Rovněž jsme navrhli experiment, kde jsme
porovnali klasifikaci před a po experimentálńı dekonvoluci. Tento náš experiment byl proveden
na Ústavu termomechaniky, Akademie věd ČR na malé součástce letadlového podvozku, která
byla podrobena zátěžovému testu.
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Celý článek byl uplikován v Proceedings of NDT in Progress 2011, 10.–12.10.2011,
Prague.
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al Engineering, CTU in Pragueadvisor: Jan Ámos Ví²ek, Department of Ma
roe
onomi
s and E
onometri
s,Fa
ulty of So
ial S
ien
es, Institute of E
onomi
 Studies, Charles Universityin PragueAbstra
t. In this paper we introdu
e the robusti�ed version of total least squares, 
alled totalleast trimmed squares. This method is the proper estimation in error-in-variables model, ifoutliers in datasets o

ur. We give di�erent formulations of the estimator, obtain its breakdownpoint and show some properties. We summarize main information and re
ent developments inalgorithms and 
omputation. Small 
omputational experiments on sets of ben
hmark instan
esshow that the proposed algorithms performs well and gives reasonable estimation in su�erable
omputational time.Keywords: robust regression analysis, error in variables mode, robusti�ed total least squares, to-tal least trimmed squares, mixed least trimmed squares - total least trimmed squares, breakdownpoint.Abstrakt. V tomto £lánku p°edstavíme robustní verzi metody nejmen²í
h totální
h £tver
·nazvanou totální nejmen²í usekané £tver
e. Tato metoda je vhodná zejména pro modely kde jejak závislá tak nezávislá prom¥nná m¥°ena s náhodnou 
hybou a v date
h se mohou vyskytovatodlehlá pozorování. Uvedeme r·zné formula
e odhadu, spo£teme jeho bod zlomu a ukáºemen¥které jeho vlastnosti. Dále shrneme nejnov¥j²í vývoj ve zp·sobu výpo£tu totální
h nejmen²í
husekaný
h £tver
· a p°edstavíme vhodné algoritmy. Nakone
 provedeme n¥kolik experiment·na vzorku testova
í
h dat s r·znými parametry, které nám ukáºí, ºe odhad dává rozumná °e²enív p°ípustném výpo£etním £ase.Klí£ová slova: robustí regresní analýza, metoda robusti�kovaný
h totální
h £tver
·, metodatotální
h nejmen²í
h usekaný
h £tver
·, bod zlomu, invariantnost odhad·1 Introdu
tionThe total least square (TLS) method is one of several linear parameter estimation methodthat has been proposed to solving a multivariate measurement error models. Let us
onsider the overdetermined set of linear equations
Y ≈ Xβ0,where Y ∈ R

n×1 is ve
tor of response (dependent) variable, X ∈ R
n×p matrix of predi
-tors (independent variables), β0 ∈ R

p×1 unknown parameter ve
tor and we have more33



34 J. Fran
equations than unknowns, i.e. n > p. Our aim is to �nd su
h a linear model that ex-plains the data set. The 
lassi
al regression approa
h, su
h as ordinary least squares(OLS) te
hnique, assumes that the matrix X (measurements of independent variables)is error free and hen
e, all errors are 
on�ned to the dependent variable. When this
ondition is broken, then not only OLS estimate of parameter β0 is in
onsistent. Theassumption of error free measurements of response variable is frequently unrealisti
, es-pe
ially in e
onometri
s or engineering appli
ations were human, sampling or modelingerrors o

ur. The TLS method is motivated by this asymmetry, where the dependentvariable Y is 
orre
ted while the independent variables X not. The idea is to modify(
orre
t) all data points in su
h a way that some norm of the 
orre
tion is minimized sub-je
t to the 
onstraint that that the 
orre
ted ve
tors satisfy a linear relation. Althoughthe history of TLS te
hnique is very long and the method is also known as orthogonalregression or errors-in-variables method, it be
ame popular as lately as in last 20 yearsafter the paper of Golub and Van Loan [2℄ and book of Van Hu�el and Vandewalle [12℄.The good paper that summarizes the re
ent development in TLS is [5℄. A

ording tothese works we de�ne the ordinary total least squares.Given an overdetermined set of linear equations Y ≈ Xβ0. The total least squaresproblem seeks to
β̂(TLS,n) = min

β∈Rp,[ε,Θ]∈Rn×(p+1)
‖[ε,Θ]‖F subje
t to Y + ε = (X + Θ)β. (1)

β̂(TLS,n) is 
alled a TLS solution to the problem (1) and [ε,Θ] is 
alled the 
orrespondingTLS 
orre
tion.The suitable norm used in previous de�nition of the TLS problem is 
alled the Frobe-nius norm and for the matrix X is de�ned as follows
‖X‖F =

√

√

√

√

n
∑

i=1

p
∑

i=1

x2
ij =

√tra
e(XTX) =

√

√

√

√

min{n,p}
∑

i=1

σ2
i =

√

√

√

√

rank(X)
∑

i=1

σ2
i ,where σi's are the singular values of the matrix X.Let us 
onsider an n-element point set P ∈ R

p+1, whose ith point is denoted by pi,i.e.pi = (Xi,1, . . . , Xi,p, Yi)
T . A model parameter ve
tor β 
orresponds to a p-dimensionalhyperplane, whi
h we will denote by ρ(β) or simply ρ. The residual di(ρ) is de�nedto be the signed orthogonal distan
e from ρ to pi. In this formulation the total leastsquares problem is equivalent to 
omputing the hyperplane that minimizes the sum ofthe squared orthogonal distan
es from the data points pi to the �tting hyperplane ρ. Thenormal ve
tor of the hyperplane ρ is ν =

[

βT ,−1
]T and the formula for the orthogonaldistan
e of point pi ∈ R

p+1 from the hyperplane ρ is
∣

∣νT (A − pi)
∣

∣

‖ν‖ ,
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an formulate the total least square problem as
β̂(TLS,n) = arg min

β∈Rp

n
∑

i=1

∣

∣νT (A − pi)
∣

∣

2

‖ν‖2 = arg min
β∈Rp

n
∑

i=1

∣

∣

∣

∣

[

βT ,−1
]

[

Xi

Yi

]
∣

∣

∣

∣

2

‖[βT ,−1]‖2

= arg min
β∈Rp

1

1 + ‖β‖2

n
∑

i=1

|Yi − Xiβ|2 = arg min
β∈Rp

‖Yi − Xiβ‖
√

1 + ‖β‖2
. (2)It tell us that while the OLS minimizes a sum of squared residuals (verti
al distan
es),TLS minimizes a sum of weighted squared residuals. The TLS weights the residuals bymultiplying them with inverse of the 
orresponding error 
ovarian
e matrix in order toderive a 
onsistent estimate. In spite of the TLS theory 
onne
ts the algebrai
 and nu-meri
al mathemati
s with statisti
s, there are not so many papers from the statisti
alpoint of view. The introdu
tion into this �eld is for example in [10℄ and for further read-ing we 
an re
ommend [9℄ and [11℄.In pra
ti
e multivariate datasets 
ontain often outliers, that is, data points that devi-ate from the usual assumptions or from the linear pattern formed by the majority of thedata. If we apply 
lassi
al statisti
al method su
h as TLS to these datasets we 
an obtaina misleading estimation. Our goal is to develop methods based on TLS te
hnique thatare robust against the possibility that one or several outliers may o

ur anywhere in thedata. We fo
us on high-breakdown methods, whi
h 
an deal with a substantial fra
tionof outliers in the data and is 
omputationally e�
ient. We 
onsider the idea of trimmingbad observations proposed in least trimmed squares estimator (LTS) by Rousseeuw [6℄and adapt it to TLS.2 Total least trimmed squaresThe total least trimmed squares method (TLTS) is based on the prin
iple of robusti�-
ation of OLS introdu
ed by Rousseeuw [6℄ and developed by Rousseeuw and Leroy [7℄.The estimator is based on the trimming of in�uential points, whi
h is supposed to beoutliers, and minimizes the sum of the h smallest squared orthogonal distan
es of datapoints pi's from the pth dimensional �tting hyperplane ρ(β).The j-th orthogonal distan
es is denoted by dj(β) and de�ned by

dj(β) =

∣

∣Yj − XT
j β

∣

∣

‖[−1, βT ]‖ .The TLTS estimation is de�ned by
β̂(TLTS,n,h) = arg min

β∈Rp

h
∑

i=1

d2
(i),where h is an optional parameter 
alled 
overage and satisfying n

2
≤ h ≤ n, d2

(i) is the
i-th least squared orthogonal distan
e, i.e. for any β ∈ R

p

d2
(1)(β) ≤ d2

(2)(β) ≤ . . . ≤ d2
(n)(β).
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Sin
e TLTS has the in�nite lo
al sensitivity, we 
an de�ne the total least weighted squares(TLWS) estimator. TLWS is based on the idea of an impli
it weighting and multiply thesquared orthogonal distan
es by a weights from 〈0, 1〉. The de�nition and more details arein [1℄. However, TLTS gives in overwhelming majority su�
iently good results as TLWSand for small datasets we have for TLTS in 
ontrast to TLWS an useable exa
t algorithm.If we 
onsider the model with inter
ept or some 
olumns of X are known exa
tly,the TLS solution does not give the a

urate estimation. It is natural to require that the
orresponding 
olumns of the data matrixX be unperturbed sin
e they are known exa
tly.The generalization of the TLTS approa
h is 
alled mixed least trimmed squares - totalleast trimmed squares (LTS-TLTS) estimator and it minimizes the sum of the h smallestsquared distan
es, whi
h is given as the sum of both parts (orthogonal and verti
al).To solve the mixed LTS-TLTS problem we us QR fa
torization. At �rst we solve theordinary TLS problem of redu
ed dimension and after that we 
ompute the 
omponents
orresponding to non-perturbed variables. The detailed des
ription of 
lassi
al mixedLS-TLS is in [12℄ and the proper de�nition of its robusti�ed version in [1℄.3 Properties of total least trimmed squaresTLTS has some ni
e properties and may be
ome the most popular robust estimation te
h-nique for error-in-variables models as LTS is for 
lassi
al regression. The �rst importantproperties is that the solution of TLTS always exists. The TLTS estimator minimizesthe obje
tive fun
tion ∑h

i=1 d2
(i), where h is to be 
hosen between n/2 and n. This isequivalent to �nding the subset of size h with the smallest TLS obje
tive fun
tion. TheTLTS estimate of the unknown parameter β0 is then the TLTS estimate of that subset.Sin
e we want to have robust estimator, we have to show the resistan
e of TLTSagainst the o

urren
e of outliers. The most widely used measure of robustness is the�nite sample breakdown value (breakdown point), whi
h is a global measure of reliabilityand says when an estimator �still gives some relevant information�. The breakdown valueof a regression estimator T at a dataset D is the smallest fra
tion of outliers that 
anhave an arbitrarily large e�e
t on breakdown value. It is denoted by ε∗n(T,D) and theformally de�nition, due to [3℄ is following.Let D = {(X1,1, . . . , X1,p, Y1), . . . , (Xn,1, . . . , Xn,p, Yn)} be a sample of n data points,and let T be a regression estimator so that β̂ = T (D). Consider all possible 
orruptedsamples D

′ (submatrix of D) that are obtained by repla
ing any m of the original datapoints by arbitrary values.The breakdown value of the estimator T at the sample D is de�ned as
ε∗n(T,D) := min

{

m

n
; sup

D′

‖T (D′) − T (D)‖ = ∞
}

.If supD′ ‖T (D′) − T (D)‖ is in�nite, this means that m outliers 
an have an arbitrary largee�e
t on T then the estimator �breaks down�. So the breakdown value is the smallest
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tion of 
ontamination that 
an 
ause the estimator T fails. Note that this break-down value usually does not depend on given dataset D and depends only slightly onthe sample size n. The limit of ε∗n(T ) for n → ∞ gives the asymptoti
 breakdown value
ε∗(T ) whi
h is the value that is usually 
alled breakdown point of given estimator anddenotes in per
ents. For robust estimators, the breakdown point should be more than0 % and the highest breakdown point that 
an be a
hieved is 50%, this estimators are
alled high-breakdown.If the data 
ome from a 
ontinuous distribution, the breakdown point of the TLTSestimator for any integer h with [(n + p + 1)/2] ≤ h ≤ n is

ε∗n(TLTS, h) =
n − h + 1

n
.The maximum breakdown value is rea
hed for h = [(n + p + 1)/2], when the breakdownpoint ε∗(TLTS, h) = 50%, whereas h = n gives the TLS estimator with breakdown pointequal to 0%. To prove the previous statement we have to �nd lower and upper bound.First we show that ε∗n(TLTS, h) ≤ (n − h + 1)/n. From the de�nition of the breakdownpoint is obvious that we have to show, that we 
an always 
onstru
t a 
orrupted sample

D
′ with (n − h + 1) observations, su
h that the TLTS estimation breaks down. Let usde�ne β̂ = β̂TLTS,n,h(D), β̂ ′ = β̂TLTS,n,h(D′), and take some M > β. Further de�ne

MX = maxi ‖Xi‖. Now we set all (n − h + 1) 
orrupted observation equal to the point
(X, Y ) = (X, MxM

2 + K) for whi
h ‖X‖ = Mx and K > 0. These repla
ed observationssatisfy
|Xiβ| ≤ ‖Xi‖‖β‖ < ‖X‖M = MxM < MxM

2 + K = Yand thus
di(β) =

|Yi − XT
i β|

‖[−1, βT ]‖ ≥ |Yi| − |XT
i β|

√

1 + ‖βT‖2
≥ MxM

2 + K − MxM√
M2 + 1

=
MxM(M − 1) + K√

M2 + 1
.Sin
e (n − h + 1) > n − h we obtain

h
∑

i=1

d2
(i) >

MxM(M − 1) + K

M2 + 1and sin
e we 
an 
hoose K arbitrary large the minimum of the obje
tive fun
tion of TLTSwill not be rea
hed for ‖β‖ < M . As ‖β ′‖ ≥ M and letting M go to in�nity 
auses theTLTS estimation to break down. The lower bound needs more 
ompli
ated 
onstru
tion,but the proof is similar as in previous 
ase and as for the LTS estimation (see [7℄ 
hapter3). It has to be shown that if we repla
ed n − h points in the original sample the TLTSestimation does not break down, i.e. ‖β − β ′‖ is bounded.The upper bound we have to prove by another way than Rousseeuw and Leroy did in[7℄ for LTS. They showed that any regression equivariant estimator T satis�es
ε∗n(T,D) ≤

n−p

2
+ 1

n
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at all samples D. But unfortunately our TLTS estimator does not have this desirableproperty.We 
an mention that any estimator β̂ is
• regression equivariant if β̂(X,Y +Xv) = β̂(X,Y)+v, where v is any p× 1 ve
tor.
• s
ale equivariant if β̂(X, cY) = cβ̂(X,Y) , where c is any s
alar.
• matrix a�ne equivariant if β̂(XA,Y) = A

−1β̂(X,Y) , where A is any p × p non-singular matrix.It is easy to prove by �nding simple univariate examples that both ordinary TLS andTLTS do not satisfy any mentioned equivarian
e. We proved it on 
omputer for smalldatasets with 10 observations.As well as most robust estimators, if we want to use TLTS, we have to make a 
ompro-mise between robustness and e�
ien
y. If we do not have any prior information about theo

urren
e of outliers, but we are sure that the data 
ontains less than 25% of 
ontamina-tion, a good 
ompromise between breakdown point and statisti
al e�
ien
y is obtainedby putting h = floor(0.75 · n), yielding an breakdown point of 25%.The investigation of further properties su
h as 
onsisten
y or asymptoti
 normality istask of future work.4 Computation of total least trimmed squaresThe 
omputation of LTS estimates is not a straightforward task. The optional fun
tionof TLTS is 
ontinuous, non-
onvex, non-di�erentiable and has multiple lo
al minima,whose number 
ommonly rises with the number of observations and unknowns. It isobvious that the TLTS estimator 
oin
ides with the TLS estimator for the subset of hobservations whose sum of squared orthogonal distan
es is minimal. Sin
e the 
lassi
al�nite exhaustive algorithm has to 
ompute the sum of squared orthogonal distan
es forall (

n

h

) subsets, for large datasets in high dimensions it is pra
ti
ally not feasible to �ndthe exa
t solution. In [1℄ we proposed the non-exhaustive exa
t algorithm based on abran
h-and-bound (BAB) te
hnique. This BAB algorithm slightly extends the set, forthat we 
an 
ompute the exa
t solution, but still the number of observations should beless than 60 and p < 6. For larger datasets with more observations and unknowns it isne
essary to use some approximating algorithm. We developed the resampling algorithmfor TLTS based on the idea of PROGRESS algorithm for LTS proposed by Rousseeuwand Leroy [7℄ and improved into FAST-LTS algorithm by Rousseeuw and Van Driessen in[8℄. The algorithm is very simple and aims to �nd the h-subset whi
h yields the smallestobje
tive fun
tion. The algorithm usually �nds a lo
al minimum whi
h is 
lose to theglobal minimum, but not ne
essarily equal to that global minimum. A key element of thealgorithm is the fa
t that starting from any h-subset, it is possible to 
onstru
t anotherh-subset yielding a lower value of the obje
tive fun
tion.
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ription of this algorithm is following:
• suppose we have an h-subset Hold with 
orresponding TLS-estimate β̂

(TLS,n)
old ,

• 
ompute the orthogonal distan
es di for all points from the hyperplane ρ(β̂
(TLS,n)
old ),

• set Hnew := {h observations with smallest orthogonal distan
es di}.The TLS estimate β̂
(TLS,n)
new , based on Hnew, and its 
orresponding orthogonal distan
esthen yield a value of the obje
tive fun
tion that is smaller or equal to that of Hold. Theidea of the algorithm is to 
onstru
t many di�erent initial h-subsets, apply previous stepsuntil 
onvergen
e, and keep the solution with the lowest value of the obje
tive fun
tion. Ifwe have small datasets and we 
onstru
t the initial h-subset from a random (p+1)-subsetmore than thousand times, we usually obtain the global minimum. For large datasets we
an not verify the optimality of the solution.In spite of the algorithm gives reasonable estimations and is very fast, Hawkins andOlive [4℄ proved that elemental 
on
entration algorithms are zero breakdown and thatelemental basi
 resampling estimators are zero breakdown and in
onsistent. For examplethe breakdown point of 
on
entration algorithms that use K elemental starts is boundedabove by K/n. For example if 100 starts are used and n = 10000, then the breakdownvalue is at most 1%. To 
ause a algorithm to break down, simply 
ontaminate oneobservation in ea
h starting elemental set. Sin
e K elemental starts are used, at most

K points need to be 
ontaminated. Consequently, for small datasets we are using exa
tBAB algorithm, whi
h gives robust estimation and for large datasets we tried to use asmu
h as possible starting elemental sets.5 Ben
hmark instan
esIn this small experimental study we use three widely used ben
hmark instan
es. All ofthem are taken from [7℄ and have been studied by many statisti
ians in robust literature,who in 
ontrast to us assumed that independent variables were measured exa
tly and allrandom error is only in dependent variable.The �rst dataset is Hertzsprung-Russell Diagram of the Star Cluster CYG OB1, whi
h
ontains 47 stars in the dire
tion of Cygnus, from C.Doom. The independent variableX isthe logarithm of the e�e
tive temperature at the surfa
e of a star and Y is the logarithmof its light intensity. The model with inter
ept is 
onsider. Four stars, 
alled giants, havelow temperature with high light intensity and represent outliers. The se
ond datasets ismodi�ed Wood Gravity Data. This is a real data set with �ve independent variables andinter
ept. It 
onsists of 20 
ases and some of them were repla
ed to 
ontaminate the databy few outliers. The last dataset is 
alled Hawkins, Bradu and Kass Data. This datasetis arti�
ial and have been generatedfor illustrating the merits of a robust te
hnique. Ito�ers the advantage that at least the position of the good or bad leverage points is known.The Hawkins, Bradu and Kass data 
onsists of 75 observations in four dimensions. The�rst ten observations form a group of identi
al bad leverage points, the next four points
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are good leverage while the remaining are good data. In all three 
ases we supposed thatthere are mostly 20% of outliers in datasets and we set h = 0, 8 · n. We investigate, ifour algorithms identify outliers and downweight them (�% su

ess�). Further we observedthe CPU 
omputational time in se
onds (�time�), the value of obje
tive fun
tion (S) andthe estimated parameter β̂. All 
omputations were performed in MATLAB on personal
omputer with 1826 Mhz pro
essor. The resampling algorithm used 10000 initial p-subsetestimates. Results are summarized in the table 1.Data Algorithm n p S CPU time % su

ess β̂(LTS−TLTS,n,h=0,8·n)Stars resampling 47 2 5.8739 8.9844 96 (−21.54, 5.98)TBAB 47 2 4.9733 381.6406 100 (−16.05, 4.75)TWood resampling 20 6 0.0089 9.6563 90 (0.63, 0.97,−3.87,−0.49,−0.87, 0.60)TBAB 20 6 0.0008 0.4219 100 (0.36, 0.22,−0.12,−0.57,−0.42, 0.64)THawkins resampling 75 4 29.0801 17.5620 100 (−0.42, 0.19, 0.16,−0.16)TTable 1: Performan
e of the mixed LTS-TLTS algorithms on three small data sets.
6 Con
lusionIn this paper we summarized existing knowledge on the robusti�ed total least squaresmethod, introdu
ed TLTS estimator and its modi�
ation. We mentioned some proper-ties of TLTS, investigate and explain its behavior and prove its positive breakdown pointwhi
h depends on the subset size h to be 
hosen by the user. The 
hoi
e of h is a optionbetween e�
ien
y and breakdown. We dis
ussed the advantages and disadvantages ofdi�erent algorithms to 
al
ulate an estimate. In the last se
tion we showed some resultsand performan
e of mentioned estimators and algorithms and dis
ussed them. Furtherwork will fo
us primarily on prove properties of TLTS su
h as 
onsisten
y and improve-ment of bran
h-and-bound algorithm.All MATLAB sour
e 
odes of all algorithms mentioned in this paper may be obtainedon request without 
harge from the author.Referen
es[1℄ J. Fran
. Some 
omputational aspe
ts of robusti�ed total least squares. Sto
hasti
 andPhysi
al Monitoring Systems pro
eedings 2011, K°iºánky, Cze
h Republi
 (2011).[2℄ G. Golub and C. Van Loan. An analysis of the total least squares problem. SIAM J.Numeri
al Analysis 17 (1980), 883�893.[3℄ F. R. Hampel, E. M. Ron
hetti, P. J. Rousseeuw, and W. A. Stahel. Robust Statisti
s:The Approa
h Based on In�uen
e Fun
tions. John Wiley & Sons, In
., New York,(1986).
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anStatisti
al Asso
iation 97 (2002), 136�-159.[5℄ I. Markovsky and S. Van Hu�el. Overview of total least squares methods. SignalPro
essing 87 (2007), 2283�2302.[6℄ P. J. Rousseeuw. Least median of squares regression. Journal of the Ameri
anStatisti
al Asso
iation (1984), 871�-880.[7℄ P. J. Rousseeuw and A. M. Leroy. Robust Regression and Outlier Dete
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sFa
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ien
es and Physi
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lav K·s, Department of Mathemati
s,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. This paper summarizes results published in Pro
eedings of the 17th European YoungStatisti
ians Meeting [1℄ and Pro
eedings of SPMS 2011 [2℄. This two arti
les deal with minimumdistan
e estimates of unknown parameter θ0. Two modi�
ation of well known Cramér�von Misesdistan
e are de�ned and statisti
al properties of the 
orresponding estimators are investigated.Keywords: minimum distan
e estimates, Cramér�von Mises distan
e, 
onsisten
y, robustnessAbstrakt. Tento £lánek shrnuje výsledky publikované v Pro
eedings of the 17th EuropeanYoung Statisti
ians Meeting [1℄ a Pro
eedings of SPMS 2011 [2℄. Tyto £lánky se zabývají odhadymetodou s minimální vzdáleností neznámého parametru θ0. Jsou de�novány dv¥ modi�ka
eznámé Cramér�von Mises vzdálenosti a jsou zkoumány statisti
ké vlastnosti jim odpovídají
í
hodhad·.Klí£ová slova: odhady s minimální vzdáleností, Cramér�von Mises vzdálenost, konzisten
e, ro-bustnost1 SummaryWe investigate minimum distan
e estimators based on two di�erent modi�
ations ofCramér�von Mises distan
e. We proposed this modi�
ations due to improve robustnessand 
onsisten
y properties of Cramér�von Mises estimate. First modi�
ation is 
alledgeneralized Cramér�von Mises distan
e (GCM) and is de�ned by repla
ing the se
ondpower in the original formula by general power.
dGCM(F, G) =

∫

(F (x) − G(x))p/qdF (x), where p is even, and q is odd .Neither original CM distan
e nor GCM distan
e are symmetri
 and therefore there aretwo possibilities how to de�ne minimum distan
e estimate based on this distan
e. We
an sear
h for minimum of (1) or (2)
dGCM(Fn, Fθ) =

∫

(Fn(x) − Fθ(x))p/qdFn(x) =
1

n

n
∑

i=1

(Fθ(xi) − Fn(xi))
p/q (1)

dGCM(Fθ, Fn) =

∫

(Fθ(x) − Fn(x))p/qdFθ(x) . (2)
∗This work has been supported by the grant SGS 10/209/OHK4/2T/1443



44 J. HanouskováThe integral form (2) 
ould be simpli�ed by straightforward 
al
ulating to the expressionmore appropriate for simulation purposes.
∫

(Fθ(x) − Fn(x))p/qdFθ(x) =
q

p + q

n
∑

i=1

[(

Fθ(xi) −
i − 1

n

)
p+q

q

−
(

Fθ(xi) −
i

n

)
p+q

q
]

. (3)The se
ond investigated modi�
ation is so 
alled Kolmogorov�Cramér distan
e de-�ned as distan
e between empiri
al distribution fun
tion Fn and theoreti
al distributionfun
tion F in the following way. De�ne a sequen
e (di(Fn, F ))2n
1 by

di(Fn, F ) = (Fn(xi) − F (xi))
p/q for i = 1, . . . , n , (4)

d2n+1−i(Fn, F ) = (Fn−(xi) − F
−
(xi))

p/q for i = 1, . . . , n , (5)where Fn−(xi) = limx→xi−
Fn(x) and similarly F

−
(xi) = limx→xi−

F (x), p is even, q isodd. Then we de�ne KC distan
e
dKC(Fn, F ) =

1

m

m
∑

i=1

d(i)(Fn, F ) , (6)where d(i)(Fn, F ) denotes ordered sequen
e of (di(Fn, F ))2n
1 and m is an integer less orequal to 2n. The distan
e is 
alled Kolmogorov�Cramér be
ause for 
hoi
e m = 1 it 
on-verts to p/q power of Kolmogorov distan
e. Obviously the 
orresponding MD estimatoris the same as for standard Kolmogorov distan
e. And for m = n, p = 2, and q = 1 theKC distan
e be
omes average of CM distan
e and CM distan
e with left limit instead of

F (xi), Fn(xi).For the KC distan
e estimate we are able to prove 
onsisten
y of the order n−1/2 inthe L1�norm and in the expe
ted L1�norm under the assumption of �niteness of degree ofvariation of the family {Fθ, θ ∈ Θ}. Moreover, the parameter m is allowed to depend onthe sample size n, we denote the distan
e as KCp. Let m = O(nβ), β ≤ p/2q. In this 
asewe do not a
hieve the n−1/2 
onsisten
y but only n−γ 
onsisten
y, where γ = 1/2−βq/p.Unfortunately we have not su
h theoreti
al results for GCM estimate, but extensivesimulation study was produ
ed to study its statisti
al properties experimentally andresults are as follows.As simulations show, the minimum distan
e estimators with CM and GCM distan
eposses 
onsisten
y in the L1�norm for all 
hoi
es of parameters p, q with p/q ∈ (0, 2〉 ifthe sample is non-
ontaminated and preserve some 
onsisten
y even under 
ontaminationup to the proportion ε = 0.15. The 
hara
ter of their L1�
onsisten
y is almost the sameas for Kolmogorov estimator, whi
h is proven to by L1�
onsistent. But under in
reasing
ontamination proportion the Kolmogorov estimate loses its 
onsisten
y in 
ontrast toCM and GCM estimates. Further, the best 
hoi
e of p/q was established. The heavier
ontamination is the smaller 
hoi
e of p/q produ
es the best estimate. If the sampleis non-
ontaminated, the 
hoi
e p/q near to zero produ
es faulty estimator. Thus, theoptimal 
ould be the 
hoi
e p/q ≈ 0.2. For KC estimate we have proven L1�
onsisten
yfor non-
ontaminated sample. Under 
ontamination KC estimate loses 
onsisten
y in
ontrast to KCp whi
h preserve some. Regarding robustness if m is 
hosen �xed forall n, the robustness of KC estimate depends on p/q only slightly. Situation di�ers if



Cramér�von Mises Type Estimators 45the parameter m depends on the sample size n. There are two situations, if we 
hoosethe parameter β as large as possible for the given value of p/q then the best results area
hieved for p/q = 2. On the other hand, if we �x the value of parameter β, then thesmaller value of p/q the better results we gain.To 
on
lude, the GCM estimate is still more robust than the KC estimate, but notproven to be 
onsistent. Thus the proposed KC estimate partly integrates the goodproperties of Kolmogorov and GCM estimates. These 
on
lusions show us that it isworth to study the robustness and e�
ien
y of GM and KC estimate theoreti
ally, notonly via simulations.Referen
es[1℄ J. Hanousková and V. K·s. Consisten
y and robustness of Cramér�von Mises typeestimators. Pro
eedings of 17th European Young Statisti
ians Meeting (2011), 99�103 .[2℄ J. Hanousková and V. K·s. Generalized Cramér�von Mises distan
e estimators. Pro-
eedings of SPMS (2011), Not published yet, a

epted.
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Abstract. The Bidirectional Texture Function (BTF) is the recent most advanced representa-

tion of material surface visual properties. BTF speci�es the changes of its visual appearance due

to varying illumination and viewing conditions. Such a function might be represented by thou-

sands of images of given material surface taken in di�erent illumination and viewing conditions.

Resulting BTF size, hundreds of gigabytes, excludes its direct rendering in graphical applica-

tions, accordingly some compression of these data is obviously necessary. This paper presents

a novel probabilistic model based algorithm for realistic multispectral BTF texture modelling.

This complex but e�cient method combines several multispectral band limited spatial factors

and corresponding range map to produce the required BTF texture. Proposed scheme enables

very high BTF texture compression ratio and in addition may be used to reconstruct BTF space

i.e. unmeasured parts of the BTF space.

Keywords: BTF, texture analysis, texture synthesis, data compression, virtual reality

Abstrakt. Obousm¥rná texturovací funkce je nejpokro£ilej²í v sou£asné dob¥ pouºívaná reprezen-

tace vizuálních vlastností povrchu materiálu. Popisuje zm¥ny jeho vzhledu v d·sledku m¥nících

se úhl· osv¥tlení a pohledu. Tato funkce m·ºe být reprezentována tisíci obrazy daného povrchu

vzorku materiálu, které jsou po°ízeny za r·zných sv¥telných podmínek a pod r·zným úhlem.

Výsledná velikost BTF, stovky gigabajt·, znemoº¬uje p°ímé vyuºití v gra�ckých aplikacích

a je tedy t°eba tato data n¥jakým zp·sobem komprimovat. Tento £lánek p°edstavuje nový

pravd¥podobnostní model umoº¬ující realistické modelování multispektrálních BTF textur. Tato

sloºitá ale ú£inná metoda kombinuje n¥kolik multispektrálních frekven£ních faktor· a odpovída-

jící hloubkovou mapu výsledkem £ehoº je poºadovaná BTF textura. Navrºený postup umoº¬uje

velmi vysokou úrove¬ komprese BTF textur a navíc m·ºe být vyuºit k rekonstrukci BTF pros-

toru, tj. t¥ch £ástí BTF, které nebyly p·vodn¥ nam¥°eny.

Klí£ová slova: BTF, analýza textur, syntéza textur, komprese dat, virtuální realita

1 Introduction

Photo realism in virtual reality scenes cannot be realized without nature like colour tex-
tures covering visualised scene objects. These textures can be either smooth or rough.
The rough ones have rugged surface and do not obey Lambertian law, their re�ectance
is both illumination and view angle dependent. Such textures might be represented by

∗This research was supported by the grant GA�R 102/08/0593 and partially by the projects M�MT
1M0572 DAR, GA�R 103/11/0335, CESNET 387/2010.
†Pattern Recognition Department, Institute of Information Theory and Automation, ASCR.
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Bidirectional Texture Function (BTF) [3] which is 7-dimensional function describing tex-
ture appearance variations due to varying illumination and viewing angles. Generally,
textures can be either digitised natural or arti�cial materials or images synthesised from
an appropriate mathematical model.

The former simplistic option su�ers among others with extreme memory requirements
for storage of a large number of digitised cross sectioned slices through di�erent material
samples (apposite example can be found in [15]). This solution become unmanageable
for rough textures which require to store thousands of di�erent illumination and view
angle samples for every texture so that even simple virtual reality scene featuring only
several di�erent textures requires to store tera bytes of texture data which is still far out
of limits for any present day hardware. Several so called intelligent sampling methods
(for example [4], [5] and many others) were proposed to reduce these extensive memory
requirements. All these methods are based on some sort of original small texture sam-
pling and the best of them produce very realistic textures. However they require to store
thousands images for every combination of viewing and illumination angle of the original
target texture sample and in addition often produce visible seams (except for method
presented in [10]). Some of them are computationally demanding and they are not able
to generate textures unseen by these algorithms as well.

While synthetic textures are more �exible and extremely compressed, because only
several parameters have to be stored in contrast with gigabytes of original data [15]. They
may be evaluated directly in procedural form and can be used to �ll virtually in�nite tex-
ture space without visible discontinuities. On the other hand, mathematical models can
only approximate real measurements which results in visual quality compromise of some
methods. Several multispectral modelling approaches were published for example [11],
[1], [12], [13]. Modelling multispectral images requires three dimensional models but it
is possible to approximate such model with a set of simpler two dimensional ones. Ev-
idently this leads to certain loss of information (for example three dimensional Causal
Autoregressive (CAR) model [7] versus two dimensional CAR model [8]).

Among such possible models the random �elds are appropriate for texture modelling
not only because they do not su�er with some problems of alternative options (see [6], [12]
for details) but they provide relatively easy to implement and computational undemand-
ing texture synthesis and su�cient �exibility to reproduce a large set of both natural and
arti�cial textures. While the random �eld based models quite successfully represent high
frequencies appeared in natural textures low frequencies are sometimes di�cult for them.
This slight drawback may be overcome by usage of a multiscale random �eld model. In
this case the hierarchy of di�erent resolutions of an input image provides a transition
between pixel level features and region or global features and hence such a representa-
tion simplify modelling a large variety of possible textures. Each resolution component
is both analysed and synthesised independently. Multiple resolution decomposition may
be performed by means of Gaussian Laplacian pyramids, wavelet pyramids or subband
pyramids. Because of its relative simplicity we decided to utilize Gaussian Laplacian
pyramid decomposition for this task.
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2 Smooth Texture Model

The overall roughness of a textured surface signi�cantly in�uences a BTF texture ap-
pearance. Such a surface can be speci�ed using its range map, which can be estimated
by several existing approaches. The most accurate range map can be acquired by direct
measurement of the observed surface using corresponding range cameras, however this
method requires special hardware and measurement methodology [9]. Hence alternative
approaches for range map estimation from surface images are more suitable. One of the
most accurate approaches is the photometric stereo [9] which estimates surface range map
from at least three images obtained for di�erent position of illumination source and �xed
camera position. This approach was utilized for range map estimation from textures used
for experiments described below. Naturally it is enough to estimate range map once per
material and reuse it whenever it is needed.

We propose a novel algorithm for e�cient rough texture modelling which combines an
estimated range map with synthetic multiscale smooth textures generated using Multi-
spectral Simultaneous Autoregressive Model (MSAR) [1]. The material visual appearance
during changes of viewing and illumination conditions can be simulated using the bump
mapping [2] or displacement mapping technique [16]. The obvious advantage of this
solution is the possibility to use hardware support of bump mapping and displacement
mapping in up to date visualisation hardware. The overall appearance is guided by the
corresponding underlying probabilistic model.

2.1 Spatial Factorization

An analysed texture is decomposed into multiple resolution factors using Laplacian pyra-
mid and the intermediary Gaussian pyramid y

′′(k)
• which is a sequence of images and each

its element is a low pass down sampled version of its predecessor. The Gaussian pyramid
for a reduction factor n is [8]:

y
′′(k)
r = ↓nr (y

′′(k−1)
•,i ⊗ w), k = 1, 2, . . . ,

where ↓nr denotes down sampling with reduction factor n and ⊗ is the convolution
operation. The Laplacian pyramid y

′(k)
r contains band pass components and provides a

good approximation to the Laplacian of the Gaussian kernel. It can be constructed by
simple di�erencing single Gaussian pyramid layers:

y
′(k)
r = y

′′(k)
r − ↑nr (y

′′(k+1)
• ), k = 0, 1, . . . .

As previously noticed each resolution data are independently modelled by their ded-
icated MSAR model so that model parameters are estimated for each component inde-
pendently in analysis step.

2.2 Multispectral Simultaneous Autoregressive Model

In the multispectral case random �eld models are de�ned as intensity levels on multiple
two dimensional lattice planes (e.g. in case of widely used standard RGB colour model
three such planes are considered). The value at each lattice location is taken to be a linear
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combination of neighbouring ones and an additive noise component. For mathematical
simplicity, all lattices are double toroidal (the same way as in case of Gaussian Markov
Random Field model [9] for example). Let a location within an M ×M two dimensional
lattice be denoted by s = (s1, s2), with s1, s2 ∈ J and the set J is de�ned as J =
{0, 1, . . . ,M − 1}. The set of all lattice locations is then de�ned as Ω = {s = (s1, s2) :
s1, s2 ∈ J}. The value of an image observation at location s is denoted by y(s). These
random vectors are expected to have zero mean. Neighbour sets relating the dependence
of image plane i on image plane j are de�ned as Nij = {r = (k, l) : k, l ∈ ±J} with
the associated neighbour coe�cients qij = {qij(r) : r ∈ Nij}. The set ±J = {−(M −
1), . . . ,−1, 0, 1, . . . ,M−1}. We also use shortened notation: q = {qij; i, j ∈ {1, . . . , P} }
and r = {ri; i ∈ {1, . . . , P} }). P equals number of image planes. Neighbour sets may
be classi�ed as symmetric or nonsymmetric. In particular, in the case of multispectral
models, a symmetric neighbour set is de�ned as one for which r ∈ Nij ⇐⇒ −r ∈ Nji.
Our model is de�ned on symmetric neighbour set. Scale parameter ρ associated with the
corresponding noise component of the model is de�ned for each particular lattice.

The Multispectral Simultaneous Autoregressive model (MSAR) [1] relates each lattice
position yi(s) to its neighbouring pixels, both within and between image planes, according
to the following equations:

yi(s) =
P∑
j=1

∑
r∈Nij

θij(r)yj(s⊕ r) +
√
ρiwi(s), i = 1, . . . , P , (1)

where ρi is noise variance of image plane i, wi(s) are i.i.d. random variables with zero
mean and unit variance and ⊕ denotes modulo M addition in each index. Virtually the
MSAR model characterizes the spatial interactions between neighbouring pixels through
the parameter vectors θ = (θij; i = 1, . . . , P ; j = 1, . . . , P )T and ρ = (ρi; i = 1, . . . , P )T .
Rewriting (1) in matrix form for the RGB colour model, i.e. i ∈ {r, g, b}, the MSAR
model equations are then B(θ)y = w where

B(θ) =

 B(θrr) B(θrg) B(θrb)
B(θgr) B(θgg) B(θgb)
B(θbr) B(θbg) B(θbb)

 ,

y = (yr(s), yg(s), yb(s))
T , w = (

√
ρrwr(s),

√
ρgwg(s),

√
ρbwb(s))

T

and both yi(s) and wi(s) are M2-vectors of lexicographic ordered arrays {yi(s)} and
{wi(s)}, respectively. The transformation matrix B(θ) is composed of M2 ×M2 block
circulant submatrices

B(θij) =


B(θij)1 B(θij)2 . . . B(θij)M
B(θij)M B(θij)1 . . . B(θij)M−1

...
... . . . ...

B(θij)2 B(θij)3 . . . B(θij)1


where each element B(θij)p, p ∈ {1, . . . ,M} is an M ×M circulant matrix whose

(m,n)-th element is given by:
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b(θij)p(m,n) =


1, i = j, m = n,
−θij(k, l), k = p− 1, l = ((n−m) mod M), (k, l) ∈ Nij,
0, otherwise.

Writing the image observations as y = B(q)−1w, the image covariance matrix is
obtained as Σy = ε{yyT} = ε { B(q)−1 wwT [B(q)−1]T } = B(q)−1Σw[B(q)−1]T

where

Σw = ε{wwT} =

 ρrI 0 0
0 ρgI 0
0 0 ρbI

 .

2.3 Parameter Estimation

It is necessary to notice that the selection of an appropriate MSAR model support is
important to obtain good results in modelling of a given random �eld. If the contextual
neighbourhood is too small it can not capture all details of the random �eld. Contrari-
wise, inclusion of the unnecessary neighbours add to the computational burden and can
potentially degrade the performance of the model as an additional source of noise [9].

A least squares (LS) estimate of the MSAR model parameters can be obtained by
equating the observed pixel values of an image to the expected value of the model equa-
tions. As we prefer RGB colour model our task leads to three independent systems of
M2 equations:

yi(s) = qi(s)
T θi, s ∈ Ω, i ∈ {r, g, b},

with vectors θi and qi(s) formed as follows θi = (θir, θig, θib)
T and

qi(s) = ( {yr(s⊕ t) : t ∈ Nir}, {yg(s⊕ t) : t ∈ Nig}, {yb(s⊕ t) : t ∈ Nib} )T .
The LS solution θ̂i and ρ̂i can be found then as

θ̂i =

(∑
s∈Ω

qi(s)qi(s)
T

)−1(∑
s∈Ω

qi(s)yi(s)

)
,

ρ̂i =
1

M2

∑
s∈Ω

(yi(s)− θ̂i
T
qi(s))

2 .

2.4 Texture Synthesis

The goal of texture synthesis in case of probabilistic model is to generate image of ar-
bitrary size directly from the model parameters so that resulting texture has the same
statistical properties as measured and analysed original. Several possibilities exist for a
�nite lattice MSAR synthesis. The most e�ective method uses the discrete fast Fourier
transformation (DFT). The MSAR model equations (1) may be expressed in terms of the
DFT of each image plane as
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Yi(t) =
P∑
j=1

∑
r∈Nij

θij(r)Yj(t)e
√
−1ωrt +

√
ρiWi(t), i = 1, . . . , P (2)

where Yi(t) and Wi(t) are the two-dimensional DFT coe�cients of the image ob-
servation {yi(s)} and noise sequence {wi(s)}, respectively, at discrete frequency index
t = (m,n) and ωrt = 2π(mk+nl)

M
for r = (k, l). For the RGB colour model equations (2)

can be written in matrix form as

Y (t) = Λ(t)−1 Σ
1
2 W (t), t ∈ Ω

where the vectors Y (t) and W (t) are formed this way:

Y (t) = (Yr(t), Yg(t), Yb(t))
T , W (t) = (Wr(t), Wg(t), Wb(t))

T ,

and the matrices Σ and Λ(t) are de�ned as:

Σ =

 ρr 0 0
0 ρg 0
0 0 ρb

 ,

Λ(t) =

 λrr(t) λrg(t) λrb(t)
λgr(t) λgg(t) λgb(t)
λbr(t) λbg(t) λbb(t)

 ,

λij(t) =

{
1−

∑
r∈Nij

θij(r) e
√
−1ωrt i = j ,

−
∑

r∈Nij
θij(r) e

√
−1ωrt i 6= j .

Apparently, the MSAR model will be stable and valid if Λ(t) is nonsingular matrix
∀t ∈ Ω. Given the model parameters, a M ×M MSAR image can be synthesized accord-
ing to the following algorithm:

1) Generate the i.i.d. noise arrays {wi(s)} for each image plane using a pseudo ran-
dom number generator.
2) Calculate the two-dimensional DFT of each noise array i.e. produce the transformed
noise arrays {Wi(t)}).
3) For each discrete frequency index t compute Y (t) = Λ(t)−1 Σ

1
2 W (t).

4) Perform the two-dimensional inverse DFT of each frequency plane {Yi(t)}, producing
the synthesized image planes {yi(s)}.
The resulting image planes will have zero mean thus it is necessary to add desired mean
to each spectral plane after step 4. Fine resolution texture is obtained from the pyramid
collapse procedure that is inversion process to the procedure described in section 2.1.

3 Results

We have tested the algorithm on colour BTF textures from the University of Bonn BTF
measurements [15], namely on following materials: arti�cial leather, foil, glazed tails,
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plastic �oor and two di�erent samples of wood. Each BTF material sample comprised
in mentioned database is measured in 81 illumination and 81 viewing angles and each
resulting image has resolution 800 × 800 pixels, so that 6561 such images had to be
analysed for each material.

The open source project Blender1 with special plugin for BTF support [14] was used
to render the results i.e. the scene in virtual reality featuring three-dimensional object
covered with synthesised BTF texture. Figure 1 demonstrates the result for one picked
material, foil in this case, i.e. synthesised BTF texture combined with its range map
in a displacement mapping �lter of the rendering software mapped on bumpy board.
Scene was rendered in several di�erent illumination conditions with �xed view angle to
demonstrate visual quality of synthesised BTF.

3.1 Implementation Details

The source code was written in C++ and compiled in several di�erent environments
(namely with g++ versions 3.4.4, 4.1.2, 4.3.2, 4.3.4 and 4.5.0)2 and tested on many dif-
ferent systems including Microsoft's Windows XP operating system with cygwin3 envi-
ronment as well as Linux systems to prove stability and portability of the program. This
implementation uses many parts of library developed at Pattern Recognition Depart-
ment, Institute of Information Theory and Automation, ASCR4, such as image reading
and writing routines, memory management and XML format support.

4 Summary and Conclusion

Our testing results of the algorithm on available BTF data are encouraging. Some syn-
thetic textures reproduce given measured texture images so that both natural and syn-
thetic texture are almost visually indiscernible. The main bene�t of this method is more
realistic representation of texture colourfulness which is naturally apparent in case of very
distinctively coloured textures. The multiscale approach is more robust and allows some-
times better results than the singlescale one due to capabilities of the model described
above.

The proposed method allows huge compression ratio unattainable by alternative in-
telligent sampling approaches for transmission or storing texture data while it has still
moderate computation complexity. It is necessary to mention that the complexity of
analysis is not as important as the complexity of synthesis because the parameter esti-
mation can be performed o�ine unlike the synthesis which should be as fast as possible.
The method does not need any time consuming numerical optimisation like for example
the usually employed Monte Carlo methods. The replacement of the bump mapping
technique with the displacement mapping further signi�cantly improve the visual quality
of the results. The presented method is based on the mathematical model in contrast
to intelligent sampling type of methods, and as such it can only approximate realism

1http://www.blender.org
2http://gcc.gnu.org
3http://www.cygwin.com
4http://www.utia.cas.cz
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Figure 1: Resulting BTF texture of foil, synthesised texture combined with its range map
mapped on bumpy board rendered with 15 di�erent angles of illumination and �xed view
angle.
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of the original measurement. However it o�ers easy simulation of even non existing i.e.
previously unmeasured BTF textures and fast seamless synthesis of texture of arbitrary
size.

5 Future Work

This developed model might be further tested on di�erent BTF measurements and com-
pared with other random �eld based models such as already mentioned CAR or Gauss-
Markov random �eld model [9]. Though the quality of the model was proven it would be
interesting to �nd its limitation and study the in�uence of the size of the neighbourhood
to overall performance for example. Naturally more interesting is possible extension of
current implementation by means of parallel programming with use of OpenMP5 library
which is straightforward and would notably increase the model performance. It is also
possible rewrite the source code so that program would perform all computations on a
graphics processing unit.
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Abstract. This paper concerns with the RelaxD readout interface for Medipix2 quad chips (four

chips which form one unit). Particularly, the development of control software tools is discussed.

The RelaxD interface is connected to the PC with the fast 1 GB ethernet link which currently

provides readout speed 50 frames per second. Because of its high speed, many software issues

related to the processing and storing of obtained data arise. In the last section some results of

tests performed at the National Radiation Protection Institute in Prague are presented.

Keywords: pixel detector, Medipix2 quad, readout electronics

Abstrakt. Tento p°ísp¥vek se zabývá projektem RelaxD � vývoj vy£ítacího rozhraní pro quady

Medipix2 (£ty°i spojené £ipy tvo°ící jeden celek). St°edem pozornosti v tomto £lánku je vývoj

softwaru pro ovládání detektoru. Vzhledem k tomu, ºe RelaxD je navrºen tak, aby umoº¬oval

co nejrychlej²í sb¥r dat pomocí rychlého 1 GB ethernetového spojení (sou£asn¥ 50 snímk· za

sekundu), je nutno vy°e²it mnoho problém· s ukládáním a zpracováním velkého objemu dat.

Na záv¥r je diskutováno jedno z uskute£n¥ných m¥°ení ve Státním ústavu radia£ní ochrany v

Praze.

Klí£ová slova: pixelový detektor, Medipix2 quad, £tecí elektronika

1 Introduction

This article deals with the pixel detector RelaxD which can detect ionizing radiation
and photons by converting ionization in a sensor into electrical signals. Such detectors
are commonly used in particle physics and also for medical applications (e.g. X-ray
imaging, X-ray computed tomography). The RelaxD (high-REsolution Large Area X-
ray Detector) is a complete data readout system for the Medipix2 readout chip. It has
been developed at Nikhef1. Each RelaxD module can serve one Medipix2 quad (i.e. four
Medipix2 readout chips formed in a 2× 2 grid).

There are several existing readout interfaces such as Muros2 (Nikhef) or USB interface
(IEAP2) but the RelaxD is exceptional because of its readout speed. It uses 1 Gb Ethernet
connection to the PC which enables the readout of the Medipix2 quad at 50 frames per
second (current status, frame rate should be improved in future). This is crucial for
many real applications such as high speed imaging of fast processes. For further technical
overview on the RelaxD system see [4]. For further details on the Medipix2 readout chip
see [5, 3, 2].

∗This work has been done in cooperation with Nikhef, Amsterdam
1National Institute for Subatomic Physics, Amsterdam, The Netherlands
2Institute of Experimental and Applied Physics, Prague, Czech Republic
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Figure 1: RelaxD module. Figure 2: Modules tiled into grid.

1.1 RelaxD module physical layout

As mentioned above, the RelaxD module is designed to achieve the highest frame rate as
possible. Since the total sensitive area of Medipix2 chip is relatively small (about 2 cm2

per chip) it is expected that the modules will be tiled into a 2D grid as shown in �gure 2.
Therefore the RelaxD is built in a 'T' shape. There is the Medipix2 quad at the front side
and readout electronics placed on a PCB (printable circuit board) which is connected to
the perpendicular PCB of electronics board. The simpli�ed scheme of the module layout
is shown in �gure 3.

The core of readout board forms Lattice LFSC15 Field Programmable Gate Ar-
ray (FPGA) with embedded MICO32 32-bit microprocessor and built-in RAM mem-
ory. The FPGA is connected to the 2 blocks of EEPROM memory (electrically erasable
programmable read-only memory). The �rst block serves as a storage for the FPGA
controlling program written in the C programming language while the second block is
used for storing user speci�c information such as settings and con�gurations. When the
module is powered up, the FPGA code and user data are loaded into the microprocessor.

The connection to the PC is done via two links. The USB link is used for debugging
purposes. The gigabit Ethernet link provides data transmission between the user PC
and RelaxD module, i.e. it is used both for controlling of the device and reading out the
measured data.

2 RelaxD software utilities

The main task of my stay at Nikhef was to develop and improve PC software applications
for controlling RelaxD modules and for further processing of the obtained data. Some of
applications were already functional, but since the readout speed of the module is rela-
tively high, there remained still unsolved software challenges. All applications together
form a standalone data acquisition (DAQ) system programmed in C++ programming
language. For graphical user interfaces (GUI) the Qt framework from Nokia3 was used.
Since all software developing tools are cross-platform, user can use the applications both

3see http://qt.nokia.com/
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Figure 3: Simpli�ed physical layout of the RelaxD module.

on Linux and Windows operating systems. However, in order not to duplicate e�ort in
Medipix2 project, special features like calibration of the Medipix2 chips is done in already
existing program Pixelman from IEAP, Prague.

The complete list of developed applications follows:

MpxHwRelaxD

a library providing a class and an API (Application Programming Interface) for
accessing and controlling a RelaxD module; the library is the basis for the other
tools in this list; the library also complies to the de�nition of a so-called `Pixelman
hardware library', allowing the Pixelman program to control and read out multiple
RelaxD modules.

RelaxDaq

a program for fast read-out, frame data storage and frame display for up to 4
RelaxD modules, relying on the use of Pixelman for con�guration of the modules
before starting read-out.

Convert

a command line tool to read the raw data �les produced by RelaxDAQ, then de-
compress, decode and zerosuppress the frames and write out the frame data in an
ASCII format more-or-less compatible with what Pixelman produces.

DacView

a program to view, modify and store Medipix2 device DAC settings on the RelaxD
module.

SetId

a command line tool to change the IP-address of a RelaxD module.

In following subsections some of my solutions to the problems will be discussed.
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Figure 4: Scheme of data �ow during storage of compressed data.

2.1 On-the-�y data compression

As already discussed above, one of the main advantages of the RelaxD is its readout
speed. This causes serious problem with storing the obtained data. Normally, in not so
fast systems the raw data (i.e. data from every 14-bit pixel register of Medipix2 quad)
can be decoded and zero suppressed 'on-the-�y' (during measurement). This procedure
becomes impossible in case of the RelaxD due to amount of data � system should be
ready to take the information of another frame as soon as readout of previous frame is
�nished. Therefore the raw data in �rst approach were stored to computer hard drive
'as they are' without any further processing. This has 2 drawbacks � less comfort for
the user, since he does not see the currently taken picture during the measurement and
also problems with disk space, since the raw data produce very large data �les which
are decoded o�ine. The �rst drawback is quite easy to solve � every second one frame
is decoded and displayed, so the user has some reduced but su�cient overview how his
measurement is being performed. The second drawback is quite tricky, though.

As turned out, a compression of the raw data can be performed. Since the framerate
is currently 50 frames per second and each frame consists of 512× 512 · 14 bits, the total
amount of data to be stored per second is 448 MB. The total time of measurement can
easily take minutes or even more, there are typically gigabytes of raw data which should
be stored. When using pixel detectors in medical applications, commonly the frames are
very sparse ⇒ the standard LZ77 compression algorithm developed by Abraham Lempel
and Jacob Ziv implemented in Qt framework is suitable to use.

The idea of data compression introduces one more interlink into the readout chain.
The frame data are readout from the detector to the readout bu�er in a computer RAM
memory, then they are compressed and �nally stored to a �le. Since both compression
and writing to disk consumes a signi�cant amount of time, the bene�ts of multi-threaded
programming should be employed. In the �nal solution, new thread which compresses the
data is created for each readout frame. That means that the RelaxDAQ application does
not wait until the compression of current frame is �nished but it is continuously preparing
the frames for writing into �le. The application is checking if the current frame is already
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Figure 5: The writing-to-�le speed when using di�erent compression levels (0 means no
compression, 9 the best but also the slowest compression). The solid line represents
frames with 1/2 randomly generated non-zero pixels, the dashed line with 1/32, the
dashed-dotted line with 1/512, respectively.

prepared and if it is, it writes the compressed frame immediately to �le. This procedure
allows to utilize time e�ciently, since there is less idle time (when the RelaxDAQ does not
write to �le) because of data compression. However, to perform such solution succesfully,
PC processor with multiple cores must be used. Scheme which ilustrates the creating of
di�erent compression threads is displayed in �gure 4.

For testing purposes was used computer containing quad processor. The obtained
writing speed results for di�erent compression levels (quality of compression) and di�erent
occupancy of images (sparsity of images) can be seen in �gure 5. The achieved �le size
using di�erent levels of compression is displayed in �gure 6. As can be seen, it does not
make much sense to use higher compression levels.

2.2 Fast image preview application

In this subsection the application for fast RelaxD image preview will be introduced. As
mentioned above, the RelaxD is designed to perform measurements consisting of many
frames in sequence. Because of its readout speed, it is impossible to display each frame
during the measurement. The data are stored in large �les containing up to 1000 images.
Processing of the frames is done o�ine, i.e. after the measurement. The application
EvtDisplay was made for purposes of fast image browsing.

The EvtDisplay simply takes the data �les from the RelaxDAQ and display its
content on the PC screen. One can then easily �nd which frames are interesting and
which frames should be processed further. The application also provides features like
zooming of the image, printing it out into PDF, PNG or text �le (just data formated in 3
columns). For better display functionality, additional Qt library Qwt4 for technical GUI

4see http://qwt.sourceforge.net/
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Figure 6: The average event size vs. di�erent compression levels (0 means no compression,
9 the best but also the slowest compression). The solid line represents frames with 1/2
randomly generated non-zero pixels, the dashed line with 1/32, the dashed-dotted line
with 1/512, respectively.

building was used. The main application window is displayed in �gure 7.

3 Measurements with RelaxD

In the beginning of June, the RelaxD module was tested at the National Radiation
Protection Institute in Prague5. In these measurements, molybdenum and tungsten X-
ray tubes were used. As imaging objects several electronic chips and mammographic
phantoms were used. Measurements were done in cooperation with Mária �arná who
describes it in more detail in her diploma thesis [1].

3.1 Imaging of electronic chips

In this measurements we were trying to display the composite structure of electronics
chip. Various X-ray energies and intensities were used.

In �gure 8 the image of dual inline memory module is shown. As can be seen, inside of
the chip is displayed with high contrast. Both copper interconnects and soldered memory
chips are clear and sharp. The used voltage of X-ray tube in this case was 40 kV, the
current 20 mA and exposition time 1 s.

The second imaged chip is microcontroller MHB8748 from Tesla company (�gure 9).
The contrast is again very high, and at the top of the circle part on the right side can be
even seen small 30 µm golden wire bonds. This image was taken with the voltage 50 kV,
the current 10 mA, and exposition time 1 s.

5SÚRO � Státní ústav radia£ní ochrany, v.v.i.
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Figure 7: The main EvtDisplay application window. On the right are controlling
buttons providing additional display features.

3.2 Mammographic phantom

Mammography is one of the most promising �elds for application of the Medipix2 photon
counting chip. Because the Medipix2 chip is very sensitive to radiation, the radiation
doses needed for examination of patient could be signi�cantly reduced.

Mammographic phantom provides the physical standard baseline for assuring the
quality of the images produced by mammographic system. In this measurement, one of
such phantoms was imaged (from company Kodak-Pathé). The results are displayed in
�gure 10. In the center of the �gure there is an image of the whole phantom as provided
in the phantom documentation (image taken with use of digital mammography). The
rest are the images obtained in the measurements. Each image corresponds to some part
of the phantom. The parameters of X-ray tube were in this case 25 kV, 30 mA, and 2 s.

4 Conclusion

The pixel detectors are very promising in many applications in particle physics as well
as in medical imaging. In this work, we discussed control software development for the
RelaxD readout interface for Medipix2 pixel detector, particularly some speci�c software
issues cocerning its high readout speed. The PC software tools are necessary for perform-
ing measurements, their quality is crucial for the comfort of the user. With help of the
developed software tools additional tests investigating the properties of Medipix2 sensors
can be done, e.g. the qualities of so called 'edgeless sensors'. In section 3 we discussed one
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Figure 8: Dual inline memory module image taken by RelaxD detector.

Figure 9: Microcontroller MHB8748 from Tesla company image taken by RelaxD detector.

of such tests, which was done at the National Radiation Protection Institute in Prague
in June. These tests proved that the Medipix2 chip is very suitable for mammographic
imaging � the obtained images of the testing mammographic phantom were nearly in the
same or better quality than images taken by the digital mammograph (see �gure 10).
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Figure 10: Comparison between the image of mammographic phantom taken with use of
digital mammography (in the centre) and images of parts of phantom taken by RelaxD
detector.

The developed software tools were introduced and presented at international Medipix2
collaboration meeting at CERN in March.
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hal Bene², Department of Mathemati
s,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. The phase-�eld method has appeared in the 
ontext of di�use interfa
es. It has beenapplied to the three major materials pro
esses: solidi�
ation, solid-state phase transformation,and grain growth and 
oarsening. Very re
ently, a number of new phase-�eld models have beendeveloped for modelling heteroepitaxial growth (see [2, 4, 5℄). A

urate knowledge of morpho-logi
al 
hanges in heteroepitaxial thin �lms is 
ru
ial for governing the materials properties. Weprovide a 
omputational tool based on the �nite di�eren
e method for study of this phenomenon.Finally, we present our latest results.Keywords: phase-�eld method, FDM, heteroepitaxy, ATG instabilityAbstrakt. Metoda phase-�eld se objevila v souvislosti s difuzními rozhraními. Byla aplikovánana tyto t°i hlavní pro
esy: tuhnutí, fázový p°e
hod a r·st zrn. �ada model· typu phase-�eld bylavyvinuta pro modelování heteroepitaxního r·stu krystal· (viz [2, 4, 5℄). P°esná znalost morfo-logi
ký
h zm¥n heteroepitaxního �lmu v £ase je rozhodují
í pro nastavení vlastností materiál·.Pouºíváme zde metodu sítí pro simula
i tohoto jevu. Nakone
 prezentujeme na²e nejnov¥j²ívýsledky.Klí£ová slova: metoda phase-�eld, metoda sítí, heteroepitaxeIntrodu
tionCrystallization is the pro
ess where solid 
rystals are formed from melt, solution, orvapour phase. There are two major stages involved in the 
rystallization pro
ess � nu-
leation and 
rystal growth. Nu
leation is the stage where 
rystal forming units (atoms,
Deposition

Diffusion

Figure 1: Atomisti
 view of the basi
 pro
esses in epitaxy.67
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(a) High energy. (b) Low energy.Figure 2: ATG instability.ions or mole
ules) gather into 
lusters whi
h are unstable until they rea
h a 
riti
al size.Stable 
lusters are 
alled nu
lei. After nu
lei are 
reated, 
rystal growth begins. It isthe stage where new 
rystal forming units are in
orporated into the 
rystal latti
e. Seed
rystals are used to bypass the nu
leation stage; thus, the growth 
an start immediately.In this 
ontribution we deal with the growth of a thin �lm of single 
rystal material ona single 
rystal substrate so that the �lm has the same stru
ture as the substrate. Su
hgrowth is 
alled epitaxy. Here the substrate fun
tions as a seed 
rystal. A

ording tothe theory of Burton, Cabrera, and Frank [1℄ atoms are �rst adsorbed to the 
rystallinesurfa
e where they are 
alled adatoms. Then they di�use freely along the surfa
e. Finallythey 
an deta
h from or atta
h to the 
rystal (see Fig. 1). The deposited �lm takes ona latti
e stru
ture and orientation identi
al to those of the substrate.In general we distinguish two 
ases: homoepitaxy and heteroepitaxy. In homoepitaxythe �lm and substrate are made of the same material while in heteroepitaxy the �lm ismade of a material di�erent from the substrate. One example of heteroepitaxy is thegrowth of germanium �lm on a sili
on substrate. The latti
e parameter of the �lm di�ersfrom the substrate (less then 4% for Ge/Si ). Hen
e strains are introdu
ed into theheteroepitaxial �lm. Due to the e�e
ts of stress, the �at �lm surfa
e is unstable to smallperturbations. Heteroepitaxial �lms undergo a morphologi
al instability, known as theAsaro-Tiller-Grinfeld (ATG) instability.Figure 2 illustrates the physi
al me
hanism of the ATG instability [3℄. The surfa
etends to remain �at to get lowest surfa
e free energy (Fig. 2a). But, if elasti
 energy ispresented in the �lm, the 
orrugated surfa
e has lower elasti
 energy than the �at one(Fig. 2b). The elasti
 energy is lowered by elasti
 deformation so that the �lm breaks intoisolated islands (quantum dots). Ea
h island then forms a quantum dot. Elasti
 energyis redu
ed as the surfa
e area in
reases. Therefore, quantum dots are 
aused by the
ompetition between surfa
e and elasti
 energies. Here, Tte mass is transported by surfa
edi�usion. The size of quantum dots is between several and hundreds of nanometers.Quantum dots have interesting ele
tri
al and opti
al properties. Quantum dots are widelyused in opti
al and optoele
troni
 devi
es, quantum 
omputation, or biology. A

urateknowledge of morphologi
al 
hanges in epitaxial thin �lms is 
ru
ial for governing thematerials properties. Our goal is to provide a suitable 
omputational tool for study ofsu
h phenomena.Very re
ently, a number of new phase-�eld models have been developed for modellingheteroepitaxial growth (see [2℄). [4, 5, 6℄ have developed a phase-�eld approa
h in
luding
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V apour
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Figure 3: Model.the stress as an a
tive variable.ModelWe would like to des
ribe the phase-�eld model of heteroepitaxial growth. We will follow[5℄ and [4℄. Let us 
onsider a system Ω 
onsisting of two regions � a solid heteroepitaxial�lm Ωf (t) and vapour phase Ωv(t). The solid-vapour di�use interfa
e is denoted Γ(t),whi
h is a fun
tion of time t (see Fig. 3). We introdu
e a order parameter
Φ(t,x)







= 0 x ∈ Ωv

= 1 x ∈ Ωf

∈ (0, 1) x ∈ Γ
.Then the state of the entire system is represented by this order parameter. The total freeenergy of the system 
an be written as

F [Φ, {ǫij}] =

∫

V

[

f(Φ, {ǫij}) +
1

2
Γξ2(∇Φ)2

]

dV, (1)where ǫij is the strain tensor, V is the volume, ξ is the length parameter 
ontrolling theorder of magnitude of the transition region des
ribed by the phase �eld. Γ = 3γ/ξ is theenergy density 
orresponding to the surfa
e energy γ being distributed over a layer ofwidht ≈ ξ. The �rst term represents the sum of the free energies of the �lm and vapour.The se
ond term des
ribes the interfa
ial energy.The total free energy density is given by
f(Φ, {ǫij}) = 2Γg(Φ) + fel(Φ, {ǫij}), (2)where g(Φ) = Φ2(1 − Φ)2 and fel is the elasti
 energy density.Here, the linear elasti
 theory is used. The stress tensor σ

(v)
ij in the vapour is givenby Hooke's law

σ
(v)
ij = 2µ(v)ǫij + λ(v)ǫkkδij ,where einstein summation 
onvention is implied.Following [8℄ the stress tensor σ

(f)
ij in the heteroepitaxial �lm is given by
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σ

(f)
ij = 2µ(f)ǫij + λ(f)ǫkkδij − ǫm{ 1+ν(f)

1−2ν(f)}δij,where µ(∗), λ(∗) are Lamé 
onstants, ν(∗) is Poisson's ratio, where ∗ ∈ {f, v}. ǫm =
af−as

as
is the mis�t strain, where af , as are latti
e 
onstants of epitaxial �lm or substrate.The strain tensor is given by ǫij = 1

2

(

∂ui

∂xj
+

∂uj

∂xi

), where ui is the ith 
omponent of thedispla
ement ve
tor.A straightforward ansatz for the elasti
 energy density is then
fel(Φ, {ǫij}) = h(Φ){(µ(f) − µ(v))ǫijǫij +

λ(f) − λ(v)

2
(ǫii)

2 −
1 + ν(f)

1 − 2ν(f)
(ǫm)2}, (3)where h(Φ) = Φ2(3 − 2Φ) may be interpreted as a "solid fra
tion" whi
h must be equalto one in the solid and equal zero in the vapour.The stress tensor in the system is determined from

0 =
∂

∂xj

{h(Φ)σ
(e)
ij − [1 − h(Φ)]σ

(v)
ij }, (4)where h(Φ) = Φ2(3 − 2Φ) is the weight fun
tion for the epitaxial layer.Assuming relaxational dynami
s, the equation of motion takes the form

∂Φ

∂t
= −R

δF

δΦ
, (5)and the prefa
tor R should 
ontain the mobility 1/k. We 
hoose R = 1/(3kρfξ).We arrive at

∂tΦ = A∆Φ +
B

ξ2
g′(Φ)

+
C

ξ
h′(Φ){(µ(f) − µ(v))ǫijǫij +

λ(f) − λ(v)

2
(ǫii)

2 (6)
−

1 + ν(f)

1 − 2ν(f)
(ǫm)2},where A, B, C are 
onstants, g′(Φ) = 2Φ(1 − Φ)(1 − 2Φ), and h′(Φ) = 6Φ(1 − Φ).Numeri
al s
hemeWe use an expli
it s
heme of the �nite di�eren
e method to solve the free boundaryproblem of spiral 
rystal growth. The �rst step in the dis
retization is to divide the
omputational domain into a two-dimensional grid and then derivatives are repla
edwith equivalent �nite di�eren
es.We 
onsider the 
omputational domain S to be a re
tangle (0, L1) × (0, L2) whi
his to be dis
retized. We partition the domain S using a grid of internal nodes ωh =

{(ih1, jh2)|i = 1, ..., N1 − 1, j = 1, ..., N2 − 1}, where h1 = L1

N1
, h2 = L2

N2
are the mesh sizesin S. We dis
retize the time interval using a mesh [0, T ] : Tτ = {kτ |k = 0, ..., NT}, where

τ = T
NT

is a time step. Then we 
an 
onsider a grid fun
tion u : Tτ × ωh → R for whi
h
uk

ij = u(ih1, jh2, kτ).The time derivative is approximated by forward di�eren
e
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∂tu

k
ij ≈

uk+1
ij −uk

ij

τ
,and the spa
e derivatives are approximated by se
ond-order 
entral di�eren
es:

∂2
xu

k
ij ≈

uk
i+1,j−2uk

ij+uk
i−1,j

h2
1

,
∂2

yu
k
ij ≈

uk
i,j+1−2uk

ij+uk
i,j−1

h2
2

.Then the Lapla
e operator in two dimensions is given by ∆hu
k
ij ≈ ∂2

xu
k
ij + ∂2

yu
k
ij.Finally we obtain this expli
it s
heme

Φk+1
ij = Φk

ij

+ τA
Φk

i+1,j + Φk
i,j+1 − 4Φk

ij + Φk
i,j−1 + Φk

i−1,j

h2
+

τB

ξ2
g′(Φ)

+
τC

ξ
h′(Φ){(µ(e) − µ(v))ǫijǫij +

λ(e) − λ(v)

2
(ǫii)

2 (7)
−

1 + ν(e)

1 − 2ν(e)
(ǫm)2},for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT . That means we 
an obtain the valuesat time k + 1 from the 
orresponding ones at time k.The boundary 
onditions are treated by mirroring the values in the inner nodes a
rossthe boundary.Numeri
al resultsWe implemented the model using the expli
it s
heme based on FDM for the phase-�eldequation (6). In numeri
al experiments, we used the re
tangular domainΩ ≡ (0, 2)×(0, 1)with the grid 200× 100. The spatial step size in x-dire
tion is set to h1 = 2/199 and thespatial step size in y-dire
tion is set to h2 = 1/99 . The other model parameters are asfollows: A = 0.005, B = −0.01, C = −0.00333, ξ = 0.015, and time step τ = A∗h1∗h1/8.The initial 
onditions for the phase-�eld variable are given by

Φ(x, y) = 0.5

(

tanh

(

1

h1

(0.1cos(3πx) − y)

)

+ 1

)

.For the elasti
 problem, we used FreeFem++ [7℄ based on FEM. Material dimension-less parameters are taken as follows: E(v) = 1, ν(v) = 0, E(e) = 1 × 107, ν(v) = 0.278,
ǫm = 0.05, µ = E/(2.0(1.0 + ν)), λ = Eν/((1.0 + ν)(1.0 − 2.0 ∗ ν)). Computations ofstress �eld were very time 
onsuming. Fig. 4b shows x-
omponent of normal strain at t= 0.00038.We observed the valleys of the surfa
e pro�le deepen under stress. However, the topsdeepen as well, even at higher speed (see Fig. 4a). Our study is at early stage and it isnot obvious from the experiments whether it 
an lead to fra
ture or it evolves towards theplanar interfa
e. We also found that numeri
al noise avoid us to simulate the problem inlonger time. Therefore, it is ne
essary to develop better numeri
al s
hemes suitable formodelling heteroepitaxial growth.
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(a) Evolution of the interfa
e. ζ is the interfa
e position, givenby its z 
oordinate.
 0  0.5  1  1.5  2

x

-0.6

-0.4

-0.2

 0

 0.2

 0.4

z

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

(b) Normal strain in x-dire
tion at t = 0.00038.Figure 4: Numeri
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Analysis of Mi
rostru
ture of the TotallyAsymmetri
 Simple Ex
lusion Pro
ess withRespe
t to Tra�
 Flow Modeling∗Pavel Hrabák2nd year of PGS, email: hrabapav�fjfi.
vut.
zDepartment of Mathemati
sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Milan Krbálek, Department of Mathemati
s,Fa
ulty of Nu
lear S
ien
e and Physi
al Engineering, CTU in PragueAbstra
t. This arti
le serves as a summary of results published in arti
les [1℄ and [2℄, and seve-ral newest results whi
h will be published in the Pro
eedings of the 
onferen
e SPMS 2011 [3℄.The main goal of the arti
les is to investigate the 
hara
teristi
s of the TASEP model, used fordes
ribing the mi
rostru
ture of the tra�
 �ow, i.e., the distan
e- and time- headway distribu-tion. Using the matrix produ
t Ansatz the exa
t formula for distan
e-headway distribution farfrom and 
lose to the boundary has been derived. By means of this result the exa
t formula forthe time-headway distribution is obtained.Keywords: TASEP, distan
e-headway distribution, time-headway distribution.Abstrakt. Tento £lánek slouºí jako shrnutí výsledk· publikovaný
h v £lán
í
h [1℄ a [2℄ a n¥ko-lika nejnov¥j²í
h výsledk·, které budou publikovány ve sborníku konferen
e SPMS 2011 [3℄.Cílem t¥
hto £lánk· je vy²et°it 
harakteristiky modelu TASEP, které jsou uºívány k popisumikrostruktury dopravního proudu, t.j. délkové a £asové rozestupy. Uºitím matrix produ
tAnsatz je odvozen vzore
 pro délkové rozestupy daleko od hrani
e i poblíº hrani
e. Na základ¥t¥
hto výsledk· je odvozen vztah pro £asové rozestupy.Klí£ová slova: TASEP, délkový rozestup, £asový rozestup.1 Introdu
tionThe totally asymmetri
 simple ex
lusion pro
ess (TASEP) is an intera
ting parti
le sys-tem de�ned on the one-dimensional latti
e 
onsisting of N 
ells. The parti
les are movingalong the latti
e in one dire
tion by hopping to the neighboring 
ell a

ording to followingrules: New parti
le enters the system by hopping to the �rst 
ell with probability α, if thetarget 
ell is empty, a parti
le in the system hops to the neighboring 
ell with probability
p, if the target 
ell is empty, the parti
le leaves the system by hopping out of the last 
ellwith probability β.Considering the system in stationary state (non-equilibrium) it has been proven that

∗This work has been supported by the grant SGS10/209/OHK4/2T/1475



76 P. Hrabákthe probability of �nding the system in the 
on�guration τ 
an be written as
PN(τ1, τ2, . . . , τN ) = Z−1

N 〈W |
N
∏

i=1

[τiD + (1 − τi)E] |V 〉 , (1)where E, D are square matri
es and W , V ve
tors for whi
h holds
DE = D + E , 〈W |E =

1

α
〈W | , D|V 〉 =

1

β
|V 〉 . (2)2 ResultsUsing the 
on�guration distribution (1) and the rules (2) it has been shown in the arti-
le [2℄ that the distan
e-headway probability density, i.e., the probability of �nding a gapof k − 1 empty 
ells between two su

essive parti
les, is of the form

℘(k; α, β) =



















1
2k α ≥ 1

2
∧ β ≥ 1

2
,

α(1 − α)k−1 α < 1
2

∧ β > α ,

(1 − β)βk−1 β < 1
2

∧ β < α ,

αβk−1 α + β = 1 ,

(3)when investigating the system far from the boundary. Con
erning the headway distribu-tion near the right boundary we obtain
℘0(k; α, β) =



































1

β2k

(

1 −
k

2
+ β(k − 1)

)

α ≥ 1
2

∧ β ≥ 1
2
,

α(1 − α)k

β

(

β − α

1 − 2α

)

+
αk(1 − α)

β

(

1 −
β − α

1 − 2α

)

α < 1
2

∧ β > α ,

(1 − β)βk−1 β < 1
2

∧ β < α ,

αβk−1 α + β = 1 . (4)Using the formula (3) the time-headway distribution, i.e., the distribution of timeinterval ∆t between the passings of two su

essive parti
le through 
ertain referen
e 
ell,
an be derived. By means of the random-sequential dis
rete-time update the step-headwayprobability density far from the boundaries with the bulk density ̺ 
an be obtained as
f̄N(k) =

1

ρσ

[

(

1 −
1

N

)k−1

−
(

1 −
ρ

N

)k−1(

1 −
σ

N

)k−1
]

+

+
ρ

σN

[

(

1 −
ρ

N

)k−1

−

(

1 −
1

N

)k−1
]

+
σ

ρN

(

1 −
σ

N

)k−2
[

1 −
(

1 −
ρ

N

)k−1
] (5)for k ≥ 2 and fN (1) = 0, whereσ = 1− ̺. To obtain the probability density f̺(t) for thetime 
ontinuous dynami
s, we will pro
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Abstract. This paper deals with image segmentation and its use in recognizing Alzheimer's
disease. Segmentation is performed by using the morphological method called watershed, in
the image in the dodecahedral topology. The following describes the technique for converting
the image into dodecahedral topology and the method for image �ltering and edge detection.
Finally, these methods are tested on the human brains, which are obtained by Single-Photon
Emission Computed Tomography (SPECT).

Keywords: watershed, dodecahedral topology, Alzheimer's disease

Abstrakt. �lánek se zabývá segmentací obrazu a jejího vyuºití p°i rozpoznávání Alzheimerovy
choroby. Segmentace se provádí pomocí metody rozvodí na obrazu v dodekaedrické topologii.
Dále je popsán postup pro p°evedení obrazu do dodekaedrické topologie a metoda pro �ltraci
obrazu a detekci hran. V záv¥ru jsou tyto metody testovány na snímcích mozk· získaných
pomocí jednofotonové emisní výpo£etní tomogra�e (SPECT).

Klí£ová slova: metoda rozvodí, dodekaedrická topologie, Alzheimerova choroba

1 Introduction

Alzheimer's disease, which is characterised by loss of neurons and their's synapses, is
the most common form of dementia. This disease is still incurable by modern medicine,
but it can be slowed down. Therefore time of recognition of diseased patient has highest
priority.

SPECT is a technique using gamma rays to provide 3D imaging. Before the technique
begins, an injection of radionuclide is introduced into the bloodstream of the patient. The
result of this technique is the set of 2D slices of radionuclide distribution in the brain
from which the �nal image is built.

This work is based on hypothesis that the brain scans of patients with Alzheimer's
disease di�er from the brain scans of healthy people. These changes are observed using
watershed, which is the method for image segmentation based on morphological under-
standing the image and modeling of gradual �ooding of virtual terrain. Moreover, water-
shed is implemented in dodecahedral topology to eliminate its sensitivity to the number
of neighboring voxels. We calculate four main characteristics for each image: number of
regions (|r|), volume of regions (

∑
r), cardinalty of wateshed shapes (

∑
w) and average

volume of region (r̄). The results of the measurement are summarized in the paper.
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2 Dodecahedral Topology of 3D Images

Each 3D image is represented by a �nite set of points in the computer. These points are
generated by using three rectangular vectors of the same length in the cubic topology.
Consequently, every voxel has 26 neighbors. Given that the neighbors vary in distance
from the central voxel, this distribution of the voxels can cause a problem for the methods
that work within the neighborhoods of the central voxel.

The points in the dodecahedral topology are generated by vectors of same length with
mutual angles equal to π

3
. A sample of three vectors (1) is used in foloving calculations.

Based on this equation, the image can still be represented by the 3D matrix in the com-
puter. Unlike the cubic topology, the image in dodecahedral topology consists of voxels
in the shape of a rhombic dodecahedron. Every dodecahedral voxel has 12 neighbors, but
distances from the central voxel to each neighboring voxel are equal.
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The conversion of 3D image (rectangular) input into the dodecahedral topology is
performed via linear interpolation. Positions for neighboring voxels are show in Fig. 1.

Figure 1: Neighbors in dodecahedral topology

Final representation for the computer in the form of a 3D matrix is shown in Fig. 2.

1

2 3

5 6

4 10

1112

9 8

7
*

Figure 2: Neighbor representation in matrix
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3 Edge Detection

We used linear �lters to reduce the noise level and detect the edges. In this paper we
discuss the best �lter we tested: the DoG (Di�erence of Gaussian) �lter. This method
is based on the subtraction of two blurred images, where the images are blurred with a
Gaussian kernel with a di�erent parameters σ1, σ2 using the convolution.

F1(x, y, z) = gσ1(x, y, z) ∗ f(x, y, z) (2)

F2(x, y, z) = gσ2(x, y, z) ∗ f(x, y, z) (3)

We can calculate the convolution of the kernel, but we can only use the convolution
once because the it is distributive. This operation provides the same results two times
faster.

F1(x, y, z)− F2(x, y, z) = (gσ1(x, y, z)− gσ2(x, y, z)) ∗ f(x, y, z) (4)

4 Dodecahedral watershed

Watershed is a morphological method based on the modeling of a gradual �ooding of
virtual terrain. It starts in each local minimum to �ood and build barriers (watershed
shapes) in voxels where di�erent domains join. This method gives us an image that is
divided into regions.

The algorithm goes from the lowest level of grey to the highest level of grey. In each
step, the Algorithm �nds all coherent areas of a given level of grey and marks them
depending on the following three conditions:

1. If it is touching just one area, then it will join to this area.

2. If it is touching more than one area, or it is touching only a barrier, then it will
join to the barrier.

3. If it is touching neither area nor barrier, then it becomes a new area.

5 Matlab realization

There have been several documents written on the functions for loading, converting from
cubic to dodecahedral topology, �ltering, and rendering.

As mentioned before, we made the conversion from cubic to dodecahedral topology
using linear interpolation. In this case, we used the Matlab function interp3. To use
interp3 correctly, we cannot rotate the cubic image; therefore, we rotated the future
dodecahedral image in the opposite direction and placed the cubic image in the correct
position in the space.

Filtering was performed via linear �lters. To speed up the algorithm, we used the
Fourier transform for convolution and the Matlab functions: fftn, ifftn, fftshift.
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Since the cut in the image is composed of regular hexagons in dodecahedral topology,
we could not use the standard Matlab function for renderig. Instead, we put together
regular hexagons using function fill to make the �nal image.

6 Results

The main statistical properties for the DoG �lter are similar to an arithmetic mean (x̄),
standard deviation (s), and coe�cient of variation (γ) are collected in the Tab. 1 for
groups of diseased and healthy patients. Our results provide a comparision between two
sets of samples: ADT (set of testing samples of diseased brain scans), and CNT (set of
testing samples of healthy brain scans).

Table 1: Properties for �lter DoG (σ1 = 1.6, σ2 = 3.6)
set stat. |r|

∑
r

∑
w r̄

x̄ 3792 314280 224792 83.27
ADT s 265 10265 7984 6.78

γ 0.0698 0.0327 0.0355 0.0814
x̄ 3439 335533 211654 98.03

CNT s 241 14934 6839 8.66
γ 0.0700 0.0445 0.0323 0.0884

Before the interpolation from cubic to dodecaedric topology, the cubic image can be
rotated. Sensitivity to the rotation is documented in the Tab. 2 for typical 3D scan. As
shown, the rotation has only an insigni�cant e�ect on the �nal results.

Table 2: Rotation test for �lter DoG (σ1 = 1.6, σ2 = 3.6)
stat. |r|

∑
r

∑
w r̄

x̄ 4191 304756 238213 72.74
s 70 3261 1585 1.91
γ 0.0167 0.0107 0.0067 0.0262

The next property that we tested was shift resistance. The results for this testing are
collected in the Tab. 3 for the typical 3D scan. In this case, the results are slightly better
than for the rotation test, which means that the shift has only an insigni�cant e�ect as
well.
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Table 3: Shift test for �lter DoG (σ1 = 1.6, σ2 = 3.6)
stat. |r|

∑
r

∑
w r̄

x̄ 4184 304498 237714 72.78
s 59 2176 963 1.12
γ 0.0140 0.0071 0.0041 0.0154

The DoG �lter was tested on the set of test samples (ADT and CNT). The results of
this testing using two sample Students` t-test are shown in the Tab. 4 on the "training"
line. In addition, the DoG �lter was veri�ed on the set of veri�cation samples (ADV
and CNV). The results for the veri�cation samples are provided on the "veri�cation"
line. While the results for the veri�cation samples are worse than the results for the test
samples, they are still signi�cant, with a probability of Type 1 error of about 1% for all
characteristics.

Table 4: Results for �lter DoG (σ1 = 1.6, σ2 = 3.6)
p-value

set |r|
∑
r

∑
w r̄

training 0.0060 0.0016 0.0009 0.0005
veri�cation 0.0121 0.0110 0.0096 0.0065

The di�erence between typical AD and CN patients is ilustrated in the Fig. 3. As
seen, the watershed image of an patient with Alzheimer's disease is divided into more
regions.

Figure 3: Images after segmentation: AD (left), CN (right)
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7 Conclusion

Dodecahedral topology of 3D image is a useful structure for the digital diagnosis of
Alzheimer's disease. Optimal parameter for DoG �lter and watershed procedure were
obtained. The watershed shape volume (

∑
w) is the most robust measure related to

rotation an shifting of the original image (patient) and second best in p-value for the
classi�cation of Alzheimer's diseased patient.
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Abstract. For the improvement of the present ATLAS Pixel detector, implementation of the
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present FE-I3 modules and FE-I4 modules can co-exist.
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Abstrakt. Pre vylep²enie stávajúceho Pixelového detektoru v experimente ATLAS sa vyºaduje

implementácia nového FE-I4 £ipu. Implementácia zah¯¬a zmeny nielen v stávajúcom DAQ-

software ale sú£asne je nutná aj úprava hardwaru. Hlavným cie©om je navrhnú´ systém, kde

dne²né FE-I3 moduly budú koexistova´ s novými modulmi FE-I4.

K©ú£ové slová: LHC, ATLAS, Pixel detektor, Roz²írenie, DAQ, FE-I4

1 Introduction

This article describes the data acquisition system of ATLAS Pixel detector and imple-
mentation of the new FE-I4 Si-detector to this system. It is an overview of the data
acquisition chain from both sides - software and also hardware. The crucial point is the
library which is responsible for proper work of the Pixel modules in the DAQ-system.

2 ATLAS Pixel Detector

The Pixel Detector is divided into three barrel layers in the center and three disks on both
either sides for the forward direction. Due to its close distance to the beam pipe, the Pixel
Detector faces the highest amount of particle �ux, corresponding to the largest radiation
damage and hit occupancies in ATLAS. Innermost barrel layer is the most occupied layer
with occupancy approx. 5 · 10−4 per 50× 400µm2 area.
The Pixel Detector consists of amount of pixel modules including a single silicon sensor.
The sensor is connected to 16 front-end FE-I3 chips using bump bonding. The FE chip
is designed to digitise the charge signal received from the sensor pixels. The present
version of FE chip (FE-I3) contains 2880 individual charge sensitive analogue circuits
with a digital read-out cell. The chip is organised into 18 columns by 160 rows, so such
that two columns are combined into pairs for the digital readout. As interface between
FE-I3 chips and o�-detector read-out system is Module Control Chip (MCC). The MCC
is responsible for distributing commands to FE chips and collecting data from them.
For the future upgrade of ATLAS Pixel Detector, FE-I4 chip has been developed. The
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FE-I4 integrated circuit contains readout circuitry for 26 880 hybrid pixels arranged in
80 columns on 250µm pitch by 336 rows on 50µm pitch. Many of the speci�cations
and features of FE-I4 have been derived from the FE-I3 chip, but FE-I4 o�ers a lots of
advantages:

• Much cheaper module manufacture ⇒ chip size as big as possible

• Greater fraction of the footprint devoted to pixel array⇒ move the memory inside
the array

• Lower power ⇒ don't move the hits around unless they are triggered

• Able to take higher hit rate ⇒ store the hits locally and distribute the trigger

• Still able to resolve the hits at higher rate⇒ smaller pixels and faster recovery time

• No need for extra control chip ⇒ signi�cant digital logic blocks on array periphery

The module with planar sensor consists of two front end chips and one sensor [1] and
does not contain any MCC chip. Due to this a new protocol have been developed that
is not fully compatible with the existing detector DAQ hardware. However, it is still
compatible with the optical hardware used in the present detector. It is necessary to
implement changes to DAQ software as well. Nevertheless, the command structure has
been kept the same and �fast� commands (lower number of bits needed to transmit) are
identical. The FE-I4 output is signi�cantly di�erent from the present detector mainly
because of the requirement of capability of 160 Mb/s with the expected hit rate at 100
kHz trigger [1].

Figure 1: Readout chain of the pixel detector [5].

The �gure 1 describes the readout chain of the pixel detector. The Read Out Driver
(ROD) is a board designed to interface the detector speci�c readout components (optical
interface, bu�ers) with the standard ATLAS DAQ chain consists of Timing, Triggering
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and Control system - TTC Interface Module (TTC) and other components of Readout
system. TIM is placed at ROD crate as well. Modules connections are grouped at PPo
(PPo is not displayed at the �gure 1). Each PPo can contain six or seven modules and
these are connected to the ROD. The one ROD can be connected to 1, 2 or 4 PP0s, it
depends on the speed and events count [2]. ROD is responsible for generating command
bit-stream for the modules and for decoding incoming data from the sensors as well. From
these data ROD creates event (from all modules) and transfers it in a general ATLAS
format. Data from sensors are transferred by optical �bres to the o�-detector interface
(ROD) via the Back of Crate card (BOC) which is converting signals (optical to LVDS)
and by S-LINK interface to the Read Out system (ROS). The all o�-detector parts are
located approx. 100 m away from the detector. The common signals other than trigger,
timing, e.g. con�gurations for read-out chips are being transferred to the ROD via a
VME interface form the DAQ-system. These data are transform in ROD card by DPS
and FPGA chips to the form for modules. These chips are creating also histograms and
some analysis and sending them to the rest of DAQ-system for online monitoring by VME
interface or for further processing and archiving to the DAQ-system by S-LINK interface.

2.1 TurboDAQ set-up

For the testing purpose, known as Test-beam, we have TurboDAQ set-up, where ROD
card is replaced by VME-crate, also known as Turbo Pixel Low Level card (TPLL)
and interface between VME-crate and modules are made by Turbo Pixel Control Card
(TPCC) according �gure 2.

Figure 2: TurboDAQ test system [3].

For reading data from VME-crate we use standard PC connected to the TPLL by VME
interface. TPCC is used for converting signals to speci�c format readable by modules
consisting of the MCC and FE chips in number of maximum four modules.

3 DAQ-software

The data acquisition software (DAQ-software) is based on a library PixLib. The PixLib
library is a complex collection of C++ applications and libraries used in a distributed
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environment. This library provides the support of the hardware of the all Pixel Detector
such as sub-library PixBoc for the BOC card, RodPixController for the ROD card, PixFe
and PixMcc for modules, etc. as well as controlling, scanning, tuning capabilities, calibra-
tion, data-taking, making histograms, etc. This makes the Pixel DAQ-software di�erent
from the one than software used in other sub-detectors in the ATLAS. Pixel DAQ-software
is making calibrations not just as standard taking-data and changing trigger set-up, but
it makes scans, short sequences of triggers, with di�erent detector conditions such as dif-
ferent thresholds, shaping time, pulse height, Opto-link, intensities or delays etc. These
results are formed as histograms in the RODs and transferred to DAQ-system for moni-
toring. Di�erences between the local data-taking and calibration are marked in the �gure
3 and 4. Each ROD can be used for data-taking mode as well as for calibration mode.

Figure 3: Local Data Taking in the Pixel Detector [2].

Figure 4: Calibration in the Pixel Detector [2].

Very important feature is also a sophisticated database system (DB) as well. In the
con�guration DB Module and Opto-link con�gurations are stored. That database is
formed as Oracle server and in order to avoid too many processes in the DAQ-system
access to this server at a same time, cache is created. In these caches basic con�gura-
tions are stored. These are called DB Servers and can read con�guration from Oracle
server and distribute them to the DAQ-system as well as store the present con�guration
of set-up to the Oracle server [2]. As well Histogram Server as cache was created. The
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Histogram Server is used to collect histograms from the RODs and distribute them to
the processes running in the analysis farm.
The structure of DAQ-software is shown at �gure 5. The software consists of an appli-
cations running on the di�erent places in the system. Some are running on the Single
Board Computer (SBC). This SBC is standard disk-less Intel based computer with VME
interface for connection with ROD crate. The SBC is used for to controlling ROD crate,
downloading con�gurations for FE chips and for the all modules from DB as well as for
taking histograms saved in the ROD and sending them to the histogram server. SBC is
also interacting with archiving system as well as with the rest of the DAQ-system. The
communication between the SBC and the outside is based on the Gigabit Ethernet. The
applications running in the SBC are called Action Servers. These are running as a couple
of threads per one ROD. For each ROD only one application can be run. This is checked
by Crate Broke application running in the SBC computer.
The DAQ-software includes applications that can perform di�erent tasks and are running
on di�erent computers connected to each other via Inter Process Communication (IPC),
so the IPC is used to address the crate controllers. This technology allows remote appli-
cations to call transparently across the network functions executed by di�erent processors
and to connect the ROD crate with the rest of the DAQ-system.

Figure 5: DAQ-software structure [1].

The whole system is created to be able to run di�erent hardware on the same architec-
ture. It means that the implementation of the new read-out electronics using the VME
interface is limited only by changing software at the crate level such as drivers for BOC
and ROD crates. When we implement new FE-I4 chip to the system, changes appear
only at the hardware level and data and signals remain still compatible with the present
Pixel detector.
Due to these aspects the implementation of the new FE-I4 chip is possible as additional
layer to the present architecture of the Pixel Detector.
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3.1 Detector partitions

The ATLAS detector consist of couple of detectors. Each detector can take data inde-
pendently. Data-taking from one detector is called partition. In our case, Pixel detector
is divided into three partitions: Layer 1 and 2 and Disks and each partition can run alone
or with other partitions together. This division gives us an advantage of taking data with
di�erent (local) triggering - from Local Trigger Processor (LTP) or with trigger for all
other partitions from Central Trigger Processor (CTP). Individual RODs can be removed
from a partition and used for calibrations. Overview of partitions is in �gure 6.

Figure 6: Pixel Detector Partitions [2].

DAQ-software is also divided to partitions for di�erent tasks. TDAQ-system has
TDAQ partition which is collections of processes running on di�erent computers. These
processes can be controlled by commands sent to the root controller for all processes or
to the individual process. With the TDAQ partition it is possible to make data-taking
from one or more detector partitions at the same time. On another hand it is possible
to use the same tool for controlling processes such as calibrations, processes which are
not taking data. TDAQ partition includes special partition called PixelInfr partition for
control the Action and Broker processes and other servers. Always before a process such
as calibration or data-taking can start, �rst we have to load correct con�gurations for
current set-up from the DB server.

4 PixLib

The PixLib is the library which acts as software layer to interface the ROD with the
other end user applications to access the Pixel modules. This library consist of couple
of sub-libraries such as drivers for ROD, BOC, FE modules etc. as well as controlling
applications as timing, scaning, tuning, calibration, data-taking, etc. A lot of them are
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detector independent because of many actions which are made by ROD hardware itself.
Many of these actions are running on SBC computer and connected with other GUI
application on the di�erent computer via a Ethernet connection.
In global, PixLib does not provide any speci�c task, it provides just access to control
Pixel Modules which are hidden to the end users. The PixLib also provides an interface
to the TIM and to the Detector Control System (DCS) which is computer controlling and
supervising the detector and related services aiming at stable operation of the detector
system such as the voltages, the temperatures etc. It also provides access to the database
servers where calibration and histogram data are stored.

Figure 7: Structure of the PixLib library [4].

Figure 7 shows a basic structure of the PixLib library. The top level of the structure
consist of PixModuleGroup class. This class corresponds with the set of the modules
controlled by the same ROD. The structure of the PixLib library does not allow to
control more than one ROD. It means that PixLib is just for one ROD and to access to
the more RODs we need to run another application at the run controller. Exactly one
Action Server in the SBC computer per one ROD card.
PixModuleGroup creates one or more instances of the following object depending on the
con�guration:

• PixModule - up to 6 or 7 instances according con�guration

• PixController - only one instance

PixModuleGroup object also receives pointers to:

• VmeInterface

• PixTriggerController

• PixDCSInterface
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• PixConfDBInterface

These are just main sub-classes listed. In point of fact there are plenty of the sub-classes.
The PixController is the abstract class used mainly for communication with Modules and
for access to the speci�c ROD implementation such as TIM controller.
The PixModule class is responsible for the most of the work because it contains the code
for working with the module. This class will create instances of the following object:

• PixMcc - only one for FE-I3 or no instance for FE-I4

• PixFE - up to 16 for FE-I3 or up to two for FE-I4 according con�guration

PixMcc and PixFE are representatives of the generation of the speci�c MCC and FE
commands with communication with read-out chips, since the PixModule class provides
the complex task for the all Module such as full module con�guration, calibration loops,
threshold scans, etc.
The PixMcc class contains the full image of Mcc registers. This register has to be loaded
from con�guration DB �rst and then copied to the ROD memory to be used for con-
�guration. There are also methods to upgrade and save con�gurations to and from the
database. PixMCC will also generate the bit stream corresponding to the command and
pass it to PixModule for execution.
The PixFE class contains the whole image of all sensor and read-out chip settings such
as FE DACs and pixel bits loaded also from the con�guration DB in the same way as
for MCC chip. The class can directly execute some commands or make bit-stream for
execution by PixMcc.
We can divide commands to higher-level and low-level commands. Low level commands
can be created by PixFE and be implemented only on the corresponding FE chip or
higher-level commands that can create PixMcc, PixController or PixModuleGroup and
be applied to all group of modules or FE chips.
I have to mention also another main classes as PixTriggerController which is used to
interface trigger controller (TIM), PixDCSInterface which is used to interface DCS com-
puter for setting voltages, temperatures etc. and PixConfDBInterface which is used to
interface con�guration databases.

4.1 Implementation of FE-I4 to PixLib

The class PixLib was developed originally for FE-I1, FE-I2 and FE-I3 read-out chips.
Since the new FE-I4 chip has been developed, we need to adjust PixLib.
We started with DAQ-software version tagged as IBLDAQ-0-0-0 which is frozen and no
code for FE-I4 is made. We already have instances as objects for FE-I4 derived from
the USBPix application written for testing single FE-I4 chips. These already existing
instances we have copied directly to PixLib without any changes.
Since FE-I3 chip is connected to MCC chip, software is full of hard-coded points with
connection to these hardware constrains and these need to be eliminated. We need a
code in witch MCC/FE-I3 and FE-I4 modules can co-exist. It means that both types
of modules will be dealt within the same class. From another point of view, to keep the
current code intact, and wherever things are di�erent for FE-I4, implement them so that
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new code shall be used for FE-I4-type modules as well. Just to be more speci�c, �rmware
changes (DSP software) are required for ROD and BOC card as well.
We have two option for �xing present daq-software:

• with a dynamic_cast < PixFeI4∗ > (&fe)

• using PixModule's m_feF lavour variable

First one can use C++ type-casting in order to �nd out what type of chip is connected.
The second one is using the chip �avours, variables m_mccFlavour and m_feFlavour

which are known to the PixModule. Example how to use the second variant with chip
�avours is shown below:

// m_mccFlavour and m_feFlavour already read from DB

if(m_mccFlavour==PM_MCC_I2 && m_feFlavour==PM_FE_I2){

m_mcc = new PixMccI2(dbServer, this, dom, tag, "MCC");

conf.addConfig(&(m_mcc->config()));

for (int i=0; i<16; i++) {

m_fe.push_back(new PixFeI2(dbServer, this, dom, tag,"FE",i));

conf.addConfig(&(m_fe.back()->config()));

}

}

else if(m_mccFlavour==PM_NO_MCC && m_feFlavour==PM_FE_I4){

m_mcc = 0;

// to be seen if we have 1 or 2 FE-I4 per module

for (int i=0; i<1; i++) {

m_fe.push_back(new PixFeI4(dbServer, this, dom, tag,"FE",i));

conf.addConfig(&(m_fe.back()->config()));

}

}

else std::cerr << "Inconsistent or non-existing MCC/FE types for module "

<< m_name << std::endl;

For testing purpose we use DummyPixController, which is replacement for real Pixel
Detector set-up. Working with this simulator makes process easier, because in major cases
we are not able to set the all pixel set-up and debug software because of its enormous
complexity. The DummyPixController needs just one PC, it is as host-PC and SBC
computer at the same time.

5 Conclusion

Since the LHC brought the �rst results, there is e�ort for upgrade of particular com-
ponents. One of theme is the replacement or addition of new detectors to the LHC
experiment. In co-operation with an international group of scientists, we are working on
the implementation of the new FE-I4 sensors to the present ATLAS Pixel detector. De-
spite quite robust architecture of the DAQ-software it is necessary to take DAQ-software
as one cell and in aim of implementation of FE-I4 to be familiar with all this architecture.
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The work includes software as well as hardware and �rmware development. The plan of
the Pixel group is to have a functional set ready for testing at the end of this year, how-
ever, there are still a lot of problems with code debugging due to the request of proper
environment.
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e tohoto návrhu.Klí£ová slova: sb¥r dat, COMPASS, vzdálené °ízení, distribuované systémy1 Introdu
tionThe Common muon and proton apparatus for stru
ture and spe
tros
opy (COMPASS) isa parti
le physi
s experiment with a �xed target running on the Super Proton Syn
hrotrona

elerator at CERN laboratory in Geneva, Switzerland [1℄. The s
ienti�
 program ofthe experiment was approved by the CERN S
ienti�
 Coun
il in 1997, the data takingstarted after several years of 
onstru
tion and testing in 2002. The s
ienti�
 program
onsists of the muon program, that in
ludes the resear
h of the transverse spin e�e
tsor the investigation of the muon polarization, and the hadron program, that 
overs theresear
h of the Primako� s
attering or the exoti
 states. Re
ently, the extension of the95



96 V. Jarýprogram of the experiment, known as COMPASS II, has been approved [2℄. The extensionin
ludes the resear
h of the generalized parton distribution fun
tion, the Drell-Yan e�e
t,and the Primako� s
attering.At �rst, the existing data a
quisition system based on the ALICE DATE softwarepa
kage is presented. Then, several improvements of this system are des
ribed. Theseimprovements in
lude update of the online database servi
e or implementation of theremote 
ontrol of the experiment. Finally, a brand new data a
quisition system that is
urrently under development is presented.2 The DAQ system of the COMPASS experimentA typi
al data a
quisition system performs several tasks: it reads data produ
ed by dete
-tor(s) (readout), assembles full events from fragments of data (event building), transfersdata to a permanent storage (data logging), and provides 
ontrol, 
on�guration, andmonitoring to human operators (run 
ontrol).The COMPASS data a
quisition (DAQ) system strongly depends on the super
y
leof the SPS a

elerator that 
onsists of the a

eleration (12 s) and the extra
tion (4.8 s)period known also as a spill. The DAQ system must use the a

eleration period toredu
e the data rate to one third of the on�spill rate. Typi
al SPS spill 
ontains 2 ×

10
8 parti
les for the muon beam and 1 × 10

8 parti
les for the hadron beam. When abeam parti
le intera
ts with the COMPASS polarized target, se
ondary parti
les areprodu
ed and are later dete
ted in a system of dete
tors that forms the COMPASSspe
trometer. Dete
tors are used to tra
k parti
le (various wire 
hambers), to identifyparti
les (e.g. Ring Imaging Cherenkov 
ounter, muon �lters), and to measure depositedenergy (hadroni
 and ele
tromagneti
 
alorimeters).Colle
tion of data des
ribing the �ight of parti
le through the spe
trometer is 
alledthe event. The majority of registered events does not 
orrespond to any physi
ally in-teresting phenomena. The purpose of the trigger system is to sele
t interesting eventsin a high rate environment. The trigger de
ision is based on signals from fast dete
tors,e.g. hodos
opes. The trigger system greatly redu
es the storage requirements and alsothe CPU power required to analyze data. Average event size is approximately 40 kB, thedata 
olle
ted per one spill 
an rea
h up to 18GB. During the 2004 Run, the experiment
olle
ted almost 1

2
PB of data. DAQ of the COMPASS experiment uses bu�ering andparallel pro
essing to handle these data rates.The COMPASS DAQ system 
onsists of several layers. On the lowest layer, theprimary (frontend) ele
troni
s lies. Its main task is to preamplify, dis
riminate, and digi-tize data from dete
tors. There are roughly 250000 
hannels; data streams from multiple
hannels are 
on
entrated into the 
on
entrator modules CATCH and GeSiCA. The read-out of data is triggered by signals distributed by the trigger 
ontrol system TCS. Thissystem also distributes the event identi�
ation and the time referen
e. When the 
on
en-trator module re
eives the TCS signal, it performs dete
tor readout and appends subeventheader to data. Subevents are then transferred via opti
al bus S-Link to the readout bu�er
omputers that form the following layer of the system. The readout bu�ers are standardservers equipped by the 
ustom PCI 
ards 
alled spillbu�ers. Readout bu�ers re
eivesubevents during spills and 
ontinuously transfer them to the event builder servers that
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quision Software for the COMPASS Experiment 97form the last layer of the DAQ. Thus, readout bu�ers use the SPS super
y
le to redu
ethe data rate to one third of the on-spill rate. Conne
tion between readout bu�ers andevent builders is based on the TCP/IP standard. Event builders use information fromthe subevent headers to assemble full events. Full events are stored in the CERN perma-nent storage CASTOR; additionally, 
atalogue �le with metainformation is prepared andstored in the Ora
le database. Remaining CPU power of the event builders is dedi
atedfor additional tasks su
h as event sampling or online data �ltering.DAQ software is based on the DATE (Data A
quisition and Test Environment) pa
k-age that has been developed for the ALICE experiment. The DATE pa
kage is designed toperform DAQ tasks in a multipro
essor distributed environment. DATE was designed tobe a very s
alable system; at the ALICE experiment, it runs at two modes: proton�proton
ollisions and heavy ion 
ollisions. The pp mode is 
hara
terized by a high intera
tionrate and small event sizes. On the 
ontrary, the heavy ion mode is 
hara
terized by rela-tively small intera
tion rates and large events. The DATE performs the data a
quisitionat the ALICE experiment on hundreds of distributed nodes. On the other hand, it 
anbe also used in a small experiments with just one node that performs all the tasks. Atthe COMPASS experiment, the DATE runs in the �xed-target mode, at ALICE in the
ollider mode. The performan
e of the pa
kage has been measured with the followingresults: 40GB/s of the readout, 2.5GB/s of the event building, and 1.25GB/s of thestorage [3℄. The DATE requires ea
h node to be x86�
ompatible ma
hine powered byGNU/Linux operating system that supports the TCP/IP sta
k. From the fun
tionalitypoint of view, the DATE provides data �ow 
ontrol (EDM ), run 
ontrol (dateControl),intera
tive 
on�guration (editDB), event sampling (COOOL), data logging (infoLogger),information reporting (infoBrowser, MurphyTV ), and other tasks.On the readout bu�ers, that are also known as the Lo
al Data Con
entrators in theDATE terminology, the pro
ess re
order runs. It o�-loads the spillbu�er and passes thedata to the re
ording devi
e - in the 
ase of the COMPASS experiment, the data is trans-ferred to the event builders over the TCP/IP 
onne
tion. On the event builders (alsoknown as Global Data Colle
tors in the DATE terminology), the pro
ess eventBuilderruns. It re
eives subevents from readout bu�ers, uses subevent headers to assemble fullevents, passes the events to the next pro
essing stage (e.g. online �lter 
alled Cinderella),and sends the events to the permanent storage. The transfer of subevents is initializedby the pro
ess re
order that runs on the LDCs. The eventBuilder pro
ess is also 
ommu-ni
ating with the edm (Event Distribution Manager) pro
ess that implements the loadbalan
ing. Event builders 
an send two types of messages to the EDM: nearly emptyand nearly full. The EDM uses these messages to keep list of available event builders.Pro
esses edmClient and edmAgent pass this list to the re
order pro
ess whi
h sele
ts anappropriate destination GDC for subevents. The destination GDC is sele
ted using theround robin algorithm.The 
urrent DAQ system su�ers from a high dead time1 
aused by re
ent in
reasesof the trigger rate and the beam intensity. Moreover, as the hardware gets older, thefailure rate is also in
reasing. Thus it has been de
ided to propose and implement anew DAQ ar
hite
ture. In the meantime, several improvements to the system have been1DAQ dead time is a ratio between time when system is busy and 
annot a

ept new events and totaltime.



98 V. Jarýimplemented. At �rst, the online database servi
e has been repla
ed.3 Online database servi
eThe DAQ system of the COMPASS experiment uses the MySQL database to store 
on-�guration, monitoring data, logbook, and software logs. As a 
onsequen
e of in
reases inthe trigger rates, the database servi
e be
ame overloaded and 
aused several 
rashes ofthe data a
quisition during the 2009 Run, thus it has been de
ided to update it.Original ar
hite
ture 
onsisted of two physi
al database servers p

odb01 and p

odb02that were syn
hronized by the master�master repli
ation. In this 
on�guration, the serverp

odb01 a
ts as a repli
ation master of the slave server p

odb02. At the same time, theserver p

odb02 also a
ts as a master of the slave server p

odb01. Clients 
onne
ted tothe database through the virtual address p

odb00. Normally, this address pointed to thep

odb01 server. If the wat
hdog pro
ess dete
ted a 
rash of the p

odb01 server, it resetthe virtual address to point to the remaining server p

odb02.

Figure 1: New database ar
hite
tureBefore the start of the 2010 Run, the database servi
e has been updated. In theupdated ar
hite
ture, the p

odb01 and p

odb02 servers are repla
ed by the serversp

odb11 and p

odb12 that are equipped by mu
h more modern hardware. Also, theMySQL software and operating system have been upgraded to more re
ent versions.These new servers are also syn
hronized using the repli
ation. Moreover, additional serverp

odb10 has been added. This server hosts the MySQL Proxy software that enables the(read only) load balan
ing. There is also monitoring servi
e Nagios running on the proxyserver. If some problem with a physi
al server is dete
ted, the proxy is automati
allyre
on�gured to forward all tra�
 to the una�e
ted server and e�mail message is sent toa database administrator. The web server is also running on the p

odb10. This servi
eserves the web interfa
e of the Nagios, the ele
troni
 logbook, and also the databasemanagement tool phpMyAdmin.
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odb11 is also repli
ated to the CERN IT 
enter and from here into the
omputing 
enters of member organizations. This topology is known as a 
hain repli
ationand 
an be regarded as a geographi
al ba
kup. Moreover, regular ba
kups are exe
utedhourly (partial) and daily (full) by the system s
heduler 
ron. During the repli
ationpro
ess, the �le with binary log is being 
reated. This log 
an be used as an in
rementalba
kup. With the information 
ontained in the daily, hourly, and the in
remental ba
kup,it is possible to re
onstru
t almost all data in 
ase of the database failure.In this 
on�guration, the virtual address p

odb00 still points to the proxy server.Sin
e the virtual address is still the same, there was no need to re
on�gure any 
lientsduring migration. During the 2010 Run, the database servi
e ran stably and did notexperien
e any 
rash. In 
ase a higher performan
e is required, it is possible to easily addmore repli
ation slaves into the 
on�guration and to enable the load balan
ing. Moreinformation about the new database servi
e 
an be found in [6℄.4 Remote 
ontrolThe 
ontrol room of the COMPASS experiment is pla
ed dire
tly in the experimentalhall, just a few meters away from the spe
trometer. The radiation levels in
rease within
reasing beam intensity and safety limits might be ex
eeded in the future during theDrell-Yan program. Thus, the te
hni
al 
oordinator of the experiment has de
ided toinstall a remote 
ontrol room.Sin
e the 
ommuni
ation between nodes parti
ipating in the DAQ system is basedon the TCP/IP proto
ols, the TCP/IP 
onne
tion has been established between theexperiment hall with dete
tors and the remote 
ontrol room. Several appli
ations areused by a shift 
rew to 
ontrol and monitor the experiment and data taking.The following equipment has been provided to power these appli
ations: 8 HP work-stations and 12 LCD s
reens. The operating system with the DATE pa
kage needed tobe installed and 
on�gured on these workstations. The Windows 7 has been installedon two workstations, S
ienti�
 Linux CERN (SLC) on others. As a Red Hat EnterpriseLinux derivative, SLC 
ontains the Ana
onda system installer. Ana
onda supports au-tomated unattended installation using the ki
kstart te
hnology. The ki
kstart is a text�le that 
ontains installation options su
h as a disk partitioning s
heme, a network 
on-�guration, a pa
kage sele
tion, or post-installation s
ripts. Using the CERN Automati
Installations Management Fa
ility, the ki
kstart �les are published in a network storage.During the installation, the Ana
onda program downloads the appropriate ki
kstart �leand performs the installation a

ording to instru
tions stored in the �le.Moreover, it is not ne
essary to 
reate a ki
kstart �le for ea
h 
omputer, on the
ontrary, templates are supported. Computers parti
ipating in the DAQ 
an be dividedinto several groups: run 
ontrol ma
hines, event builders, readout bu�ers, gateways, �leservers, or database servers. Ea
h of this group is des
ribed by one ki
kstart template.During the installation, the template is parametrized by the IP address and the hostnameof the ma
hine. Additionally, the ki
kstart �le 
an be used to qui
kly reinstall ma
hineto original state in the 
ase of a 
rash or a mis
on�guration.The run 
ontrol workstations has been installed from the ki
kstart template. Firstworkstation is running the human interfa
e of the run 
ontrol appli
ation, se
ond is
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tor errors, third one is running event sampling tool COOOL.Dete
tor 
ontrol system DCS is running on the fourth workstation, beam line and magnetmonitoring program on the �fth, and IP 
ameras on the sixth. These 6 
omputers arepart of the internal COMPASS network; the two remaining workstations are 
onne
tedinto the general purpose network (GPN) and are available for the shift 
rew.A test run has been su

essfully started remotely, thus the remote 
ontrol room isprepared for the future employment. Without the remote 
ontrol room, the COMPASS
ollaboration would have to invest approximately 400000EUR into the additional shield-ing of the spe
trometer.5 Resear
h and Development of the new DAQ systemThe development of the brand new data a
quisition system has started. The main purposeis to in
rease the stability and de
rease the dead time of the data a
quisition. The newsystem is based on a 
ustom FPGA2 hardware that 
ontrols the data �ow, the readout,and the event building [9℄. Thus software is responsible only for the 
ontrol and themonitoring. Moreover, the existing readout bu�ers and event builders 
an be turned intoa dedi
ated �ltering farm for COMPASS in the future.At �rst, the possibility of using the DATE pa
kage with a new hardware has beenevaluated [7℄. It has been found out that the DATE is too 
omplex software, moreover,it requires x86 
ompatible hardware [3℄. Therefore, it has been de
ided to develop anew 
ontrol and monitoring software. However, the DATE should be used as a sour
e ofinspiration during resear
h and development of the new software.

Figure 2: DIM name serverThe new software should stay 
ompatible with other parts of the experiment, espe-
ially with the Dete
tor Control System. This implies that the new system should bebuilt on top of the DIM pa
kage [4℄. DIM (Distributed Information Management Sys-tem) is a software library that provides asyn
hronous, one-to-many 
ommuni
ation in aheterogeneous network environment. The library is based on the TCP/IP proto
ols, it2Field Programmable Gate Array
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lient�server paradigm with the 
on
ept of a name server. Ea
h DIM servi
eor 
ommand is identi�ed by its unique name. When a server (publisher) publishes aservi
e, it passes its name to the DIM name server (DNS) that registers it. When a
lient (subs
riber) wishes to subs
ribe to a servi
e, it also passes its name to the DNSwhi
h returns the lo
ation of the server that publishes the requested servi
e. After that,normal TCP/IP 
onne
tion is established between the subs
riber and the publisher. The
ommuni
ation with the DNS is handled transparently by the library. Moreover, thelibrary also handles the 
onversion of data between the host and the network en
oding.The library is written in the C language, however interfa
es to the FORTRAN, C++,Java (using the Java Native Interfa
e), and Python also exist. The performan
e of theC++ and the Java interfa
e has been 
ompared. In the test, the server publishes oneinformation servi
e and one 
ommand. The 
lient sends 
ommand to the server, when theserver re
eives this 
ommand, it updates its servi
e. This for
es 
lient to fet
h the updatedinformation; when the 
lient re
eives this information, it sends another 
ommand. This
y
le is repeated million times and network usage and elapsed time is measured fordi�erent sizes of the message. The results have been measured on the 100MBit/s network
ard. It has been found out, that the DIM performan
e s
ales well with the in
reasingsize of the message. Moreover, the DIM is able to saturate the network, the overhead
aused by the 
ommuni
ation with the name server 
an be negle
ted for larger messages.As expe
ted, the Java performan
e is lower than the performan
e of the C++ be
auseof the JNI overhead. For smaller messages, the di�eren
e in performan
e is about 20%,however as the message size in
reases, the performan
e hit 
aused by the JNI diminishes.Unfortunately, the Java DIM interfa
e is not 
omplete, thus it has been de
ided to usethe C++ version. Results of the performan
e test are dis
ussed in more details in [8℄.

Figure 3: Nodes parti
ipating in the new DAQ ar
hite
tureThe 
ontrol and the monitoring software has been designed. Figure 3 shows the rela-tions between a
tors parti
ipating in the system. The a
tors are running on distributednodes, 
ommuni
ation is implemented using the DIM library. The master node playsthe key role. The master loads the global 
on�guration from the online database. TheMySQL database server has been sele
ted be
ause of the 
ompatibility with the 
urrentDAQ system. Master distributes the 
on�guration to all slaves; in this way, the slave do



102 V. Jarýnot need a database a

ess. The information stored in the database 
ontains the list ofthe slave nodes. Ea
h node is identi�ed by its unique number and its hostname. Master
onne
ts to these nodes using the ssh 
lient and wakes up the slave pro
esses that startDIM servers. The master a
ts as a DIM 
lient of these servers. The master 
an sendDIM 
ommands to the slaves. Typi
ally, these 
ommands are used to start or stop datataking. On the other hand, slave nodes publish some monitoring information, su
h asa bu�er usage, data rates, or errors in data, as a DIM servi
es. The master subs
ribesto these servi
es and 
olle
ts the monitoring data. The format of the message has beenproposed. Ea
h message starts with header with metainformation. The header is followedby the payload and the message is 
losed by the trailer with the 
he
k sum. The formatis des
ribed in the table 1. The format of the messageHeader1. Data size 4 bytes Total size of the message in 32b words= header size+payload size+trailer size2. Version 4 bytes Version of the proto
ol3. Sender ID 4 bytes Unique ID of the message's sender4. Message number 4 bytes Number of the message5. Re
eiver ID 4 bytes Unique ID of the message's re
eiver6. Message ID 4 bytes ID of the message7.-8. Time 8 bytes Time stampPayload9. Body (0-N) × 4 bytes Body of the message (
an be empty)Trailer10. Reserved 4 bytes 0x0000000011. Reserved 4 bytes 0x0000000012. Message number 4 bytes Number of the message(the same as in the header)13. Che
k sum 4 bytes Che
k sum of the messageTable 1: Message formatOn the other hand, the master node is also 
ontaining the DIM server part. Thispart is re
eiving 
ommands from the user interfa
e appli
ation and publishes informationabout state of the system. At the same time, multiple user appli
ation 
an 
ommuni
atewith the master, however only one 
an 
ontrol the system - the remaining users 
an onlyobserve the behaviour of the system. The remote 
ontrol is supported thanks to the DIMlibrary. Communi
ation proto
ol between the user interfa
e appli
ations and the masternode uses the same message format. It has been de
ided to implement the user interfa
ein the QT framework that is portable and 
ontains ri
h 
lass library that 
overs widget,database a

ess, graphi
s, and platform independent data manipulation.The master and all the slave nodes are also sending debug information to a MessageLogger appli
ation. The Message Logger bu�ers these messages and periodi
ally �ushesthem into the permanent storage, usually into the MySQL database. The debug informa-tion 
ontains the time stamp, the identi�
ation of the node, the severity (noti
e, warning,
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tual des
ription of the in
ident. The Message Browser isan appli
ation with a graphi
al user interfa
e that will be used to display and to querythe database with messages. The Message Logger and the Message Browser repla
e theInfoLogger and the InfoBrowser appli
ations from the DATE pa
kage.The master node, the user interfa
e, and the Message Logger with the MessageBrowser will be running on a standard x86�
ompatible hardware powered by the S
ien-ti�
 Linux CERN operating system. Thus, it is possible to use some higher level librariessu
h as QT during the implementation of these appli
ations. On the other hand, slavenodes will be running on a 
ustom hardware (MICO32 soft
ore pro
essor) under someLinux distribution for mi
ro
ontrollers. The slave appli
ation will depend only on theDIM library whi
h should be available also for the mi
ro
ontroller Linux.The work on implementation of the above des
ribed proposal has already started.The 
ommuni
ation of the master node with slave nodes and user interfa
e node hasbeen tested on three nodes. Further tests on multiple nodes are s
heduled into thenearest future. The 
ode of the slave pro
ess needs to be ported to the mi
ro
ontrollerLinux. The goal is to have a fully fun
tional prototype for the 2012 Run. During the year2013, the shutdown of the entire a

elerator 
omplex is expe
ted at CERN. This periodshould be used for �nal testing and installation so that the new data a
quisition systemis ready to be in operation in the 2014 Run. If proved to be su

essful, the system willalso be deployed at the PANDA experiment at the FAIR fa
ility at Darmstatd, Germany.6 Con
lusion and outlookThe existing data a
quisition system of the COMPASS experiment has been des
ribed.The stability of the system de
reases as the hardware gets older and the trigger ratein
reases with in
reasing beam intensity. Several interventions have been proposed andperformed in order to improve the stability. The database servi
e that has 
aused several
rashes during the 2009 Run has been migrated to the new software and hardware. Sin
ethe migration, the database has not experien
ed any severe problem. In order to redu
ethe exposure of the shift 
rew to the radiation, a remote 
ontrol room has been installed.A new data a
quisition system based on the 
ustom hardware is being developed. Thereadout, the data �ow 
ontrol, and the event building is 
ontrolled by the hardware, thesoftware is responsible for the run 
ontrol and monitoring. The requirements has beenanalyzed and the proposal has been designed. The implementation of the proposal hasstarted. It is proje
ted to have the new system in a full operation for the 2014 Run.7 A
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Abstrakt. V článku konstruujeme diferenční analogie k tzv. Smorodinského-Winternitzovým

superintegrabilním systémům v Eukleidovské rovině. Za použití metod umbrálního počtu

získáváme diferenční rovnice pro zobecněný isotropní harmonický oscilátor na uniformní mřížce

a taktéž jeho řešení ve tvaru mocninných řad. V případě kalibračně transformovaných Hamil-

toniánů je řešením polynom, dobře definovaný v celé rovině.

Klíčová slova: diskrétní harmonický oscilátor, umbrální počet, uniformní mřížka

Abstract. We construct difference analogues of so called Smorodinsky-Winternitz superinte-

grable systems in the Euclidean plane. Using methods of umbral calculus, we obtain difference

equations for generalized isotropic harmonic oscillator on the uniform lattice, and also its solu-

tion in the terms of power series. In the case of gauge-rotated Hamiltonian, the solution is a

polynomial, well-defined in the whole plane.

Keywords: discrete harmonic oscillator, umbral calculus, uniform lattice

1 Introduction

Recent development in the field of theoretical and mathematical physics leads to an
idea that existing models in quantum mechanics are only a continuous approximation
of discrete space-time. Discretization has shown to be a convenient tool for quantum
chromodynamics and renormalization theories [4], as well as for one of the candidates
for a grand unification theory – loop quantum gravity [1]. This assumes an elementary
length lP =

√
~k = 10−33 cm which is referred to as Planck length.

There have been several attempts to create models for discrete quantum mechanics.
An approach to the harmonic oscillator and hydrogen atom using special functions theory
has been introduced in Atakishiev, Suslov [2] and Lorente [10]. Odake and Sasaki [12],[11]
construct Hamiltonians as infinite-dimensional Jacobi matrices which can be understood
as a discrete quantum mechanical system on a uniform grid or q-grid. An operator
approach for discretization of harmonic oscillator has been used by Turbiner [17].
The problem with these methods is that one encounters issues with preserving Lorentz

and Galilei invariance and symmetry algebras. This can be partially solved by using a
mathematical tool called ”umbral calculus”, introduced by Roman [14] and Rota [15] in
1970’s. An umbral approach for simple systems has been used in Dimakis [5] and later
extended to two dimensions by Levi and Winternitz [9].

105



106 Z. Kabát

The aim of this article is to extend the application of umbral calculus and use a
particular realization of difference operators that transfer some integrable systems to two-
dimensional uniform grid. Thanks to the essence of the umbral theory, Lie symmetries
are preserved and solutions are obtained by a simple substitution.
In Section II, we introduce the mathematics of umbral calculus and we show the par-

ticular difference operators to be used. In Section III, superintegrable systems are defined
and two classes of harmonic oscillators on an Euclidean plane are described. Section IV is
devoted to the own discretization and we find the solutions of the corresponding difference
equations. Finally, in Section V some conclusions are drawn.

2 Discretization Method

Let F be a field of characteristic zero. We denoteP = F[x] a vector space of polynomials
over F in variable x and L (P) a space of linear operators on P. Addition and scalar
multiplication are defined as usual.
Let F be an algebra of formal power series in variable t, i.e. the elements of F are in

the form
∑∞

k=0 akt
k. For f(t) =

∑∞
k=0 akt

k and g(t) =
∑∞

k=0 bkt
k we define the algebraical

operations as follows:

f(t) + g(t) =

∞∑

k=0

(ak + bk)t
k,

f(t)g(t) =
∞∑

k=0

(
k∑

j=0

ajbk−j

)
tk.

With these operations, F is an algebra with no zero divisors, and is called an umbral
algebra. Moreover we define a formal derivative on F naturally as

f ′(t) =

∞∑

k=1

kakt
k−1.

There is a certain correspondence between formal power series and linear operators
on P. For each f(t) ∈ F we define an operator Uf ∈ L (P) as

f(t) 7→ Uf =
∞∑

k=0

ak∂
k
x ,

where ∂x = d
dx
is an operator of derivative with respect to x. The operator Uf is called

a delta operator if and only if a0 = 0 and a1 6= 0. For σ ∈ F, we define a shift operator
Uf = Tσ ∈ L (P) using power series f(t) ∈ F as

f(t) =

∞∑

k=0

σk

k!
tk.

We can easily see that the action of Tσ on P is

Tσp(x) = p(x+ σ),
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in other words, Tσ is indeed a shift in the variable x. Consequently, we can define an
important subalgebra A ⊂ L (P) in the following manner:

A = {S ∈ L (P)|∀σ ∈ F STσ = TσS} .

We call the elements of A shift-invariant operators. There is one-to-one correspondence
between F and A .

Theorem 1. The map f(t) 7→ Uf is an isomorphism between umbral algebra F and
shift-invariant operators A .

Now we establish a connection between delta operators and certain polynomial se-
quences.

Theorem 2. For each delta operator Q ∈ A there exists a unique associated sequence
pn(x), where the degree of pn(x) is n, such that

p0(x) = 1, pn(0) = 0 for n = 1, 2, . . .

Qpn(x) = npn−1(x).

A simple example of an associated sequence is pn(x) = xn for the delta operator
Q = ∂x. However, the previous theorem shows that similar sequences can be found for
every delta operator.
Let Q ∈ A be a delta operator with an associated sequence pn(x). An operator

θ ∈ L (P) is called an umbral shift if for all n ∈ Z
+ it holds θpn(x) = pn+1(x). For the

operator ∂x an umbral shift is trivially θ = x, that is a multiplication by x in P. There
is an important theorem that gives us a formula to find an umbral shift for any operator:

Theorem 3. The umbral shift for a delta operator Q ∈ A has the form

θ = xβ, with β = (Q′)−1,

where Q′ = Qx− xQ is so called Pincherle derivative of the operator Q. The operator β
is called a conjugate operator to Q. Moreover

[Q, xβ] = 1.

A Pincherle derivative is defined for every shift-invariant operator and is easy to
compute even without the series expansion from F . However, if f(t) is an indicator (i.e.
the defining series) for Q, it can be proved that the formal derivative f ′(t) is indeed an
indicator of Q′.
Because θ = xβ takes a polynomial pn(x) of a given delta operator to pn+1(x), it can

be used to “generate” the complete associated sequence as

pn(x) = θpn−1(x) = . . . = θnp0(x) = (xβ)n1.

The discretization procedure is based on so called umbral correspondence. We use it
in the particular form

∂x ←→ Q, x←→ xβ,
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where Q is an arbitrary delta operator. This mapping, thanks to Theorem 3, preserves
Heisenberg commutation relations, particularly it preserves Lie symmetries of a system.

Let

F (∂x, x)f(x) = 0

be a linear differential equation with a solution f(x) that can be expanded into a power
series around a nonsingular point x0. Without loss of generality, we assume that x0 = 0
and that the expansion is

f(x) =

∞∑

n=0

f (n)(0)

n!
xn.

Let Q be a delta operator with a conjugate operator β and an associated sequence pn(x).
We make an operator substitution in the differential equation obtaining

F (Q, xβ)f̃(x) · 1 = 0.

Following the umbral correspondence, we can see that after substitution xn ←→ pn(x) in
the solution f(x) we can write down a solution of our new equation, that is

f̃(x) =

∞∑

n=0

f (n)(0)

n!
pn(x).

This can be proved realizing that the pair (Q, xβ) acts on pn(x) in the same manner as
(∂x, x) acts on x

n.

A special case of delta operators, which is of our interest, is a case of difference
operators. Using the formalism of shift operators, we can introduce three simple cases
of delta operators, right, left and symmetric discrete derivatives. For the right discrete
derivative we get

∆+ =
1

σ
(Tσ − 1), p+

n (x) =

n−1∏

i=0

(x− iσ),

for the left discrete derivative

∆− =
1

σ
(1− T−1

σ ), p−n (x) =

n−1∏

i=0

(x+ iσ),

and finally for the symmetric one

∆s =
1

2σ
(Tσ − Tσ), ps

n(x) = x

n−1∏

i=1

[x+ (n− 2i)σ].

For σ → 0 the operators converge to a continuous derivative, whereas the associated
sequences tend to the simple sequence xn. A corresponding operator substitution in the
differential equation leads to a difference equation which can be understood as a discrete
analogue of the original system.
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In the Hamiltonians and solutions of the considered systems, we need to substitute not
only the positive powers of x, but also the negative ones. Therefore a following extension
of the associated sequences will be convenient. Let k ∈ Z

−, then

pk(x) = (xβ)k · 1 =
[
(xβ)−1

]−k · 1 =

(
β−1 1

x

)−k

· 1.

For the difference operators β = ∆+,∆−,∆s, we get the following extensions:

p+
k (x) =

1

(x+ σ)(x+ 2σ) . . . (x− kσ)
=

1
∏−1

i=k(x− iσ)
,

p−k (x) =
1

(x− σ)(x− 2σ) . . . (x+ kσ)
=

1
∏−1

i=k(x+ iσ)
,

ps
k(x) =

x

[x+ kσ][x+ (k + 2)σ] . . . [x− (k + 2)σ][x− kσ]
=

x
∏0

i=−k[x− (k + 2i)σ]
.

However, one has to be careful with the domain of these expressions: p+
k (x) has singular-

ities in negative lattice points.

3 Smorodinsky-Winternitz Systems

In this section, we introduce a class of quantum-mechanical system that will be discretized
using the methods of umbral calculus. Let Pi, Qj be operators of canonical momenta and
coordinates, i, j = 1, . . . , n. We say that a quantum mechanical system with n degrees of
freedom described by the Hamiltonian

H =
n∑

i=1

P 2
i + V (Q1, . . . , Qn)

is integrable if it allows n − 1 independent integrals of motion in involution, that is the
operators X1, . . . , Xn−1 such that

[H, Xa] = 0, [Xa, Xb] = 0.

The system is called superintegrable if there exist further 1 ≤ k ≤ n − 1 operators
Y1, . . . , Yk commuting with the Hamiltonian.
Considerable attention is given to the superintegrable systems since 1920’s, beginning

with works of Jauch and Hill [8] (harmonic oscillator), Pauli [13], Fock [6] and Bargmann
[3] (hydrogen atom). A complete classification of superintegrable systems on an Euclidean
plane was provided byWinternitz and Smorodinsky [7], [18] in 1965, and it was later found
that all these models are exactly solvable [16]. We are interested mainly in the following
two oscillator systems:

I. Generalized isotropic harmonic oscillator

HI(x, y) = −1

2
(∂2

x + ∂2
y) +

ω2

2
(x2 + y2) +

α

2x2
+

β

2y2
(1)
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with solution of eigenvalue problem in Cartesian coordinates

ψn,m(x, y) = xpyqL
(p− 1

2)
n (ωx2)L

(q− 1

2)
m (ωy2)e−

ωx
2

2 e−
ωy

2

2 , (2)

En,m = ω(2n+ 2m+ p+ q + 1),

where α = p(p− 1) > −1
8
, β = q(q− 1) > −1

8
are parameters and ω is frequency of

the oscillator. Gauge-rotated Hamiltonian follows as

hI =
1

2ω
ψ−1

0,0(HI −E0,0)ψ0,0

∣∣∣
t=ωx2

u=ωy2

= −t∂2
t − u∂2

u + t∂t + u∂u − (p+ 1
2
)∂t − (q + 1

2
)∂u,

(3)

having simple polynomial solution

Ξn,m(t, u) = L
(p− 1

2)
n (t)L

(q− 1

2)
m (u). (4)

This system is also separable (and can be solved) in polar coordinates.

II. Generalized nonisotropic harmonic oscillator

HII(x, y) = −1

2
(∂2

x + ∂2
y) + 2ω2x2 +

ω2

2
y2 +

β

2y2
. (5)

The solution of the corresponding Schrödinger equation is given by

ψn,m(x, y) = yqHn(
√

2ωx)L
(q− 1

2)
m (ωy2) e−ωx2

e−
ωy

2

2 , (6)

En,m = ω(2n+ 2m+ q + 3
2
).

The parameter β is the same as in case I. After the gauge rotation, we get

hII =
1

2ω
ψ−1

0,0(HII − E0,0)ψ0,0

∣∣∣
t=

√
2ωx

u=ωy2

= −1

2
∂2

t + t∂t − u∂2
u + u∂u − (q + 1

2
)∂u. (7)

A polynomial solution of this equation is

Ξn,m(t, u) = Hn(t)L
(q− 1

2)
m (u). (8)

This Hamiltonian also separates in parabolic coordinates.

There are also two classes of Coulomb-type systems in the Euclidean plane which are
related to the generalized oscillators through so called coupling constant metamorphosis.
Basically, their Hamiltonians in parabolic coordinates coincide with the systems I and II
and, therefore, they can be discretized in similar manner.
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4 Results

4.1 General Discretization

For the discretization of S.-W. systems, we need to perform an umbral correspondence in
E2, i.e. in two coordinates. In variables x, y, the substitution is denoted

∂x −→ ∆x ∂y −→ ∆y

x −→ xβx y −→ yβy

where ∆x and ∆y are arbitrary difference operators in the corresponding variable and βx,
βy their conjugates. Similar notation is used for different coordinates (after a substitu-
tion).
Both models of generalized oscillators in E2 are separable in Cartesian coordinates and

their gauge-rotated partners are separable in the substituted variables. Consequently,
the difference equation obtained by the umbral correspondence is also separable and the
solutions can be written as products of two functions.
Let us start with an operator substitution in gauge-rotated Hamiltonian (3). The

discrete version has the form

hD
I = −tβt∆

2
t + tβt∆t − (p+ 1

2
)∆t − uβu∆

2
u + uβu∆u − (q + 1

2
)∆u.

Since the eigenfunctions are polynomials, we can immediately discretize the solutions (4)
of the corresponding Schrödinger equation:

ΞD
n,m(t, u) = Ξ̂n,m · 1 = L

(p− 1

2)
n (tβt)L

(q− 1

2)
m (uβu) · 1 =

n∑

i=0

l
(p− 1

2)
i,n pi(t)

m∑

j=0

l
(q− 1

2)
j,m pj(u),

where l
(p− 1

2)
i,n is the i-th coefficient of Laguerre polynomial L

(p− 1

2)
n and pi(t) is the associ-

ated sequence for the delta operator ∆t.
In case of the original Hamiltonian (1), the general discretization leads to the operator

HD
I = −1

2
(∆2

x + ∆2
y) +

ω2

2
[(xβx)

2 + (yβy)
2] +

α

2
(xβx)

−2 +
β

2
(yβy)

−2,

The eigenfunctions of this operator corresponding to the lowest eigenvalue can be written
in the terms of power series in associated polynomials. We restrict ourselves to p, q ∈ Z

which allows us to use the extended associated sequences. For the ground state, we get

ψD
0,0(x, y) =

∞∑

k=0

(−ω)k

2kk!
p2k+p(x)

∞∑

l=0

(−ω)l

2ll!
p2l+q(y),

and the excited states can be computed as

ψD
n,m(x, y) = L

(p− 1

2)
n

(
ω(xβx)

2
)
L

(q− 1

2)
m

(
ω(yβy)

2
)
ψD

0,0.

The expressions xβx and yβy in the expansion of Laguerre polynomials act as umbral
shifts for the associated polynomials in the ground state ψD

0,0. The issue of convergence
reduces to the convergence of the infinite series of discrete Gaussians in ψ0,0.
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Similar transfer to the lattice in case of the Hamiltonian (7) follows as

hD
II = −1

2
∆2

t + tβt∆t − uβu∆
2
u + uβu∆u − (q + 1

2
)∆u,

which is solved by

ΞD
n,m(t, u) = Hn(tβt)L

(q− 1

2)
m (uβu) · 1 =

n∑

i=0

hi,npi(t)
m∑

j=0

l
(p− 1

2)
j,m pj(u).

The number hi,n is the i-th coefficient of the n-th Hermite polynomial Hn(t), other nota-
tion as before.

Similarly, the original operator (5) takes the form

HD
II = −1

2
(∆2

x + ∆2
y) + 2ω2(xβx)

2 +
ω2

2
(yβy)

2 +
β

2
(yβy)

−2.

The expression for the ground state is for q ∈ Z

ψD
0,0(x, y) =

∞∑

k=0

(−ω)k

k!
p2k(x)

∞∑

l=0

(−ω)l

2ll!
p2l+q(y),

For the excited states we get

ψD
n,m(x, y) = Hn(

√
2ωxβx)L

(q− 1

2)
m

(
ω(yβy)

2
)
ψ0,0(x, y).

The Hermite and Laguerre polynomials of the arguments xβx and (yβy)
2 (up to constants)

are the umbral shifts acting on the appropriate parts of the wave function ψD
0,0. The

convergence is not affected by these terms.

4.2 Particular Discretization

In this paragraph we show the results for the particular difference operator mentioned in
Section II. The solutions obtained by the umbral correspondence are well-defined on the
lattice points σZ (at least positive) and in the case of gauge-rotated Hamiltonian they
converge everywhere. For brevity, the results will be demonstrated on the generalized
isotropic harmonic oscillator.

With the right discrete derivative, we denote the spacings on the lattice as (σt, σu) or
(σx, σy) (according to the coordinates used). Similarly, the shift operators are denoted
Tσt
, Tσu

etc. The operator (3) is discretized as

hD
+ =

1

σ2
t

[(
(σt + 2)t+ σt(p+ 1

2
)
)
−
(
t+ σt(p + 1

2
)
)
Tσt
− t(σt + 1)T−1

σt

]
+

+
1

σ2
u

[
−
(
u+ σu(q + 1

2
)
)
Tσu

+
(
(σu + 2)u+ σu(q + 1

2
)
)
− u(σu + 1)T−1

σu

]
.
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Written as a difference equation:

1

σ2
t

[
−
(
t+ σ(p+ 1

2
)
)
Ξ(t+ σt, u)− t(σt + 1)Ξ(t− σt, u) +

(
(σt + 2)t+ σ(p+ 1

2
)
)
Ξ(t, u)

]
+

+
1

σ2
u

[
u(σu + 1)Ξ(t, u− σu) +

(
(σu + 2)u+ σu(q + 1

2
)
)
Ξ(t, u)−

(
u+ σu(q + 1

2
)
)
Ξ(t, u+ σu)−

]
=

= eΞ(t, u).

The solution is a polynomial and can be expressed as

ΞD
+(t, u) =

n∑

i=0

l
(p− 1

2)
i,n

i−1∏

r=0

(t− rσt)

m∑

j=0

l
(q− 1

2)
j,m

j−1∏

s=0

(u− sσu).

If we return to the original problem and use the right discrete derivative, the eigenvalue
problem can be formulated by the following difference equation on a lattice:

[
α

2(x+ σx)(x+ 2σx)
− 1

2σ2
x

]
ψ(x+2σx, y)−

1

2σ2
x

ψ(x, y)+
1

σ2
x

ψ(x+σx, y)+
ω2

2
x(x−σx)ψ(x−2σx, y)+

+

[
β

2(y + σy)(y + 2σy)
− 1

2σ2
y

]
ψ(x, y+2σy)−

1

2σ2
y

ψ(x, y)+
1

σ2
y

ψ(x, y+σy)+
ω2

2
y(y−σy)ψ(x, y−2σy) =

= Eψ(x, y).

Using the extended associated sequence, the ground state for this eigenvalue problem can
be written as

ψD
0,0(x, y) =




[− p+1

2 ]∑

k=0

(−ω)k

2kk!
· 1
∏2k+p

i=−1(x− iσx)
+

∞∑

k=[− p+3

2 ]

(−ω)k

2kk!

2k+p−1∏

i=0

(x− iσx)



×

×




[− q+1

2 ]∑

k=0

(−ω)k

2kk!
· 1
∏2k+q

i=−1(y − iσy)
+

∞∑

k=[− q+3

2 ]

(−ω)k

2kk!

2k+q−1∏

i=0

(y − iσy)





where we use the blanket hypothesis that
∑−c

k=0 = 0 for c positive. This function solves
the difference equation on the lattice points {(iσx, jσy) | i, j = 0, 1, 2, . . .}, that is for the
first quadrant in E2. In other points the series diverges.
The excited states can be obtained as

ψD
n,m(x, y) =

n∑

j=0

l
(p− 1

2)
j,n ωj

∞∑

k=0

(−ω)k

2kk!
p+

2k+2j+p(x)×
m∑

i=0

l
(q− 1

2)
i,m ωi

∞∑

l=0

(−ω)l

2ll!
p+

2l+2i+q(y)

where p+
n (x) is the generalized associated sequence for the right discrete derivative. For

p, q ∈ Z
+
0 these polynomials can be easily substituted.

The results for the left and symmetric discrete derivatives would be obtained in similar
fashion.
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5 Conclusions

We have shown that certain two-dimensional quantum-mechanical superintegrable sys-
tems can be transferred to a uniform lattice by the means of umbral discretization. The
difference equations for the generalized isotropic harmonic oscillator using a simple ex-
ample of right discrete derivative have been found and the solutions have been obtained
by substituting into the original ones. In the case of gauge-rotated Hamiltonian, the
solution of the difference analogue is a well-defined polynomial in E2, however, for the
original system, we need to restrict ourselves to the lattice points only.

The method of umbral discretization offers an infinite number of difference operators
(that approximates the derivative in an arbitrary order) and therefore this procedure
can be done with various operator replacements. Moreover, there is no restriction for
the dimension of the system, nor for the coordinate system. Therefore the difference
analogues of quantum mechanics can be formulated on non-square lattices as well, while
still preserving the symmetries.
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estní doprav¥. Zárove¬ bypo£et vstupní
h parametr· takového modelu nem¥l být neúm¥rn¥ vysoký.Na²im 
ílem je ne
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118 K. Kittanová1.1 Termodynami
ký dopravní modelV krátkosti p°ipomeneme vý
hodiskový model. Jedná se jednorozm¥rný modi�kovanýDysn·v plyn, pouºívaný pro analýzu mikroskopi
ké struktury. Jednotlivé £ásti
e jsouidenti
ké s hmotností m. Uvaºuje se soubor N £ásti
 umístn¥ný
h na kruºni
i. Pozi
e£ásti
e je dána uhlovou sou°adni
í ϕi, kde i udává po°adové £íslo £ásti
e. Byla zvolenakrátkodosahová varianta vzhledem k lep²í koresponden
í s 
hováním °idi£· v 
estní do-prav¥. Konkrétn¥ £ásti
e v uvaºovaném modelu interaguje pouze s nejbliº²í p°ed
hozí£ásti
í. Míra vzájemné interak
e je závislá pouze na vzdálenosti mezi £ásti
emi ri a zna£íse V (ri). Hamiltonián uvedeného souboru má pak tvar
H =

N
∑

i=1

1

2
m(vi − v̄)2 +

N
∑

i=1

V (ri),p°i£emº vi zna£í ry
hlost i-té £ásti
e a v̄ pr·m¥rnou ry
hlost souboru. Te¤ je²t¥ zbýváur£it exaktní tvar odpudivého poten
iálu V (ri). V star²í
h verzí
h termodynami
kého mo-delu se pra
ovalo s logaritmi
kým tvarem V (ri) = ln(ri), pro který byl model relativn¥snadno analyti
ky °e²itelný. Pozd¥ji se v²ak ukázalo jako vhodn¥j²í popisovat vzájem-nou interak
i £ásti
 pomo
í newtonovské odpudivé sily F (ri) ∝= − 1
r2

i

a tedy pouºívatpoten
iál
V (ri) ∝= −

1

ri

.Pr·m¥rná vzdálenost £ásti
 〈r〉 je normovaná na hodnotu 1, 
o znamená obvod kruº-ni
e, na které se £ásti
e pohybují roven N .Z reálný
h dopravný
h m¥°ení a následné analýzy dat lze leh
e vypozorovat m¥ní
í se mi-kroskopi
kou strukturu v závislosti na aktuální dopravní situa
i. Ve zkoumaném modeluje vliv tohoto faktoru reprezentován teplotní lázní, ve které je soubor £ásti
 umístn¥n.Pohyb £ásti
 je pak ovlivn¥n její termodynami
kou teplotou T . Z prakti
ký
h d·vod· jezavedena inverzní termodynami
ká teplota β de�novaná vztahem
β =

1

kT
,kde k zna£í Boltzmannovu konstantu.

β p°edstavuje významný parametr 
elého modelu reprezentují
í míru dopravního stresuovliv¬ují
ího po£ínání °idi£e.Jednou z hlavní
h zkoumaný
h statistik bude pravd¥podobnostní rozd¥lení vzdálenostisousední
h £ásti
. To lze odvodit [1℄ z Hamiltoniánu daného systému a má tvar
P (r) = Θ(r)Aexp[−

β

r
− Br], (1)kde Θ(r) ozna£uje Heavisidovu funk
i, β p°edstavuje jiº zmín¥nou inverzní termody-nami
kou teplotu a A a B jsou normaliza£ní konstanty, získávané z dvou normaliza£ní
hrovni
:

∫ ∞

0

Aexp[−
β

r
− Br]dr = 1,
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〈r〉 =

∫ ∞

0

rAexp[−
β

r
− Br]dr = 1.První vztah musí spl¬ovat kaºdé pravd¥podobnostní rozd¥lení, druhý zaji²´uje nor-maliza
i st°ední hodnoty r na 1. Hodnoty obou normaliza£ní
h konstant jsou závislé nahodnot¥ parametru β a lze je p°ibliºn¥ aproximovat funk
emi

B = β +
3 − exp[sqrtβ]

2
,

A−1 = 2

√

β

B
K1(2

√
βB),kde K1(x) ozna£uje modi�kovanou Besselovou funk
i druhého druhu.Získaný tvar pravd¥podobnostního rozd¥lení vzdáleností odpovídá struktu°e reálný
h do-pravný
h dat, jak jiº bylo dokázáno. Tato funk
e je vhodnou aproxima
í jak u vzork· vreºimu volné dopravy, tak u t¥
h, kde do
hází ke zhu²t¥ní, rozdíl je v hodnot¥ parame-tru β. P°ibliºn¥ platí, ºe reºim volné dopravy koresponduje s niº²ími hodnotami inverznítermodynami
ké teploty, zatím
o p°i zá
pá
h hodnota tohohle parametru stoupá. Proextrémní p°ípad β = 0 jde o Poissonovo rozd¥lení, které se pouºívá pro nezávisle sepohybují
í £ásti
e.2 Ví
e-segmentový bun¥£ný termodynami
ký modeluV n¥kterí
h pra
í
h [4℄ byla hodnota parametru β nastavena globáln¥, tj. v²e
hny uvaºo-vané £ásti
e byly ve stejném dopravním reºimu. Bylo jiº ukázáno [1℄, ºe volbou vhodnéhodnoty inverzní termodynami
ké teploty β lze uspokojiv¥ aproximovat reálná data zís-kané pro r·zné dopravní reºimy. Obe
n¥ lze °í
t, ºe volnému dopravnímu reºimu od-povídají niº²í hodnoty parametru β, zatím
o pro syn
hronizovaný dopravní reºim lzedosáhnout vy²²í hodnoty, kolem β = 3. Extrémním p°ípadem je pak β = 0, kdy jde oPoissonovo rozd¥lení pouºíváno pro z
ela nezávisle se pohybují
í elementy.V takhle de�novaném modelu se nevyskytují pozorovatelné zá
py. Absen
e tohoto makro-skopi
kého dopravního fenoménu je zp·sobena globálním nastavením parametru β. Zna-mená to, ºe v²e
hny uvaºované elementy jsou ve stejném reºimu, tedy p°ímo v p°ípadnékonges
i. Naví
 do
hází k normaliza
i vzdáleností mezi £ásti
emi, takºe je nelze vyuºít kdetek
i zá
py.Aby
hom uvedený makroskopi
ký fenomén v termodynami
kém modelu obsáhly je po-t°eba provést modi�ka
i. Konkrétn¥ jde o zm¥nu de�ni
e inverzní termodynami
ké teploty

β z globální na lokální.Pro na²e ú£ely zatím posta£í rozd¥lit uvaºovanou kruºni
i na dva segmenty s r·znýmihodnotami parametru β. Cílem je p°iblíºit se modelování dopravní situa
e, kdy volnoudopravu komplikuje n¥jaký druh p°ekáºky. Tahle p°ekáºka je p°edstavována men²ím zesegment·, který nazveme kriti
kou oblastí, a budou pro ní voleny vy²²í hodnoty parame-tru ozna£ovány βc. Pro hlavní segment reprezentují
í volnou dopravu bude odpovídají
íhodnota inverzní termodynami
ké teploty zna£ena jako β0. Jelikoº uvaºujeme sta
ionárníp°ekáºku, segmenty jsou de�novány pevn¥, pomo
í uhlový
h sou°adni
: volný segment od
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ϕ = 0 po ϕc a kriti
ká oblast od ϕc po ϕ = 2π. V následují
í
h simula
í
h bylo zvoleno
ϕc = 3

2
π.Dal²í modi�ka
í p°edstavuje pouºití diskrétní
h vzdáleností v simula£ní pro
edu°e.Jako inspira
e slouºil slavný Nagel·v-S
hre
kenberg·v bun¥£ný model, kterého velkoup°edností je jednodu
host.Kruºni
e délky N je rozd¥lena na m stejn¥ dlouhý
h bun¥k. Dále uvaºujeme £ásti
e jakobezrozm¥rné elementy pohybují
í se skokov¥ mezi bu¬kami. Takºe je jednozna£n¥ dáno,ve které bu¬
e se £ásti
e aktuáln¥ na
hází a jestli je bu¬ka obsazená £ásti
í nebo nikoliv.V jedné bu¬
e se m·ºe na
házet maximáln¥ jedna £ásti
e.Experimentáln¥ bylo zji²t¥no, ºe p°i pouºití dostate£n¥ podrobného d¥lení na bu¬ky setvar pravd¥podobnostního rozd¥lení vzdáleností za
hovává.2.1 Simula£ní metodaPro numeri
ké výpo£ty byla pouºita simula£ní metoda zaloºená na Metropolisov¥ algo-ritmu.Nejd°ív se vygeneruje po£áte£ní rozmíst¥ní £ásti
. Pouºít se m·ºe jak náhodné tak ekvi-distantní rozloºení. Pak se upravují pozi
e £ásti
 podle následují
ího algoritmu:

• Pro aktuální rozmíst¥ní £ásti
 se vypo£te hodnota poten
iální energie podle vztahu
U =

N
∑

l=1

1

rl

. (2)
• Náhodn¥ je zvolen index l ∈ {1, 2, ..., n}.
• Je vybrána aktuální hodnota inverzní termodynami
ké teploty vzhledem k umíst-n¥ní l-té £ásti
e de�novanému p°íslu²ným uhlem ϕl podle vztahu

βl = β0Θ(ϕl)Θ(ϕc − ϕl) + βcΘ(ϕl − ϕc)Θ(2π − ϕl)

• Je vygenerováno £íslo δ rovnom¥rn¥ rozd¥lené na intervalu (0, 1).
• Délka skoku je je²t¥ diskretizována

w̃ = ⌈
m

N
δ⌉.

• Je vypo£tena nová p°edpokládaná pozi
e lté £ásti
e podle vztahu x́l = xl + w̃.V uvaºovaném modelu není povoleno p°edbíhání, proto m·ºe být nová pozi
e x́lak
eptována pouze v p°ípad¥, ºe je nerovnost x́l < xl+1 spln¥na.
• Nová hodnota poten
iální energie Ú je vypo£tena pro kon�gura
i, kde je poloha lté£ásti
e dána x́l.
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• Pokud je spln¥no Ú < U0, ltá £ásti
e zaujme polohu x́l, jinak je pot°eba vypo£ítatBoltzmann·v faktor q

q = exp−βl∆U = exp−(Ú−U0)Pak je vybráno náhodné £íslo g rovnom¥rn¥ rozd¥leno na intervalu (0, 1) a porov-náno s Boltzmannovým faktorem. P°i spln¥ní nerovnosti q > g je skok p°ijat, jinakz·stává kon�gura
e nezm¥n¥na.Tenhle postup provádí aº do dosaºení termální rovnováhy, která je 
harakterizovánastabilní hodnotou poten
iální energie U . Její hodnota nezávisí na po£áte£ním rozmíst¥ní£ásti
.3 Výsledky simula
í3.1 Konges
eP°ipome¬me si nyní výsledky získané v p°ed
hozí prá
i a si
e eviden
i konges
í u nume-ri
ký
h simula
í.Dobrou metodou na jednodu
hou detek
i dat je vizuální zkoumání gra�
kého znázor-n¥ní trajektorií jednotlivý
h £ásti
. Pro porovnání jsou vyobrazeny jak trajektorie proví
e-segmentový model, tak pro model s globáln¥ de�novanou hodnotou inverzní termo-dynami
ké teploty β.

Porovnání trajektorií £ásti
 pro model s globální hodnotou β a ví
e-segmentový model.Z graf· (3.1) lze snadno odvodit, ºe ke konges
ím do
hází pouze u ví
e-segmentovéhomodelu. V gra�
ké reprezenta
i trajektorií pro tenhle model je detekováno n¥kolik výraz-ný
h zhu²t¥ní ²í°í
í
h se proti sm¥ru pohybu £ásti
 nap°í£ 
elým souborem. Lze tedy dojítk záv¥ru, ºe vý²e popsaná modi�ka
e lokálního termodynami
kého plynu je dosta£enýmzobe
n¥ním vyvolávají
ím vznik konges
í jako zástup
e makroskopi
ký
h fenomén·.3.2 Rozmíst¥ní £ásti
Te¤ se zam¥°íme na podrobnou analýzu pozi
 £ásti
 ve stavu termální rovnováhy. Zkou-mány jsou kone£né kon�gura
e po ustálení hodnoty poten
iální energie U . V následují
í
hsimula
í
h je pouºito β0 = 0, 1 a hodnoty βc jsou voleny mezi 1 a 3.Simula
e jsou pro
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Obrázek 1: Graf hustotní
h pro�l· ví
e-segmentového modelukaºdý soubor parametr· n¥kolikrát opakovány, aby byl získán dostatek dat.Neº bude pozornost v¥nována pravd¥podobnostním rozd¥lením vzdáleností, je zajímavézaobírat se hustotním pro�lem zkoumaný
h dat. Pro model s globální hodnotou β je p°idostate£n¥ velkém objemu dat pr·m¥rná lokální hustota po ustálení termální rovnováhyve v²e
h £áste
h stejná. Nyní se podíváme na hustotní pro�l ví
e-segmentového systému.Na grafu (1) jsou patrné dva výrazné výkyvy v hustotní
h pro�le
h. První p°edsta-vují
í významné zhu²t¥ní, kterému by v reálné doprav¥ odpovídala hustá zá
pa, a druhýnaopak podpr·m¥rnou hustotu, ta m·ºe korespondovat se situa
í, kdy kon£í n¥jaké do-pravní omezení. Vr
holy t¥
hto výkyv· p°esn¥ odpovídají p°elom·m segment·. P°i ná-r·stu parametru β do
hází ke konges
i a p°i poklesu naopak k °ed¥ní dopravy. Jelikoºinverzní termodynami
ká teplota β p°edstavuje míru dopravního stresu a p°i jeji vy²²íhodnot¥ p°edpokládáme sníºení ry
hlosti, odpovídá uvedené pozorování p°edpokladu. Za-jímavý je taky fakt, ºe v st°ední
h £áste
h obou segment· je hodnota pr·m¥rné lokálníhustoty stejná. Konges
e p°edstavuje výrazn¥j²í výkyv ale k zhu²t¥ní i rozpu²t¥ní do
házína krat²ím úseku. Dal²í analýzou hustotní
h pro�l· lze odvodit, ºe velikost výkyv· rostes rozdílem hodnot β0 a βc.A te¤ m·ºeme p°istoupit ke zkoumaní pravd¥podobnostní
h rozd¥lení vzdáleností sou-sední
h element· v r·zný
h £áste
h uvaºované kruºni
e.Vzhledem k nastavení parametr· pro numeri
ké simula
e, je nejví
 dat k dispozi
ipro hodnotu inverzní termodynami
ké teploty β0 = 0, 1. P°ipome¬me, ºe se nepouºívajídata z okrajový
h oblastí, aby se eliminoval vliv sousedního segmentu. Na p°íslu²ném
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Obrázek 2: Graf pravd¥podobnostního rozd¥lení vzdáleností pro β0 = 0, 1. Histogram re-prezentuje výsledky numeri
ký
h simula
í, k°ivka analyti
kou aproxima
i a body hodnotyzískané z reálný
h dopravní
h dat.



124 K. Kittanovágrafu lze pozorovat nejlep²í koresponden
i dat získaný
h pomo
í numeri
ký
h simula
í sanalyti
kou p°edpov¥dí a taky s rozd¥lením pravd¥podobnosti z reálný
h dopravný
h datnam¥°ený
h v odpovídají
ím, volném dopravním reºimu.D·leºité v²ak je analyzovat i ostatní úseky. U kriti
ké oblasti lze op¥t brát jenom st°edsegmentu a porovnat je s analyti
kými p°edpov¥¤mi.

Grafy pravd¥podobnostního rozd¥lení vzdáleností pro βc = 1; 1, 5; 2; 2, 5. Histogramy reprezentujívýsledky numeri
ký
h simula
í, k°ivky analyti
kou aproxima
i a body hodnoty získané z reálný
hdopravní
h dat.
Výsledky pro kriti
ké oblasti jsou zobrazeny na grafe
h (3.2). Vzhledem k men²ímupo£tu pro analýzu pouºitelný
h dat, nejsou uvedené histogramy tolik p°esné. Stejn¥ lzevypozorovat relativn¥ uspokojivou koresponden
i s o£ekávanou analyti
kou aproxima
í.Obe
n¥ tedy lze p°edpokládat, ºe i p°i roz²í°ení na ví
e segment· se uvnit° ni
h za
hováo£ekávané pravd¥podobnostní rozd¥lení vzdáleností.Zbývá je²t¥ zjistit, 
o se d¥je na okrají
h segment·. Za tímhle ú£elem byly vytvo°enyspe
iální simula
e s nastavením parametr· β0 = 0, 1 a βc = 2, 5 zaznamenávají
í práv¥situa
i na p°elomu segment·. Pr·m¥rná vzdálenost nam¥°ená v t¥
hto úse
í
h se výrazn¥li²í od globální pr·m¥rné vzdálenosti, proto je nutné získané data nejd°ív normalizovat.Otázkou je, jetsli je analyti
ká funk
e (1) pouºitelná taky pro aproxima
i dat okrajový
hoblastí.
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Grafy pravd¥podobnostního rozd¥lení vzdáleností pro p°elomy segment·. Hv¥zdi£ky reprezentujívýsledky numeri
ký
h simula
í a k°ivky analyti
kou aproxima
i.Grafy (3.2) znázor¬ují pravd¥podobnostní rozd¥lení vzdáleností na p°elomu segment·.
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í (1), p°i£emº je optimální hodnota parametru β nalezena nume-ri
ky. Op¥t lze konstatovat, ºe získané data relativn¥ dob°e korespondují s analyti
kouaproxima
í. Vypo£tené hodnoty parametru β jsou β = 1.0976 pro první p°elom segment·(zvy²ování inverzní termodynami
ké teploty) a β = 1.4560 pro druhý p°elom segment·(sniºování inverzní termodynami
ké teploty).4 Záv¥rVýsledky numeri
ký
h simula
í nazna£ují, ºe funk
e (1) by mohla být univerzální funk
ípro popis mikroskopi
ké struktury. Vzhledem k zji²t¥ním týkají
ím se p°elomu segment·lze p°edpokládat, ºe parametr β se nem¥ní skokov¥ ale plynule. Dal²ím krokem by tedymohla být zm¥na zp·sobu de�nování hodnot parametru inverzní teploty v závislosti nauhlové sou°adni
i a to nap°íklad pomo
í spojité k°ivky. Jinou výzvou je navrhnout pro
esdynami
kého výpo£tu aktuální hodnoty β na základ¥ lokální hustoty p°ípadn¥ numbervarian
e. Takhle modi�kovaný model by mohl vést ke vzniku tzv. "phantom tra�
 jam".Literatura[1℄ M. Krbálek. Equilibrum distributions in thermodynami
al tra�
 gas. J. Phys. A:Math. Theor 40 (2007).[2℄ Nagel, K. and M. S
gre
kenberg. A 
ellular automaton model for freeway tra�
. Jour-nal de Physique I, Fran
e, 2 (1992).[3℄ Krbálek, M. and D. Helbing Determination of intera
tion potentials in freeway tra�
from steady-state statisti
s. Physi
a A, 333 (2004).[4℄ Krbálek, M. Inter-vehi
le gap statisti
s on signal-
ontrolled 
rossroads. J. Phys. A:Math. Theor 42 (2009).
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ardia
 MRI).One of important purposes of 
ardia
 MRI examination is an estimation of parametersre�e
ting 
urrent 
lini
al state of patients. A typi
al example 
ould be an a

urate mea-surement of heart ventri
le volume during the heart 
ontra
tion showing the 
ontra
tiveability of myo
ardium. Within this framework, it is ne
essary to �nd the inner 
ontourof the ventri
le in the MR images. We attempt to adapt and modify a segmentationmodel based on numeri
al solution of a partial di�erential equation of the level set type.The iterative algorithm is 
ontrolled by the segmented image data in su
h a way that theedges of the obje
ts 
an be found. The level set equation is solved by the semi-impli
it
∗This work has been supported by the grant of the Ministry of Edu
ation of the Cze
h Republi
MSM6840770010 �Applied Mathemati
s in Te
hni
al and Physi
al S
ien
es�. Partial support of theproje
t �Jind°i
h Ne£as Center for Mathemati
al Modeling�, No. LC06052.127



128 R. Má
a
omplementary-volume numeri
al s
heme. We des
ribe parameters and their setting usedfor segmentation of the left heart ventri
le from the 
ardia
 MRI images.2 Mathemati
al modelSegmentation of the left heart ventri
le volume is an important part of the 
ardia
 MRIdata post-pro
essing. Examination of the heart ventri
le 
onsists of several hundreds ofMR images 
overing the entire left ventri
le volume and re
ording 
omplete 
ardia
-
y
leinterval with a given temporal resolution. The MRI images are segmented separately byour approa
h based on level set formulation for the motion of the 
urve Γt ⊂ Ω, Ω ⊂ R
2propagating in the normal dire
tion with speed V . J. A. Sethian, belonging to the authorswho �rst 
ontributed to the level set methods, wrote on this topi
 a 
omprehensive work[9℄.Main idea is to des
ribe the motion of Γ(t) by means of the zero level set of a fun
tion

u : [0, T ] × Ω → R su
h that
Γ(t) = {x ∈ Ω | u(t, x) = 0} . (1)We de�ne the signed distan
e fun
tion (SDF) needed for our approa
h:De�nition 2.1. Let Γ be a 
losed 
urve in R

2 for whi
h Γin = int Γ and Γout = ext Γ arede�ned and satis�es Γ = ∂Γin = ∂Γout, Γin ∪Γ∪Γout = R
2. We de�ne the signed distan
efun
tion (dΓ) as

dΓ(x) =







dist(x, Γ) x ∈ Γout ,
0 x ∈ Γ ,

− dist(x, Γ) x ∈ Γin ,where dist(x, Γ) = min{|x − y| | y ∈ Γ} .For a given initial 
losed simple 
urve Γ0, we 
an de�ne uini as follows
uini(x) = u(0, x) = dΓ0

(x) ∀x ∈ Ω . (2)The Hamilton-Ja
obi equation for u impli
itly des
ribes the motion of Γ(t) by (1)reads
∂u

∂t
+ V |∇u| = 0 . (3)The fun
tion u(t, x) will be referred to as the segmentation fun
tion. Consider the fol-lowing form of the normal velo
ity

V = −κ + F = −∇ · ∇u

|∇u| + F , (4)where κ is the mean 
urvature of ea
h level set de�ned as the divergen
e of its normalve
tor and F is an external for
e term. Substituting (4) to equation (3), we obtain thelevel set equation in the form
ut = |∇u|∇ · ∇u

|∇u| − |∇u|F ,
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(
)Figure 1: The testing image (a) and the 
orresponding edge dete
tor (b) together withthe velo
ity �eld of the adve
tion term (
).where we denote ut := ∂u/∂t. Modi�
ation of the level set equation in the form
ut = |∇u|ε∇ · ∇u

|∇u|ε
− |∇u|εF ,where |∇u| ≈ |∇u|ε =

√

ε2 + |∇u|2 denotes a regularization, 
an be used as a tool toprove existen
e of vis
osity solution of the level set equation (see [3℄). In this work ε is a
omputational parameter.Dete
tion of image obje
t edges (boundaries) is a known task in image segmentation.Edges in the input image I0 
an be re
ognized by the magnitude of its spatial gradient
∇I0. Appli
ation of the level set equation in this area requires an adaptation as follows

ut = |∇u|ε∇ ·
(

g
(∣
∣I0 ∗ ∇Gσ

∣
∣
) ∇u

|∇u|ε

)

− g
(∣
∣I0 ∗ ∇Gσ

∣
∣
)
|∇u|εF , (5)where g : R

+
0 → R

+ is a non-in
reasing fun
tion for whi
h g(0) = 1 and g(s) → 0for s → +∞. This fun
tion was �rst used by P. Perona and J. Malik ([8℄ in 1987) tomodify the heat equation into a nonlinear di�usion equation whi
h maintains edges inan image. Consequently, the fun
tion g is 
alled the Perona-Malik fun
tion. We put
g(s) = 1/(1 + λs2) with s ≥ 0. Gσ ∈ C∞(R2) is a smoothing kernel, e.g. the Gaussfun
tion with zero mean and varian
e σ2

Gσ(x) =
1√

2πσ2
e−

|x|2

2σ2 ,whi
h is used in pre-smoothing (denoising) of image gradients by 
onvolution
(I0 ∗ ∇Gσ)(t) =

∫

R2

Ī0(t − τ)∇Gσ(τ) dτ ,
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Figure 2: Example of segmentation fun
tion. Initial segmentation fun
tion u0 (left),segmentation fun
tion u for (t > 0) (middle), restored SDF (right)where Ī0 is the extension of I0 to R
2 by mirroring, periodi
 prolongation or zero padding.Let us note that equation (5) 
an be rewritten into the adve
tion-di�usion form

ut = g0|∇u|ε∇ ·
( ∇u

|∇u|ε

)

︸ ︷︷ ︸

(D)

+∇g0 · ∇u
︸ ︷︷ ︸

(A)

− g0|∇u|εF
︸ ︷︷ ︸

(F )

. (6)For 
onvenien
e, we use the abbreviation g0 = g(|I0 ∗ ∇Gσ|). (D) in (6) denotes thedi�usion term, (A) the adve
tion term and (F ) the external for
e term. The term g0is 
alled the edge dete
tor. For an example of an edge dete
tor, see Fig. 1b. We 
anobserve that value of the edge dete
tor is approximately equal to zero 
lose to the imageedges. Here the evolution of the segmentation fun
tion slows down. On the 
ontrary, inparts of the image with 
onstant intensity the edge dete
tor equals one. As we 
an seein Figure 1
, the adve
tion term attra
ts the segmentation fun
tion to the image edges.We propose an adve
tion parameter A to 
hange the magnitude of the adve
tion term.Finally, we obtain the �nal form of the modi�ed level set equation, namely
ut = g0|∇u|ε∇ ·

( ∇u

|∇u|ε

)

+ A∇g0 · ∇u − g0|∇u|εF . (7)2.1 Initial 
onditionA segmentation fun
tion u(t, x) evolves from the initial guess (2). The initial 
urve Γ0has to be pla
ed inside the segmented area (inside the left heart ventri
le). To expandthe initial 
urve, velo
ity (4) has to be positive. Positive value of V implies positive valueof the external for
e F , rather F > κ. We use the signed distan
e fun
tion (SDF) forsetting and restoring (redistan
ing) of the initial 
ondition.At the beginning of segmentation, i.e. for the �rst image, we have to pla
e the initial
urve Γ0 into the left heart ventri
le manually, e.g. as a 
ir
le. For a given Γ0 we 
onstru
tSDF dΓ0
and set the initial 
ondition as uini = dΓ0

. The segmentation fun
tion u evolvesfrom the initial guess (Fig. 2 left) a

ording to (5). This evolution distorts the originalshape of uini into u(t, x) whi
h fails to have unit gradient slopes (Fig. 2 middle). At thebeginning of next image segmentation it is 
onvenient to use the result of previous image
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essing 131segmentation Γt = {x ∈ R
2 | u(t, x) = 0} and its signed distan
e fun
tion dΓt

as a newinitial 
ondition.This is performed by means of the fast sweeping method introdu
ed in [10℄. Thismethod is used to 
ompute the vis
osity solution of the eikonal equation
|∇u(x)| = 1 x ∈ Ω ,
u(x) = 0 x ∈ Γ ⊂ Ω .Example of the restored signed distan
e fun
tion is shown in Figure 2 on the right.3 Numeri
al s
hemeA semi-impli
it 
o-volume spa
e dis
retization is used to solve (7) numeri
ally. In [2℄,[4℄, [5℄, [7℄ a semi-impli
it 
o-volume method dis
retizing (5) without the external for
eterm is presented. First, we 
hoose a uniform dis
rete time step τ . Then we repla
e timederivative in (7) by ba
kward di�eren
e. Linear terms of the equation are 
onsidered atthe 
urrent time level while the nonlinear terms (i.e. |∇u|ε) are treated from the previoustime level. In this way we obtain the following semi-impli
it dis
retization

uk − uk−1

τ
= g0|∇uk−1|ε∇ ·

( ∇uk

|∇uk−1|ε

)

+ A∇g0 · ∇uk − g0|∇uk−1|εF . (8)The derivation of numeri
al s
heme using 
o-volume te
hnique results in system of linearequation, whi
h we solve by the SOR (Su

essive Over-Relaxation) iterative method.4 ResultsTo apply the s
heme derived from (8), we have to spe
ify 
orre
t values of the parametersof equation (7). The sensitivity of the edge dete
tor depends on value of the parameter
λ. Very low values of λ de
rease the e�
ien
y of edge dete
tion. On the other hand, veryhigh values of λ 
an 
ause dete
tion of spurious edges (i.e. noise, blood �ow artifa
ts,et
.). In our work we set λ = 0.25. The spatial dis
rete step is denoted by h and is givenas h = 1/(max{nx1

, nx2
} − 1), the temporal dis
rete time step τ is given by τ = h/5 and

σ is set to the value σ = 3h.We propose image dependent setting of the for
e parameter F and of the adve
tionparameter A. In the 
ardia
 MR images obtained by means of the bright blood te
hnique(see [1℄, 
hapter 4), the blood in the ventri
le is lighter than the myo
ardium and thesurrounding tissue. Also, blood in the ventri
le has higher intensity than surrounding
ardia
 mus
le. Using this information we 
an set a threshold Iin for pi
ture elements
ertainly inside the ventri
le and a threshold Iout for pi
ture elements 
ertainly in themyo
ardium and the surrounding tissue. These thresholds are set automati
ally usingan algorithm based on minimum sear
h on sele
ted sli
es for a given initial 
ondition.Using these thresholds we propose the threshold-dependent parameters F and A whi
hare fundamental to obtain good segmentation results. On the other hand, the strongdependen
e of the algorithm on the thresholds Iin and Iout 
ould be a hindran
e. Indeed,wrong settings of these thresholds 
an 
ause in
orre
t segmentation results. Therefore it is
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(a) Result of segmentation (end-diastole)

(b) Result of segmentation (end-systole)Figure 3: Segmentation result for (a) end-diastole and (b) end-systole with parameters
h = 0.0028, λ = 0.25, Aout = 2, Fout = −10, Fin = 50.
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tion. An example of the segmentationresults 
an be seen in Fig. 3. The images are depi
ted in the end-diastoli
 phase (maximalvolume of the ventri
le) and in the end-systoli
 phase (minimum volume of the ventri
le).Referen
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Abstract. The traditional approach to equilibrium phase-splitting computation, based on the

Gibbs energy minimization at given temerature, pressure and chemical composition of the mix-

ture, cannot fully describe the state of a pure substance at the saturation pressure. This issue

can be avoided by using the Helmholtz energy minimization instead of the traditional appro-

ach. The new approach allows to develop unified theory for both pure and multicomponent

systems. It also simplifies the computation of phase-splitting in closed systems. This article

briefly summarizes the thermodynamic formulation of the phase splitting at constant volume,

temperature and moles. Two numerical methods are described and discussed, and finally, two

examples solved with suggested algorithm are presented.

Keywords: equilibrium phase-splitting, VT-flash, Helmholtz energy, SSI method, Newton-Raphson

method

Abstrakt. Tradiční metoda výpočtu rovnovážných fázových přechodů, založená na minimali-

zaci Gibbsovy energie při konstantním tlaku, teplotě a chemickém složení směsi, není schopná

jednoznačně popsat stav čisté látky při saturačním tlaku. Tento problém zmizí, pokud je namísto

tradičního přístupu minimalizována Helmholtzova volná energie. Nový přístup umožňuje for-

mulaci společné teorie pro čisté látky a směsi. Další výhodou je zjednodušení popisu fázových

přechodů v uzavřených systémech. Tato práce stručně popisuje termodynamickou formulaci

fázových přechodů při konstantním objemu, teplotě a chemickém složení. Jsou popsány dva

numerické modely a na závěr jsou ukázány dva příklady vyřešené navrhovaným algoritmem.

Klíčová slova: rovnovážné fázové přechody, VT-flash, Helmholtzova volná energie, metoda SSI,

Newtonova-Raphsonova metoda

1 Úvod

Tradiční popis rovnovážných fázových přechodů (popsaný např. v [1]) využívá jako krité-
rium stability systému minimalizaci Gibbsovy energie, což je funkce tlaku, teploty a látko-
vých množství jednotlivých komponent systému. Tzv. PT-rovnováha (”Pressure-Tempe-
rature flash”) je algoritmus, který při daných podmínkách určí množství a chemické
složení jednotlivých fází v systému. Problém nastane v případě, kdy se pokusíme pomocí
PT-rovnováhy popsat stav čisté látky při saturačním tlaku odpovídajícím dané teplotě.
V tomto případě se může objem jednotlivých fází měnit při zachování konstantního satu-
račního tlaku. Proto je v této práci použit termodynamický model, který jako podmínku
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stability využívá minimalizaci Helmholtzovy energie. Tato formulace vychází z [2]. Hel-
mholtzova energie je závislá na objemu, teplotě a chemickém složení systému a proto je
tzv. VT-rovnováha (Volume-Temperature flash) schopna rozlišit jednotlivé stavy nejen
směsi o více komponentách, ale také čisté látky při saturačním tlaku.
V [2] je navržen algoritmus pro řešení VT-rovnováhy, založený na metodě SSI (Succe-

sive Substitute Iteration). V této práci je popsán také algoritmus, který využívá Newtono-
vu-Raphsonovu metodu spolu s metodou přímek. Navržený výsledný algoritmus využívá
obě zmíněné metody.

2 VT-rovnováha

Systém v rovnovážném stavu nabývá nejmenší možné Helmholtzovy energie A při dané
teplotě, celkovém objemu a látkovém množství. Nechť je systém tvořen k komponen-
tami s látkovým množstvím n1, . . . , nk. Označme termodynamickou teplotu T a ob-
jem celého systému V . Helmholtzova energie potom může být vyjádřena jako funkce
A = A(V, T, n1, . . . , nk).
V případě systému, ve kterém je p různých fází a k různých komponent, označíme

nj,i látkové množství j-té fáze (j = 1, . . . , p) v i-té komponentě (i = 1, . . . , k). Chemický
potenciál i-té komponenty v j-té fázi značíme µj,i. Nyní lze Helmholtzovu energii vyjádřit
ve tvaru

A =

p
∑

j=1

k
∑

i=1

µj,inj,i −

p
∑

j=1

PjVj , (1)

kde Vj a Pj označují objem a tlak j-té fáze. Celkový objem a látkové množství jednotlivých
komponent musí být zachovány a proto musí platit

∑p

j=1 Vj = V,
∑p

j=1 nj,i = ni, (2)

kde V je objem celého systému a ni je látkové množství i-té komponenty. Podmínku rov-
nováhy lze tedy vyjádřit jako požadavek na minimalitu Helmholtzovy energie vzhledem
k proměnným nj,i a Vj takovým, že platí podmínka (2).
Chceme-li minimalizovat Helmholtzovu energii jako funkci objemu, teploty a látkového

množství jednotlivých komponent systému, musíme v těchto proměnných vyjádřit i tlak
P a chemický potenciál µ.
Pro výpočet hodnoty tlaku je v této práci použita Pengova-Robinsonova stavová rov-

nice [3]

P (V, T, n1, . . . , nk) = RT

∑k

i=1 ni

V − B
−

A

V 2 + 2V B − B2
, (3)

kde A a B jsou závislé na vlastnostech materiálu komponenty. Funkce A a B lze vyjádřit
pomocí materiálových konstant ai,j a bi a látkových množství ni, kde i, j = 1, . . . , k jako

A =
∑k

i=1

∑k

j=1 ai,jninj , B =
∑k

i=1 bini. (4)

Takto lze tlak v j-té fázi vyjádřit ve tvaru Pj = P (Vj, T, nj,1, . . . , nj,k), j = 1, . . . , p.
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Pro vyjádření chemického potenciálu v závislosti na požadovaných proměnných vyu-
žíváme tzv. koeficienty objemových funkcí jednotlivých komponent. Koeficient objemové
funkce i-té komponenty Φi = Φi(V, T, n1, . . . , nk) zavádíme vztahem

RT ln

(

V2

V1

Φi(V2, T, n1, . . . , nk)

Φi(V1, T, n1, . . . , nk)

)

= µi(V1, T, n1, . . . , nk) − µi(V2, T, n1, . . . , nk). (5)

Koeficienty objemových funkcí mohou být vyjádřeny jako funkce objemu, teploty látko-
vých množství následujícím vztahem (odvození viz [2])

ln Φi(V, T, n1, . . . , nk) =

∫

∞

V

[

1

Ṽ
−

1

RT

∂P

∂ni

(Ṽ , T, n1, . . . , nk)

]

dṼ . (6)

Nyní je Helmholtzova energie vyjádřena jako funkce objemu, tlaku a látkových množ-
ství, a proto je možné přistoupit k její minimalizaci.

3 Dvoufázové systémy

Vzhledem k tomu, že naší hlavní motivací je popis fázových přechodů při sekvestraci CO2,
zajímáme se především o dvoufázové systémy, konkrétně systémy s kapalnou a plynnou
fází. V následujícím textu bude tedy formulována teorie pro dvoufázové systémy.
Při popisu stavu systému nás především zajímá, zda se v systému vůbec vyskytuje

druhá fáze a v případě, že ano, chceme popsat podíl jednotlivých komponent v obou
fázích. Pro tento účel zavádíme funkci ∆A, což je rozdíl Helmholtzovy energie systému,
který obsahuje jen jedinou fázi, a Helmholtzovy energie systému rozděleného do dvou fází
vydělený celkovým objemem systému.

∆Ã =
1

V
(A(V, T, n) − A(V ′, T, n′) − A(V ′′, T, n′′)) , (7)

Místo minimalizace A tedy nyní minimalizujeme funkci ∆A. V případě, že je minimální
hodnota ∆A nezáporná, je v systému přítomná jediná fáze. V opačném případě je třeba
nalézt také rozložení komponent v obou fázích.
Zaveďme nyní značení pro dvoufázové systémy. Jednu fázi popisují proměnné V ′, n′,

n′

1,. . . , n′

k (n
′ =

∑k

j=1 n′

j) a druhou fázi proměnné V ′′, n′′, n′′

1,. . . , n′′

k (n
′′ =

∑k

j=1 n′′

j ).
Zachování objemu a látkových množství jednotlivých komponent (2) lze nyní zapsat jako
podmínku

V = V ′ + V ′′, ni = n′

i + n′′

i , i = 1 . . . k. (8)

Dále lze formulaci problému zjednodušit zavedením nových proměnných

• saturací obou fází S ′ = V ′

V
, S ′′ = V ′′

V

• koncentrací c = n
V
, c′ = n′

V ′
, c′′ = n′′

V ′′

• molárních zlomků zi = ni

n
, x′

i =
n′

i

n′
, x′′

i =
n′′

i

n′′
, i = 1 . . . k.
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Při použití těchto proměnných přechází minimalizovaný problém do tvaru

∆A = A(1, T, czj) − A(1, T, c′x′

j) − A(1, T, c′′x′′

j ), (9)

s podmínkou (8) vyjádřenou ve tvaru

1 = S ′ + S ′′,

czi = S ′c′x′

i + S ′′c′′x′′

i , i = 1 . . . k.
(10)

Aby byl systém v rovnováze, je nutné splnění rovností

P (1, T, c′x′

j) = P (1, T, c′′x′′

j ),
ln ϕi(1, T, c′x′

j) − ln c′x′

i = ln ϕi(1, T, c′′x′′

j ) − ln c′′x′′

i , i = 1 . . . k.
(11)

4 Numerické metody

V této kapitole představíme dvě numerické metody, které byly v rámci této práce použity
k řešení VT-rovnováhy. Výhody a nevýhody obou metod budou diskutovány a na závěr
navrhneme algoritmus pro řešení tohoto typu problému.

4.1 SSI (Successive Substitute Iteration)

Předpokládejme, že známe n-té (iterační) řešení molárních zlomků x′

i, x′′

i , i = 1 . . . k.

Označme Ki =
x′′

i

x′

i

. Dosazením x′′

i = Kix
′

i do rovnice popisující zachování látkového

množství i-té komponenty v (10) a zavedením α = c′′S′′

c
, dostaneme vztahy

x′

i = zi

1+(Ki−1)α
, x′′

i = Kizi

1+(Ki−1)α
. (12)

Protože
∑k

i=1 x′

i = 1 =
∑k

i=1 x′′

i , dostaneme dosazením (12) do
∑k

i=1 x′

i − x′′

i = 0 tzv.
Rachfordovu-Riceovu rovnici

k
∑

i=1

(Ki − 1)zi

1 + (Ki − 1)α
= 0. (13)

Vyřešením Rachfordovy-Riceovy rovnice pro Ki získané v i-té iteraci dostaneme α. Poté
stačí vyřešit soustavu 4 rovnic pro c′, c′′, S ′, S ′′

c′S ′ = c(1 − α),
c′′S ′′ = cα,

S ′ + S ′′ = 1,
P ( 1

c′
, T, x′

1, . . . , x
′

k) = P ( 1
c′′

, T, x′′

1, . . . , x
′′

k).

(14)

Řešení této soustavy je ekvivalentní řešení jediné rovnice pro neznámou S ′′
∈ (0, 1)

P (
1 − S ′′

c(1 − α)
, T, x′

1, . . . , x
′

k) = P (
S ′′

cα
, T, x′′

1, . . . , x
′′

k). (15)

Tlak vyjadřujeme pomocí Pengovy-Robinsonovy stavové rovnice, což je kubická rovnice.
Rovnice (15) je proto polynomiální rovnicí pátého řádu, ve všech námi prozkoumaných
případech však existoval pouze jeden kořen v intervalu (0, 1) a proto vede tento přístup
k jednoznačnému řešení problému.
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4.2 Newtonova-Raphsonova metoda

Newtonova-Raphsonova metoda je jednou z nejznámějších metod pro řešení rovnic ve
tvaru F (X) = 0. Chceme-li použít tuto metodu pro VT-rovnováhu, jedná se o řešení
vektorové rovnice, kde

X =



























c′x′

1
...

c′x′

k

c′′x′′

1
...

c′′x′′

k

S ′

S ′′



























F (X) =































S ′c′x′

1 + S ′′c′′x′′

1 − cz1
...

S ′c′x′

k + S ′′c′′x′′

k − czk

P (1, T, c′x′

j) − P (1, T, c′′x′′

j )

ln
c′x′

1
ϕ1(1,T,c′′x′′

j )

c′′x′′

1
ϕ1(1,T,c′x′

j)

...

ln
c′x′

k
ϕk(1,T,c′′x′′

j )

c′′x′′

k
ϕk(1,T,c′x′

j)

S ′ + S ′′
− 1































(16)

Newtonova-Raphsonova metoda je iterační metoda, která na základě znalosti n-tého
řešení hledá (n + 1)-ní řešení pomocí rovnosti

Xn
− Xn+1 = (∆F (Xn))−1

F (Xn). (17)

∆F označuje gradient funkce F , což je matice se strukturou

∆F ∼













































�

�

. . .
�

�

�

�

. . .
�

�

� � . . . � � � � . . . � �

� � . . . � �

� � � �

...
. . .

...
� � � �

� � . . . � �

� � . . . � �

� � � �

...
. . .

...
� � � �

� � . . . � �

� �













































(18)

4.3 Porovnání obou metod, navrhovaný algoritmus

Metoda SSI dosahuje nejvýše prvního řádu konvergence, je to velmi stabilní metoda.
Newtonova-Raphsonova metoda dosahuje až druhého řádu konvergence, je však velmi
citlivá na volbu počátečního odhadu řešení. Proto pro řešení VT-rovnováhy používáme
v rámci této práce algoritmus, který nejdříve provede několik iterací metodou SSI, čímž se
přiblíží přesnému řešení dostatečně na to, aby mohla být použita Newtonova-Raphsonova
metoda, která vede rychleji k numerickému řešení s požadovanou přesností.
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5 Numerické experimenty

V následujícím textu uvedeme dva experimenty, které simulují chování postupně stlačova-
ných směsí. Zmenšování celkového objemu systému vyjadřuje zvyšování celkové koncent-
race látky. Z grafů je patrný přechod od dvoufázové směsi k jednofázové směsi v závislosti
na celkové koncentraci. K výpočtům je použit algoritmus navržený v kapitole 4.3.

5.1 Směs methanu C1 a n-penthanu nC5

Nejdříve simulujeme kompresi binární směsi methanu C1 a n-penthanu nC5. Při značení
z kapitoly 3 je komprese vyjádřena postupným nárůstem celkové koncentrace. Přesný
popis parametrů výpočtu je následující:

• celková koncentrace roste z 5000 mol·m3 na 10000 mol·m3,

• termodynamická teplota je T = 371 K,

• složení směsi popisují molární zlomky zC1
= 0, 547413, znC5

= 0, 452587.

Na obr. 1 je vyobrazen průběh molárních zlomků metanu a n-penthanu v obou fázích.
Z definice molárních fázových zlomků je nutné, aby se fázové molární zlomky obou kom-
ponent sčítaly na jedničku (tj. x′

C1
+ x′

nC5
= 1 = x′′

C1
+ x′′

nC5
). Z obrázku je vidět, že tato

vlastnost je numerickým modelem zachována. V obr. 1 je vyobrazen také průběh saturací
obou fází. Opět je z definice saturací nutné, aby S ′ + S ′′ = 1, což je opět velmi dobře vy-
stiženo v grafu. Z průběhu saturací je zřejmé, že se zvyšováním celkové koncentrace roste
saturace první fáze, až při koncentraci zhruba 8450 mol·m−3 dojde k přechodu původně
dvoufázové směsi na směs jednofázovou.
Obr. 2 zachycuje průběh tlaku směsi při kompresi. Opět je možné vypozorvat místo

přechodu z dvoufázové směsi na směs jednofázovou podle změny průběhu tlaku při zhruba
8450 mol·m−3.
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Obrázek 1: Molární zlomky C1 a nC5 a saturace obou fází v závislosti na celkové koncen-
traci pro výpočet popsaný v 5.1.

Obrázek 2: Vývoj tlaku uvnitř směsi C1-nC5 v závislosti na celkové koncentraci pro pro-
blém 5.1.
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5.2 Směs dusíku N2, methanu C1, propanu C3 a n-dekanu nC10

Stejný algoritmus jako byl v kapitole 5.1 použit k řešení komprese binární směsi lze
použít také k řešení VT-rovnováhy vícesložkových směsí. Jako příklad uvádíme výpočet
VT-rovnováhy stlačované 4-složkové směsi tvořené dusíkem, methanem, propanem a n-de-
kanem. Parametry výpočtu jsou následující:

• celková koncentrace roste z 1000 mol·m3 na 10000 mol·m3,

• termodynamická teplota je T = 393, 15 K,

• složení směsi je dáno molární zlomky zN2
= 0, 2463, zC1

= 0, 2208, zC3
= 0, 2208,

znC10
= 0, 3121.

Obr. 3 znázorňuje průběh fázových molárních zlomků všech 4 komponent. V tomto
případě již není tak zřejmé zachování jednotkového součtu fázových zlomků komponent,
nicméně při důkladném prozkoumání průběhu molárních zlomků je vidět, že opět platí
x′

N2
+x′

C1
+x′

C3
+x′

nC10
= 1 = x′′

N2
+x′′

C1
+x′′

C3
+x′′

nC10
. Stejně tak je zachován jednotkový

součet obou saturací S ′ a S ′′. Stejně jako v případě 5.1 převažuje s rostoucí celkovou kon-
centrací objem první fáze, jejíž saturace je označena S ′. Při celkové koncentraci zhruba
8100 mol·m−3 dojde k přechodu dvoufázového systému na systém jednofázový. Tento pře-
chod je patrný jednak z průběhu saturací a fázových molárních zlomků v grafu na obr. 3,
při zmíněné koncentraci je však zřetelná i změna v průběhu celkového tlaku systému.

Obrázek 3: Molární zlomky komponent a saturace obou fází v systému N2-C1-C3-nC10

popsaného v 5.2 v závislosti na celkové koncentraci.
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Obrázek 4: Vývoj tlaku uvnitř systému N2-C1-C3-nC10 popsaného v 5.2 v závislosti na
celkové koncentraci.

6 Závěr

V této práci byl použit nový přístup k popisu termodynamiky rovnovážných fázových pro-
cesů, který je formulován při konstantním objemu namísto klasického pojetí, při kterém
je udržován konstantní tlak směsi. Byly stručně diskutovány vlastnosti a důvody zave-
dení nového přístupu a navrženy dvě numerické metody pro řešení fázových přechodů
v souladu s novou formulací.
V rámci této práce byl navržen algoritmus k výpočtu VT-rovnováhy. Tento algoritmus

byl použit k výpočtu průběhu složení dvou vícesložkových systémů při jejich kompresi.
Z výsledků je patrný postupný přechod od dvoufázové směsi k směsi jednofázové při
narůstající celkové koncentraci. V obou experimentech systém přešel do fáze popsané
proměnnými S ′, x′

i, c′. Z výsledků však není možné rozlišit o jakou fázi se jedná (zda
bude při vysoké koncentraci směs v kapalném nebo plynném stavu).
V současnosti jsou kódy implementované v programu Matlab, do budoucna plánujeme

jejich převedení do programovacího jazyka C++, aby bylo možné tento model fázových
přechodů propojit např. s modelem vícefázového proudění.
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Its objective is to show how the proposed methods can be helpful for further development or
application of heuristics.
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Abstrakt. Výkonnos´ heuristiky záleºí na princípe na ktorom je zaloºená, na nastavení jej
parametrov a taktieº aj na type problému, ktorý rie²i. V na²ej práci navrhujeme determin-
istickú metodiku na rie²enie problému vyhodnocovania efektívnosti týchto algoritmov. �alej
predstavujeme demon²tráciu, ktorá ukazuje ako môºu by´ navrhnuté metódy uºito£né pri vývoji
a aplikácii heuristík.
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1 Introduction

As it follows from the "No Free Lunch" theorem [1], every heuristic algorithm, or even
every distinct parameters setting of the same algorithm, performs di�erently on di�er-
ent problems. Moreover, there is not just one criterion for the evaluation of heuristic
performance itself.

Thus, when when it comes to the development of a new algorithm or utilisation of
an existing one to solve an optimization problem (OP), it is relevant to question how
to compare di�erent heuristics and/or their parameter settings when searching for the
solution a speci�c problem.

A few attempts have been made [2] [3] to point out the di�culties one will deal with
when analyzing and comparing heuristic algorithms performance, or to describe some of
the "best practices" in this �eld, but a formalized framework is missing and we do believe
that a contribution to this �eld could be made.

In our previous work [7] we have introduced a set of techniques we �nd useful for the
analysis of the heuristic algorithms performance. These techniques can be divided into
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two main categories - deterministic and stochastic. Apart from the principles on which
these methods are based, they are both delivering slightly di�erent results. Using the
deterministic methods, we arrive at a precise ranking of the heuristics performance, i.e.
we know which has the best performance, which is the second one, etc. On the other
hand, stochastic methods can generate a "cluster" of the best performing heuristics.
Every heuristic in this cluster is better than the rest and heuristics in the cluster are all
equally good by the means of statistical analysis.

However, in this paper we are focusing only on the deterministic methods and we are
proposing an approach that enables also the deterministic methods to produce results
similar to the latter category.

2 Methodology of comparison

Before detailed description of the proposed techniques, we begin with a more exact prob-
lem de�nition and the de�nition of heuristics performance measures.

An OP can be de�ned as minimization of the objective function f: D→ R where

D = {x ∈ Xn | a ≤ x ≤ b}

is an appropriate domain. For purposes of this paper we are using the binary domain,
Xn = {0, 1}n, but it can be an integer or a real one as well. Let's suppose that we have
an acceptable value of the objective function f ∗. Then we can de�ne a set of solutions,
the goal set, as

G = {x ∈ D | f(x) ≤ f ∗}

where
f ∗ ≥ min{ f(x) | x ∈ D }.

We will suppose that we have a set of H ∈ N heuristics, each having Pi ∈ N parameters
for i = 1, 2, . . . , H. Then pi,j ∈ Pi,j means that the setting of j-th parameter of i-th
heuristic pi,j belongs to domain Pi,j which is a set of any distinct values speci�c for
the given heuristic algorithm implementation, e.g. real numbers, logical values, or text
strings. Domain Pi,j has the cardinality (number of elements) Ci,j = card(Pi,j). Actual
parameter settings and their combinations may be based on recommendations (e.g. [6]),
own experience, or by "random shooting" in the worst case.

2.1 Performance measures

Following the principles of Monte Carlo simulation we will run every instance of heuristic
algorithm (meaning one speci�c heuristic approach with one speci�c setting of its para-
meters) for a speci�ed, su�ciently large, number of times q ∈ N and then we will de�ne
the following estimates:

• Reliability, REL = m/q where m ∈ N is the number of successful runs i.e. runs
during which the algorithm found a solution from the goal set before exceeding the
maximum allowed number of objective function evaluations (clearlym ≤ q and thus
REL ∈ [0, 1]);
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• Mean Number of Evaluations, MNE = 1
m

∑m
i=1NEi where NEi ∈ N is the number

of evaluations of the objective function until the algorithm found a solution from
the goal set;

• Standard deviation of the Number of Evaluations,

SNE =
√

1
m−1

∑m
i=1(NEi −MNE)2.

It may happen, that reliability will be so low that it is impossible to evaluate SNE
and for that reason it is necessary to discard such instances from further analysis. Also,
since reliability is often a very sensitive attribute, we recommend further preliminary
elimination of very unreliable instances, no matter how e�ective they are.

The number of evaluations is a positive integer stochastic variable which signi�cantly
varies in order. It is hardly possible to suppose that this variable has a distribution which
is close to the Gaussian normal one. It is a good habit to analyze its natural or decadic
logarithm instead of the original value to eliminate positive skewness [2]. So we introduce
the logarithmic measures as follows:

• Logarithm of Number of Evaluations, LNEi = lnNEi for i ∈ 1, 2, . . . ,m;

• Mean Logarithm of the Number of evaluations, MLN = 1
m

∑m
i=1 LNEi;

• Standard deviation of the Logarithm of Number of evaluations,

SLN =
√

1
m−1

∑m
i=1(LNEi −MLN)2.

Our task is to maximize REL and minimize MLN and SLN together. However,
at this point it is obvious that REL, MLN and SLN are independent variables, and,
typically, they are in contrast with each other (e.g. a very reliable heuristic has higher
MLN than another, less reliable one). Therefore this is a typical example of a multi-
criteria decision analysis.

We can start analysing weakly performing instances using the condition of Pareto
optimality [4] � this way we can exclude heuristics which are worse than others in every
measured characteristic. Nevertheless, in most cases this will not be of great impact and
there will still be plenty of instances to choose from.

2.2 Proposed methodology

The weighted approach, which is discussed in this paper, is based on minimizing the
general formula with positive weights wi ∈ R for i ∈ 1, 2, 3 of included performance
measures:

F = w1 ·MLN + w2 · SLN + w3 · LNR

where LNR = − lnREL.
Weights can be determined using various techniques. Some of them are motivated by

the traditional Feoktistov's criterion: FEO = MNE/REL [5].
However, we are suggesting a criterion that works on a presumption that NE can be

approximated by the exponential distribution with time constant T [7] and it is in the
form of
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F = MLN +
C ·
√

6

π
· SLN + LNR

where C is the Euler's constant and just for illustration C·
√

6
π
∼= 0.4501.

Moreover, to be able to decide which instance of heuristic algorithm is e�cient and
which one is not, we are suggesting certain bounds of acceptance. We say that the
instance k is e�cient when the value of its criterion Fk satis�es the following inequality:

Fk ≤ Fmin +
π√
3q
· Φ−1(1− α)

Here, Fmin is the score of the best instance and Φ−1 is inverse of cumulative distribution
function (cdf) of the normal distribution N(0, 1).

Previous formula is based on pessimistic assumption that random variable F has a
variance σ2

F = π2

6q
which is q times smaller than variance in the case of random shooting.

Now we can test the hypothesis H0 : Fk = Fmin against H1 : Fk 6= Fmin at the level of
signi�cance α.

Under this assumptions the variable Fk − Fmin follows normal distribution N(0, 2σ2
F )

and after substitution:

Fk − Fmin ∼ N(0,
π2

3q
)

In the case of symmetric testing, the hypothesis is rejected when

|Fk − Fmin| >
π√
3q
· Φ−1(1− α

2
)

However, we need to test whether Fk < Fmin and thus reject the hypothesis if

Fk > Fmin +
π√
3q
· Φ−1(1− α)

and, for α = 0.05, it is approximately

Fk > Fmin +
2.9834
√
q

3 Experimental results

3.1 Testing environment

As far as the testing problem is concerned we have chosen the 0 -1 Knapsack Problem
(KP) since it is a very well known one and for a reasonably small problem dimensions,
i.e. the number of items, each having its own weight and value to put into the knapsack
with limited maximum load, we can easily �nd an analytical solution using methods of
binary programming and set the f ∗ value accordingly. Objective function is the total
value of items in the knapsack, of course with a negative sign, incremented by a penalty
for exceeding the maximal load of the knapsack, if appropriate. Both weights and values
of items come from geometric sequences.
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While on the other hand we have the heuristic algorithms to deal with the testing
problem. The �rst algorithm we have used is the Genetic Optimization (GO) [6], and
since its detailed description is out of scope of this paper, we will mention only the
parameters and respective settings which are to be analysed:

• N ∈ {5, 50, 100} � the size of population

• Tsel ∈ {0.1, 10, 100} � temperature controlling the probability of selection

• R ∈ {0.001, 0.1} � radius of mutation

• rep ∈ {1, 3, 5} � number of generation repetitions

• gdc ∈ {0, 1} � indication as to whether gradually decrease Tsel and R over time

Finally, our implementation of the Fast Simulated Annealing (FSA) [6], the second
heuristic, has a following set of parameters and settings:

• T0 ∈ {0.00001, 0.0001, 0.001, 0.01, 0.1, 1, 10} � initial temperature

• n0 ∈ {1, 10, 500, 1000} � cooling delay

• α ∈ {0.5, 1, 1.5, 2} � cooling exponent

To summarize the number of instances, we get NI = 3 · 3 · 2 · 3 · 2 + 7 · 4 · 4 =
108+112 = 220. The �rst part of the sum is the product of individual distinct parameter
values counts of GO and the second one of FSA, which performance we want to compare.

3.2 Results

To get a satisfactorily precise result, we set q = 100, and thus we analyzed NI ·q = 22 000
of single runs of heuristic algorithms per problem. Table 1 gives us a rough idea of what
the outcome of our experiment was.

Table 1: Overall performance results

GO FSA Total

All 108 112 220
Reliable 81 112 193
E�ective 5 0 5
The best one 1 0 1

Note: A reliable instance was the one having REL ≥ 0.2.
Even from this, very high-level, statistic we can draw interesting conclusions about the

two di�erent heuristics: GO, despite being a bit unreliable, has been able to produce all
the most e�ective instances. FSA on the other hand, seems to be at least a signi�cantly
more reliable heuristic.
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Table 2: Basic performance characteristics

Characteristic GO FSA

Average reliability 0.62 0.93
Average MNE 519.9 2193.0
Average SNE 609.9 2803.1
Fmin 5.02 6.60
Favg 6.17 7.62
Fmax 10.93 7.93

Table 2 supports the above mentioned conclusions and adds also another relevant
observations, which are rather self-explanatory.

It is also worth mentioning that three instances of GO had REL ≤ 0.01. This
prevented us from calculating the F criterion value altogether.

Last, but not least, we are presenting a detailed overview of the e�ective instances
parameter settings in table 3.

Table 3: E�ective instances parameter settings

Heuristic Parameter Value Times present Impact ratio

GO N 50 3 0.6
GO N 5 2 0.4
GO Tsel 10 3 0.6
GO Tsel 0.1 2 0.4
GO R 0.1 5 1.0
GO rep 1 2 0.4
GO rep 3 2 0.4
GO rep 5 1 0.2
GO gdc 1 5 1.0

A table similar to table 3 may be of signi�cant use, since it does reveal the parameters
and their settings which have the biggest impact on the performance of the heuristic. E.g.
from the values in this speci�c one we can conclude that it may be a good idea to set
gdc = 1 and R = 1, further search for the optimal setting of N and Tsel and stop tuning
the rep as it will most probably not bring the desired e�ect.

For the sake of illustration, we are also including an analogous table, table 4, for the
FSA heuristic, but of course, under the assumption that it would be the only available
heuristic to deal with the given problem.
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Table 4: E�ective instances parameter settings - FSA only

Heuristic Parameter Value Times present Impact ratio

FSA T0 10 3 1.0
FSA n0 1000 2 0.7
FSA n0 50 1 0.3
FSA α 1.5 2 0.7
FSA α 2 1 0.3

4 Conclusions

Having the outcome of the previous section in mind, we can conclude that it is possi-
ble to analyse the performance of heuristic algorithms using the proposed deterministic
approach.

In addition to that, we do believe that it is also relevant, and feasible as well, to intro-
duce a deterministic methodology to address the problem of determining which instances
of heuristic algorithms are performing equally well and to extract appropriate knowledge
from such data.

As we have shown in the fore-mentioned case study, this approach can be used to
better understand and interpret the behaviour of the heuristic and reveal the potential
e�ect of settings tuning.

However, in the last part of the experimental section, we have analysed the e�ects
of possible tuning of individual settings. Of course, the settings, and most importantly
the e�ects they may have on the performance, are not completely independent � so it is
here, where we see the most straight-forward potential for future work, to analyse e�ects
of settings combinations.
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í model· [6), p°ípadn¥ vyuºitímanalogií [4℄. D·leºitým aspektem pak je a z·stává modelování. A práv¥ moºnými p°ístupymodelování se zabývá tento £lánek.2 Význam modelování byznys pro
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h, kde se modelování pro
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i, ºe základní v¥
í, kterou manaºer °e²í, je samotný pro
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íl· � o
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ké metody k optimaliza
i pro
es· i projekt·, ainforma£ní systémy k jeji
h °ízení. A£koliv se pouºití pro
esního a projektového manage-mentu v¥nuje °ada publika
í, manaºerský
h styl·, metodik £i te
hnik, bývá jeji
h p°ijetí vpodmínká
h �eské republiky pon¥kud rozpa£ité. Pro
esní p°ístup je u nás £asto zuºovánna 
erti�ka
i systém· managementu kvality (dle ISO 9001) [10℄. Problémem zde býváfakt, ºe se jedná o formální 
erti�ka
i, která slouºí k p°ístupu do r·zný
h výb¥rový
h°ízení, ale samotné pro
esní °ízení je opomíjeno a p°iná²í jen zvý²enou byrokra
ii. P°i-tom pro °ízení je velmi d·leºité znát a být s
hopen p°esn¥ popsat jednotlivé pro
esy ve�rm¥, nebo´ jen tak pra
ujeme se skute£nými daty. Pro zlep²ení fungování �rmy v trºnímhospodá°ství je nutné neustále inovovat, v p°ípad¥ pro
es· tedy provád¥t reengineering.Reengineering znamená zásadní p°ehodno
ení a radikální rekonstruk
i (redesign) podni-kový
h pro
es· tak, aby mohlo být dosaºeno dramati
ký
h zdokonalení z hlediska kriti
ký
hm¥°ítek výkonnosti, jako jsou náklady, kvalita, sluºby a ry
hlost [13℄.Prakti
ké provedení reengineeringu je spe
i�
kým projektem °ízení zm¥ny v podniku.Projekt je zpravidla ini
iovn vr
holovým vedením, jehoº £lenové dále i p°ijímají role (p°i-nejmen²ím roli sponzora) v realiza£ním týmu. Metodiky reengineeringový
h projekt· jsou
harakterov¥ blízké projekt·m implementa
e informa£ní
h systém·. Klasi
ké metodiky£lení projektu do t°í základní
h etap:
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e pro
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e zm¥ny.Pakliºe 
h
eme provád¥t reengineering pro
esu, musíme dokonale po
hopit to, jakfunguje daný pro
es v sou£asnosti a jaké jsou jeho slabiny. První nám zajistí kvalitnípro
esní modely, druhé pak simula
e (automati
ká £i manuální) daný
h pro
es·.3 Moºné p°ístupyMáme-li se dále zabývat modelováním pro
es·, musíme se seznámit s alespo¬ n¥kterýmizajímavými p°ístupy, které m·ºeme pro tento ú£el vyuºít. Nástroje m·ºeme obe
n¥ roz-li²it na [10℄.1. Gra�
ké jazyky a nástroje pro modelování.2. Formální jazyky pro automatizované provád¥ní pro
es· a work�ow.3. Formální jazyky pro B2B vým¥nu dat.Vzhledem k tomu, ºe 
ílem není naprosto formální a matemati
ké popsání pro
es·, aletaková forma modelování, která umoºní lep²í komunika
i mezi zadavatelem a vývojá°em,p°ípadn¥ nám jde o modelování pro
esu pro manaºerské °ízení, budeme volit nástroje zprvní skupiny � tedy nástroje gra�
ké, umoº¬ují
í vizuální zobtazení jednotlivý
h pro-
es·. Zde máme k dispozi
i nap°íklad následují
í ²iro
e vyuºívané nástroje a metodiky[10℄.Metodika/nástroj PopisUML (Uni�ed ModelingLanguage Standard UML je rozsáhlou sadou nástroj· promodelování informa£ní
h systém· a jeji
h 
hování.Je udrºován konsor
iem OMG. K modelování pro-
es· jsou vyuºitelné diagramy stav· a aktivit zestandardní
h pro�l· nebo roz²i°ují
í pro�ly jakonap°. (Eriksson, a dal²í, 2000).BPMN (Business Pro
essModeling Notation). Dnes patrn¥ nejroz²í°en¥j²í nota
i pro modelo-vání pro
es· lze 
harakterizovat jako roz²í°ení di-agramu aktivit UML. Standard spravuje konsor-
ium OMG.EPC (Event-driven Pro
essChain). EPC je nota
í pouºívanou v metodi
e a nástro-jí
h ARIS (Software AG), které pat°í k nejroz²í°e-n¥j²ím a nejpropra
ovan¥j²ím nástroj·m na trhu sBPM.IDEF3 (The Integrated DE-Finition). Jde o jeden ze standard· vyvinutý
h v rám
i USAirFor
e pro komplexní podporu modelování pod-nikové ar
hitektury.
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í jazyk sdanou syntaxí a sémantikou, umoº¬ují
í vytvo°it strukturovanou gra�
kou reprezenta
isystému nebo organiza
e. Jejím pouºitím je moºné sestavit konsistentní model tvo°enýpopisem funk
í systému, jeji
h vzájemný
h vztah· a dat umoº¬ují
í
h tyto funk
e inte-grovat. Metoda IDEF byla odvozena z gra�
ky orientovaného jazyka SADT (Stru
turedAnalysis and Design Te
hnique) na základ¥ poºadavk· U.S. Air For
e. Ú£elem bylo naléztprost°edek pro analýzu a komunika
i mezi lidmi zam¥°enými na zvy²ování produktivityvýroby. Výsledkem bylo vytvo°ení 
elé °ady te
hnik, které byly v budou
nu je²t¥ dáleroz²í°eny. Ú£elem pouºití IDEF0 je vytvo°ení modelu, který se sestává z hierar
hi
kyuspo°ádané sady diagram a text· s p°esn¥ vytvo°eným systémem vzájemný
h odkaz·popisují
ími funk
e organiza
e £i podniku. Primárními modelova
ími komponentami jsoufunk
e a data/objekty, které vzájemn¥ tyto funk
e propojují. Konkrétn¥ se jedná o ná-sledují
í syntakti
ké prvky (viz dal²í obrázky:1. Funk
e (Fun
tion) popisují
í £innost transformují
í vstup na poºadovaný výstup.2. Vstupem (Input) jsou data nebo objekty, které budou funk
í transformovány navýstup.3. Výstupem (Output) rozumíme data nebo objekty produkované funk
í.4. �ízení (Control) je dáno pravidly pot°ebnými k vytvo°ení poºadovaného výstupu.5. Me
hanismus (Me
hanism) de�nuje prost°edky nutné k realiza
i funk
e.Z angli
ký
h názv· jednotlivý
h tok· se pak hovo°í o tzv. ICOM (Inputs, Controls,Outputs, Me
hanisms), které je vyºadováno kaºdou funk
í. Krom¥ toho, kaºdá funk
enese své £íselné ozna£ení (ID) a p°ípadn¥ také ozna£ení diagramu, ve kterém je funk
epak dále rozpra
ována do svý
h dal²í
h podfunk
í (obr. 2.4). Díky tomu je moºné vytvá-°et hierar
hii diagram· odpovídají
í dekompozi
i funk
í na své podfunk
e (strukturovanýp°ístup). Vr
hol této hierar
hie je de�nován tzv.kontextovým diagramem ozna£eným pís-menem a £íslem 0 (obr. 2.3). P°i sestavování diagram· jsou dodrºovány zásady jeji
h°azení ve sm¥ru diagonály a diagram by nem¥l mít mén¥ neº t°i a ví
e neº ²est funk
í.Platí zde také d·leºitá vlastnost t¥
hto diagram·, kdy výstupy dané funk
e mohou býtvstupem, °ízením £i me
hanismem jiný
h funk
í. Tímto zp·sobem jsou de�novány vzá-jemné závislosti mezi funk
emi (p°evzato z [8℄).
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Obrázek 1: Ukázka diagramu IDEF [8℄5 UMLUML je zkratka pro Uni�ed Modelling Language. Jedná se o obe
n¥ pouºitelný (uni�ed)modelova
í jazyk slouºí
í pro modelování softwarový
h systém·. Díky tomuto modelova-
ímu jazyku m·ºeme zvládnout tém¥° 
elý ºivotní 
yklus aplika
e, od popisu poºadavk·,p°es modelování stati
ké struktury i dynami
kého 
hování aplika
e. Bohuºel, jedná seo jazyk zejména te
hni
ky zam¥°ený, tudíº nikoliv pro
esn¥. Jeho pouºití pro modelo-vání byznys pro
es· se tak omezuje spí²e na jednodu²²í a mén¥ komplikované p°ípady.Pouºitelný je zejména diagram aktivit [12℄. Ukázku tohoto diagramu uvádím na obrázku.
Obrázek 2: Aktivitní diagram [12℄Pouºití tohoto diagramu je tedy moºné, ale rozhodn¥ není doporu£ené. Byznys mo-delování zkrátka není silnou stránkou UML, který byl primárn¥ ur£en pro jiné ú£ely. Protakto snadný pro
es bude diagram aktivit posta£ují
í, u sloºit¥j²í
h pro
es· brzy odhalítenedostatky a 
hyb¥jí
í nota
e pro zmín¥né aspekty pro
esu. Pro modelování nesouvisejí
íse SW inºenýrstvím, ur£eným nap°íklad pro tvorbu pro
esní struktury �rmy £i podklad·pro reengineering dokon
e povaºuji tento modelova
í jazyk za nevhodný.6 BPMNBPMN vy
hází z diagramu aktivit UML. Jak jsem nazna£il v p°ed
hozí kapitole, tytodiagramy jsou pouºitelné v omezené mí°e a nejsou p°ímo ur£eny pro modelování byznyspro
es·. N¥které jednodu²²í pro
esy si
e m·ºeme modelovat pouze pomo
í samotnéhoUML, ni
mén¥ pro sloºit¥j²í pro
esy v UML zkrátka postrádáme nota
i pro zápis n¥-který
h skute£ností, zejména se pak jedná o hierar
hii subpro
es·, vazby mezi pro
esy,transak£ní zpra
ování £i výjimky [10℄.



158 J. MyslínBPMN jde v tomto práv¥ tím sm¥rem, který nám v UML 
hyb¥l a p°idává práv¥ tysymboly a nota
e, které 
hyb¥ly. Cílem BPMN je tedy standardizovaná nota
e, která budesrozumitelná jak byznys analytik·m, tak také zákazník·m, kte°í budou mo
i validovatjednotlivé pro
esy a jeji
h správnost a adekvátnost. Na následují
í
h obráz
í
h pak m·ºetevid¥t základní elementy BPMN, ze který
h jsou dále tvo°eny diagramy.Velkou výhodou BPMN je fakt, ºe modely v n¥m vytvo°ené lze pom¥rn¥ snadnouzp·sobit do podoby, ve kterém je moºnost pro
esy virtuáln¥ spustit a tím testovat,zda jsou skute£n¥ pouºitelné a zda neobsahují 
okoliv, 
o by mohlo zp·sobit nemoºnostdokon£ení pro
esu (deadlo
k, uváznutí atd.). BPMN de�nuje, jak p°evád¥t jednotlivéelementy a sekven
e t¥
hto element· do jazyka BPEL. Je tedy moºné (manuáln¥) modelpro
esu do jeho spustitelné podoby p°evést. Díky pom¥rné volnosti modelování v BPMNnení moºné vygenerovat BPEL automati
ky, n¥které BPMS nástroje v²ak tuto funk
inabízejí, a to za 
enu ur£itý
h omezení p°i samotném modelování pro
esu [11℄.BPMN de�nuje jediný diagram, tzv. Business Pro
ess Diagram (BPD). Ten je tvo-°en sítí gra�
ký
h objekt·, zejména aktivitami a zobrazením toku informa
í mezi nimi.Jednotlivé gra�
ké objekty jsou od sebe dob°e odli²ené, 
oº p°ispívá k p°ehlednosti dia-gramu. Jasn¥ dány jsou tvary t¥
hto objekt·, které je t°eba dodrºovat, je ov²em moºnévolit pro n¥ vlastní barvy, nap°íklad z odli²ova
í
h ú£el·. V ur£itý
h p°ípade
h lze pouºítv diagramu i vlastní gra�
ký objekt, ten se v²ak nesmí p°ekrývat s ºádným jiº existují
íma rovn¥º by nem¥l ovliv¬ovat samotný tok pro
esu, pouze jej up°es¬ovat, £i poskytovatn¥jaké dodate£né informa
e [11℄.

Obrázek 3: Gra�
ké elementy v BPMN (zdroj: OMG, upraveno v [10℄)Na následují
í
h obráz
í
h jsou ukázány moºnosti modelování konkrétní
h pro
es·pomo
í BPMN. První model p°edstavuje model pro
esu Odm¥¬ování, druhý pak modelpro
esu Nábor zam¥stnan
·.7 ARIS (EPC)Uvedl jsem metodiku IDEF. Tato metodika spe
i�kuje funk
e, které by vyvíjený systémm¥l obsahovat a plnit. Dále je v²ak nutné de�novat posloupnost aktivit, které k tomuto
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Obrázek 4: Model pro
esu v BPMN [10 ℄
íli povedou a také de�novat £asovou, prostorovou návaznost a p°i°azení rolím. MetodaEPC (Event-driven Pro
ess Chain) pat°í k jedné z nejroz²í°en¥j²ím p°edev²ím proto, ºe sestala sou£ástí systém· jako SAP R/3 (ERP/WFM) a ARIS (BPR). Podstata metody, jakvyplývá i z jejího názvu, spo£ívá v °et¥zení událostí a aktivit do posloupnosti realizují
ípoºadovaný 
íl. Z obe
ného pohledu vykonávání pro
esu událost de�nuje vstupní pod-mínku (pre
ondition) uskute£n¥ní aktivity. Ukon£ení aktivity pak de�nuje dal²í událost� výstupní podmínku (post
ondition), na kterou mohou navazovat dal²í aktivity. Z tohovyplývá, ºe kaºdá aktivita je vymezena dv¥mi událostmi a tak je i jednozna£n¥ de�novánjejí za£átek a kone
. [8℄EPC diagramy obsahují t°i základní prvky:1. Aktivity - jednotlivé £innosti, které se v rám
i pro
esu provád¥jí.2. Události - jsou vstupními a výstupními podmínkami událostí - jinými slovy - danáudálost vede k tomu, ºe je vykonána aktivita a aktivita m·ºe vést ke spu²t¥níudálosti.3. �ídí
í spojky - umoº¬ují v¥tvit tok pro
esu.Ukázka EPC diagramu popisují
ího jednodu
hý pro
es je op¥t na obrázku. Je zvy-kem krom¥ gra�
kého odli²ení aktivit, spojek a událostí také volit barevné odli²ení, kteréov²em není p°ímo popsáno v nota
i EPC diagram·. Krom¥ standardního EPC diagramuexistuje také roz²í°ený EPC diagram (extendedEPC, eEPC), který dále umoº¬uje mo-delovat podpro
esy, organiza£ní jednotky, podmínky atd. eEPC se tak stává kvalitním arozhodn¥ pouºitelným modelova
ím nástrojem.8 Zhodno
eníUvedl jsem n¥kolik metodik, které je moºno vyuºívat pro modelování, p°ípadn¥ simu-la
i byznys pro
es·. Po
hopiteln¥, kaºdý z ni
h má své uplatn¥ní za daný
h podmínek.�ádná z metodik není samospásná a kaºdá krom¥ pouºití ve správné situa
i vyºaduje takéznalosti a zku²enosti byznys analytika. V následují
í tabul
e uvádím doporu£ené pouºitíjednotlivý
h metodik.



160 J. MyslínMetodika/nástroj PouºitíUML (Uni�ed ModelingLanguage Aktivitní diagram lze vyuºít pro men²í, nekompli-kované pro
esy, p°ípadn¥ tam, kde pro
esy nebu-dou dále vyuºívány pro komunika
i se zákazníky anep°edpokládá se jeji
h roz²i°ování, p°i kterém byse mohly ukázat nedostatky této metodikyBPMN (Business Pro
essModeling Notation). Obe
n¥ pouºitelná metodika pro popis sekven
íaktivit a dal²í
h aspekt· pro
esu. Pouºitelný prorozsáhlé projektyEPC (Event-driven Pro
essChain). Obe
n¥ pouºitelná metodika pro popis sekven
íaktivit a dal²í
h aspekt· pro
esu. Pouºitelný prorozsáhlé projektyIDEF3 (The Integrated DE-Finition). Pouºitelný pro men²í i v¥t²í projekty, díky dekom-pozi
i je p°ehledný i u velký
h projekt·. Je pouºi-telný spí²e pro funk£ní náhled.Z tohoto popisu tedy vyplývá, ºe seriozní modelování nebude p°íli² vyuºívat aktivitnídiagram z metodiky UML. Ostatní metodiky jsou pouºitelné a závisí na tom, jaký pohled
h
ete pouºít (funk£ní, sekven£ní), p°ípadn¥ jaké máte zku²enosti z praxe.9 Záv¥rV tomto krátkém textu jsem se snaºil p°edev²ím o krátké seznámení se základními meto-dikami modelování pro
es·. D·vodem takového modelování je, jak bylo uvedeno, zejménapo
hopení �remní
h pro
es· zákazník, a´ uº pro pot°eby vývoje nového SW £i pro pot°ebyvytvo°ení pro
esní mapy pro °ízení £i reengineering. Vý²e uvedené metodiky umoº¬ujíobojí - je tedy moºné p°iblíºit zákazníkovi pro
esy a zárove¬ mít k dispozi
i kvalitnípro
esní s
héma, které umoºní vytvo°it produkt, který bude dále validován. Text neníkomplexním a vy£erpávají
ím seznamem ani návodem, jak vyuºívat jednotlivé pro
esnímetodiky. U kaºdé metodiky si musíme být v¥domi nedostatk· a toho, ºe ºádná dnesvyuºívaná pro
esní metodika není optimální z hlediska p°ekonání sémanti
ký
h bariér. Ztohoto d·vodu bude dále vhodné vést výzkum a metodiky p°ípadn¥ doplnit o dal²í prvky.Literatura[1℄ Merunka V., Unal B., Myslín J.. Formal te
hniques of data stru
ture design in moderndatabase systems. In 'IFAFFE'10 Pro
eedings (Samsun, Ture
ko 2010)',[2℄ Merunka V. Objektové modelování. Alfa nakladatelství s.r.o, Praha 2008.[3℄ Molhane
 M. Krátká úvaha o normaliza
i. In 'Sborník konferen
e Objekty 2009',[4℄ Myslín J. Vyuºití analogií p°i výu
e OOP. In 'Sborník konferen
e InformatikaXXIII/2010)',
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ess Modeling and Business to IT Transformation. In 'Sborníkkonferen
e Doktorandské dny',[6℄ Myslín J. Transforma
e model· RUP pro pot°eby manaºera. In 'Sborník katedryinformatiky V�MIE 2/2009',[7℄ Vondrák I. Metody byznys modelování. V�B-TU Ostrava, 2004[8℄ Vondrák I. Úvod do softwarového inºenýrství. V�B-TU Ostrava, 2002[9℄ Mikulá²ek P. Reengineering pro
es· v projektov¥ orientované organiza
i. diplomováprá
e, �ZU, 2011.[10℄ Va²í£ek P. Úvod do BPMN. http://bpm-sme.blogspot.
om/2008/03/3-uvod-do-bpmn.html (22.8.2011)[11℄ Wikipedia heslo Diagram aktivit. Wikipedia, (22.8.2011)[12℄ Hammer M. Champy J. . Reengineering - radik8lní prom¥na �rmy, Manifest revolu
ev podnikání. Management Press, 2000





Sour
e Camera Identi�
ation Based on PRNUInvariant to Zoom∗Adam Novozámský2nd year of PGS, email: novozamsky�utia.
as.
zDepartment of Mathemati
sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Stanislav Sai
,Institute of Information Theory and Automation, AS CRAbstra
t. In 2006 was proposed one of the most e�e
tive sour
e 
amera identi�
ation te
hniquebased on uneven sensitivity of pixels. This unevenness 
auses unique noise for ea
h sensor knownas Photo-Response Non-Uniformity (PRNU). Methods based on PRNU are shown as powerfultool for image forensi
s. However, their a

ura
y 
an be redu
ed by the interpolation noise orimage 
ompression by the 
amera post-pro
essing. In experiments with 
ompa
t 
ameras, wefound that the resulting PRNU is 
hanging when we used the zoom in 
amera. The aim of thispaper is analyze these 
hanges and propose a methodology of the dete
tion PRNU of 
ompa
t
ameras with zoom.Keywords: image forensi
s, PRNU, sour
e 
amera identi�
ationAbstrakt. V ro
e 2006 byla navrºena jedna z nejefektivn¥j²í
h te
hnik na identi�ka
i fotoa-parátu zaloºená na nerovnom¥rné 
itlivosti pixel·. Tato nerovnom¥rnost zp·sobuje ²um, nazý-vaný Photo-Response Non-Uniformity (PRNU), který je spe
i�
ký pro daný senzor. Metodyzaloºené na PRNU se ukazují jako silné nástroje pro forenzní analýzu obrazu. A£koli jeji
h p°es-nost m·ºe být sníºena interpola£ním ²umem nebo kompresí probíhají
í ve fotoaparáte
h. P°iexperimente
h s kompaktními fotoaparáty jsme zjistili, ºe se výsledné PRNU m¥ní p°i pouºitízoomu. Cíl této prá
e je analyzovat tyto zm¥ny a navrhnout metodiku detek
e PRNU u kom-paktní
h fotoaparát· se zoomem.Klí£ová slova: forenzní analýza obrazu, PRNU, identi�ka
e fotoaparátu1 Introdu
tionSour
e Camera Identi�
ation is useful to determine if images were re
orded using a spe-
i�
 
amera, espe
ially in the 
ourt for establishing the origin of images presented aseviden
e. In the past, many te
hniques have been des
ribed for this type of identi�
a-tion, the most e�e
tive was presented by Luká² et al. [4℄. This approa
h works very wellin the basi
 settings without further editing photos. Castiglion [1℄ et al. examined somebasi
 photo editing, but no publi
ation has dis
overed a problem with di�erent 
amerasettings.This paper deals with the zooming, whi
h is one of the most frequently used 
amera
∗This work has been supported by the grant PIZZARO, VG20102013064163



164 A. Novozámskýsettings. Cameras with adjustable zoom lenses are far more widespread than with �xed-parameter lenses. Therefore, we feel that this publi
ation will be bene�
ial to use themethod in pra
ti
e.2 PRNU-based Digital Camera Identi�
ationThese days the solid-state image sensors 
ontain hundreds of thousands of pixels (CCD,CMOS). Individual pixels in the grid exhibit imperfe
tion, whi
h leads to Pattern Noise.It is a noise 
omponent superimposed on the image signal and is independent of it. Thetwo main 
omponents of the Patter Noise are the Fixed Pattern Noise (FPN) and thePhoto-response Nonuniformity Noise (PRNU). The �rst one is 
aused by Dark Currentsand it is an additive noise, so most 
onsumer 
ameras suppress FPN automati
ally. These
ond one is 
aused primarily by di�erent sensitivity of pixels to light. It appears thatthis PRNU, formed during manufa
turing, is unique for ea
h image sensor and PRNUsfrom two images are 
orrelated if they are 
oming from the same sensor (
amera). If wehave enough images with �at regions, we 
an estimate the PRNU and 
ompare with thePRNU separated from the other images. The separation of PRNU is easy, it just takea pi
ture and removes the noise. Then take the 
lean pi
ture and subtra
t it from theoriginal.For a more a

urate des
ription of the method we re
ommend reading the publi
ation[4℄, from whi
h we base.2.1 Our ImplementationWe implemented the method proposed by [4℄ using the Matlab software. We tried boththe wavelet [3℄ and median �lter. Median may have a problem if you take pi
tures toorugged s
ene (e.g. Persian 
arpet), but in our test it has the same results as wavelet�lter. Therefore, we 
hose the median for its faster 
al
ulations.3 Experiment ResultsAs shown in Table 1, nine 
ameras were available for our experiments, while seven of themwere di�erent types. They are 
ommon-hundred-dollar 
ompa
ts generally obtainableon the market, ex
ept S100fs, whi
h is super-zoom SLR-like 
ompa
t with ele
troni
view�nder (EVF) and was added to the experiment be
ause of the possibility of savingin RAW format. All had a 
harge 
oupled devi
e (CCD), but di�erent size from 1/2.9to the largest with 1/1.5 in
h. In order to verify the identi�
ation method were 
hosenthree same models L23 from one manufa
tures.First, it was ne
essary to determine the 
hange of PRNU by using zoom, the Se
tion 3.2,and then to 
ompare all the referen
e PRNU of 
ameras with their images, the Se
tion3.2.2. In 
on
lusion we present a simpli�ed method for 
omparing PRNU, and its results,the Se
tion 3.3.
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e Camera Identi�
ation Based on PRNU Invariant to Zoom 165Table 1: Cameras used in experiments and their propertiesID Model Sensor Resolution Opt. Zoom Fo
al Length JPEG RAWA495 Canon PowerShot A495 CCD 1/2.3-in
h 4:3 3648x2736 3.3x 37-122 mm x -S200 Casio EX S200 CCD 1/2.3-in
h 4:3 4320x3240 4x 27-108 mm x -S100fs Fuji�lm FinePix S100fs CCD 1/1.5-in
h 4:3 3840x2880 14.3x 28-400 mm x xL23-1 Nikon Coolpix L23 CCD 1/2.9-in
h 4:3 3648x2736 5x 28-140 mm x -L23-2 Nikon Coolpix L23 CCD 1/2.9-in
h 4:3 3648x2736 5x 28-140 mm x -L23-3 Nikon Coolpix L23 CCD 1/2.9-in
h 4:3 3648x2736 5x 28-140 mm x -S3000 Nikon Coolpix S3000 CCD 1/2.3-in
h 4:3 4000x3000 4x 27-108 mm x -P80 Pentax Optio P80 CCD 1/2.3-in
h 4:3 4000x3000 4x 27.5-110 mm x -PL51 Samsung PL51 CCD 1/2.33-in
h 4:3 3648x2736 3x 35-105 mm x -3.1 Image Prepro
essingAll images were 
aptured with full resolution of sensor. First was ne
essary to square upwith di�erent size of images, be
ause the native resolution was unequal between models.We had three possibilities how to solve this problem. RESIZE all images to a maximumsize in the set, whi
h is 4320x3240. Extra
t (SUB) from all images the sub-image with thesame size, e.g. 1024x1024 originated at the beginning (0,0), or CROP the larger imagesto mat
h the smaller images symmetri
ally from the 
enter, in our 
ase 3648x2736. Likea better method we had 
hosen the CROP, as [4℄, be
ause the RESIZE brings additionalinterpolation noise and the SUB isn't indrawn to the 
enter of the image.For ea
h 
amera model three sets of images were 
aptured: the Images for Referen
ePattern (TRAINc−z), the Images for Testing without Zoom (TESTnZc) and the Imagesfor Testing with Zoom (TESTc−z), where c ∈ C = {A495, S200, ..., P l51}, by ID in Table1, denotes the using 
amera and z denotes the using zoom when a
quiring images.The images in TRAINc−z and TESTc−z sets were taken on a tripod, with zoom, no�ash, best JPEG 
ompression quality, and other options were set to their default values.The TESTnZc were taken without tripod and no zoom (minimum fo
al length). Ea
hTRAINc−z has 50 pi
tures of �at s
ene as was suggested in [4℄. For the �at s
ene we usedthe white photographi
 paper. For all TRAINc−z was 
ount the referen
e PRNU.3.2 PRNU at Di�erent ZoomThe EVF S100fs is very �nely adjusting the zoom, be
ause it is 
ontrolled me
hani
allyby turning the lens. Other 
ompa
ts do not have su
h �ne adjustment of the zoom -mostly a few dis
rete steps of zoom whi
h are 
ontrolled by ele
tri
 motors. Therefore,we 
hose S100fs for testing if a sets of TRAINc−z and TESTc−z give a high 
orrelationfor di�erent settings of zoom.The fo
al length of the S100fs lens is from 28 to 400 mm, so we took �ve TRAINS100fs−z ,where z ∈ {28, 50, 100, 200, 400}, ea
h 50 images. We took with the same zoom also theTESTS100fs−z , ea
h 5 images. Correlation values are plotted in Figure 1. On ea
h graph
orresponds to the �rst �ve values of 
orrelations images with zoom 28, 5 more imageswith zoom 50, 5 more photos with zoom 100, et
. Although the TESTS100fs 
omposedof only 25 pi
tures, it is obvious that for various zoom, has the sensor a di�erent PRNU.As is it seen in the Graph 1f, it would be su�
ient for su
h a set of photos just three
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(b) TRAINS100fs−30Figure 2: Correlations between images with zoom 28-35 and the Image Referen
e Patternof the 
amera with ID S100fs.TRAINS100fs−z, z ∈ {28, 100, 400}.3.2.1 Entire Zoom RangeWe took 5 external s
enes so that we set the zoom to minimum (zoom = 28), and then wein
reased the zoom slightly for ea
h image, until we rea
hed the maximum zoom (zoom= 400). In this way we obtained the 50 photos of ea
h s
ene, for a total of 250 photosfor TESTS100fs−all.We found out after 
ounting 
orrelations that none of our TRAINS100fs makes good resultsin the zoom range 29-35, Figure 2a. So we took another set of zoom 30 - TRAINS100fs−30.The 
orrelation show good response for this set, Figure 2b. Figure 3 presents the s
atterplot of the 
orrelations between images from TESTS100fs−all and the referen
e pattern ofthe TRAINS100fs−28,30,100,400. Although the zoom range is quite 
onsiderable, we 
overedit with only a few referen
e patterns. So we have assumed we 
an pro
eed similarly bythe other 
ameras. We took more TRAIN sets for one 
amera, so we needed to know ifsome pi
tures from other eight 
ameras do not give False Positive. Analyzing Figure 4,it 
an be noted that all 
orrelations with 1000 images (eight 
ameras, ea
h 125) are anorder of magnitude lower than the lowest 
orrelations in Figure 3.
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e Pattern of S100fs.
Table 2: Number of TRAIN for 
ameras in experimentID A495 S200 L23-1 L23-2 L23-3 S3000 P80 PL51Num. of TRAIN in Test 7 4 4 4 4 5 5 2Min of TRAIN 1 4 4 4 4 5 4 1
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ular CamerasThe 
lassi
 low-
ost 
ompa
ts have only a few dis
rete steps of zoom, in our test no morethan 10, but some just 7. Therefore, we de
ided to shoot a testing set 
onsisting of 35photos for ea
h 
amera, TESTc−z , where z equals 1 to 7, and where every 5 pi
tures isphotographed by another zoom. For di�erent models we took di�erent number of TRAINsets, see se
ond row of Table 2. Results of testing of individual 
ameras 
an be seen on thegraphs in Figure 5. As shown in Graph 5a and 5e some 
ompa
ts do not need more thanone TRAINc, but most need at least four. Figure 6 is a 
omparison of three 
ompa
tsL23 among themselves. First 35 images are from L23-1, and another 35 from L23-2 andthe last 35 from L23-3.3.3 Experiment with CroppingA

ording to what we read in [4℄, PRNU should not depend on anything other thanthe properties of the a
tual sensor itself. We therefore believe that 
hanges in PRNUusing the zoom 
amera are 
aused by post-pro
essing. To verify this, we took into RAWformat 50 pi
tures one s
ene with varying zoom with S100fs. This 
amera has the optionto save the RAW format as a only one in the test, if you like the RAF format (FujiCCD-RAW Graphi
 File). The 
omputed 
orrelation of individual TRAINS100fs−z is inFigure 7. Higher 
orrelation has only TRAINS100fs−200 and TRAINS100fs−400, so setsshoot with more than a half zoom. We suppose it 
ould be a 
orre
tion of vignetting,whi
h 
auses a 
hange of PRNU at low zoom levels. We have many types of vignettingsu
h as Me
hani
al, Opti
al, Natural or Pixel Vignetting [2℄. Some types of vignetting
an be 
ompletely 
ured by lens settings (spe
ial �lters), but most digital 
ameras usebuilt-in image pro
essing to 
ompensate vignetting when 
onverting raw sensor data tostandard image formats su
h as JPEG or TIFF.Vignetting appears mainly at the edge of the image so we 
ropped all images in theTRAINS100fs−28,400 and TESTS100fs relative to the 
enter. Figures 8a, 8b, and 8
 showthe graphs for individual 
uts - 1000x1000px, 500x500px, and 256x256px, and 8d shows
orrelation for 1125 images 
ropped to 256x256px from all 
ameras (nine 
ameras, ea
h125 a

ording to Table 1). Figure 251-375 is shooting with S100fs. Although the testsof this 
amera fared well, not all other 
ameras given up good results in this 
ropping(256x256px), Figure 10. The Figure 9 shows the same graphs as 8d but for A495 andL23-3. For A495 we see a false positive for some images from other 
ameras. This methodshould therefore be used only in rare 
ases and we do not re
ommend it.4 Con
lusionSour
e Camera Identi�
ation Based on PRNU was studied in this paper. The experi-mental results show, �rst of all, that the using zoom has a 
onsiderable in�uen
e on theresulting PRNU. Not by itself, as we think but used by the post-pro
essing. This prob-lem 
an be solved by 
omparing pi
tures with multiple TRAIN sets with di�erent zoom,whi
h is more di�
ult to lengthy, but gives good results. The se
ond 
ropping method
an be used as the �rst sighting. The resear
h will be 
ontinued by testing various 
amera
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Abstract. The paper deals with the numerical modeling of compressible single-phase �ow of
a mixture composed of several components in a porous medium. The mathematical model is
formulated by means of Darcy's law, components continuity equations, constitutive relations,
and appropriate initial and boundary conditions. The problem is solved numerically using a
combination of the mixed-hybrid �nite element method for Darcy's law discretization and the
�nite volume method for the discretization of the transport equations. This approach provides
exact local mass balance. The time discretization is carried out by the Euler method. The
resulting large system of nonlinear algebraic equations is solved by the Newton-Raphson iterative
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so that they do not depend on the number of mixture components. The convergence of the
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Abstrakt. �lánek pojednává o numerickém modelování stla£itelného jednofázového proud¥ní
sm¥si o n¥kolika sloºkách v porézním prost°edí. Matematický model je formulován pomocí Dar-
cyho zákona, rovnic kontinuity pro sloºky sm¥si, konstitutivních vztah· a vhodných po£áte£-
ních i okrajových podmínek. Úloha je °e²ena numericky kombinací smí²ené hybridní metody
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nic je °e²ena Newtonovou-Raphsonovou itera£ní metodou. Rozm¥ry získané soustavy lineárních
algebraických rovnic jsou významn¥ zredukovány tak, ºe nezávisí na po£tu komponent sm¥si.
Konvergence numerického schématu je ov¥°ena na problému vtlá£ení metanu do homogenního
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1 Úvod

Spolehlivá simulace transportu vícekomponentní sm¥si v podzemním porézním prost°edí
je d·leºitá p°i °e²ení °ady problém·, jako je nap°. t¥ºba ropy nebo sekvestrace CO2.
Klasické p°ístupy se zam¥°ují na pln¥ implicitní nebo sekven£ní metody [19, 5]. Pln¥
implicitní p°ístup je stabilní, umoº¬uje volbu dlouhých £asových krok·, ale vede k ob-
rovským systém·m lineárních algebraických rovnic, jejichº rozm¥ry jsou úm¥rné po£tu
sloºek sm¥si. P°i pouºití sekven£ních metod, jako je IMPEC (implicitní tlak, explicitní
koncentrace) [12], se rovnice pro tlak získává s£ítáním transportních rovnic [19, 5] nebo
jinými metodami [11, 20, 1]. Tlak se pak po£ítá implicitn¥ za pouºití koncentrací z p°ed-
chozího £asového kroku a molární zlomky se získávají explicitn¥. Tento postup umoº¬uje
redukci rozm¥r· °e²ené soustavy, nicmén¥ je £asto nutné volit velmi malé £asové kroky.

V této práci se zabýváme numerickým modelováním stla£itelného jednofázového prou-
d¥ní sm¥si sloºené z n¥kolika komponent v porézním prost°edí. Navrhujeme vlastní p°í-
stup postavený na kombinaci smí²ené hybridní metody kone£ných prvk· (MHFEM) a
metody kone£ných objem· (FVM). Podobn¥ jako u implicitních schémat vede i na²e me-
toda k velkým systém·m lineárních algebraických rovnic, ale jejich rozm¥ry je v na²em
p°ípad¥ moºné zredukovat tak, ºe nezávisí na po£tu sloºek sm¥si. Výpo£etní nároky jsou
tedy srovnatelné se sekven£ními p°ístupy, u kterých je ale nutné sestavovat rovnici pro
tlak. V na²em p°ípad¥ je tlak získán p°ímo ze stavové rovnice.

2 Matematická formulace

Nech´ Ω ⊂ R2 je omezená oblast s porozitou φ [-] a (0, τ) je £asový interval [s]. Uvaºujme
jednofázové stla£itelné proud¥ní tekutiny o NC sloºkách v oblasti p°i konstantní teplot¥ T
[K]. P°i zanedbání difúze je transport jednotlivých sloºek popsán následujícími rovnicemi
[11]

∂(φci)

∂t
+∇ · (ciq) = fi , i = 1, . . . , NC , (1)

ci = ci(x, t) , x ∈ Ω , t ∈ (0, τ) ,

kde neznámé veli£iny ci , i = 1, . . . , NC , jsou molární koncentrace komponent sm¥si
[molm−3]. Na pravé stran¥ rovnice (1) stojí zdrojový £len fi [molm−3s−1]. Darcyho rych-
lost q [m s−1] je dána Darcyho zákonem (viz [2])

q = −µ−1K(∇p− %g) , (2)

kde K ∈ [L∞(Ω)]2×2 je vlastní permeabilita [m2] (obecn¥ symetrický stejnom¥rn¥ eliptický
tenzor [15]), µ je viskozita [kgm−1s−1], ∇p ozna£uje gradient tlaku p [Pa], g je vektor
gravita£ního zrychlení [m s−2] a % je hustota tekutiny [kgm−3]. Rovnice (1), (2) jsou
svázány konstitutivními vztahy vyjad°ujícími závislosti

p = p (c1, . . . , cNC
, T ) , µ = µ (c1, . . . , cNC

, T ) , % = % (c1, . . . , cNC
) . (3)

Tlak je p°edepsán Pengovou-Robinsonovou stavovou rovnicí (PR EOS) [17], viskozita je
dána Lohrenzovou-Brayovou-Clarkovou (LBC) metodou [14]. Hustotu spo£teme dle [10].
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Po£áte£ní a okrajové podmínky jsou následující

ci(x, 0) = c0
i (x) , x ∈ Ω , i = 1, . . . , NC , (4a)

ci(x, t) = cDi (x, t) , x ∈ Γc(t) , t ∈ (0, τ) , i = 1, . . . , NC , (4b)

p(x, t) = pD(x, t) , x ∈ Γp , t ∈ (0, τ) , (4c)

q(x, t) · n(x) = qN(x, t) , x ∈ Γq , t ∈ (0, τ) , (4d)

kde n je jednotkový vektor vn¥j²í normály k hranici ∂Ω . Rovnice (4c), (4d) ur£ují Di-
richletovy a Neumannovy okrajové podmínky na £ástech hranice Γp , resp. Γq, p°i£emº
platí Γp ∪ Γq = ∂Ω a Γp ∩ Γq = ∅ . Okrajová podmínka (4b) pro molární koncentrace je
také Dirichletova typu. Mnoºina Γc(t) zna£í vtokovou £ást hranice ∂Ω v £ase t, tj.

Γc(t) = {x ∈ ∂Ω |q(x, t) · n(x) < 0} .

3 Numerické °e²ení

Systém rovnic (1)�(4) je °e²en numericky kombinací MHFEM aplikovanou na Darcyho
zákon (2) a FVM aplikovanou na transportní rovnice (1). �asová diskretizace je prove-
dena Eulerovou metodou a výsledné schéma získáno linearizací Newtonovou-Raphsonovou
metodou (NRM).

Uvaºujme 2D polygonální oblast Ω s hranicí ∂Ω , která je rozd¥lena triangulací TΩ

na trojúhelníky. Ozna£me K prvek triangulace TΩ s plo²ným obsahem |K|, E je hrana
trojúhelníku o délce |E|, NK pak po£et v²ech element· triangulace a NE po£et hran
trojúhelníkové sít¥.

3.1 Diskretizace Darcyho zákona

Darcyho rychlost q lze aproximovat v Raviartov¥-Thomasov¥ prostoru nejniº²ího °ádu
(RT0

K) nad elementem K ∈ TΩ jako

q =
∑
E∈∂K

qK,EwK,E , (5)

kde koe�cient qK,E vyjad°uje tok vektorové funkce q p°es hranu E elementu K vzhledem
k vn¥j²í normále a wK,E po £ástech lineární bazickou funkci prostoru RT0

K p°íslu²ející
hran¥ E (viz [3, 4, 16]).

Vyjád°ením gradientu tlaku z Darcyho zákona (2) získáme

∇p = −µK−1q + %g . (6)

Vynásobením (6) bazickou funkcí wK,E , integrací p°es K, vyuºitím vlastností prostoru
RT0

K , vztahu (5), Greenovy v¥ty a v¥ty o st°ední hodnot¥ odvodíme diskrétní tvar Dar-
cyho zákona

qK,E = µ−1
K

(
αKE pK −

∑
E′∈∂K

βKE,E′pK,E′ + γKE %K

)
, E ∈ ∂K. (7)
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V rovnici (7) jsou αKE , β
K
E,E′ a γKE koe�cienty závisející na geometrii sít¥ a lokálních hod-

notách permeability; pK , pK,E′ je pr·m¥rná hodnota tlaku na elementu K, resp. na hran¥
E ′ ; µK , %K zna£í st°ední hodnotu viskozity a hustoty na trojúhelníku K.

Spojitost toku a tlaku na hran¥ E mezi sousedícími elementy K,K ′ ∈ TΩ lze zapsat
jako

qK,E + qK′,E = 0 , (8)
pK,E = pK′,E =: pE . (9)

Okrajové podmínky (4c), (4d) vyjád°ené v diskrétním tvaru jsou

pK,E = pD(E) , ∀E ⊂ Γp , (10a)

qK,E = qN(E) , ∀E ⊂ Γq , (10b)

kde pD(E) je p°edepsaná hodnota tlaku p na hran¥ E a qN(E) p°edepsaný tok skrz hranu
E.

Tok m·ºeme eliminovat dosazením qK,E ze vztahu (7) do rovnic (8) a (10b). Pro dal²í
odvození ozna£me £asov¥ závislé veli£iny v £ase tn+1 horním indexem n+ 1. Pak rovnice
(7)�(10) p°ejdou na následující soustavu NE lineárních algebraických rovnic

FE ≡


∑

K:E∈∂K

(
µn+1
K

)−1
(
αKE p

n+1
K − ∑

E′∈∂K
βKE,E′pn+1

K,E′ + γKE %
n+1
K

)
= 0 ∀E 6⊂ ∂Ω ,(

µn+1
K

)−1
(
αKE p

n+1
K − ∑

E′∈∂K
βKE,E′pn+1

K,E′ + γKE %
n+1
K

)
− qN(E) = 0 ∀E ⊂ Γq ,

pn+1
K,E − pD(E) = 0 ∀E ⊂ Γp .

(11)

Zde symbol
∑

K:E∈∂K
zna£í s£ítání p°es elementy obsahující hranu E . Podobný postup

vedoucí ke smí²ené hybridní formulaci lze nalézt v [15].

3.2 Aproximace transportních rovnic

Transportní rovnice (1) s po£áte£ními a okrajovými podmínkami (4) jsou diskretizovány
pomocí FVM [13]. Integrací (1) p°es libovolný element K ∈ TΩ a pouºitím Greenovy v¥ty
dostaneme

d

dt

∫
K

φ(x)ci(x, t) +

∫
∂K

ci(x, t)q(x, t) · n∂K(x) =

∫
K

fi(x) , i = 1, . . . , NC . (12)

Aplikováním v¥ty o st°ední hodnot¥ a ozna£ením φK , ci|K , fi|K pr·m¥rných hodnot
φ, ci , fi (i = 1, . . . , NC) p°es element K, p°ejde rovnice (12) na

d(φKci|K)

dt
|K|+

∑
E∈∂K

c̃i|E
∫
E

q · nK,E︸ ︷︷ ︸
= qK,E

= fi|K |K| , (13)

kde c̃i|E p°edstavuje koncentraci ci na hran¥ E. Integrál v (13) je roven toku skrz hranu
E elementu K (sloºka q ve sm¥ru vn¥j²í normály k E).
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P°edpokládejme, ºe porozita nezávisí na £ase. �asová derivace ci|K v (13) je apro-
ximována £asovou diferencí s £asovým krokem ∆tn . P°i pouºití Eulerovy metody [13],
máme pro kaºdé n , v²echny elementy K ∈ TΩ a komponenty i = 1, . . . , NC

FK,i ≡ φK |K|ci|
n+1
K − ci|nK

∆tn
+
∑
E∈∂K

c̃i|nE qn+1
K,E

(
pn+1
K,E, c1|n+1

K , . . . , cNC
|n+1
K

)− fi|K |K| = 0 ,

(14)
kde qn+1

K,E je dáno vztahem (7). Hodnota c̃i|nE je volena jako koncentrace ze sousedícího
prvku v upwindovém sm¥ru, tj.

c̃i|nE =


ci|nK pro qn+1

K,E ≥ 0 ,

ci|nK′ pro qn+1
K,E < 0 ∧ E 6⊂ ∂Ω : K ∩K ′ = E ,

cDi |nE pro qn+1
K,E < 0 ∧ E ⊂ ∂Ω ,

(15)

kde cDi zna£í koncentraci i-té komponenty na vtokové hranici. Poznamenejme, ºe schéma
je tém¥° pln¥ implicitní, jediný £len v (14), který je vy£íslen explicitn¥, je hodnota c̃i|nE .

Po£áte£ní a okrajové podmínky (4a), (4b) v diskrétním tvaru m·ºeme psát jako

ci|0K = c0
i (K) , ∀K ∈ TΩ , i = 1, . . . , NC , (16a)

c̃i|nE = cDi (E, tn) , ∀E ⊂ Γc(t) , i = 1, . . . , NC , tn < τ . (16b)

3.3 Propojení schémat z MHFEM a FVM

Ozna£me FE a FK,i , pro hranu E ∈ {1, . . . , NE} , elementK ∈ {1, . . . , NK} a komponentu
i ∈ {1, . . . , NC} , levé strany rovnic (11) a (14) s £lenem qn+1

K,E dosazeným ze vztahu
(7). Pr·m¥rné hodnoty pK = pK (c1|K , . . . , cNC

|K) , %K = %K (c1|K , . . . , cNC
|K) a µK =

µK (c1|K , . . . , cNC
|K) jsou vy£ísleny za pouºití konstitutivních vztah· (3). Soustava NE +

NK ×NC rovnic

F = [F1, . . . , FNE
;F1,1, . . . , F1,NC

, . . . , FNK ,1, . . . , FNK ,NC
]T = 0 (17)

pro neznámé molární koncentrace c1|n+1
K , . . . , cNC

|n+1
K , K ∈ {1, . . . , NK} a tlaky na hra-

nách pn+1
E , E ∈ {1, . . . , NE}, je nelineární systém algebraických rovnic, který °e²íme

pomocí NRM. Výsledná soustava lineárních algebraických rovnic je zobrazena na obr. 1.
Jacobiho matice je °ídká, nesymetrická a vektor neznámých obsahuje korekce molárních
koncentrací a tlak· na hranách. Nenulové £ern¥ vybarvené hodnoty na obr. 1 jsou dány
parciálními derivacemi

(JK)i,j =
∂FK,i

∂cj|n+1
K

, (JK,E)i =
∂FK,i

∂pn+1
K,E

, (JE,K)j =
∂FE

∂cj|n+1
K

, JE,E′ =
∂FE

∂pn+1
K,E′

, (18)

kde JE,E′ je prvek matice JE,E′ , i, j = 1, . . . , NC ; K = 1, . . . , NK ; E,E ′ = 1, . . . , NE .
Derivace v (18) mohou být vy£ísleny analyticky s vyuºitím (3), (11) a (14).

Rozm¥ry soustavy na obr. 1 lze zredukovat invertováním blok· JK pro kaºdé K (bloky
jsou diagonáln¥ dominantní pro dostate£n¥ malé £asové kroky) a eliminací vektor· JE,K
pro v²echny E,K. Poté získáváme následující systém NE rovnic pro NE korekcí tlak· pE∑

K:E∈∂K

∑
E′∈∂K

(
JE,E′ − JE,KJ−1

K JK,E′
)
δpE′ =

∑
K:E∈∂K

JE,KJ−1
K F|K − FE , (19)



180 O. Polívka

J1

J2

JNK

JK,E

JE,K JE,E′

c1|1 cNC |1. . . c1|NK cNC|NK. . .c1|2 cNC |2. . . p1 pNE
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c1|1

cNC |1
c1|2

cNC |2
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...

...
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Obrázek 1: Struktura soustavy lineárních algebraických rovnic v NRM.

kde E = 1, . . . , NE , F|K = [FK,1, . . . , FK,NC
]T . Jakmile máme spo£teny δpE, m·ºeme

vy£íslit korekce koncentrací ∆c|K = [δc1|K , . . . , δcNC
|K ]T na kaºdém elementu K °e²ením

∆c|K = −J−1
K

(
F|K +

∑
E′∈∂K

δpE′ JK,E′

)
, (20)

pro K = 1, . . . , NK . Korekce δpE , δci|K pro v²echny hrany, sloºky a elementy spo£tené
v kaºdé iteraci NRM jsou p°i£teny k hodnotám pn+1

E , ci|n+1
K z p°edchozí iterace. Itera£ní

procedura kon£í p°i spln¥ní podmínky∥∥∥[δc1|1, . . . , δcNC
|NK

, δp1, . . . , δpNE
]T
∥∥∥ < ε (21)

pro zvolené ε > 0 (viz [18]).

4 Numerické výsledky

Uvaºujme 2D £tvercovou oblast 50 × 50m2 reprezentující °ez propanovým rezervoárem
o porozit¥ φ = 0.2 a izotropní permeabilit¥ K = k = 10−14 m2 p°i po£áte£ním tlaku
p = 5 · 106 Pa a teplot¥ T = 397K. V levém dolním rohu rezervoáru je vtlá£en metan
a v pravém horním rohu sm¥s metanu a propanu odtéká (obr. 2). Hodnota vtlá£ení
f1|K je 2.643 · 10−2/|K| molm−3s−1, kde |K| je obsah rohového trojúhelníku výpo£etní
sít¥. Fyzikáln¥-chemické vlastnosti sm¥si jsou shrnuty v tab. 1. P°i v²ech výpo£tech jsou
po£áte£ní hodnoty voleny tak, aby ve sm¥si nedocházelo k fázovým p°echod·m. Hranice
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oblasti je nepropustná krom¥ odtokového rohu, kde je udrºován tlak p = 5 · 106 Pa.
Struktura výpo£etní sít¥ o 2 ×m ×m elementech je zobrazena na obr. 2 (pro m = 10).
Parametr ε z konvergen£ního kritéria NRM (21) byl zvolen 10−6. Soustava rovnic (19)
byla °e²ena pomocí knihovny UMFPACK [6, 7, 8, 9].

0 10 20 30 40 50

10

20

30

40

50

x [m]

y [m]

Vtláčeńı
metanu

Podzemńı rezervoár
p̊uvodně naplněný
pouze propanem

Odtékáńı směsi

Obrázek 2: Schéma simulovaného rezervoáru a struktura výpo£etní sít¥.

i (sloºka sm¥si) pci [Pa] Tci [K] Vci [m3mol−1]
1 (CH4) 4.58373 · 106 1.89743 · 102 9.897054 · 10−5

2 (C3H8) 4.248 · 106 3.6983 · 102 2.000001 · 10−4

i (sloºka sm¥si) Mi [kgmol−1] ωi [-] δi1 [-] δi2 [-]
1 (CH4) 1.62077 · 10−2 1.14272 · 10−2 0 0.0365

2 (C3H8) 4.40962 · 10−2 1.53 · 10−1 0.0365 0

Tabulka 1: P°íslu²né parametry PR EOS pro metan CH4 a propan C3H8.

4.1 Konvergen£ní analýza

V této £ásti ov¥°íme konvergenci numerického schématu odvozeného v sekci 3 pomocí
pseudoanalytického °e²ení � numerického °e²ení spo£teného na nejjemn¥j²í síti m = 160
(2 × 160 × 160 prvk·). Experimentální °ád konvergence (EOC) budeme po£ítat mezi
sít¥mi m = 10, m = 20 a m = 40 s pouºitím L1 , L2 a L∞ konzistentních norem pro
chyby Em ve srovnání s °e²ením ze sít¥ m = 160. Chyba je vºdy spo£tena na nejjemn¥j²í
síti projekcí °e²ení ze sít¥ hrub²í a následnou lineární interpolací. �asový krok pro °e²ení
s parametrem m = 160 je zvolen konstantní ∆t = 750 s. Pro °e²ení na hrub²ích sítích je
∆t £ty°ikrát v¥t²í s kaºdým zjemn¥ním sít¥ (∆t ∼ m−2), tj. ∆t = 12000 s pro m = 40,
∆t = 48000 s pro m = 20, ∆t = 192000 s pro m = 10. EOC v norm¥ ‖.‖ν spo£teme jako

EOCν =
ln ‖Em1‖ν − ln ‖Em2‖ν

lnm2 − lnm1

,

kde Em1 , resp. Em2 jsou chyby numerických °e²ení na sítích s parametry m1 , resp. m2 .
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Konvergen£ní analýza je provedena na problému vtlá£ení metanu do horizontálního
propanem napln¥ného rezervoáru (tj. s nulovou gravitací). EOC a chyby pro situaci v £ase
τ = 6 · 106 s jsou zahrnuty v tab. 2. Dal²í tab. 3 obsahuje data z £asu τ = 2.4 · 107 s.
Porovnání °e²ení na jednotlivých sítích v tomto £ase je zobrazeno na obr. 3. Obdobn¥
lze provést konvergen£ní analýzu na úloze s vertikální oblastí (s gravitací), která je zde
ov²em pro nedostatek prostoru vynechána.

(a) m = 10 (b) m = 20

(c) m = 40 (d) m = 160

Obrázek 3: Koncentrace metanu c1 , τ = 2.4 · 107 s na r·zných sítích pro tab. 3. Izo£áry
jsou rozloºeny rovnom¥rn¥ mezi dv¥ma zobrazenými hodnotami.

Grid (m) ‖Em‖1 EOC1 ‖Em‖2 EOC2

10 1.1025 · 105 6.5336 · 103

20 7.1621 · 104 0.6223
4.5922 · 103 0.5086

40 4.0627 · 104 0.8179
2.8635 · 103 0.6814

Grid (m) ‖Em‖∞ EOC∞
10 1.1204 · 103

20 7.8804 · 102 0.5077

40 5.4584 · 102 0.5298

Tabulka 2: Experimentální °ády konvergence a chyby koncentrace c1, g = 0, v £ase τ =
6 · 106 s ve srovnání s numerickým °e²ením na síti m = 160 (2×m×m prvk·) a £asovým
krokem ∆t = 750 s. Na hrub²ích sítích je ∆t ∼ m−2.
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Grid (m) ‖Em‖1 EOC1 ‖Em‖2 EOC2

10 3.4079 · 105 1.109 · 104

20 2.1697 · 105 0.6514
7.6948 · 103 0.5273

40 1.218 · 105 0.833
4.7982 · 103 0.6814

Grid (m) ‖Em‖∞ EOC∞
10 1.0485 · 103

20 6.9948 · 102 0.584

40 5.0333 · 102 0.4748

Tabulka 3: Experimentální °ády konvergence a chyby koncentrace c1, g = 0, v £ase τ =
2.4 ·107 s ve srovnání s numerickým °e²ením na síti m = 160 (2×m×m prvk·) a £asovým
krokem ∆t = 750 s. Na hrub²ích sítích je ∆t ∼ m−2.

5 Záv¥r

V této práci jsme popsali numerické schéma pro °e²ení jednofázového stla£itelného prou-
d¥ní sm¥si v porézním prost°edí zaloºené na kombinaci MHFEM a FVM. Oproti tradi£ním
p°ístup·m je tlak spo£ten p°ímo ze stavové rovnice. Soustava nelineárních algebraických
rovnic získaná kombinací MHFEM a FVM p°i pouºití Eulerovy metody je linearizována
Newtonovou-Raphsonovou metodou. Rozm¥ry získané soustavy lineárních algebraických
rovnic závisí na po£tu komponent sm¥si. Proto je navrºena technika, která významn¥ re-
dukuje velikost soustavy tak, ºe jiº nezávisí na po£tu sloºek sm¥si. Výpo£etní sloºitost je
tedy srovnatelná s klasickými sekven£ními p°ístupy. Výsledné schéma poskytuje p°esnou
lokální bilanci hmoty, která je d·leºitá zejména p°i °e²ení problém· v heterogenním pro-
st°edí. Numerický model jsme testovali na simulaci dvousloºkové sm¥si � metan, propan.
Konvergence numerického schématu byla ov¥°ena vy£íslením experimentálních °ád· kon-
vergence na úloze vtlá£ení metanu do horizontálního propanem napln¥ného rezervoáru.
V dal²í práci bychom rádi vylep²ili stávající model pouºitím MHFEM vy²²ího °ádu a ná-
sledn¥ roz²í°ili o moºnost simulace vícefázového proud¥ní s p°estupem komponent mezi
fázemi.
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házky experimentáln¥implementovat a pozorovat. Výzkum probíhá v mezinárodní spoluprá
i, v jejímº rám
i jsouv²e
hny výsledky experimentáln¥ realizovány. Tento roz²í°ený abstrakt poskytuje úvod do pro-blematiky a shrnutí dosavadní
h výsledk· s d·razem na nové teoreti
ké výsledky a oblasti vý-zkumu pokryté po dobu posledního akademi
kého roku.Klí£ová slova: Kvantové pro
házky, Opti
ké implementa
e, Statisti
ká fyzika1 ÚvodKvantové pro
házky se od p·vodní my²lenky publikované v ro
e 1993 rozvinuly v ²iro
ediskutovanou oblast výzkumu mezi v¥de
kými komunitami zabývají
ími se p°edev²ímkvantovými algoritmy a kvantovým zpra
ováním informa
e. Model kvantové pro
házkyv²ak na²el významná uplatn¥ní i v jiný
h, vzdálen¥j²í
h oblaste
h, nap°íklad v popisusystém· podléhají
í
h náhodným vliv·m okolí, v simula
i Andersonovy lokaliza
e £i do-kon
e jako kandidát na popis p°ekvapivý
h fyzikáln¥ 
hemi
ký
h vlastností n¥který
hvýznamný
h biologi
ký
h pro
es·.S rozvojem významu kvantový
h pro
házek jako moºného základního nástroje pronávrh kvantový
h algoritm·, stejn¥ jako nástroje pro snadnou simula
i sloºit¥j²í
h fy-zikální
h pro
es·, vyvstává otázka moºností p°ímé £i nep°ímé experimentální realiza
etohoto kon
eptu. Správná funk
e kvantového algoritmu zaloºeného na kvantovém pro
há-zení £i p°esnost simula
e pomo
í n¥j modelované jsou vitáln¥ závislé na jednodu
hosti,spolehlivosti a ²kálovatelnosti této realiza
e.
∗Tato prá
e byla podpo°ena grantem SGS10/294/OHK4/3T/14185



186 V. Poto£ekVýzkumná skupina kvantový
h pro
házek na Kated°e fyziky FJFI se od roku 2008ú£astní mezinárodní spoluprá
e, jejímº 
ílem bylo takový experiment navrhnout a realizo-vat, s d·razem na identi�ka
i, prom¥°ení a v nejlep²ím p°ípad¥ elimina
i moºný
h zdroj·
hyb, které výsledek degradují. Základní navrºené s
héma, úsp¥²n¥ realizované v ro
e2009, se vyzna£uje vysokou �exibilitou i odolností v·£i vliv·m prost°edí za za
hovánínízké £asové i 
enové náro£nosti. Po tomto úsp¥
hu se skupina zabývá roz²i°ováním moº-ností tohoto s
hématu nad ráme
 základní jednorozm¥rné kvantové pro
házky a dal²ímvyuºitím, které se jeho prost°edni
tvím nabízejí.Tento p°ísp¥vek je £len¥na následují
ím zp·sobem. Sek
e 2 poskytuje motiva
i kestudiu kvantový
h pro
házek a stru£ný úvod do matemati
ké de�ni
e tohoto modelu.Sek
e 3 popisuje základní experiment, na kterém jsou zaloºeny i dal²í oblasti výzkumuv rám
i spoluprá
e. Sek
e 4 shrnuje nové moºnosti, které p·vodní experiment nabízí, avýsledky takto získané. Záv¥re£ná sek
e p°ísp¥vek shrnuje a poskytuje náhled na aktuálníotev°ené otázky podléhají
í probíhají
ímu výzkumu.2 Kvantové pro
házkyPopularita teoreti
kého studia kvantový
h pro
házek t¥ºí z p°ekvapiv¥ ²irokého spektraaplika
í klasi
ký
h náhodný
h pro
házek, které slouºily jako p°edloha k hledání tohotoanalogi
kého prin
ipu podléhají
ímu zákon·m kvantové me
haniky. Za pár p°íklad· ob-lastí vyuºití klasi
ký
h náhodný
h pro
házek jmenujme statisti
kou fyziku (modelovánídifuze, termaliza
e, Brownova pohybu apod.), ekonomii, kombinatoriku a statistiku, zpra-
ování obrazu a mnoho dal²í
h. Náhodné pro
házky hrají také roli významného nástrojev algoritmiza
i, kde se pouºívají pro návrh nedeterministi
ký
h algoritm· zaloºený
hna vzorkování 
est v datový
h strukturá
h, algoritm· pro odhad objemu £i odhad glo-bální
h vlastností rozsáhlý
h graf·. Práv¥ teoreti
ká informatika, sk°íºená s nedávnouvlnou zájmu o výzkum kvantový
h po£íta£· a algoritm· pro n¥, ini
iovala my²lenku, zdakvantová verze náhodný
h pro
házek m·ºe nabídnout podobn¥ univerzální uplatn¥ní pronávrh kvantový
h algoritm·. Sou£asné vyuºití takto objevené teorie v²ak, podobn¥ jakov klasi
kém p°ípad¥, ²iro
e p°esáhlo p·vodní o£ekávání.Nejjednodu²²í model kvantové pro
házky získáme, hledáme-li analogii klasi
ké ná-hodné pro
házky probíhají
í v diskrétní
h £asový
h kro
í
h po p°ím
e, s pevnou délkoukaºdého kroku. V klasi
kém s
hématu by
hom polohu 
hod
e popisovali 
elo£íselnou ve-li£inou podléhají
í Markovovu pro
esu, p°i kterém by se v kaºdém kroku mohla zvý²it£i sníºit o jedni£ku. Pro jednodu
host m·ºeme dále p°edpokládat, ºe pravd¥podobnostiobou moºný
h p°e
hod· (které budeme pra
ovn¥ nazývat krokem doprava, resp. doleva),nezávisí na aktuální poloze a nem¥ní se v £ase. Pro pravd¥podobnost výskytu náhodného
hod
e na poloze x ∈ Z v £ase t ∈ N0, P (x, t), tak získáváme rekurentní rela
i
P (x, t) = p+P (x− 1, t− 1) + p

−
P (x+ 1, t− 1), (1)kde p+ a p

−
jsou nezáporné konstanty se sou£tem 1 a t > 0. Z moºný
h po£áte£ní
hpodmínek se £asto p°edpokládá 
hode
 lokalizovaný na jednom míst¥, díky transla£níinvarian
i v prom¥nné x posta£í uvaºovat P (x, 0) = δx,0, s £ímº rovni
e (1) vede nabinomi
ké rozd¥lení pravd¥podobnosti v kaºdém £ase t ≥ 0.
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házek 187P°i návrhu kvantového systému, který by p°edstavoval analogii takovéhoto pro
esu,vy
házíme z p°edpokladu, ºe pravd¥podobnostní rozd¥lení v kaºdém okamºiku bude pod-loºeno vlnovou funk
í de�novanou na Z. Diskrétní pohybová rovni
e systému by pak m¥lamít tvar, dle kterého hodnota vlnové funk
e v £ase t > 0 a poloze x závisí pouze na hodno-tá
h v £ase t−1 a polohá
h x±1, a být invariantní v·£i posunu v poloze i £ase. Kvantováme
hanika dále vymezuje, ºe transforma
e vlnové funk
e odpovídají
í p°e
hodu z £asu
t − 1 do £asu t musí být v libovolném uzav°eném systému popsána unitárním operáto-rem.1 Ukazuje se, ºe tato podmínka je natolik silná, ºe vylu£uje jakoukoli dynamiku mimotriviální
h p°ípad· (deterministi
ký jednosm¥rný drift), dokud vlnová funk
e je skalární.Tuto významnou p°ekáºku snadno p°ekonáme, jestliºe v p°edpoklade
h umoºníme,ºe £ásti
e má krom¥ polohy alespo¬ jeden dal²í vnit°ní stupe¬ volnosti. Pohybová rov-ni
e, reprezentovaná p°edpisem £asového vývoje b¥hem jednoho diskrétního kroku, pakm·ºe vºdy být rozepsána jako sloºení dvou operátor·: rota
e £ist¥ v prostoru vnit°ní
hstup¬· volnosti následovaná posunutím, které na r·zné bázové vektory p·sobí v odli²ný
hsm¥re
h, v závislosti na tomto vnit°ním stavu £ásti
e.Konkrétn¥ji, základní jednorozm¥rná kvantová pro
házka na p°ím
e s diskrétnímikroky o velikoste
h +1 a −1 je de�nována na stavovém prostoru daném tenzorovýmsou£inem prostoru polohy ℓ2(Z) a prostoru jednoho dvoustavového vnit°ního stupn¥ vol-nosti (dále jen �prostoru min
e�), C2. Jestliºe v prvním p°ípad¥ uvaºujeme ortonormálníbázi ket· ozna£ený
h 
elými £ísly a ve druhém ortonormální bázi {|+〉, |−〉}, m·ºemestavový prostor H také zapsat jako lineární obal tenzorového sou£inu t¥
hto bází,

H = ℓ2(Z) ⊗ C
2 = Span{|n, d〉 | n ∈ Z, d ∈ {+,−}}.�asový vývoj okamºitého stavu |ψ(t)〉 ∈ H je pak popsán rovni
í
|ψ(t+ 1)〉 = U |ψ(t)〉, (2)kde propagátor U budeme uvaºovat ve tvaru kompozi
e
U = S · (Iℓ2(Z) ⊗ C), (3)operátor �hodu min
í� C je libovolný unitární operátor na C

2 a rovn¥º unitární operátor�kroku� S de�nujeme p°edpisem ak
e na bázový
h stave
h jako
S|n,±〉 = |n± 1,±〉.Tato de�ni
e vyjad°uje podmínku zm¥ny polohy o +1 nebo −1 v kaºdém kroku, v závis-losti na vnit°ním stavu kvantové £ásti
e.P°i stanovené po£áte£ní podmín
e na tvar vlnové funk
e |ψ(0)〉, platný v £ase t = 0,pak snadno formáln¥ dojdeme k obe
nému °e²ení tvaru
|ψ(t)〉 = U t|ψ(0)〉.V p°ípad¥ volby |ψ(0)〉 = α|0,+〉 + β|0,−〉, vyjad°ují
í 
hod
e lokalizovaného v poloze

0, získané pravd¥podobnostní rozd¥lení vykazuje z
ela odli²né 
hování neº binomi
ké1Poznamenejme, ºe £asový vývoj kvantového uzav°eného systému je vºdy deterministi
ký. Kvantovápro
házka tedy nikdy nebude náhodná.
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Obrázek 1: Typi
ké pravd¥podobnostní rozd¥lení pro náhodnou (sv¥tlá barva) a kvanto-vou (tmavá barva) pro
házku po 100 kro
í
h. Asymetrie pravd¥podobnostního rozd¥leníkvantové pro
házky je d·sledkem silného vlivu po£áte£ní
h podmínek.rozd¥lení 
harakteristi
ké pro klasi
ké difuzivní systémy. Díky interferen
i vlnové funk
edojde k jevu, ºe £ásti
e nebude setrvávat v blízkosti své po£áte£ní polohy, ale postupn¥utvo°í dv¥ vlny, jeji
hº £ela se od této polohy vzdalují konstantní ry
hlostí (viz Obr. 1).D·sledkem tohoto 
hování pravd¥podobnostního rozd¥lení, typi
kého pro kvantovépro
házky, je kvadrati
ky prud²í r·st varian
e v £ase s okamºitými d·sledky pro £as do-saºení vr
holu v dané vzdálenosti, £as dosaºení rovnom¥rného rozd¥lení pravd¥podobnostina intervalu hodnot apod. Tyto vlastnosti jsou pak obzvlá²t¥ d·leºité pro algoritmi
kévyuºití pro
házky.Podobným my²lenkovým postupem jako vý²e m·ºeme najít kvantové varianty ná-hodný
h pro
házek na sloºit¥j²í
h podkladový
h prostore
h neº Z, náhodný
h pro
házeks ví
e moºnými délkami kroku (£i p°estávkami) a pro
házek na spojitý
h prost°edí
h,pro
házek spojitý
h v £ase atd. Po zbytek tohoto p°ísp¥vku v²ak z·staneme u pro
házekdiskrétní
h v £ase na rovnom¥rné m°íº
e.3 Opti
ká implementa
e lineární kvantové pro
házkyZákladní zdroj [1℄ popisuje experiment, který byl navrºen ve spoluprá
i pra
ovi²´ Heriot-Watt University (Edinburgh, Velká Británie), Max Plan
k Institute for the S
ien
e ofLight (Erlangen, N¥me
ko) a FJFI �VUT. Samotný experiment byl realizován v opti
-ký
h laborato°í
h Max Plan
k Institute. S
héma experimentu znázor¬uje Obr. 2.Základní my²lenkou kompaktní interferometri
ké realiza
e, kde po£et opti
ký
h ele-ment· nebude r·st s maximálním poºadovaným po£tem krok· náhodné pro
házky, jesimula
e £asového vývoje p°evedením 
elé historie vlnové funk
e na jednu spole£nou £a-sovou osu. To je umoºn¥no skute£ností, ºe poloha i po£et krok· vykonaný
h 
hod
em jsou
elo£íselné veli£iny. Jestliºe zvolíme dv¥ algebrai
ky nezávislé nezáporné reálné veli£iny
τ1 a τ2, pak 
elou mnoºinu dvoji
 (£as, poloha) m·ºeme injektivn¥ vno°it do jedné reálnéosy pomo
í zobrazení

i : Z × N0 : (x, t) 7→ xτ1 + tτ2. (4)
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Obrázek 2: S
héma experimentálního rozloºení (p°evzato z [1℄). Podstatné zkratky:QWP � £tvrtvlnná desti£ka, HWP � p·lvlnná desti£ka, BS � polopropustné zr
adlo,PBS � polarizují
í d¥li£ svazku, APD � detektor (lavinová fotodioda).Takto získaný £as budeme 
htít interpretovat jako £as, kdy bude £ásti
e podléhají
í pro-
ház
e nam¥°ena na výstupu z 
elého zam¥°ení. Jeden krok kvantové pro
házky, popsanýrovni
í (2), pak m·ºeme realizovat následují
ím zp·sobem:1. fyzikální £ásti
i podléhají
í pro
ház
e nejprve ne
háme projít prost°edím, kterézp·sobí zm¥nu jejího vnit°ního stavu,2. ne
háme £ásti
i rozd¥lit svou dráhu v závislosti na vnit°ním stavu,3. ve dvou v¥tví
h zp·sobíme £asové zpoºd¥ní τ2 + τ1, resp. τ2 − τ1, a rekombinujemeje.2V²e
hny tyto kroky m·ºeme snadno fyzikáln¥ realizovat, konkrétní implementa
e závisína druhu £ásti
e a zvolené vnit°ní veli£in¥, kterou pouºijeme.V p°ípad¥ opti
ké realiza
e je 
hode
 reprezentován jednotlivým fotonem a jako vnit°nístav je pouºita polariza
e. Jednotlivé kroky pak m·ºeme realizovat takto: Obe
nou uni-tární transforma
i je vºdy moºno sestavit ze £tvrtvlnné, p·lvlnné a £tvrtvlnné desti£ky(v tomto po°adí) p°i vhodné volb¥ nato£ení opti
ký
h os. K rozd¥lení dráhy fotonu v zá-vislosti na jeho polariza
i ve zvolené bázi slouºí polarizují
í d¥li£ svazku, který jedenpolariza£ní stav propou²tí a jeho ortogonální stav odráºí. Totoºný element m·ºeme po-uºít pro rekombina
i, jestliºe se polariza£ní stav po dobu separa
e nezm¥ní. Poslednímzbývají
ím krokem je pouze za°azení vhodné zpoº¤ova
í linky mezi dv¥ takto separo-vané trajektorie. Pr·
hod dvou vlnový
h balík· (které samy jsou výsledkem podobnéhorozd¥lení v p°ed
hozím kroku) takovou sekven
í je znázorn¥n na Obr. 3.Interferometr triviáln¥ realizují
í t krok· pro
házky tímto zp·sobem by obsahoval tkopií této atomární sestavy za°azený
h za sebou. Po vyzá°ení jednoho fotonu do vstupníhoramene a jeho pr·
hodem 
elou sestavou by se jeho vlnový balík rozd¥lil na t pulz·odd¥lený
h £asovým rozdílem 2τ1, jeji
hº amplitudy p°esn¥ odpovídají hodnotám vlnovéfunk
e |ψ(t)〉 v t moºný
h polohá
h 
hod
e, které tvo°í její nosi£.2Typi
ky volíme τ1 ≪ τ2. Výstupní £asy odpovídají
í stejnému t, ale r·znému x, tak vystupují vevýrazn¥ odd¥lený
h shlu
í
h.
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Obrázek 3: Transforma
e vnit°ního stavu na p·lvlnné desti£
e, rozd¥lení polariza
í napolarizují
ím d¥li£i svazku a jeji
h rekombina
e s £asovým posunem odpovídají
ím p·-vodnímu rozdílu obou pulz·. Zdroj: [1℄S
héma m·ºeme výrazn¥ zjednodu²it pouºitím zp¥tnovazební smy£ky. Uzav°ením in-terferometru sama do sebe dosáhneme toho, ºe sestavu realizují
í jeden krok pro
házkyposta£í implementovat jednou; stejný foton jí projde n¥kolikrát, neº je z interferometruvypu²t¥n nebo jej náhodn¥ opustí v p°ípad¥ pasivního uzav°ení smy£ky polopropustnýmzr
adlem. Toto uzavírá popis s
hématu, které bylo p°esn¥ realizováno v prá
i [1℄.Experimentální výsledky potvrzují vysokou nad¥jnost vý²e popsané soustavy pro p°í-padnou realiza
i ve v¥t²ím m¥°ítku. Zdroj [1℄ 
ituje pouze 5 krok· pro
házky pozorova-ný
h s vysokou p°esností, ve vy²²í
h itera
í
h byl jiº signál p°íli² slabý v·£i ²umu. Ni
mén¥analýza p°ítomný
h zdroj· ru²ení, vým¥na opti
ký
h element· za kvalitn¥j²í ekvivalentya optimaliza
e polopropustného zr
adla, které realizuje vstup a výstup signálu z hlavnísmy£ky, snadno zvý²ily tento po£et na 28 [2℄. Se za
hováním sou£ástek a implementa
íaktivního uzavírání, resp. otevírání smy£ky elektroni
kou modula
í opti
ký
h parametr·prost°edí by stejný interferometr byl s
hopen m¥°it aº 100 krok· kvantové pro
házky.Tato úprava nebyla dosud realizována.4 Dal²í vyuºití s
hématuP·vodní s
héma, zobrazené na Obr. 2, realizuje £istý unitární vývoj kvantové pro
házkys diskrétním £asovým krokem na p°ím
e. My²lenka zp¥tnovazební interferometri
kou re-aliza
í v²ak nabízí i ²ir²í vyuºití.Po p°edvedení základní funk£nosti a ºivotas
hopnosti v [1℄ se tým realizují
í pro-jekt zabýval studiem stability systému a vlivu prost°edí na 
hyby m¥°ení. Díky realiza
imaximální £ásti opti
ké dráhy, v£etn¥ 
elé zpoº¤ova
í linky, pomo
í elipti
kého opti
-kého vlákna za
hovávají
ího polariza
i se tyto externí vlivy ukázaly jako z
ela zanedba-telné. Ztráta koheren
e m¥la na viditelnost výsledné vlnové funk
e nem¥°itelný vliv oprotiztrátám intenzity, daným disipa
í energie p°i odraze
h a p°e
hode
h mezi volným prost°e-dím a opti
kým vláknem. Tyto vlivy jsou nevyhnutelné, jde je v²ak vyváºit nam¥°enímv¥t²ího mnoºství experimentální
h dat prodlouºením doby konání experimentu. Popi-sovaný systém má tedy koherentní vlastnosti, jimº nem·ºe ºádná jiná známá realiza
ekonkurovat.Vysoká nezávislost na 
hybá
h prost°edí dává moºnost do systému vnést pln¥ °ízený
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Obrázek 4: Efekt silné °ízené dekoheren
e na pravd¥podobnostní rozd¥lení v p°ípad¥(a) dynami
ké a (b) stati
ké 
hyby. Porovnání teoreti
ké p°edpov¥di (sloup
e v pozadí)s experimentáln¥ nam¥°enými údaji (v pop°edí). P°evzato z [2℄.zdroj 
hyb a sledovat tak vliv dekoheren
e v kontrolovaný
h podmínká
h. To je hlav-ním tématem navazují
í prá
e [2℄. V ní vyuºíváme p·vodní s
héma, do n¥jº je p°idánelektro-opti
ký modulátor, zp·sobují
í náhodné fázové zm¥ny, za £ást obvodu realizují
íkvantovou min
i. Efektivn¥ tak zkoumáme kvantovou pro
házku, jejíº min
e je závislána £ase, £i, v p°ípad¥ velmi ry
hlý
h zm¥n, jejíº evolu£ní operátor (3) je upraven tak, ºena bázové stavy s r·znou polohou p·sobí r·zný operátor min
e.V prá
i [2℄ zkoumáme dva hlavní druhy 
hyb: modula
i vlnové funk
e náhodnou fá-zovou 
hybou závislou na poloze po kaºdém provedeném kro
e, kde náhodná fáze jevolena nezávisle v kaºdém kro
e a kaºdé poloze, £i tato fáze jakoºto funk
e polohy jezvolena náhodn¥ na za£átku vývoje, ale pro jednotlivé kroky kvantové pro
házky z·stávákonstantní. V obou p°ípade
h je moºno experimentáln¥ °ídit rozptyl vnesené 
hyby. Proextrémní p°ípad rovnom¥rného rozd¥lení fáze na 
elém intervalu jsou výsledky p°edpov¥dii experimentu vyneseny na Obr. 4.První situa
e (nazývaná dynami
ká 
hyba), která p°edstavuje ztrátu fázové informa
epod vlivem silné dekoheren
e, vede k úplné ztrát¥ kvantového 
hování pro
házky. Jejípravd¥podobnostní rozd¥lení tak p°i jinak stejný
h podmínká
h p°e
hází v závislosti nasíle ru²ení od pr·b¥hu typi
kého pro kvantovou pro
házku k binomi
kému rozd¥lení az kvantové pro
házky se stává klasi
ká náhodná pro
házka.Druhá situa
e, stati
ká 
hyba, modeluje pr·
hod 
hod
e náhodným, ale stabilním pro-st°edím. V takovém p°ípad¥ pro získání pr·m¥rný
h 
harakteristik p°es moºné kon�gura
eprost°edí po£ítáme st°ední pravd¥podobnostní rozd¥lení. Výsledky numeri
ký
h simula
ípak p°esn¥ ve shod¥ s experimentem p°edpovídají p°ekvapivé 
hování pravd¥podobnost-ního rozd¥lení polohy 
hod
e, která z·stává výrazn¥ lokalizovaná v blízkosti po£áte£nípolohy. Prá
e [2℄ má prvenství v experimentálním p°edvedení tohoto jevu tzv. exponen-
iální lokaliza
e v kvantový
h pro
házká
h.Dal²í významné zobe
n¥ní, které bude implementováno v následují
ím b¥hu experi-mentu, je zvý²ení dimenze pro
házky. Podobn¥ jako pro
házku na p°ím
e m·ºeme de�-novat pro
házku nap°. na m°íº
e. V kvantové pro
ház
e je pak nutno nahradit stavovýprostor polohy £ásti
e prostorem ℓ2(Z2) a prostor min
e C4 v souvislosti s faktem, ºe
hode
 má v kaºdém kroku 4 moºnosti p°e
hodu na sousední pole. V prezentované ex-perimentální implementa
i je snadné druhý rozm¥r (p°ípadn¥ vy²²í rozm¥ry) zahrnout
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e, jelikoºnení moºno vyuºít pouze polariza
i. Teoreti
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i, na jejímº teoreti
kém podkladu se podílela Katedra fyziky FJFI.Experimentální s
héma p°edstavuje realiza
i kvantové pro
házky, která je výjime£ná opa-kovaným pouºíváním jedné sady opti
ký
h element· v kon�gura
i zp¥tnovazebné smy£ky.Díky tomu dosahuje experiment velmi kvalitní
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i s plnými detailyv publika
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Abstract. The paper deals with the possibilities and data modeling tools to better understan-
ding of the modeled reality, their advantages and disadvantages. Flow Charts, UML diagrams
and the method Business Object Relation Modeling (BORM) are methods that allow analysis
and modeling of information system from different perspectives and serves not only to mutual
communication between developers, but also to communicate with clients.
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Abstrakt. V příspěvku se zabývám možnostmi a nástroji datového modelování k lepšímu po-
znání modelované reality, jejich výhodami a nevýhodami. Vývojové diagramy, UML diagramy
i metoda BORM jsou metody, které umožňují analýzu a modelování informačních systémů z
různých hledisek a slouží nejen ke vzájemné komunikaci mezi vývojáři, ale i ke komunikaci s
klienty.

Klíčová slova: Vývojové diagramy, UML, metoda BORM

1 Úvod

V literatuře můžeme najít celou řadu definic pojmu datové modelování. Uvádím některé
z nich:
Datové modelování je základní součástí analýzy každého softwarového projektu. Správný

návrh datové struktury může do značné míry ovlivnit bezporuchovost, udržovatelnost a
rozšiřitelnost výsledné aplikace. [4]
Podle Thierry Bruneta je základním principem datového modelování centrální a stan-

dardizovaný návrh (schéma) databáze. Bez tohoto schématu nemůže existovat žádná
robustní architektura a tomuto schématu musí rozumět všichni, kdo na projektu datové
architektury pracují - obchodníci, technici, obchodní uživatelé, datoví architekti, analy-
tici, návrháři databáhí, projektoví manažeři, vývojáři i databázoví administrátoři. [14]
Scott Ambler ve své knize The Object Primer definuje datové modelování jako ”Data

modeling is the act of exploring data-oriented structures. Like other modeling artifacts
data models can be used for a variety of purposes, from high-level conceptual models to
physical data models.” [19]
Wikipedia přináší stručnější definici: ”Data modeling in software engineering is the

process of creating a data model by applying formal data model descriptions using data
modeling techniques.” [13]

∗Tato práce byla podpořena grantem SGS2011
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Podle Merunky je datové modelování specifická část softwarového inženýrství, která
nemá za cíl tvorbu programů ani obsluhu databázových systémů. Není to ani programo-
vání, ani pouhé kreslení diagramů a psaní manažerské dokumentace. Při datovém mode-
lování se používá jen vybraná část programovacích jazyků (zápis a manipulace s daty),
nepoužívají se knihovny softwarových komponent, používají se jen návrhové vzory pro
popis dat, formální aparát je nástrojem pro popis a manipulaci s daty (výroková logika,
operace s množinami,. . .), používají se pouze diagramy popisující vlastnosti dat a vztahy
mezi nimi. [8]
Graficky můžeme modely vyjádřit např. pomocí vývojových diagramů, UML dia-

gramů, nebo grafické notace BPMN (Business Process Management Notation). K ana-
lýze můžeme využít např. metody BORM (Business Object Relationship Modelling) a Six
Sigma. V této práci se budu podrobněji věnovat vývojovým diagramům, UML diagramům
a metodě BORM a možnostem jejich využití při modelování reality.

2 Vývojové diagramy

Algoritmus je přesný postup, který vede k vyřešení určitého výsledku. Pokud programu
dáme určitá data, vrátí nám výsledek, pokud mu tatáž data zadáme znovu, výsledek bude
totožný s předchozím. [2]
Vývojový diagram je druh diagramu, který slouží k grafickému znázornění jednotli-

vých kroků algoritmu nebo obecného procesu. Vývojový diagram používá pro znázornění
jednotlivých kroků algoritmu pomocí symbolů, které jsou navzájem propojeny pomocí
orientovaných šipek. Symboly reprezentují jednotlivé procesy, šipky tok řízení. Vývojové
diagramy standardně nezobrazují tok dat, ten je zobrazován pomocí data flow diagramů.
Vývojové diagramy jsou často využívány v informatice během programování pro analýzu,
návrh, dokumentaci nebo řízení procesu. [21]
Alan B. Sterneckert (2003) navrhl, že by vývojové diagramy mohly být tvořeny z

nezávislého pohledu jiné skupiny uživatelů (např manažery, systémovými analytiky a
úředníky) a díky tomuto návrhu existují čtyři hlavní typy vývojových diagramů:

1. Document flowcharts — ukazují řízení toků dokumentů v systému.

2. Data flowcharts — ukazují řízení toků dat v systému.

3. System flowcharts — ukazují řízení toků fyzické vrstvy nebo vrstvy zdrojů.

4. Program flowchart — ukazují řízení toků v programu v rámci systému. Každý z
druhů diagramů se zaměřuje spíše na řízení, než na konkrétní tok. [16]

Tvorbu vývojových diagramů upravují ČSN 36 9030 ”Značky vývojových diagramů
pro systémy zpracování dat” z roku 1974 a ČSN ISO 5807 ”Zpracování informací. Do-
kumentační symboly a konvence pro vývojové diagramy toku dat, programu a systému,
síťové diagramy programu a diagramy zdrojů systému” z roku 1996.
Nevýhodou vývojových diagramů je pracnost a složitost konstrukce, větší diagramy

se nevejdou na jednu stránku, což je činí méně přehlednými.
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Postup při tvorbě vývojových diagramů: [6]

1. Co se stane nejdříve?

2. Co má následovat?

3. Co se děje rozhodne-li se ANO?

4. Co se děje rozhodne-li se NE?

5. Odkud přichází výrobek?

6. Kdo rozhoduje?

Pro tvorbu vývojových diagramů existuje celá řada softwarových nástrojů, např. MS
Visio nebo SmartDraw, který umí kreslit nejen vývojové diagramy, ale i UML diagramy,
myšlenkové mapy, organizační diagramy a celou řadu dalších diagramů.

Obrázek 1: Vývojový diagram objednání jídla v restauraci
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3 UML

UML (Unified Modeling Language) je v softwarovém inženýrství grafický jazyk pro vizu-
alizaci, specifikaci, navrhování a dokumentaci programových systémů. UML nabízí stan-
dardní způsob zápisu jak návrhů systému včetně konceptuálních prvků jako jsou business
procesy a systémové funkce, tak konkrétních prvků jako jsou příkazy programovacího ja-
zyka, databázová schémata a znovupoužitelné programové komponenty. UML podporuje
objektově orientovaný přístup k analýze, návrhu a popisu programových systémů. UML
neobsahuje způsob, jak se má používat, ani neobsahuje metodiku(y), jak analyzovat,
specifikovat či navrhovat programové systémy. Standard UML definuje standardizační
skupina Object Management Group (OMG). [20]
UML bylo přijato jako průmyslový standard ISO, v praxi se používá jak ke vzájemné

komunikaci mezi vývojáři, tak ke komunikaci s klienty. Jazyk UML je sám definován
pomocí modelu v UML – metamodel UML je zapsán pomocí diagramů tříd UML do-
plněných popisem sémantiky v přirozeném jazyce a formálním vyjádřením sémantiky v
OCL.
UML pokrývá v podstatě celý vývojový cyklus informačního systému od sběru poža-

davků zákazníka až po nasazení. Analytik většinou není programátorem, nemusí být proto
vhodné, aby navrhoval diagram tříd nebo API. Z tohoto důvodu je vhodné rozlišovat role
analytika (definuje požadavky klienta) a architekta (navrhuje, jak požadavky realizovat).
Tyto dvě role by měly být obsazeny dvěma lidmi.
Nevýhodou je, že v praxi jsou většinou modelované problémy velmi složité a podrobné

zachycení všech detailů je z časových důvodů nemožné. Je proto nutné nalézt vhodný
kompromis, určující míru detailů, které mají být zachyceny.

Elementy a vztahy mezi nimi:

1. Každý model je dokumentován sadou pohledů.

2. Model v UML je dokumentován sadou diagramů, dokumentujících určité rysy mo-
delu.

3. Každý diagram je sestaven z jistých elementů a vztahů mezi nimi.

4. Obecně se v UML připouští, aby v každém modelu byl použít libovolný element.

5. Ne všechny kombinace jsou ale smysluplné, vždy určitá kombinace elementů a
vztahů představuje superstrukturu diagramu jistého typu. Některé elementy a vztahy
jsou použitelné obecně.

Standard ve verzi 2.0 se skládá z:

1. UML 2.0 SuperStructure - popis UML z hlediska uživatele (analytik/programátor)
- popis jednotlivých diagramů.

2. UML 2.0 Infrastructure - metamodel specifikovaný pomocí Meta-Object Facility
(MOF).



Datové modelování 197

3. UML 2.0 Object Constraint Language (OCL) - jazyk pro specifikaci vstupních
a výstupních podmínek, invariantů v diagramech.

4. UML 2.0 Diagram Interchange - popis XML struktur pro výměnu konkrétních
modelů mezi jednotlivými modelovacími nástroji.

Nejznámější a nejpoužívanější částí standardu jsou diagramy, které můžeme dělit do
několika skupin:

1. strukturní diagramy

(a) diagram tříd

(b) diagram komponent

(c) diagram vnitřní struktury

(d) diagram nasazení

(e) diagram balíčků

(f) diagram objektů

2. diagramy chování

(a) diagram aktivit

(b) diagram užití

(c) stavový diagram

3. diagramy interakce

(a) sekvenční diagram

(b) diagram komunikace

(c) diagram přehledu interakcí

(d) diagram časování

Jakými diagramy začínáme?

1. Funkční přístup - diagram případů užití, model jednání.

2. Datově orientovaný přístup - diagram tříd.

Pro tvorbu UML diagramů existuje celá řada softwarových nástrojů, např. Enterprise
Architect, Rational Rose nebo free nástroje Umbrello UML Modeller a ArgoUML.
Podle Svačiny [18] programátor nebo softwarový architekt využívající UML pro mo-

delování realizací případů užití musí dostatečně dobře znát jak model systému (aby mohl
příslušné třídy/komponenty využívat opakovaně), tak cílové implementační prostředí (aby
model měl hlavu a patu a byl implementovatelný).
Programátor nebo softwarový architekt musí vědět, jak danou funkčnost realizovat

a v zásadě řeší především konkrétní detaily. Za tímto účelem musí vývojový tým sdí-
let společnou technickou vizi daného systému. Tato vize je realizována tzv. aplikačním
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frameworkem. Framework definuje softwarovou architekturu požadoveného systému. V
informačních systémech lze z pohledu architektury nalézt určité typické opakující se si-
tuace. Aplikační framework pak využije tzv. architektonické design patterns, ukazující
typické řešení takovýchto situací. Příkladem architektonických design patterns mohou
být systémové problémy, jako je autorizace, autentifikace, auditing, pooling a caching
objektů, řízení transakcí apod., nebo typické situace z pohledu uživatele, např. práce s
formulářem, průvodce, obsluha jednoduchého číselníku nebo práce se sestavami. Takovéto
design patterns je vhodné vyhledat, popsat a opakovaně používat.
Klíčovou otázkou z pohledu modelování potom je, zda je třeba tyto konkrétní situace

odpovídající nějakému design pattern znovu modelovat nebo ”jen” odkázat na existující
známé řešení. V takovéto situaci se jedná především o ekonomické rozhodnutí souvise-
jící s rozporem mezi náklady na projekt a touhou po co nejpodrobnější a nejpřesnější
dokumentaci softwarového řešení. [18]

Obrázek 2: Diagram případů užití objednávání jídla v restauraci

4 BORM metoda

BORM (Business Object Relation Modeling) je objektově orientovaná metoda softwaro-
vého inženýrství třetí generace, která je velmi efektivní při vývoji znalostních systémů.
Efektivity je dosahováno pomocí jednoduchých metod pro prezentaci všech aspektů rele-
vatního modelu. Metoda má široké využití při modelování business procesů.
Metoda je vyvíjena od r. 1993 v rámci mezinárodního výzkumného projektu, od r.

1996 je vývoj podporován firmou Deloitte&Touche, kde je metoda prakticky využívána
nejen při tvorbě softwaru, ale i k analýze požadavků a modelování business procesů.
Od počátku byla orientována na podporu tvorby objektově orientovaných softwarových
systémů založených na čistě objektově orientovaných programovacích jazycích a vývo-
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jových prostředích (např. Smalltalk - VisualWorks, VisualAge. . .) a objektové databáze
(Gemstone. . .). [8]
Metoda BORM a především její možnosti analýzy v počátečních fázích vývoje pro-

jektu byla prakticky použita například v projektech pro pražské zdravotnictví, Ústav pro
státní informační systém ČR, elektroenergetiku, zemědělství, telekomunikace a plynáren-
ství. Ve všech techto projektech se ukázalo, že BORM lze dobre využívat jako nástroj
pro provádění business process reengineeringu. Výsledky takové analýzy také velmi dobře
slouží pro podrobnou a úplnou specifikaci zadání softwarového projektu. [8]
Metoda BORM je podporována různými CASE nástroji, např. MetaEdit+ nebo CRAFT.CASE.

Fáze životního cyklu podle BORM [8, 17]

1. Strategická analýza - definice problému, stanovení jeho rozhraní, rozpoznání zá-
kladních procesů odehrávajících se v systému a jeho okolí.

2. Úvodní analýza - rozpracování problému, mapování procesů v systému a vlast-
ností základních objektů.

3. Podrobná analýza - detailní rozpracování analýzy jednotlivých objektů, vazeb
mezi nimi a jejich životních cyklů. Toto je poslední analytická fáze, na jejímž konci
by vše mělo být rozpoznáno.

4. Úvodní návrh - první fáze, ve které se snažíme upravit systém pro softwarovou
implementaci.

5. Podrobný návrh - dochází k přeměně prvků existujícího modelu do podoby podří-
zené cílovému implementačnímu prostředí. Zohledňují se vlastnosti konkrétních pro-
gramových jazyků, databází apod.

6. Implementace - vlastní vytváření požadovaného software programováním nebo
generováním z CASE nástroje.

Ve fázi analýzy je nejčastěji vytvářen seznam funkcí, tabulka scénářů, architektura na
business úrovni (vztah funkcí a scénářů) a ORD diagramy. Současně vznikají seznamy
účastníků a datových toků. V této fázi se vlastně provádí kompletní OBA (Object Beha-
vioral Analysis).
Ve fázi návrhu jsou vytvářeny diagramy tříd a komponent, tabulka podsystémů, ta-

bulka balíčků a architektura na implementační úrovni (vztah podsystémů a balíčků).
Odlišnosti metody BORM oproti ostatním metodám podle V. Merunky: [8]

1. Většina metod je založena na analýze textového popisu zadání a odvozování objektů
a jejich operací z podstatných jmen a sloves ve větách. UML poskytuje malou
podporu pro identifikaci objektů ze zadání. U všech diagramů se předpokládá, že
objekty a třídy jsou již rozpoznány.

2. BORM pro každou jednotlivou fázi životního cyklu využívá v diagramech omezenou
sadu pojmů - předpokládá se, že během projektování dochází k postupným přemě-
nám objektů na jiné. Např. pojmy jako stav, přechod nebo asociace jsou používány
jen během analýzy, pojmy jako agregace nebo dědičnost se používají jen ve fázi
implementace.
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3. Nevyžaduje oddělování od sebe statických a dynamických pohledů na systém do
různých typů diagramů s rozdílnou notací, je možno je v jednotlivých diagramech
kombinovat.

Výhody metody BORM:
Metoda je založená na postupné transformaci modelu a v každé fázi se pracuje jen s

určitou omezenou a konzistentní podnožinou BORM návrhu, což umožňuje její snadné
osvojení analytiky, konzultanty i vývojáři. Je nadšeně přijímána programátory ve Small-
talku i v Javě stejně jako programátory objektových databází (Gemstone, ArtBase).
BORM pracuje rovněž s hierarchií objektů (polymorfismus, is-a vztah, závislost objektů)
[11].
Komplexnost metody BORM je i její nevýhodou, dnes nejrozšířenější software pro

tuto metodu CRAFT.CASE je komerční a pracuje se s ním způsobem odlišným od většiny
běžných CASE nástrojů.
Metoda BORM umožňuje v jednom grafu zachytit vývoj objektů účastnících se pro-

cesu, jejich stavy a akce, na kterých participují. Velké obdélníky jsou objekty účastnící
se procesů, malé obdélníky stavy objektů, ovály představují aktivity objektů. Šipky mezi
aktivitami představují komunikaci, která může obsahovat datový tok.

Obrázek 3: Diagram znázorňující vývoj objektů a vztahy mezi nim v rámci procesů ob-
jednávání jídla v restauraci
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5 Závěr

Primárním cílem projektů informačních systémů je vytvoření požadovaného softwaru při
dodržení kvality, kvantity, termínu a rozpočtu. Model jako takový není primárním cílem,
ale jen podkladem sloužícím k vytvoření softwaru a ke vzájemné komunikaci mezi lidmi.
Informační systémy jsou často velmi komplexní, což klade vysoké nároky na analýzu.

Proto je snaha o vylepšení úvodních fází vývoje softwaru. Modelovací nástroje musí sloužit
nejen k vizualizaci kódu aplikace, ale musí co nejlépe umožňovat zachycení, analýzu a
validaci požadavků uživatele.
Základem analýzy informačního systému je vytvoření správného datového modelu pro

konkrétní aplikaci a databázový systém. CASE nástroje nám pak umožní z datového mo-
delu vygenerovat SQL skripty pro vytvoření struktury databáze. CASE nástroje rovněž
umožňují vytvoření diagramů a generování zdrojového kódu z modelu (resp. ze zdrojového
kódu zpětné vytvoření modelu) a vygenerování dokumentace.
Všechny výše uvedené techniky modelování (vývojové diagramy, UML diagramy a me-

toda BORM) mají každá své výhody i nevýhody. Jejich vzájemnou kombinací můžeme
lépe poznat modelovanou realitu ze všech možných hledisek a mají proto při vývoji in-
formačního systému nezastupitelnou roli.
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Počáteční stav Koncový stav

Konfigurace 1

Konfigurace 2

Obrázek 1: V p°ípad¥ kon�gura
e 1 jsou t¥la dvou bakteriální
h kolonií natolik vzdálená,ºe kon
entra
e signální
h látek, která zabra¬uje dal²ímu rozvoji bakterií, dosáhne kriti
kéúrovn¥ d°íve, neº se kolonie sta£í spojit. Kon�gura
e 2 pak zobrazuje opa£ný p°ípad.2 Základní modelySimula
e mnoºiny bakterií (tj. jedna nebo ví
e kolonií) na mis
e s agarem je zaloºena namodelování 
hování jednotlivý
h bun¥k v diskrétním prostoru a £ase. Tento model vy
házíz experimentální
h pozorování a ze v²eobe
n¥ známý
h fakt·. Základní my²lenky modeluvy
hází z n¥kolika jednodu
hý
h spojitý
h model· k°ivky r·stu bakteriální popula
e.Bakterie se mnoºí metodou binárního d¥lení, tedy z jedné mate°ské bu¬ky vzniknouza p°íznivý
h podmínek dv¥ d
e°iné [9℄. Pokud budeme uvaºovat pouze toto tvrzení,m·ºeme r·st kolonie popsat oby£ejnou diferen
iální rovni
í 1, kde y je 
elkový po£etbakterií v £ase t[hod] a k1[hod−1] je koe�
ient r·stu kolonie [3℄[9℄.
dy(t)

dt
= k1y(t) (1)Ry
hlost r·stu kolonie je tedy v tomto jednodu
hém modelu p°ímo úm¥rná 
elkovémupo£tu bakterií a 
elková popula
e není nijak omezena.Uvaºujeme-li, ºe s p°ibývají
ím po£tem bakterií se úm¥rn¥ zhor²ují podmínky umoº-¬ují
í jeji
h dal²í rozvoj (ubývají
í ºiviny, mnoºí
í se odpadní látky), musí se tempo r·stut¥mto podmínkám p°izp·sobit. Tento fakt zohled¬uje rovni
e 2.

dy(t)

dt
= (k1t − k2y(t))y(t) (2)Z grafu 2, který ukazuje vývoj bakteriální popula
e v první
h dva
eti osmi hodiná
h, jevid¥t, ºe v p°ípad¥ druhého modelu má k°ivka r·stu tvar logisti
ké k°ivky a je tedy shoraomezena. Tento model v²ak obsahuje nep°esnost, jelikoº ry
hlost r·stu kolonie v £ase tby m¥la být závislá na po£tu bakterií v p°ed
hozí genera
i. Tato skute£nost je zahrnutav tzv. Hut
hinsonov¥ rovni
i (viz rovni
e 3), kde Tc je délka bun¥£ného 
yklu [5℄[3℄.

dy(t)

dt
= (k1t − k2y(t− Tc))y(t) (3)
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Obrázek 2: Graf vlevo zobrazuje vývoj bakteriální popula
e modelovaný rovni
í 1, grafvpravo zobrazuje vývoj bakteriální popula
e modelovaný rovni
í 2. Osa X zobrazuje £asv hodiná
h, osa Y zobrazuje popula
i v tis. bakterií. Rovni
e byly °e²eny ve voln¥ dostup-ném programovém balíku O
tave pomo
í metody LSODE (autor Alan C. Hindmarsh).Výpo£et byl proveden s y0 = 10, k1 = 0.58 a k2 = 0.00000058.Na grafu 3 je vid¥t 
ykli
ké kolísání 
elkového po£tu bun¥k, které se po n¥jaké dob¥ustálí na podobné hodnot¥ jako v p°ípad¥ rovni
e 2. V²e
hny dosud uvedené spojitémodely uvaºovaly pouze s vnit°ními faktory, které ovliv¬ovaly tempo d¥lení a úmrtnostibun¥k. Jedním z vn¥j²í
h faktor·, které je ur£it¥ nutné do modelu zahrnout, je omezenostokolní
h zdroj·, p°edev²ím pak ºivin. Tuto skute£nost lze do modelu zahrnout p°idánímdal²í rovni
e, popisují
í úbytek zdroj· v závislosti na velikosti popula
e (viz rovni
e 4).
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Obrázek 3: Graf vlevo zobrazuje vývoj bakteriální popula
e modelovaný Hut
hinsono-vou rovni
í, graf vpravo zobrazuje vývoj bakteriální popula
e modelovaný modi�kovanouHut
hinsonovou rovni
í s p°idaným omezením na mnoºství ºivin. Osa X zobrazuje £asv hodiná
h, osa Y zobrazuje popula
i v tis. bakterií. Rovni
e byly °e²eny ve voln¥ do-stupném programovém balíku O
tave pomo
í metody ODE78D (metoda pro °e²ení ODRse zpoºd¥ním).
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dy(t)

dt
= (k1t − k2y(t− Tc) − k3

y

r
)y(t)

dr(t)

dt
= −kry(t) (4)S ubývají
ím po£tem ºivin se zvy²uje po£et bun¥k, které v daném £ase nezískají dostatekºivin pro dal²í fungování a umírají. Závislost velikosti popula
e na po£tu ºivin zobrazujegraf 4.
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Obrázek 4: Graf zobrazují
í závislost velikosti popula
e na mnoºství dostupný
h ºivinv prost°edí. S klesají
ím mnoºstvím ºivin se zvy²uje úmrtnost bun¥k, která nakone
p°evládne nad tempem d¥lení bun¥k, a 
elková popula
e se za£ne sniºovat.
3 Simulovaný modelPro simula
i byl zvolen diskrétní model v prostoru a £ase. Simulovaný prostor (tj. °ezmiskou s agarem a prostorem nad miskou) je pokryt pravidelnou £tver
ovou sítí S. Kaºdépolí£ko Sx,y ∈ S je 
harakterizováno souborem vlastností (G, B, R), kde:

• G = {g1 . . . gn} je mnoºina signální
h látek, jeji
hº kon
entra
e zp·sobují zm¥nyv metabolismu bun¥k,
• B = {b1 . . . bk} je mnoºina bakterií ve £tver
i Sx,y, mohutnost mnoºiny |B| p°ed-stavuje kon
entra
i bun¥k v Sx,y,
• R = {r1 . . . rm} je mnoºina dostupný
h zdroj· v Sx,y.
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h kolonií 207Tím, ºe kaºdé Sx,y m·ºe obsahovat ºádnou, jednu, nebo ví
e bakterií, je dosaºeno prom¥n-livé kon
entra
e bun¥k v prostoru. Pokud by model po£ítal pouze s ºádnou, nebo jednoubu¬kou v Sx,y, neodpovídalo by to stavu, kdy u dosp¥lé kolonie lze jednozna£n¥ pozo-rovat hust¥j²í kon
entra
i bun¥k v jád°e (zp·sobeno pravd¥podobn¥ inokula
í bun¥k)[2℄.Konkrétní bakterie bi je 
harakterizována souborem vlastností (a, m, R, s), kde a je stá°íbakterie, m je 
elková hmota bakterie, R je zásoba zdroj· a s je stav metabolismu.Samotná reprezenta
e kolonie je pouze první £ástí modelu. Druhou £ást tvo°í evolu£ní

Miska s agarem

Vzduch

Simulovaný prostor S

Sx,y

Zdroje

Bakterie

Signály

Obrázek 5: Reprezenta
e simulovaného prostoru v navrºeném diskrétním modelu. Prostorje pokryt pravidelnou £tver
ovou sítí, kde kaºdý £tvere
 v síti je 
harakterizován souboremvlastností.algoritmus, který dokáºe pomo
í n¥kolika pro
es· provést p°e
hod kolonie ze stavu Kt do
Kt+1, kde stav Ki je dán odpovídají
í kon�gura
í S v £ase t.3.1 Simulované pro
esyEvolu£ní algoritmus implementovaný v simulátoru se skládá z pro
es· dvou druh·: pro-
esy prvního druhu se týkají pouze samotný
h bakterií, pro
esy druhého druhu pak si-mulují zm¥ny v prost°edí. Mezi první druh pat°í tyto:

• P°íjem ºivin � Bakterie se snaºí poz°ít ºiviny v blízkém okolí, 
elkové mnoºstvíp°ijatého zdroje Ri bakterií Bj v £ase t je popsáno funk
í RRi
(mj, hj) =

k0+k1mj(t)

k2hj(t)
,kde k0 je základní p°ijaté mnoºství, k1mj p°edstavuje ºiviny naví
, které dokáºepoz°ít mohutn¥j²í jedine
 a k2hj je penaliza
e za vzdálenost bakterie od agaru,který ºiviny obsahuje.

• P°íjem kyslíku � Pokud simulujeme aerobní bakterie, je p°íjem kyslíku bakterie Bjv £ase t popsán funk
í 5, kde C(Sx,y) p°edstavuje okolí polí£ka Sx,y.
• Syntéza � Bakterie p°em¥¬ují p°ijaté ºiviny a kyslík na vlastní hmotu a vylu£ujísignální látky.
• Údrºba � Bakterie stárnou a udrºují se.
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• Reproduk
e � Pokud jsou spln¥ny v²e
hny podmínky, m·ºe se bakterie pokusitrozd¥lit.

O(Sx,y) = (k0 + k1mj(t))











1 −

∑

c∈C(Sx,y)

|Bc|

8 max
c∈S

|Bc|











(5)Úmrtnost bun¥k není v modelu zohledn¥na, protoºe v £asovém rozsahu, ve kterém expe-rimenty probíhají, je zanedbatelná. Mezi pro
esy druhého druhu pat°í difuze signální
hlátek ve vzdu
hu a v agaru, které následn¥ ovliv¬ují metabolismus bun¥k a mohou na-p°íklad zap°í£init to, ºe se bakterie p°estanou v oblasti zvý²ené kon
entra
e d¥lit.4 Návrh a implementa
e simulátoruZákladem simulátoru je jednodu
há objektová databáze uloºená v opera£ní pam¥ti po-£íta£e, která obsahuje ve²keré informa
e o simulovaném prostoru S. S
héma databázeza
hy
uje diagram t°íd na obrázku 6. Databáze umoº¬uje prá
i v pseudotransak£nímreºimu v následují
ím smyslu:
• Ve²keré zm¥ny v databázi jsou zaznamenávány ve spe
iálním zm¥novém deníku,který je aplikován aº p°i 
ommitu.
• �tení z databáze není tímto zm¥novým deníkem ovlivn¥n.Toto 
hování se m·ºe zdát na první pohled podivné, ale odpovídá faktu, ºe v²e
hnyzm¥ny p°i p°e
hodu mezi stavy se musí aplikovat najednou. Podstatnou £ástí databázeje prostorový index, který ury
hluje p°ístup k informa
ím na konkrétním polí£ku Sx,y.Tento index je implementován pomo
í dynami
ké datové stromové struktury Quadtree.

Space SpaceCell

Bacterium Resource

Signal

1 *

1

*

1

*

1

*

1 *

Obrázek 6: Diagram t°íd znázor¬ují
í datový model objektové databáze simulátoru.Databáze poskytuje pro manipula
i s daty spe
iální dotazova
í jazyk zaloºený nadynami
kém jazyku Groovy. T°ída Spa
e zde v podstat¥ zastupuje databázové s
héma,p°i£emº kaºdý experiment má svoje s
héma. Prá
e s ním probíhá následovn¥:
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h kolonií 209// vytvo°ení nového s
hématud.
reate(`spa
e').name(`myExperiment1')// p°ístup k nov¥ vytvo°enému s
hématud.spa
e[`myExperiment1'℄// p°ístup k p°eddefinovanému s
hématud.use(`myExperiment1')d.s// smazání s
hématu a v²e
h dat, které obsahujed.s.deletePrá
e se samotnými daty je zaloºená na s
hopnoste
h jazyka Groovy efektivn¥ pra
ovats kolek
emi objekt· a vypadá nap°íklad následovn¥:// vytvo°íme °adu polí£ek v sítifor (x in 0 .. 10) d.s.
reate(`
ell').lo
ation(x, 0)// do kaºdého polí£ka vloºíme jednu bu¬ku s náhodn¥ zvolenou hmotnostíd.s.
ells*.insert(d.s.
reate(`ba
terium').mass(d.rand))// a nyní smaºeme v²e
hny bakterie, které mají hmotnost men²í neº 0.5d.s.sele
t(`ba
terium').filter{b -> b.mass < 0.5}*.deleteCo kdyby
hom nap°íklad 
ht¥li vybrat v ur£ité oblasti bakterie star²í neº zadaná hrani
e?d.s.
ells.findAll{
 -> 
.x <= 10}.
olle
t{
 -> 
.ba
teria}.flatten().findAll{b -> b.age > t}// nebo jednodu²ejid.s.ba
teria.findAll{b -> b.
ell?.x < 10 && b.age > t}Pouºití Groovy operátor· *., ?. a funk
í �ndAll a 
olle
t umoº¬uje veli
e jednodu
houimplementa
i navrºeného modelu v prost°edí platformy Java.5 VýsledkyImplementovaný model prokazuje n¥které experimentáln¥ pozorované vlastnosti. Na grafu 7je vid¥t, ºe ob¥ k°ivky vývoje popula
e ze za£átku prokazují exponen
iální 
harakter, 
oºje zap°í£in¥no dostatkem místa i ºivin. V p°ípad¥ dvou kolonií je pozorovatelná výraznázm¥na 
harakteru k°ivky v moment¥ kontaktu bakteriální
h t¥les. Difuze signální látkyve vzdu
hu v n¥který
h p°ípade
h skute£n¥ zap°í£i¬uje to, ºe se dv¥ kolonie z
ela nespojía za
hovají si samostatnost, p°estoºe jim ni
 jiného ve spojení nebrání. V sou£asné dob¥probíhá lad¥ní a valida
e modelu.Co se tý£e simula£ního nástroje, jeho jádro bylo implementováno v programova
ímjazy
e Java. Samotný evolu£ní algoritmus byl v²ak implementován v podob¥ pouhý
hdotaz· do objektové databáze samotného nástroje. Obrázek 8 zobrazuje sérii t°í snímk· zesimula£ního nástroje. Kaºdý snímek obsahuje t°i £ásti: první £ást zobrazuje °ez koloniemi,druhá £ást zásobu ºivin a poslední t°etí £ást pak difuzi signální látky.
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Obrázek 7: Graf vývoje 
elkové popula
e jedné, resp. dvou kolonií v pr·b¥hu sedmi dn·simulovaný navrºeným diskrétním modelem. Osa X zobrazuje £as v hodiná
h, osa Yzobrazuje 
elkovou popula
i v tisí
í
h bakterií.

Obrázek 8: Snímky obrazovky ze simula£ního nástroje.
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i interak
e dvou a ví
e bakteri-ální
h kolonií, který vy
hází z n¥kolika základní
h spojitý
h model·. Tyto modely bylyv úvodu také stru£n¥ popsány. Model není zatím z
ela hotov a probíhá jeho dal²í zp°es-¬ování.Pro pot°eby simula
e byl navrºen a implementován nástroj v jazy
e Java. Pro zefek-tivn¥ní implementa£ního pro
esu samotného modelu byla navrºena jednodu
há objektovádatabáze, jejíº dotazova
í jazyk umoºnil ry
hlé prototypování modelu. Simula£ní nástrojje vytvá°en v rám
i výzkumu 
hování a interak
e monoklonální
h bakteriální
h koloniína Kated°e �loso�e a d¥jin p°írodní
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ha1 Introdu
tionNanostru
tured 
arbon materials are materials with a spe
ial geometri
al stru
ture oftheir mole
ules whi
h we 
all 
arbon nanoparti
les. This geometri
al stru
ture is a

om-panied by the topologi
al defe
ts in a hexagonal planar latti
e 
alled graphene.There are many variously-shaped 
arbon nanostru
tures known. The most famous isfullerene, whi
h has the stru
ture of a so

er ball and 
an be approximated as a sphere.It is 
omposed of 60 
arbon atoms whi
h 
reate 20 hexagons and 12 pentagons. Howeverother stru
tures also exist, for example nano
ones, nanotoroids, nanotubes, nanohornset
. A wide variety of ele
troni
 properties of these stru
tures have been studied. Theysuggest a potential use in nanos
ale devi
es like quantum wires, transistors or mole
ularmemory devi
es.The ele
troni
 properties of these stru
tures 
an be explored by solving the Dira
equation at a 
urved surfa
e [4℄. In most 
ases, the defe
ts on this surfa
e originatefrom the presen
e of the pentagons for the positive 
urvature and the heptagons for thenegative 
urvature [1℄. They 
ause breaking of the rotational symmetry of the wavefun
tion. It must be 
ompensated by the addition of some lo
al gauge �elds. For the
al
ulation of the lo
al density of states, the hyperboloidal geometry is used.2 Basi
 formalismWe introdu
e the Dira
 equation in (2+1) dimensions. It has the form:
iγαeµ

α[∇µ − iaµ − iAµ]ψ = Eψ. (1)213
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haThe wave fun
tion ψ, the so-
alled bispinor, is 
omposed of two parts:
ψ =

(
ψA

ψB

)
, (2)ea
h 
orresponding to di�erent sublatti
es of the 
urved graphene sheet [5℄.Next, some additional gauge �elds are introdu
ed. Without them, the Hamiltonianin (1) would have the form:

H0 = iγαeµ
α[∂µ − iAµ] (3)and the 
orresponding wave fun
tion we denote ψ0. Then:

ψ(r, ϕ) = exp(iΩ1(r, ϕ)) exp(iΩ2(r, ϕ)) · · · exp(iΩn(r, ϕ))ψ0(r, ϕ), (4)where Ωi, i = 1, . . . n are fun
tions, theirs form follows from the boundary 
onditions.Be
ause:
H0ψ0 = Eψ0 (5)and, at the same time:
Hψ = Eψ, (6)it follows that:

H = exp(iΩ1) exp(iΩ2) · · · exp(iΩn)H0 exp(iΩn) . . . exp(−iΩ2) exp(−iΩ1). (7)For our purpose, we introdu
e 2 additional gauge �elds,aµ and ωµ, µ = ξ, ϕ.The gauge �eld aµ arises from spin rotation invarian
e. The gauge �eld ωµ 
omesfrom introdu
ing the zweibein eα whi
h in
orporates fermions on the 
urved 2D surfa
e.It ensures the invarian
e of (1) for di�erent 
hoi
es of the frame and it satis�es
∂µe

α
ν − Γρ

µνe
α
ρ + (ωµ)α

βe
β
ν = 0, (8)where Γµ is the Levi-Civita 
onne
tion 
oming from the metri
s gµν (see below). Then

ωµ is 
alled the spin 
onne
tion. Next, the 
ovariant derivative ∇µ is de�ned as:
∇µ = ∂µ + Ωµ, (9)where

Ωµ =
1

8
ωαβ

µ [γα, γβ] (10)denotes the spin 
onne
tion in the spinor representation. The Dira
 matri
es γα 
an berepla
ed in two dimensions by the Pauli matri
es σα:
γ1 = −σ2, γ2 = σ1. (11)

Aµ is the ve
tor potential arising from the external magneti
 �eld.The metri
 gµν of the 2D surfa
e 
omes from following parametrisation using the twoparameters ξ, ϕ:
(ξ, ϕ) → −→

R = (x(ξ, ϕ), y(ξ, ϕ), z(ξ, ϕ)), (12)
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tures 215where
0 ≤ ξ <∞, 0 ≤ ϕ < 2π. (13)The 4 
omponents of the metri
 are de�ned as:

gµν = ∂µ

−→
R∂ν

−→
R. (14)The hyperboloid geometry whi
h we use has, for both heptagons and pentagons, verysimilar but not identi
al parametrisation. We 
onsider it in separate 
hapters. Generally,the non-diagonal 
omponents of the metri
 are:

gξϕ = gϕξ = 0. (15)For the zweibeins and the diagonal 
omponents of the metri
 the following relation-ships hold:
e1ξ =

√
gξξ cosϕ, e1ϕ = −√

gϕϕ sinϕ, (16)
e2ξ =

√
gξξ sinϕ, e2ϕ =

√
gϕϕ cosϕ, (17)and for the spin 
onne
tion 
oe�
ients ωµ:

de1 = −ω12 ∧ e2, de2 = −ω21 ∧ e1, ω12 = −ω21, (18)so:
ω12

ϕ = −ω21
ϕ = 1 −

∂ξ
√
gϕϕ

√
gξξ

= 2ω, (19)
ω12

ξ = ω21
ξ = 0. (20)Then the 
oe�
ients Ωµ are:

Ωξ = 0, Ωϕ = iωσ3. (21)If we write the wave fun
tion in the form
(
ψA

ψB

)
=

1
4
√
gϕϕ

(
ũ(ξ)eiϕj

ṽ(ξ)eiϕ(j+1)

)
, j = 0,±1, ... (22)and substituting (22) into (1) we obtain

∂ξũ− (j + 1/2 − aϕ + Aϕ)

√
gξξ

gϕϕ

ũ = E
√
gξξṽ, (23)

−∂ξ ṽ − (j + 1/2 − aϕ + Aϕ)

√
gξξ

gϕϕ

ṽ = E
√
gξξũ. (24)It is possible to try to approximate the 
onsidered geometry by the metri
 of the
one [2℄. However, this approa
h does not 
orrespond to the real situation be
ause of thepoint-like apex. Here we propose a method to avoid this problem.



216 J. Smotla
ha3 Geometri
al properties3.1 Heptagonal defe
tsIn the 
ase of negative 
urvature and asso
iated heptagonal defe
ts, the parametrisation(12) for the 
ase of the hyperboloid is:
(ξ, ϕ) → (a cosh ξ cosϕ, a cosh ξ sinϕ, c sinh ξ), (25)where a and c are some dimensionless parameters. The 
orresponding diagonal 
ompo-nents of the metri
 are:

gξξ = a2 sinh2 ξ + c2 cosh2 ξ, gϕϕ = a2 cosh2 ξ (26)and the nonzero spin 
onne
tion term:
ω12

ϕ = 1 − a sinh ξ
√
gξξ

. (27)The defe
t arises by the so-
alled 
ut and glue pro
edure - we 
ut a line in the grapheneplane, add a 60◦ area and glue the resulting borders [2℄. The geometri
al properties of thenew surfa
e 
an be des
ribed with the help of the gauge potentials −→W (0)
µ , whi
h 
hangethe initial 
omponents of the metri
 (now denoted g(0)

µν ) [6℄:
g(0)

µν → gµν = ∇µ

−→
R (0) · ∇ν

−→
R (0), (28)where:

∇µ

−→
R (0) = ∂µ

−→
R (0) + [

−→
W (0)

µ ,
−→
R (0)]. (29)Then

gµν = ∂µ

−→
R (0) · ∂ν

−→
R (0) + ∂µ

−→
R (0)[

−→
W (0)

ν ,
−→
R (0)]+

∂ν

−→
R (0)[

−→
W (0)

µ ,
−→
R (0)] + (

−→
W (0)

µ

−→
W (0)

ν )
−→
R 2

(0) − (
−→
W (0)

µ

−→
R (0))(

−→
W (0)

ν

−→
R (0)) (30)and the 
omponents of the metri
 and the spin 
onne
tion term will be 
hanged su
hthat:

gξξ = a2 sinh2 ξ + c2 cosh2 ξ, gϕϕ = a2α2 cosh2 ξ, (31)
ω12

ϕ = 1 − aα sinh ξ
√
gξξ

, α = 1 + ν, (32)where ν = N/6 is 
alled the Frank index and N is the number of heptagons in the defe
t.In this paper, we take N = 1. Let us stress that as the number of defe
ts in
reases,the geometri
al stru
ture be
omes more 
ompli
ated and we have to take into a

ountadditional assumptions [2℄.We 
an en
ir
le the origin of the defe
t (ξ = 0) by a 
losed loop Cǫ and integrate overit. The result is: ∮

Cǫ

d−→s = 2πν. (33)
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tures 217No transformation of variables 
an 
hange this value. If the values of the gauge �eld −→
W

(0)
µare:

W (0)i=1,2
µ = 0, W (0)i=3

µ = W (0)
µ , (34)where:

W (0)
x = −νy/r2, W (0)

y = νx/r2, r =
√
x2 + y2, (35)then: ∮

Cǫ

d−→s = 2πν =

∮

Cǫ

W (0)
µ dxµ, (36)so −→

W
(0)
µ serves as a vortex-like potential with a nonzero �ux. This �ux should be elimi-nated by the 
orresponding integral over the spin 
onne
tion, so we must get:

lim
ǫ→0

∮

Cǫ

ω12
ϕ dϕ = −2πν. (37)Substituting (32) into the appropriate integral, the required result is readily obtained.For our purpose, the gauge �eld aϕ = N/4. In the general 
ase, aϕ depends on two
onstants N and M as aϕ = N/4 + M/3, where M = −1, 0, 1 for an even number ofdefe
ts and M = 0 for an odd number of defe
ts [2, 3, 5℄.If the magneti
 �eld is 
hosen in su
h a way that −→A = B(y,−x, 0)/2, then:

Aϕ = −Φ cosh2 ξ, Aξ = 0, (38)where:
Φ =

1

2
a2Φ0B, Φ0 =

e

~c
. (39)The geometri
 units are used, i.e. e = ~ = c = 1.3.2 Pentagonal defe
tsThe 
ase of the positive 
urvature is des
ribed in more detail in [3℄. The parametrisationis 
hanged into:

(ξ, ϕ) → (a sinh ξ cosϕ, a sinh ξ sinϕ, c cosh ξ), (40)and the diagonal 
omponents of the metri
 are:
gξξ = a2 cosh2 ξ + c2 sinh2 ξ, gϕϕ = a2 sinh2 ξ. (41)Introdu
ing the gauge potentials −→W (0)

µ as for the heptagonal defe
ts, the 
omponent
gϕϕ of the metri
 
hanges su
h that:

gϕϕ = a2α2 sinh2 ξ, (42)where α = 1 − ν. This means that in the 
ut and glue pro
edure, we 
ut a 60◦ areainstead of inserting it. Then the nonzero spin 
onne
tion term is:
ω12

ϕ = 1 − aα cosh ξ
√
gξξ

. (43)
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haThe values of the gauge �eld and the magneti
 �eld are the same as in the previous
ase:
aϕ = N/4,

−→
A = B(y,−x, 0)/2, (44)so that for the 
hosen parametrisation:

Aϕ = −Φ sinh2 ξ, Aξ = 0, (45)where Φ is de�ned as in (39).4 Solution of the Dira
 equationThe solution of (23),(24) for heptagonal and pentagonal defe
ts in the 
ase of hyper-boloidal geometry is introdu
ed and the lo
al density of states is 
al
ulated here. Thelinear elasti
ity theory [6℄ is used. For the numeri
al 
al
ulations of LDoS, the methoddes
ribed in [7℄ is exploited.4.1 Heptagonal defe
tsThe form of (23),(24) will be:
∂ξũ− (j̃ − Φ̃ cosh2 ξ)

√
tanh2 ξ + ηũ = E

√
gξξṽ, (46)

−∂ξ ṽ − (j̃ − Φ̃ cosh2 ξ)

√
tanh2 ξ + ηṽ = E

√
gξξũ, (47)where:

j̃ = (j + 1/2 − aϕ)/α, Φ̃ = Φ/α, η = c2/a2. (48)The parameter η ≪ 1 is a dimensionless parameter whi
h des
ribes the elasti
ity proper-ties of the initial graphene plane. Due to these properties, the defe
ts 
an be interpretedas small perturbations in the graphene plane. In the 
ase of �nite elasti
ity, we 
an usean approximation η ∼ √
νǫ, where ǫ ≤ 0.1 [3℄. In this way, the elasti
ity is des
ribed bya small parameter ǫ. Its value is usually taken between 0.01 and 0.1. If we perform somene
essary 
orre
tions to the gauge �eld ωµ, then as we take ǫ → 0 we obtain the metri
of the 
one.Let us now suppose E = 0. This energy 
orresponds to the so-
alled zero-energymode whi
h is appropriate for the ele
tron states at the Fermi level. Then, the solutionof (46),(47) is:

ũ0(ξ) = C(△(ξ) + k sinh ξ)kej−
ηeΦ

2k

(
cosh ξ

△(ξ) + sinh ξ

)ej

exp

(
−Φ̃△(ξ) sinh ξ

2

)
, (49)

ṽ0(ξ) = C ′(△(ξ) + k sinh ξ)−kej+ ηeΦ

2k

(
cosh ξ

△(ξ) + sinh ξ

)
−ej

exp

(
Φ̃△(ξ) sinh ξ

2

)
, (50)where:

k =
√

1 + η, △(ξ) =

√
k2 cosh2 ξ − 1, (51)
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tures 219and C, C ′ are the normalisation 
onstants.For nonzero values of E we use a perturbation s
heme des
ribed in [7℄. Then, for agiven ξ0, the lo
al density of states is de�ned as:
LDoS(E) = ũ2(E, ξ0) + ṽ2(E, ξ0). (52)To evaluate the lo
al density of states, we have to 
al
ulate the normalisation 
onstants

C,C ′. They di�er for di�erent values of E. For unnormalised solutions ũ′(ξ), ṽ′(ξ) of(46),(47) and ea
h value of energy:
1/C2 = 1/C ′2 =

ξmax∫

0

(ũ′(ξ)2 + ṽ′(ξ)2)dξ. (53)Sin
e for ξmax = ∞ the integral diverges, some �nite value of ξmax in some interval whi
his of parti
ular interest is needed. In this work, we take ξmax = 2.5 and ξmax = 2. Itfollows from the parametrisation (25) that for the given values of ξ, the 
orrespondingdistan
e is r = a cosh ξ, whi
h means that for a = 1 A we have rmax = 6.13 A, or
rmax = 3.76 A. These values are of the same order as the size of the Brillouin zone whi
his formed by the single hexagons. Ea
h atom in the hexagon lies at a distan
e 1.42 A fromits nearest neighbours. This is the main prin
iple of the tight-binding approximation [8℄in whi
h we only a

ount for the in�uen
e of the nearest neighbours.4.2 Pentagonal defe
tsThe form of (23),(24) is:

∂ξũ− (j̃ − Φ̃ sinh2 ξ)

√
coth2 ξ + ηũ = E

√
gξξṽ, (54)

−∂ξ ṽ − (j̃ − Φ̃ sinh2 ξ)

√
coth2 ξ + ηṽ = E

√
gξξũ. (55)In the 
ase E = 0, the 
orresponding solution is:

ũ0(ξ) = C(△(ξ) + k cosh ξ)kej+ ηeΦ

2k

(
sinh ξ

△(ξ) + cosh ξ

)ej

exp

(
−Φ̃△(ξ) cosh ξ

2

)
, (56)

ṽ0(ξ) = C ′(△(ξ) + k cosh ξ)−kej−
ηeΦ

2k

(
sinh ξ

△(ξ) + cosh ξ

)
−ej

exp

(
Φ̃△(ξ) cosh ξ

2

)
, (57)where:

k =
√

1 + η, △(ξ) =

√
k2 sinh2 ξ + 1. (58)To 
al
ulate the solution for nonzero values of E and the lo
al density of states weuse the same pro
edure as presented for the heptagonal defe
ts.
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Figure 1: LDoS as a fun
tion of E ∈ (−0.5, 0.5) and ξ ∈ (0, 2.5) for 1-heptagon defe
ts(left part) and 1-pentagon defe
ts (right part) for B = 0; ǫ = 0.01.

Figure 2: LDoS as a fun
tion of E ∈ (−0.5, 0.5) and ξ ∈ (0, 2.5) for 1-heptagon defe
ts(left part) and 1-pentagon defe
ts (right part) for B = 0.5; ǫ = 0.01.



Ele
troni
 Properties of Carbon Nanostru
tures 2214.3 Lo
al density of statesIn Figs. 1 and 2, the LDoS as a fun
tion of energy E and the parameter ξ is presentedfor hyperboloidal surfa
es with the defe
ts formed by 1 polygon. In all of these �gures,we set j = 0 in (48) and ǫ = 0.01 in the expression for η. We 
an see the eviden
ethat for in
reasing B or ξmax, the LDoS is de
reasing and the de
rease is faster for thepentagonal defe
ts. If we took larger ξmax, the LDoS would go to zero with the ex
eptionof a small number of energies for whi
h we would obtain plane waves. The larger values of
ξ are, however, unphysi
al be
ause of the limited interval of validity of the tight-bindingapproximation.5 Con
lusionWe have studied the ele
troni
 stru
ture of dis
linated graphene in the vi
inity of heptag-onal and pentagonal defe
ts depending on the kind of a 
urvature (negative or positive).Hyperboloidal parametrisations (25),(40) were assumed after reje
tion of the 
oni
al met-ri
. The 
ontinuum �eld-theory gauge model was used, in whi
h the dis
linations arein
orporated using the vortex-like potential (34), (35) for the 
al
ulation of the 
ompo-nents of the metri
. The arising �
titious �ux was 
ompensated for by the gauge �ux ofspin 
onne
tion �eld (19),(20). The potential (34), (35) also results in the dependen
eof the 
orresponding Dira
 equation on the Frank index α whi
h in
ludes the number ofdefe
ts. The defe
ts are involved in (48) with the help of the parameter ǫ, whi
h 
omesfrom the elasti
ity properties of the graphene.Next, we in
orporated a uniform magneti
 �eld (38),(45) that 
an signi�
antly in�u-en
e the LDoS. These were 
al
ulated from the solution of the Dira
 equation, whi
h weobtained numeri
ally with the help of the extension of an analyti
al solution for zero-energy modes (49),(50),(56),(57).To 
on
lude, the presented results have a large potential use for 
al
ulating the metal-li
 properties of 
arbon nanohorns whi
h have widespread appli
ation in ele
troni
 de-vi
es. Let us mention the signi�
an
e of the zero-energy modes. Generally, they appearas a solution for dis
linated graphene in the presen
e of a magneti
 �eld [9℄ and they playa key role in explanations of anomalies, paramagnetism, high-temperature super
ondu
-tan
e et
.We have to stress that we assumed defe
ts in whi
h only 1 heptagon or 1 pentagonappeared. For a higher number of polygons in defe
ts the 
al
ulation is more 
ompli-
ated, espe
ially for heptagons, be
ause in 
ontrast to pentagonal defe
ts problems withthe geometri
al interpretation o

ur. It will be useful to perform 
al
ulations for more
ompli
ated forms of defe
ts in the future.A
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ular D0L-systems, Their Criti
al Exponentand Fa
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sFa
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ien
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s,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. We prove that a D0L-system is 
ir
ular and non-pushy if and only if the 
riti
alexponent of its language is �nite. We also explore the possible orders of growth of fa
tor
omplexity of 
ir
ular D0L-systems and in
lude examples.Keywords: 
ir
ular D0L-system, 
riti
al exponent, fa
tor 
omplexityAbstrakt. Ukazujeme, ºe D0L-systém je 
irkulární a non-pushy práv¥ tehdy, kdyº kriti
ký expo-nent jeho jazyka je kone£ný. Zkoumáme také moºné °ády r·stu faktorové komplexity 
irkulární
hD0L-systém· a uvádíme p°íklady.Klí£ová slova: 
irkulární D0L-systém, kriti
ký exponent, faktorová komplexita1 Introdu
tionMorphisms play an important role in 
ombinatori
s on words. A morphism is often usedto de�ne an in�nite word � either as a �xed point of a morphism or as an image of anotherin�nite word. Perhaps one of the most famous morphisms is the Thue-Morse morphism
σTM , de�ned over the binary alphabet {0, 1} as

σTM :

{

0 7→ 01
1 7→ 10

.Its �xed point
uTM = 011010011001011010 . . .is the famous Thue-Morse sequen
e (see for instan
e [1℄ for various results).Given a morphism σ it may not have only one �xed point. However, if σ is primitive,then all its �xed points have the same set of fa
tors. In other words, the symboli
dynami
al system asso
iated to σ is the same (see for instan
e [6℄). In this arti
le, weare interested not only in primitive morphism but in a larger 
lass: 
ir
ular morphisms.Roughly speaking, a 
ir
ular morphism is a morphism for whi
h we 
an �nd preimages of
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224 �. Starostafa
tors whi
h are long enough (see below for exa
t de�nition). Cir
ular morphisms in
ludeinje
tive primitive morphisms (see [12℄). The notion of 
ir
ularity has been exploredfor instan
e in [2℄ where an algorithm for de
iding whether a language generated bya morphism avoids a 
ertain fa
tor is introdu
ed, or in [7℄ where fa
tor 
omplexity ofsystems generated by a sub
lass of 
ir
ular morphisms is given. Also, in [8℄, a methodto enumerate bispe
ial fa
tors for systems generated by non-pushy 
ir
ular morphisms isderived. (See De�nition 14 below for exa
t de�nition of non-pushy systems.)Another notion from 
ombinatori
s on words is the 
riti
al exponent of a language.Given a language L, its 
riti
al exponent Ec(L) is de�ned as
Ec(L) = sup{r ∈ Q | wr is a fa
tor of u for some non-empty w ∈ L},i.e., it is the maximal (if attained) fra
tional power that o

urs in the language L. By
riti
al exponent Ec(u) of an in�nite word u we mean the 
riti
al exponent of its set offa
tors.The 
riti
al exponent of the Thue-Morse word is 2 and is attained for some fa
tor. Amore interesting example is the Fibona

i word, i.e., the �xed point of σF de�ned as

σF :

{

0 7→ 01
1 7→ 1

.Its �xed point has 
riti
al exponent 1

2
(5 +

√
5) (see [10℄) whi
h is obviously not attained.As shown in [9℄, every real number greater than 1 is the 
riti
al exponent of some word.The notion is also 
onne
ted to the famous Dejean's 
onje
ture (see [4℄). Let n ≥ 2 bean integer. We de�ne the repetition threshold RT (n) as follows

RT (n) = inf{Ec(u) | u is an in�nite word over n-letter alphabet}.Dejean 
onje
tured that
RT (n) =















2 if n = 2
7/4 if n = 3
7/5 if n = 4
n/n−1 otherwise .The 
onje
ture is now proved, see [3℄ and [14℄.Sin
e in general a 
ir
ular morphism 
an generate di�erent languages, we use thenotion of a D0L-system S = (A, σ, w) to spe
ify the language. The language of thesystem S is the set of fa
tors of words σn(w) for all n ∈ N where w ∈ A∗ is a non-emptyword. The main result of this arti
le is the following theorem.Theorem 1. Let S = (A, σ, w) be a D0L-system. Then the 
riti
al exponent of L(S) is�nite if and only if S is 
ir
ular and non-pushy.In the last se
tion, we state that pushy 
ir
ular D0L-systems have fa
tor 
omplexityin the 
lass Θ(n2), while non-pushy 
ir
ular D0L-systems have their fa
tor 
omplexity inone of the following 
lasses: Θ(n), Θ(n log log n), or Θ(n logn). This result is based onthe work done in [13℄ where fa
tor 
omplexities of �xed points of morphisms are explored.



Cir
ular D0L-systems, Their Criti
al Exponent and Fa
tor Complexity 2252 PreliminariesA �nite set of symbols, usually 
alled letters, is 
alled an alphabet and denoted A. A�nite sequen
e w = w0w1 . . . wn−1 of letters is said to be a �nite word, its length |w| = n.The set of all �nite words, in
luding the empty word, denoted ε, and the operation of
on
atenation is the free monoid A∗.An in�nite sequen
e u = (un)
+∞
n=0

of letters un ∈ A is an in�nite word. A �nite word
w = w0w1 . . . wn−1 is a fa
tor of u if there exists an index j ∈ N su
h that w0w1 . . . wn−1 =
ujuj+1uj+n−1. The index j is 
alled an o

urren
e of w in u. The set of all fa
tors of uis the language of u and is denoted by L(u).Let z be a word (�nite or in�nite). If there exist words p, z′, s su
h that z = pz′s,then p is 
alled a pre�x of z and s a su�x of z.Let u be an in�nite word. If there are words p and w su
h that u = pwww . . ., then
u is said to be eventually periodi
. If p = ε, then u is purely periodi
. Otherwise, u isaperiodi
.We say that an in�nite word is re
urrent if any its fa
tor o

urs in it in�nitely manytimes. It is uniformly re
urrent if any its fa
tor o

urs with bounded gaps betweensu

essive o

urren
es.The k-power of a �nite word w is de�ned as wk = wwk−1 for k > 0 and w0 = ε. If a�nite non-empty word w 
an be fa
torized as w = pke su
h that k ≥ 1, e is a pre�x of
p, and |p| is minimal, then w is |w|

|p|
-power of p and we write w = p

|w|
|p| . For instan
e, wehave abbaab = (abba)

3

2 and starosta = (staro)
8

5 . The 
riti
al exponent of a language Lis the number
Ec(L) = sup{r ∈ Q | wr ∈ L for some non-empty w ∈ L}.A morphism on a free monoid A∗ is a mapping σ satisfying σ(vw) = σ(v)σ(w) for all

v, w ∈ A∗. We say a morphism σ is primitive if for all a ∈ A there exist an integer ksu
h that σk(a) 
ontains all letters of A. By substitution we understand a non-erasingmorphism (for all a ∈ A, σ(a) 6= ε) su
h that there exists a letter a and a non-empty word
w su
h that σ(a) = aw. Note that we 
an �nd slightly di�erent de�nitions of substitutionin the literature. For instan
e, some authors de�ne a substitution to be just a non-erasingmorphism.In what follows, we are interested in in�nite words (more pre
isely their languages)de�ned as �xed points of a substitution. Given a substitution σ, one 
an 
onstru
t its�xed point u as follows: u = σω(a) = awσ(w)σ2(w)σ3(w) . . .. Sin
e there may be more�xed points, it is 
onvenient to denote whi
h �xed point are we working with. To spe
ifythe language generated by σ, we use the following de�nition of D0L-system whi
h is a
ommonly used notion (see [15℄).De�nition 2. A triplet S = (A, σ, w) is 
alled D0L-system if A is an alphabet, σ asubstitution on A, and w ∈ A∗ is a non-empty word. The language of the system L(S)is the set of all fa
tors of words σn(w) for all n ∈ N.We impli
itly suppose that given a D0L-system S = (A, σ, w), it holds that A ⊂ L(S).In other words, if the system does not 
ontain all the letters of A, we impli
itly 
onsiderthe restri
tion of A and σ to those letters it 
ontains.



226 �. StarostaRemark 3. If σ is primitive, then it follows dire
tly from the de�nition of primitivity thatits asso
iated D0L-system (A, σ, w) does not depend on the 
hoi
e of w.As already mentioned, 
ir
ular systems in
lude inje
tive primitive morphisms.Theorem 4 ([12℄). Any D0L-system S = (A, σ, w), with a ∈ A and σ inje
tive andprimitive, is 
ir
ular.Given a language L, we de�ne its fa
tor 
omplexity as the mapping C(n) whi
h asso-
iates to an integer n the number of fa
tors of length n, i.e.,
C(n) := #{w ∈ L | |w| = n}for all n ∈ N.The fa
t that a language is given by a substitution is very important. Given a fa
tor

w ∈ L(S), there is a fa
tor v ∈ L(S) su
h that w is a fa
tor of σ(v). If v is the shortestsu
h fa
tor, then it is 
alled an an
estor (see [11℄).Example 5. Let ϕE be the substitution over {0, 1, 2} de�ned as
ϕE :







0 7→ 01
1 7→ 1012
2 7→ 1

.We are interested in the system SE = ({0, 1, 2}, ϕE, 0). The �xed point uE of ϕEbegins with
uE = 011012101201101211012 . . .and sin
e ϕE is primitive, it is 
lear that L(SE) = L(uE).The fa
tor 01 has 2 an
estors: 0 and 1. The fa
tor 011 has only 1 an
estor whi
h isthe fa
tor 01.As already mentioned, in a D0L-system every fa
tor has at least one an
estor. Tolook for su
h fa
tors means in fa
t to de
ompose a word w into images of letters by thesubstitution σ. The following notion (introdu
ed in [2℄) of syn
hronizing point indi
ateswhether there is a 
ommon point for all su
h de
ompositions in a given fa
tor.De�nition 6. Let S = (A, σ, w) be a D0L-system with σ inje
tive and let v ∈ L(S).An ordered pair (v1, v2), where v1, v2 ∈ L(S), is 
alled a syn
hronizing point point of v if

v = v1v2 and
∀z1, z2 ∈ A∗,

(

z1vz2 ∈ σ(L(S)) ⇒ z1v1 ∈ σ(L(S)) and v2z2 ∈ σ(L(S))
)

.We denote this by v = v1|sv2.One 
an see that if a fa
tor v has a unique an
estor and σ is inje
tive, then v has asyn
hronizing point (provided v is long enough not to be 
entral fa
tor of an image ofa letter). However, the notion of syn
hronizing point is more subtle and the 
onverse isnot true.



Cir
ular D0L-systems, Their Criti
al Exponent and Fa
tor Complexity 227Example 7. Consider again the system SE from Example 5. Its fa
tor 101 
an be de
om-posed as 1|01 or |101. On the other hand, the fa
tor 0121 
an be de
omposed only as
012|1, i.e., it 
ontains a 
ommon �bar� for all de
ompositions and thus a syn
hronizingpoint. For more examples see for instan
e [8℄.De�nition 8. A D0L-system S = (A, σ, w) is 
ir
ular if σ is inje
tive on L(S) and ifthere exists an integer D ∈ N su
h that any v ∈ L(S) longer than D has at least onesyn
hronizing point. The integer D is 
alled a syn
hronizing delay.Example 9. Consider on
e more the system SE from Example 5. Anytime the letter 2o

urs in a fa
tor, we 
an pla
e a syn
hronizing point after it. Sin
e the substitutionis primitive, its �xed point is uniformly re
urrent. Therefore, the fa
tors 2 o

urs in abounded distan
e and there exists syn
hronizing delay. Looking at its set of fa
tors we
an �nd the minimal syn
hronizing delay to be 4.Example 10. The system ({0, 1, 2}, ψ, 0) where ψ is de�ned as

ψ :







0 7→ 01
1 7→ 11
2 7→ 02is not 
ir
ular. One 
an see that the language of the system 
ontains arbitrary powers of

1 and su
h fa
tors have no syn
hronizing point, i.e., 
an be de
omposed as 11|11|1 . . . or
1|11|1 . . ..The presen
e of arbitrary k-power of a fa
tor in a language of a non-
ir
ular systemare not a 
oin
iden
e. The following result states this fa
t.Theorem 11 ([11℄). If a D0L-system does not 
ontain the k-power of any its fa
tors forsome k > 0, then it is 
ir
ular.The following de�nitions and lemmas taken from [5℄ are used in the proof of Theo-rem 1.De�nition 12 ([5℄). Let S = (A, σ, w) be a D0L-system. We say it is strongly repetitiveif there exists a non-empty v ∈ L(S) su
h that vk ∈ L(S) for all k ∈ N.Lemma 13 ([5℄). Given a D0L-system S = (A, σ, w), if L(S) 
ontains a k-power for all
k ∈ N, then G is strongly repetitive.De�nition 14 ([5℄). Let S = (A, σ, w) be a D0L-system. A letter b ∈ A has rank zero if
L ((A, σ, b)) is �nite.

S is pushy if for all n ∈ N there exits v ∈ L(S) of length n whi
h is 
omposed ofletters having rank zero. Otherwise S is non-pushy.Remark 15. One 
an see that if a system S = (A, σ, w) is pushy, then there exists a letter
a ∈ A su
h that |σ(a)| = 1.As illustrated by the following example, the 
onverse to the last remark is not true.Example 16. Let σF be the Fibona

i substitution de�ned above. Sin
e both {σn

F (0)}and {σn
F (1)} are in�nite, the system ({0, 1}, σF , 0) is non-pushy.Moreover, for pushy systems, the following lemma holds.Lemma 17 ([5℄). If a D0L-system S = (A, σ, w) is pushy, then it is strongly repetitive.



228 �. Starosta3 Proof of Theorem 1Proof of Theorem 1. (⇒):Cir
ularity follows from Theorem 11. S being pushy is in 
ontradi
tion with Lemma 17,thus, it is non-pushy.
(⇐):Suppose the 
riti
al exponent of L(S) is in�nite. A

ording to Lemma 13, there existsa non-empty fa
tor v ∈ L(S) su
h that for all n ∈ N, vn ∈ L(S). Take the shortestfa
tor v having su
h property. Sin
e S is 
ir
ular, there exists a �nite syn
hronizingdelay D. Take N ∈ N su
h that |vN | ≥ D. Then vN 
ontains a syn
hronizing point,i.e., vN = v1|sv2. It is 
lear that vN+1 
ontains at least two syn
hronizing points, i.e.,
vN+1 = v1|sv2v = vv1|sv2. In general, vN+k 
ontains k + 1 syn
hronizing points at �xeddistan
es equal to |v|. Sin
e σ is inje
tive, it implies that there exists a unique z ∈ L(S)su
h that vN+k = pσ(zk)s (for some fa
tors p and s) and zk ∈ L(S) for all k ≥ 0.A

ording to the 
hoi
e of v, it is 
lear that |σ(z)| = |z| = |v|. Denote by L1(z) theset of letters o

urring in z. It is 
lear that σ(L1(z)) = L1(v) and ∀a ∈ L1(z) we have
|σ(a)| = 1.We 
an now repeat the pro
ess: take the fa
tor z to play the role of fa
tor v. Thus, we
an �nd an in�nite sequen
e of fa
tors z0 = z, z1, z2 . . . su
h that σ(L1(zk+1)) = L1(zk)and |zk| = |z| for all k ≥ 0. Sin
e A is �nite, it is 
lear that there exists integers m 6= ℓsu
h that L1(zm) = L1(zℓ). This implies that for all k the fa
tor zk is 
omposed of lettersof rank zero. This is a 
ontradi
tion with S being non-pushy.The following 
laim illustrates that we 
annot hope to have in�nite 
riti
al exponentwith a primitive substitution.Claim 18. Let σ be a primitive substitution and let w ∈ A∗ be a non-empty word. Then
S = (A, σ, w) is non-pushy.Proof. Sin
e L(S) is in�nite, a

ording to Remark 3, there are no letters of rank zero.Thus, the system is non-pushy.A

ording to Lemma 17, a pushy system has always 
riti
al exponent in�nite. Thenext example illustrates the last 
ase of a D0L-system having in�nite 
riti
al exponent:a system generated by a non-
ir
ular substitution.Example 19. The system ({0, 1, 2}, ψ, 0) where ψ is de�ned as

ψ :







0 7→ 01
1 7→ 22
2 7→ 11is non-pushy and not 
ir
ular. Its 
riti
al exponent is 
learly in�nite.4 Fa
tor 
omplexity of 
ir
ular D0L-systemsIn this se
tion, we use the results of [13℄ to explore possible orders of growth of fa
tor
omplexities of 
ir
ular D0L-systems.
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ular D0L-systems, Their Criti
al Exponent and Fa
tor Complexity 229De�nition 20 ([13℄). A substitution σ is growing if for all letters a ∈ A we have |σ(a)| >
1. Otherwise it is non-growing.In the next de�nition, by the order of growth of a letter a we mean the order of growthof the sequen
e (|σn(a)|)+∞

n=0.De�nition 21 ([13℄). A substitution σ is said to be quasi-uniform if for all letters havethe same order of growth λn. It is said to be polynomially divergent if every letter a hasits order of growth neaλn with λ > 1 and ea non zero. Finally, it is exponentially divergentif there exist two letters a and b su
h that their order of growth is neaλn
a and nebλn

b with
1 < λa < λb and λc > 1 for all c ∈ A.Theorem 22 ([13℄). Let u = σω(a) be an aperiodi
 in�nite word su
h that σ is a growingsubstitution. If σ is respe
tively quasi-uniform, polynomially divergent or exponentiallydivergent, the fa
tor 
omplexity of L(u) is respe
tively Θ(n), Θ(n log logn) or Θ(n log n).Corollary 23. Let S = (A, σ, w) be 
ir
ular and non-pushy. Then its fa
tor 
omplexity
C(n) is Θ(n), Θ(n log logn) or Θ(n logn).Proof. Suppose σ is not growing. One 
an see that sin
e S is non-pushy, we 
an �nd aninteger k > 0 su
h that σk is growing and L(S) = L(S ′) where S ′ = (A, σk, w). Thus,we may suppose σ is growing without loss of generality. For all a ∈ A, the 
ir
ularityof S ′′ = (A, σ, a) implies that there is no fa
tor p su
h that L(pω) = L(S ′′) and thus thefa
tor 
omplexity of L(S ′′) is unbounded. (Sin
e σω(a) may not be well de�ned, we needthis to repla
e the aperiodi
ity assumption in order to be able to apply Theorem 22.)To �nish the proof it remains to see if σ is quasi-uniform, polynomially divergent, orexponentially divergent and apply Theorem 22.The systems generated by a primitive substitution have their fa
tor 
omplexity oforder Θ(n). The next two examples illustrate the last two 
ases.Example 24. Let Ψ be the following substitution

Ψ :























0 7→ 012340
1 7→ 21112
2 7→ 12221
3 7→ 344443
4 7→ 433334is exponentially divergent (|Ψn(1)| = |Ψn(2)| = 5n and |Ψn(3)| = |Ψn(4)| = 6n), the D0L-system ({0, 1, 2, 3, 4},Ψ, 0) is 
ir
ular and non-pushy. Therefore, the fa
tor 
omplexity ofthis system is Θ(n logn).Example 25. Let Ψ be the following substitution

Ψ :







0 7→ 0101010101
1 7→ 02220
2 7→ 20002is polynomially divergent (|Ψn(1)| = |Ψn(2)| = 5n and |Ψn(0)| = (n + 1)5n), the D0L-system ({0, 1, 2, 3, 4},Ψ, 0) is 
ir
ular and non-pushy. Therefore, the fa
tor 
omplexity ofthis system is Θ(n log logn).



230 �. StarostaIt remains to deal with push 
ir
ular D0L-systems. The following theorem is rewrittenin our terminology.Theorem 26 ([13℄). Let u = σω(a) be an aperiodi
 in�nite word su
h that σ is a non-growing substitution. If L(u) 
ontains fa
tors 
omposed of letters of rank zero of arbitrarylength, then its fa
tor 
omplexity satis�es
c1n

2 ≤ C(n) ≤ c2n
2,with c1 > 0.The following 
orollary is an appli
ation of the last theorem to our setting.Corollary 27. Let S = (A, σ, w) be 
ir
ular and pushy. Then its fa
tor 
omplexitysatis�es C(n) = Θ(n2).Proof. Sin
e S is pushy, there exists a letter a ∈ A su
h that S ′ = (A, σ, a) is pushy.A

ording to Lemma 17, S ′ is strongly repetitive, i.e., there exists a fa
tor v ∈ L(S ′) su
hthat vk ∈ L(S ′) for any k > 0. We 
an now use a similar argument as in the proof ofTheorem 1 to see that v 
an be 
hosen to be 
omposed of letters of rank zero. A

ordingto Remark 15, σ is non-growing.Suppose that the fa
tor 
omplexity of S ′ is bounded. In other words, there exists aword p su
h that L(S ′) = L(pω). However, this is in 
ontradi
tion with 
ir
ularity of S ′and L(S ′) is unbounded.Thus, applying Theorem 26, one 
an see that the fa
tor 
omplexity of S ′ is quadrati
.Finally, sin
e for every letter b ∈ A the system (A, σ, b) has at most quadrati
 
omplexity(using also Corollary 23), it follows that the fa
tor 
omplexity C(n) of S is Θ(n2).Let us illustrate this 
ase by an example.Example 28. Let σP be de�ned as

σP :

{

0 7→ 001
1 7→ 1The system S = ({0, 1}, σP , 0) is 
ir
ular and pushy. It is easy to see that its fa
tor
omplexity is quadrati
.A
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Transportní jevy ve vodíkový
h palivový
h£lán
í
h∗Lu
ie Strmisková2. ro£ník PGS, email: lu
ka.strmiskova�seznam.
zKatedra fyzikyFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Franti²ek Mar²ík, Ústav termome
haniky, AV �R, v.v.i.Abstra
t.We explain the basi
 operation of the hydrogen fuel 
ell. Then we 
ompute the voltagegenerated by fuel 
ell and its e�
ien
y. We will present the major 
auses of voltage drop. Thenwe des
ribe the most important transport phenomena in fuel 
ells. We are espe
ially interestedin water transport.Keywords: hydrogen fuel 
ell, overvoltage, water transportAbstrakt. V £lánku je vysv¥tlen prin
ip fungování vodíkový
h palivový
h £lánk·. Dále je vypo-£ítáno nap¥tí generované palivovým £lánkem a jeho ú£innost. Jsou rozebrány nej£ast¥j²í p°í£inynap¥´ový
h ztrát. Dále jsou popsány nejvýznamn¥j²í transportní jevy probíhají
í v palivovém£lánku, p°i£emº zvlá²tní pozornost je v¥nována pohybu vody.Klí£ová slova: vodíkový palivový £lánek, nap¥´ové ztráty, transport vody1 ÚvodPo£et lidí na planet¥ neustále vzr·stá, stejn¥ tak se zvy²uje i jeji
h ºivotní úrove¬. Vy-soká ºivotní úrove¬ spojená s moºností 
estování na velké vzdálenosti s sebou nese v¥t²íspot°ebu elektri
ké energie a ropy. Tato enormní spot°eba vede k ry
hlému vy£erpávánízdroj· fosilní
h paliv. Obrovské mnoºství aut také produkuje velké objemy výfukový
hplyn·, které nenávratn¥ ni£í na²e ºivotní prost°edí. V poslední dob¥ se proto usilovn¥hledá °e²ení, jak nahradit fosilní paliva jinými zdroji energie a jak napravit po²kozenéºivotní prost°edí.Jedním z moºný
h °e²ení této situa
e je pouºívání aut s vodíkovými palivovými £lánkynamísto aut s klasi
kými spalova
ími motory.Základní prin
ip fungování vodíkového palivového £lánku je velmi jednodu
hý. Jednáse o obrá
enou elektrolýzu vody - vodík se slu£uje s kyslíkem za vzniku elektri
kéhoproudu a vody. Protoºe voda je jediným vedlej²ím produktem tohoto pro
esu, jedná se ovelmi ekologi
ký zp·sob získávání elektri
ké energie.Naví
 vodíkové palivové £lánky pra
ují velmi ti²e a vyzna£ují se vysokou ú£inností. Zt¥
hto d·vod· je vodíkovým te
hnologiím v sou£asné dob¥ v¥nována zna£ná pozornost.Ve vysp¥lý
h zemí
h se uvaºuje o p°e
hodu na vodíkovou ekonomiku, jeº by znamenalapodstatné sníºení emisí skleníkový
h plyn· a látek zne£is´ují
í
h ovzdu²í. Pokud by byl
∗Tato prá
e byla podpo°ena grantem £íslo GD202/08/H072 �nan
ovaným Grantovou agenturou �eskérepubliky 233



234 L. Strmiskovávodík vyráb¥n z obnovitelný
h zdroj·, byly by ²kodlivé emise v podstat¥ nulové. Ale i p°ivýrob¥ z fosilní
h paliv by do²lo ke zna£nému zlep²ení ovzdu²í ve velký
h aglomera
í
hp°esunutím exhala
í do výroben vodíku.Na následují
í
h stránká
h se proto budu v¥novat vodíkovým palivovým £lánk·m.Nejd°íve popí²u prin
ip fungování vodíkového palivového £lánku s polymerní elektroly-ti
kou membránou, pak se budu zabývat jeho ú£inností. Nakone
 popí²u nejd·leºit¥j²ítransportní jevy probíhají
í v membrán¥, p°i£emº zvlá²tní pozornost bude v¥nována po-hybu vody.2 Vodíkový palivový £lánekPrvní vodíkový palivový £lánek sestrojil William Grove uº v ro
e 1839. Vznikají
í proudbyl v²ak velmi malý. Jednak proto, ºe p°ivedený plyn, ty£ová elektroda a elektrolyt sestýkali na velmi malé plo²e. Naví
 velká vzdálenost mezi elektrodami zp·sobovala zna£néohmi
ké ztráty.Aby se zvý²ilo mnoºství elektri
kého proudu, elektrody se dnes obvykle vyrábí plo
hés tenkou vrstvi£kou elektrolytu mezi nimi. Dal²í v¥
, která limituje mnoºství vznikají
íhoelektri
kého proudu, je pomalý pr·b¥h 
hemi
ký
h reak
í na povr²í
h elektrod. Vodíkovépalivové £lánky totiº pra
ují p°i niº²í
h teplotá
h, 
oº práv¥ vede k pomalému pr·b¥hureak
e. Ry
hlost reak
e se b¥ºn¥ zvy²uje uºitím katalyzátor· a zvý²ením teploty, za které
hemi
ká reak
e probíhá. U vodíkový
h palivový
h £lánk· se uºívá jako katalyzátor pla-tina a i kdyº se jedná o velmi drahý kov, v £lánku je ho pouºito tak malé mnoºství, ºeve srovnání s 
enou zbylý
h komponent je jeho 
ena zanedbatelná.Protoºe vzniklé elektrony musí být odvedeny pry£, musí reak
e probíhat na povr
huelektrody. Je jasné, ºe £ím v¥t²í povr
h bude elektroda mít, tím ry
hleji bude reak
eprobíhat. Pro zvý²ení jeji
h povr
hu se elektrody vyrábí velmi porézní. Mikrostrukturadnes uºívaný
h elektrod zvy²uje jeji
h ú£inný povr
h o 2 aº 3 °ády.Palivový £lánek je elektro
hemi
ké za°ízení, které spot°ebovává palivo a oxidant ap°evádí je na vodu a elektri
kou energii. Základní prin
ip vodíkového palivového £lánkum·ºe být popsán takto.Na anodu je p°iveden plynný vodík. Ten zde ionizuje.
2H2 → 4H+ + 4e− (1)Tato reak
e je exotermi
ká, ale naza£ne samovoln¥, vºdy je pot°eba ur£ité mnoºství akti-va£ní energie k jejímu rozb¥hnutí. Vzniklé protony pro
hází elektrolytem ke katod¥, kdereagují s kyslíkem, který je na katodu obvykle vhán¥n jako sou£ást vzdu
hu, a elektronyz elektrody za vzniku vody.

O2 + 4e− + 4H+ → 2H2O (2)Pro správné fungování vodíkového palivového £lánku je nutné, aby tyto reak
e probíhalyspojit¥. Elektrony vzniklé na anod¥ pro
házejí vn¥j²ím elektri
kým obvodem ke katod¥ aprotony pro
házejí ke katod¥ p°es elektrolyt. Elektrolyt proto musí být vyroben z tako-vého materiálu, který se vyzna£uje vysokou protonovou vodivostí a zárove¬ neumoº¬uje
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hod elektron·. Pokud by elektrolytem pro
házely i elektrony, nedostali by
hom po-ºadovaný elektri
ký proud.Na²e skupina se zabývá vodíkovými palivovými £lánky, kde je elektrolytem pevný po-lymer na bázi poly�uorethylenu, známý pod ob
hodní zna£kou Na�on. Základem tohotomateriálu je tetra�uorethylen, známý také pod názvem Te�on. Tetra�uorethylenu pro-jde polymeriza
í a poté jsou k n¥mu p°ipojeny bo£ní °etízky obsahují
í kyselinu si°i£nou
HSO3. Mezi H+ a SO−

3 je iontová vazba. Ionty H+ a SO−

3 z r·zný
h bo£ní
h °etízk·jsou k sob¥ velmi siln¥ p°itahovány a tvo°í shluky. Kyselina si°i£ná je siln¥ hydro�lní,zatím
o polytetra�uorethylen je naopak siln¥ hydrofobní. Tyto hydro�lní shluky °etízk·uvnit° hydrofobního materiálu k sob¥ váºou molekuly vody a tvo°í tak jakýsi kanálek,který umoº¬uje hladký pr·
hod proton·m.Je jasné, ºe £ím ví
e vody tyto shluky bo£ní
h °etízk· obsahují, tím lep²í protonovouvodivostí se elektrolyt vyzna£uje.Krom¥ vysoké protonové vodivosti je Na�on velmi odolný jak v·£i 
hemi
kým, takme
hani
kým vliv·m. Jeho me
hani
ká pevnost umoº¬uje vyrobit velmi tenkou vrstvi£kuelektrolytu aº do hodnoty 50µm, 
oº podstatn¥ sniºuje jeho elektri
ký odpor.3 Nap¥tí generované palivovým £lánkemVelmi jednodu
hou úvahou ur£íme teoreti
kou hodnotu nap¥tí generovaného palivovým£lánkem. Z rovni
 (1), (2) je z°ejmé, ºe na 1 mol vodíku p°ipadá 2NA elektron· jdou
í
hvn¥j²ím obvodem, kde NA je Avogadrovo £íslo. Vzniklý náboj je tedy
Q = −2NAe = −2F,kde F = 96485C.mol−1 je Faradayova konstanta.Prá
e vykonaná vn¥j²ím elektri
kým polem je

W = QU.Z klasi
ké termodynamiky je známo, ºe maximální moºná prá
e vykonaná systémemje rovna zm¥n¥ jeho Gibbsovy volné energie
W = ∆g = −2FU.Zm¥na Gibbsovy energie ∆g je rovna rozdílu Gibbsový
h energií produkt· a reaktant· a vna²em p°ípad¥ je výhodné vztáhnout její mnoºství na 1 mol látky, 
oº práv¥ zd·raz¬ujememalým písmenem.Teoreti
ká hodnota nap¥tí (ozna£íme ji indexem 0) generovaného vodíkovým palivo-vým £lánkem je tedy

U0 = −∆g

2F
. (3)Zm¥na Gibbsovy energie závisí na hodnotá
h stavový
h veli£in - tlaku a teploty. P°iteplot¥ t = 25◦C a standardním tlaku p = 100kPa vzniká voda v kapalné fázi a teoreti
káhodnota nap¥tí je U0 = 1, 23V.



236 L. StrmiskováZ klasi
ké termodynamiky je známo, ºe pro na²i 
hemi
kou reak
i
H2 +

1

2
O2 → H2Ose Gibbsova energie m¥ní s tlakem podle vztahu

∆g = ∆g0 − RT ln
(aH2

a
1

2

02

aH2O

)

, (4)kde a jsou aktivity jednotlivý
h sloºek a ∆g0 zna£í zm¥nu Gibbsovy energie za standard-ního tlaku.Potom m·ºeme teoreti
ké nap¥tí palivového £lánku psát ve tvaru
U = U0 + RT ln

(aH2
a

1

2

02

aH2O

)

, (5)kde indexem 0 u hodnoty nap¥tí op¥t ozna£ujeme, ºe se jedná o hodnotu za standarníhotlaku. Rovni
e (5) se nazývá Nernstova rovni
e.P°edpokládáme-li, ºe palivový £lánek pra
uje p°i vy²²í
h teplotá
h, voda vzniká veform¥ páry a je rozumné p°edpokládat, ºe 
hování reaktant· i produkt· bude s dobroup°esností odpovídat 
hování ideálního plynu. Pro ideální plyn platí, ºe jeho aktivita jerovna a = p

p0
, kde p0 je hodnota standardního tlaku. Proto platí

aH2
=

pH2

p0

, aO2
=

pO2

p0

, aH2O =
pH2O

p0a dosazujeme-li tlaky v bare
h, m·ºeme psát Nernstovu rovni
i ve tvaru
U = U0 + RT ln

(pH2
p

1

2

02

pH2O

)

. (6)Zm¥na Gibbsovy energie ∆g s tlakem je velmi d·leºitá. Jak uº bylo °e£eno, na katoduje vhán¥n kyslík jako sou£ást vzdu
hu. Kyslík je b¥hem 
hemi
ké reak
e spot°ebováván,tzn. klesá jeho par
iální tlak. Naopak par
iální tlak vody b¥hem reak
e roste, protoºe jereak
í produkována.K ur£ení závislosti nap¥tí generovaného palivovým £lánkem na teplot¥, vyuºijemetermodynami
kou rovnost
(∂G

∂T

)

p
= −S.Rovni
i m·ºeme p°epsat do tvaru

(∂∆g

∂T

)

p
= −∆s,odkud plyne

U = U0 +
∆s

2F
(T − T 0), (7)
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Obrázek 1: Nap¥tí generované palivovým £lánkem. [5℄kde U0 je nap¥tí generované £lánkem za standardní teploty a ∆s zna£í zm¥nu entropie 1molu látky. S velkou p°esností se dá p°edpokládat, ºe se entropie s teplotou nem¥ní a jejízm¥na závisí p°edev²ím na zm¥n¥ látkového mnoºství plynu b¥hem reak
e.
∆s ∼ ∆nplyn = Σnplynprod − nplynreak,
oº v na²em p°ípad¥ dává hodnotu ∆s ∼ 1−1, 5 = −0, 5. Ve vodíkovém palivovém £lánkutedy nap¥tí se vzr·stají
í teplotou klesá.4 Nap¥´ové ztrátyUr£ili jsme, ºe teoreti
ká hodnota nap¥tí U0 se dá spo£ítat jednodu
hou formulí (3). Naobrázku m·ºeme vid¥t typi
ký pr·b¥h nap¥tí generovaného nízkoteplotním (ke kterýmpat°í i vodíkový) palivovým £lánkem. Z obrázku je z°ejmé, ºe dokon
e i nap¥tí naprázdnoje podstatn¥ men²í neº námi vypo£tená hodnota. Naví
 £ím v¥t²í odebíráme proud, tímmen²í nap¥tí jsme s
hopni získat. Na následují
í
h °ád
í
h popí²u hlavní p°í£iny nap¥´o-vý
h ztrát [3℄.Aktiva£ní ztráty jsou zp·sobeny pomalým pr·b¥hem reak
e na povr²í
h elektrod. Zexperiment· vyplynulo, ºe pro v²e
hny typy palivový
h £lánk· m·ºeme aktiva£ní ztrátypopsat jednodu
hou empiri
kou rovni
í

∆Uakt = A ln
( i

i0

)

, i > i0.Konstanta A je tím vy²²í, £ím pomalej²í je pr·b¥h reak
e. Naopak i0 s ry
hlej²ím pr·b¥-hem reak
e vzr·stá, p°i£emº nar·st zp·sobený i0 p°evý²í pokles zp·sobený konstantou
A. Konstanta i0 má jednodu
hý fyzikální význam. I kdyº se nám zdá, ºe reak
e

O2 + 4e− + 4H+ → 2H2O



238 L. Strmiskováneprobíhá, skute£nost je taková, ºe tato reak
e probíhá, ale ob¥ma sm¥ry stejn¥ ry
hle.Existuje tedy neustálý tok elektron·, proudová hustota i0 udává práv¥ hodnotu tohototoku a nazývá se proto vým¥nný proud.Ch
eme-li tedy sníºit aktiva£ní ztráty, musíme zvý²it vým¥nný proud. Jedním z moº-ný
h zp·sob· je zvý²ení teploty, za které 
hemi
ké reak
e v palivovém £lánku probíhají.Skute£n¥ je pozorováno, ºe u vysokoteplotní
h palivový
h £lánk· je nap¥´ový skok zp·-sobený aktiva£ními ztrátami mnohem men²í neº u £lánk· nízkoteplotní
h. Dal²í zp·sob,jak zvý²it hodnotu i0, je uºít katalyzátor a zv¥t²it povr
h elektrod.Vnit°ní proud a pr·
hod paliva elektrolytem také zp·sobují pokles nap¥tí.Jak bylo °e£eno na za£átku, od elektrolytu poºadujeme, aby byl dobrým protonovýmvodi£em, zárove¬ ale neumoºnil pr·
hod elektron·m. V praxi ale vºdy nepatrné mnoºstvíelektron· elektrolytem projde. Tento proud elektron· nazýváme proudem vnit°ním. Je²t¥významn¥j²í neº ztráty zp·sobené vnit°ním proudem je nevyuºité palivo pro
házejí
íelektrolytem. Stává se, ºe malá £ást vodíku na anod¥ nestihne zreagovat, ale difundujeke katod¥, kde zreaguje s kyslíkem p°ímo, bez zisku elektri
kého proudu. M·ºeme sip°edstavit vnit°ní proud jako proud, který se p°idá k odebíranému proudu a zp·sobujetak aktiva£ní ztráty. Spojíme-li aktiva£ní ztráty a vnit°ní proud do jedné rovni
e, získámepro zm¥nu nap¥tí výraz
∆Uakt = A ln

( i + in

i0

)

.Ohmi
ké ztráty jsou zp·sobeny z men²í £ásti elektri
kým odporem elektrod, z v¥t²ípak odporem elektrolytu. Jsou popsány Ohmovým zákonem
U = ir,kde i je proudová hustota a r plo²ný elektri
ký odpor vyjád°ený v jednotká
h Ωm2.Ohmi
ké ztráty je moºné sníºit uºitím elektrod s 
o nejlep²í vodivostí a také, 
oº je upalivový
h £lánk· b¥ºné, mít mezi elektrodami 
o nejten²í vrstvi£ku elektrolytu. Problémje, ºe tato vrstvi£ka nesmí být tenká mo
, protoºe jinak by mohlo dojít mezi elektrodamike zkratu.Kon
entra£ní ztráty Na katodu je vhán¥n vzdu
h a je z n¥j spot°ebováván kyslík.Tím klesá jeho par
iální tlak a podle Nernstovy rovni
e do
hází k poklesu nap¥tí. Velikostt¥
hto ztrát závisí na velikosti odebíraného proudu a také na tom, jak ry
hle vzdu
h v£lánku 
irkuluje, tj. jak ry
hle m·ºe být spot°ebovaný kyslík nahrazen novým.Stejná situa
e nastává na anod¥, kdy do
hází ke sníºení par
iálního tlaku vodíku.Bohuºel neexistuje fyzikální teorie, která by byla univerzáln¥ pouºitelná pro v²e
hnytypy palivový
h £lánk·. Proto se uºívá empiri
kého vzor
e

∆Ukon = m exp (ni),kde i je proudová hustota a konstanty m, n jdou zvolit tak, aby odpovídaly experimentáln¥nam¥°eným hodnotám.S p°ihlédnutím k p°ed
hozím rovni
ím m·ºeme tedy nap¥tí generované palivovým£lánkem napsat ve tvaru
U = U0 − ir − A ln

( i + in

i0

)

+ m exp (ni). (8)
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h 2395 Ú£innost palivového £lánkuJe n¥kolik zp·sob·, jak de�novat ú£innost palivového £lánku. My budeme mluvit o dvou zni
h - o ú£innosti termodynami
ké a ú£innosti nap¥´ové. Protoºe palivové £lánky vyuºívajímateriály, které se obvykle pro získání energie spalují, je vhodné srovnat produkovanouelektri
kou energii s teplem, které by
hom získali spálením vodíku, tj. se zm¥nou entalpie
∆H.Termodynami
ká ú£innost je tedy de�nována jako

ηt =
W

∆H
. (9)Z klasi
ké termodynamiky je známo, ºe produkovaná elektri
ká energie W m·ºe býtmaximáln¥ rovna zm¥n¥ Gibbsovy energie ∆G. Proto je maximální moºná termodyna-mi
ká ú£innost rovna

ηt,max =
∆G

∆H
= 0, 83pro reak
i probíhají
í za standardního tlaku a teploty.Nap¥´ová ú£innost η = W

∆G
srovnává produkovanou elektri
kou energii s maximálnímoºnou.Gibbsova energie je spojena s entalpií termodynami
kým vztahem

G = H − TS. (10)De�nujeme-li £asovou zm¥nu entalpie jako Ḣ = ∆W
∆t

a výkon jako Ẇ = ∆W
∆t

, m·ºemepsát termodynami
kou ú£innost ve tvaru
ηt =

Ẇ

Ḣ
=

Ẇ

Ġ + T Ṡ
, (11)kde výkon elektri
kého pole je ve tvaru

Ẇ = −~jH+ .F∇φ (12)a protoºe se jedná o disipativní pro
es, je produk
e entropie kladná.Z termodynamiky je známo, ºe produk
e entropie má obe
n¥ tvar sou£inu zobe
n¥ný
htok· a jim p°íslu²ejí
í
h zobe
n¥ný
h sil.
Ṡ = −~jH2O.∇

(µH2O

T

)

−~jH+∇
(Fφ

T

)

. (13)Díky tomu, ºe je membrána tak tenká, m·ºeme p°edpokládat, ºe její teplota je konstantní.Te¤ vyuºijeme standardního postupu lineární nerovnováºné termodynamiky a napí-²eme toky vody a proton· jako
~jH2O = −L11∇µH2O − L12∇(Fφ), (14)
~jH+ = −L21∇µH2O − L22∇(Fφ). (15)
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ké koe�
ienty Lij závisí na stavový
h prom¥nný
h systému, ale nezávisí nato
í
h, ani zobe
n¥ný
h silá
h. O jeji
h fyzikálním významu promluvíme v poslední £ásti.Postupem z [4℄ vypo£ítáme termodynami
kou ú£innost. Její obrá
enou hodnotu m·-ºeme napsat ve tvaru
1

ηt

=
Ġ

Ẇ
+

T Ṡ

Ẇ
=

1

η
+

1

ε
, (16)kde ε ozna£uje relativní disipa
i de�novanou jako

ε =
Ẇ

T Ṡ
=

~jH+F∇φ

~jH+F∇φ +~jH2O∇µH2O

. (17)
ηt =

W

∆G

∆G

∆H
= η

∆G

∆H
(18)

η =
∆H − ∆G

∆G
ε η0 = 0, 205ε (19)Hodnota ú£innosti η0 je op¥t vyjád°ena za standardního tlaku a teploty. Je tedy jasné,ºe pokud 
h
eme zvý²it ú£innost palivového £lánku, musíme zvý²it hodnotu relativnídisipa
e ε. Dosadíme-li do rovni
e (17) hodnoty tok· ve tvaru (14), (15) a zavedeme-linové prom¥nné

y =

√

L11

L22

|∇µH2O

F∇φ
|, q =

L21√
L11L22

, (20)relativní disipa
e získá tvar
ε =

1 + qy

1 + 2qy + y2
(21)Podmínka maxima funk
e dε

dy
= 0 vede na kvadrati
kou rovni
i qy2 +2y + q = 0. Reálnýmpodmínkám odpovídá ko°en

y =
−1 +

√

1 − q2

q
. (22)6 Transport vody membránouZ p°ed
hozího popisu vodíkového palivového £lánku je jasné, ºe aby byla polymerní elekt-rolyti
ká membrána dobrým protonovým vodi£em, musí být dostate£n¥ hydratovaná. Nadruhou stranu nesmí být hydratovaná mo
, do²lo by totiº k zaplavení elektrod.Je²t¥ jednou popí²eme nejvýznamn¥j²í transportní pro
esy v membrán¥. Protony setvo°í na anod¥ a pro
hází elektrolyti
kou membránou ke katod¥. Protonová vodivost jeúm¥rná obsahu vody v elektrolytu. Voda se tvo°í na katod¥ a difunduje sm¥rem k anod¥.Protoºe membrána je velmi tenká, p°i tro²e snahy m·ºe být dosaºeno vhodné hydra-ta
e 
elé membrány. Existuje ale n¥kolik komplika
í. Jedním z ni
h je tzv. elektroosmo-ti
ké strhávání. Protony pohybují
í se od anody ke katod¥ s sebou strhnou molekuly vody(jeden proton dokáºe strhnout aº 5 molekul vody). To znamená, ºe obzvlá²t¥ p°i velký
hhustotá
h odebíraného proudu, m·ºe být £ást elektrolytu blíº anod¥ z
ela vysu²ená, ikdyº katoda sama o sob¥ je hydratovaná dostate£n¥.
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h 241Je²t¥ v¥t²ím problémem neº elektroosmoti
ké strhávání je vysou²ení vzdu
hem, kterép°i vysoký
h teplotá
h nastává. Proto je b¥ºné zvlh£ovat vzdu
h p°ed tím, neº vstoupído palivového £lánku.Nyní se podíváme na fyzikální význam fenomenologi
ký
h koe�
ient· Lij , které se ob-jevily v rovni
í
h (14), (15). Je jasné, ºe v membrán¥ probíhá difúze vody a pohyb proton·.Difúzi m·ºeme popsat Fi
kovým zákonem a pohyb proton· zase zákonem Ohmovým.
~jH2O = −DH2O∇cH2O − L1∇φ (23)

~jH+ = − σ

F
∇φ − L2∇cH2O (24)

DH2O je difúzní koe�
ient a σ vodivost membrány. Jak uº bylo °e£eno, pohybují
í se pro-tony s sebou strhávají molekuly vody a naopak molekuly vody strhávají p°i svém pohybuprotony. Proto p°ed
hozí rovni
e obsahují i k°íºové £leny. Z p°ed
hozího popisu je jasné, ºekoe�
ient L1 m·ºeme napsat jako L1 = nd
σ
F
, kde nd je tzv. koe�
ient elektroosmoti
kéhostrhávání a jeho hodnota udává, kolik molekul vody je strºeno jedním protonem.7 Záv¥rCílemmojí prá
e bylo seznámit se s fungováním vodíkového palivového £lánku s polymerníelektrolyti
kou membránou. Po
hopila jsem, na jakém prin
ipu palivový £lánek funguje azajímala jsem se o transportní jevy probíhají
í v membrán¥. Tato prá
e má slouºit jakopodklad pro tvorbu numeri
kého modelu, který by byl s
hopný popsat transportní jevyprobíhají
í v membrán¥.Literatura[1℄ Y. Demirel. Nonequilibrium Thermodynami
s: Transport and Rate Pro
esses in Phy-si
al and Biologi
al Systems. Elsevier S
ien
e, 2002[2℄ J. Kvasni
a. Termodynamika. Státní nakladatelství te
hni
ké literatury. 1965[3℄ J. Larminie. A. Di
ks. Fuel 
ells systems explained. JOhn Willey and Sons Ltd., 2003[4℄ T. N¥me
. F. Mar²ík. O. Mi£an The 
hara
teristi
 thi
kness of polymer ele
trolytemembrane and e�
ien
y of fuel 
ell. Heat Transfer Engineering, 30(7), 574-581, 2009[5℄ http://www.e
o
ar.mek.dtu.dk/Innovator/Fuel%20
ell.aspx
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ulty of Nu
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ien
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e of the spa
e of 
omplex sequen
es isintrodu
ed with its main algebrai
 properties. With the aid of F, the 
hara
teristi
 fun
tionis de�ned for a Ja
obi matrix from a 
ertain 
lass. Similarly as in the 
ase of �nite matri
es,zeros of the 
hara
teristi
 fun
tion 
oin
ide with eigenvalues of the respe
tive Ja
obi operator.Further, I restri
t myself on a more spe
ial sub
lass of investigated Ja
obi matri
es and derive aformula for the regularized 
hara
teristi
 fun
tion in terms of the in�nite produ
t of Hadamardtype whi
h forms the major part of the paper.Keywords: Ja
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hara
teristi
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torizationAbstrakt. Na podmnoºine prostoru komplexní
h posloupností de�nuji funk
i F a uvedu n¥kteréjejí algebrai
ké vlastnosti. Pomo
í F zavedu 
harakteristi
kou funk
i pro Ja
obiho mati
e jistéhotypu. Podobn¥ jako v p°ípad¥ kone£ný
h mati
 platí, ºe nuly 
harakteristi
ké funk
e jsou vlastní£ísla studovaného Ja
obiho operátoru. Hlavní £ást p°ísp¥vku je v¥nována odvození formule proregularizovanou 
harakteristi
kou funk
i ve tvaru nekone£ného sou£inu Hadamardova typu.Klí£ová slova: Ja
obiho mati
e, 
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ká funk
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e1 Introdu
tionResults of this paper are related to the eigenvalue problem of in�nite symmetri
 tridiago-nal (Ja
obi) matri
es. At the start, I introdu
e a fun
tion whi
h is 
alled F and is de�nedon a subspa
e of the linear spa
e of all 
omplex sequen
es. This fun
tion has many ni
eand simple algebrai
 properties. Several of them are presented, �rst of all, the three-termre
urren
e relation. Other properties are dis
ussed in [5℄.Further, I present the Ja
obi operator J of a 
ertain type and, with the aid of F,de�ne a 
omplex fun
tion of one 
omplex variable 
alled the 
hara
teristi
 fun
tion of
J . Zeros of the 
hara
teristi
 fun
tion 
oin
ide with the spe
trum of J , similarly as inthe 
ase of �nite matri
es. Moreover, a ve
tor-valued fun
tion is 
onstru
ted having theproperty that its values on spe
tral points of J are equal to 
orresponding eigenve
tors.
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hFinally, the Green fun
tion of the Ja
obi operator J is expressed in terms of F in a very
ompa
t manner.In the last and main part of this 
ontribution I fo
us on the derivation of the formulafor the regularized 
hara
teristi
 fun
tion in the form of Hadamard in�nite produ
t whereeigenvalues of the studied operator plays an essential role. The approa
h is based onthe theory of regularized determinants whi
h is ni
ely treated in [4℄. General results aredemonstrated on a very spe
ial Ja
obi matrix whose parallels to the diagonal are 
onstantand whose diagonal depends linearly on the index.2 Fun
tion F and its PropertiesI have introdu
ed a fun
tion 
alled F and list its main properties in do
toral days 2010pro
eedings, [6℄. Let me brie�y re
all the de�nition and the main properties sin
e thesefa
ts are essential for next se
tions.De�nition 1. De�ne F : D → C

F(x) = 1 +
∞
∑

m=1

(−1)m
∞
∑

k1=1

∞
∑

k2=k1+2

. . .
∞
∑

km=km−1+2

xk1xk1+1xk2xk2+1 . . . xkm
xkm+1 (1)where

D =

{

{xk}
∞
k=1 ⊂ C;

∞
∑

k=1

|xkxk+1| < ∞

}

.For a �nite number of 
omplex variables let me identify F(x1, x2, . . . , xn) with F(x) where
x = (x1, x2, . . . , xn, 0, 0, 0, . . . ).Remark 2. Note that the domain D is not a linear spa
e. One has, however, ℓ2(N) ⊂ D.Further, for x ∈ D one has estimation

|F(x)| ≤ exp

(

∞
∑

k=1

|xkxk+1|

)

. (2)This inequality follows from the fa
t that the absolute value of the mth summand in theRHS of (1) is majorized by the expression
∑

k∈Nm

k1<k2<···<km

|xk1xk1+1xk2xk2+1 . . . xkm
xkm+1| ≤

1

m!

(

∞
∑

j=1

|xjxj+1|

)m

.First, F satis�es a very important three-term re
urren
e relation
F(x) = F(x1, . . . , xk) F(T kx) − F(x1, . . . , xk−1)xkxk+1F(T k+1x), k = 1, 2, . . . (3)where x ∈ D and T denotes the trun
ation operator from the left de�ned on the spa
eof all sequen
es and whi
h has, for k = 1, very simple form

F(x) = F(Tx) − x1x2F(T 2x). (4)
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ts for Regularized Chara
teristi
 Fun
tion of Ja
obi Operator 245Respe
tive proofs of the above statements and other details 
an be found in [5℄. Se
ond,fun
tion F restri
ted on ℓ2(N) is a 
ontinuous fun
tional and, �nally, for x ∈ D, it holds
lim

n→∞
F(T nx) = 1 (5)and

lim
n→∞

F(x1, x2, . . . , xn) = F(x). (6)Although proofs of these properties has not been published yet and exists only in personalnotes of the author, they are not presented here.3 Chara
teristi
 Fun
tion and Ja
obi OperatorsIn the whole se
tion, suppose sequen
es λ := {λn}
∞
n=1 ⊂ C, w := {wn}

∞
n=1 ⊂ C \ {0},satisfying

∞
∑

n=1

|wn|
2

|(λn+1 − z)(λn − z)|
< ∞, (7)for some z ∈ C, are given. Further, let the set of all a

umulation points of λ, denoted

der(λ), be �nite. It 
an be shown, if the 
ondition (7) holds for one z ∈ C \ λ (λ standsfor the 
losure of λ in C) then it remains true for all z ∈ C\λ. Consequently, the fun
tion
FJ , given by relation

FJ (z) := F

({

γ2
n

λn − z

}∞

n=1

)

,where γ1 = 1 and γnγn+1 = wn, for n ∈ N, is well de�ned on C \ λ. For the originof the gamma sequen
e see [5℄. Let me 
all FJ the 
hara
teristi
 fun
tion for Ja
obioperator J introdu
ed below. The reason for this terminology follows from the fa
t thatthe 
hara
teristi
 fun
tion for a Ja
obi matrix of a �nite dimension 
an be expressed interms of F with trun
ated argument. More pre
isely, it holds
det(Jn − zIn) =

(

n
∏

k=1

(λk − z)

)

F

(

γ2
1

λ1 − z
,

γ2
2

λ2 − z
, . . . ,

γ2
n

λn − z

)

, (8)where
Jn =















λ1 w1

w1 λ2 w2. . . . . . . . .
wn−2 λn−1 wn−1

wn−1 λn















,whi
h was proved in [6℄. Properties of FJ as a 
omplex fun
tion of one 
omplex variableare listed in the following proposition without proof.Proposition 3. Fun
tion FJ is an analyti
 on C\λ and it has poles in points z ∈ λ\der(λ)of �nite order less or equal to the number
rz :=

∞
∑

n=1

δ(z,λn).
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hFun
tion FJ is 
losely related to the spe
trum of Ja
obi operator J := WU∗+UW +Λa
ting on ℓ2(N), where W, Λ are diagonal operators, Wen = wnen, Λen = λnen, U isunilateral shift, Uen = en+1, U∗ its adjoint (U∗e1 = 0, U∗en+1 = en), n = 1, 2, . . . ,and {en : n ∈ N} is the 
anoni
al basis of ℓ2(N). The domain of J is the respe
tiveinterse
tion,
Dom(J) = Dom(UW ) ∩ Dom(WU∗) ∩ Dom(Λ).For other ways how a Ja
obi operator 
an be 
onstru
ted from a semi-in�nite symmetri
matrix see [1℄.Example 4. The Bessel fun
tion of the �rst kind 
an be expressed in terms of F. Morepre
isely, for w, ν, α ∈ C, α 6= 0, ν/α /∈ −N, one has
J ν

α

(

2w

α

)

=
1

Γ( ν
α

+ 1)

(w

α

)
ν

α

F

({

w

ν + αk

}∞

k=1

)

. (9)This equality 
an be veri�ed by only slightly modi�ed 
omputation whi
h is work out in[5℄. The 
onne
tion between FJ and spec(J) and mu
h more is des
ribed in the followingtheorem.Theorem 5. Let me denote
Z(J) :=

{

z ∈ C \ der(λ) : lim
z̃→z

(z − z̃)rzFJ(z̃) = 0, rz =

∞
∑

n=1

δ(z,λn)

}

,then equalities
spec(J) \ der(λ) = specp(J) \ der(λ) = Z(J) \ der(λ) (10)hold. Further, ve
tor-valued fun
tion ξ(z) := {ξn(z)}∞n=1 de�ned by the relation

ξn(z) := lim
z̃→z

(z̃ − z)rz

n
∏

l=1

(

wl−1

z̃ − λl

)

F

({

γ2
k

λk − z̃

}∞

k=n+1

)

, (11)for z /∈ der(λ), has the property that its values on spe
tral points z ∈ specp(J)\der(λ) areequal to 
orresponding eigenve
tors, i.e., Jξ(z) = zξ(z) and 0 6= ξ(z) ∈ ℓ2(N). Finally,for z /∈ (spec(J) ∪ der(λ)), and i, j ∈ N, the matrix element of the Green fun
tion
Gi,j(z) := (ei, (J − z)−1ej) is given by the formula

Gi,j(z) = −
1

wmax(i,j)

max(i,j)
∏

l=min(i,j)

(

wl

z − λl

) F

(

{

γ2
l

λl−z

}min(i,j)−1

l=1

)

F

(

{

γ2
l

λl−z

}∞

l=max(i,j)+1

)

F

({

γ2
l

λl−z

}∞

l=1

) .(12)This theorem sums up statements of several propositions whi
h proofs will be pub-lished in a future paper.



In�nite Produ
ts for Regularized Chara
teristi
 Fun
tion of Ja
obi Operator 247Remark 6. First, note the set Z(J) in
ludes the set of all zeros of FJ . Se
ond, fun
tions
ξn(z) satisfy an interesting identity,

∞
∑

k=1

(ξk(z))2 = ξ′0(z)ξ1(z) − ξ0(z)ξ′1(z),for z ∈ C \ der(λ). In parti
ular, if λ, w are real and z ∈ specp(J) then one gets a simpleformula for the ℓ2-norm of the 
orresponding eigenve
tor,
‖ξ(z)‖2 = ξ′0(z)ξ1(z).Example 7. By Theorem 5 and Example 4, one arrives at the following expression,

spec(J) =

{

z ∈ C; J− z

α

(

2w

α

)

= 0

}where J is the Ja
obi operator given by the 
hoi
e λn = αn, α 6= 0 and wn = w 6= 0, n =
1, 2, . . . . The formula for the k-th entry of the eigenve
tor 
orrensponding to eigenvalue
z ∈ specp(J) then reads

vk(z) = (−1)kJk− z

α

(

2w

α

)

.4 Hadamard Type In�nite Produ
t and Chara
teristi
Fun
tionIn this se
tion, I derive a formula for regularized 
hara
teristi
 fun
tion in terms of theHadamard in�nite produ
t.Let {wn}
∞
n=1, {λn}

∞
n=1 be real sequen
es and limn→∞ λn = ∞. In addition, withoutloss of generality one 
an assume {λn}

∞
n=1 to be positive. Otherwise, one adds a positive
onstant to every element of the sequen
e to ful�ll the positivity. This step means thata multiple of identity is added to the Ja
obi operator whi
h only shifts the spe
trum.Next, let

∞
∑

n=1

w2
n

λnλn+1
< ∞ and ∞

∑

n=1

1

λ2
n

< ∞. (13)To remove poles of �nite order of the fun
tion FJ , let me de�ne fun
tion ϕΛ by relation
ϕΛ(z) :=

∞
∏

n=1

(

1 +
z

λn

)

e−
z

λn .Sin
e∑n 1/λ2
n < ∞ the fun
tion ϕΛ is well de�ned and it is an entire fun
tion. Further,

ϕΛ has zeros in points z = −λn with multipli
ity equal to the number of repeating of thevalue λn in the sequen
e {λn} and ϕΛ has no other zeros (see, for instan
e, [3℄, Chapter15). Let me 
all the fun
tion HJ , de�ned by the relation
HJ(z) := ϕΛ(z)FJ(−z),the regularized 
hara
teristi
 fun
tion for operator J .
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hTheorem 8. Fun
tion HJ(z) is entire and the equality
{−z ∈ C : HJ(z) = 0} = spec(J)holds.Proof. Assumption (13) implies der(λ) = ∅ .The statement then follows from Proposition3 and Theorem 5.Example 9. By using Example 4 and the well-known formula for the gamma fun
tion,
Γ(z) =

e−γz

z

∞
∏

n=1

(

1 +
z

n

)−1

e
z

n , (14)where γ is the Euler�Mas
heroni 
onstant, one gets
HJ(z) = e−γzw−zJz(2w)with the 
hoi
e λn = n, and wn = w.In Chapters 3,5, and 9 of [4℄ it is shown how to de�ne determinant of I + A where

A is a S
hatten 
lass operator, espe
ially, a Hilbert-S
hmidt operator. Let me write,for simpli
ity, W instead of UW and similarly W ∗ instead of WU∗. Thus, the Ja
obioperator J is then equal to W + W ∗ + Λ. Sin
e, for z ∈ C, operator
Λ−1/2(W + W ∗ + z)Λ−1/2is represented by matrix











z
λ1

w1√
λ1λ2

w1√
λ1λ2

z
λ2

w2√
λ2λ3

w2√
λ2λ3

z
λ3

w3√
λ3λ4. . . . . . . . .











,it is, due to (13), the Hilbert-S
hmidt operator for all z ∈ C. Hen
e, the number
det
(

(I + Λ−1/2(W + W ∗ + z)Λ−1/2) exp{−Λ−1/2(W + W ∗ + z)Λ−1/2}
)

,whi
h is usually denoted as
det 2(I + Λ−1/2(W + W ∗ + z)Λ−1/2),is well de�ned for all z ∈ C (see [4℄, Chapter 9, for details).Proposition 10. It holds

HJ(z) = det
(

(I + Λ−1/2(W + W ∗ + z)Λ−1/2) exp{−Λ−1/2(W + W ∗ + z)Λ−1/2}
)

.
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ts for Regularized Chara
teristi
 Fun
tion of Ja
obi Operator 249Proof. First, we verify the formula for trun
ated �nite dimensional operators, JN =
PNJPN , ΛN = PNΛPN , where PN is OG proje
tion on the spa
e spanned by the �rst Nve
tors e1, . . . , eN of the 
anoni
al basis of ℓ2(N). Thus,

det
(

(I + PNΛ−1/2(W + W ∗ + z)Λ−1/2PN) exp{−PNΛ−1/2(W + W ∗ + z)Λ−1/2PN}
)

= det(Λ−1
N ) det(JN + z) exp

(

−z Tr(Λ−1
N )
)

=

N
∏

n=1

(

1 +
z

λn

)

e−
z

λn F

(

{

γ2
n

λn + z

}N

n=1

)

,where properties of the determinant, det(AB) = det(A) det(B), det(exp(A)) = exp(Tr(A)),and formula (8) were used. Next, it su�
es to sent N to in�nity in the above equation.By (6), it is 
lear the RHS tends to HJ(z) with N → ∞. What remains to be shownis that if A, AN are Hilbert-S
hmidt operators and ‖AN − A‖2 → 0 (‖.‖2 stands for theHilbert-S
hmidt norm) then it holds
lim

N→∞
det ((I + AN) exp(−AN )) = det ((I + A) exp(−A)) .This follows from inequality

∣

∣det
(

(I + AN)e−AN

)

− det
(

(I + A)e−A
)∣

∣ ≤ ‖AN − A‖2 exp{C(‖A‖2 + ‖AN‖2 + 1)2},see [4℄, Theorem 9.2. C is a 
onstant and ‖AN‖2 ≤ ‖A‖2 in this 
ase (otherwise, it isbounded anyway).Remark 11. Bearing in mind identities holding for �nite matri
es, det(AB) = det(A) det(B)and det(exp(A)) = exp(Tr(A)), one would like to write
det
(

(I + Λ−1/2(W + W ∗ + z)Λ−1/2) exp{−Λ−1/2(W + W ∗ + z)Λ−1/2}
)

= det
(

(I + Λ−1/2(W + W ∗ + z)Λ−1/2) exp{−zΛ−1}
)

,however, the operator in the argument of the determinant on the RHS is not of the form:identity + tra
e 
lass operator, hen
e the RHS has not a good sense from the point ofview of the Simon's book [4℄.To �nd a formula for HJ in the form of an in�nite produ
t one 
an try to apply theHadamard fa
torization theorem (see [2℄, Theorem 3.4). To use the theorem one has toknow the order of the entire fun
tion HJ . The order λ of HJ 
an be 
omputed by usingformula
λ = lim sup

R→∞

ln ln ‖HJ‖SR,∞

ln Rwhere ‖HJ‖SR,∞ = sup{|HJ(z)| : |z| = R} ([2℄, Proposition 2.15).However, I have not been su

essful in 
omputing the order by this straightforwardway. One 
ould guess the order is stri
tly less then 2. If this would be true the desiredformula 
ould have this form
HJ(z) = ea+bz

∞
∏

n=1

(

1 +
z

λn(J)

)

e−
z

λn(J) (15)where a, b ∈ C and {λn(J) : n ∈ N} = specp(J). I will show this identity is true.
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hFirst, let me assume J to be invertible. This assumption is not too restri
tive. Sin
e,a

ording to Theorem 8, spec(J) 
oin
ides with zeros of the entire fun
tion HJ , spec(J)is 
omposed of isolated points (whi
h are simple eigenvalues). Hen
e, an appropriate
onstant multiple of identity 
an be add to J to let zero be in the resolvent set of J .Se
ond, note that J is invertible if and only if (I + A) is invertible, where
A := Λ−1/2(W + W ∗)Λ−1/2,whi
h follows from equality FA(0) = FJ(0) and Theorem 8. Equivalently, one has

0 ∈ specp(J) ⇐⇒ −1 ∈ specp(A).Sin
e, by (12), J−1 has symmetri
 and real matrix representation, it is a hermitianoperator. Moreover, (Λ−1(I + A)−1)
2 is a tra
e 
lass operator (it is multipli
ation of twoHilbert-S
hmidt operators), hen
e one has

Tr(J−2) = Tr
(

Λ− 1
2 (I + A)−1Λ− 1

2

)2

= Tr
(

Λ−1(I + A)−1
)2

< ∞,thus J−1 is Hilbert-S
hmidt.Next, sin
e, for C, D Hilbert-S
hmidt operators, it holds
det 2(I + C + D + CD) = det 2(I + C) det 2(I + D) exp(−Tr(CD)),see [4℄, Chapter 9, one 
an write

HJ(z) = det 2(I + A + zΛ−1)

= det 2(I + A) det 2

(

I + z(I + A)−1Λ−1
)

exp
(

−z Tr(A(I + A)−1Λ−1)
)

.(16)Lemma 12. For J invertible, the identity
det 2

(

I + z(I + A)−1Λ−1
)

= det 2

(

I + zJ−1
) (17)holds.Proof. The proof is based on Plemejl-Smithies formula for det 2 ([4℄, Theorem 9.3), whi
h,for C a Hilbert-S
hmidt operator, reads

det 2(I + zC) =

∞
∑

m=0

αm(C)

m!
zm,where

αm(C) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣



















0 m − 1 0 . . . 0 0
Tr C2 0 m − 2 . . . 0 0
Tr C3 Tr C2 0 . . . 0 0... ... ... . . . ... ...

Tr Cm−1 Tr Cm−2 Tr Cm−3 . . . 0 1
Tr Cm Tr Cm−1 Tr Cm−2 . . . Tr C2 0



















∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,
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ts for Regularized Chara
teristi
 Fun
tion of Ja
obi Operator 251for m ≥ 1, α0(C) = 1. Now, sin
e
Tr
(

(I + A)−1Λ−1
)m

= Tr
(

Λ− 1
2 (I + A)−1Λ− 1

2

)m

= Tr(J−m),one has
αm((I + A)−1Λ−1) = αm(J−1),for m = 0, 1, . . . , and the statement is proved by the Plemejl-Smithies formula.Finally, a

ording to Theorem 9.2 in [4℄, a produ
t formula of the form

det 2(I + zC) =
∞
∏

n=1

(1 + zµn(C))e−zµn(C), (18)where C is Hilbert-S
hmidt operator with spec(C) = {µn(C) : n = 1, 2, . . . } (
ountingup to multipli
ity), holds. By putting together (16), (17), and (18), one arrives at thefollowing theorem.Theorem 13. Let J is invertible then the produ
t formula
HJ(z) = ea+bz

∞
∏

n=1

(

1 +
z

λn(J)

)

e−
z

λn(J) , (19)where a = ln (det 2(I + A)), b = −Tr (A(I + A)−1Λ−1), and specp(J) = {λn(J) : n =
1, 2, . . .}, holds.Corollary 14. For ea
h α > 0 there is Rα > 0 su
h that, for |z| > Rα,

|HJ(z)| < exp
(

α|z|2
)

.Proof. By Theorem 13, HJ is an entire fun
tion of genus one. The statement then followsfrom Theorem 2.6 in [2℄.Example 15. With the aid of Theorem 13 and Example 9 one 
an redis
over the in�niteprodu
t formula for the Bessel fun
tion of the �rst kind 
onsidered as a fun
tion of itsorder. The formula reads
w−zJz(2w)

J0(2w)
= eγz

∞
∏

n=1

(

1 +
z

λn(J)

)

e−
z

λn(J)where λn(J), n = 1, 2, . . . are eigenvalues of Ja
obi operator J with linear diagonal and
onstant parallels, i.e. λn = n, wn = w, z, w ∈ C, J0(2w) 6= 0. To verify this identity oneonly has to show the 
onstant b from Theorem 13 is zero in this spe
ial 
ase. By usingthe series expansion for Jz(2w) in w and by setting w = 0 in (19) (note (19) holds evenif w = 0), one arrives at the equality
e−γz

Γ(z + 1)
= ebz

∞
∏

n=1

(

1 +
z

n

)

e−
z

n ,for λn(J) → n as w → 0. Finally, it su�
es to use identity (14).
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hRemark 16. For {λn}
∞
n=1 positive, satisfying

∞
∑

n=1

1

λnλn+1
< ∞,the formula

Fz(w) := F

({

w

λn − z

}∞

n=1

)

=

∞
∏

k=1

(

1 −
w2

ζ2
k(z)

)

, (20)where ±ζ1(z),±ζ2(z), . . . are all zeros of Fz, is also true. The proof is ready to bepublished in a future work, however, is omitted here. In fa
t, this result was knownbefore Theorem 13 and served as a motivation for the work presented here.Referen
es[1℄ B. Be
kerman: Complex Ja
obi matri
es, J. Comput. Appl. Math., 127, (2001), 17-65.[2℄ J. B. Conway: Fun
tions of One Complex Variable, Se
ond Edition, Springer (NewYork, 1978).[3℄ W. Rudin: Analýza v reálném a komplexním oboru, A
ademia (Praha, 2003).[4℄ B. Simon: Tra
e Ideals and Their Appli
ations, Se
ond Edition, Mathemati
al surveysand monographs, vol. 120, (2005).[5℄ F. �tampa
h, P. �´oví£ek: On the eigenvalue problem for a parti
ular 
lass of �niteJa
obi matri
es, Lin. Alg. App., 434, (2011), 1336-1353[6℄ F. �tampa
h: The Chara
teristi
 Fun
tion for a Parti
ular Class of In�nite Ja
obiMatri
es, Doktorandské dny 2010, sborník �VUT, (2010).



Intera
tion-Sensitive Fuzzy Measure in Dynami
Classi�er Aggregation: an ExperimentalComparisonDavid �tefka7th year of PGS, email: david.stefka�gmail.
omDepartment of Mathemati
sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Martin Hole¬a, Institute of Computer S
ien
e, ASCR, v.v.i.Abstra
t. As the literature shows, the performan
e of a pattern re
ognition system 
an beimproved by introdu
ing the 
on
ept of 
lassi�er aggregation [2℄. Instead of using a single
lassi�er φ, we 
reate a team of 
lassi�ers φ1, ..., φr , let the 
lassi�ers predi
t independently, andaggregate the results using an aggregation operator. One of the popular aggregation operatorsis the fuzzy integral [4, 1℄, whi
h aggregates the outputs of the individual 
lassi�ers in the teamwith respe
t to a fuzzy measure. Fuzzy measure is a set fun
tion representing the 
lassi�
ation
on�den
e of the predi
tion for a given set of 
lassi�ers.Fuzzy measure is a generalization of the additive probabilisti
 measure, where the additivityis repla
ed by a weaker 
ondition, monotoni
ity (A ⊆ B ⇒ µ(A) ≤ µ(B)) � this gives usa tool whi
h 
an model intera
tions between di�erent elements of the fuzzy measure spa
e.However, due to the la
k of additivity, the fuzzy measure needs to be de�ned on all subsets ofthe fuzzy measure spa
e, resulting in 2r de�ning values for �nite 
ases, where r is the size of theuniverse (the number of 
lassi�ers). There are several approa
hes to over
ome this weakness:additive measures, 
orresponding to the probabilisti
 measure, symmetri
 fuzzy measures, forwhi
h the value of the measure depends only on the number of elements in the argument, and
⊥-de
omposable fuzzy measures, in
luding Sugeno λ-measure , for whi
h the fuzzy measurevalues are 
omputed from the fuzzy measure values for the singletons (
alled fuzzy densities)using a �xed t-
onorm ⊥. However, it 
an be shown that none of the aforementioned approa
hes
an reasonably model intera
tions between the di�erent elements of the universe, i.e., to modelsimilarities of the individual 
lassi�ers.In the literature of 
lassi�er aggregation, fuzzy integral is usually used with Sugeno λ-measure. There is usually no expli
it reason for the 
hoi
e of this measure other than itssimpli
ity. Sugeno λ-measure is a spe
ial 
ase of a ⊥-de
omposable fuzzy measure, and as su
h,it 
annot model similarities between the individual 
lassi�ers, and thus the 
ontribution of usingfuzzy integral in the agregation is un
lear.In 
lassi�er aggregation, we usually try to 
reate a team of 
lassi�ers that are not similar.This property is 
alled diversity [3℄. There are many methods for building a diverse team of
lassi�ers; however, the team always 
ontains 
lassi�ers that are similar. If we use the fuzzyintegral with a symmetri
 or ⊥-de
omposable fuzzy measure, we are not able to in
orporate thediversity into the measure (and thus to the aggregation pro
ess), be
ause the fuzzy measure ofa union of two sets is a fun
tion only of the fuzzy measures of the two sets, regardless of thesimilarity of the elements in the sets.To over
ome this weakness, we have introdu
ed an Intera
tion-Sensitive Fuzzy Measure(ISFM) [6, 5℄, whi
h is de�ned using the fuzzy measure values for the singletons (fuzzy densities),253



254 D. �tefkaand the similarities of the elements in the universe. If the fuzzy measure spa
e 
orresponds tothe team of 
lassi�ers, the fuzzy measure in
orporates both the 
lassi�
ation 
on�den
e (fuzzydensities), and the diversity of the team of 
lassi�ers (mutual similarities of the 
lassi�ers). Us-ing ISFM in fuzzy integral as an aggregation operator in 
lassi�er aggregation, the aggregationpro
ess involves all the important properties: the predi
tions of the 
lassi�ers, the 
lassi�
ation
on�den
es, and the diversity of the team.The theoreti
al results with preliminary experiments with ISFM were published in [6℄. In[5℄, the experiments were extended to 
over the Choquet and the Sugeno integral, and alsoto 
over other 
lassi�
ation models, namely Random Forests, ensembles of k-Nearest Neighbor
lassi�ers 
reated by bagging and ensembles of Quadrati
 Dis
riminant Classi�ers 
reated by theMultiple feature subset method. The methods were evaluated on 23 ben
hmark datasets, andthe results show that ISFM outperforms the Sugeno λ-measure for both Choquet and Sugenofuzzy integrals.Keywords: 
lassier aggregation, fuzzy integral, fuzzy measureReferen
es[1℄ Mi
hel Grabis
h and Hung T. Nguyen. Fundamentals of Un
ertainty Cal
uli withAppli
ations to Fuzzy Inferen
e. Kluwer A
ademi
 Publishers, Norwell, MA, USA,1994.[2℄ Ludmila I. Kun
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ien
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Fa
tor Analysis of S
intigraphi
 Image Sequen
eswith Integrated Probabilisti
 Mask of Fa
torImagesOnd°ej Ti
hý∗2nd year of PGS, email: oti
hy�utia.
as.
zDepartment of Mathemati
sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Vá
lav �mídl, Department of Adaptive Systems,Institute of Information Theory and Automation, AS CRAbstra
t. Fa
tor analysis is a well established mathemati
al method for fa
tor separation inthe analysis of s
intigraphi
al sequen
es. The results are typi
ally an input to the next step, e.g.fa
tor analysis for 
omputing signi�
ant diagnosti
 
oe�
ients. However, this 
omputing highlydepends on proper identi�
ation of fa
tors and their biologi
al meaning, whi
h is not ensureonly by fa
tor analysis. The main issue is separation overlaping fa
tors from themselves andfrom tissue ba
kground 
overing the whole sequen
e. Fa
tor analysis highly depends on priorinformation whi
h allows us to set biologi
ally reasonable 
onditions to a mathemati
al model.In this paper, we propose a mathemati
al model whi
h estimates the probability mask of ea
himage fa
tor and sets it as a prior information for the next step of iterative algorithm based onVariational Bayes method. The new proposed model provides more realisti
 estimates of fa
torsthan the standard fa
tor analysis.Keywords: Nu
lear Medi
ine, S
intigraphy, Fa
tor Analysis, Fa
tor SeparationAbstrakt. Jednou ze známý
h matemati
ký
h metod pro analýzu s
intigra�
ký
h obrazový
hsekven
í je faktorová analýza. Cílem diagnostiky je ur£it d·leºité diagnosti
ké koe�
ienty, ktomu je ov²em pot°eba detekovat jednotlivé, biologi
ky smysluplné, faktory, 
oº nelze zajistitsamotnou faktorovou analýzou. Základním problémem p°i analýze sekven
e je p°ekryv jed-notlivý
h orgán· a jeji
h £ástí a odseparování krevního a tká¬ového pozadí, které se vyskytujív 
elé sekven
i, p°i£emº faktorová analýza umoº¬uje zabudovat biologi
ké p°edpoklady vedou
íke smysluplnému °e²ení problému. V tomto p°ísp¥vku je p°edstaven nový matemati
ký model,který odhaduje pravd¥podobnost p°íslu²nosti jednotlivý
h pixel· k faktorovým obrázk·m a tutoinforma
i vyuºívá k nastavení apriorna pro dal²í krok výpo£tu zaloºeném na metod¥ Varia£níBayes. Tento model dává realisti£t¥j²í odhady faktor· neº standardní faktorová analýza.Klí£ová slova: Nukleární Medi
ína, S
intigra�e, Faktorová Analýza, Separa
e Faktor·1 Introdu
tionS
intigraphy is a well known and very important method in nu
lear medi
ine. Diagnosisusing s
intigraphy in
ludes following steps. At �rst, a tagged radiopharma
euti
al isapplied into a human body lying under the s
intillation 
amera. At se
ond, in every
∗Institute of Information Theory and Automation, Department of Adaptive Systems, AS CR255



256 O. Ti
hý10 se
onds an image of distribution of radiopharma
euti
al is saved; 
onsequently, thefun
tional image sequen
e with the s
anned region of interest is obtained. Further analysisof measurement is ne
essary for propper diagnosis. In this paper, we are fo
used on renals
intigraphy.A kidney is 
omposed of paren
hyma and pelvis. In biologi
al 
onstraint, in about the�rst 120 - 180 se
onds �lls only paren
hyma of kidney [2℄; then the radiopharma
euti
alpasses from paren
hyma to pelvis and next to the urinary bladder. This is very importantinformation for biologi
ally meaningful solution and veri�
ation of a mathemati
al model,see Se
tion 4.1. Another assumption, the shape of 
onvolution kernel of fa
tor 
urve, willbe studied in Se
tion 4.2. For further analysis, fa
tor identi�
ation is ne
essary. Thisis typi
ally done by expert manually or by fa
tor analysis automati
ally [1℄. Finally,the resulting fa
tors 
an be analyzed to set the proper diagnosis. This analysis 
anbe done by expert or by semi-automati
 algorithm based on more or less sophisti
atedmathemati
al ba
kground: Patlak-Rutland plot [4℄, or post-pro
essing by de
onvolution[6℄. The result highly depends on the �rst step, 
orre
t separation, identi�
ation, anddete
tion of fa
tors.Fa
tor analysis is a statisti
al method based on data de
omposition to the fa
tors.Its usage is mostly s
intigraphy [1℄, ultrasound [7℄, or PET [5℄. However, the solution offa
tor analysis is ambiguous and allows in�nitely many solutions. Some restri
tions havebeen made for biologi
ally meaningful solution, e.g. positivity of fa
tors [10℄; nevertheless,the uniqueness of solution or even biologi
ally meaningful solution is not guaranteed onlyby positivity. Uniqueness 
an be guaranteed when ea
h fa
tor has at least one pixelwhere the others have no a
tivity [11℄, but this assumption does not hold in s
intigraphybe
ause of residue a
tivity in the whole sequen
e. Additional 
onstraints are ne
essaryto restri
t the spa
e of possible solutions.The analyti
al solution of the presented model is intra
table; therefore, an additionalapproximations have been made. The Variational Bayes approximation methodology [8℄was su

essfully used in �elds related to fa
tor de
omposition, e.g. prin
ipal 
ompo-nent analysis, fa
tor analysis, or models with 
onvolution. In addition, Variational Bayesapproximation o�ers reasonable ratio between options of modeling and 
omputation dif-�
ulties.2 Variational Fa
tor Analysis (FA)We brie�y review Variational Fa
tor Analysis. The sequen
e obtained by s
intillation
amera 
ontains n images taken at time t = 1 . . . n, typi
ally after 10 se
onds. Everyimage is a 
ompound of p pixels; 
onsequently, the images are saved in p-dimensionalve
tors and data matrix D ∈ R
p×n is generated. Let us assume that ea
h observed imageis a linear 
ombination of r fa
tor images, aggregated in matrix A ∈ R

p×r. Typi
ally, r <
n ≪ p is expe
ted. Every fa
tor image has its time-a
tivity 
urve, xj = [x1,j , . . . , xn,j]

′;therefore, time-a
tivity matrix X ∈ R
n×r is 
reated. The only that we have is data-storage matrix D, and we would like to estimate fa
tor image matrix A and fa
tor 
urvematrix X.
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intigraphy 257The model of the fa
tor analysis 
an be written in matrix form as
D = AX ′ + E, (1)where E ∈ R

p×n is noise matrix with i.i.d. elements with varian
e ω−1. Matrix Daggregates measurements of radioa
tive parti
les with Poisson distributions whi
h 
an beapproximated by Gauss normal distribution; therefore, 
ovarian
e matrix of noise matrix
E 
an be found using 
orresponden
e analysis [3℄ as

f(D|A,X, ω) = tND(AX ′, ω−1Ωp ⊗ Ωn), (2)
Ωp = diag(D1n,1),Ωn = diag(11,pD), (3)where tN(.) denotes trun
ated normal distribution, diag(.) denotes square diagonalmatrix with diagonal ve
tor as an argument, 1k,l denotes matrix of ones of subs
ripteddimensions, and ⊗ denotes Krone
ker matrix produ
t.A prior model of parameters follows as:
f(ω) = Gω(ϑ0, ρ0), (4)

f(X|Υ) = tNX(0n,r,Ωn ⊗ Υ−1), (5)
Υ = diag(v), v = [v1, . . . , vr]

′, (6)
f(v) =

r∏

j=1

Gvj
(αj,0, βj,0), (7)

f(A) = tNA(0p,r,Ωp ⊗ Ir), (8)where ϑ0, ρ0 ∈ R are s
alar prior parameters, v is ve
tor of hyper-parameters with priorparameters α0, β0 ∈ R, G(.) is gamma distribution, and Ir is identity matrix of dimen-sions r × r.The di�eren
e between prin
ipal 
omponent analysis (PCA) and fa
tor analysis istrun
ation in equations (5) and (8); in addition, for non-trun
ated distributions in (5)and (8), variational solution 
onverges to the PCA solution [8℄.With respe
t to Variational Bayes method [8℄, a logarithm of joint distribution
f(D,A,X,Υ, ω|r) is 
omputed and the resulting approximate posterior marginals arere
ognized in form:

f̃(ω|D, r) = Gω(ϑ, ρ), f̃(X|D, r) = tNX(µX ,ΣX ⊗ Υ), (9)
f̃(v|D, r) =

r∏

j=1

Gvi
(αi, βi), f̃(A|D, r) = tNA(µA,Ω

−1
p ⊗ ΣA), (10)and the asso
iated shaping parameters are

µA = ω̂ΩpDΩnX̂ΣA, ΣA =
(
ω̂X̂ ′ΩnX + Ir

)−1

,

µX = ω̂ΩnD
′ΩpÂΣX , ΣX =

(
ω̂Â′ΩpA+ Υ̂

)−1

,
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α = α0 +

n

2
1r,1, β = β0 +

1

2
diag

(
X̂ ′ΩnX

)
,

ϑ = ϑ0 +
np

2
, ρ = ρ0 +

1

2
tr
(
DD′ − ÂX̂ ′D′ −DX̂Â′

)
+

1

2
tr
(
Â′AX̂ ′X

)
.The ne
essary moments of previous distributions are Υ̂ = diag(α ◦ β−1), where ◦denotes Hadamard produ
t, ω̂ = ϑ

ρ
and moments of trun
ated normal distribution are
omputed with respe
t to Appendix A.3 Fa
tor Analysis with a Prior Mask on Fa
tor Images(FAM)In the previous se
tion, we revised 
lassi
al fa
tor analysis without any additional assump-tions. Our long-way intention is to automati
ally analyse a s
intigraphi
al sequen
e, notonly set out fa
tor images and fa
tor 
urves. This se
tion models a prior probabilisti
mask on fa
tor images, i.e. matrix A. This is motivated by unsatisfa
tory separationof tissue ba
kground from other organs, paren
hyma and pelvis at most, in the previousmethods.3.1 Modeling of Fa
tor ImagesOur new model should better separate tissue ba
kground and the proper organ; 
onse-quently, the relation fa
tor 
urve will be better too. In addition, a probability mask oflo
ation of a fa
tor will be obtained.Consider prior probability mask of A of the same size as A, i ∈ R

p×r, where
ii,j =

{
1 ith pixel belongs to the jth fa
tor
0 ith pixel not belongs to the jth fa
tor , with prior

f(ii,j) = Exp(λij,0). (11)In pla
es with pixels whi
h not belong to the related fa
tor, the noise with normaldistribution with zero mean value is expe
ted. For the jth fa
tor, these pixels havedistribution N(0, ξ−1
0,j ). Here, ξ0,j is 
ovarian
e of these zero-mean-pixels of the jth fa
torhyperparametrized by φ and ψ as gamma distribution; for ξ0 = [ξ0,1, . . . , ξ0,r]

′,Ξ0 =
diag(ξ0) is

f(ξ0) =
r∏

j=1

Gξ0,j
(φj,0, ψj,0). (12)In 
ase of non-zero-value-pixels of the jth fa
tor, uniform distribution is expe
ted in theform U(0, Amax

j ) for Amax
j = maxiAi,j. In general, the se
ond parameter of uniform distri-bution 
an be repla
ed by Pareto distribution or Gamma distribution, but the maximumof the jth 
olumn of matrix A is almost the same.
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f(A) =

p∏

i=1

r∏

j=1

f(ai,j), (13)and ea
h element is modeled as
f(ai,j) = U(0, Amax

j )ii,j tNai,j
(0, ξ−1

0,j )
(1−ii,j), (14)where exponentation of ii,j or (1 − ii,j) provides an a�lation to the informative or non-informative part of the fa
tor image.3.2 Variational SolutionThe joint likelihood for the new model, f(D,A,X,Υ,Ξ0, i, ω|r), is obtained by repla
ing(8) in model (2) - (8) with prior information (11), (12), and (14). Using Variational Bayesmethod, the following posterior densities are identi�ed:

f̃(X|D, r) = N(µX , In ⊗ ΣX), f̃(v|D, r) =

r∏

j=1

Gvj
(αj , βj),

f̃(ω|D, r) = Gω(ϑ, ρ), f̃(ai|D, r) = Nai
(µai

,Σai
),

f̃(ξ0|D, r) = Gξ0(φ, ψ), f̃(ii,j|D, r) = Exp
ii,j

(λi,j),with shaping parameters
ΣX =

(
ω̂Â′A + Υ̂

)−1

, µX = ω̂D′ÂΣX ,

α = α0 +
n

2
1r,1, β = β0 +

1

2
diag(X̂ ′X),

ϑ = ϑ0 +
pn

2
, ρ = ρ0 +

1

2
tr
(
DD′ − ÂX̂ ′D′ −DX̂Â′

)
+

+
1

2
tr
(
Â′AX̂ ′X

)
,

Σai
=

(
ω̂

n∑

k=1

(x̂′kxk) + Ξ̂0(Ir − ι̂i)

)−1

, µai
=

(
Σai

(
ω̂

n∑

k=1

(x̂kdi,k)
′

))′

,

φj =

(
φj,0 +

1

2

p∑

i=1

(1 − îi,j)

)
, ψj =

(
ψj,0 +

1

2

p∑

i=1

(1 − îi,j)â2
i,j

)
,

λi,j = λij,0 − lnAmax
j − 1

2
ln ξ̂0 +

1

2
̂ai,jξ0ai,j ,where ιi = diag(ii,:).The required moments are Υ̂ = diag(α ◦ β−1), Ξ̂0 = diag(φ ◦ ψ−1), ω̂ = ϑ

ρ
, îi,j = 1

λi,j
,and moments of trun
ated normal distribution are 
omputed with respe
t to AppendixA.
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Figure 1: The results from the FA algorithm (left) and from the FAM algorithm (right)4 Feasibility Study with Clini
al DataThe previous algorithms were tested on a s
intigraphi
 study. Fa
tor images and fa
tor
urves were estimated in the 
ase of FA and FAM algorithms; next, the resulting estimatesand 
omputed 
onvolution kernels of paren
hyma are studied.4.1 Estimation of Fa
tor Images and CurvesThe �rst task is an estimation and separation of fa
tors. Figure 1 shows the results fromthe FA algorithm, se
tion 2, and from the FAM algorithm, se
tion 3. From the left, FAestimates fa
tor images, i.e. Â, and fa
tor 
urves, i.e. X̂; FAM estimates probability maskof fa
tor images, i.e. î, fa
tor images, i.e. Â, and fa
tor 
urves, i.e. X̂. Both algorithmsautomati
ally estimated as the strongest fa
tors blood ba
kground, renal paren
hyma,
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Figure 2: Theoreti
al de
omposition of a fa
tor 
urverenal pelves, and urinary bladder; in addition, FAM estimated tissue ba
kground as thelast signi�
ant fa
tor.The main di�eren
es between FA and FAM are in the beginning of the fa
tor 
urves,espe
ially of renal pelves and urinary bladder. In biologi
al restri
tion, pelves 
urveshould be at a zero level for the �rst 2 − 3 minutes, i.e. 12 − 18 frames. This restri
tionis well satis�ed by FAM in 
ontrast with FA with signi�
ant a
tivity at the beginning ofthe 
urve. The same 
an be seen by urinary bladder; here, non-zero beginning is 
ausedby improper separation of tissue ba
kground and bladder by FA algorithm. This zero-level-plateaus are very important from the biologi
al view. In addition, this fa
t impliesthat the fa
tor images of pelves and urinary bladder are undoubtedly better separatedfrom tissue ba
kground by FAM then by FA.4.2 Estimation of Convolution Kernel of Paren
hymaIn the biologi
al point of view, ea
h time a
tivity 
urve of fa
tor is a 
onvolution betweenblood and its spe
i�
 
onvolution kernel [6, 2, 9℄. Moreover, this 
onvolution kernel ispositive and its shape is shown in Figure 2. There should be a 
onstant positive plateauand then linear or exponential de
line to zero. From the length the plateau 
an beidenti�ed an important diagnosti
 
oe�
ient - the transit time.Figure 3 shows 
onvolution kernels of paren
hyma 
omputed using Fourier transform.The result of FA is in the top, the result of FAM is the bottom row. In FA 
ase, thepeak at the beginning of the 
onvolution kernel implies that separation of paren
hymaand tissue ba
kground are not perfe
t [2℄. From this point of view, FAM gives moreappropriate results.5 Dis
ussionThe results presented in Se
tion 4 suggest that fa
tor analysis with integrated probabilitymask on fa
tor images has a potential to improve the whole estimative pro
edure. How-ever, more improvement is ne
essary for automati
 estimation of diagnosti
 
oe�
ients,whi
h 
an be 
ompared with experts. For example, the information from probabilis-ti
 mask î 
an be adopted for automati
 sele
tion of position of the single organs and
onse
utive 
omputations. Study and usage of this fa
t is suggestion for future work.
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Figure 3: Convolution kernel of paren
hyma (right) obtained from blood 
urve (left) andparen
hyma 
urve (
enter).Modeling of non-zero pixels as uniform distribution (14) is motivated by observationand seems to be better than modeling as normal distribution. However, more appropriatedistribution or method should be used for modeling of histogram of the matrix A. It 
ouldlead to better separation of the fa
tors.With respe
t to study of non-zero priors of fa
tor images, fa
tor 
urves 
an be studiedin the same way. A prior zero mean value of X is 
hosen due to 
omputable reasons;nevertheless, more appropriate mean value 
an be 
omputed [9℄.6 Con
lusionA new model of fa
tor images in fun
tional analysis of s
intigraphi
 dynami
 sequen
esis proposed. The main addition is the dividing of pixels of fa
tor images into informativeand non-informative parts. The resulting algorithm is obtained using Variational Bayesmethod based on modeling parameters as independent 
omponents. Feasibility of solutionis shown on 
lini
al data from renal s
intigraphy and 
ompared with 
lassi
al fa
toranalysis where is demonstrated an improvements over previous methods. An automati
estimation of important diagnosti
 parameters will follow so as an extensive 
lini
al study.AppendixA Moments of trun
ated Normal DistributionS
alar trun
ated normal distribution
tNx(x|µ, r) = α

√
2 exp

(
−(x− µ)2

2r

)
, x > 0, (15)has moments

x̂ = µ+ rα
√

2 exp

(
−µ

2

2r

)
, x̂2 = r + µx̂,where α−1 =

√
πr(1 − erf(− µ√

2r
) and erf is the error fun
tion.
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Abstract. Logistic regression has been widely used in many areas. In this contribution, it is

extended to two other applications. First, it is used as a tool for reducing the size of a hidden

layer of an arti�cial neural network (ANN), which can be generalized to a universal instrument to

�nd the optimal structure of an ANN. Second, the logistic regression is used to solve a multi-class

partition task. In this case, when the number of input variables is �xed and the patterns are non-

separable, the task can be solved via likelihood maximization with two fundamental extensions.

First, Bayesian approach is used to formulate an alternative, a regularized optimization task

with the corresponding objective function smooth and convex, which makes the problem easy

to be solved. Then, the structure of multi-classi�er is pruned to obtain the best model. The

implementation of pruning process leads to binary optimization task, which is solved via fast

simulated annealing heuristics. In both cases, the likelihood ratio test is used to the evaluation

criterion to reach the objective.

Keywords: Logistic regression, LR test, ANN pruning, Regularization, Binary optimization,

Multi-class classi�er, FSA.

Abstrakt. Logistická regrese je ²iroce vyuºita v mnoha oblastech. V tomto p°ísp¥vku vyuºití

této regrese je roz²í°ena o dal²í dv¥ moºnosti. Nejd°íve je vyuºita jako nástroj úpravy velikosti

skryté vrstvy um¥lé neuronové sít¥, který dále lze zobecnit na univerzální nástroj k nalezení opti-

mální struktury um¥lé neuronové sít¥. Pak logistická regrese je vyuºitá jako nástroj k °e²ení úlohy

vícenásobné klasi�kace. V tomto p°ípad¥, kdyº je po£et vstupních prom¥nných je �xní a vzory

jsou neseparabilní, tato úloha je °e²itelná p°es maximalizaci v¥rohodnosti s dv¥ma d·leºitými

roz²í°eními. Zaprvé, bayesovský p°ístup je pouºit k formulování alternativní ú£elové funkce,

která je hladká a konvexní (tzv. regulovaná optimaliza£ní úloha), coº zna£n¥ usnad¬uje °e²ení

problému. Následn¥ struktura vícenásobného klasi�kátoru bude vyt°íbena, aby byl zji²t¥n ne-

jlep²í model. Implementace vyt°íbení vede k binární optimaliza£ní úloze, která se °e²í pomocí

heuristické metody rychlého simulovaného ºíhání. V obou p°ípadech je pouºíván test pom¥ru

v¥rohodností jako evalua£ní kritérium k dosaºení vyty£eného cíle.

Klí£ová slova: Logistická regrese, LR test, ANN o°ezání, Regularizace, Binární optimalizace,

Vícenásobný klasi�kátor a Rychlé simulované ºíhání

1 Introduction

The traditional probit regression proposed by Bliss [1] , which is based on the Gaussian
normal distribution assumption, is a well-known two-class classi�er. Later Berkson [2]

∗This work has been supported by the grant OHK4-165/11 CTU in Prague
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introduced the logistic regression based logistic distribution. From then on, logistic re-
gression is widely used [4], [5], [9] and it has also been generalized to multi-class classi�er
[4], [9] and several tests have been invented to verify the relevance of a variable or a group
of them. The most often used is the likelihood ratio (LR) test. In this work, �rst, the
logistic regression and the LR test are used to examine if an input or a group of inputs
are signi�cant for the hierarchical decision process inside an ANN and by this way, it can
help to eliminate redundant inputs or generate a hidden layer of a multilayer perceptron
(MLP). Secondly, in this work, a multi-class classi�er is developed. Unlike the one in
Kukal and Vy²ata [6], which is a soft multi-classi�er with constrained gain together with
maximum sensitivity and speci�city and designs its learning as multi-criteria optimiza-
tion task, this one can deal with the di�culties resulting from the fact that the number
of input variables is higher than two, but �xed and the patterns are non-separable. The
problem is solved via likelihood maximization with two important extensions. First,
the Bayesian approach is used to set an alternative, a regularized optimization problem,
which is easy to be solved because the objective function smooth and convex. The sec-
ond extension is to prune the structure of multi-classi�er to obtain the best model by
solving a binary optimization problem with the help of the heuristic method called fast
simulated annealing. In this very case, the likelihood ratio test is also used to achieve
the best model.

2 Logistic regression with binary outcome

In this section, �rst, I will go over the general binary response index model, then I
will show several versions of the binary index model with the emphasis on the logistic
regression. After that, I will show how parameters of the logistic regression are estimated.
Finally, in this part, I will show the essence of the LR test.

2.1 The general binary response index model

Let's suppose a model with m real inputs x and a single binary output y in the form:
y = h(xβ + e), where h(z ) = 1 if z 0 and h(z ) = 0 if z ≤ 0 is the Heaviside's unit step
function and x, β ∈ Rm+1, x0 = 1, e is a continuous random variable with positive
and symmetric probability density function g(z) around zero. Its cumulative distribution
function is:

G(z) =

∫ z

−∞
g(u)du. (1)

By de�nition, the output variable y is of stochastic nature and it can be de�ned through
probability as follows:

p(x ) = p(y = 1 | x ) = p(xβ + e > 0) = p(xβ > −e) = 1−G(−xβ) = G(xβ). (2)

This is the well-known formula for binary model with logistic probability density function.



Some New Applications of Logistic Regression 267

2.2 Special cases of binary model

The binary model was �rst introduced by Bliss [1] in 1934 as the probit model with
the following cumulative distribution function and the corresponding probability density
function are:

Φ(z) =
1√
2π

∫ z

−∞
exp

(
−u

2

2

)
du, (3)

g(z) =
1√
2π

exp

(
−u

2

2

)
. (4)

In 1944, Berkson [2] presented the logit model with logistic cumulative distribution func-
tion and the corresponding density function of logistic distribution de�ned as follows:

G(z) =
1

1 + exp(z)
, (5)

g(z) =
exp(−z)

(1 + exp(−z))2
. (6)

The logistic model is the most frequently used model in many applications. Since the
density function of logistic distribution has fatter tails than the density function of normal
distribution, it is often used when the normal distribution assumption is not appropriate.
Other distributions also can be used for the binary response index model. One of them is
the so called Cauchy distribution and the corresponding cumulative distribution function
de�ned as follows:

g(z) =
1

π(1 + z2)
, (7)

G(z) =
1

2
+

1

π
arctan. (8)

Like logistic distribution, Cauchy distribution also has heavy tails and provides some
interesting features for modelling binary responses. The existence of various probability
density functions suitable for binary response modelling provides a unique opportunity
to choose the most appropriate one for this purpose.

2.3 The estimation of parameters of a binary response model

The parameters of a binary response model are estimated by the maximum likelihood
method. Let'sN be the number of observations, and (x k, yk) be the individual observation
for k = 1, ..., N . The density of yk for individual x k is:

f(yk|x kβ) = [G(x kβ)]yk [1−G(x kβ)]1−yk . (9)

The logarithmic likelihood function over all observations is de�ned as:

L(β) =
N∑
k=1

(yklogG(x kβ) + (1− yk)log[1−G(x kβ)]) . (10)
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The point estimate of the vector of parameters is the solution of the maximization problem
of the objective function L on a closed convex domain D as b = β̂ = argmaxβ∈DL(β).
It is necessary to remind that b exists but is not unique. Replacing D by an open set
Rn will be problematic when the observations are separable, which is the ideal case for
classi�er tuning but not for parameter estimation. The analysis of asymptotic variance
begins with matrix:

U =
N∑
k=1

g(x kb)x kx
T
k

G(x kb)(1−G(x kb))
. (11)

When matrix U is regular, it is positive de�nite and the asymptotic variance of estimate
b is:

Avar(b) = V = U −1. (12)

The asymptotic standard error of estimate b is:

Astd(b) = s = diag (V )1/2 . (13)

The corresponding approximate 95% con�dence interval is:

β ∈ [b − 1.96s , b + 1.96s ]. (14)

The con�dence interval is important for the �nal report of the signi�cance of the estimates
ant it is sensitive to the singularity of matrix U .

2.4 Hypothesis testing

There are several methods to test for the signi�cance of some input or a group of inputs.
One of them is the likelihood ratio test which compares a given model to its sub-models.
Let's r = (1, r1, ..., rm) ∈ {0, 1}m+1 be the selection vector which describes whether the
corresponding components of vector x will be present in the model. Vector r divides
vector x into 2 vectors: vector u of active inputs with u ∈ RK+1 and vector v of
eliminated inputs with v ∈ RQ. It is obvious that K + Q = m. Similarly, vector of
parameters β can be decomposed into µ ∈ RK+1 and η ∈ RQ. If Q = 0, then K = m
and we get the full model:

p(x ) = G(xβ) = G(uµ+ vη) (15)

with the optimal likelihood value Lfull. And if Q > 0 and K < m, then the model is
reduced to a sub-model in the form:

p(u) = G(uµ) (16)

with the optimal likelihood value Lsub. The likelihood ratio test examines the validity of
the null hypothesis H0 : η = 0 against the alternative hypothesis HA : η 6= 0. The test
statistic is calculated as:

LR = 2(Lfull − Lsub) (17)

and has the chi-squared distribution with Q degrees of freedom. The corresponding p-
value can be calculated as

pvalue = 1− FQ(LR), (18)
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where FQ is the cumulative distribution function of chi-squared distribution. The LR
test evaluates how good the sub-model is compared to the full model. There are two
important cases. The �rst one is when K = 0 and Q = m and we get a model only with
a constant. In this case, the maximum likelihood procedure is trivial:

p(u) = G(µ0) = pc =
1

N

N∑
k=1

yk. (19)

The likelihood value of the model with a constant and the p-value of the model with a
constant compared to the full model are as follows:

Lconst = N(pclogpc) + (1− pc)(1− logpc) (20)

p0 = 1− Fm(2(Lfull − Lconst)). (21)

The lower the value of p0 is, the higher the signi�cance of a model is and various models
can be sortd by p0. The second important case is when K = m − 1 and Q = 1. In this
case, we can compare the full model with a model with k-th input taken away and the
optimal likelihood value is denoted as Lk. We can test the signi�cance of k-th input by
using LR test again. The null hypothesis H0 is : βk = 0 against the alternative HA :
βk 6= 0. The p-value is:

p1 = 1− F1(2(Lfull − Lk)). (22)

We can use stepwise strategy to eliminate irrelevant inputs to get the model, in which
each parameter is signi�cant in the sense that pk < α as well as p0 < α. If there are more
models satis�ed this criterion, the best on is the model with minimum p0.

3 Application of binary model to ANN

In this part, the binary logistic model and its selection with the help of LR test are used
�rst to prune a given ANN and then to build an optimal hidden layer in an ANN.

3.1 Pruning an ANN by using logistic model

Let's have a hierarchical ANN classi�er with a single hidden layer and one binary output.
The hidden layer is supposed to be �xed, i. e. the weights from input layer are constant
without any opportunity to learn. The hidden layer can be designed as a result of
systematic or sophisticated preprocessing. Under this setting, the logistic regression can
be applied as a sophisticated preprocessor. Using the LR test, it prunes those redundant
connections between the hidden layer and the output layer. An ANN with binary output
can be expressed as follows:

y = h

(
N∑
k=0

βkϕk(x ) + e

)
. (23)

It is similar to the logistic model p(x ) = G (Φ(x )β), where instead of x we have Φ(x )
and ϕ0(x ). The domain of optimization must be closed and convex and should be de�ned
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as D =
{
β ∈ RN+1| ‖ β ‖≤ ρ

}
. Statistical meaning of ANN pruning is to �nd the best

sub-model in the de�ned domain and log-likelihood optimization is applied in the inner
loop. There are 2N possibilities how to design selection vector r and any integer heuristics
(FSA, GO) can be used to �nd the best pruning as a global minimum of objective function:

q(r) = p0. (24)

A stronger form of the previous problem is the one when we require the signi�cance of
parameters as a set constraints:

pk(r) ≤ α, for k = 0, 1, ..., N. (25)

The result of this integer optimization problem is an ANN classi�er in the form (23) with
only signi�cant weights, therefore the network has only Nopt ≤ N neurons in the hidden
layer.

3.2 Hidden layer of an ANN via logistic regression

Logistic regression can be also used as a tool for building a hidden layer of ANN. In order
to do so, �rst, we need to de�ne the notions a local minimum and a degenerated point in
the problem of constrained binary optimization. In this problem, the searching domain is
set S = {0, 1}N+1. The feasible domain is set T = {r ∈ S|r0 = 1,∀k = 0, ..., N : pk < α}.
The feasible neighborhood of a point r ∈ T is set N (r) = {q ∈ T| ‖ q−r ‖ = 1}. Then,
a local minimum of function q on the feasible domain is any point r loc ∈ T satisfying

q(r loc) < min {q(r)|r ∈ T(r loc)} . (26)

Similarly, a degenerated point of function q on the feasible domain is any point rdeg ∈ T
satisfying

q(rdeg) = min {q(r)|r ∈ T(rdeg)} . (27)

The global minimum of (24) satisfying (25) is either a local minimum or a degenerated
point. This method is based on �nding local minima and degenerated points. They are
easily found as a result of random walk or steepest descent algorithm from a random initial
point. The feasibility is solved by a penalization of objective function (24) with respect
to constraint (25).By repeating the local searching we get a set of various solutions. The
�nal three layer ANN is formed by them through the formula:

p(x ) = p(y = 1 | x ) = G0

(
w0 +

H∑
k=1

wkGk(xβk)

)
, (28)

where H is the number of local minima or degenerated points found by each of them
is characterized by selection vector r k and complete vector βk and the unknown vector
of weights w is estimated with the help of logistic regression. The ANN built upon
the logistic regression was used to predict the probability of increase of the number
of sunspots. The annual dataset from 1700 to 1987 was used. As input, the relative
di�erences was introduced to the ANN. For the pruning study, the number of input was
30, and a global solution was found which consists of 1 signi�cant positive and 5 negative
weights. The optimal topology is 29 - 6 - 1. In the case of the hierarchical approach, 12
various local minima were found and the �nal topology is 29 - 12 - 1.
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4 Multi-class logistic regression

The binary response model in the previous part is in fact a two-class classi�er which can
be extended to classify more classes. Let n,N ∈ N be the number of properties and
the number of classes. Then, the classi�er f has n inputs and N outputs. It realizes a
partition among N classes and can be described as a function f: RN → QN where QN

= {y ∈ PN | ‖ y ‖1= 1 } ⊆ PN = [0.1]N . The original logit model can be generalized
for N classes as follows:

yi =
exp(si)

N∑
k=1

exp(sk)

,where si =
n∑
j=1

vi,jxj for i = 1, ..., N, (29)

with x ∈ RN , V ∈ RN(n+1) and x0 = 1. Since there are N classes, when we identify
N − 1 classes, the last one will be identi�ed as well, therefore we can rearrange formula
[29] to the following form:

yi =
exp(si − s1)

N∑
k=1

exp(sk − s1)

=
exp(hi)

N∑
k=1

exp(hk)

(30)

where hi =
n∑
j=1

(vi,j − v1,j)xj =
n∑
j=1

wi,jxj for i = 1, ..., N, (31)

where W ∈ RN(n+1) and w1,j = 0 for j = 0, ..., n. Model (30) with unknown matrix W
has only (N˘1)(n + 1) free parameters. The sensitivity of this model to input variables
depends only on reduced matrix W red, which is de�ned via relationship

W =

[
0 0

b W red

]
, (32)

where W red ∈ Rn(N−1) and b ∈ RN−1 is a bias vector for N classes.

4.1 Maximum likelihood estimate and its regularization

As usual, the estimation of model parameters is frequently performed via maximization
of its likelihood function. Let m be the number of patterns, (x k, ck) be a pattern and
ck = 1, ..., N be the class index, then the MLE estimate of W is:

Φ(W ) = − lnL(W ) = min, (33)

where L is the likelihood function for a given pattern set. Since yk = f(x k) is a vector of
class membership probability and denote its ith component as (yk)i, then

Φ(W ) =
m∑
k=1

ln(yk)ck , (34)
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which is smooth and convex, thus a unimodal function. But in many cases, the minimum
of (34) does not exist and the norm of W approaches in�nity during search process. In
such cases task regularization is needed. The regularization is based on statistical theory,
we can convert the task to M-estimate �nding and testing. Bayesian approach is used
to regularize. Based on an a priori knowledge of distribution of W red while without this
knowledge for the bias vector b, the conditional probability de�ned in (11) is:

Ψ(W ) =
1

2σ2
‖W red‖2

F −
m∑
k=1

ln(yk)ck = min . (35)

Here, ‖ ... ‖F is Frobenius norm and resulting function in (35) is smooth and convex,
again. But in this case, the optimum of (35) exists in all cases. After some rearrangement
we get:

Ψ(W ) =
m∑
k=1

(
− ln(yk)ck +

1

2mσ2
‖W red‖2

F

)
=

m∑
k=1

Ψk(W ) = min, (36)

where W red is de�ned in (32). We can use the theory of M-estimates for model and sub-
model testing. The minimization of (35) is easy to perform in the Matlab environment
using functions fminunc or fminsearch.

4.2 Model and sub-model testing

The likelihood ratio test can be used to compare the full model with its sub-models, as
it was in the previous section. If Ψ and Ψ0 are the optimal values from (35) for a model
and a model only with a constant respectively, then the signi�cance of the model di�erent
with the one with a constant is:

p0 = 1− FQ(2(Ψ0 −Ψ)), where Ψ0 = −m
N∑
k=1

y0
k ln y0

k, y0
k =

mk

m
(37)

for k = 1, ..., N . The lower value of p0 indicates the higher signi�cance of given model
and various models can be ordered according to p0 to obtain the best one.

4.3 Model pruning as a binary optimization task

The minimization of (36) is easy task of convex programming but it is only a subject of
inner loop. Statistical meaning of model pruning is in �nding of the best model or its
control matrix B , respectively. There are 2(N˘1)n possibilities how to design the control
matrix B . We �nd the best pruning as a global minimum of this objective function:

q(W ) = log10 p0, (38)

The probability of state changing from W to W new is:

pnew =
1

2
+

1

π
arctan

q(W )− q(W new)

Tk
(39)
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where Tk is the cooling strategy set by this formula:

Tk = T0

(
1 +

k

n0

)−1

(40)

where T0, n0 and k are initial temperature, index scale and index of state change respec-
tively.

4.4 Iris �ower classi�cation task

The dataset from [3] consists of 50 samples from each of three species of Iris �owers
(Iris Setosa, Iris Virginica and Iris Versicolor). Four features were measured on each
pattern. They are: sepal length, sepal width, petal length and petal width. Based on
the combination of the four features, Fisher developed a linear discriminant model to
determine which species they are. In our setting, the multi-classi�cation task has N
= 3 classes, n = 4 inputs, m = 150 patterns and 10 free parameters including biases.
Thus 0 < Q < 8 and there are only 28 = 256 states for binary optimization by FSA.
We used T0 = 0.01, n0 = 10, pmut = 0.2 to reach global optimum after less than 200
function evaluations. The apriori value of parameter σ changes the optimum solution of
multi-classi�cation task: Q, log10 p0, nerr, ‖ W ‖red as the number of free parameters,
the quality of model, the number of miss-classi�ed patterns and the sensitivity to input
signals. When σ is small, the model is over-regularized and imprecise. When σ > 2, the
number of classi�cation errors is suppressed to 3 from 150 and the multi-classi�er use only
four active weights from three inputs (excluding sepal length), but the sensitivity to inputs
is higher than 20. In the medium range of regularization, the multi-classi�er used only
three active weights from two inputs (only petal length and width) with slightly increased
number of classi�cation errors but with decreased sensitivity to inputs. The classi�cation
problem then was proceeded with a quadratic preprocessing by adding squared terms
and cross terms of the 4 original inputs. By doing so, we obtained a new data set with 3
classes, 14 inputs and 150 patterns. The number of states has increased to Q = 228. We
kept the parameters of FSA and the value of σ unchanged and monitored the same set
of output variables: Q, log10 p0, nerr, ‖W ‖red as in the case without preprocessing. The
most interesting feature in this case is that the number of misclassi�cation was suppressed
to 0. At the same time, as the misclassi�cation disappeared, the sensitivity to inputs of
the model increased signi�cantly (see table 1).

5 Conclusion

Logistic regression has had a wide scope of applications. In this paper, the use is ex-
tended into two directions. First, it is used to prune a given ANN and then to build
an optimal hidden layer in an ANN. The cutting o� the redundant connections between
the hidden layer and the output layer is based on the LR test. In the same fashion it is
also used to build a optimal hidden layer in an ANN. Then logistic regression was used
to construct a regularized multi-classi�er, whose parameter estimation was converted to
convex optimization task for free minimization. Even in this case, the likelihood ratio
test is used to select the best sub-model with the help of Fast Simulated Annealing. This
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Table 1: The results of Iris classi�cation using logistic approach
without preprocessing with preprocessing

σ Q log10 p0 nerr ‖W red‖F Q log10 p0 nerr ‖W red‖F
0.1 3 -7.32 24 0.82 2 -43.54 7 0.65
0.2 3 -33.64 5 3.31 2 -57.43 6 1.20
0.5 3 -56.25 6 8.26 2 -64.10 5 1.95
1 3 -62.70 6 12.55 2 -66.57 4 5.57
2 4 -65.16 3 20.46 2 -67.54 4 6.41
5 4 -66.22 3 28.05 2 -67.84 4 6.82
10 4 -66.41 3 31.32 2 -67.89 4 6.76
20 4 -66.47 3 33.81 4 -68.31 1 6.84
50 4 -66.48 3 37.00 4 -68.96 0 3199.6
100 4 -66.48 3 39.16 4 -69.21 0 4986.8
1000 4 -66.49 3 70.47 4 -69.34 0 10678.0
∞ 4 -66.49 3 70.55 4 −∞ 0 ∞

regularized multi-classi�er then was employed to perform iris �ower classi�cation task as
well as to examine the e�ect of model structure pruning. The novel method and program
library in the Matlab environment can act as a universal tool for multi-classi�cation.
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Abstract. In this article, the su�cient Pontryagin's maximum principle for in�nite horizon
discounted stochastic control problem is given. The su�ciency is ensured by an additional
assumption of concavity of the Hamiltonian function. In the paper, it is assumed that the
control domain U is a convex set and the control enters also the di�usion part of the state
equation. Due to our setting, the Hamiltonian function has to be modi�ed using an additional
term coming from Lyapunov function for the FBSDE system. The result of this paper extends
the one in [17] where the knowledge of the terminal condition of the associated BSDE is assumed.
In this paper, to overcome this unrealistic assumption, we establish a so called transversality
condition. In the end, we apply the result to an example from �nance with known solution to
conclude that our approach gives the same result.

Keywords: Stochastic maximum principle, discounted control problem, BSDE, transversality
condition

Abstrakt. V tomto £lánku se zabýváme stochastickým principem maxima ve smyslu posta£ující
podmínky pro optimalitu °ízení, která je zaji²t¥na dodate£ný p°edpokladem konkavity Hamil-
tonianu. P°edpokládáme, ºe °ízení je z konvexního stavového prostoru a ºe téº vstupuje do
difuzního £lenu stavové rovnice. Díky tvaru uvaºovaného funkcionálu modi�kujeme Hamil-
tonian dodate£ným £lenem, který p°ichází z Ljapunovské funkce pro °ízenou FBSDE. Tento
£lánek roz²i°uje výsledek uvedený v [17], kde autor p°edpokládá znalost koncové podmínky p°ís-
lu²né BSDE. Tento v praxi t¥ºko zaru£itelný p°edpoklad je v tomto £lánku nahrazen p°íslu²nou
podmínkou transverzality. Na záv¥r ukáºeme uºití stochastického principu maxima na úlohu z
�nancí, u které je °e²ení známo a pro kterou dává p°edkládaná metoda stejný výsledek.

Klí£ová slova: Stochastický princip maxima, diskontovaná úloha °ízení, BSDE, podmínka trans-
verzality

1 Introduction

In this paper, the discounted stochastic control problem is considered. This kind of prob-
lem is very popular and plentifully used in many domains, especially in stochastic �nance
since it leads to maximizing the average discounted agent's utility. The approach to the
solution here is the maximum principle which, in deterministic setting, was formulated
in 1950s by the group of L.S.Pontryagin. For di�usions, the maximum principle has
been studied by many researchers. The earliest versions of a maximum principle for such
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process were given by Kushner [7] and Bismut [8]. Further progress on the subject was
subsequently made by Bensoussan [9], Peng [10], and Cadenillas and Haussmann [12].
Originally, the main technical tool used when considering maximum principle was the
calculus of variations which was not easy to apply to real examples and was di�cult
to simulate. This was the reason why the approach via maximum principle was rather
theoretical and discom�ted by the dynamic programming approach. The turning point
which led to its intensive study was the paper [4] by Pardoux and Peng who formulated
the general problem of Backward Stochastic Di�erential Equation (BSDE in short) and
proved the existence and uniqueness theorems. BSDE's provide an elegant and easy-to-
handle tool to describe the adjoint (shadow price) processes to the control problem and
to formulate the maximum principle using the Hamiltonian function. For di�usions with
jumps, a necessary maximum principle on the �nite time horizon was formulated by Tang
and Li [13] whereas su�cient optimality conditions on �nite time horizon were speci�ed
by Øksendal, Sulem and Framstad [1].

The paper is organized as follows: in the second section, some known results on
Forward-Backward Stochastic Di�erential Equations with in�nite tim e horizon are pro-
vided. The formulation of the discounted problem is in the third section. Fourth section
contains the main result of the paper - the formulation and proof of the su�cient in�nite
time maximum principle for the discounted problem. In the last section, one example
on agent's optimal consumption with known solution due to [16] is used to be compared
with our approach.

2 Preliminaries

We are given a basic probability space
(
Ω,F ,P

)
, Rd-valued standard Wiener process

W =
(
Wt

)
t≥0

. Let
(
FW
t

)
t≥0

be the canonical �ltration of W , i.e. FW
t = σ

(
Ws; s ≤ t

)
,

and
(
Ft

)
t≥0

be its P−null sets augmentation. We denote F∞ =
∨
t≥0 Ft ⊂ F . Further,

to simplify the notation, we write just 'a.s.' instead of 'P -a.s.'. We denote | · | and || · ||
the Euclidean norms in Rn and Rn×d respectively.

3 Formulation of the problem

3.1 Controlled state equation

The controlled state process (Xt)t≥0 is a strong solution to the following controlled SDE
on R+

dXt = b(Xt, ut, ω)dt+ σ(Xt, ut, ω)dWt, ∀t ≥ 0 a.s. (1)

X0 = x,

where U is a compact convex subset of Rk, the random functions b : Rn×U×Ω→ Rn

and σ : Rn × U × Ω → Rn×d are continuous in variables (x, u). Further we assume that
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b and σ satisfy some assumptions ensuring the existence of strong solution to (1). For
example, these can be

〈x1 − x2, b(x1, u, ω)− b(x2, u, ω)〉 ≤ µ|x1 − x2|2, (2)

|σ(x1, u, ω)− σ(x2, u, ω)| ≤ c|x1 − x2|, (3)

|b(x, u, ω)|+ |σ(x, u, ω)| ≤ K(1 + |x|+ |u|), (4)

for every x, x1, x2 ∈ Rn, u ∈ U and some constants µ ∈ R, c,K > 0. The above
conditions hold a.s. The condition (2) means some kind of monotonicity of b in x, (3) is
the standard (global) Lipschitz condition, (4) controls growth of b, σ in (x, u) as most as
linearly. In the latter, we omit the notation of the dependence on ω and we denote as u
both the element of the set U and the admissible control process u = (ut)t≥0 as de�ned
bellow.

We denote as Uad the set of all admissible controls which satisfy

Uad =
{
u =

(
ut
)
t≥0

: u ∈ L2
F

(
R+;U

)}
, (5)

where L2
F

(
R+;U

)
denotes the Hilbert space of

(
Ft

)
-adapted, U−valued processes u

with E
∫ +∞

0
|ut|2dt < +∞. Any process u ∈ Uad is called an admissible control. The

functional considered is of the form

J(u) = E

∫ +∞

0

e−βtf(Xt, ut)dt, (6)

where f : Rn × U → R is the penalization (or appreciation) function over R+ such
that J(u) converges for all every admissible control. β > 0 is the discount factor.
Further, we de�ne the cost function v by

v = sup
u∈Uad

J(u). (7)

The goal is to �nd such a strategy u∗ ∈ Uad so that the supremum in (7) is attained
in u∗, i.e. v = J(u∗).

3.2 Hamiltonian of the system

We de�ne a generalized Hamiltonian function H associated to control problem (1) - (7)
by H : Rn × U × Rn × Rn×d → R and

H(x, u, y, z) =
〈
b(x, u), y

〉
+ Tr(σ(x, u)′z) + f(x, u)− β

〈
x, y
〉
, (8)

where
〈
·, ·
〉
denotes inner product in Rn, z′ is the transpose of z and Tr(·) denotes

trace of a matrix in Rd×d. The Hamiltonian is an analogy of the Lagrange function
in the theory of constrained optimization since the variables y and z can be viewed as
'generalized Lagrange multiplicators' and the functions b and σ as the constraints for
the dynamics of the space process Xt. The additional term −β

〈
x, y
〉
comes up from the
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Lyapunov function of the FBSDE system, see [11]. We note that the extremal point of H
w.r.t. u does not depend on the last term −β

〈
x, y
〉
and neither the concavity/convexity

w.r.t. (x, u).
We further suppose that H is di�erentiable in x (with the gradient denoted as ∇xH)

and we consider the following BSDE

Yt =

∫ +∞

t

∇xH(Xs, us, Ys, Zs)ds−
∫ +∞

t

ZsdWs, ∀t ≥ 0 a.s..

3.3 Some discussion of FBSDE on in�nite time horizon

In the previous subsection, we have seen that when applying the Hamiltonian formalism
to stochastic control problems, the class of Forward-Backward Stochastic Di�erential
Equations (FBSDE in short) naturally arises in form of a partially-coupled system of the
state (forward) equation for the controlled di�usion and the adjoint backward equation for
`generalized Lagrange multiplicators'. Forward-Backward stochastic di�erential systems
with in�nite (or random) time horizon are today still under study. The question which
is quite delicate is the behaviour of the solution processes at in�nity. There are several
papers answering this question under di�erent assumptions both on the coe�cients of the
FBSDE and on the terminal condition. All those approaches naturally assume that the
terminal condition of the Backward equation is given in advance with suitable properties
which consequently determine properties of the solution processes. The problem when
considering stochastic control problems in in�nite time is that one does not know this
terminal condition. Therefore, we have to introduce some kind of transversality condition
specifying the behavior of the processes at in�nity. On the other hand, if we would be
able to state the terminal condition (which is an open question), we could use the existing
theory as mentioned above. For illustration, we mention in short those known result on
FBSDE in view of the transversality condition.

In all the papers, the fully coupled system of equations is considered. Let us have

dXt = b(t,Xt, Yt, Zt, ω)dt+ σ(t,Xt, Yt, Zt, ω)dWt, ∀t ≥ 0 a.s. (9)

X0 = x ∈ Rn,

Yt =

∫ +∞

t

h(s,Xs, Ys, Zs, ω)ds−
∫ +∞

t

ZsdWs, ∀t ≥ 0, a.s.

(10)

In Peng and Shi [11], very strong conditions on b, σ and h are imposed. Namely, it is
assumed that they are monotone and globally Lipschitz in all the variables. In that case,
the solution process is vanishing in in�nity and therefore, the terminal condition is zero
a.s. In the paper by Wu [18], a di�erent monotonicity condition is assumed to obtain a
solution process with non zero (in general) yet still a.s. constant terminal condition. The
most general result is due to Yin [6] who weakens the assumptions to obtain the solution
in L2 spaces with some exponential weight.

We note that assumptions laid on the terminal condition ξ in all those papers are
implied by ξ ∈ L2(Ω,P).
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4 In�nite horizon su�cient maximum principle

In this section, the main result is given.

Theorem 1 (Su�cient stochastic maximum principle). Let û ∈ Uad and X̂ be the asso-
ciated controlled di�usion process. Let us suppose that there exists a solution (Ŷ , Ẑ) to
the associated BSDE (9) such that

• H(X̂t, ût, Ŷt, Ẑt) = max
u∈U
H(X̂t, u, Ŷt, Ẑt), P⊗ dt− a.e.,

• (x, u)→ H(x, u, Ŷt, Ẑt) is a concave function for all t,

• the transversality condition

lim
t→+∞

E
[
e−βt

〈
X̂t −Xt, Ŷt

〉]
≤ 0, (11)

holds for every X = Xu, u ∈ Uad.

Then û = u∗, i.e. û is the optimal control strategy to the stochastic control problem
(1) - (7).

Proof. Let us take an arbitrary u ∈ Uad and examine the di�erence J(û) − J(u). The
goal is to show that this quantity is nonnegative. Using the de�nition of J(u) and H we
have

J(û)− J(u) = E

∫ +∞

0

e−βt
(
f(X̂t, ût)− f(Xt, ut)

)
dt =

E

∫ +∞

0

e−βt
[(
H(X̂t, ût, Ŷt, Ẑt)−H(Xt, ut, Ŷt, Ẑt)

)
+
〈
b(Xt, ut)− b(X̂t, ût), Ŷt

〉
+ Tr

{(
σ′(Xt, ut)− σ′(X̂t, ût)

)
Ẑt

}
+β
〈
X̂t −Xt, Ŷt

〉]
dt. (12)

The Lebesgue integral over R+ can be expressed (from Fubini's theorem and existence
of the original integral) as the following limit

E

∫ +∞

0

Itdt = lim
T→+∞

E

∫ T

0

Itdt, (13)

where It is the integrand of (12).

Now we take into account the transversality condition (11) with the sequence Tn ↗
+∞ realizing the lim sup. Applying the Itô formula we arrive at



280 P. Veverka

0 = lim
Tn→+∞

E
[
e−βTn

〈
X̂Tn −XTn , ŶTn

〉]
= lim

Tn→+∞
E

∫ Tn

0

[〈
X̂t −Xt, d

(
e−βtŶt

)〉
+e−βt

〈
Ŷt, d

(
X̂t −Xt

)〉
+ e−βtTr

{(
σ′(X̂t, ût)− σ′(Xt, ut)

)
Ẑt

}]
dt =

= lim
Tn→+∞

E

∫ Tn

0

e−βt
[〈
X̂t −Xt,−∇xH(X̂t, ût, Ŷt, Ẑt)

〉
− β

〈
X̂t −Xt, Ŷt

〉
−Tr

{(
σ′(Xt, ut)− σ′(X̂t, ût)

)
Ẑt

}
−
〈
b(Xt, ut)− b(X̂t, ût), Ŷt

〉]
dt. (14)

Then, putting (14) into (13) we get

J(û)− J(u) = lim
Tn→+∞

E

∫ Tn

0

e−βt
[
H(X̂t, ût, Ŷt, Ẑt)−H(Xt, ut, Ŷt, Ẑt)

−
〈
X̂t −Xt,∇xH(X̂t, ût, Ŷt, Ẑt)

〉]
dt. (15)

>From the concavity of H in (x, u), we know that

H(X̂t, ût, Ŷt, Ẑt)−H(Xt, ut, Ŷt, Ẑt)−
〈
X̂t −Xt,∇xH(X̂t, ût, Ŷt, Ẑt)

〉
≥ 0. (16)

Therefore, we deduce that

J(û)− J(u) ≥ 0, ∀u ∈ Uad,

which proves that û is indeed the optimal control.

5 Example - Optimal consumption rate

The problem of optimal consumption rate is taken from [16] where it is solved using a
bit di�erent de�nition of Hamiltonian. For our setting, we can, in fact, exactly follow the
solution process step by step showing the same result.

Let us consider an agent whose wealth evolves according to the following controlled
bilinear SDE in R

dXt = Xt

(
µt − ut

)
dt+XtσtdWt, ∀t ≥ 0 a.s.,

X0 = x0 > 0, (17)

where ut is the consumption rate process, µt and σt are some deterministic functions.
The aim is to maximize over all u(·) > 0 the discounted cost functional

J(u) = E

∫ +∞

0

e−βtln
(
utXt

)
dt, (18)
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where β > 0 is a discount factor.

The Hamiltonian of this control problem is

H(x, u, y, z) = x(µt − u)y + xσtz + ln(xu)− βxy (19)

which is a concave function in (x, u). The driver of the backward adjoint equation is
obtained as the derivative of H w.r.t x, i.e.

h(x, u, y, z) = (µt − u− β)y + σtz +
1

x
. (20)

To �nd the maximal point of H we lay

∂

∂u
H(x, u, y, z) = −xy +

1

u
= 0, (21)

which leads to

ût =
1

X̂tŶt
, (22)

and the associated BSDE is

Yt =

∫ +∞

t

(
(µs − us − β)Ys + σsZs +

1

Xs

)
ds−

∫ +∞

t

ZsdWs, ∀t ≥ 0 a.s. (23)

Further, we will try to �nd the solution to BSDE (23) for general control u(·). We
denote Φt the fundamental solution of the following equation

Φ̇t = −(µt − ut − β)Φt, ∀t ≥ 0 a.s.

Φ0 = 1. (24)

It is easy to show that

Φt = e−
R t
0 (µs−us−β)ds =: e−St . (25)

Using Φt, (23) can be rewritten as

Yt = e−StY0 − e−St

∫ t

0

eSr
(
σrZr +

1

Xr

)
dr + e−St

∫ t

0

eSrZrdWr, ∀t ≥ 0 a.s. (26)

As in [16] we lay

Y0 =
1

x0β
, Zt = − σt

Xtβ
, (27)

and we show that the solution to (23) is

Yt =
1

Xtβ
.
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Indeed, laying Ft = e−StXt one can easily verify that

dFt = βFtdt+ FtσtdWt,

and therefore

d

(
1

Ftβ

)
= − 1

Ft
dt+

σ2
t

βFt
dt− σt

βFt
dWt. (28)

Integrating (28) from 0 to t we �nally observe that

1

Ftβ
=

1

e−StXtβ
=

1

x0β
−
∫ t

0

eSr
1

Xr

dr +

∫ t

0

eSr
σ2
r

βXr

dr −
∫ t

0

eSr
σr
βXr

dWr =
Yt
e−St

, (29)

by (26) and (27). Therefore we conclude that

Yt =
1

Xtβ
and ût = β. (30)

The last thing which remains to be shown is that our solution ful�ls the transversality
condition (11). We know that

E
[
e−βtŶt

(
X̂t −Xt

)]
=

1

β
E

[
e−βt

(
1− Xt

X̂t

)]
=

1

β
E
[
e−βt − e−

R t
0 usds

]
≤ 1

β
E
[
e−βt

]
→

t→+∞
0,

(31)

which was to prove.

6 Further work

The next step will be �nding an example with nonlinear state dynamics and deriving the
necessary maximum principle. Some other generalizations could be introducing jumps
into the model, considering relaxed controls or solving the problem in spaces of in�nite
dimension.

I am grateful to my supervisor, prof. RNDr. Bohdan Maslowski, DrSc. for his helpful
comments and his kind guidance.
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t. Path planning is one of the 
riti
al tasks for autonomous robots. We will studythe problem of �nding the shortest path for a robot 
olle
ting waste spread over the area su
hthat the robot has a limited 
apa
ity and hen
e during the route it must periodi
ally visit de-pots/
olle
tors to empty the 
olle
ted waste. This is a variant of often overlooked vehi
le routingproblem with satellite fa
ilities. We present the approa
h based on Constraint Programmingte
hniques driven by the 
on
ept of �nite state automaton. The experimental 
omparison andenhan
ements of models are dis
ussed.Keywords: vehi
le routing, autonomous robots, 
onstraint programming, optimizationAbstrakt. Plánovanie 
esty je jednou z kriti
ký
h úloh v atonómnej robotike. Zameriamesa na problém nájdenia najkrat²ej trajektórie robota zbierajú
eho odpadky v prostredí, kdeje kapa
ita robota obmedzená a preto musí robot pravidelne nav²tevova´ tzv. depoty, kdeje jeho zásobník vyprázdnený. Jedná sa o variantu £asto prehliadaného problému - VRP sosatelitmi. Predstavíme prístup zaloºený na programovaní s obmedzujú
imi podmienkami in-²pirovaný kone£nými stavovými automatmi. Prediskutujeme tieº experimenálne porovnania aroz²írenia modelov.K©ú£ové slová: logistika, autonómni roboti, programovanie s obmedzujú
imi podmienkami, op-timizá
ia1 Introdu
tionRe
ent advan
es in roboti
s have allowed robots to operate in 
luttered and 
omplexspa
es. However, to e�
iently handle the full 
omplexity of the real-world tasks, newdeliberative planning strategies are required. We solve the problem of planning a routefor a single robot su
h that all waste is 
olle
ted, robot's 
apa
ity is never ex
eeded,and the route is as short as possible. We assume the environment to be known andnot 
hanging, in parti
ular, the lo
ation of waste and depots is known and the robotknows how to move between these lo
ations. To handle 
hanges in the environment wefo
us on anytime planning algorithms that 
an be re-run when the initial task 
hanges.We propose to use Constraint Programming (CP) to solve the problem be
ause of the�exibility of CP. The task we are dealing with is to develop a robot solving a spe
i�
routing problem - an often overlooked variant of the standard Vehi
le Routing Problem285



286 M. Zerola(VRP). In our setting, the robot has to 
lean out a 
olle
tion of waste spread in a building,but under the 
ondition of not ex
eeding its internal storage 
apa
ity at any time. Thestorage tank 
an be emptied in one of available 
olle
tors. The goal is to 
ome up withthe routing plan minimizing the travelled traje
tory. This is a similar setting to a Vehi
leRouting Problem with Satellite Fa
ilities (VRPSF), where the task is to deliver goodsrather than to 
olle
t waste. However, this variant of VRP problem, has not been solvedextensively. The latest published results 
an be found in [1℄, and are mentioned also in [3℄.Authors presented an exa
t pro
edure for solving the VRPSF that 
ombines heuristi
swith methods from polyhedral theory in a bran
h and 
ut framework. They fo
used onobtaining an optimal solution, that took almost an hour on 15-
ustomer 
ase instan
es.Our primary goal is to develop an algorithm that returns good solutions in a short time(almost anytime algorithm) and that 
an be easily extended by additional 
onstraints.Neither of existing CP-oriented works solves the above problem, but we 
an use them asthe initial motivation for the design of our 
onstraint model. Most of the routing modelsare based on the formulation of the problem using network �ows (Simonis [7℄) so we alsoproposed a 
onstraint model based on this standard te
hnique. Very often, authors useCP methods embedded into Lo
al Sear
h (LS) in order to a
hieve better running timewhile preserving good quality of the solution. We will present also the LS extension and
omparison to the pure CP model. Nevertheless, the performan
e of this model was notsatisfa
tory in our experiments so we proposed a radi
ally new approa
h to model theproblem using a �nite state automaton. In our experiments, this model outperforms thetraditional model and 
an solve larger instan
es of the problem.
2 Problem formulationThe robot's environment 
onsists of the navigation points de�ned by the lo
ations ofwaste and 
olle
tors. We use a mixed weighted graph (V, E) with both dire
ted andundire
ted edges to represent this environment. The reason for using undire
ted edges isminimizing the size of the representation. The set of verti
es V = {I} ∪ W ∪ C ∪ {D}
onsists of the initial position I, the set W of waste verti
es, the set C of 
olle
tors andthe destination vertex D. From the initial position the robot has to visit some wasteso we have dire
ted ar
s from I to all verti
es in W . The robot 
an travel between thewaste verti
es so we assume a 
omplete undire
ted graph between verti
es in W . Fromany waste vertex the robot 
an go to a 
olle
tor so we use a dire
ted edge there and fromany 
olle
tor we 
an go to any waste whi
h is again modelled using a dire
ted edge. Weneed dire
ted edges here as we need to 
ount the number of in
oming and ongoing edgesfor the 
olle
tors. There are no edges between the 
olle
tor verti
es. As mentioned, weuse a dummy destination vertex that is 
onne
ted to all 
olle
tor verti
es by a dire
tededge. The weight of ea
h edge des
ribes the distan
e between the navigation points.The edges going to the dummy destination vertex D have zero weight so the robot 
ana
tually �nish at any 
olle
tor. The task is to �nd a minimal-
ost path starting at I,�nishing at D and visiting ea
h vertex in W exa
tly on
e su
h that the number of any
onse
utive verti
es from W does not ex
eed the given 
apa
ity of the robot.
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s: Using Constraint Programming in Anytime Path Planner 2873 CP model based on �nite state automataThe model that we propose brings a radi
ally new approa
h not seen so far when modellingVRPs or TSPs. We 
an base the model on the existing regular 
onstraint (Pesant [4℄).This 
onstraint allows a more global view of the problem so the hope is that it 
an infermore information than the network-based model and hen
e de
reases the sear
h spa
eto be explored. First, it is important to realize that the exa
t path length is unknownin advan
e. Ea
h waste vertex is visited exa
tly on
e, but the 
olle
tor verti
es 
anbe visited more times and it is not 
lear in advan
e how many times. Nevertheless, itis possible to 
ompute the upper bound on the path's length. Let us assume that thepath length is measured as the number of visited verti
es, the robot starts at the initialposition and �nishes at some 
olle
tor vertex (we will use the dummy destination in aslightly di�erent meaning here), and the weight/
ost of ar
s is non-negative. Let K = |W |be the number of waste verti
es and 
ap ≥ 1 be the robot's 
apa
ity. Then the maximalpath length is 2K + 1. This 
orresponds to visiting a 
olle
tor vertex immediately aftervisiting a waste vertex. Re
all that ea
h waste vertex must be visited exa
tly on
e andthere is no ar
 between the 
olle
tor verti
es.Our model is based on four types of 
onstraints. First, there is a restri
tion on theexisten
e of a 
onne
tion between two verti
es - a routing 
onstraint. This 
onstraintdes
ribes the routing network. It roughly 
orresponds to the Kir
ho�'s 
onstraints fromthe network-based model. Note that the sub-tour elimination 
onstraints are not ne
-essary here. Se
ond, there is a restri
tion on the robot's 
apa
ity stating that there inno 
ontinuous subsequen
e of waste verti
es whose length ex
eeds the given 
apa
ity - a
apa
ity 
onstraint. Third, ea
h waste must be visited exa
tly on
e, while the 
olle
tors
an be visited more times (even zero times) - an o

urren
e 
onstraint. Finally, ea
h ar
is annotated by a weight and there is a 
onstraint that the sum of the weights of usedar
s does not ex
eed some limit - a 
ost 
onstraint. This 
onstraint is used to de�ne thetotal 
ost of the solution.In the 
onstraint model we use three types of variables. Let N = 2K + 1 be themaximal path length. Then we have N variablesNodei, N variables Capi, and N variablesCosti(i = 1, . . . , N) so we assume the path of maximal length. Clearly, the real path maybe shorter so we introdu
e a dummy destination vertex that �lls the rest of the path tillthe length N . In other words, when we rea
h the dummy vertex, it is not possible toleave it. This way, we 
an always look for the path of length N and the model gives�exibility to explore the shorter paths too.The semanti
 of the variables is as follows. The variables Nodei des
ribe the pathhen
e their domain is the set of numeri
al identi�
ations of the verti
es. We use positiveintegers 1, . . . , K(K = |W |) to identify the waste verti
es, K + 1, . . . , K + L for the
olle
tor verti
es (L = |C|), and 0 for the dummy destination vertex. In summary, theinitial domain of ea
h variable Nodei 
onsists of values 0, . . . , K + L. Capi is the used
apa
ity of the robot after leaving vertex Nodei(Cap1 = 0 as the robot starts empty),the initial domain is {0, . . . , 
ap}. Costi is the 
ost of the ar
 used to leave the vertexNodei(CostN = 0), the initial domain 
onsists of non-negative numbers. Formally:
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∀i = 1, . . . , N(N = 2K + 1) :

0 ≤ Nodei ≤ K + L

0 ≤ Capi ≤ 
ap,Cap1 = 0
0 ≤ Costi,CostN = 0

(1)We will start the des
ription of the 
onstraints with the o

urren
e 
onstraint sayingthat ea
h waste vertex is visited exa
tly on
e. This 
an be modelled using the global
ardinality 
onstraint (Régin [5℄) over the set {Node1, . . . ,NodeN}. The 
onstraint isset su
h that the ea
h value from the set {1, . . . , K} is assigned to exa
tly one variablefrom {Node1, . . . ,NodeN} - ea
h waste node is visited exa
tly on
e. The values {0, K +
1, . . . , K + L} 
an be used any number of times. Formally:gcc({Node1, . . . ,NodeN},

{v : [1, 1] ∀v = 1, . . . , K,

0 : [0,∞],
v : [0,∞] ∀v = K + 1, . . . , K + L})

(2)where v : [min, max] means that value v is assigned to at least min and at most maxvariables from {Node1, . . . , NodeN}. The g

 
onstraint allows spe
ifying the number ofappearan
es of the value using another variable rather than using a �xed interval as in2. Let D be the variable des
ribing the number of appearan
es of value 0 (identi�
ationof the dummy vertex) in the set {Node1, . . . , NodeN}, then we 
an use the following
onstraints instead of 2: gcc({Node1, . . . ,NodeN},
{v : [1, 1] ∀v = 1, . . . , K,

0 : D,

v : [0,∞] ∀v = K + 1, . . . , K + L})

(3)NodeN−D > 0 (4)The 
onstraint 4 says that NodeN−D is not a dummy vertex; a
tually it is the lastreal vertex in the path. We 
an also set the upper bound for D by using the informationabout the minimal path length (MinPathLength is a 
onstant 
omputed in advan
e):
D ≤ N −MinPathLength (5)These additional 
onstraints 4 and 5 are not ne
essary for the problem spe
i�
ation butthey improve inferen
e (we use them in experiments).The 
ost 
onstraint 
an be easily des
ribed asObj =

∑

1,...,N

Costi (6)so we 
an use the 
onstraints Obj < Bound in the bran
h-and-bound pro
edure exa
tlythe same way as in the network-based model.For the 
ost 
onstraint to work properly we need to set the value of Costi vari-ables. Re
all that Costi is the 
ost/weight of the ar
 going from vertex Nodei to vertexNodei+1. Hen
e, we 
an 
onne
t the Cost variables with the Node variables when spe
ify-ing the routing 
onstraint. In parti
ular, we use the ternary 
onstraints over the variables
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onstraints 
orresponds to the idea ofslide 
onstraint (Bessiere et al. [2℄). We implement the 
onstraint between the variablesNodei,Costi,Nodei+1 as a ternary tabular (extensionally de�ned) 
onstraint; let us 
all itlink, where the triple (p, q, r) satis�es the 
onstraint if there is an ar
 from the vertex pto the vertex r with the 
ost q. In other words, this table des
ribes the original routingnetwork with the 
osts extended by the dummy vertex. Formally:link(p, q, r) ≡ ∃e ∈ E : e = (p, r), q = weight(e)
∨(q = r = 0 ∧ (p = 0 ∨ p > K)

(7)
∀i = 1, . . . , 2K : link(Nodei,Costi,Nodei+1) (8)It remains to show how the 
apa
ity 
onstraint is realized. Brie�y speaking, we use asimilar approa
h as for the routing 
onstraint. The 
apa
ity 
onstraint is realized using aset of ternary 
onstraints over the variables Capi,Nodei+1,Capi+1 i = 1, . . . , N − 1, againexploiting the idea of slide 
onstraint. The 
onstraint is implemented using a tabular
onstraint, let us 
all it 
apa, with the following semanti
s. Triple (p, q, r) satis�es this
onstraint if and only if:

• q is an identi�
ation of a 
olle
tor vertex (q > K) or a dummy vertex (q = 0) and
r = 0

• q is an identi�
ation of a waste node (0 < q ≤ K) and r = p + 1.Re
all that the domain of 
apa
ity variables is {0, . . . , cap} so we never ex
eed the
apa
ity of the robot. Formally:
apa(p, q, r) ≡ (q = r = 0)
∨(q > K ∧ r = 0)

∨(0 < q ≤ K ∧ r = p + 1)
(9)

∀i = 1, . . . , 2K : 
apa(Capi,Nodei+1,Capi+1) (10)Any solution to the above des
ribed 
onstraint satisfa
tion problem de�nes a valid solu-tion of our single robot path planning problem with the 
apa
ity 
onstraint. Vi
e versa,any solution to the path planning problem is also a feasible solution of the spe
i�ed
onstraint satisfa
tion problem. We omit the formal proof due to limited spa
e.3.1 Sear
h pro
edureIt is important to spe
ify the sear
h strategy. Only the variables Nodei are the de
isionvariables - they de�ne the sear
h spa
e. It is easy to realize that the inferen
e through therouting 
onstraints 8 de
ides the values of the Costi variables and the inferen
e throughthe 
apa
ity 
onstraints 10 de
ides the values of the Capi variables provided that thevalues of all variables Nodei are known.When sear
hing for the solution we �rst use a greedy approa
h to �nd the initialsolution (the initial 
ost). This greedy algorithm instantiates the variables Nodei in theorder of in
reasing i in su
h a way that the ar
 with the smallest 
ost is preferred. We
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t the node to whi
h the least expensive ar
 from the previously de
ided node leads.Naturally, the 
apa
ity 
onstraint is taken into a

ount so only the nodes su
h that the
apa
ity is not ex
eeded are assumed.To �nd the optimal solution we use a standard bran
h-and-bound approa
h withrestarts. To instantiate the Node variables we use the min-dom heuristi
 for the variablesele
tion, that is, the variable with the smallest 
urrent domain is instantiated �rst. Wesele
t the values in the order de�ned in the problem (the waste nodes are tried beforethe 
olle
tor nodes). After �nding a solution with the total 
ost Bound, the 
onstraintObj < Bound is posted and sear
h 
ontinues until any solution is found. The last foundsolution is the optimum. Note that using the well known and widely applied min-domheuristi
 for the variable sele
tion is meaningful in this model be
ause we have largerdomains.
4 Embedding CP models into lo
al sear
hThe 
urrent state of the art te
hniques for solving VRPs are frequently based on hybridapproa
hes. For example the paper (Rousseau et al. [6℄) suggests using CP te
hniquesto explore the neighborhood within Large Neighborhood Sear
h (LNS). We de
ided toapply a similar approa
h with our CP models to 
he
k, if the solution quality 
an beimproved in 
omparison with the pure bran
h-and-bound approa
hes presented above.The basi
 elements in the neighborhood lo
al sear
h are the 
on
ept of the neigh-borhood of a solution and the me
hanism for generating neighborhoods. It is eminentthat the performan
e and �su

ess� of the lo
al sear
h algorithm strongly depends on theneighborhood operator and its state spa
e. In our 
ase, the state 
orresponds to the plan- a valid path for the robot. The lo
al sear
h algorithm is repeatedly 
hoosing anothersolution in the neighborhood of the 
urrent solution with the goal to improve the valueof the obje
tive fun
tion. This move is realized by a so 
alled neighborhood operator.We have implemented an operator that is su

essfully used for solving the TravellingSalesman Problems. The operator relaxes the solution by removing an indu
ed path of agiven length and then it 
alls the CP solver to 
omplete the solution. It means that weadd to a given 
onstraint model additional 
onstraints that �x some edges (for the modelbased on network �ows) or forbid using some edges (for the model based on �nite stateautomata). These �xed edges 
orrespond to the edges in the original solution that werenot removed by the neighborhood operator. The role of the CP solver is to optimally
omplete this partial solution by adding the missing edges. The new solution is the stateto whi
h the lo
al sear
h pro
edure moves. As the lo
al sear
h repeatedly 
hooses amove that improves the value of the obje
tive fun
tion (we are minimizing the value),it 
an get �trapped� in the �rst lo
al minimum it en
ounters. In order to es
ape thelo
al minimum, a 
ontrolled method of a

epting an as
ending move is required. In thispaper, we examined the simpli�ed simulated annealing. Note �nally, that as the initialsolution for lo
al sear
h we used the �rst solution obtained from the pure CP model (seethe des
ription of the sear
h pro
edures above).
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tion we will present the experimental evaluation of the presented solving te
h-niques. As there is no standard ben
hmark set for the studied problem, we generatedown problem instan
es. We used a square-sized robot arena where the positions of thewaste and the initial lo
ation of the robot were uniformly distributed. The 
olle
torswere uniformly distributed along the boundaries of the arena and the weights set up asa point-to-point distan
e using the Eu
lidean metri
. All the following measurementswere performed on Intel Xeon CPU�2.5GHz with 4GB of RAM, running a Debian GNULinux operating system.5.1 Performan
e of the network �ow modelAs stated earlier, the model based on network �ows 
orresponds to the traditional op-erations resear
h approa
h, but we modi�ed the model to des
ribe spe
i�
s of our robotrouting problem. The model was implemented in Java SE 6 1 using Cho
o 2, an open-sour
e 
onstraint programming library. The optimization sear
h strategy uses the built-inbran
h-and-bound method, while all 
onstraints 
orrespond to the mathemati
 formula-tions des
ribed earlier.Figure 1 (left) shows the runtime (a logarithmi
 s
ale) to obtain the optimal solutionas a fun
tion of the instan
e size measured by the number of waste and by the numberof 
olle
tors. We generated 15 instan
es for ea
h problem size and the graph shows theaverage time the solver needs for �nding and proving the optimality of the solution. The
apa
ity of robot was 3.As already mentioned in (Bard et al. [1℄), the satellite fa
ilities in VRP (or 
olle
torsin roboti
s 
ase) heavily in
rease the 
omplexity of the problem. The initial experimentshows that the runtime in
reases exponentially with the number of waste but the runtimeis not signi�
antly a�e
ted by the in
reased number of 
olle
tors. In fa
t it seems thatfor di�erent quantities of waste there are di�erent numbers of 
olle
tors where the bestruntime is a
hieved. This is an interesting observation 
laiming that for a given numberof waste there is some number of 
olle
tors that gives the best result. Nevertheless, thisobservation requires additional experiments to 
on�rm it.While the graph in Fig. 1 (left) represents the total time the solver needs for �ndingand proving the optimality of the solution, we are also interested in how fast a �goodenough� solution 
an be found. This 
hara
teristi
 
an be seen in Fig. 1 (right), wherethe graph displays the 
onvergen
e of the solution during sear
h. We 
an see that even asimple greedy heuristi
 performs very well and the di�eren
e from the optimal solutionwas less than 5% within �rst se
onds for the instan
e 7 + 3.5.2 Performan
e of the network �ow model within lo
al sear
hAs mentioned above, the CP model 
an be used within the Large Neighborhood Sear
hpro
edure to solve larger instan
es but obviously without any guarantee of optimality.1Java: http://www.java.
omhttp://www.java.
om2Cho
o: http://
ho
o.sour
eforge.nethttp://
ho
o.sour
eforge.net
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onvergen
e of the network �ow model in the pureCP approa
h and the CP model embedded into lo
al sear
h.
We generated 50 independent problem instan
es with 20 wastes and 3 
olle
tors (referredto as 20 + 3). The 
apa
ity of the robot was set to 7 units. The neighborhood operatorwas allowed to remove 5 randomly sele
ted 
onse
utive edges during the sear
h and theembedded CP solver was allowed to sear
h for 1 se
ond. The graph in Fig. 2 shows anaverage one-to-one performan
e of the pure CP method and the LS method (with theembedded CP model) applied to the produ
ed instan
es. The graph shows the di�eren
ein the quality of a solution found in the 
orresponding time from the LS viewpoint.The lo
al sear
h pro
edure performed better in the long run, when 
ompared to thepure CP method relaying only on its inner heuristi
. However, CP beat LS in the �rstse
onds where the 
onvergen
e drop was steeper. As a 
onsequen
e, CP seems to bea more appropriate method under very short time 
onstraints, while reasonably goodsolutions 
an be found with a 
ombination of LS for larger instan
es.
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Figure 3: Left. Runtime (se
onds) for the model based on �nite state automata. Right:Time di�eren
e (se
onds) between the CP models. Positive values means that the modelbased on �nite state automata is faster.5.3 Performan
e of the �nite state automaton modelThe network �ow model represents a standard approa
h to solving the Vehi
le RoutingProblems so we 
ompared our novel 
onstraint model based on the �nite state automatondire
tly to this approa
h. The se
ond model was implemented in SICStus Prolog 3.Figure 3 (left) shows the runtime (a logarithmi
 s
ale) to obtain the optimal solution usingthe 
onstraint model based on �nite state automata using the same problems as for themodel based on network �ows (Fig. 1 (left)). The result also shows the exponential growwith the in
reased number of waste and weaker dependen
e on the number of 
olle
tors.To dire
tly 
ompare both models, we generated a di�eren
e graph showing the di�er-en
e of runtimes for the network model and for the automata model - the values abovezero mean faster automata model, while the times below zero mean faster network model.Figure 3 (right) shows these di�eren
e times. The automata-based model is visibly bet-ter for a smaller number of 
olle
tors where the problem is more 
onstrained and the
apa
ity 
onstraints 
an prune more of the sear
h spa
e. A bit surprisingly, it seems thatthe network-based model is better when the number of 
olle
tors be
omes larger. Thisfeature will require a further investigation.Sin
e in roboti
, �nding a good plan fast is more important than having the optimalone late, we started to investigate again the quality of the plans found by the CP solverin a limited time. In parti
ular, we embedded the new CP model in the LNS pro
edureas des
ribed above and we tried to 
ompare the pure CP model with this LS approa
h onmu
h bigger instan
es with 40 wastes and 3 
olle
tors. To our surprise, the LS methodwas not able to improve the solution found by the CP model in the 2 minutes runtime.As we need to produ
e a good solution in se
onds, the pure CP model based on �nitestate automaton seems more appropriate for our purpose.3SICStus Prolog: http://www.si
s.se/si
stushttp://www.si
s.se/si
stus
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lusionsWe developed the roboti
 ar
hite
ture in
orporating both purely rea
tive exe
ution anddeliberative planning that works in 
omplex and dynami
 environment. The goal of therobot is to pi
k up all wastes in a given environment and put them to 
olle
tors whileassuming a limited 
apa
ity of the robot. We used a 
onstraint model based on network�ows that is traditionally applied to this type of routing problems and we developed a
ompletely new model based on �nite automata. We further studied lo
al sear
h te
h-niques that are traditionally used to improve the runtime performan
e of CP models forvehi
le routing problems and we have found that our novel model based on �nite au-tomata performs better without lo
al sear
h. The experiments showed some interestingbehavior of the model in relation to the number of 
olle
tors that we are going to furtherinvestigate. In summary, there are three novel 
ontributions. First, we reformulatedthe traditional network �ow model to solve the waste 
olle
ting problem with limited
apa
ity of the robot. Se
ond, we proposed a novel 
onstraint model based on �niteautomata (state transitions) and we experimentally showed that it outperforms the tra-ditional approa
h, if the number of waste 
olle
ting pla
es is small. Finally, we integratedthe proposed models with a rea
tive planner to show that deliberative planning based onCP 
an be used in real robots and environments.Referen
es[1℄ J. F. Bard, L. Huang, M. Dror, and P. Jaillet. A bran
h and 
ut algorithm for theVRP with satellite fa
ilitie s. IIE Transa
tions 30 (1998), 821�834.[2℄ C. Bessiere, E. Hebrard, B. Hni
h, Z. Kiziltan, C.-G. Quimper, and T. Walsh. Re-formulating global 
onstraints: the slide and regular 
onstraints. In 'Pro
eedings ofthe 7th International 
onferen
e on Abstra
tion, reformulation, and approximation',SARA'07, 80�92, Berlin, Heidelberg, (2007). Springer-Verlag.[3℄ J.-F. Cordeau, G. Laporte, M. W. Savelsbergh, and D. Vigo. Vehi
le routing.In 'Transportation, Handbooks in Operations Resear
h and Management S
ien
e',C. Barnhart and G. Laporte, (eds.), volume 14, Elsevier (2007), 367�428.[4℄ G. Pesant. A Regular Language Membership Constraint for Finite Sequen
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ti
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Implementation of the S
hur ComplementMethod for the Stokes Problem∗Vít¥zslav �abka2nd year of PGS, email: zabkavit�fjfi.
vut.
zDepartment of Mathemati
sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Tomá² Oberhuber, Department of Mathemati
s,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. The aim of this arti
le is to investigate the S
hur 
omplement method for parallelnumeri
al solution of the two-dimensional Stokes problem. Parallel MPI implementation of themethod is developed and tested on the lid driven 
avity �ow. The implementation relies onthe LU de
omposition and the unpre
onditioned 
onjugate gradient method. Possible ways ofimproving the implementation are dis
ussed.Keywords: S
hur 
omplement method, Stokes problem, domain de
omposition, FEMAbstrakt. Cílem tohoto p°ísp¥vku je implementovat metodu S
hurova dopl¬ku pro paralelnínumeri
ké °e²ení Stokesova problému ve 2D. S pouºitím MPI byla implementována metodaS
hurova dopl¬ku zaloºená na nep°edpodmín¥né metod¥ konjugovaný
h gradient· a LU rozk-ladu. Funk£nost implementa
e metody byla ov¥°ena na problému proud¥ní v kavit¥. V £lánkujsou také rozebrány moºnosti vylep²ení implementa
e.Klí£ová slova: Metoda S
hurova dopl¬ku, Stokes·v problém, doménová dekompozi
e, MKP1 Introdu
tionSolving the Stokes problem by means of the mixed �nite element method leads to asymmetri
 saddle point system of linear equations. Be
ause of their inde�niteness, su
hsystems are di�
ult to solve. Numerous te
hniques have been proposed in re
ent years[2℄. So far, we have used a multigrid solver developed by P. Bauer [1℄. The main drawba
kof this solver is its sequential nature whi
h limits the size of problems it is appli
able to.In this arti
le, we investigate the S
hur 
omplement method. This non-overlapping do-main de
omposition method is suitable for parallel implementation on distributed mem-ory systems. We implement the method using MPI. Our implementation is based on the
onjugate gradient method and the LU de
omposition, and it is tested on the lid driven
avity �ow problem.The arti
le is organized as follows. In Se
tion 2, we introdu
e the Stokes problem withthe Diri
hlet boundary 
ondition and its solution by the mixed �nite element method. InSe
tion 3, we des
ribe the S
hur 
omplement method. In Se
tion 4, we present our parallelimplementation of the S
hur 
omplement method for the Stokes problem. In Se
tion 5,
∗The work has been performed under the Proje
t HPC-EUROPA2 (Proje
t number 228398), withthe support of the European Community � under the FP7 �Resear
h Infrastru
tures� Programme.295
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ompare the implementation with a 
orresponding sequential GMRES solver and amultigrid solver.2 Stokes problemLet Ω ⊂ R
2 be a bounded domain �lled with a vis
ous �uid of 
onstant density. Low-speed in
ompressible �ow of the �uid 
an be modelled by the following system of Stokesequations with the Diri
hlet boundary 
ondition:

−ν∆~u + ∇p = ~f in Ω,

−∇ · ~u = 0 in Ω,

~u = ~g on ∂Ω, (1)where, x being the spatial variable, ~u = ~u(x) is the ve
tor of �ow velo
ity, p = p(x) is thepressure divided by the �uid mass density, ~f = ~f(x) denotes the density of volume for
esper mass unit, ν denotes the kinemati
 vis
osity of the �uid, ∂Ω denotes the boundaryof Ω and ~g = ~g(x) is a given fun
tion satisfying ∫

∂Ω
~g · ~n ds = 0 with ~n denoting the unitnormal ve
tor to the boundary ∂Ω.We now introdu
e the mixed weak formulation of the Stokes problem (1). Let us
onsider the usual Sobolev spa
e H1(Ω) and denote

V =
{

~v ∈
(

H1(Ω)
)2

: ~v|∂Ω = 0
}

,

V~g =
{

~v ∈
(

H1(Ω)
)2

: ~v|∂Ω = ~g
}

,

Q = L2(Ω),

(2)where the restri
tion ~v|∂Ω is understood in the sense of tra
es. Then, the mixed weakformulation of the problem (1) reads: Find ~u ∈ V~g and p ∈ Q su
h that
ν

∫

Ω

∇~u : ∇~v dΩ −

∫

Ω

p∇ · ~v dΩ =

∫

Ω

~f · ~v dΩ ∀~v ∈ V,

−

∫

Ω

q∇ · ~u dΩ = 0 ∀q ∈ Q.

(3)To obtain a dis
rete analogue of (3), the sets V , V~g and Q are repla
ed by their �nitedimensional subsets V h ⊂ V , V h
~g ⊂ V~g and Qh ⊂ Q. Denoting ~u0h = ~uh−~gh ∈ V h, where

~gh ∈ V h
~g represents the Diri
hlet boundary 
ondition ~g in (1), the dis
rete Stokes problemreads: Find ~u0h ∈ V h and ph ∈ Qh su
h that

ν

∫

Ω

∇~u0h : ∇~vh dΩ −

∫

Ω

ph ∇ · ~vh dΩ =

∫

Ω

~f · ~vh dΩ − ν

∫

Ω

∇~gh : ∇~vh dΩ ∀~vh ∈ V h,

−

∫

Ω

qh ∇ · ~u0h dΩ =

∫

Ω

qh ∇ · ~gh dΩ ∀qh ∈ Qh. (4)
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hur Complement Method for the Stokes Problem 297Let (

~φj

)nV

j=1
be a basis of V h and (

ψj

)nQ

j=1
a basis of Qh. The fun
tions ~u0h and ph 
anthen be expressed as linear 
ombinations of the 
orresponding basis fun
tions:

~u0h =

nV
∑

j=1

u0h,j
~φj, ph =

nQ
∑

j=1

ph,jψj . (5)We introdu
e matri
es
A = (Aij)

nV

i,j=1 , Aij = ν

∫

Ω

∇~φi : ∇~φj dΩ, (6)
B = (Bij)

nQ,nV

i,j=1 , Bij = −

∫

Ω

ψi ∇ · ~φj dΩ, (7)right-hand side ve
tors
b = (bi)

nV

i=1 , bi =

∫

Ω

~f · ~φi dΩ − ν

∫

Ω

∇~gh : ∇~φi dΩ, (8)
c = (ci)

nQ

i=1 , ci =

∫

Ω

ψi ∇ · ~gh dΩ (9)and ve
tors of unknowns u0 = (u0h,i)
nV

i=1, p = (ph,i)
nQ

i=1. Now, taking ~vh = ~φi for i =
1, . . . , nV and qh = ψi for i = 1, . . . , nQ, the dis
rete formulation (4) leads to the followingsymmetri
 inde�nite system of linear equations:

(

A BT

B 0

) (

u0

p

)

=

(

b

c

)

. (10)We dis
retize the problem (3) by the mixed �nite element method using triangular
PNC

1 − P0 Crouzeix-Raviart elements [4℄, i.e. a 
ombination of non-
onforming pie
ewiselinear elements for the 
omponents of velo
ity and pie
ewise 
onstant elements for pres-sure. Velo
ity unknowns are lo
ated in the 
enters of mesh edges, pressure unknowns atthe 
enters of mesh 
ells. Su
h a 
ombination satis�es the Babu²ka-Brezzi 
ondition [3℄.3 S
hur 
omplement methodThe S
hur 
omplement method (see, e.g., [6℄) belongs to non-overlapping domain de
om-position methods. The mesh obtained by triangulation of the domain Ω is split into Nnon-overlapping submeshes, i.e. submeshes with no 
ommon 
ells (see Figure 1). How-ever, the submeshes 
an share 
ertain edges and, 
onsequently, velo
ity unknowns. Theunion of all unknowns asso
iated with at least two submeshes is 
alled the interfa
e, andit is denoted by Γ. Other unknowns are 
alled interior unknowns.Viewing the system (10) as
Cx = d, (11)
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Figure 1: Computational mesh and its de
omposition into 8 non-overlapping submeshes.where
C =

(

A BT

B 0

)

, x =

(

u0

p

)

, d =

(

b

c

)

, (12)we 
an now formally reorder its unknowns into N+1 blo
ks. The i-th blo
k, i = 1, . . . , N ,
ontains the interior unknowns asso
iated with the i-th submesh, whereas the last blo
k
orresponds to the interfa
e unknowns. Then, system (11) 
an be rewritten as follows:
(

C11 C1Γ

CΓ1 CΓΓ

) (

x1

xΓ

)

=

(

d1

dΓ

)

. (13)Here, x1 
ontains only the interior unknowns, xΓ is 
omposed of the interfa
e unknowns,the matri
es C11 and CΓΓ are square matri
es, and C11 is invertible and has a blo
kdiagonal stru
ture with N blo
ks. Applying blo
kwise Gaussian elimination to (13), weget
(

C11 C1Γ

0 CΓΓ − CΓ1C
−1
11 C1Γ

) (

x1

xΓ

)

=

(

d1

dΓ − CΓ1C
−1
11 d1

)

. (14)The solution of (13) is obtained in two steps. First, the interfa
e unknowns xΓ are
omputed as the solution of
SxΓ = f , (15)where S is the S
hur 
omplement matrix de�ned as

S = CΓΓ −CΓ1C
−1
11 C1Γ (16)and the 
ondensed right-hand side f as

f = dΓ − CΓ1C
−1
11 d1. (17)The matrix C11 is typi
ally inverted using an LU de
omposition, i.e. C−1

11 = U−1L−1.Consequently, the S
hur 
omplement matrix S does not have to be formed expli
itly; itsmultipli
ation by a ve
tor 
an be a

omplished by three sparse matrix multipli
ationsand one forward and ba
k substitution instead. On
e the ve
tor of interfa
e unknowns
xΓ is known, the interior unknowns are found using the relation

C11x1 = d1 −C1ΓxΓ. (18)



Implementation of the S
hur Complement Method for the Stokes Problem 299There are two main advantages of the S
hur 
omplement method. First, Krylov sub-spa
e methods usually 
onverge faster for the system (15) than for the original system(11); see [7℄. And se
ond, the matrix C11 has a blo
k diagonal stru
ture. Thus, 
ompu-tations involving C11 
an be performed in parallel.4 ImplementationWe implemented a parallel algorithm of the S
hur 
omplement method using MPI. Ourimplementation relies on a parallel 
onjugate gradient solver [6℄ for the S
hur 
omple-ment system (15) and an LU de
omposition of C11. In this se
tion, we des
ribe theimplementation in
luding the way of assembling the system (13).Let us begin with a brief analysis of (13). Sin
e the matrix C11 is blo
k diagonal, we
an rewrite (13) in the following form:










C
(1)
11 C

(1)
1Γ. . . ...

C
(N)
11 C

(N)
1Γ

C
(1)
Γ1 · · · C

(N)
Γ1 CΓΓ





















x
(1)
1...

x
(N)
1

xΓ











=











d
(1)
1...

d
(N)
1

dΓ











, (19)where the ve
tors x
(i)
1 , i = 1, . . . , N , are 
omposed of the interior unknowns asso
i-ated with the i-th submesh, the matri
es C

(i)
11 des
ribe intera
tions between the interiorunknowns asso
iated with the i-th submesh, the matri
es C

(i)
1Γ and C

(i)
Γ1 des
ribe intera
-tions between the interior unknowns asso
iated with the i-th submesh and the interfa
e.Moreover, the matrix CΓΓ 
an be expressed as a sum of matri
es des
ribing intera
tionsbetween the interfa
e unknowns asso
iated with ea
h submesh:

CΓΓ =

N
∑

i=1

C
(i)
ΓΓ. (20)As a result, the system (19) 
an be easily de
omposed.Considering (20), the S
hur 
omplement matrix S is, in a

ordan
e with (16), givenby

S =
N

∑

i=1

(

C
(i)
ΓΓ −C

(i)
Γ1

(

C
(i)
11

)

−1

C
(i)
1Γ

)

. (21)Similarly, the 
ondensed right-hand side f de�ned by (17) takes the form
f = dΓ −

N
∑

i=1

C
(i)
Γ1

(

C
(i)
11

)

−1

d
(i)
1 , (22)and the relation (18) splits into

C
(i)
11x

(i)
1 = d

(i)
1 −C

(i)
1ΓxΓ, i = 1, . . . , N. (23)We 
an now pro
eed to the des
ription of our parallel implementation. Let us assume

N + 1 MPI pro
esses labeled 0, . . . , N are available. The 0-th pro
ess is referred to as



300 V. �abkathe root pro
ess; the other pro
esses are 
alled non-root pro
esses. In the beginning,the root pro
ess 
reates the 
omputational mesh, de
omposes it into N non-overlappingsubmeshes (see Se
tion 3), and distributes them to the non-root pro
esses, so that the
i-th pro
ess owns the i-th submesh. The root pro
ess also 
omputes the right-hand sideve
tor of (19) and distributes d

(i)
1 to the other pro
esses. Next, ea
h non-root pro
essassembles the four matri
es C

(i)
11 , C(i)

1Γ, C(i)
Γ1 and C

(i)
ΓΓ, and 
omputes an LU de
ompositionof C

(i)
11 .At this moment, the 
onjugate gradient solver is applied to the system (15). We usethe zero ve
tor as the initial guess, so there are two operations to be performed in parallelby the non-root pro
esses: evaluation of the right-hand side ve
tor f and matrix-ve
tormultipli
ation Sp with p being an arbitrary ve
tor of the same size as xΓ stored in thememory of the root pro
ess. The out
ome of both operations is a ve
tor stored in thememory of the root pro
ess. All other ve
tor operations are performed sequentially bythe root pro
ess.To evaluate f given by (22), ea
h non-root pro
ess 
omputes

f (i) = C
(i)
Γ1

(

C
(i)
11

)

−1

d
(i)
1 (24)and sends the result f (i) to the root pro
ess. This 
an be done in parallel. Then, the rootpro
ess obtains f by

f = dΓ −
N

∑

i=1

f (i). (25)The Sp multipli
ation for the matrix S de
omposed a

ording to (21) starts withsending the ve
tor p from the root pro
ess to the non-root pro
esses. Afterwards, ea
hnon-root pro
ess 
omputes
s(i) = C

(i)
ΓΓp −C

(i)
Γ1

(

C
(i)
11

)

−1

C
(i)
1Γp (26)and sends s(i) to the root pro
ess whi
h then sums the partial results s(i):

Sp =

N
∑

i=1

s(i). (27)On
e the S
hur system (15) is solved, the resulting ve
tor of interfa
e unknowns xΓis distributed by the root pro
ess to the non-root pro
esses, and the interior unknownsare found in parallel using (23).Our implementation of the S
hur 
omplement method stores all matri
es in the CSRsparse matrix format. It is written in the C++ programming language, and all datatransfers between the root pro
ess and the non-root pro
esses are a

omplished using theblo
king MPI fun
tions MPI_Send() and MPI_Re
v() [5℄.5 ResultsWe tested our implementation of the S
hur 
omplement method for the Stokes problemon the lid driven 
avity �ow problem with the following setting: Ω = [0, 1]2, ν = 0.01,
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Figure 2: Solution of the lid driven 
avity �ow. Left: velo
ity magnitude, right: velo
itymagnitude 
ontours.
~f = 0, ~g is zero ex
ept for its horizontal 
omponent on the upper part of the boundary,whi
h is 1. For the FEM dis
retization, meshes obtained by uniform re�nements of themesh depi
ted in Figure 1 were used. The results are shown in Figure 2.We measured running times of the solver and 
ompared it with a sequential imple-mentation of the GMRES method applied to (10). The 
omputations were performed onthe IBM SP6 
luster at CINECA. The maximum error toleran
e was set to 10−8 timesthe Eu
lidean norm of the right-hand side of the respe
tive system for all the methods,and the GMRES method was restarted after ea
h 20 iterations. The results are presentedin Table 1 in
luding those a
hieved by a sequential multigrid method [1℄.It follows from the results that the S
hur 
omplement method needed mu
h less iter-ations to 
onverge than the GMRES method, whi
h agrees with our expe
tations. Theperforman
e of our implementation of the S
hur 
omplement method was strongly af-fe
ted by the underlying LU de
omposition of the matri
es C

(i)
11 . If larger submesheswere used, i.e. N = 2 or N = 8, the LU de
omposition 
onsumed a signi�
ant amountof time and memory. Otherwise, the number of iterations in
reased, but the total timede
reased (with the ex
eption of the smallest problem). However, the multigrid solverstill performed mu
h better.6 Con
lusionOur implementation of the S
hur 
omplement method performs worse than the multigridmethod. The results suggest that it su�ers from two issues: 
omputational and memory
ost of the LU de
omposition of the matri
es C

(i)
11 and slow 
onvergen
e of the 
onju-gate gradient solver for the S
hur 
omplement system (15). In addition, in the 
ase oflarge submeshes, the LU de
omposition requires su
h huge amount of memory that itsallo
ation fails. This restri
ts the usability of the implementation.When dealing with large submeshes, avoiding the LU de
omposition for invertingthe matri
es C

(i)
11 might be bene�
ial. There are several options available: an iterativesolver would be easy to implement on the CPU and the GPU; a multigrid-based solver



302 V. �abkaProblem DOFs N Iterations LU-de
omp. time Total time
8 064 2 66 45.0 52.18 706 0.8 5.032 4 752 0.013 2.64128 15 807 0.000 4 16.5GMRES 65 992 � 155multigrid � � 0.07
32 512 2 80 2 730 2 8608 962 50.0 15232 6 127 0.76 38.6128 22 729 0.01 31.5GMRES 273 118 � 2 650.0multigrid � � 0.19
130 560 2 LU de
omposition out of memory8 2 110 2 710 6 20032 11 206 46.5 1 268128 30 237 0.7 222GMRES did not 
onverge within time limitmultigrid � � 0.61Table 1: Comparison of solution methods. The time values are in se
onds.proved to be e�e
tive when solving the global system (10). Another possibility is toemploy the S
hur 
omplement method re
ursively, i.e. for both, the global system andthe subsystems. Su
h approa
h would allow to exploit another level of parallelism using,e.g., OpenMP.To improve 
onvergen
e of the 
onjugate gradient solver for the S
hur 
omplementsystem (15), a suitable pre
onditioner 
an be used (e.g. BDDC [8℄).Referen
es[1℄ P. Bauer. Mathemati
al modelling of pollution transport in urban 
anopy. Disserta-tion thesis, Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, Cze
h Te
hni
alUniversity in Prague, (2010).[2℄ M. Benzi, G. H. Golub, and J. Liesen. Numeri
al solution of saddle point problems.A
ta Numeri
a 14 (2005), 1�137.[3℄ F. Brezzi and M. Fortin. Mixed and hybrid �nite element methods. Springer-Verlag,(1991).[4℄ M. Crouzeix and P.-A. Raviart. Conforming and non
onforming �nite element meth-ods for solving the stationary Stokes equations I. Revue française d'automatique,informatique, re
her
he opérationnelle 7 (1973), 33�75.
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