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Předmluva

Hlavní náplní workshopu Doktorandské dny je prezentace práce doktorandů oboru
Matematické inženýrství doktorského studijního programu Aplikace přírodních věd, který
zajišťují katedry matematiky, fyziky a softwarového inženýrství v ekonomii na FJFI ve
spolupráci s podobně zaměřenými ústavy Akademie věd ČR. I proto je škála témat
příspěvků v tomto sborníku tak široká. Sahá od výpočetních metod pro řešení problémů
mechaniky kontinua přes statistickou analýzu dat, nestandardní reprezentace čísel či rov-
nice matematické fyziky až po rozpoznávání obrazu v biomedicínských aplikacích.
Letošní, již pátý ročník workshopu probíhá ve dnech 19. a 26. listopadu 2010 a koná se,

jako již tradičně, v prostorách FJFI. K jeho úspěšnému konání přispívá podpora Katedry
matematiky a Dopplerova ústavu pro matematickou fyziku a aplikovanou matematiku
při FJFI. Za finanční zabezpečení děkujeme také Studentské grantové soutěži při ČVUT
v rámci grantu SVK 15/10/F4.

Editoři





Kernel PCA in Alzheimer's Disease Diagnosis∗Jakub Adame2nd year of PGS, email: adame.jakub�email.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. The paper deals with the problem of automati identi�ation of paients withAlzheimer's disease. The identi�ation proess is based on data mining method using the KernelPCA algorithm. I determine the reommended value of parameter σ to the test data set of CTsans of the human brain, whih is ruial for the proper funtioning of the algorithm for thatproblem. Some results visualized using the programming environment MATLAB are presentedat the end of the ontribution.Keywords: data mining, kernel PCA, Alzheimer's Disease, MATLABAbstrakt. P°ísp¥vek se zabývá problémem strojové identi�kae paient· s Alzheimerovouhorobou. Proes identi�kae je zaloºen na data miningové metod¥ vyuºívajíí algoritmu KernelPCA. Na mnoºin¥ testovaíh dat CT snímk· mozku jsem ur£il doporu£enou hodnotu parametru
σ, který je klí£ovým pro správné fungování algoritmu pro danou úlohu. Nakone jsou prezen-továny výsledky vizualizované pomoí programovaího prost°edí MATLAB.Klí£ová slova: dolování dat, kernel PCA, Alzheimerova nemo, MATLAB1 IntrodutionData mining involves a wide range of methodologies for obtaining hidden and potentiallyuseful information from data sets. It is di�ult to give lear guidane on the proess ofdata mining.During the 90th years, data mining evolved into two general methodologies that atleast an be roughly desribed by the steps of SEMMA methodology (Sample, Explore,Modify, Model, Assess) and the CRISP-DM (CRoss-Industry Standard Proess for DataMining). The ommon methodology is the essene of all sequene of several steps:1. Pratial (Business) - the role of formulation and understanding of the problem.Even the automati searh of knowledge an not be done ompletely blind.2. Data - searh for and preparation of data for analysis. Statistial algorithms usuallyrequire data ready in some form, and therefore an not be applied diretly to rawdata from databases.3. Analytial - searhing for information in the data and produing statistial mod-els. These use a variety of methods from simple tabulation and visualization to

∗This work has been supported by the grant SGS 10/092/OHK4/1T/14.1



2 J. Adamesophistiated approahes suh as geneti programming. The most ommonly usedmethods, however, the logisti regression with automati variable seletion, deisiontrees and neural networks. The output of this phase would be general knowledgeand mathematial models.4. Appliation - �ndings and models an be put into pratie.5. Control - the need for feedbak and to hek whether the model is not too aged andretains its e�etiveness.2 Theoretial Bakground2.1 Prinipal Component AnalysisPrinipal Component Analysis involves a mathematial proedure that transforms anumber of possibly orrelated variables into a smaller number of unorrelated variablesalled prinipal omponents. The �rst prinipal omponent aounts for as muh of thevariability in the data as possible, and eah sueeding omponent aounts for as muhof the remaining variability as possible. Depending on the �eld of appliation, it is alsonamed the disrete Karhunen�Loeve transform (KLT), the Hotelling transform or properorthogonal deomposition (POD).PCA was invented in 1901 by Karl Pearson. Now it is mostly used as a tool in ex-ploratory data analysis and for making preditive models. PCA involves the alulationof the eigenvalue deomposition of a data ovariane matrix or singular value deompo-sition of a data matrix, usually after mean entering the data for eah attribute. Theresults of a PCA are usually disussed in terms of omponent sores and loadings.PCA is the simplest of the true eigenvetor-based multivariate analyses. Often, itsoperation an be thought of as revealing the internal struture of the data in a way whihbest explains the variane in the data. If a multivariate dataset is visualised as a setof oordinates in a high-dimensional data spae (1 axis per variable), PCA supplies theuser with a lower-dimensional piture, a "shadow" of this objet when viewed from its(in some sense) most informative viewpoint.PCA is losely related to fator analysis; indeed, some statistial pakages deliberatelyon�ate the two tehniques. True fator analysis makes di�erent assumptions about theunderlying struture and solves eigenvetors of a slightly di�erent matrix.2.2 Kernel Prinipal Component AnalysisKernel Prinipal Component Analysis is an extension of prinipal omponent analysis(PCA) using tehniques of kernel methods. Using a kernel, the originally linear operationsof PCA are done in a reproduing kernel Hilbert spae with a non-linear mapping.Prinipal omponent analysis (PCA) projets high - dimensional data onto a lower -dimensional subspae by seeking a linear ombination of a set of projetion vetors thatan best desribe the variane of data in a sum of squared - error sense. Kernel PCAextends the apability of linear PCA by apturing nonlinear struture in the data, sine



Kernel PCA in Alzheimer's Disease Diagnosis 3a linear PCA performane in the feature spae orresponds to a nonlinear projetion inthe original data spae.For a set of data points xj ∈ ℜd, j = 1, ..., N, we map them into an arbitrary high- dimensional feature spae with the nonlinear funtion Φ : ℜd → F . The transformeddata are entered, i.e., the mean is 0. This an be ahieved by using the substitute kernelmatrix,
k = k − 1Nk − k1N + 1Nk1N (2.1)where k = {k(xi,xj)} is the kernel matrix, k(xi,xj) = exp(−

‖xi−xj‖2

2σ2 ) and (1N)i,j =
1/N, 1N ∈ ℜN×N .Similar to linear PCA, the prinipal omponents are obtained by alulating the eigen-vetors e and eigenvalues λ > 0 of the ovariane matrix

∑

Φ =
1

N

N
∑

j=1

Φ(xj)Φ(xj)
T ,

λe =
∑

Φ
e. (2.2)By multiplying with Φ(xi) from the left and notiing that e =

N
∑

l=1

αlΦ(xl), straightfor-ward manipulation of Eq. 2.2 yields
λ

N
∑

l=1

αl(Φ(xl) ·Φ(xl)) =
1

N

N
∑

l=1

αl

(

Φ(xl) ·

N
∑

j=1

Φ(xj)

)

(Φ(xj) ·Φ(xl)). (2.3)for all l = 1, . . . , NUsing the kernel funtion, Eq. 2.3 an be written as
λα = kα, (2.4)where α = (α1, . . . , αN )T . The ahieved solutions must be normalized following theondition,

λi(αi · αi) = 1. (2.5)Given a new data point, its projetion an be alulated as
(αi · Φ(x)) =

N
∑

l=1

αilk(xl,x). (2.6)3 Implementation in MATLABMethod using kernel PCA algorithm is programmed in MATLAB programming environ-ment that allows easy entering and proessing of matrix omputations and their subse-quent visualization. Most interesting are the following two funtions.The �rst funtion prepares the matrix K - there is an important dependene on theparameter σ, whih a�ets the quality of the result set in next funtion.



4 J. Adame1 funtion [rit,Y,W,eff℄=KERNELPCAGAUSS(X,iseulid,sigma,beta,d,p)2 if iseulid3 m=size(X,1);4 K=zeros(m);5 for i=1:m-16 for j=i+1:m7 K(i,j)=norm(X(i,:)-X(j,:));8 K(j,i)=K(i,j);9 end10 end11 else12 K=X;13 end14 if sigma>015 if beta>016 K=1./(1+0.5/beta*(K/sigma).^2).^beta;17 else18 K=exp(-0.5*(K/sigma).^2);19 end20 else21 K=-K.^2;22 endThe seond funtion performs the atual alulation of the funtional value of PCA.The parameter σ is used in matrix K - see equation 2.1 vs. line 5.1 funtion [rit,Y,W,eff℄=KERNELPCANALYZER(K,d,p)2 eps=1e-100;3 m=length(K);4 ONEM=ones(m)/m;5 K=K-ONEM*K-K*ONEM+ONEM*K*ONEM;6 [E,LAMBDA℄=eig(K);7 E=real(E);LAMBDA=real(LAMBDA);8 lambda=diag(LAMBDA);aaa=trae(K);9 U=[lambda E LAMBDA℄;10 U=sortrows(U,1);11 lambda=U(:,1);12 E=U(:,2:m+1);13 LAMBDA=U(:,m+2:end);14 eff=umsum(lambda(end:-1:end-d+1)/(aaa+eps));15 W=[℄;16 for k=1:d17 W=[W E(:,end-k+1)/sqrt(LAMBDA(end-k+1,end-k+1)+eps)℄;18 end19 Y=K*W;



Kernel PCA in Alzheimer's Disease Diagnosis 520 Y=Y*diag(1./(std(Y)+eps));21 drit=hi2inv(1-p,d);22 rit=sum(Y.^2,2)>=drit;4 ResultsIn experiments I ivestigated that with inreasing parameter σ inereases the number oforretly lassi�ed patients. This growth is re�eted in the �gures below - initially in 2Dthen in 3D. It is obvious that inreasing sigma value from some value do not inrease thefuntion value of PCA. Growth performane values stops for parameter sigma more than5000. For omparison, the last �gure shows the result with the σ = 0.

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

 PCA
1
  ( 0.22603 )

 P
C

A
2  (

 0
.3

56
52

 )

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

 PCA
1
  ( 0.24058 )

 P
C

A
2  (

 0
.3

88
28

 )

Figure 1: 2D view, σ = 100 Figure 2: 2D view, σ = 200
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Figure 3: 2D view, σ = 500 Figure 4: 2D view, σ = 1000
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Figure 5: 2D view, σ = 5000 Figure 6: 2D view, σ = 104
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Figure 7: 2D view, σ = 106 Figure 8: 2D view, σ = 0

Figure 9: 3D view, σ = 100 Figure 10: 3D view, σ = 200



Kernel PCA in Alzheimer's Disease Diagnosis 7

Figure 11: 3D view, σ = 500 Figure 12: 3D view, σ = 1000

Figure 13: 3D view, σ = 5000 Figure 14: 3D view, σ = 104

Figure 15: 3D view, σ = 106 Figure 16: 3D view, σ = 0



8 J. Adame5 ConlusionThe methodology allows to visually study the separation of patients with ALD fromnormal patients. The system an be set so that the �rst three omponents arry morethan 75% of information about all patients. The �rst three omponents do not allowlinear separation, but an be set so that the error rate is 10 − 25%, whih orrespondsto ommon linial pratie in the diagnosis. I assume, that in the future I will beusing linear lassi�ers working with more dimensions. I also assume that the appliationof luster analysis will allow me to distinguish several types of normality, respetivelyseveral types of dimension.Referenes[1℄ N. Cristianini, J. Shawe-Taylor. An Introdution to Support Vetor Mahines andOther Kernel-Based Learning Methods. Cambridge University Press, Cambridge,(2000).[2℄ K. Nováková. Vyuºití transformaí pri rozpoznávání objektu. Diserta£ní práe, FJFI,�VUT, Praha, (2008).[3℄ B. Sholkopf, A. J. Smola. Learning with Kernels - Support Vetor Mahines, Reg-ularization, Optimization, and Beyond. The MIT Press, Cambridge, Massahusetts,London, England, (2002).[4℄ R. Xu, D. Wunsh. Clustering (IEEE Press Series on Computational Intelligene).Wiley-IEEE Press, (2008).



Modi�ations of Hausdor� Distane asDissimilarity Measurement ToolsKamil Barbierik2nd year of PGS, email: kamil.barbierik�fjfi.vut.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. Objet registration is a ommon problem in many �elds. Several methods forregistration have been developed to e�iently register two sets on eah other. One approah isto use the Hausdor� distane to measure the degree of dissimilarity of two sets and minimize itin registration proess. To inrease the robustness of Hausdor� distane to noise and outliers,several modi�ation of this measure were introdued. This paper deals with three modi�ations:Partial Hausdor� distane, Modi�ed Hausdor� distane, and loal Windowed Hausdor� distane,and disusses their properties and usability.Keywords: Set distane, Hausdor� distane, Hausdor� distane modi�ations, partial HD, mod-i�ed HD, windowed HD, loal dissimilarity mapAbstrakt. S automatizovaným rozpoznávaním objektov sa uº v dne²nej dobe m�ºeme stretnú´v najr�znej²íh odvetviah priemyslu, £i vedy. Za ú£elom £o najpresnej²ie identi�kova´ objekt, £iodli²nosti ur£itého objektu od daného vzoru, boli vyvinuté mnohé metódy, ktoré tento problémvia £i menej efektívne rie²ia. Jedným z prístupov k rie²eniu tohto problému je pouºitie metódzaloºenýh na Hausdor�ovej vzdialenosti (HD). Vzh©adom k extrémnej itlivosti HD na ²um, jevhodné uvaºova´ o modi�káiáh tejto vzdialenosti, ktoré sú vo£i ²umu robustnej²ie a stabilnej²ie.Tento £lánok predstavuje 3 takéto modi�káie, konkrétne sa jedná o �iasto£nú HD, Modi�kovanúHD a Okienkovú HD. Sú diskutované ih vlastnosti a výhody. Nakonie sa £lánok zameriavanajmä na Okienkovú HD a lokálne vzdialenostné mapy, ktoré sú výsledkom merania vzdialenostiobjektov práve okienkovou HD a to v 2D a 3D.K©ú£ové slová: vzdialenos´ mnoºín, Hausdor�ova vzdialenos´, Modi�káie Hausdor�ovej vzdi-alenosti, £iasto£ná HD, modi�kovaná HD, okienková HD, lokálna vzdialenostná mapa1 IntrodutionNow days, the image reognition and registration is a ommon problem in many �eldsfrom �ow prodution where the quality of produts may be ontrolled by a system basedon shape reognition, through satellite photographs enhanement, up to medial imageproessing. Espeially in mediine, the outputs of various diagnosti tools are 3D imageswhere registration of suh data sets is very ommon problem. The term registration refershere to a transformation that maps the points of one oordinate system onto orrespond-ing points in another oordinate system. The purpose is to �t pitures of the same thing9



10 K. Barbierikaptured by various tehnologies on eah other. Thus, the resulting �multi� piture pro-vides more information and helps dotors with the diagnosis of potential disease. Otherappliation may be omparing probably sik parts of body against healthy etalons. Again,registration of two images is neessary to help dotors to detet hanges and interpretthem. The registration is always neessary, beause it is pratially impossible to plaean examined patient in the same position every time and in every diagnosti tool. Whatis more, the human body is not a rigid struture, but is subjet to slight deformationsaused by heart beat, breathing, or other slight movements.Several methods for objet mathing and objet registration have been developed.They enable to determine the similarity between ompared objets, and in the proessof registration minimize this dissimilarity. In this paper we introdue Hausdor� distane(HD) as a good tool for measuring degree of dissimilarity between two sets. Further,we disuss some modi�ations of Hausdor� distane that improve its properties andperformane when onsidering real world noisy images. Although these alternations mayviolate some rules of well-mannered distane measure (a metri), they generally yieldbetter results over degraded images where standard HD is unsuitable.1.1 Distane measureLet M be a set of points. In the following disussion we assume an Eulidean metrispae {M, ̺} where ~x, ~y ∈ M and metri ̺ is de�ned as follows:
̺(~x, ~y) =

√

√

√

√

r
∑

k=1

(xk − yk)2 (1)Equation (1) is a mathematial tool for expressing the distane between two elements ofmetri spae. In the following setions we present methods for determining the distanebetween two sets of elements. We mention trivial set distane measures, but due to theirinapability to measure degree of mismath of two sets, we will not disuss them in detail.We rather fous on Hausdor� distane and its modi�ations that have, on the ontrary,very good ability to measure dissimilarity of two sets, i.e. distane between two sets.Well-mannered measure of distane satis�es axioms of metri: expliitly identity,symmetry, and triangle inequality. It an be shown that only the Hausdor� distanein its basi not modi�ed de�nition satis�es all axioms under ertain general onditions(refer to [1℄, [2℄). To be exat, Hausdor� distane satis�es metri axioms over the setof all losed and bounded sets. Over suh sets the Hausdor� distane is a metri, andtherefore, has very favorable mathematial properties as a distane measure.From among losed and bounded sets we restrit ourselves to �nite point sets. In thefollowing disussion we will onsider only this subset, beause �nite point sets are veryommon output of available tehnologies for image apturing.1.2 Trivial set distane measuresTrivial measures between two sets are nearest points distane, farthest points distane, orenter of gravity distane. These measures of set distane are not metris, beause they



Modi�ations of Hausdor� Distane as Dissimilarity Measurement Tools 11violate some of metri axioms, and also, they have a very limited disriminatory power,so they are unusable in determining the degree of dissimilarity of two sets. However, theymay have some useful properties in some appliations. They are very easy to implementand algorithms using these measures take relatively small omputation times.2 Hausdor� distaneHausdor� distane is a max-min distane de�ned by the following de�nition.De�nition: Let {M, ̺} be a metri spae where M is a �nite set of points, and metri
̺ is de�ned by equatoin (1). Let A = {~a1, . . . , ~ap} and B =

{

~b1, . . . , ~bp

} be two subsetsof M . We de�ne Hausdor� distane H(A, B) by:
H(A, B) := max

{

max
~a∈A

min
~b∈B

̺
(

~a,~b
)

, max
~b∈B

min
~a∈A

̺
(

~a,~b
)

} (2)Note: The de�nition of Hausdor� distane an be derived by a series of steps naturallyextending the distane funtion ̺ in the underlying metri spae {M, ̺} as follows: Let
{M, ̺} be a metri spae. Given ~a ∈ M and non-empty set B ⊂ M we de�ne a distane
dist (~a, B) between point ~a and the set B by:

dist (~a, B) := min
~b∈B

̺
(

~a,~b
) (3)Using this distane we de�ne h (A, B), the distane between A and B where A, B ⊂ M :

h (A, B) := max
~a∈A

dist (~a, B) (4)
h (A, B) is alled the direted Hausdor� distane. If A and B are ompat sets, then
h (A, B) will be �nite. Triangular inequality property of h (A, B) is inherited from metri
̺. Direted Hausdor� distane is not a metri yet beause although fat that A = Bimplies h (A, B) = 0, h (A, B) = 0 does not imply that A = B. h (A, B) = 0 only impliesthat A ⊆ B. What is more, direted Hausdor� distane does not obey even the symmetryproperty of metri. To be preise, h (A, B) is not always equal to h (B, A). However, wean reate a metri using the direted Hausdor� distane by de�ning undireted distanealled Hausdor� distane as follows:

H (A, B) := max {h (A, B) , h (B, A)} (5)Hausdor� distane is a very powerful tool for measuring dissimilarity between twosets. The set an represent some graphis in 2D or various 3D pitures in mediine,for instane aptured by tehnologies like MRI or CT. Using Hausdor� distane, wean measure a degree of mismath between two objet shapes very preisely. Unlikefeature based methods, Hausdor� distane is zero if and only if the shapes of objets areexatly the same and inreases with growing dissimilarity. What is more, if we need tominimize the Hausdor� distane over the spae of some transformation parameters, any



12 K. Barbieriktransformation of objet (rotation, a�ne transform. . . ) an be taken into onsideration.An advantage is also the possibility of independently using the undireted distanes thatHausdor� distane is omposed of.On the other hand, the major disadvantage is omputation burden of disussed mea-sure. H (A, B), where A, B are two sets of size p, q an be trivially omputed in time
O (pq). In the last deades several methods have been proposed that allow speeding upthe omputation. By approximation of objets by polygons, for instane, the omputationtime an be improved to O ((p + q) log (p + q)) [3℄.Besides omputation troubles, there is another fat that is neessary to take intoonsideration. As was mentioned above, Hausdor� distane measures di�erene betweentwo sets very preisely. Consequently, it is extremely sensitive to outliers. Therefore,if we want to obtain satisfatory results, measured sets have to be without any randomdisturbane or noise, what is di�ult to ahieve in the real world. Hausdor� distane asde�ned by eq. (2) or (5) is not apable to distinguish between what are data of interestand what is a noise. It simply proesses noise as it was a part of proessed set. Withoutany additional information about noise or the set itself and without any modi�ation tothe measure, the resulting distane between sets an di�er from an intuitive notion.Imagine a situation as �gure 1 shows, where we have a noise-free etalon (model set),and we want another set to ompare to it. The other set is idential with the etalon buthas a random dot far away from it in a distane d. The result of omparison of suh setsusing standard Hausdor� distane will be highly disappointing. Instead of zero, or atleast distane very lose to zero, we will reeive distane d.

Figure 1: Two sets with Hausdor� distane dIn the real world, data sets reeived from various sensors are always disturbed bynoise whih is random in most ases. As we have just shown, the Hausdor� distane inits standard form is generally not suitable as dissimilarity measure of suh noisy sets.Therefore, for the real world shape mathing it is neessary to modify the Hausdor�distane in a way to make it more robust and stable to noise and outliers.Some modi�ed Hausdor� distanes have already been proposed to ahieve the goal.However, modi�ations of Hausdor� distane an ause violation of ertain axioms ofmetri. Consequently, the modi�ed Hausdor� distane may no longer be a metri. Insupport of more robust measure this is not a big trouble while the new modi�ed distaneorresponds with an intuitive notion of shape resemblane. In the next setions we willdesribe these modi�ations and disuss their properties.



Modi�ations of Hausdor� Distane as Dissimilarity Measurement Tools 133 Modi�ations of Hausdor� Distane3.1 Partial Hausdor� distanePartial Hausdor� distane was proposed by Huttenloher et al. in [4℄. He extended thede�nition of Hausdor� distane to enable omparison of objets that are partially hiddenfrom the view. It has been shown by many experiments that the partial Hausdor� distaneyields good results also for mathing binary sets disturbed by impulse noise.Consider the partial Hausdor� distane h (A, B) from set A to B where p, q are num-bers of elements of the sets and dist (~a, B) is de�ned by eq. (3). The omputation of suhdistane rank all points from set A by a distane to the nearest point of set B. PartialHausdor� distane as de�ned by eq. (4) determines the distane by the largest rankedelement of set A. When instead of taking the largest ranked element, we take the Kthranked element of A, where 1 ≤ K ≤ p, to determine the distane from A to B, we reeivethe de�nition of partial direted Hausdor� distane as Huttenloher et al. proposed it:
hK (A, B) := Kth

~a∈Adist (~a, B) (6)That is, for eah element of A, the distane to the nearest element of B is omputed andthen the elements of A are ranked aording to the respetive values of this distane.The Kth ranked distane d expresses that K of the elements of set A are eah withina distane d of some point of B. When we put K = p, we get the standard diretedHausdor� distane h (A, B).The K value is an input parameter for the omputation. The range of possible valuesis dependent upon the number of set elements. To generalize this input argument it isbetter to speify some fration x, where 0 ≤ x ≤ 1. Subsequently, K an be omputedby K = ⌊xp⌋. The notation of direted distane using generalized input argument in aform of fration or perentage an look like:
hx (A, B) := xKth

~a∈Adist (~a, B) (7)Direted partial Hausdor� distane as de�ned by eq.(6) or (7) has a nie property ofautomatially seleting the best mathing points of A. Thus, it is not required to speifywhih part of the set A is to be ompared to the set B. Computation of h (A, B) deter-mines the distanes from elements of A to the nearest points from B and after ranking,the K nearest elements are taken under onsideration.Undireted partial Hausdor� distane is naturally de�ned as:
HK,L (A, B) := max {hK (A, B) , hL (B, A)} (8)3.2 Modi�ed Hausdor� distaneModi�ed Hausdor� distane (MHD) was proposed by Dubuisson and Jain in [5℄. Theyompared 24 di�erent undireted distane measures based on Hausdor� distane andtested them for mathing two objets based on their edge points. Tested measures werereated by ombining 6 di�erent direted distanes hi (A, B) with 4 funtions fj (A, B)providing undireted resulting distane. Dubuisson and Jain onlude that the proposedMHD yields the best results in objet mathing among all tested measures. Moreover, ithas the following desirable properties:



14 K. Barbierik
• The value of measure inreases as the degree of mismath is growing.
• It is robust to outliers that might result from segmentation errors.MHD proposed in their paper uses the following direted distane

h (A, B) :=
1

p

∑

~a∈A

dist (~a, B) (9)and the funtion that ombines two direted distanes in order to reeive undireteddistane measure
f (A, B) := max {h (A, B) , h (B, A)} (10)3.3 Windowed HDIn January 2007 in a preprint and later published in [6℄ a new approah was proposedfor determining dissimilarity between two sets using Hausdor�-like distanes. While pre-vious and other modi�ations of Hausdor� distanes were global and exept the lassialHausdor� distane and the MHD required some input arguments, the windowed Haus-dor� distane operates loally and does not require any input parameters. Furthermore,while the global ones produe only one number that expresses the dissimilarity betweentwo sets, the windowed Hausdor� distane produe a dissimilarity map where loal mis-mathes an be examined. The main idea of windowed Hausdor� distane is to de�nesome window, moving it over two sets, ounting the Hausdor� distane within the windowand reord the results into dissimilarity map. Thus, the windowed Hausdor� distaneould be naively de�ned by applying the global Hausdor� distane within a window:

Hw (A, B) := max {hw (A, B) , hw (B, A)} (11)where
hw (A, B) := max

~a∈A∩W

(

min
~b∈B∩W

̺
(

~a,~b
)

) (12)This de�nition is naive, beause it does not take into aount the possibility that thereould be no elements or elements of only one of two sets in the window W . What isthe distane in those ases? Furthermore, it is neessary to assure that the distanebe oherent when the window is moved or resized, whih is not the ase in this naivede�nition. To eliminate these negative fats, the naive windowed Hausdor� distanede�nition should be modi�ed so that it respets the following priniples:
• The distane value should not derease if the window size is enlarged.
• The distane values obtained in di�erent ases (representative of one set in thewindow, representatives of two sets in the window. . . ) shall be onsistent so as tohave smooth transition when the window is modi�edThe improved de�nition, whih takes into aount the previous priniples, involvesthree di�erent direted Hausdor� distanes, whih supplies three possible ases of presene



Modi�ations of Hausdor� Distane as Dissimilarity Measurement Tools 15of set points in the window. It makes use of the distane to the frontier Fr (W ) of thewindow W . In this disrete ase we onsider that the frontier Fr (W ) is between theelements. For example the frontier of the ball B (x, n) is the line between B (x, n) and
B (x, n + 1) \B (x, n). The distane of a point x ∈ B(x, n) to the frontier is equal to thedistane to the elements just behind the frontier.De�nition: Let A, B be two bounded sets of R

r. Hw(A, B) = max {hw(A, B), hw(B, A)}where:
• If A ∩ W 6= ∅ ∧ B ∩ W 6= ∅

hw (A, B) := max
~a∈A∩W

[

min
~b∈B∩W

̺
(

~a,~b
)

, min
~w∈Fr(W )

̺ (~a, ~w)

] (13)
• If A ∩ W 6= ∅ ∧ B ∩ W = ∅

hw (A, B) := max
~a∈A∩W

[

min
~w∈Fr(W )

̺ (~a, ~w)

] (14)
• If A ∩ W = ∅

hw (A, B) := 0 (15)Note that aording to this new de�nition it is possible to measure the windowed Haus-dor� distane even if the window ontains no element or elements of only one set. In asethere is no point of A nor of B in W , both direted distanes hw(A, B) and hw(B, A) areequal to zero, and therefore, the global distane Hw(A, B) is zero too. In ase there isexatly one set without point in W , one of two direted distanes is equal to zero andthe expression of the other one takes into aount the distane to the border of W .3.3.1 Properties of windowed Hausdor� distane
• Symmetry and non-negativity (by de�nition)
• IdentityLet A, B be a bounded sets of points of R

r. Let W be a onvex losed subset of
R

r. Hw(A, B) = 0 ⇔ A ∩ W = B ∩ W

• BoundaryLet ~x ∈ R
r and r > 0. Let de�ne W = B (~x, r) then Hw(A, B) ≤ H(A, B).

• GrowthLet V = B ( ~xv, rv) and W = B ( ~xw, rw) be two losed balls suh as V ⊂ W . Then
Hv(A, B) ≤ Hw(A, B)



16 K. BarbierikThese properties ensure that the value measured in the window does not derease whenthe window is enlarged. As the window W slides all over two sets, the values in the pro-dued dissimilarity map will remain between 0 and H(A, B). The properties of boundaryand growth give a frame to an optimum window-size-riterion de�nition. In [6℄ it isshown that the window W = B (~x, r) gives a loal measure when the Hausdor� distanein this window is maximum i.e. HB(~x,r)(A, B) = r > 0. This maximum value is reahedonly if exatly one element of A is in the enter of the window and no B elements arewithin it. The maximum loal measure for �xed ~x is the biggest possible r > 0 where
HB(~x,r)(A, B) = r. The maximum loal measure is the distane from the entral point ofwindow for instane ~a ∈ A to the nearest point of the other set: rm = dist (~a, B). Themaximum loal measure entered in general point ~x ould be omputed and reorded tothe loal distane map by the following tehnique.3.3.2 Loal distane mapDe�nition: Let A and B be two non-empty �nite sets of points of R

r and let ~x ∈ R
r,the loal distane map LDMap (~x) is de�ned by:

LDMap (~x) = |IA (~x) − IB (~x)|max {dist (~x, A) , dist (~x, B)} (16)where IA (~x) is equal to 1 if ~x ∈ A and 0 otherwise.The maximum value in the LDMap is the Hausdor� distane H(A, B). This value ispresent in the map at least one. Figure 2 shows 2D loal distane map of two brainsslies ut at the same level.
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Modi�ations of Hausdor� Distane as Dissimilarity Measurement Tools 17Loal distane map an be visualized also for 3D images as shown in �gure 3.

Figure 3: Brain 3D SPECT images and their LDMap4 ConlusionThe methods mentioned in this paper have been examined deeply over 2D images. Ithas been proved by many experiments that they are relatively robust and stable to noiseand outliers. Also, e�etive algorithms have been developed, whih redues the ompu-tation time and save memory. We extended the last mentioned method WHD to thirddimension and we generated a 3D LDMap showing the usability of Windowed Hausdor�distane in mediine. The 3D LDMap highlights loal dissimilarities between two humanorgans, whih an be helpful for dotors when trying to detet abnormalities. In the fur-ther researh, these LDMaps will be examined in more detail and utilized for automatiidenti�ation of Alzheimer disease.Aknowledgment: The support of grant OHK4-027/10 CTU in Prague is gratefully a-knowledged. The Authors would also like to thank Helena Trojanova and Renata Pihovafrom Clinique of Nulear Mediine FNKV in Prague for providing the image data.Referenes[1℄ A. Papadopoulos. Metri spaes, onvexity and nonpositive urvature. Europeanmathematial soiety, 2005, pp 105-110, ISBN 3-03719-010-8.[2℄ A. M. J. Skulimowski. Mathematial bases for the numerial evaluation of the Haus-dor� distane. Preprints of the 9th IMACS World Congress, Oslo, August 5-9, 1985;Vol. 5, pp.343-346.[3℄ H. Alt, B. Behrends, J. Blomer. Measuring the resemblane of polygonal shapes. inPro. Seventh ACM Symp. Comput. Geometry, 1991.[4℄ D. P. Huttenloher, G. A. Klanderman, W. J. Ruklidge. Comparing images using theHausdor� distane. IEEE Transations on pattern analysis and mahine intelligene,vol. 15, no. 9, 1993, pp. 850-863.



18 K. Barbierik[5℄ M. P. Dubuisson, A. K. Jain. A modi�ed Hausdor� distane for objet mathing. In:Pro. 12th Internat. Conf. on Pattern Reognition, Jerusalem, Israel, Otober 1994,pp. 566-568[6℄ E. Baudrier, F. Niolier , G. Millon, R. Su. Binary-image omparison with loal dissim-ilarity quanti�ation. Pattern Reognition, vol. 41, issue 5, May 2008, pp. 1461-1478.



Parallel Algorithms for Numerial Solutionof Laser Plasma Hydrodynamis�ubo² Bednárik3rd year of PGS, email: lbs�entrum.skDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Rihard Liska, Department of Physial Eletronis, Faulty for NulearSienes and Physial Engineering, CTU in PragueAbstrat. Laser plasma simulations are well modelled by Lagrangian hydrodynamial equationswith heat ondutivity and laser absorption inluded. Pure Lagrangian simulation, however,may su�er from severe mesh distortion whih an ause the failure of the omputation. Thisdi�ulty is overomed with the use of an Arbitrary Lagrangian Eulerian method, treating thehyperboli hydrodynamial part of the model. The paraboli heat ondutivity part is treatedby splitting and mimeti method. A simulation of laser and material interation demonstratesthe usefullness of the method.Keywords:Abstrakt. Simuláia laserovej plazmy je typiky modelovaná prostrednítvom Lagrangeovskýhhydrodynamikýh rovní s dodato£nými £lenmi pre tepelnú vodivos´ a absorpiu laseru. �istoLagrangeovská simuláia v£ak m�ºe trpie´ váºnymi poruhami sie´ky, £o dokáºe zaprí£ini´ zly-hanie výpo£tu. Tento problém sa dá prekona´ pouºitím ALE metódy pre výpo£et hyperbolikejhydrodynamikej £asti modelu. Paraboliká £as´ pre tepelnú vodivos´ je rie²ená prostrednítvomsplitting metódy a mimetikej metódy kone£nýh diferenií. Pouºite©nos´ metódy je ilustrovanána simuláii interakie laserového zväzku s ie©ovým materiálom.K©ú£ové slová:1 IntrodutionThe Arbitrary Lagrangian Eulerian methods are a popular group of methods for sim-ulation of ontinuum mehanis problems where the laser plasma simulation belongs.Compressible laser plasma typially inludes regions of high ompression and large ex-pansion whih require treatment by Lagrangian hydrodynamis, with heat ondutivityand laser absorption inluded, allowing large sale hanges of the omputational domain.The omputational mesh with the boundaries and boundary ondition is �xed to the �uidand moves with the �uid. In some ases, e. g. in problems solving shear �ows, however,the moving mesh an degenerate and beome invalid with inverted ells when some noderosses the opposite edge of the same ell.Therefore, the hyperboli part of the model (hydrodynamis) is treated by the Ar-bitrary Lagrangian Eulerian (ALE) method whih avoids moving mesh distortion andparallelized by means of the OpenMP library. The ALE method is a ombination ofLagrangian and Eulerian methods and onsists of three phases, the standard Lagrangian19



20 �. Bednárikomputation, rezoning, and remaping. The rezoning is a simple mesh modi�ation inorder to repair di�erent loal degenerations, while the remapping orresponds to theEulerian part of the ALE method and allows the mass �ux between ells.The paraboli part of the model (heat ondutivity) is treated by splitting by animpliit mimeti �nite di�erene method. Heat ondutivity is presented in lassialSpitzer-Harm form and the heat ondutivity oe�ient is a non-linear funtion of thetemperature. The mimeti method works well on bad quality meshes, appearing in theLagrangian simulations where non-linear heat ondutivity e�ets like heat waves ordisontinous di�usion oe�ient an be observed. Methods used to solve the parabolipart of the model are parallelized by means of the LAPACK library whih gives thepossibility to perform linear algebra alulations in parallel, espeially to obtain thesolution of a tridiagonal matrix in parallel.For the laser absorption there is presented a model where the laser is absorbed onritial surfae. Under the term ritial sufae there is understand a surfae where theritial density is reahed.2 ALE MethodFor ompressible �uid �ow with heat ondutivity and laser absorption the Euler equa-tions in Lagrangian oordinates an be written in form
dη

dt
= ~vS, (1)

d~v

dt
= −pS , (2)

dε

dt
= −p~vS − WS − LS, (3)where t stands for time, η = 1/ρ, ρ is density, v veloity, p pressure, ε spei� internaldensity, W is heat �ux, and �nally, L is energy �ux density of laser radiation. Equationsexpress onseutively law of onservation of mass, law of onservation of momentum, andlaw of onservation of energy.Additionaly, the system is supplemented with the equation for mesh movement

d~x

dt
= ~v, (4)where ~x represents the position vetor.Finally, the system is ompleted with the equations of state (EOS) as funtions p =

p(ε, ρ), T = T (ε, ρ). For the ideal gas they have the form
p = ερ(γ − 1) (5)
T =

A

Z + 1

p

cpρ
, cp =

kB

mu

(6)where γ is heat apaity ratio, Z degree of ionization, A atomi (proton) number, kBBoltzmann onstant and mu = 1, 6605.10−24g atomi mass unit.
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Figure 1: Cell geometry. A quadrilaterall ell divided into 4 subzones by onneting theell enter with the edge enters.The system of equations (1), (2), (3) is split into hyperboli part ontaining Lagrangianhydrodynamial equations and laser absorption
dη

dt
= ~vS (7)

d~v

dt
= −pS (8)

dε

dt
= −p~vS − LS (9)and into paraboli part ontaining equation for heat ondutivity

dε

dt
= −WS − LS . (10)2.1 Lagrange stepThe Lagrangian hydrodynamial equations are numerially treated in two-dimensionaldomain on quadrilateral, logially retangular omputational mesh by means of ompat-ible staggered disretization [4℄. This disretization plaes salar quantities (ρ, ε, p, T )into the mesh ells and vetor quantities (~v,~x) into mesh nodes. Eah quadrilateral ell,zone, is divided into 4 subzones by onneting the ell enter with the edge enters asshown in Figure 1.As it was mentioned, the mesh movement satis�es the equation (4) whih an bedisretized in the form
d~xn

dt
= ~vn (11)for eah node n. After the mesh movement the density an be alulated in standard wayas

ρc =
mc

Vc

, ρs =
ms

Vs

(12)



22 �. Bednárikfor eah ell c and subzone s, and seeing the Lagrangian assumption that the mass doesnot �ow through the mesh and submesh edges, the mass of eah ell and subzone remainsonstant.The disrete law of onservation of momentum (2) at node n an be written as
mn

d~vn

dt
= ~Fn =

∑

c(n)

~Fc(n),n (13)where ~Fc(n),n is the fore from the ell c (neighboring the node n) to the node n, and ~Fn isthe total fore from all four ells in the neighborhood of the node n a�eting the node n.Fores ~Fc(n),n are omposed of zonal pressure fore ~F p
c(n),n, subzonal pressure fore ~F dp

c(n),n,and arti�ial visosity fore ~F q
c(n),n

~Fc(n),n = ~F p
c(n),n + ~F dp

c(n),n + ~F q
c(n),n. (14)The fores ~Fc(n),n are used also in disretization of law of onservation of energy (3)

mc

dεc

dt
= −

∑

n(c)

~Fn(c),c~vn(c), (15)where n(c) represents a node in the neighborhood of the ell c, and ~Fn(c),c is the forefrom node n (neighboring the ell c) a�eting the ell c. This guarantees onservation ofthe total energy [4℄.The visosity fore term ~F q
c(n),n in (14) an be expressed by means of several vis-osity types. One of the simplest arti�al visosity is a simple bulk visosity based onKuropatenko formula [5, 11℄. Another forms of visosities that an be used are edgevisosity [5℄ and tensor visosity [3℄.The system of ordinary di�erential equations (11), (13), (15), where the mass is on-served due to Lagrangian assumptions, represents the spatial disretization of the systemof hydrodynamial equations. In addition, the system is also disretized by means of apreditor-orretor seond order method for all nodes and all ells in time.2.2 Laser absorptionIn the energy equation (9) there is a term L representing the energy transfered to thesystem beause of the absorption of the laser radiation. It is assumed in the form

L = div~I,where ~I represents the laser intensity. The laser is absorpted only at a ritial surfaewhih is the isosurfae with a ritial density
ρc = 1, 86 · 10−3 A

Zλ2
µ

,where A is atomi (proton) number, Z degree of ionization, and λµ laser wavelength in
µm.



Parallel Algorithms for Numerial Solution of Laser Plasma Hydrodynamis 23The intensity in plaes of material with subritial density is given by laser radialand temporal Gaussian pro�les. Behind the ritial surfae the laser intensity is zero.The (x, y) omponents of laser intensity are projeted on the edge normals at the edgemidpoints and divergene of the intensity approximated by the standard formula derivedfrom Green's theorem.2.3 Heat ondutivityThe paraboli part of the system, the equation for heat ondutivity, is assumed in theform
dT

dt
= ∇.(κ∇T ), (16)where κ stands for heat ondutivity, and the term∇.(κ∇T ) represents the heat �ux. Theequation is treated after eah Lagrangian step by a sheme fully impliit in time whihallows the timestep to be equal to the timestep of the hyperboli system. Operatorsof divergene and gradient are disretized by a mimeti �nite di�erene method [12℄,leading to a system with a symmetri positive de�nite matrix whih is solved by onjugategradient method.2.4 Rezoning and remappingAllowing the mesh to move, it an beome strongly deformed, and these deformationsneed to be improved. The rezoning phase of the ALE algorithm, whih overs meshsmoothing and untangling, is a way how to repair these mesh distortions. However,beause of remapping, it is neessary to move only the vertexes whih have to be moved,and as little as possible. There exist several methods for rezoning, the ombination of afeasible set method and global optimization [14℄ or referene Jaobian method [9℄. Thealgorithm used in our ALE omputation is the Winslow smoothing method [16℄.In the remapping phase of the ALE method there is performed a onservative in-terpolation of onserved quantities from the original, the old Lagrangian mesh to thenew, smoother one. It is required this proedure onserves the mass, eah omponentof the momentum, and the total energy. Furthermore, the monotoniity, or at least theloal bounds, for density, veloity and spei� energy have to be preserved, and also theremapping should be as aurate as possible. All these an be ahieved by a methodwhih, �rst, performs a pieewiese linear reonstrution [1℄ of onserved quantities, thenintegrates the reonstrution [10, 6℄ over regions swept by edges as the edges move fromold mesh to the new one, and �nally, orrets (repairs [10, 13℄) possibly reated newextrema, whih does not preserve the loal bounds, by redistribution to the neighbouringells.Other tehniques almost always need to have satis�ed all the imposed requirements.They an ombine a low-order interell �uxes (whih preserve loal bounds by default)with a higher-order (generally unonstrained) �uxes. An example an be seen in [15℄.



24 �. Bednárik3 ResultsAs the numerial example there is presented a laser and material interation simulationfrom laser plasma physis performed at Prague Asterix Laser System (PALS) faility.A massive alluminium target is irradiated from the top by intensive laser beam pulse.The laser beam is operating at the energy 115 J with the wavelength λ = 438 nm andpulse length 300 ps. The simulation starts at the moment of impat and ontinues tillthe simulation time t = 10 ps as an be seen on Figure 2.

Figure 2: Simulation of material irradiation by intensive laser beam pulse. On the top-left piture there an be seen density of the massive target just before the impat t = 0,on the top-right at time t = 4 ps, then at time t = 7 ps on the bottom-left, and �nally,at time t = 10 ps on the bottom-right piture. The olormap displays the density rangefrom 0 to 16 g.cm−3.In pure Lagrangian simulation the omputation fails very soon due to fatal meshdistortion, however, with the ALE algorithm, the mesh smoothness is preserved, andthe omputation an ontinue till the �nal time. The smoothing was performed withweighted-average rezoning and remapping with piee-wise linear interpolation with re-pairing.After the laser impat, the massive target starts to ompress itself whih leads to itstemperature inrease and material evaporation. Part of the material beomes ionized andforms an expanding plasma orona. A rater is formed in the massive target, representingthe interfae between liquid and gas phase. Later in time, the rater stops in furthermovement, while a shokwave formed at the solid-liquid phase interfae is still propagatingdeeper in the target material.



Parallel Algorithms for Numerial Solution of Laser Plasma Hydrodynamis 254 ConlusionsAn arbitrary Lagrangian Eulerian algorithm has been developed in order to simulate dif-ferent laser plasma problems. The algorithm is developed on logially orthogonal 2D grid,and inludes pure Lagrangian alulation with heat ondutivity and laser absorption fol-lowed by mesh rezoning and remapping proedure. It has been applied to a simulation,laser and material interation problem, inspired by the experiment performed at the PALSfaility. The Lagrangian alulation without the ALE extension was unable to alulatethe solution due to severe mesh distortions, while the omplete ALE simulation providesreasonable results what demonstrates the usefullness of the algorithm.AknowledgementsThis researh has been supported by the Czeh Ministry of Eduation grant MSM6840770022.The author thanks R. Liska for leading support, and P. Vahal and M. Kuharik for on-strutive omments and disussion.Referenes[1℄ T. J. Barth. Numerial methods for gasdynami systems on unstrutured meshes,in An introdution to Reent Developments in Theory and Numeris for Conser-vation Laws, C. R. D. Kroner, M. Ohlberger, ed., Berlin, 1997, Leture Notes inComputational Siene and Engineering, Springer, 195-284.[2℄ S. Borodziuk, A. Kasperzuk, T. Pisarzyk, K. Rohlena, J. Ullshmied, M. Kalal, J.Limpouh, and P. Pisarzyk. Appliation of laser simulation method for the analysisof rater formation experiment on PALS laser, Czehoslovak Journal of Physis 53(2003) 799-810.[3℄ J. C. Campbell and M. J. Shashkov. A tensor artiial visosity using a mimeti �nitedi�erene algorithm, Journal of Computational Physis, 172(2) (2001) 739-765.[4℄ J. Caramana, D. E. Burton, M. J. Shashkov, and P. P. Whalen. The onstrution ofompatible hydrodynamis algorithms utilizing onservation of total energy, Journalof Computational Physis 146 (1998) 227-262.[5℄ E. J. Caramana, M. J. Shashkov, and P. P. Whalen. Formulations of artifial visosityfor muti-dimensional shok wave omputations, Journal of Computational Physis,144(2) (1998) 70-97.[6℄ R. Garimella, M. Kuha°ík, and M. Shashkov. E�ient algorithm for loal-bound-preserving remapping in ALE methods, in Numerial Mathematis and AdvanedAppliations, M. Feistauer, V. Dolejsi, P. Knobloh, and K. Najzar, eds., Springer-Verlag Berlin Heidelberk New York, 2004, 358-367.
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Morphologial Analysis of 3D SPECT Imagesvia Nilpotent t-Norms in Diagnosisof Alzheimer's DiseaseTomá² B¥lí£ek2nd year of PGS, email: belitom�fjfi.vut.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. This artile desribes a fuzzy image proessing method whih an serve as a potentialdiagnosti tool for Alzheimer's disease. We have set up a sequene of several image-proessingproesses based on morphologial fuzzy edge detetion followed by watershed segmentation.Then we undertook an analysis of nilpotent t-norms forming the edge detetors and the param-eter of Gaussian �lter, and in the end we arried out an statistial evaluation of segments ofhuman brains images. Our goal was to demonstrate the usefulness of the �ukasiewiz BL-algebrain feature extration of 3D biomedial images by using enhaned methods of image morphology.Keywords: image proessing, fuzzy logi, watershed transformation, Alzheimer's diseaseAbstrakt. Tento £lánek popisuje metodu fuzzy zpraování obrazu, která má poteniál slouºitjako diagnostiký nástroj pro Alzheimrovu horobu. Navrhli jsme poslouponost n¥kolika pro-es· zaloºenýh na fuzzy deteki hran pomoí morfologikýh operátor· a segmentai obrazu.Poté jsme analyzovali nilpotentní normy, které tvo°í základ pro hranové detektory a parametrGaussova �ltru. Nakone jsme statistiky vyhodnotili po£ty získanýh segment· z obraz· lid-skýh mozk·. Na²im ílem bylo demonstrovat uºite£nost �ukasiewizovy BL-algebry p°i extrakirys· 3D biomediínskýh obraz· za pouºití roz²í°enýh morfologikýh metod.Klí£ová slova: zpraování obrazu, fuzzy logika, transformae pomoí rozvodí, Alzheimerovahoroba1 IntrodutionAlzheimer's disease (AD) is the most frequent degenerative dementia. Despite importantprogress in the �eld of neurology and neurosienes during the last years, its diagnosisremains, however, based essentially on linial appreiation. Current diagnosti riteriareah sensitivity and spei�ity about maximally 80-87 %.The prinipal idea of our researh takes advantage of the medial �nding that a�etedbrains are usually haraterized by a di�erent struture of gray and white matter. Hene,we predited that we would get a di�erent number of segments after applying some onve-nient segmentation methods. To ahieve this goal, we had to set up an image-proessing27



28 T. B¥lí£ekproedure onsisting of appropriate funtions. The edge detetion was based on morpho-logial fuzzy operators in oordination with transformations of the image ontrast, whileoperators were taken from the Lukasiewiz BL-algebra.2 Edges and nilpotent t-normsAs we have mentioned, the edge detetors in our proess make use of fuzzy logi. Ourapproah is based on t-norms [6℄ and [1℄, but we di�er in results via generator theory. Thenovel deomposition of edge deomposition is based on inreasing bijetion transform asintensity preproessing and the absene of inverse transform. Speaking more aurately,the detetors are built of fuzzy operators from BL-algebras generated by nilpotent t-norms. Every standard BL-algebra is a standard residuated lattie [3℄ and [2℄, with twomore axioms:
x ∧ y = x ⊗ (x → y) (1)

(x → y) ∨ (y → x) = 1 (2)for all x, y, z ∈ [0, 1] and it is formed by L = 〈[0, 1],∨,∧,⊗,→, 0, 1〉 where ⊗ representsa t-norm and → orresponds to residuum. The word 'standard' means that we operateover BL-algebras having a support in the real interval [0; 1]. Similar utilization an befound in [8℄,[9℄ and [10℄.We hose the BL-algebra beause it is suitable for our gray-sale images where in-tensities �ow between 0 and 1 and its logi operations produe the desired behavior,onretely speaking they ontribute by suppressing and heightening spei� edges andareas in images.Every t-norm de�nes its BL-algebra and its derived operators suh as addition, sub-tration or biresiduum, auses di�erent behavior on systems where it is used. We fousedon a subset of nilpotent t-norms in our appliation of edge detetor and we �gured outseveral detetors. Inspirative results were taken from [14℄ or [13℄. The main goal was toprove that every formula from a general BL-algebra generated by a nilpotent t-norm isequivalent to the same formula expressed in the �ukasiewiz BL-algebra and the bijetion
φ. Let us say that every funtion F : [0, 1]n → [0, 1] is a formula realized in some BL-algebra if it is ombined exlusively by operators from the same BL-algebra or by theirderived operators. We an say that every formula realized in some BL-algebra generatedby a nilpotent t-norm an be expressed by the same formula realized in the �ukasiewizBL-algebra and a bijetion φ.

L1 is a standard BL-algebra generated by a nilpotent ontinuous t-norm. L2 is astandard �ukasiewiz BL-algebra. Let ϕ : [0, 1] → [0, 1] be an inreasing bijetion,
F : [0, 1]n → [0, 1] and ~x = (x1, . . . , xn), where n ∈ N. If F1 is F realized in L1 then

F1(~x) = ϕ−1(F2(ϕ(x1), . . . , ϕ(xn))), (3)



Morphologial Analysis of 3D Images in Diagnosis of Alzheimer's Disease 29where F2 is F realized in L2.For the purposes of BL-algebra appliation in image proessing, we always work withsome volume element (voxel) and its neighborhood in a 3D image matrix. We de�nea funtion built of BL-algebra operators, whih transform the intensity of a voxel withregard to intensities of neighboring voxels. We de�ne the voxel neighborhood of a givenentral voxel Vu,v,w from a 3D image I as
NR(Vu,v,w) = {Vi,j,k ∈ I : |u − i| ≤ R ∧ |v − j| ≤ R ∧ |w − k| ≤ R},where R ∈ N0. Generally, a funtion transforming intensities of image voxels is a loaloperation based on subtrating minimum from maximum in a neighborhood of a entralelement; hene, it heightens edges in a global aspet. Suh funtion an be modi�ed insome way, but it must be still built of BL-algebra operators. We substitute the subtra-tion by the distane operator in two ases of the following examples of edge-heighteningfuntions. The funtion has three parameters y = f3(c, R) where c represents a entralvoxel and R is a radius of the neighborhoodNR(c) of a entral element c. Here are severalfuzzy edge deteting funtions where index i runs through the neighborhood of a entralelement c:

• fuzzy Minkowski sausage: f1 = max(xi) ⊖ min(xi)

• fuzzy morphologial edge detetor f2 = (max(xi) ⊖ c) ∧ (c ⊖ min(xi))

• modi�ed fuzzy morphologial edge detetor f3 = (max(xi) ⊖ c) ⊕ (c ⊖ min(xi))Our approah to the funtions is similar to [4℄, [5℄ and [7℄. The presented formulas offuzzy morphologial operators in BL-algebra aim to alternate lassial gradient methodsbased on derivation. Thus, eah element of an output image of some edge-detetingoperator represents the fuzzy measure of being the edge with regard to intensities ofother elements. It means that the measure of being a part of an edge must be omputedin respet to the maximum of an image. The introdued edge deteting formulas an beexpressed in the �ukasiewiz BL-algebra aording to the theorem. After applying thisrelation we get suessively
f1 = ϕ−1[ϕ(max(xi)) ⊖� ϕ(min(xi))] (4)
f2 = ϕ−1[ϕ(max(xi)) ∧� ϕ(min(xi))] (5)

f3 = ϕ−1[ϕ(max(xi)) ⊖� ϕ(c)) ⊕� (ϕ(c) ⊖� ϕ(min(xi)))] (6)If we fous on the inreasing bijetion ϕ : [0, 1] → [0, 1], we an observe that it hangesontrast and brightness of an image. In the later experiment we design this funtion bypolynomial ϕ(x) = ax+ bx2 + cx3 where parameters a, b, c are ounted upon given valuesof ontrast and brightness and the assumption that brightness and ontrast are de�nedas
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∫
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contr = ϕ

′

(
1
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) = a + b +
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4
c,where ϕ(0) = 0 and ϕ(1) = 1 (thus a + b + c = 1). We hoose only a solution that ful�lsthe ondition of inreasing polynomial on the real interval [0, 1]. The operation ϕ−1 isnot �nally exeuted owing to the zero-e�et on the edge detetion, whih is based onlyon the value omparison.3 Patients and Control GroupsWe enrolled SPECT data from 17 available adult patients (10 males, 7 females) withde�nite Alzheimer's disease (AD) on�rmed by post mortem brain autopsy. As ontrols(CN) we used SPECT data from randomly hosen 10 patients (7 males, 3 females) withamyotrophi lateral slerosis (ALS), a neurodegenerative disorder a�eting predominantlyupper and lower motor neurons. These patients underwent SPECT and detailed ognitiveevaluation as a part of a researh protool (submitted data).4 MethodologyLet the initial input image matrix be denoted A. The method of whole-image segmenta-tion onsists of several steps. At �rst, we arry out the image �ltration using the kernelgiven by the relation

F(~v) = e−
‖~v‖2

2σ2 (7)where ~v is the spae oordinate vetor and σ represents the �lter radius. The �ltrationis provided by onvolution
B = A ∗ F. (8)At the seond step, voxel intensities are transformed into the real interval [0; 1] to geta matrix appliable for fuzzy edge detetors. This step must be arried out owing to thenoise that arises from aquiring a digital reord on the SPECT devie

C =
B

max(B)
. (9)Then the normalization is followed by soft thresholding whih uts o� the image valuesbelow θ1. This is made feasible by subtrating θ1 in the �ukasiewiz BL-algebra fromeah element of an image matrix

D = max(C − θ1, 0). (10)The next step onsists of fuzzy edge detetion whih was omprehensively desribedabove. Firstly, we apply a ϕ-funtion, ounted from variables contr (ontrast) and bri(brightness), on an image, and �nally we ontinue with appliation of one of three fuzzyedge detetor funtion fi using voxel neighborhood with radius R
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G = detect(D, fi, R, contr, bri). (11)The seond soft thresholding with θ2-value omes right after the fuzzy edge detetionand serves as a tool for utting o� image values representing edges that may be illusoryor too narrow. This is provided in the same way as in the �rst thresholding.

H = max(G − θ2, 0) (12)Keeping these edges on an image may ause an undesirable impat on evaluatedfeatures suh as the �nal number of totalled segments. The �nal step is represented bythe watershed transformation. It returns an image ontaining separate regions markedby integers that have been reated by �ooding an image from the global minimum tothe global maximum. The funtion for watershed transform wshed omputes a labelmatrix identifying the watershed regions with the parameter of onnetivity system. Thisparameter identifying the neighborhood system of the watershed transform was �xed uponthe 6-onnetivity system in 3D spae as
J = wshed(H). (13)The watershed method inluding a omputational algorithm is desribed in [15℄. Suhtransformed images have served for evaluating partiular features. They were proessedby means of several experiments based on evaluating di�erent features and omparingboth lasses of images. The previously presented sequene of image proesses was ap-plied to every 3D input image and then it was used for evaluating a seleted feature.If we summarize the designed method, we need to analyze the following parametersto �nd their optimal intervals for the �nest results of our appliation:

• σ - the �lter radius from (0; + inf)

• θ1 - the �rst threshold parameter from [0, 1]

• contr - the value of ontrast from [0.2, 1.4]

• bri - the value of brightness was �xed upon 0.5

• f1, f2, f3 - the fuzzy edge deteting funtion
• θ2 - the seond threshold parameter from [0, 1]

• R - the radius of the edge detetor's neighborhood from N5 ResultsWe have hosen the observed feature as a total segment number of an image proessed bythe designed method. The values of all images from both groups were used for evaluatingStudent's two-sample t-test. The output p-value represents the probability that the nullhypothesis is true, where the null hypothesis laims that mean values of two random



32 T. B¥lí£ekTable 1: The system parameters for the optimum p − value = 4.48 × 10−2 evaluated onentire brains. Edge R contr σ θ1 θ2 nhood

f2 4 0.8676 1.509 0.4900 0.3548 6

Table 2: The system parameters for the optimum p− value = 3.816× 10−7 evaluated onpariatal area. Edge R contr σ θ1 θ2 nhood

f2 4 1.0148 0.2763 0.8997 0.3272 6

variables are idential.As far as the phase of the edge detetion is onerned, the sale of ontrast had anunambiguously signi�ant in�uene on the �nal number of segments. The hange ofbrightness had no in�uene on the �nal segmentation due to the interproess of fuzzyedge detetors, therefore we did not take this parameter into aount while evaluatingour feature. Another important parameter was found in the initial threshold θ1. Sine itsets elements with values below the θ1 to zero, it suppresses edges whih are false due tonoise or they are ompletely unimportant with respet to other high edges in the image.The �rst aim of the evaluation was to �nd optimal on�guration of our system, i.e.values of parameters σ, θ1, θ2, contrast, edge deteting funtion f and radius R whihlead to the minimum p-value of the Student's two-sample test. We reahed our optimaby means of a heuristi optimization method based on the di�erential evolution desribedin [16℄, [17℄ and [18℄.The �rst image proessing and evaluation was made over entire area of a humanbrain. The table 5 shows the �nal values of input parameters and the optimum t-value(respetively p-value) omputed by using di�erential evolution algorithm.Next part of this artile presents results of the evaluation made only on the part of abrain alled pariatal area, where a brain matter is usually mostly a�eted by the disease.From the medial point of view, struture of brains in these two symmetri areas is moredisrupted for AD than for CN lass. The following table 5 ontains �nal values of theevaluation at pariatal area and the boxplot graph for eah brain with number of segmentsin y-axis.
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Figure 1: Boxpot graph with number of segements for eah lass evaluated with param-eters given from pariatal areasSuh results still need to be veri�ed on a larger number of patients with Alzheimer'sand healthy ontrols and ompared with results from patients with other dementia sub-types. This researh will be also supported by another approah based on fuzzy edgedetetion in dodeahedral grid system.
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Figure 2: The proessing of input images AD (left) and CN (right) from the beginning(top) to the end (bottom).



Morphologial Analysis of 3D Images in Diagnosis of Alzheimer's Disease 35Referenes[1℄ M. Gonzalez. M. Hidalgo. Edge-Images using a uniform-based fuzzy mathematialmorphology: opening and losing. Advanes in omputational vision and medialimage proessing, (2009)[2℄ S. Gotwalld. P. Hájek. Triangular norm-based mathematial fuzzy logis. Elsevier,Amsterdam, (2005)[3℄ P. Hájek. Basi fuzzy logi and BL-algebras. Soft Computing, Springer, (1998)[4℄ J. Kukal, D. Majerová. Multiriteria approah to 2D image de-noising by means of�ukasiewiz algebra with square root. Neural Network World, Czeh Republi, (2002)[5℄ J. Kukal, D. Majerová, V. Musoko, A. Pavelka, A. Proházka. Nonlinear Filteringof 3D MRI in Matlab CTU, Prague, (2004)[6℄ C. Lopez, Molina et al. A t-norm based approah to edge detetion Computationaland Ambient Intelligene, (2009)[7℄ D. Majerová. Image Proessing By Means of �ukasiewiz Algebra with Square Root,PhD thesis at CTU, Prague, (2004)[8℄ P. Margos, V. Tzouvas, G. Stamou. Lattie Fuzzy Signal Morphology Operators andGeneralized Image Gradients. National Tehnial University of Athens, (2003)[9℄ P. Margos, V. Tzouvas, G. Stamou. Synthesis and Appliations of Lattie Image Mor-phology operators Based on Fuzzy Norms. National Tehnial University of Athens,(2001)[10℄ P. Margos, V. Tzouvas, G. Stamou. A Lattie Control Model of Fuzzy DynamialSystems in State-Spae. National Tehnial University of Athens, (2000)[11℄ M. Navara, P. Ol²ák. Priniples of Fuzzy Sets CTU, Prague, (2002)[12℄ V. Novák. Fuzzy Sets and Their Appliations SNTL, Prague, (1990)[13℄ E. P. Klement, M. Mesiar. Logial, Algebrai, and Probabilisti Aspets of TriangularNorms Elsevier, Amsterdam, (2005)[14℄ E. P. Klement, M. Mesiar. Logial, Algebrai, Analyti and Probabilisti Aspet ofTriangular Norms. Elsevier, (2005)[15℄ J. B. T. M. Roerdink, A. Meijster. The Watershed Transform: De�nitions, Algo-rithms and Parallelization Strategies. IOS Press, Groningen, (2001)[16℄ J. Tvrdík. Di�erential Evolution with Competitive Setting of its Control Parameters,TASK Quarterly. vol. 11, page 169-179, ISSN 1428-6394, (2007)[17℄ J. Tvrdík, I. K°ivý, L. Mi²ík. Adaptive Population-based Searh: Appliation to Es-timation of Nonlinear Regression Parameters. COMPUT STAT DATA AN., vol. 52,page 713-724., ISSN 0167-9473, (2007)



36 T. B¥lí£ek[18℄ J. Tvrdík. Adaptive Di�erential Evolution: Appliation to Nonlinear Regression. Pro-eedings of the International Multionferene on Computer Siene and InformationTehnology. Wisla: PTI, page 193-202, (2007)



Transport of Colloids Through HeterogeneousPorous MediaPavel Bene²2nd year of PGS, email: benespa1�fjfi.vut.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Ji°í Miky²ka, Department of Mathematis, the Faulty of NulearSienes and Physial Engineering, CTU in PragueAbstrat. The goal of this ontribution is to desribe the transport of olloids in heterogeneousporous media. This work inludes equations desribing the �ow �eld, transport of olloids,and deposition of olloids in porous media. Then we desribe a numerial disretization of thesystem of equations desribing the olloid transport by means of operator splitting �nite volumemethod. We present some numerial results at the end of the ontribution.Keywords: transport of olloidal partiles, heterogeneous porous medium, �nite volume methodAbstrakt. Hlavním ílem tohto p°ísp¥vku je popis transportu koloid· v heterogenním poréznímprost°edí. Tato práe obsahuje rovnie popisujíí proudové pole, transport koloid· a jejihukládání v porézním prost°edí. Dále je v prái obsaºena numeriká diskretizae tohoto systémurovni popisujíího transport koloid· za pouºití rozkladu operátoru a metody kone£nýh objem·.Na záv¥r p°ísp¥vku jsou uvedeny n¥které dosaºené výsledky.Klí£ová slova: transport koloidníh £ásti, heterogenni porézní médium, metoda kone£nýhobjem·1 IntrodutionColloids are small partiles with at least one dimension smaller than 100 nm. Beause oftheir size, olloid partiles are strongly attrated to the pore surfaes. On the other hand,olloids, like nanoiron partiles, an be strongly reative and an be used in remediationof ontamined sites. To plan a suitable remediation strategy, one has to understand meh-anisms of olloid transport and their deposition in the subsurfae. This understandingan be obtained by means of numerial models. This paper ontains equations desribingolloidal transport in porous media. Then introdue semi-expliit sheme and presentsome results of numerial experiments.2 The Physial ModelThis setion presents equations desribing the olloidal transport in porous media [1℄.37



38 P. Bene²2.1 Flow Field EquationThe following equation desribes a distribution of pressure in a porous media
∂(Φ̺)

∂t
− div(k̺

µ
(∇p − ̺g)

)

= ̺(s+ − s−), (1)where k is the permeability, µ the dynami visosity, g the gravity, ̺ is density, s+ and
s− are the soures and sinks and p [Pa] is the unknown �uid pressure. When the pressuredistribution is known the Dary veloity an be omputed using from the Dary law

q = −k

µ
(∇p − ̺g). (2)The �ow �eld will be neessary for desription of the olloidal transport.2.2 Colloid Transport EquationThe olloid transport equation an be derived from the mass balane of olloids overthe REV (representative element volume). There are three main mehanisms ontrollingthe olloidal transport: hydrodynami dispersion, advetion and olloid deposition andrelease. This an be desribed by the generalized advetion dispersion equation, wherethe unknown is the partile number onentration n

∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − f

πa2
p

∂θ

∂t
, (3)where θ is the spei� surfae overage, de�ned as

θ =
total ross-setion area of deposited olloidsinterstitial surfae area of the porous media solid matrix,

f is spei� surfae area
f =

interstitial surfae areaporous medium pore volume ,
ap is the radius of olloidal partiles, D is the partile hydrodynami dispersion tensorand V is the partile veloity vetor. It is possible to write the partile hydrodynamidispersion tensor as

Dij = αT V̄ δij + (αL − αT )
V̄iV̄j

V̄
+ DdTδij ,where Dd is the Stokes-Einstein di�usivity, V̄i, V̄j are omponents of the interstitial ve-loity, αL is the longitudinal dispersivity, αT is the transverse dispersivity and T is thetortuosity of the porous medium.



Transport of Colloids through Heterogeneous Porous Media 392.3 Colloid Deposition and ReleaseLet λ be the perentage part of the solid matrix with favorable onditions for olloiddeposition. This an be for example areas with iron oxides on its surfae. These surfaesare typially positively harged and olloids are typially negatively harged. Depositionon the surfaes is usually irreversible. On the rest (1− λ) of the solid matrix surfae areunfavorable onditions for the olloidal deposition. Deposition takes plae on both parts,but di�erene in rates an be huge. For partile surfae overage rate we an adopt thispathwise model
∂θ

∂t
= λ

∂θf

∂t
+ (1 − λ)

∂θu

∂t
, (4)where θf is the favorable surfae fration and θu is the unfavorable surfae fration. Therates are desribed by the following partial di�erential equations

∂θf

∂t
= πa2

pkdep,fnB(θf ) − kdet,fθfR(θf ), (5)
∂θu

∂t
= πa2

pkdep,unB(θu) − kdet,uθuR(θu), (6)where kdep is the olloid deposition rate onstant, kdet is the olloid release rate onstant,
B(θ) is the dynami bloking funtion and R(θ) is the dynami release funtion. Theolloid deposition rate oe�ient kdep an be expressed by means of a single olletore�ieny η

kdep =
ηεV

4
=

αη0εV

4
, (7)where V is the �uid advetion veloity, ε is porosity and η0 is the favorable single olletorremoval e�ieny.2.4 Dynami Bloking and Release Funtions B(θ), R(θ)The dynami bloking funtions haraterize the partile deposition [4℄. When the ol-letor is partile free at the beginning, bloking funtion has value B(θ) = 1. As thedeposited partiles blok the surfae more and more, B(θ) dereases. At the maximumattainable surfae overage θ = θmax (jamming limit), B(θ) = 0.2.4.1 RSA Dynami Bloking FuntionFor olloidal partiles depositing on the oppositely harged olletor surfae, these on-ditions for use of RSA model are valid [4℄:

• attahment is irreversible as long as onditions do not hange
• surfae di�usion is negligible
• partile-partile ontat is prohibitedFor low and moderate surfae overage, the funtion B(θ) has this form

B(θ) = 1 − 4θ∞
θ

θmax

+
6
√

3

π

(

θ∞
θ

θmax

)2

+

(

40√
3π

− 176

3π2

)(

θ∞
θ

θmax

)3

,where θ∞ is the hard sphere jamming limit.



40 P. Bene²2.4.2 Dynami Release FuntionThe dynami release funtion desribes the probability of olloid release from the porousmedia surfae overed by retained olloids [1℄. This funtion should in general dependon the olloid residene time and the retained olloid onentration. Beause the olloidrelease is not well understood, we will use R(θ) = 1.3 Mathematial ModelThis setion shows solved equations, initial and boundary onditions. By substitutingequations desribing the olloid deposition and release (4), (5) and (6) into (3), we obtainthe following expression
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − f

πa2
p

((λπa2
pkdep,fB(θf ) + (1 − λ)πa2

pkdep,uB(θu))n −

((λπkdet,fθfR(θf) + (1 − λ)kdep,uθuR(θu)). (8)We assume that K(θ) = 1 (�rst-order kinetis release mehanism) and use the follow-ing notations
γ = f

πa2
p
,

Ka(θf , θu) = πa2
p[λkdep,fB(θf ) + (1 − λ)kdep,uB(θu)],

Kr(θf , θu) = λπkdet,fθf + (1 − λ)kdep,uθu.

(9)Under these assumptions, the following equation is obtained
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
. (10)In (10), V is a known veloity �eld given by a �ow model. We omplete this equationwith (5) and (6)

∂θf

∂t
= πa2

pkdep,fnB(θf ) − kdet,fθf , (11)
∂θu

∂t
= πa2

pkdep,unB(θu) − kdet,uθu. (12)To solve this system, we will need boundary onditions for equation (10) and initialonditions for eah equation (10), (11) and (12). Let us onsider a retangular domain
Ω with boundary Γ, where lower boundary is denoted Γ1, right Γ2, upper Γ3 and left Γ4(Fig. 1).For onentration equation (10), we will presribe an initial ondition

n(x, 0) = n0(x) for x ∈ Ω, (13)
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Γ2

Γ1

Γ3

∂Ω

ΩΓ4

Figure 1: The domain Ω.
i

m

Bi

γ∂B1
i,m

∂B1
i,m

∂B2
i,m

Figure 2: The exlusive subdomain for node
i.and boundary onditions desribing onentration of olloids on Γ

n(x, t) = ni(x, t) for x ∈ Γi, i ∈ 1, . . . , 4 . (14)For equations (11) and (12) we need to presribe initial onditions for θf and θu. As thereare initially no deposited olloids,
θf (x, 0) = θu(x, 0) = 0 for x ∈ Ω. (15)4 Numerial SolutionWe disuss the disretization methods for solving (10), (11) and (12). Although ournumerial solution is omputed on a retangular grid, we develop the sheme for thetransport problem for a more general ase of an unstrutured mesh in two dimensionsomposed of triangles and quadrangles of the domain Ω, whih is alled the primary mesh.We onstrut a dual mesh by onneting baryentres of eah element with midpoints ofall its sides in eah element from the primary grid. In this way we obtain a polygonaround eah node from the primary mesh (on the boundary of the domain ∂Ω, polygonsare inomplete). For a primary mesh node i, we all this polygon Bi, the exlusivesubdomain of node i. ∂Bi onsists of several absissae and eah of absissa belongs toone absissa onneting node i with his neighbor m. For eah ouple i, m, there aretwo absissae, we denote them ∂Bl

i,m. The midpoint of the absissa ∂Bl
i,m is denoted

γ∂Bl
i,m

(Fig. 2). The time level is denoted by supersript k. The length of abissa ∂Bl
i,mis denoted |∂Bl

i,m|. The same numerial grid is used for solving the �ow �eld and thetransport equation.



42 P. Bene²4.1 The �ow �eldThe �ow problem (1) is disretized using the �nite volume method. To solve the linearequations system in the sheme is used the PETS library for programming language C.4.2 The transport equationExpliit sheme has the disadvantage that the time steps has to be limited due to CFLondition [6℄. For this reason we implemented semi-impliit numerial sheme [5℄, whihwill enable us to use larger time steps ompared to the expliit sheme.Equation (10)
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
(16)is solved using the operator splitting tehnique. At �rst we solve expliitly onvetionand reation parts of the equation

∂n

∂t
= −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
(17)obtained from (10) by setting D = 0. We disretize (17) as follows

[

n
k+ 1

2

i − nk
i

∆t
+

Ka(θ
k
f,i, θ

k
u,i)

γ
nk

i −
Kr(θ

k
f,i, θ

k
u,i)

γ

]

|Bi| +

∑

m,l

∫

∂Bl
i,m

(V(γ∂Bl
i,m

) · n⋆
i,m,l) · n∂Bl

i,m
|∂Bl

i,m| = 0, (18)where the upwind value is given as
n⋆

i,m,l =

{

nk
i for n∂Bl

i,m
· V(γ∂Bl

i,m
) > 0,

nk
m for n∂Bl

i,m
·V(γ∂Bl

i,m
) ≤ 0.

(19)The value of n
k+ 1

2

i is used as an initial ondition and (14) as boundary onditions forsolving the di�usion equation
∂n

∂t
= ∇ · (D∇n), (20)whih is solved using the bakward Euler sheme

[

nk+1
i − n

k+ 1

2

i

∆t

]

|Bi| =
∑

m,l

[

(D(γ∂Bl
i,m

)(∇n)k+1(γ∂Bl
i,m

)) · n∂Bl
i,m

|∂Bl
i,m|
]

. (21)We denote number of nodes in one row of our numerial grid nr. On a retangular gridwith grid sizes ∆x, ∆y, equation (21) reads as
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[

nk+1
i − n

k+ 1

2

i

∆t

]

|Bi| − ∆xDyy(γ∂Bi,i+nr
)

(

nk+1
i+nr

− nk+1
i

∆y

)

+

∆yDxx(γ∂Bi,i−1
)

(

nk+1
i − nk+1

i−1

∆x

)

+ ∆xDyy(γ∂Bi,i−nr
)

(

nk+1
i − nk+1

i−nr

∆y

)

−

∆yDxx(γ∂Bi,i+1
)

(

nk+1
i+1 − nk+1

i

∆x

)

= 0. (22)In equation (22) the terms ontaining boundary values an be eliminated into the righthand side. In every time step we need to solve the system Ank+1 = b, where
Ai,i−nr

= −∆xDyy(γ∂Bi,i−nr
)

∆y

Ai,i−1 = −∆yDxx(γ∂Bi,i−1
)

∆x

Ai,i = |Bi|
∆t

+
∆xDyy(γ∂Bi,i+nr

)

∆y
+

∆yDxx(γ∂Bi,i−1
)

∆x
+

∆xDyy(γ∂Bi,i−nr
)

∆y
+

∆yDxx(γ∂Bi,i+1
)

∆x

Ai,i+1 = −∆yDxx(γ∂Bi,i+1
)

∆x

Ai,i+nr
= −∆xDyy(γ∂Bi,i+nr

)

∆yand Ai,j = 0 elsewhere. The right hand side of the solved system b reads as
bi =

|Bi|
∆t

nk
i , (23)where index i goes through all nodes. The boundary terms an be eliminated into the bi.5 ResultsIn this setion we present results desribing transport of olloids in a heterogeneous porousmedia. We are given a square domain Ω of size 3× 3m with two heterogenities. The �rstone is a square [0.5, 0.75]× [1.25, 1.5] with higher λ and kdep and a�ets only the transportof olloids. The seond heterogeneity is a irle in the middle of Ω with diameter of 1where is ten times smaller permeability then in the rest of Ω.For pressure we have no �ow boundary onditions on Γ1 and Γ3 and Dirihlet's bound-ary onditions (hydrostati pressure) p(x) = 10.05 − y̺g on Γ2 and p(x) = 1.1 · 105 − y̺gon Γ4. In the beginning no olloidal partiles are present in the area. We presribe aboundary ondition

n(x, t) =

{

1014[m−3] for t ≤ 0.5day
0 for 1.0 ≥ t > 0.5day (24)for y ∈ [1, 2] and 0 elsewhere on Γ4 and n(x, t) = 0 for x ∈ Γ1, Γ2, Γ3 and t ∈ [0, 1day]We are interested in the distribution of olloids in domain Ω in time of one day. Ourresults are showing the number onentration of olloidal partiles ontained in water inpores n divided by 1014, so that the resulting values are resaled between 0 and 1. The
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Figure 3: Compuatation domain.

Figure 4: The �ow �eld.
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Figure 5: Evolution of the number onentration n divided by 1014 in time; semi-impliitsheme.



46 P. Bene²retangular numerial grid with 100 × 100 nodes was used for omputations. Resultsomputed by the semi-impliit numerial sheme are shown in Figure 5.Figure 4 depits the �ow �eld. The heterogeneity in permeability made most of waterto �ow around the irle lower permeability heterogeneity in the middle of the area.Seond �gure 5 shows the time evolution of normed onentration of olloids duringtransport with higher deposition rate in the square heterogeneity with higher depositiononstants. Transport is of ourse in�uened by means of the permeability heterogeneitydue to �ow �eld.6 ConlusionIn this ontribution a summary of equations desribing the olloid transport was pre-sented. The equations were disretized by means of the semi-impliit sheme based onthe operator splitting tehnique using �rst order upwind (19) for approximation of theonvetion term. Numerial results show the expeted behavior. Most of the olloidsgo around low permeability heterogeneity and on the heterogeneity with higher olloiddeposition quantities olloids deposits with muh higher rate.7 AknowledgmentThis work was supported by the projet �Mathematial Modeling of Multi-Phase PorousMedia Flow�, projet No. 201/08/P567 of the Grant Ageny of the Czeh Republi, 2008-2010 (prinipal investigator J. Miky²ka)Referenes[1℄ N. Sun, M. Elimeleh, N.-Z. Sun A novel two-dimensional model for olloid transportin physially and geohemially heterogeneous porous media. Journal of ContaminantHydrology 49, (2001), 173�199.[2℄ N.-Z. Sun Mathematial Modeling of Groundwater Pollution. Springer-Verlag, NewYork.[3℄ N.-Z. Sun W.W.-G, Yeh A proposed upstream weight numerial method for simulatingpollutant transport in groundwater. Water Resour. Res. 19 (1983), 1489�1500.[4℄ J.N. Ryan, M. Elimeleh Review Colloid mobilization and transport in groundwater.Colloids and Surfaes A: Physiohemial and Engineering Aspets 107 (1996), 1�56.[5℄ R.J. LeVeque, J. Oliger Numerial methods based on additive splittings for hyperbolipartial di�erential equations. Math. Comp. 40 162 (1983), 469�497.[6℄ R.J. LeVeque Finite-Volume Methods for Hyperboli Problems. Cambridge Press,(2002)



Robusti�ed total least squaresJi°í Fran1st year of PGS, email: franji1�fjfi.vut.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jan Ámos Ví²ek, Department of Maroeonomis and Eonometris,Faulty of Soial Sienes, Institute of Eonomi Studies, Charles UniversityAbstrat. Classial regression estimators, suh as the ordinary least squares (LS), are sensitiveto ourrene of outliers and are not onsistent when the orthogonality ondition fails. Therehave been several robust estimators that an ope with this problem. The development ofinstrumental weighted variables (IWV), the robust version of instrumental variables methods,is reviewed. The alternative approah in regression methods when orthogonality ondition isbreaking and both independent and dependent variables are onsidered to be measured witherrors is alled total least squares. The existene and uniqueness of the solution is disussedand di�erent approahes of alulation are desribed. The robusti�ed version of TLS based onthe idea of downweighting the in�uential points is presented and its properties are disussed.Finally the generalization of TLS to mixed LS-TLS and its robusti�ed version is mentioned.Keywords: robust regression analysis, instrumental weighted variables, robusti�ed total leastsquaresAbstrakt. Klasiké regresní odhady, jako metoda nejmen²íh £tver·, jsou itlivé na výskytodlehlýh pozorování a nejsou konzistentní kdyº nezávislé prom¥nné jsou m¥°eny s hybou.Jedna z moºností jak se s tímto p°ípadem vypo°ádat je pouºít metodu instrumentálnáh váºenýhprom¥nnýh. Dal²í moºností je robusti�kovat totální nemen²í £tvere (TLS). Základní vlastnosti,existene a jednozna£nost °e²ení i zp·soby výpo£tu klasikýh totálníh £tver· jsou diskutovány.Dále jsou p°edstaveny moºnosti robusti�kae TLS pomoí penalizae vlivnýh bod·. Na záv¥r jeuvedeno zoben¥ní TLS na metodu smí²enýh nejmen²íh £tver·-totálníh nejmen²íh £tver·a robusti�kae této metody.Klí£ová slova: robustní regresní analýza, instrumentální váºené prom¥nné, robusti�kované totálnínejmen²í £tvere1 IntrodutionLet us onsider the multiple linear regression model
Yi = Xi,1β

0
1 + Xi,2β

0
2 + · · ·+ Xi,pβ

0
p − εi = XT

i β0 − εi i = 1 . . . n,or in the matrix notation
Y = Xβ0 − ε,where Y ∈ R

n×1 is a vetor of response (dependent) variable, X ∈ R
n×p is a matrix of pre-ditors (independent variables), β0 ∈ R

p×1 is a vetor of unknown regression oe�ients47



48 J. Franand ε ∈ R
n×1 a vetor of unknow error terms (vetor of disturbanes). The objetiveis to estimate the unknown regression oe�ients and express the dependent variableas a linear funtion of the independent variables. We assume that {

(

XT
i , εi

)T
}+∞

i=1
is asequene of iid (p + 1)-dimensional random variables with a absolutely ontinuous dis-tribution funtion, but the explanatory variables Xi's an be orrelated with the errorterms εi's. Our goal is to �nd a robust estimator of the regression oe�ients, whihresists well to a violation of theoretial onditions and to a ontamination of the data.Many regression estimators suh as the ordinary least squares are not robust, i.e. they arevery sensitive to outliers. One of the best known and the most used robust estimator isthe least trimmed squares (LTS), whih was proposed by Rousseeuw in 1984 (see [3℄). Itminimizes the sum of the h smallest squared residuals, where the j-th residual is de�nedas rj(β) = rj = Yj − XT

j β. The TLS estimator is de�ned as follows
β̂(LTS,h,n) = arg min

β∈Rp

h
∑

i=1

r2
(i)(β),where h is an optional parameter satisfying n

2
≤ h ≤ n and r2

(i) is the i-th least squaredresidual, i.e. for any β ∈ R
p

r2
(1)(β) ≤ r2

(2)(β) ≤ . . . ≤ r2
(n)(β).For h =

⌊

n
2

⌋

+
⌊

p+1
2

⌋ the LTS reahes the maximum possible value of the breakdownpoint equal to n−p+2
2n

. The existene of the LTS estimator is given by the existene of theLS estimator for all subsamples of size h. While it is very di�ult to �nd exat valueof LTS estimate for larger sets of observations, the approximative algorithms are usuallyused. The oldest one de�ned by Rousseeuw does the approximation in the following way.Let selet randomly an (p+1) observations and apply the least squares method on them.For the estimated parameter β evaluate residuals for all n observations. Then selet hobservations with the smallest squared residuals and ompute again the least squaresestimation. Repeat last two steps until onvergene. Repeat the proedure number oftimes with di�erent initial estimate to get more andidates. The andidate whih has thesmallest value of the objetive funtion (sum of squared residuals) is taken as the LTSestimate. Due to the high omputational omplexity of the LTS estimator there havebeen appeared a lot of algorithms in the literature for last years, but the mentioned oneis su�ient for our purpose. One of the main disadvantages of the LTS is its in�nite loalsensitivity, beause the �hange of weights� between trimmed and not trimmed points istoo sharp. We an ope with this problem by the de�nition of some ontinuous weightingfuntion and multiply the residuals by a weights from 〈0, 1〉. This is exatly the way howthe least weighted squares estimator is de�ned. Aording to [4℄
β̂(LWS,w,n) = arg min

β∈Rp

n
∑

i=1

wir
2
(i)(β) = arg min

β∈Rp

n
∑

i=1

w

(

i − 1

n

)

r2
(i)(β),where weights wi are de�ned by the weight funtion w : 〈0, 1〉 → 〈0, 1〉, whih is absolutelyontinuous, w(0) = 1 and non-inreasing with the derivative w′(t) bounded from below



Robusti�ed total least squares 49by a onstant (−L), where L ≥ 0. Furthermore we an rewrite the previous de�nition ofLWS and instead of ordering the residuals we an reorder the weights (wi := wi(β)). Forany i ∈ {1, . . . , n} let us denote by π(β, i) the random rank of the i-th residual as
π(β, i) = j ∈ {1, . . . , n} ⇔ r2

i (β) = r2
(j)(β)Then we have

β̂(LWS,w,n) = arg min
β∈Rp

n
∑

i=1

w

(

π(β, i) − 1

n

)

r2
i (β)and the least weighted squares are solution to the normal equationsNEY,X,n(β) =

n
∑

i=1

w

(

π(β, i) − 1

n

)

Xi

(

Yi − XT
i β

)

= 0. (1)The solution to LWS estimate exists, beause it is equal to the solution to lassialweighted least squares, where weights have one ertain permutation. Consequently ourproblem, how to �nd the least weighted squares estimator, is equal to the problem, howto �nd �the best� weighted least squares among n! possibilities. Sine n is not usually�small� number, we an not �nd a deterministi solution to this extremal problem and weneed to use some approximative algorithm again. One of the most simplest, but su�ientone, is based on the same proedure that we desribed in LTS setion.In eonometris, the explanatory variables are frequently assumed to be orrelatedwith the random error ε, that is, X is supposed to be orrelated with ε suh that
p lim

(

1
n
XT ε

)

6= 0. If we now apply LS, LTS or LWS estimators, we get an inonsistentestimate of β0. One of the best known example of the situation, when the orthogonalityondition fails (i.e. E [Xiεi] 6= 0), is the model in whih the explanatory variables aremeasured with a random error. We onsider an overdetermined set of n linear equations
Y ≈ Xβ, where Y ∈ R

n×1, X ∈ R
n×p and β ∈ R

p×1 is a parameter of interest. Wesuppose that
Yi = Y0i − εi Xi = X0i − θiand that there exists β0 ∈ R
p×1 suh that

Y0i = X0iβ
0,i.e.

Yi + εi = (Xi + θi)β
0 i = 1 . . . n. (2)Assuming usually that E [εi] = 0, E [ε2

i ] = σ2 ∈ (0,∞) and E [θi] = 0, E
[

θiθ
T
i

]

= Σθnonsingular and E [θiεi] = 0. If we onsider now lassial regression model
Yi = X0iβ

0 − εi = (Xi + θi)β
0 − εi = Xiβ

0 + θiβ
0 − εi = Xiβ

0 + ei,we an easily �nd out that orthogonality ondition is broken.
E [Xiei] = E

[

(X0i − θi) ·
(

θiβ
0 − εi

)]

= −Σθβ
0.If β0 6= 0 then Σθβ

0 6= 0 and not only the LS estimate of the regression oe�ientsis inonsistent. In the following setions we desribe two possibilities how to ope withsuh a ases when the orthogonality ondition is broken and the data set ontains outliers.



50 J. Fran2 Instrumental Weighted VariablesSuppose there is an n×p matrix of some variables Z, alled instruments. If instrumentalvariables are unorrelated with errors and the matrix of orrelations between the variablesin X and the variables in Z is of maximum possible rank (equal to p) then we all theinstruments proper. Let {Zi}n

i=1 be any sequene of p-dimensional proper instrumentalvariables, then the instrumental variable estimator β̂(IV,n) of β0 is de�ned by
β̂(IV,n) =

(

ZT X
)−1

ZTY.We an easily obtain �lassial� weighted instrumental variables by adding weights intothe de�nition of instrumental variables
β̂(WIV,n,W ) =

(

ZTWX
)−1

ZT WY,where W is in our ase an n × n diagonal matrix of weights. For weighted instrumentalvariables the weights are assigned to the observation a priori, aording to an externalrule or some previous knowledge of the problem. The weighted instrumental variables(WIV) estimation β̂(WIV,n,W ) an by also de�ned as the solution to the following normalequations
ZTW (Y −Xβ) = 0.Sine β̂(WIV,n,W ) is not robust with respet to outliers and leverage points, we are goingto use the idea of impliit weighting of the squared residuals from the LWS and de�nethe robust version of the instrumental variables estimator.Let {Zi}+∞

i=1 be any sequene of p-dimensional proper instrumental variables. Thenthe solution of the normal equations
NEY,X,Z,n(β) =

n
∑

i=1

w

(

π(β, i) − 1

n

)

Zi

(

Yi − XT
i β

)

= 0 (3)will be alled the instrumental weighted variables estimation (IWV) of β0 and denoted by
β̂(IWV,n). As we desribed in previous text the relation between lassial weighted leastsquares and the robust LWS, we an �nd similar relation for lassial WIV and newlyde�ned IWV. Suppose we have some weighting funtion w and set of proper instruments
Z. Then we an permutate the set of weights

{

w

(

1 − 1

n

)

, w

(

2 − 1

n

)

, . . . , w

(

n − 1

n

)}aording to some permutation π ∈ P, where P denotes the set of all permutations ofthe indies {1, 2, . . . , n} for any n ∈ N. Let ompute for all π ∈ Pn

β̂(WIV,n,W (π)) = (ZT W(π)X)−1ZTW(π)Y.Reall that weights in instrumental weighted variables satisfy the ondition that thesmallest residual obtains the largest weight, the seond smallest residual obtains the



Robusti�ed total least squares 51seond largest weight, et. till the largest residual obtains the smallest weight. Hene,we an minimize again the sum of weighted residuals. We have n! possibilities how topermutate weights and hene n! solutions of lassial weighted instrumental variables.We ompute the lassial WIV for all π ∈ P and �nd the ertain permutation πbest ∈ Pwhih minimizes the the sum of weighted residuals among all β̂(WIV,n,W (π)). Then IWVestimator an be de�ned as
β̂(IWV,n) = β̂(WIV,n,W (πbest)) = (ZTW(πbest)X)−1ZTW(πbest)Y.In [5℄ is shown that all solutions of the orresponding normal equations (3) are boundedin probability and the weak onsisteny of the IWV is proved. Another tehnial ap-proah of the proof of onsisteny is in [2℄, but it still using the idea of bounding thesolutions of (3) with some probability and the strengthened Glivenko-Cantelli theorem

supβ∈Rp supr∈R

√
n

∣

∣

∣
F

(n)
β (r) − Fβ(r)

∣

∣

∣
= Op(1). In [2℄, among others, are desribed someapproximative algorithms that ompute the IWV estimator β̂(IWV,n) of a given linearregression problem. The �rst type of algorithms is based on the idea of iterative re-weighting whih was desribed in the introdution setion. The (j + 1)th iteration of the

IWV estimator is obtained as:
β̂

“

IWV,n,W
“

β̂
(IWV,n)
(j)

””

(j+1) = (ZT W
(

β̂
(IWV,n)
(j)

)

X)−1ZT W
(

β̂
(IWV,n)
(j)

)

Y,where as the initial estimate β̂
(IWV,n)
(0) we an onsider the simple LS estimator of (p + 1)randomly piked di�erent observations and

W (β) = diag {w1, w2, . . . , wn} s wi = w

(

π(β, i) − 1

n

)

.The seond type of algorithms is based on on theory of simulated annealing and useMetropolis-Hastings algorithm for Markov Chain - Monte Carlo and anther one use ge-neti algorithms. All of them have been tested for several di�erent simulations andveri�ed not only on data sets where outliers and leverage points our but also on datasets where regressors are orrelated with error terms. The �rst one is muh faster and forlarger dataset (n > 50) gives signi�antly better results, but two remaining probabilistialgorithms give still su�iently good estimation ompared with LS, IV or LWS.The disadvantage of the IWV method is that the redibility of the estimates hingeson the seletion of suitable instruments. To �nd suh instrumental variables that arenot orrelated with the error terms and that are highly orrelated with the explanatoryvariables an be hard. That is why we introdue another approah that is muh bet-ter espeially in suh a ases when both response variable and explanatory variables aremeasured with a random error (the model (2)). This model is sometimes alled errors-in-variables model and the approah how to estimate unknown parameter β0 is known asorthogonal regression or total least squares.



52 J. Fran3 Total Least SquaresThe total least squares method is viewed as a tool for deriving approximate linear modelsand its systemati investigation was started by Golub and Van Loan paper in 1980 [6℄.Assume again the overdetermined system of n linear equations
Y ≈ Xβ, Y ∈ R

n, X ∈ R
n×p, n > p,

Y ≈ Xβ ⇔ Xβ ≈ Y|R(X) + Y|N (XT ) ,

Xβ = Y|R(X) , R
p = N (X) ⊕R(XT ) ⇒ β ∈ R(XT ).Sine the exat solution need not exist, we try to �nd some approximation, whih is bestin some sense. The idea is to modify all data points in suh a way that some norm of themodi�ation is minimized subjet to the onstraint that the modi�ed vetors satisfy somelinear relation. There are many possible way how to de�ne the approximation, but themost frequent ones are ordinary least squares, data least squares and total least squaresapproah. Given an overdetermined set of n linear equations Y ≈ Xβ in p unknowns βthen

• the ordinary least squares problem seeks to
β̂(OLS,n) = min

β∈Rp,ε∈Rn
‖ε‖2 subjet to Y + ε = Xβ. (4)

β̂(OLS,n) is alled a OLS solution to the problem (4) and ε is alled the orrespondingOLS orretion.
• the data least squares problem seeks to

β̂(DLS,n) = min
β∈Rp,Θ∈Rn×(p)

‖Θ‖F subjet to Y = (X + Θ)β. (5)
β̂(DLS,n) is alled a DLS solution to the problem (5) and Θ is alled the orrespond-ing DLS orretion.

• the total least squares problem seeks to
β̂(TLS,n) = min

β∈Rp,[ε,Θ]∈Rn×(p+1)
‖[ε,Θ]‖F subjet to Y + ε = (X + Θ)β. (6)

β̂(TLS,n) is alled a TLS solution to the problem (6) and [ε,Θ] is alled the orre-sponding TLS orretion.The suitable norm used in previous de�nitions of the DLS and the TLS problem is alledthe Frobenius norm and for the matrix X is de�ned as follows
‖X‖F =

√

√

√

√

n
∑

i=1

p
∑

i=1

x2
ij =

√trae(XTX) =

√

√

√

√

min{n,p}
∑

i=1

σ2
i =

√

√

√

√

rank(X)
∑

i=1

σ2
i , (7)



Robusti�ed total least squares 53where σi's are the singular values of the matrix X.While in the OLS approah we assume that we know all data points from matrix Xexatly and we measure with errors only the response variable Y in the TLS approah weassume that both the response variable and the preditors are perturbed. Let us onsideran n-element point set P ∈ R
p+1, whose ith point is pi = (Xi,1, . . . , Xi,p, Yi)

T . We willdenote by the term hyperplane a p-dimensional hyperplane, whih is nonvertial (i.e. thelast oordinate of its normal vetor is nonzero). A model parameter vetor β orrespondsto a hyperplane, whih we will denote by ρ(β) or simply ρ. The residual di(ρ) is de�nedto be the signed orthogonal distane from ρ to pi. In this formulation the total leastsquares problem is equivalent to omputing the hyperplane that minimizes the sum ofthe squared orthogonal distanes, while OLS minimizes the sum of the squared vertialdistanes from the data points pi to the �tting hyperplane ρ. The normal vetor of thehyperplane ρ is ν =
[

βT ,−1
]T . Then the formula for the orthogonal distane of point

pi ∈ R
p+1 from the hyperplane ρ is

∣

∣νT (A − pi)
∣

∣

‖ν‖ ,where A ∈ ρ is arbitrary point. Then we an formulate the total least square problem as
β̂(TLS,n) = arg min

β∈Rp

n
∑

i=1

∣

∣νT (A − pi)
∣

∣

2

‖ν‖2 = arg min
β∈Rp

n
∑
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∣

∣

∣

∣
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]
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∣

∣

∣

∣

2

‖[βT ,−1]‖2

= arg min
β∈Rp

1

1 + ‖β‖2

n
∑

i=1

|Yi − Xiβ|2 = arg min
β∈Rp

‖Y −Xβ‖
√

1 + ‖β‖2
. (8)Before we give onditions for uniqueness and existene of a TLS solution, we introduesome important tools suh as singular value deomposition.Singular Value Deomposition TheoremThe singular value deomposition (SVD) of the matrix [X,Y] ∈ R

n×(p+1) is de�ned by
[X,Y] = UΣVT , (9)where U = [u1, . . . , un] ∈ R

n×n and V = [v1, . . . , vp+1] ∈ R
(p+1)×(p+1) are orthonor-mal matries that ontain the left and the right singular vetors, respetively. Σ =diag {σ1, . . . , σr} ∈ R

r×r, r = min {n, p + 1}, σ1 ≥ σ2 ≥ . . . ≥ σr ≥ 0 are the singu-lar values of the matrix [X,Y] in dereasing order of magnitude. The triplet (ui, σi, vi)is alled a singular value triplet. If we assume that rank([X,Y]) = r then the dyadideomposition of the matrix [X,Y] is following
[X,Y] =

r
∑

i=1

σiuiv
T
i (10)and deompose the matrix [X,Y] of rank r in a sum of r matries of rank one. Note thatnumbers σi's are square roots of nonzero eigenvalues of the symmetri and nonnegative



54 J. Frande�nite matries [X,Y]T [X,Y] and [X,Y] [X,Y]T related to eigenvetors {u1, . . . , ur}and {v1, . . . , vr}.To solve the problem (6) with the TLS, bring the set into form [X,Y] [β,−1]T ≈ 0.We want to �nd �true� values [X0,Y0] suh that ‖[X,Y] − [X0,Y0]‖F is minimal and
[X0,Y0] [β,−1]T = 0 for some β. If σp+1 6= 0 then rank([X,Y]) = p + 1. There isno nonzero vetor in the orthogonal omplement of the spae generated by the rows of
[X,Y]. In order to obtain a solution, the rank of [X,Y] must be redued to p, i.e.rank([X0,Y0]) = p. Let SVD of [X,Y] be given by (9) then for [X0,Y0] =

p
∑

i=1

σiuiv
T
iEkart-Young-Mirsky theorem tells us that

minrank(A)=p
‖[X,Y] − A]‖F = ‖[X,Y] − [X0,Y0]‖F =

√

√

√

√

p+1
∑

i=p+1

σ2
i = σp+1. (11)By another words, the best rank p TLS approximation [X0,Y0] of [X,Y] is obtained bysettings the smallest singular value σp+1 to zero. This was �rstly investigate by Goluband Van Loan (see [6℄) and the following theorem gives onditions for uniqueness andexistene of a TLS solution.Solution to the TLS problemLet the SVD of [X,Y] =

r
∑

i=1

σiuiv
T
i and σmin(X) be the smallest singular value of X. If

σmin(X) > σp+1, then the TLS solution
β̂(TLS,n) = − 1

vp+1,p+1
[v1,p+1, . . . , vp,p+1]

T (12)exists and is the unique solution to Y0 = X0β and the orresponding TLS orretionmatrix is given by
[ε,Θ] = σp+1up+1v

T
p+1. (13)The ondition σmin(X) > σp+1 ensure the uniques of TLS solution. If we suppose that

[X,Y] has full olumn rank, this ondition is generially satis�ed. For general ase see[1℄, where the situation when σmin(X) = σp+1 is analyzed. Sine singular vetors vi'sare eigenvetors of the matrix [X,Y]T [X,Y], β̂(TLS,n) satis�es the following eigenvetorequations
[X,Y]T [X,Y]

[

β̂(TLS,n)

−1

]

=

[

XTX XTY

YTX YTY

] [

β̂(TLS,n)

−1

]

= σ2
p+1

[

β̂(TLS,n)

−1

]and we an write the losed-form expression of the TLS solution
β̂(TLS,n) = (XTX − σ2

p+1I)
−1XTY.The previous formula tells us that the TLS solution is more ill-onditioned than the LSsolution. It an be dangerous to ompute TLS estimate by this way and that is why wewill evaluate TLS solution by the help of SVD and equation (12). The omputationalstability and speed an by further improved by using the Golub-Kahan bidiagonalization



Robusti�ed total least squares 55(GKB) to the matrix [X,Y] and use the onnetion among TLS problem, GKB andKrylov subspaes. This onept is alled ore problem and has been developed by Paigeand Strako² (see [7℄). The idea is to �nd by the help of GKB two orthonormal matries
P,Q suh that

PT [Y,XQ] =

[

b1 A11 0
0 0 A22

]where the blok A11 is lower bidiagonal with nonzero bidiagonal elements. Moreover, thematrix A11 has full olumn rank and its singular values are simple. The matrix A11 hasminimal dimensions, and A22 has maximal dimensions and the �rst elements of all leftsingular vetors of A11, are nonzero. These properties guarantee that the subproblem
b1 ≈ A11β11 has minimal dimensions and ontains all neessary and su�ient informationfor solving the original problem Y ≈ Xβ. All irrelevant and redundant information isontained in A22. The asymptotial behaviour of the TLS estimator suh as onsistenyor asymptoti normality is shown and proved by in [9℄, among others. If the errors in theobservations are independent random variables with zero mean and equal variane, TLSgives better estimate than does LS. The problem arises when outliers are present thenauray of the TLS estimate deteriorates onsiderably, beause lassial TLS estimationis not robust estimator.4 Robusti�ed Total Least SquaresThe goal of this setion is to propose a robusti�ed version of TLS estimator that is basedon the idea of downweighting the in�uential points. We want to �nd suh a estimatorsthat will ombine the advantages of both TLS and respetively LTS and LWS. Firstly letus de�ne the total least trimmed squares.Total Least Trimmed Squares (TLTS)TLTS minimizes the sum of the h smallest squared orthogonal distanes of data points
pi's from the pth dimensional hyperplane ρ(β). The j-th orthogonal distanes is denotedby dj and de�ned by

dj =
|Yj − Xjβ|2

1 + ‖β‖2 . (14)The TLTS estimator is de�ned as follows
β̂(TLTS,n) = arg min

β∈Rp

h
∑

i=1

d2
(i), (15)where h is an optional parameter satisfying n

2
≤ h ≤ n and d2

(i) is the i-th least squaredorthogonal distane, i.e. for any β ∈ R
p

d2
(1)(β) ≤ d2

(2)(β) ≤ . . . ≤ d2
(n)(β).TLTS estimator has similar properties as LTS estimator. The existene of TLTS is givenby the existene of the TLS for subsamples of size h. The omputational omplexity to�nd the exat solution is given again by examination of all (

n

h

) possible subsamples and



56 J. Franthe andidate with the smallest value of the objetive funtion is TLTS estimate. Theapproximative algorithm to evaluate TLTS is following:For k=1 to number of iteration do1. Pik randomly (p+1) data points and ompute TLS estimate β̂(TLS,p+1) by the helpof SVD.2. Compute the orthogonal distane for all n data points from the pth dimensionalhyperplane ρ(β̂(TLS)).3. Selet the h data points with the smallest squared orthogonal distanes di's.4. Compute TLS estimate β̂(TLS,h) by the help of SVD for seleted data points.5. Repeat steps 2-4 until onvergene.6. If the value of the objetive funtion is the smallest one among the values, thathave been reahed up to this moment, store the appropriate estimation as a TLTS.This algorithm is very fast and generally gives satisfatory results. We also tried toimplement algorithms based on theory of annealing or on genetis algorithms, results ofthese algorithms are su�ient, but there is still some pending work. The larger simulationstudy is the question of present work. The disadvantages of the TLTS is its in�nite loalsensitivity, hene we modify the estimator by adding some ontinuous weighting funtionand multiply the distanes by a weights from 〈0, 1〉.Total Least Weighted Squares
β̂(TLWS,w,n) = arg min

β∈Rp

n
∑

i=1

w

(

i − 1

n

)

d2
(i)(β) = arg min

β∈Rp

n
∑

i=1

w

(

π(β, i) − 1

n

)

d2
i (β),where weights wi are de�ned by the weight funtion w : 〈0, 1〉 → 〈0, 1〉, whih is absolutelyontinuous, w(0) = 1 and non-inreasing with the derivative w′(t) bounded from belowby a onstant (−L), where L ≥ 0 and π(β, i) is the random rank of the i-th residual aspreviously. The evaluation of this estimator, algorithms and the large sample propertiesare under researh.5 Mixed Ordinary Least Squares Total Least SquaresSometimes the linear modeling problem Y ≈ Xβ ontains the interept (i.e. Xi1 =

1, i = 1, . . . n) or some olumns of X may be known exatly. In this ases the TLSsolution annot give the aurate estimation of parameters β. It is natural to requirethat the orresponding olumns of the data matrix X be unperturbed sine they areknown exatly. The generalization of the TLS approah is alled mixed least squares -total least squares problem (mixed LS-TLS). Let us suppose the overdetermined systemof n linear equations
Y ≈ Xβ, Y ∈ R

n, X ∈ R
n×p, n > p,
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[

X(1),X(2)
]

X(1) ∈ R
n×p1, X(2) ∈ R

n×p2

βT =
[

β(1)T , β(2)T
]

β(1) ∈ R
p1, β(2) ∈ R

p2and assume that the olumns of X(1) are error free and p1 + p2 = p. Then the mixedLS-TLS problem seeks to
β̂(LS−TLS,n) = min

β∈Rp,[ε,Θ]∈Rn×(p2+1)
‖[ε,Θ]‖F subjet to Y+ε = X(1)β(1)+(X(2)+Θ)β(2).(16)

β̂(LS−TLS,n) is alled a mixed LS-TLS solution to the problem (16) and [ε,Θ] is the orre-sponding LS-TLS orretion. By varying p1 from zero to p, the mixed LS-TLS probleman handle also with any ordinary LS or ordinary TLS problem. To solve the mixedLS-TLS problem, due to Golub, we us QR fatorization, solve ordinary TLS problem ofredued dimension and after that we ompute the �rst p1 omponents of β̂(LS−TLS,n). Leta matrix [

X(1),X(2)
] be given, have full olumn rank and olumns of X(1) are error free.Suppose that 0 < p1 < p then ompute the QR fatorization

[

X(1),X(2),Y
]

= Q

[

R11 R12 RY1

0 R22 RY2

]

,where Q is orthogonal, R11 ∈ R
p1×p1 and R22 ∈ R

n−p1×p2+1 are upper triangular. Thenompute the ordinary TLS solution β̂(TLS,n−p1) of RY2
≈ R22β whih gives us the thelast p2 omponents of β̂(LS−TLS,n). The �rst p1 omponents we obtain from the solutionof following equation

R11β̂
(LS,p1) = RY1

−R12β̂
(TLS,n−p1).The mixed LS-TLS solution is β̂(LS−TLS,n) =

[

β̂(LS,p1), β̂(TLS,n−p1)
]. Unfortunately thisuniversal estimator is not robust and gives misleading results when outliers our.6 Robusti�ed Mixed Least Squares Total Least SquaresThe robusti�ation of mixed LS-TLS estimator is not straightforward as in ordinarytotal least squares. Let denote by ρ1 the p1 + 1 dimensional hyperplane given by thenormal vetor ν1 =

[

β̂
(LS−TLS,n)
1 , . . . , β̂

(LS−TLS,n)
p1 ,−1

]T and by ρ2 the p2 + 1 dimensionalhyperplane given by the normal vetor ν2 =
[

β̂
(LS−TLS,n)
p1+1 , . . . , β̂

(LS−TLS,n)
p ,−1

]T . Then wean ompute the squared vertial distane of eah data point [Xi1, . . . , Xip1, Yi] from thehyperplane ρ1 and the orthogonal distane of eah data point [Xip1+1, . . . , Xip, Yi] from thehyperplane ρ2. Now we need to take some reasonable ombination of these two distanes,identify the in�uential points and downweight them. Another possibility is to identifythe in�uential points separately and instead of disarding s outermost points from the
p+1 dimensional hyperplane ρ given by the normal vetor [

β̂(LS−TLS,n),−1
]T we disard

s/2 points from the �rst part by the help of LTS and s/2 points from the seond partby the help of TLTS. However, algorithms and properties of robusti�ed mixed LS-TLSestimator are still under researh and large simulation study is under preparation.



58 J. Fran7 ConlusionsIn this paper we reviewed the development and extensions of estimation of parametersin linear regression model when outliers our and the orthogonality ondition fails. Themost frequent example of this problem is a ase when the explanatory variables are mea-sured with a random errors. In algebrai point of view is the problem of overdeterminedsystem Y ≈ Xβ. We propose and desribed two approahes how to solve this kind ofproblem. The �rst approah is based on theory of instrumental variables and the seondone on theory of total least squares. We desribed how to determine the solution tothe basi TLS problem from the SVD. We propose the robusti�ed versions of IV and ofTLS with outlines of the algorithms for omputations of the solutions of the instrumentalweighted variables or total least trimmed squares. Furthermore we generalized the TLSto mixed LS-TLS method and propose the robusti�ed version. To all mentioned estima-tors and methods we ran small simulation study and both results and MATLAB odes ofalgorithms are available on the request. Sine the error-in-variables model orresponds toTLS, this �eld of mathematis onnets the algebrai and numerial mathematis withstatistis. For further reading we an reommend [1℄ or [8℄.Referenes[1℄ Van Hu�el, S. and Vandewalle, J. The Total Least Squares Problem: ComputationalAspets and Analysis. SIAM Philadelphia (1991).[2℄ Fran, J. Robusti�ed instrumental variables, Master thesis. FNSPE, Czeh TehnialUniversity in Prague (2009).[3℄ Rousseeuw, P. J. Least Median of Squares Regression . Journal of the AmerianStatistial Assoiation 79, (1984), 871-�880 .[4℄ Ví²ek, J. Á. Regression with high breakdown point. Robust 2000 ,(2000), 324�356 .[5℄ Ví²ek, J. Á. Consisteny of the instrumental weighted variables. Annals of the Insti-tute of Statistial Mathematis 61, number 3, (2009), 543�578.[6℄ Golub, G. and Van Loan, C. An analysis of the total least squares problem. SIAM J.Numerial Analysis 17, (1980), 883�893.[7℄ Paige, C. C. and Strako², Z. Core problems in linear algebrai systems. SIAM Journalon Matrix Analysis and Appliations 27, (2006), 861�875.[8℄ Markovsky, I. and Van Hu�el, S. Overview of total least squares methods. SignalProessing 87, number 10, (2007), 2283�2302.[9℄ Glesser, L. J. Estimation in a multivariate errors-in-variables regression model:Large sample results. Annals of Statistis 9, (1981), 24�44.



Performanes of Modi�ed Power DivergeneEstimators in Normal Models∗Iva Frýdlová7th year of PGS, email: ivafrydlova�quik.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Válav K·s, Department of Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTU in PragueAbstrat. Point estimators based on minimization of information-theoreti divergenes be-tween empirial and hypothetial distribution indue a problem when working with ontinuousfamilies whih are measure-theoretially orthogonal with the family of empirial distributions.In this ase the φ-divergene is always equal to its upper bound and the minimum φ-divergeneestimates are trivial. Broniatowski and Vajda in [2℄ proposed several modi�ations of the mini-mum divergene rule to provide a solution to the above mentioned problem. We examine thesemodi�ations in pratial use.Keywords: divergenes, minimum φ-divergene estimation, maximum subdivergene estimators,minimum superdivergene estimators, simulationsAbstrakt. Bodové odhady zaloºené na minimalizai φ-divergení mezi empirikou a hypotet-ikou distribuí p°iná²í problém, pokud praujeme se spojitými rodinami hustot, které jsou orto-gonální (vzhledem k dominujíí σ-kone£né mí°e) s rodinami empirikýh distribuí. V takovémp°ípad¥ je φ-divergene vºdy rovna své horní mezi a odhad s minimální φ-divergení je tudíºtriviální. Broniatowski a Vajda v [2℄ navrhli n¥kolik modi�kaí tohoto typu odhadu a poskytlitak °e²ení zmi¬ovaného problému. V tomto p°ísp¥vku se v¥nujeme praktikému vyuºití t¥htomodi�kovanýh odhad·.Klí£ová slova: divergene, odhad s minimální φ-divergení, odhad s maximální subdivergení,odhad s minimální superdivergení, simulae1 IntrodutionAs was already mentioned in many publiations, the well known information-theoretimeasures of divergene of probability measures introdued in the 60ties by A. Renyi and I.Csiszar annot be diretly applied in statistial estimation, sine the divergene betweenthe theoretial absolutely ontinuous probability measure and the disrete empirial prob-ability measure is always equal to its upper bound and often takes on in�nite values. In2008 - 2009 Broniatowski & Vajda ([2℄) studied and extended two di�erent modi�ationsof divergenes proposed independently in 2006 ([5℄, [1℄). They altered the traditional
φ-divergenes into subdivergenes and superdivergenes and de�ned maximum subdiver-gene estimators with esort parameter θ and minimum superdivergene estimators. We
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60 I. Frýdlováshall present the key results of extensive simulation study of these types of point esti-mators. The main interest of our researh ([4℄) was to examine these modi�ations inpratial use as to the onsisteny, robustness and e�ieny of the estimators. We fouson the well known family of power divergenes parametrized by α in the normal distri-bution model. We run a omparative omputer simulation for several randomly seletedontaminated and unontaminated data sets, and we study the behavior of estimatorsfor di�erent sample sizes and di�erent φ-divergene parameters.2 φ-divergenes and Minimum φ-divergene EstimatorsThis hapter introdues the φ-divergenes, their basi harateristis, and the onept ofminimum divergene estimation. We mention several problems enountered when workingwith these estimators, and we suggest some possiblilities to bypass them.Let (X ,A) be a measurable spae and let P be a set of all probability measures on
(X ,A). If P ∈ P is dominated by a σ-�nite measure λ on (X ,A), then p = dP/dλ is aRadon-Nikodym density of P with respet to measure λ.De�nition 1.. Let P, Q ∈ P, {P, Q} ≪ λ, p = dP/dλ and q = dQ/dλ. A φ-divergeneof distributions P a Q is a funtion Dφ : P × P → [0,∞] de�ned by

Dφ(P, Q) =

∫

X

φ

(
p

q

)
dQ =

∫

X

q φ

(
p

q

)
dλ , (1)where φ : (0,∞) → R is a onvex funtion.For this formula to be well de�ned, we put

q φ

(
p

q

)
=

{
q φ(0) if p = 0
p φ(∞)/∞ if q = 0,where φ(0) := limt→0+

φ(t) and φ(∞)/∞ := limt→∞

φ(t)
t
, while "0 · ∞ = 0".For φ-divergenes it holds the following theorem.Theorem 1.. For eah generating funtion φ it holds φ(1) ≤ Dφ(P, Q) ≤ φ(0)+φ(∞)/∞for every P, Q ∈ P, where the left equality takes plae if P = Q and the right equalitytakes plae if P⊥Q, i.e. P, Q are singular.From now on, we shall onsider only φ whih are twie di�erentiable, stritly onvexgenerating funtions with φ(1) = 0 and ontinuous extension to t = 0+ denoted by

φ(0). We let Φ be the lass of all suh funtions. As to the probability measures, wewill deal with P and Q whih are either measure-theoretially equivalent, P ≡ Q (i.e.
pq > 0 λ-a.s.), or measure-theoretially orthogonal, P ⊥ Q (i.e. pq = 0 λ-a.s.).In the sequel, we shall use the power divergenes

Dα(P, Q) := Dφα
(P, Q), α ∈ R, (2)where

φα(t) =
tα − α(t − 1) − 1

α(α − 1)
α 6= 0, α 6= 1 (3)
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φ0(t) = − ln t + t − 1 and φ1(t) = t ln t − t + 1. (4)For these funtions it holds as a result of Theorem 1

0 ≤ Dα(P, Q) ≤

{ 1
α(1−α)

if 0 < α < 1

∞ otherwise. (5)The left equality takes plae if and only if P = Q. If 0 < α < 1 then the right equalitytakes plae if and only if P ⊥ Q. Otherwise it takes plae if α ≤ 0 and Q 6≪ P , i.e.
Q(X − S(P )) > 0, or if α ≥ 1 and P 6≪ Q, i.e. P (X − S(Q)) > 0.Now, let X1, X2, ..., Xn be independent and identially distributed observations gov-erned by Pθ0

∈ P, where P = {Pθ : θ ∈ Θ} is a family of probability measures on (X ,A),
Θ ⊂ R

d is a parameter spae, and we assume that for every θ, θ0 ∈ Θ, θ 6= θ0 holds
Pθ 6= Pθ0

and Pθ ≡ Pθ0
. Moreover, we assume the family P to be nonatomi (ontinous),i.e. for all θ ∈ Θ and x ∈ X we require Pθ({x}) = 0. We also let the data X1, X2, ..., Xnto be represented by an empirial probability measure Pn = 1

n

∑n

i=1 PXi
, where Px is theDira probability measure with all mass onenrated at the point x ∈ X .De�nition 2.. Let φ ∈ Φ. We say that an estimator θ̂n : X n → Θ of a true parameter

θ0 ∈ Θ is a minimum φ-divergene estimator if for the orresponding Dφ it holds that
θ̂n = argminθDφ(Pθ, Pn).The problem we enounter with these estimators is that the ontinuous family Pand the family of empirial distributions Pemp are measure-theoretially orthogonal, i.e.

Pθ ⊥ Pn for every Pθ ∈ P and Pn ∈ Pemp. This implies that for every Pθ ∈ P and
Pn ∈ Pemp

Dφ(Pθ, Pn) = φα(0) + φα(∞)/∞and the above de�ned estimates are trivial. To fae this problem, it is possible to usesome prior smoothing of the data or another nonparametri density estimation like we didby implementing histogram in [3℄, but these methods bring another unpleasant obstru-tions suh as bandwidth seletion. In the next setion, we present several modi�ationsof the minimum divergene rule studied by Broniatowski & Vajda ([2℄) avoiding theseompliations as well.3 Power subdivergene and superdivergene estimatorsWe shall regard the probability measures P ∈ P and Q ∈ Q for Q = P ∪ Pemp.Consider the family of �nite expetationsD	 φ,θ̃ (Pθ, Q) =

∫
φ′(pθ/pθ̃) dPθ +

∫
φ#(pθ/pθ̃) dQ, (Pθ, Q) ∈ P ⊗Q (6)parametrized by (φ, θ̃) ∈ Φ ⊗Θ, where

φ#(t) = φ(t) − tφ′(t) for every φ ∈ Φand φ′ denotes the derivative of φ. For (6) to be orretly de�ned, we assume that theintegrals exist and have a �nite value.



62 I. FrýdlováNow, the maximum subdivergene estimators with esort parameter θ ∈ Θ (brie�y,the maxD	φ-estimators) are de�ned as
θ̃φ,θ,n = argmaxθ̃ D	 φ,θ̃(Pθ, Pn) = argmaxθ̃

[∫
φ′

(
pθ

pθ̃

)
dPθ +

1

n

n∑

i=1

φ#

(
pθ(Xi)

pθ̃(Xi)

)]and the minimum superdivergene estimators (brie�y, the min 	Dφ-estimators) as
θφ,n = argminθ supθ̃ D	 φ,θ̃(Pθ, Pn) = argminθ supθ̃

[∫
φ′

(
pθ

pθ̃

)
dPθ +

1

n

n∑

i=1

φ#

(
pθ(Xi)

pθ̃(Xi)

)]
.If we restrit ourselves to a sublass of these estimators determined by the powerdivergenes given in (2), by employing the power funtions φα from (3) and (4) we reeivefor α > 0 formulas

θ̃α,θ,n = argminθ̃ Mα,θ(Pn, θ̃) (7)and
θα,n = argmaxθinf θ̃ Mα,θ(Pn, θ̃) or θα,n = argmaxθ Mα,θ(Pn, θ̃α,θ,n) (8)where

Mα,θ(Pn, θ̃) =
1

1 − α

∫ (
pθ

pθ̃

)α

dPθ̃ +
1

αn

n∑

i=1

(
pθ(Xi)

pθ̃(Xi)

)α if α > 0, α 6= 1 (9)
= −

∫
ln

pθ

pθ̃

dPθ +
1

n

n∑

i=1

pθ(Xi)

pθ̃(Xi)
if α = 1for all Q ∈ Q = P ∪Q and

θ̃0,θ,n = argmaxθ̃ Σn
i=1 ln pθ̃(Xi) and θ0,n = argmaxθ Σn

i=1 ln pθ(Xi) (10)for α = 0. It is obvious that in this ase the estimators oinide with MLE's, hene thelasses of maxD	φ -estimators and of min	Dφ-estimators are extensions of the MLE.3.1 Power subdivergene estimators and power superdivergeneestimators in the normal distribution modelLet the observation spae (X ,A) be (R,B) and P = {Pµ,σ : µ ∈ R, σ > 0} be the normalfamily with parameters of loation µ and sale σ (i.e. varianes σ2). We are interested inthe min	Dα-estimates (µα,n, σα,n) and the maxD	α-estimates (µ̃α,µ,σ,n, σ̃α,µ,σ,n) with powerparameters α ≥ 0 and esort parameters (µ, σ) ∈ R ⊗ (0,∞).If α = 0 then these estimators redue to
(µ0,n, σ0,n) = (µ̃0,µ,σ,n, σ̃0,µ,σ,n) =



 1

n

n∑

i=1

Xi,

√√√√ 1

n

n∑

i=1

(Xi − µ̃0,µ,σ,n)2



 (11)whih is a maximum likelihood estimate in the family of normal distributions.For α > 0, α 6= 1 the funtion (9) beomes
Mα,µ,σ(Pn, µ̃, σ̃) =

1

1 − α

∫ (
pµ,σ

pµ̃,σ̃

)α

dPµ̃,σ̃ +
1

αn

n∑

i=1

(
pµ,σ(Xi)

pµ̃,σ̃(Xi)

)α (12)
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pµ,σ(x)

pµ̃,σ̃(x)

)α

=

(
σ̃

σ

)α

exp

{
α (x − µ̃)2

2σ̃2
−

α (x − µ)2

2σ2

}
,and

∫ (
pµ,σ

pµ̃,σ̃

)α

dPµ̃,σ̃ = exp

{
−α(1 − α)(µ − µ̃)2

2[ασ̃2 + (1 − α)σ2]
− ln

√
ασ̃2 + (1 − α)σ2

σ̃ασ1−α

}
.For α = 1

M1,µ,σ(Pn, µ̃, σ̃) = lim
α→1

Mα,µ,σ(Pn, µ̃, σ̃)

=
−(µ − µ̃)2

2σ̃2
−

1

2

[
− ln

(σ

σ̃

)2

+
(σ

σ̃

)2

− 1

]

+
1

n

n∑

i=1

(
σ̃

σ

)
exp

{
(Xi − µ̃)2

2σ̃2
−

(Xi − µ)2

2σ2

}
. (13)In [2℄, Vajda shows that the maxD	α-estimators of loation are Fisher onsistent inthe normal family Pσ = {Pµ,σ = N(µ, σ2) : µ ∈ R} with σ > 0 �xed if and only if

σ = 1, whih suggests an easy loss of onsisteny of these estimators. We shall inspetthis property by simulations in the next hapter. We shall also examine whether themaxD	α-estimators esorted by MLE τn = µ̃0,µ,n, i.e. µ̃α,τn,n, are Fisher onsistent underall hypothetial models Pµ,σ = N(µ, σ2), σ > 0, and possibly onsistent and robust underthe ontaminated versions of these models.4 Computer SimulationsThis hapter is to present the results obtained by applying the methods of Broniatowski& Vajda introdued in the previous hapters. We target the study at the power subdi-vergene and power superdivergene estimators of loation given by
µ0,n = µ̃0,µ,n = X̄n =

1

n

n∑

i=1

Xiand µα,n = argmaxµinfµ̃ Mα,µ(Pn, µ̃) µ̃α,µ,n = argminµ̃ Mα,µ(Pn, µ̃)for α > 0 with Mα,µ(Pn, µ̃) given by (12) with parameter σ = 1, and the power subdiver-gene and power superdivergene estimators of sale given by
σ0,n = σ̃0,σ,n = Sn =

1

n

n∑

i=1

X2
iand σα,n = argmaxσinfσ̃ Mα,σ(Pn, σ̃) σ̃α,σ,n = argminσ̃ Mα,σ(Pn, σ̃)for α > 0 with Mα,σ(Pn, σ̃) given by (12) with parameter µ = 0. Here X1, ..., Xn areobservations on the onvex mixtures Pε = (1 − ε)P + εQ, P is a standard normal modelwith loation µ = 0 and sale σ = 1, further denoted by N(0, 1), and Q is suessivelynormal (N(0, 9), N(0, 100)), logisti (Lo(0, 1)), and Cauhy (C(0, 1)) distribution. Theontamination we use is 0, 1, 5, 10, 20, 30 perent respetively, i.e. ε takes on the values
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0, 0.01, 0.05, 0.1, 0.2, and 0.3. The sample size n is onsidered suessively 20, 50, 100,200, 500.In ase of min	Dα-estimators µα,n, σα,n we take into aount only power parameters 0,
0.01, 0.05, 0.1, 0.2, and 0.5. In the ase of maxD	α-estimators µ̃α,µ,n we onsider the samevalues of power parameter and in addition to that we selet the esort parameters µ =
0, 0.1, 0.2, 0.5, 1 and �nally µ = X̄n (MLE). For maxD	α-estimators σ̃α,σ,n we onsiderthe same values of power parameter and the esort parameters σ = 0.5, 1, 1.2, 1.5, 2 and�nally σ = Sn (MLE) and σ = 1.483 medj(|Xj |) (MAD estimate of sale for knownloation parameter equal to 0, otherwise MAD = 1.483 medj(|Xj −medi(Xi)|)).To evaluate the behavior of power superdivergene (or power subdivergene) esti-mators we generate K di�erent data samples (K=100 or K=1000) to gain K di�erentestimates (further indexed by (k)) and we ompute means and standard deviations

m(µ) =
1

K

K∑

k=1

µ(k)
α,n s(µ) =

√√√√ 1

K

K∑

k=1

(µ
(k)
α,n − m(µ))2

m(σ) =
1

K

K∑

k=1

σ(k)
α,n s(σ) =

√√√√ 1

K

K∑

k=1

(σ
(k)
α,n − m(σ))2of the min	Dα-estimators (or maxD	α-estimators) and maximum likelihood estimators X̄

(k)
nand S

(k)
n . Making use of these we reeive the relative empirial e�ienies

eref(µ) =
1
K

∑K

k=1(X̄
(k)
n )2

1
K

∑K

k=1(µ
(k)
α,n)2

eref(σ) =
1
K

∑K

k=1(S
(k)
n − 1)2

1
K

∑K

k=1(σ
(k)
α,n − 1)2

.4.1 Results for power subdivergene estimators of loationFirst we inspet the development of onsisteny, e�ieny and robustness in ase ofmixture (1−ε)N(0, 1)+ εN(0, 9) for moving value of esorting parameter µ = 0, 0.1, 0.2,
0.5, 1 and ontamination parameter ε = 0, 0.01, 0.05, 0.1, 0.2, and 0.3.For power parameter α = 0 we an onlude that the estimates oinide with MLE,i.e. eref(µ̃) = 1, as was expeted. In ase of esort parameter µ = 0, the maxD	α-estimators for the unontaminated data still more or less opy the behavior of MLEeven for values of α > 0, but as the ontamination grows, we observe that the mean andstandard deviation of maxD	α-estimator move apart fromMLE taking on lower values thanmaximum likelihood estimate of the ontaminated data. In ase of m(µ̃) the di�erene isonly slight (yet favourable), but in ase of s(µ̃) is the di�erene apparent (f. Figure 1) andauses a fair inrease in empirial relative e�ieny. Figure 2 displays the development of
eref(µ̃) for di�erent values of power parameter α showing us that the robustness tendenyis growing stronger with α inreasing. Sine the dependene on sample size n is almostonstant for n > 50, we present in Figure 3 the value of eref(µ̃) only for n = 500as a funtion of ontamination parameter ε for di�erent levels of α. This shows therising e�ieny of maxD	α-estimator (ompared to MLE with α = 0) with inreasingontamination.All that was stated above holds for µ = 0. However, the situation hanges to theworse for the parameter µ moving to 1. The onsisteny, e�ieny, even the robustness



Performanes of Modi�ed Power Divergene Estimators in Normal Models 65tendenies slowly vanish, and we see that apart from the ase of µ = 0 the maxD	α-estimators do not possess the useful properties we would desire.The previously desribed behavior an be seen also for the other mixtures, i.e. on-tamination by N(0, 100), Lo(0, 1) and C(0, 1). It was only observed to grow strongeras the outliers get farther away, as is the ase of ontamination by Cauhy distribution.Espeially the robustness of the estimator esorted by µ = 0 is rather stunning omparedto MLE. Unfortunately also the loss of onsisteny for µ moving to 1 is faster.

Figure 1 : Dependeny of standard deviation of the maxD	α-estimators with esort pa-rameter µ = 0 on sample size n for data distributed by (1 − ε)N(0, 1) + εN(0, 9)

Figure 2 : Dependeny of empirial relative e�ieny of the maxD	α-estimators withesort parameter µ = 0 on sample size n for data distributed by 0.7N(0, 1) + 0.3N(0, 9)

Figure 3 : Dependeny of empirial relative e�ieny of the maxD	α-estimators with esortparameter µ = 0 on ontam. parameter ε for data distributed by (1−ε)N(0, 1)+εN(0, 9)



66 I. FrýdlováIn aordane with the fat that the best results we obtained were for µ = 0 whih isthe true parameter of the estimated data, some very good results were reeived for thevalue of the esort parameter µ = X̄n as was already indiated by theory in [2℄.For ontamination by N(0, 9), N(0, 100) and Lo(0, 1) we reeived perfet math withMLE for all values of ε. Nevertheless, an outstanding behavior was notied in ase ofontamination by Cauhy distribution, where the power subdivergene estimator showsa signi�ant resistane to distant outliers ( f. Figure 4). In this situation, the standarddeviation s(µ̃) of the maximum likelihood estimator with great volatility opies the o-urrene of extreme outliers, while the standard deviation of MLE-esorted subdivergeneestimator retains low values and steady onvergene to 0. This, learly, results also inhuge empirial relative e�ieny.

Figure 4 : Dependeny of standard deviation of the maxD	α-estimators with esort pa-rameter µ = X̄n on sample size n for data distributed by (1 − ε)N(0, 1) + εC(0, 1)4.2 Results for power subdivergene estimators of saleLets again �rst inspet the development of onsisteny, e�ieny and robustness in aseof mixture (1− ε)N(0, 1)+ εN(0, 9) for the values of esorting parameter σ = 0.5, 1, 1.2,
1.5, 2 and ontamination parameter ε = 0, 0.01, 0.05, 0.1, 0.2, and 0.3.As expeted, for α = 0 we get the exat MLE, hene eref(σ̃) is always equal to 1.For ε = 0, i.e. the unontaminated data, the subdivergene estimators more or lessorrespond with the maximum likelihood estimators, but they do not outperform them.With rising value of parameter α also the standard deviation s(σ̃) rises a little, whihauses a ertain loss of e�ieny. For ε > 0 and esort parameters σ = 1, 1.2, 1.5, and
2 we observe a loss of onsisteny, however the MLE loses its onsisteny too, and withrising ontamination we see that the maxD	α-estimators possess lower values of means andstandard deviations then MLE and their performane is therefore better. The best resultswere reeived for esort parameter σ = 0.5. Here, the estimates retained the onsistenyeven for highly ontaminated data, showed substantially lower values of m(σ̃) and s(σ̃),whih resulted in high empirial relative e�ieny (f. Table 1).The maxD	α-estimators for the other mixtures behave very muh the same, the de-sribed behavior only gets stronger with ontamination by distant outliers. For dataontaminated by N(0, 100) and C(0, 1), the subdivergene estimators perform betterthen MLE even for very small level of ontamination ε = 0.01 and all values of esortparameter σ.



Performanes of Modi�ed Power Divergene Estimators in Normal Models 67As in the loation ase, we tried to esort the subdivergene estimator with the MLE
σ = Sn. However, we reeived only a perfet math with maximum likelihood estimator,showing no robusness whatsoever. This motivated us to plug in a simple and robustestimate of sale alled median absolute deviation (MAD), whih showed up to be abetter hoie. For this type of estimators we observe that while the power parameter αmoves away from 0, the values of m(σ̃) derease and the values of s(σ̃) inrease. Thisauses the e�ieny to rise at �rst and than fall down slowly (f. Table 2). However, bydiret omparison with Table 1 we see that the performanes of these estimators are notas good as those of the estimators esorted by σ = 0.5.

α/n 50 100 200 500

m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃)

0.00 1.336 0.256 1.000 1.326 0.175 1.000 1.336 0.125 1.000 1.336 0.079 1.000

0.01 1.297 0.214 1.326 1.291 0.147 1.288 1.296 0.104 1.301 1.297 0.065 1.288

0.05 1.207 0.147 2.757 1.206 0.103 2.580 1.205 0.073 2.705 1.207 0.044 2.671

0.10 1.156 0.125 4.450 1.155 0.088 4.321 1.152 0.062 4.749 1.153 0.038 4.789

0.20 1.114 0.121 6.446 1.110 0.083 7.210 1.105 0.059 8.763 1.106 0.036 9.454

0.50 1.089 0.143 6.302 1.079 0.097 8.780 1.072 0.069 12.97 1.072 0.043 16.94Table 1: The evaluation harateristis of maxD	α-estimators for mixture 0.9N(0, 1) +
0.1N(0, 9) and esort parameter σ = 0.5

α/n 50 100 200 500

m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃)

0.00 1.336 0.256 1.000 1.326 0.175 1.000 1.336 0.125 1.000 1.336 0.079 1.000

0.01 1.176 0.204 2.464 1.132 0.140 3.711 1.106 0.103 5.911 1.085 0.073 9.559

0.05 1.108 0.191 3.688 1.082 0.147 4.806 1.072 0.113 7.093 1.072 0.091 8.853

0.10 1.088 0.199 3.776 1.071 0.162 4.381 1.067 0.130 6.005 1.071 0.106 7.283

0.20 1.073 0.215 3.450 1.062 0.180 3.761 1.065 0.154 4.618 1.070 0.126 5.750

0.50 1.064 0.252 2.638 1.053 0.211 2.895 1.062 0.191 3.181 1.070 0.158 3.992Table 2: The evaluation harateristis of maxD	α-estimators for mixture 0.9N(0, 1) +
0.1N(0, 9) and esort parameter σ = MAD4.3 Results for power superdivergene estimatorsFor the power superdivergene estimators of loation, as well as in ase of maxD	α-estimators of loation esorted by µ = X̄n, we reeived a perfet math with maximumlikelihood estimatior for all mixtures exept for the mixture (1− ε)N(0, 1) + εC(0, 1). Inthis ase again, with higher ontamination the min	Dα-estimators show favourable robus-ness and rising e�ieny. Yet, these robustness tendenies are not as strong as withpower subdivergene estimators esorted by µ = 0 or µ = X̄n.When estimating the sale parameter, we also reeived estimates that very well oin-ided with the MLE, even in the ase of ontamination with Cauhy distribution. Theseestimates showed no robustness at all.Another demotivating feature of superdivergene estimators omputation is extremelyhigh omputing time aused by double optimization. This prie is too high to pay for theabove mentioned robustness, and it strongly disourages the users from further utilization.



68 I. Frýdlová5 ConlusionTo resume, the power subdivergene estimators of loation do not possess the requiredproperties exept for the ase with esorting parameter µ = 0 or µ = X̄n. These estimatesshow onsisteny opying maximum likelihood estimates, and they exhibit high empirialrelative e�ieny and onsiderable robustness. This resistane to distant outliers togetherwith onsisteny and e�ieny is a key result of our simulation, and it motivates us toexplore the maxD	α-estimators further.The power subdivergene estimators of sale also su�er by the loss of onsistenybut their performane is usually better than that of the maximum likelihood estimator,espeially when the data are ontaminated by distant outliers. The best results werereeived for the ases with esorting parameter σ = 0.5 where the onsisteny was retainedand the e�ieny was high due to the derease of means and standard deviations of thesubdivergene estimators. Some very good results were obtained also for esort parameterequal to median absolute deviation, but the performanes surprisingly were not betterthose of the subdivergene estimators esorted by σ = 0.5. This also brings up manyquestions and inspires us for the future researh.The power superdivergene estimators of loation are equivalent to standard maxi-mum likelihood estimator, apart from the ases of high ontamination by heavy-taileddistribution. Here it displays ertain robustness whih, however, does not overly impressand whih does not ompensate the extraordinary omputational demands. The powersuperdivergene estimators of sale also very well orrespond with the standard maximumlikelihood estimator.Referenes[1℄ M. Broniatowski and A. Keziou. Minimization of φ-divergenes on sets of signedmeasures. Studia Sientiarum Mathematia Hungaria, vol. 43, (2006), 403�442.[2℄ M. Broniatowski and I. Vajda. Several Appliations of Divegene Criteria in Con-tinuous Families. Researh Report No. 2257, Institute of Information Theory andAutomation, Prague, (2009).[3℄ I. Frýdlová.Minimum Kolmogorov distane estimators. Thesis, Czeh Tehnial Uni-versity, Prague, 2004.[4℄ I. Frýdlová. Modi�ed Power Divergene Estimators: Performanes in Loation Mod-els. Researh Report No. 2258, Institute of Information Theory and Automation,Prague, (2009).[5℄ F. Liese and I. Vajda. On divergenes and informations in statistis and informationtheory. IEEE Transations on Information Theory, vol. 52, No. 10, (2006), 4394�4412.



Minimum Distane Estimate∗Jitka Hanousková3rd year of PGS, email: kj�email.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Válav K·s, Department of Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTU in PragueAbstrat. Minimum distane density estimates (MDE) are onsidered. Via numerial simula-tion, robustness and onsisteny of many types of MDE are examined. We onsider Kolmogorov,Lévy, disrepany, and Cramer�von Misses distanes. For all but last distanes we have provenonsisteny of the order n−1/2 in L1�norm if the sample is non�ontaminated. Graphs for on-taminated ase are presented and disussed. Further, new type of MDE are introdued, namely,with generalized Cramer�von Mises (GCM) and Kolmogorov-Cramer (KCα,m) distane. Vari-ous types of GCM estimates are simulated and results are presented and disussed. As resultsof simulation show, the new de�ned estimates possess some robustness and onsisteny even forheavily ontaminated distributions (35% ontamination).Keywords: minimum distane estimate, onsisteny, Cramer-von Mises estimateAbstrakt. Zkoumáme odhady s minimální vzdáleností (MDE). Pomoí numeriké simulaeje zkoumána konzistene a robustnost t¥hto odhad �u. Uvaºujeme odhady s minimální Kol-mogorovskou, Lévyho, diskrepan£ní a Cramer-von Mises vzdáleností. Pro v²ehny aº na poslednízmín¥ný máme teoretiky dokázanou konzisteni a °ád konzistene n−1/2 v L1�norm¥ a st°edníhodnot¥ L1�normy pro nezne£i²t¥nou distribui. Grafy pro zne£i²t¥ný p°ípad jsou prezentovány adiskutovány. Dále jsou zavedeny dva nové odhady s minimální vzdaleností, jmenovit¥ se zobe-n¥nou Cramer-von Mises vzdálenostzí a Kolmogorov-Crame vzdáleností. Výsledky simulaíukazují, ºe oba nov¥ zavedené odhady vykazují robustnost a konzisteni i pro velká zne£i²t¥ní.Klí£ová slova: odhady s minimální vzdáleností, konzistene, Cramer-von Mises odhad1 IntrodutionThis paper fouses on the minimum distane density estimates. Consisteny and robust-ness of many type of the minimum distane estimates are explored. For non ontami-nated ase K �us [10℄ has proven onditions for onsisteny of the order n−1/2 in (expeted)L1-norm for Kolmogorov estimate. Hanousková [8℄ has weakened this onditions and ex-tended them on Lévy and disrepany estimate. Further, Cramer-von Mises and newlyde�ned generalized Cramer-von Mises and Kolmogorov-Cramer estimates are explored viasimulation. We onsider non ontaminated and ontaminated distributions and exploreonsisteny and robustness of all above mentioned estimates.
∗This work has been supported by the grant SGS OHK4�007/10.69



70 J. Hanousková2 Basi ConeptsWe introdue the notation used in the following text. Let λ be a σ-�nite measure on
(R,B), where B is a borel σ-�eld on R. Let Fλ be the set of distributions on (R,B) whihare absolutely ontinuous with respet to the measure λ. Let us denote by Dλ the set inBanah spae L1(R, dλ) ontaining densities orresponding to distribution funtions in
Fλ, by D arbitrary nonvoid subset of Dλ, and by F a respetive subset of Fλ. Further,
Xn = (X1, . . . , Xn) denotes a random vetor with independent omponents distributedby a density f . Next, Fn(x) represents the empirial distribution funtion based on Xn,similarly νn(B) stands for the empirial measure

Fn(x) =
1

n

n∑

j=1

I{Xj≤x} , x ∈ R, νn(B) =
1

n

n∑

j=1

I{Xj∈B} , B ∈ B , (1)where I{Xj≤x} and I{Xj∈B} stand for indiators of the orresponding events.De�nition 1. Let d be a distane on a given set of probability measures P. An estimate
P̂n of a measure P ∈ P (for nonparametri model), or an estimate θ̂n ∈ Θ of a parameter
θ (for parametri model) is alled minimum d-distane estimate if it holds that

P̂n = arg min
P∈P

d(P, νn) a. s. , (2)
θ̂n = arg min

θ∈Θ
d(Pθ, νn) a. s. , (3)and P̂n, θ̂n exist. If the measures from P are absolutely ontinuous with respet to themeasure λ, then the density f̂n orresponding to the measure P̂n (f̂n = dP̂n/dλ) providesthe minimum d distane estimate of probability density f orresponding to the measure

P. In the following text ρd denotes a distane between two probability densities f, g ∈
Dλ de�ned by ρd(f, g) = d(P, Q), where P, Q ∈ P are the orresponding probabilitymeasures. If the distane d is a metri, ρd need not be a metri. We use the onept ofequivalene lasses (f ∼ g i� ρd(f, g) = 0) in order to onvert ρd into a metri.We deal with Kolmogorov (ρK), total variation (ρV ), disrepany (ρD), Cramer-vonMises (ρC−M), and Lévy (ρL) distanes. And further, we de�ne generalized Cramer-von
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ρK(f, g) = sup

x∈R

|F (x) − G(x)|, (4)
ρV (f, g) =

∫

R

|f − g|dλ, (5)
ρD(f, g) = sup

B∈B

|P (B) − Q(B)|, (6)
ρC−M(f, g) =

∫

R

(F (x) − G(x))2dF (x), (7)
ρL(f, g) = inf{ε > 0 : G(x − ε) − ε ≤ F (x) ≤ G(x + ε) + ε}, (8)
ρGCM(f, g) =

∫

R

|F (x) − G(x)|αdF (x), (9)where B is the set of all losed balls, and P, Q are probability measures with distributionfuntions F, G orresponding to the densities f, g. And α is a non-negative real parameterof generalized Cramer-von Mises distane. Obviously, for the hoie of parametr α = 2the generalized Cramer-von Mises distane onverts to the original Cramer-von Misesdistane.Further, we de�ne new type of minimum distane estimator. We de�ne so alledKolmogorov-Cramer distane with parameter α, m (dKCα,m
) between empirial distribu-tion funtion and arbitrary distribution funtion in the following wayDe�nition 2. Let (x1, ..., xn) be a realization of random vetor Xn, α real parameter,and F arbitrary distribution funtion then a sequene (Gi)
2n
1 is de�ned as

Gi = |Fn(xi) − F (xi)|
α pro i = 1, ..., n (10)

G2n+1−i = |Fn−(xi) − F−(xi)|
α pro i = 1, ..., n . (11)Where Fn−(xi) = lim

x→xi−
Fn−(x) and simillar F−(xi) = lim

x→xi−
F−(x). Then Kolmogorov-Cramer distane is de�ned

dKCα,m
(Fn, F ) =

1

m

m∑

i=1

G(i) , (12)where G(i) denotes arranging in order of size.In other words, we an say that the Kolmogorov-Cramer distane is one over m timessum of m largest of the Gi, i = 1, ..., 2n. We all the distane Kolmogorov-Cramer,beause for m = 1 it onverts to Kolmogorov distane to the pover α and the shape isinspired by Cramer-von Mises distane.De�nition 3. We say that an estimate f̂n of a density f is onsistent in the given ρddistane (in the expeted ρd distane) i� ρd(f̂n, f) → 0 a.s. ( Eρd(f̂n, f) → 0). We saythat the estimate f̂n is onsistent of the order rn → 0 in the distane ρd, (in the expeted
ρd distane) i� ρd(f̂n, f) = Op(rn), (Eρd(f̂n, f) = O(rn)).



72 J. Hanousková3 Consisteny in L1�normK �us [10℄ presents onditions for onsisteny and for onsisteny of the order n−1/2 of Kol-mogorov estimates. Conditions are based on domination relation between Kolmogorovdistane and total variation distane. Furthermore su�ient ondition for the domina-tion relation is proven ibid. All previous results ould be summarized in the followingway. If the degree of variation of family D is �nite, then all Kolmogorov estimates ofdensities from D are onsistent of the order n−1/2 in the (expeted) L1�norm. Further,generalization of this theory is given in Hanousková [8℄. Namely, new (weaker) ondi-tions for onsisteny and for onsisteny of the order n−1/2 of Kolmogorov estimates areproven. For this aim an asymptoti domination and a partial degree of variation werede�ned. The main result ould be summarized by following statement. If the partialdegree of variation of family D is �nite, then all Kolmogorov estimates of densities from
D are onsistent in the (expeted) L1�norm. And if, moreover, some additional, but notas restritive as �niteness of the degree of variation, assumptions hold, then we gain theorder n−1/2 of onsisteny in the L1�norm and in the expeted L1�norm. For details seeHanousková [8℄.Now we explore the onsisteny and the order of onsisteny of our minimum distaneestimates for the ase of distanes di�ering from the Kolmogorov distane. Let us supposethat the asymptoti domination is ful�lled for a family D ⊂ Dλ. Further, assume that fora given distane d it holds both inequalities ρd ≤ h1(ρK) and ρK ≤ h2(ρd) with two realfuntions h1, h2 ontinuous at zero point with zero value in zero argument. If there existpositive onstants Ki suh that hi(x) ≤ Kix, i = 1, 2, in a neighborhood of zero, thenthe minimum d distane estimates of densities from D are onsistent of the order n−1/2 in
L1�norm and the expeted L1�norm. (See Hanousková [8℄ for details). The above statedonditions are satis�ed for example for Lévy and disrepany distanes, i.e.

ρK(f, g) ≤ ρD(f, g) ≤ 2ρK(f, g) , (13)
ρL(f, g) ≤ ρK(f, g) ≤ (1 + sup |G′|)ρL(f, g) . (14)For spei� inequalities derived in spaes of probability densities, see Gibbs & Su [5℄.Moreover, we were able to prove onsisteny and n−1/2 order of onsisteny forKolmogorov-Cramer estimate even though the upper mentioned inequalities do not hold.For Cramer-von Mises and generalized Cramer- von Mises distanes we failed to show thedesired inequalities leading to n−1/2 onsisteny. Nevertheless, we hoped for onsistenyof this two estimates, so we produed numerial simulation to asertain. Via simulationwe study robustness of all upper mentioned estimates.4 Numerial simulationFurther, we onsidered normal distribution N(0, 1) ontaminated by the normal distribu-tion N(0, 100) and explore onsisteny of all above mentioned minimum distane estima-tors. For ontaminated ase we have not theoretial results guaranteeing the onsisteny.Thus, this ase is explored only via simulation. Normal distributions with 5%, 10%,15% ontamination were onsidered and the onsisteny results (and related robustness



Minimum Distane Estimate 73as well) are presented in Figure 1 for Kolmogorov, Lévy, disrepany, and Cramer-vonMises estimate and Figures 2, 3 present onsisteny results for generalized Cramer-vonMises estimates with parameter α = 0.25, 0.5, 0.75, 1.0, 1.2, 1.4, 1.6, 1.8.The onsisteny is now getting worse with inreasing ontamination for the Kol-mogorov, Lévy, and disrepany metris. Under 10% and 15% ontamination all esti-mates, exept for Cramer�von Mises and generalized Cramer-von Mises, ahieve the bestL1�error for n = 50 or n = 100 observations and for greater sample sizes the L1�normslightly inreases possibly to a limiting value. Nevertheless, it an be seen from Figure 1that the Cramer�von Mises and all examined types of generalized Cramer-von Mises es-timates seem to preserve good onsisteny even under 5%,10%, and 15% ontamination.Thus, Cramer�von Mises and generalized Cramer-von Mises estimates show some robustbehavior.
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Figure 1: L1�error of MD estimates for Normal distribution with parameters µ0 = 0,
σ2

0 = 1 ontaminated by Normal distribution with parameters µ = 0, σ2 = 100.Regarding the robustness, it an be seen diretly from the Figures 1, 2, 3 that Cramer�von Mises type of estimate has the most robust behavior of all for sample sizes greaterthan 200. Further, we want to determine whih hoie of parameter α is the best (in seneof robustness and onsisteny, too). However, the shapes of graphs for Cramer-von Misestype of estimates are very similar and it is not easy to determine whih hoie of α is thebest. Therefor Figure 4 presents average absolute error of estimated parameter (σ) withrespet to the true value of parameter (σ0) for 5%,10%, 15%, and 35% ontamination.As it an be seen the best result for 5% ontamination is ahieved for parameter α =
0.5, 0.75, 1.0, for 10%,15%, and 35% ontamination is the best result ahieved for α =
0.25. For the 5% ontamination ase the trend is not monotoni. The line is serratedwith loal extremes (minims). For 10% ontamination ase the average absolute erroris monotonially dereasing for α ≤ 1. For all but 5% and 10% ontamination ases
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Figure 2: L1�error of generalized Cramer-von Mises estimates for Normal distributionwith parameters µ0 = 0, σ2
0 = 1 ontaminated by Normal distribution with parameters

µ = 0, σ2 = 100.
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Figure 3: L1�error of generalized Cramer-von Mises estimates for Normal distributionwith parameters µ0 = 0, σ2
0 = 1 ontaminated by Normal distribution with parameters

µ = 0, σ2 = 100.dereases the average absolute error monotonially if the α tends to zero. It ould leadus to the idea that the smaller parameter α we hoose the more robust estimator we
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Figure 4: Average absolute error of estimated parameter with respet to the true valueof parameter |σ0 − σ| of various types of generalized Cramer-von Mises estimates.gain. However, parameter α ould not be taken as small as possible. Naturally, there isa threat of loosing e�ieny due to gaining robustness. For more aurately determiningof the best hoie of parameter α to obtain robust and e�ient estimate a omprehensivesimulation study would be bene�ial.
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76 J. HanouskováFurther we examine the robustness property for newly de�ned Kolmogorov-Cramerestimate. Theoretial proof guarantee us the onsisteny and order of onsisteny of thisestimate. For robustness we have no theoretial results; our investigation is based onsimulation. Figure 5 presents average absolute error of estimated parameter (σ) withrespet to the true value of parameter (σ0) for 15% ontamination and various samplesizes (n = 200, 350, 500). As an be seen from the Figure 5 the bigger the parameter
m is the smaller absolute error we gain for all examined sample sizes. And as an beseen from the last graph in Figure 5 the Kolmogorov estimate has the biggest absoluteerror, and the smallest absolute error has the Cramer-von Mises estimate with param-eter α. The Kolmogorov-Cramer estimate's absolute errors lie between absolut error ofKolmogorov and Cramer-von Mises estimate. The result of this simulation study is follow-ing, the bigger parametr m we hoose the smaller absolute error we gain. It means thatthe Kolmogorov estimate is the less robust and Cramer-von Mises is the most robust ofour examined estimator. Newly de�ned Kolmogorov-Cramer estimator reate transitionfrom Kolmogorov to Cramer-von Mises estimate. However, for Cramer-vonmises estimatewe have not proven the onsisteny (and order of onsisteny) and for Kolmogorov andKolmogorov-Cramer estimate we have theoretial results for non ontaminated distribu-tion.5 ConlusionVia numerial simulation we explored onsisteny of Cramer-von Mises and generalizedCramer-von Mises estimates. Further, onsisteny on ontaminated distribution wasexplored. Kolmogorov, Lévy, and disrepany estimate loosed their onsisteny on on-taminated sample. On the other hand Cramer-von Mises type of estimate preserve someonsisteny even under heavier ontamination. Moreover, we determine the best hoieof parameter α of generalized Cramer-von Mises estimate in sense of robustness and on-sisteny too. As the best hoie was determined ase α = 0.25, the smallest of exploredhoies (Choie of parameter α inside interval < 0.25, 2 >) were explored). However thepossible hange of e�ieny was not explored. Thus, more detail simulation study willbe bene�ial. In the end the robustness of newly de�ned Kolmogorov-Cramer estimatewas explored via simulation with this results. The bigger parameter m we hoose themore robust the estimate is, i.e. the most robust of Kolmogorov-Cramer estimate isthe Cramer-von Mises estimate. However, for Cramer-von Mises estimate we have notheoretial results about onsisteny for non ontaminated distribution. More detailednumerial study and would be bene�ial. Moreover, there is a hane to extend the proofof the order of onsisteny of Kolmogorov-Cramer estimate to ase when the parametr
m depends on sample size n.Referenes[1℄ L. Devroye, L. Györ�. Nonparametri Densiti Estimation: The L1−View. Wiley,New York, (1985).
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Phase-Field Approah to Crystal GrowthHung Hoang Dieu3rd year of PGS, email: hoangdieu�fjfi.vut.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Mihal Bene², Department of Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTU in PragueAbstrat. The phase-�eld method has appeared in the ontext of di�use interfaes. It has beenapplied to the three major materials proesses: solidi�ation, solid-state phase transformation,and grain growth and oarsening. Very reently, a number of new phase-�eld models have beendeveloped for modelling thin �lms and surfaes (see [4℄). The �rst part of this ontributionis onerned with the phase-�eld model of spiral rystal growth [7℄ desribed by the Burton-Cabrera-Frank theory [2℄. Here, we investigate the in�uene of numerial parameters on thegrowth patterns. We then present omputational studies related to the pattern formation andto the dependene on model parameters. The seond part is onerned with the phase-�eldmodel [9, 10℄ of heteroepitaxial growth. Finally, we present our latest results.Keywords: phase-�eld method, spiral growth, heteroepitaxial growth, ATG instability, FDM,FEMAbstrakt. Metoda phase-�eld se objevila v souvislosti s difuzními rozhraními a byla aplikovánana t°i hlavní proesy v materiáleh: tuhnutí, fázový p°ehod pevné látky a r·st zrn. V sou£asnédob¥ °ada novýh model· phase-�eld byla vyvinuta pro modelování povrh· a tenkýh vrstev(viz [4℄). První £ást tohoto p°ísp¥vku se týká modelu phase-�eld pro spirálový r·st krystal· [7℄,popsaný Burton-Cabrera-Frankovou teorií [2℄. Zde zkoumáme vliv numerikýh parametr· nar·st krystal·, výsledky jsou pak prezentovány. Druhá £ást se zabývá modelem phase-�eld proheteroepitaxní r·st, zaloºeným na [9℄ a [10℄. Nakone prezentujeme na²e nejnov¥j²í výsledky.Klí£ová slova: metoda phase-�eld, spirálový r·st, heteroepitaxní r·st, ATG nestabilita, metodasítí, metoda kone£nýh prvk·1 Spiral Crystal Growth1.1 The ModelCrystallization is the proess where solid rystals are formed from melt, solution, orvapour phase. There are two major stages involved in the rystallization proess � nu-leation and rystal growth. Nuleation is the stage where rystal forming units (atoms,ions or moleules) gather into lusters whih are unstable until they reah a ritial size.Stable lusters are alled nulei. After nulei are reated, rystal growth begins. It is thestage where new rystal forming units are inorporated into the rystal lattie.Real rystals ontain disloations whih are rystallographi defets in the strutureof the rystal lattie. The presene of disloations in�uenes the mehanism of rystalgrowth. If a srew disloation is present in the rystal lattie of the substrate, a step with79



80 D.H. Hoanga zero height at the disloation ore is reated. This step winds around the disloationand produe a spiral.Classially epitaxial rystal growth is modelled using Burton-Cabrera-Frank (BCF)theory (see [2℄). Aording to that theory, atoms are �rst adsorbed to the rystallinesurfae. Suh atoms are alled adatoms. They then di�use freely along the surfae andthey an either desorb from the surfae with a probability 1/τS per unit time, or they areinorporated into the rystal at one of the three sites: ledge site, step site or kink site.Inorporation at a kink site will be the most energetially favourable.
diffusion

deposition

Figure 1: Burton-Cabrera-Frank model.The basi equations in the phase-�eld formulation [7℄ of BCF model are
∂tc = D∆c −

c

τS
+ F − Ω−1∂tΦ, (1)

α∂tΦ = ξ2∆Φ + sin(2π(Φ − ΦS)) + λc(1 + cos(2π(Φ − ΦS))), (2)where c is the adatom density, D is the surfae di�usion oe�ient, τS is the mean timefor the desorption of adatoms from the surfae, F is the deposition rate, Φ is the surfaeheight in units of atoms, α is the time relaxation parameter, ξ is the width of stepsbetween terraes, ΦS is the height of the initial substrate surfae and λ is the ouplingonstant.The boundary onditions are given by
∂c

∂n
(t,x) =

∂Φ

∂n
(t,x) = 0, t ∈ (0, T ). (3)The initial onditions are given by

c(0,x) = 0, (4)
Φ(0,x) = ΦS(x). (5)1.2 Numerial shemeWe use an expliit sheme of the �nite di�erene method to solve the free boundaryproblem of spiral rystal growth. The �rst step in the disretization is to divide the



Phase-Field Approah to Crystal Growth 81omputational domain into a two-dimensional grid and then derivatives are replaedwith equivalent �nite di�erenes.We onsider the omputational domain S to be a retangle (0, L1) × (0, L2) whihis to be disretized. We partition the domain S using a grid of internal nodes ωh =
{(ih1, jh2)|i = 1, ..., N1 − 1, j = 1, ..., N2 − 1}, where h1 = L1

N1
, h2 = L2

N2
are the mesh sizesin S. We disretize the time interval using a mesh [0, T ] : Tτ = {kτ |k = 0, ..., NT}, where

τ = T
NT

is a time step. Then we an onsider a grid funtion u : Tτ × ωh → R for whih
uk

ij = u(ih1, jh2, kτ).The time derivative is approximated by forward di�erene
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,and the spae derivatives are approximated by seond-order entral di�erenes:
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.Then the Laplae operator in two dimensions is given by ∆hu
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ij.The expliit sheme has the form
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(7)for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT .Disretization of the epitaxial rystal growth problem leads to a system of equations
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(9)for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT . That means we an obtain the valuesat time k + 1 from the orresponding ones at time k.For h = h1 = h2 this expliit method is known to be numerially stable and onvergentwhenever ξ2τ

αh2 ≤ 1
4
and τ(4DS

h2 + 1
τS

) ≤ 1.The boundary onditions are treated by mirroring the values in the inner nodes arossthe boundary.
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Figure 2: Comparison of transient dynamis for di�erent desorption times. Green (bot-tom) line: τS = 0.1, the surfae width quikly levels o� and remains onstant. Red (top)line: large τS, the surfae width hanges slowly in time.1.3 Numerial ResultsIn the numerial experiments, we investigated the in�uene of the parameter τS to thespiral growth. First, transient dynamis is quanti�ed by de�ning the so alled surfaewidth w(t) whih represents the mean �utuation of the surfae height
w(t) =

1

2
〈Φ(x, t)2 − 〈Φ(x, t)〉2〉1/2,where 〈f〉 = L−2

∫

S
fdx. (L = h(N − 1) = 50) (see Fig. 2).Then, the parameters are set up as follows: Ω = 2.0, α = 1.0, ξ = 1.0, λ = 10.0,

DS = 2.0, F = 3.0, τ = 0.00025, NT = 100000, so that T = 25. The dimensions of ωhare 100× 100 and the spatial step size is set to 50/99. The initial height of the substrate
ΦS is formed by arctan(y/x)

2π
for the disloation. We observed two distinguished growthregimes. As an be seen in Fig. 3 for small τS, the spiral �nds its �nal step spaing lessentially after a single rotation. In ontrast, for very large τS the transient spiral ridgeevolves slowly towards a spiral with a onstant l. This surfae evolution is demonstratedin Fig. 4.From these numerial simulations we onlude that step spaing is dependent ondesorption time. The larger desorption time is, the smaller the step spaing is.2 Heteroepitaxial GrowthEpitaxy refers to the oriented growth of rystalline material onto the single rystal surfae.The orientation is determined by the underlying rystal. In general, we distinguish twoases:

• Homoepitaxy � the growth layers of the material and the substrate are of the samehemial omposition.
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(a) (b)

() (d)Figure 3: Spiral ridge at di�erent times t for τS = 0.1. Colour palette represents thesurfae height.
• Heteroepitaxy � the growth layers of the material and the substrate are of thedi�erent hemial ompositions.Our aim is to study heteroepitaxial growth whih is under mis�t stress. This leads tomorphologial instability (known as Asaro-Tiller-Grinfeld instability).We onsider a system Ω onsisting of two regions � a solid epitaxial �lm Ωe(t) andvapour phase Ωv(t). The solid-vapour interfae is denoted Γ(t), whih is a funtion of
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(a) (b)

() (d)Figure 4: Spiral ridge at di�erent times t for large τS. Colour palette represents thesurfae height.time t (see Fig. 5). We introdue a non-onserved order parameter
Φ(t,x) =

{

0 x ∈ Ωv

1 x ∈ Ωe .Here, the linear elasti theory is used. The stress tensor σ
(v)
ij in the vapour is givenby Hooke's law

σ
(v)
ij = 2µ(v)ǫij + λ(v)ǫkkδij,where einstein summation onvention is implied.
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(a) Relaxed state. (b) Strainedstate.

V apour

Epitaxial layer

Rigid substrate() Model desription.Figure 5: Heteroepitaxial growth.Following [14℄ the stress tensor σ
(e)
ij in the epitaxial �lm is given by

σ
(e)
ij = 2µ(e)ǫij + λ(e)ǫkkδij − ǫm{ 1+ν(e)

1−2ν(e) }δij ,where µ(∗), λ(∗) are Lamé onstants, ν(∗) is Poisson's ratio, where ∗ ∈ {e, v}. ǫm = ae−as

as
isthe mis�t strain, where ae, as are lattie onstants of epitaxial �lm or substrate. The straintensor is given by ǫij = 1

2

(

∂ui

∂xj
+

∂uj

∂xi

), where ui is the ith omponent of the displaementvetor.The stress tensor in the system is determined from
0 =

∂

∂xj
{h(Φ)σ

(e)
ij − [1 − h(Φ)]σ

(v)
ij }, (10)where h(Φ) = Φ2(3 − 2Φ) is the weight funtion for the epitaxial layer.The equation of motion is

ξ∂tΦ = Aξ∆Φ +
B

ξ
g′(Φ)

+ Ch′(Φ){(µ(e) − µ(v))ǫijǫij +
λ(e) − λ(v)

2
(ǫii)

2 (11)
−

1 + ν(e)

1 − 2ν(e)
(ǫm)2},where Φ = 1 represents the solid phase, Φ = 0 represents the liquid phase, 0 < Φ <

1 represents the di�use interfae, ξ is the width of the transition region, A, B, C areonstants, g′(Φ) = 2Φ(1 − Φ)(1 − 2Φ), and h′(Φ) = 6Φ(1 − Φ).2.1 Numerial resultsWe implemented the model using the expliit sheme based on FDM for the phase-�eldequation (11). For the elasti problem, we used FreeFem++ based on FEM. Computa-tions of stress �eld were very time onsuming.In the numerial experiments, we set up initial surfae of heteroepitaxial �lm to beretangular and material parameters of silion are taken. We observed that both topsand valleys of the surfae pro�le deepen but the valleys deepen at higher veloity (see



86 D.H. HoangFig. 6). It is not obvious from the experiments whether this an lead to frature. Wefound that numerial noise avoid us to simulate the problem in longer time. Therefore,our aim in the future is to develop better numerial shemes suitable for the model ofheteroepitaxial growth.
(a) (b)
() (d)Figure 6: Evolution of heteroepitaxy at di�erent times.
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Porovnání existujííh NoSQL DBMS z hlediska²kálovatelnostiFranti²ek Jahoda1. ro£ník PGS, email: jahoda�s.as.zKatedra matematikyFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Július �tuller, Ústav informatiky, AV�RAbstrat. In reent years, the so alled NoSQL DBMS starts pro�ling against a widely usedand proven relational DBMS. These database systems are haraterized by an e�ort to improvesalability at the expense of features of the database system. They are designed for spei�appliations and thus are di�erent from eah other. The artile ompares the three most popularCouhDB, MongoDB and Google Bigtable with emphasis on salability.Keywords: salability, noSQL, MongoDB, CouhDB, Google BigTableAbstrakt. V poslední dob¥ se v·£i ²iroe pouºívaným a osv¥d£eným rela£ním DBMS za£ínajípro�lovat tzv. NoSQL DBMS. Tyto databázové systémy se vyzna£ují snahou o lep²í ²kálova-telnost za enu sníºení poºadavk· kladenýh na databázový systém. Tyto systémy jsou kon-struovány pro spei�ké oblasti pouºití a jsou tedy od sebe odli²né. V £lánku srovnávám t°inejpopulárn¥j²í CouhDB, MongoDB a Google BigTable s d·razem na ²kálovatelnost.Klí£ová slova: ²kálovatelnost, noSQL, MongoDB, CouhDB, Google BigTable1 NoSQL DBMS (Strutured data storages)je souhrný název pro r·zné databázové systémy (DBMS ), jeº se snaºí umoºnit ²kálova-telnost aplikaí na nih postavenýh. Mezi p°edstavitele t¥hto systému pat°í CouheDB,MongoDB, Google BigTable a dal²í. Tyto systémy nemají jednotnou funk£nost stanove-nou standardem. V zásad¥ je lze rozd¥lit na systémy reprezentujíí data jako dokumenty,grafy, provázané objekty, slovníky (hash tabulky) a XML databáze. Cílen¥ relaxují n¥-které podmínky ACID (atomi£nost transakí, konzisteni, izolai zm¥n v rámi transakía trvanlivost dat). Dotazování t¥hto systému je téº omezené, £asto neexistuje podporapro podobné operae jako mají rela£ní databázové systémy: nap°. operae databázovéhospojení (join), agrega£ní funke. V t¥hto systémeh se po£ítá s nasazením na lusteru aje tedy kladen d·raz na efektivitu sí´ové komunikae mezi uzly lusteru. Tyto DBMS senedotazují pomoí SQL, ale v¥t²inou pomoí vlastního proprietárního jazyka s omezenoufunk£ností.Spole£ným rysem t¥hto systém· je, ºe nevyºadují de�novat shéma databáze a umoº-¬ují vloºit tzv. °ídká data. Kaºdý záznam tedy m·ºe mít nap°. vypln¥né jiné sloupe. Ne-výhodou tohoto p°ístupu je, ºe konzisteni databáze si musí hlídat uºivatel sám. Výhodounaopak je, ºe zm¥ny poºadavku na databázi nevedou ke zm¥n¥ databázového shématu,která m·ºe být £asov¥ náro£ná a v produk£ním prost°edí lze tedy nap°. omezit odstávky89



90 F. Jahodadatabáze. V databázi totiº mohou existovat záznamy se starým i novým formátem vedlesebe.2 �kálovatelnost�kálovatelnost je v softwarovém inºenýrství ºádaná vlastnost, která vyjad°uje shopnostzvládat p°ijatelným zp·sobem zv¥t²ujíí se mnoºství práe. �kálovatelností v kontextudistribuovanýh databází rozumíme shopnost systému vyhovovat zadaným poºadavk·mp°i zm¥n¥ následujíh prom¥nnýh: mnoºství dat, mnoºství operaí zápisu a mnoºstvíoperaí £tení. V praxi se ov²em jen z°ídka setkáme p°i r·stu aplikae pouze s jedním dru-hem ²kálovatelnosti a tak má smysl °e²it reaki na v²ehny p°edhozí druhy ²kálovatelnostizárove¬.Hrub¥ °e£eno, abyhom ozna£ili systém za dob°e ²kálovatelný, o£ekáváme, ºe reakedatabáze by se nem¥la prodluºovat p°i r·stu p°edhozíh prom¥nnýh. Toho samoz°ejm¥nelze dosáhnout na stejném po£íta£ovém vybavení a tak se p°edpokládá, ºe nar·st jed-notlivýh prom¥nnýh je úm¥rn¥ kompenzován nár·stem po£tu stroj·, které jsou shopnypoºadavky paraleln¥ zpraovávat.Ukazuje se, ºe velkou p°ekáºkou ²kálovatelnosti bývají náro£né operae, které komer£nírela£ní databáze b¥ºn¥ zaji²´ují: synhronizae transakí p°i prái na spole£nýh dateh,replikae databáze a zaji²t¥ní konzistene databáze v sí´ovém prost°edí.Správa zámk· m·ºe tvo°it podstatnou £ást reºije DBMS. Reºie plánování transakí,tak aby nebyla ohroºena integrita databáze, m·ºe p°i vzr·stajíím zatíºení vést k prud-kému propadu výkonu.Dal²í podstatnou £ástí reºije DBMS se stává sí´ová komunikae mezi jednotlivýmistroji a mehanismus udrºování aktuální verze dat na v²eh strojíh. To je £asto realizo-váno pomoí £asov¥ náro£ného dvoufázového potvrzení (two phase ommit).NoSQL DBMS se problém·m s r·stem zát¥ºe snaºí £elit omezením délky transakína jeden záznam, rozd¥lením souvisejííh dat na stejný stroj (shardování), duplikaídat (replikae) a omezením podmínky na konzisteni databáze p°i zát¥ºi. Replikae se£asto pouºívá i k zaji²t¥ní v¥t²í spolehlivosti databáze uloºené na víe strojíh v sí´ovémprost°edí. Ne v²ehny noSQL DBMS v²ak tento problém °e²í stejn¥ a proto má smyslprozkoumat v £em se v této oblasti li²í a tím poteniálním uºivatel·m umoºnit vybratDBMS, jeº se jim pro jejih aplikai bude hodit nejlépe.3 Google BigTableGoogle BigTable [5℄ je pouºívána pro Google App Engine Datastore [2℄. Jedná se o DBMSkomer£ní, který spole£nost Google navrhla pro své loud sluºby. Je siln¥ konzistentní,tedy kaºdé £tení vráí výsledek po poslední operai zápisu. Toho je doíleno tím, ºe prokaºdý záznam je stanoveno, kdo drºí jeho hlavní verzi. Silnou konzisteni lze relaxovatna eventuální konzisteni. P°i eventuální konzisteni mohou být vráena star²í data zezáloºní kopie. Dotazování tohoto DMBS je zám¥rn¥ omezeno a nap°. operai databázovéspojení je t°eba implementovat v aplika£ní vrstv¥.



Porovnání existujííh NoSQL DBMS z hlediska ²kálovatelnosti 91Databáze je organizovaná a srovnaná podle klí£·, ke kaºdému klí£i náleºí jeden doku-ment, který se skládá z n¥kolika sloup· s hodnotami. Kaºdá hodnota má £asovou zna£kua v jedné bu¬e (ur£ené klí£em a sloupem) m·ºe tedy být n¥kolika hodnot. Konzistenese tedy zaji²´uje pomoí Multiversion Conureny Control (MVCC ), tento systém kon-troly konzistene zaji²´uje, ºe kaºdá operae £tení prauje nad obrazem databáze, jakdatabáze vypadala p°i spu²t¥ní této operae. Zárove¬ lze nastavit, kolik verzí hodnot sev daném sloupi má uhovávat. Databázový stroj pak star²í verze automatiky uvol¬uje.Dokumenty databáze jsou seskupeny do blok· tzv. tablets. Tyto bloky jsou vytvá-°eny dynamiky a r·zné bloky mohou být umíst¥ny na r·znýh strojíh lusteru. (Celádatabáze je navrºena pro provoz v lusteru).I kdyº je v API moºné operae nad databází seskupovat, atomiita operae je zaru£enapouze v rámi zm¥ny jediného dokumentu. Kontrola konzistene databáze je zanehánana uºivateli a v databázi neexistuje mehanismus integritníh podmínek jako jsou izíkli£e nebo unikátní hodnoty. Rozhraní Google app engine umoº¬uje de�novat transakenad víe dokumenty, ale je nutné spei�kovat, ºe se tyto dokumenty mohou ú£astnitspole£né transake uº v dob¥ jejih vytvo°ení. Konzistene databáze je zaji²t¥na v·£iselhání uzlu lusteru i výpadku spojení mezi lustery.S popisu je tedy z°ejmé, ºe vysoké ²kálovatelnosti je dosaºeno pomoí rozd¥lení data-báze do víe blok· a zamezením vazeb mezi jednotlivými bloky.4 CouhDBCouhDB [1℄[4℄ je open soure DBMS s Apahe liení, který je postaven na jazyku Erlanga jehoº rozhraní je realizováno pomoí HTTP protokolu s vyuºitím pravidel REST a JSONformátu záznam·. Stejn¥ jako Google BigTable se pro zaji²t¥ní konzistene databázepouºívá MVCC model pro zm¥nu hodnot. Pokud v pr·b¥hu zm¥ny záznamu dojde kezm¥n¥ jiným proesem, DBMS ohlásí kon�ikt p°i zápisu a aplikae se m·ºe pokusit o novýzápis. Databáze je bezshémová, kaºdý záznam se skládá z klí£·, které jsou typované.Je moºné provozovat paraleln¥ n¥kolik instaní databáze s tím, ºe zm¥ny si instaneposílají mezi sebou. V této situai se m·ºe stát, ºe dojde k zápisu do stejného záznamudo obou instaní zárove¬ a tedy ke kon�iktu. Tento kon�ikt je vy°e²en automatiky tak,ºe za aktuální verzi se zvolí posledn¥ uloºený zápis instane a star²í verze se uloºí propozd¥j²í °e²ení kon�iktu. �e²ení kon�iktu je zaneháno na aplikai, která by si m¥la zvolitmoºnost °e²ení, která je pro daný záznam vhodná (ni nem¥nit, vrátit se ke star²í verzi,nebo n¥jakým zp·sobem záznamy sjednotit).5 MongoDBMongoDB [3℄[6℄ je téº open soure DBMS s AGPL liení (liene podobná GPL 3.0),která se ale vztahuje jen na samotný DBMS a ne jiº na aplikae jej vyuºívajíí. DBMS jepostaven na jazyku C++. P°estoºe je v mnohém podobný CouhDB v n¥kterýh ohledehse li²í. Místo MVCC modelu pro updatování záznam· pouºívá "in plae update", a protose nedoporu£uje pouºívat v kon�gurai master-master. DBMS je v kon�gurai master-slave siln¥ konzistentní. Operaí "in plae update" je my²lena zám¥na záznamu p°ímo na



92 F. JahodaGoogle BigTable CouhDB MongoDBhorizontální rozd¥lení ano ano anoreplikae tablet servers master-master master-slaveatomiita nutno ur£it p°i zadávání dat jeden dokument jeden dokumentkontrola soub¥hu MVCC MVCC update in plaemodel konzistene silná i eventuální silná i eventuální eventuálníTabulka 1: Srovnání vlastností NoSQL databázídisku. Toto se provede jen pokud se délka záznamu o mo nezv¥t²í, v opa£ném p°ípad¥je nutno záznam uloºit jinde na disku. Jelikoº pro kaºdý záznam není uhovávána jehohistorie a spei�ky kon�ikty p°i m¥n¥ní záznam·, není moºné °e²it kon�ikty p°i even-tuální konzisteni. Tato nevýhoda je v²ak vyváºena lep²ím vyuºitím opera£ní pam¥ti adiskového místa.MongoDB se od CouhDB li²í i v¥t²ím d·razem na velikost p°ená²enýh dat a sDBMS není nutné komunikovat jen pomoí REST rozhraní, ale je tak moºno £init ipomoí proprietárníh konektor·.6 Celkové srovnáníV porovnání databází jsem se zám¥rn¥ zam¥°il na vlastnosti spojené s ACID harakte-ristikami transakí a provozem v síti a vynehal jsem jiné rozdíly, které v²ak p°i výb¥rudatabáze mohou téº hrát významnou roli. Celkové srovnání je shrnuto v tabule 1.7 Záv¥rNoSQL databáze jsou shopné ²kálování i v situaíh, kdy toho b¥ºné komer£ní rela£nídatabáze shopné nejsou. Zárove¬ díky omezení povolenýh operaí vedou k aplikaím,které nevyuºívají ²patn¥ ²kálovatelnýh vlastností a umoº¬ují snadn¥ji p°edvídat, jakýmzp·sobem porostou nároky systému. NoSQL DBMS vytvá°í alternativu pro aplikae, ukterýh lze o£ekávat výrazný nár·st poºadavk· a pot°ebu provozovat databázi v lusteru,za enu podstatného omezení z funkionality poskytované klasikými rela£ními DBMS.Literatura[1℄ Couhdb online desription.http://ouhdb.apahe.org/dos/overview.html.[2℄ Google app engine online doumentation.http://ode.google.om/appengine/artiles/storage_breakdown.html.[3℄ Mongodb homepage.http://www.mongodb.org.[4℄ J. C. Anderson, J. Lehnardt, and N. Slater. CouhDB: The De�nitive Guide.
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COMPASS Database UpgradeVladimír Jarý2nd year of PGS, email: jaryvlad�kmlinux.fjfi.vut.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Miroslav Virius, Departement of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. Modern experiments in the partile physis depend on omputer systems whih areused to store and analyze large quantities of data. This paper desribes the data aquisitionsystem of the COMPASS experiment at CERN and fouses on the role of databases in thissystem. At �rst, the existing database arhiteture is analyzed, then the new arhiteture isproposed. The proposal inludes repliation, monitoring, and bak ups to ahieve high reliabilityand availability of the database servie. Finally, implementation of the proposal is reviewed.This paper also brie�y overs several database optimization tehniques whih were required toredue the server load. Some possible future improvements are also disussed.Keywords: data aquisition, database, high availability, COMPASSAbstrakt. Moderní experimenty ve fyzie elementárníh £ásti pouºívají po£íta£e pro simu-lae, pro °ízení a pro sb¥r a analýzu dat. Tento £lánek popisuje systém pro sb¥r dat pouºí-vaný experimentem COMPASS v Evropské organizai pro jaderný výzkum (CERN) a zam¥°ujese na roli databází v tomto systému. Nejprve je popsána stávajíí databázová arhitektura,poté je p°edstaven návrh nové arhitektury. Pro zaji²t¥ní vysoké dostupnosti a spolehlivostidatabázové sluºby se v návrhu po£ítá s replikaí, s pravidelným zálohováním a s dohledovýmsystémem. Následn¥ £lánek popisuje °e²ení n¥kolika problém·, které se vyskytly b¥hem imple-mentae návrhu. �lánek také stru£n¥ zmi¬uje prost°edky optimalizae databázové struktury adatabázovýh dotaz·, které byly pouºity pro sníºení zát¥ºe server·. V záv¥ru jsou vyjmenovánadal²í moºná vylep²ení aktualizované arhitektury.Klí£ová slova: sb¥r dat, databáze, vysoká dostupnost, COMPASS1 IntrodutionToday, omputers partiipate in every phase of experiments in the partile physis: Theyare used for detetor simulations, for the experiment ontrol, for the data aquisition,and for the data analysis. In this paper, the database system used by the COMPASSexperiment is desribed. At �rst, the experiment is brie�y introdued and the dataaquisition system is presented in extent that is neessary for the following disussion. Inthe following setion, the existing database arhiteture is reviewed and our proposal ofthe upgrade is presented. In the last setion, we analyze the solution of several problemsthat ourred during the upgrade. 95



96 V. Jarý2 The COMPASS experimentCOMPASS, whih is an abbreviation for the Common Muon and Proton Apparatus forStruture and Spetrosopy, is a �xed target experiment operating on the SPS (Super Pro-ton Synhrotron) partile aelerator at CERN [1℄. Sienti� program of the COMPASSexperiment was approved by CERN in 1997; it onsists of the muon and hadron programs.Data taking started in 2002. Today, the proposal of the seond phase (COMPASS�II )has been submitted to the CERN sienti� ounil [2℄; this proposal inludes 3 programswhih would run at least until 2015, if approved by CERN.2.1 Data aquisition systemThe beam of the aelerated partiles (muons or hadrons, depending on the program)provided by the SPS aelerator hits the polarized target. When the beam partilesinterat with the target, seondary partiles are produed. The partiles passing throughthe spetrometer are registered by the system of detetors. The beam is not ontinuous,it onsists of the o alled spills. Typial spill ontains 108 partiles. The �ight and deayof a partile in the spetrometer is known as an event. Eah event an be desribed byroughly 35 kB of data. Total year prodution attaks the value of 500TB (508078GB in2004, [5℄).

Figure 1: Layers of the DAQ system aording to [4℄System for the data aquisition (DAQ) onsists of several layers (see Fig. 1). First,the front-end eletronis, whih is part of detetors, digitizes the analog signal generatedby the deteted partile. Front-end eletronis also handle the delay aused by the timeof �ight of the partile (the length of the spetrometer is about 50m). The raw data



COMPASS Database Upgrade 97produed by front-end eletronis is olleted by the front-end boards alled CATCHand GeSiCA. In this layer, event header is appended to data. This header will be usedby the following layers to reonstrut events from bloks of data oming from di�erentdetetors. Data �les are transferred to the following layer � the ROB omputers � bythe S-LINK interfae. S-LINK is a high speed bus developed in CERN for the ATLASexperiment. ROB (Read out bu�er) omputers at as a ahe for data. Data paketsare reeived during spill and are send to the last layer, to the event builder omputers(EVB). As their name suggests, EVB omputers are used to reonstrut events. Data�les representing events are sent using the CDR (Central data reording) faility into thepermanent storage CASTOR (CERN Advaned storage) after some delay.Software for the DAQ is based on the DATE system whih has been developed forthe ALICE experiment at the Large Hadron Collider experiment. The COMPASS DAQsystem ombines industry standard equipment (suh as Gigabit Ethernet) with prototypes(e.g., the CATCH front-end board was developed in Freiburg). There is urrently aproposal to replae ROB and EVB omputers by the arhiteture based on FPGA (Field-programmable gate array) iruits and to reuse existing read out bu�ers and event buildersfor online �ltering and analysis. More information about the COMPASS DAQ an befound in [8℄.3 Existing database arhitetureIt was previously stated that the year data prodution exeeds 500TB. These data are notstored in the database, they are saved on tapes in the CASTOR. Databases in COMPASSmanage meta-information about the run of the experiment. These meta-informationinlude detetor on�guration, beam parameters, or software logs.

Figure 2: Existing database arhitetureCOMPASS uses two physial database servers named podb01 and podb02. Theseservers are powered by 32-bit operating system Sienti� Linux CERN whih is rebrandedRed Hat Enterprise Linux. As a database software, the MySQL server has been seletedbeause of its performane. Two physial servers are synhronized by the master�masterrepliation [10℄. Server podb01 ats as a master of slave server podb02. At the sametime, server podb02 ats as a master of slave server podb01. This means that bothservers ontain the same data. This mehanism helps to ahieve high availability of



98 V. Jarýthe database servie. Furthermore, during the repliation, all queries are written to thebinary log. This log an be onsidered as an inremental bak up. Clients onnet todatabase through the virtual address podb00 whih normally points to podb01. In asethe podb01 experienes problems (rash, overload), the virtual address is reon�guredto point to podb02. This proess is transparent to lients. When the podb01 reovers,it resynhronizes itself with the podb02 by means of the repliation.Eah MySQL server ontains roughly 20 logial databases. Two largest databasesbeamdb2009 and DATE2009_log hold about 15GB of data. The beamdb2009 storesinformation about beam parameters, the DATE2009_log stores error logs of the DATEsoftware. Another large database runlb stores logbook entries provided by shift rew,database DATE2009 stores on�guration of event builders and read out bu�ers.4 Proposal of database upgradeThe existing arhiteture beame overloaded several times during last year. For the 2010run, it was expeted that the load would inrease as a onsequene of higher intensityof the beam. We were asked to design a new database arhiteture that would sustaininreased load.

Figure 3: Proposed upgrade of the database arhitetureThe main idea of the new arhiteture lies in splitting two of the largest databases onseparate servers. The proposal also ounts with master�master repliation to guaranteehigh availability. Thus, the �rst pair of physial servers manages the DATE2009_logdatabase, the seond pair manages the beamdb2009 database. Remaining smaller data-bases are distributed evenly among the pairs of servers. Fifth (physial) server ats as aproxy server. It onnets lients to the orresponding server aording to the requesteddatabase. This server is also used for additional tasks: monitoring, bak ups, and HTTP



COMPASS Database Upgrade 99server. Clients would onnet to the proxy through virtual address podb00. This meansthat migration to the new arhiteture should be transparent.The proposal has been presented on the meeting of the front-end eletronis groupand with some modi�ation it has been approved. Unfortunately, only three physialservers were provided. On the other hand, the hardware on�guration of new servers ismuh better in omparison to the old servers (see table 1). Thus, the new arhitetureombines features of the old arhiteture with features of the proposal.As in the original arhiteture, all databases are stored on two servers (named podb11and podb12 ) whih are synhronized using the repliation. Third server (podb10 ) isused as a proxy whih is aessible via virtual address podb00, so there is no need toreon�gure lients. These servers are part of the COMPASS internal network and areloated diretly in the experimental hall. To inrease safety of the data, server podb11is repliated to the server ompass02 whih runs in the CERN omputing enter and atsas a gateway to the Internet. The ompass02 is repliated into the omputer enters ofpartiipating institutes. This on�guration is known as a hain repliation.Old server New serverMemory 3GB 16GBProessor 2 ores at 3GHz (Xeon) 8 ores at 2.5GHz (Xeon)OS 32b SLC 4.7 64b SLC 5.4Linux 2.6.9 2.6.18Server MySQL 4.1.22 MySQL 5.1.45Table 1: Con�guration of old and new serversAording to the proposal, the proxy server is also running the HTTP servie. Thisservie inludes database management tool phpMyAdmin, run logbook appliation, andweb interfae of the monitoring software Nagios. Nagios has been seleted beause of itsmodular design: it is relatively easy to on�gure it to meet spei� needs. Its funtiona-lity an be extended by plug-ins, there are many plug-ins available in the standard Nagiosinstallation. In addition, we developed a ustom plug-in whih monitors a temperatureof CPU ores. It was deided to monitor at least the following quantities: the uptime andload average of servers, the state of MySQL proesses, the state of repliation, the stateof the ron daemon, and the ore temperatures. The Nagios Remote Plug-in Exeutor(NRPE) agent is installed on database servers to intermediate ommuniation betweenNagios and plug-ins. NRPE reeives requests sent by Nagios, exeutes them, and sendsbak the result. Nagios displays the state of the monitored servers using the web inter-fae. If the Nagios detets a problem, it noti�es administrator by an e-mail. In ertainirumstanes, it an also attempt to �x the problem. For example, the proxy servernormally onnets all lients to the podb11 server. If the Nagios detets that this serveris down, it reon�gures the proxy to rediret all lients to the podb12 server.4.1 Implementing the proposalThe migration started with the installation of the operating system (OS) on the newservers. The support of the Sienti� Linux CERN release 4 ends later this year, thus it



100 V. Jarýhas been deided to use newer release (5.4) of this OS. At the same time, the arhiteturehas been swithed from 32b to 64b. The �rst problem appeared during the installation:The servers did not ontain optial drive, so bootable �ash disk had to be prepared. Therest of the installation was ompleted without any other issues; we have hosen the ext3as a �le system for MySQL data diretory.Also the MySQL server software was upgraded to the latest stable version (5.1.45).Preompiled pakage for the SLC 5 was not available, the installation was done by ompil-ing the soure odes. In the on�gure stage of installation, several features were enabled(e.g. support for very large tables, storage engine InnoDB). In the next step, addi-tional ustomization was ahieved by editing the server on�guration �le. As a base, themy.nf.huge template was used. This template is designed for heavily loaded databaseservers, yet it appeared that some parameters were not su�ient: The limit on the num-ber of simultaneously opened �les had to be inreased. Moreover, binary logging wasturned on to enable repliation. We also enabled logging of slow queries. Knowledge ofproblemati queries is very important for optimization.

Figure 4: New database arhitetureThe migration ontinued by dumping all data from old servers. The tool mysqldumpwas used for this purpose. It saves dumps as a sript with SQL ommands (CREATETABLE followed by INSERT statements) whih restore dumped data. The sripts wereopied using the sp tool to the new servers. The data was imported into the podb11server and the podb12 was automatially synhronized due to the repliation. It isimperative to verify that data were imported orretly. The idea was to dump data fromnew server and ompare the dumped �les with dumps from old server. Due to the sizeof dumps (several gigabytes for largest databases), fast method of the �le omparisonwas neessary. The omparison method is based on the md5sum tool whih alulatesmd5 hash of given �le [7℄. If the hashes of dumps from old and new servers di�er, itindiates that there was problem with migration. The md5 is not an injetive funtion,i.e. di�erent dumps an have the same hash but the probability of the hash ollision isvery small and an be ignored.This method proved that the majority of databases was imported suessfully. Only3 databases had produed di�erent hashes. It was required to determine the ause of the



COMPASS Database Upgrade 101failure. The md5 funtion an only deide whether the dumps di�er or not. On the otherhand, another tool di� ompares �les line by line and writes the di�erenes. However,it needs more time and resoures (CPU, memory) to do its job. The output of the di�helped with identi�ation of the problem: The de�nition of the data type DECIMAL(m,n) has hanged in reent version of the MySQL server [11℄. This type stores rationalnumbers, the M parameter represents the signi�ant digits, the N parameter representsthe number of the digits following the deimal point. Old version of MySQL storedthis data type as a harater string, eah digit was saved as a harater as well as thesign. In this representation, the range of the positive numbers ould be extended byone magnitude. E.g., the type DECIMAL(5, 2) represented the rational numbers fromthe interval [−999.99, 9999.99]. In the version 5.0.3 of the MySQL server, the de�nitionhanged in order to omply with the SQL standard. Aording to the standard, the datatype DECIMAL(M, N) represents rational numbers with up to M −N digits before thedeimal point and up to N digits after the deimal point. Thus, the type DECIMAL(5,2) represents interval [−999.99, 999.99]. To �x the problem, it was neessary to modifythe CREATE TABLE SQL ommand in dumps from old server before importing it intonew server.Another problem appeared at the end of the migration, after the old servers had beendisonneted. Some lients were not allowed to onnet to new servers. Inspetion ofthe system table with privileges (`mysql`.`user` ) revealed that the a�eted lients werepermitted to login only from address podb00. This was not problem on the old arhite-ture, beause the virtual address pointed diretly on the database server. On the otherhand, in new arhiteture, the virtual address points to the proxy server podb10 (seeFig. 4). The problem was solved by hanging the address in system table from podb00to podb10.To enhane safety of the data, regular bak ups were sheduled. There are threetypes of bak ups: daily, hourly, and inremental. Daily bak ups ontain all data fromall databases, hourly bak ups ontain all data from only smaller databases (i.e. alldatabases exept beamdb2009 and DATE2009_log). Bak ups are reated by shell sriptthat is automatially invoked by the sheduler ron. Sript uses mysqldump program toretrieve data and gzip to ompress dumps; it takes approximately 30 minutes to dumpall data. Bak ups are purged after two days to save disk spae. During the repliation,all queries that modify data are written into binary log whih is read by repliation slave.This log an be also used as an inremental bak up. In ase of aident (disk failure,dropped database), it is possible to reover all data.4.2 Database optimizationsWhen working with larger tables, it is important to optimize table struture and queries.As already mentioned, we have enabled logging of slow queries, i.e. queries that take longtime to exeute. MySQL provides useful ommand alled EXPLAIN whih explains howis the query evaluated. The ommand informs whih table indies are used (if any), howmany rows must be examined, whether temporary tables need to be reated, or if thequery an be split into subqueries. This output should be used to improve both shema(by adding indies) and query (by splitting it to subqueries, using LIMIT keyword to



102 V. Jarýredue number of returned reords, et).Additional improvements an be ahieved by reduing amount of data in tables, thusless demanding data types should be used wherever possible. MySQL server in version
5.1 brings support for a new feature: the partitioned tables. Suh a table is divided intoseveral partitions aording to some funtion de�ned over a set of table olumns. Eahpartition an be treated as a separate table. Exeution of some queries an be greatlyimproved by using partitioning. In these ases, only partition whih an ontain thedesired rows are searhed. This tehnique is known as a partition pruning. In addition,eah partition an be stored on di�erent disk. This an improve speed of the SUMoperation by parallel proessing of multiple partitions.Finally, it is also possible to improve performane of the database by hoosing ap-propriate storage engine for tables. In [3℄, we have ompared two most popular engines:MyISAM and InnoDB. MyISAM is muh faster than InnoDB when omparing speed ofrow insertion. On the other hand, MyISAM engine has striter limitation on length ofindex. If longer index is needed, InnoDB should be used. InnoDB also supports fullyACID1 ompliant transations. COMPASS uses the MyISAM engine. Table in the My-ISAM engine an be paked by the myisampak utility. This tool redues table size to
40% − 70% depending on ontained data but also makes it read-only [11℄. This featureould be used to ompress old databases (e.g. beamdb2006, DATE2006_log).Currently, MySQL Proxy running on the podb10 redirets all queries to one databaseserver (usually to the podb11 ). But the proxy has muh greater potential: For example,it an be used to implement load balaning. In the load balaning mode, all queriesthat modify the data (INSERT, UPDATE, DELETE ) are sent to one server, queriesthat retrieve data (SELECT ) are distributed aross multiple servers. The proxy serverontains a sript written in the Lua language that heks availability of database servers,their load, and the repliation lag to deide whih server exeutes the query. At the endof the year, the load balaning will be tested in the urrent database arhiteture. If thetests sueed, the load balaning will be implemented before the start of the 2011 run.5 ConlusionData aquisition system of the COMPASS experiment has been desribed. We haveanalyzed existing database arhiteture of the experiment and prepared proposal of newarhiteture. This proposal has been approved with some modi�ations and implementedbefore the start of the 2010 data taking. New databases servers are now running withoutproblems for several months, old servers have already been used as additional eventbuilders.For the near future, there are plans to use some advaned MySQL features to improveperformane of servers. These plans inlude the partitioning of large tables, the hange ofthe storage engine of several older tables, and also using MySQL proxy as a load balaner.We have been also asked to use Nagios to monitor other mahines that partiipate in datataking (event builders, read out bu�ers).1Atomiity, Consisteny, Isolation, Durability
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Výskyt makroskopikýh fenomén·v modi�kovaném termodynamikémdopravním modeluKatarína Kittanová2. ro£ník PGS, email: kittakat�fjfi.vut.zKatedra matematikyFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Milan Krbálek, Katedra matematiky, Fakulta jaderná a fyzikáln¥inºenýrská, �VUTAbstrat. This artile deals with tra� modeling. Introdution shows the di�erene betweenanalyzing tra� on mirosopi and marosopi level. Then, a possible way to gain an universalmodel, powerful in both analysis, is introdued. It is based on thermodynamial tra� model,whih is proper for exploring the mirosopial struture. After modi�ation, some simulationshave been made and the marosopi phenomena have been observed. Also the mirosopistruture in new model has been on�rmed.Keywords: tra� modeling, tra� ongestion, modi�ed metropolis algorithm, thermodynamialgas modelAbstrakt. Tento £lánek se zaobírá modelováním dopravy. V úvodu je kráte vysv¥tlen rozdílmezi mikroskopikou a makroskopikou analýzou dopravy. Pak je nastín¥n moºný postup zís-kání univerzálního modelu. Výhodiskem je termodynamiký dopravní model, pouºívaný prozkoumání mikroskopiké struktury, v kterém je provedena modi�kae. V upraveném modelujsou provedeny první simulae indikujíí výskyt makroskopikýh jev· a porovnání ov¥°ujíízahování mikroskopiké struktury.Klí£ová slova: modelování dopravy, dopravní zápa, modo�kovaný metropolis·v algortimus, mo-del termodynamikého plynu1 ÚvodZájem o zkoumání a modelování dopravy v posledníh desetiletíh neustále rostl. Bylopouºito mnoho p°ístup· a analýz dopravníh vzork· na makroskopiké a mikroskopikéúrovni. Jedním z nejvýznamn¥j²íh ílu dopravního modelování je p°edstavení universál-ního modelu generujíího mikroskopikou strukturu zodpovídajíí skute£nosti, ve kterémse naví p°i volb¥ vhodnýh parametr· vyskytují makroskopiké jevy.1.1 Marosopiká strukturaMakroskopiký p°ístup zkoumá dopravu na globální úrovni. Mezi nejvýznamn¥j²í veli£inypopisujíí makroskopikou strukturu dopravního systému pat°í dopravní tok a hustota105



106 K. Kittanováprovozu. Dopravní tok udává po£et vozidel zaznamenanýh na pevn¥ ur£eném úsekuvozovky za jednotku £asu.
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Φ(ρ). Gra�ká reprezentae téhle závislosti se nazývá fundamentální diagram.Aktuální pozie dopravní vzorky ve fundamentálním diagramu udává dopravní reºim,ve kterém se tenhle vzorek nahází. Rozli²ují se dva resp. t°i hlavní dopravní reºimy.Reºim volné dopravy je harakterizován relativn¥ vysokou ryhlostí, kterou m·ºou vozi-dla dosáhnout a nízkou mírou vlivu ostatníh vozidel na trajektorii. Takové stavy jsouzaznamenány v levé £ásti fundamentálního diagramu, kde je závislost dopravního tokuna hustot¥ provozu tém¥° lineární. V reálné doprav¥ zodpovídá reºim volné dopravynap°. pohybu na dálnii vysokou ryhlostí. P°íkladem synhronizované dopravy je nao-pak dopravní zápa, kdy je °idi£ nuen pohybovat se v závislosti na okolníh vozidleh,aby p°ede²el nárazu. Ve fundamentálním diagramu jsou tyhle p°ípady zahyeny v pravé£ásti, kde dohází ke zvy²ování hustoty provozu, ale dopravní tok klesá. N¥kdy je pakextrémní p°ípad dopravní zápy, kdy vozidla st°ídav¥ stojí a pohybují se ve vlnáh, bránjako samostatný reºim.1.2 Mirosopiká strukturaMikroskopiká analýza dopravní vzorky zkoumá jednotlivé vozidla. Detektory zahytávajíryhlost itého vozidla vi a £asové okamihy ti a τi kdy p°ední resp. zadní nárazník vozidlamine detektor. Ze získanýh údaj· se dopo£ítává délka vozidla li a vzdálenost od (i+1)níhovozidla ri pomoí vztah·
li = vi(τi − ti),

ri = vi(ti − τi−1).Pro analýzu dopravního vzorku jsou pak d·leºité p°edev²ím pravd¥podobnostní roz-d¥lení ryhlostí q(v) a vzdáleností mezi sousedními vozidly p(r).2 Termodynamiký bun¥£ný dopravní modelHlavním ílem je pokusit se nastínit univerzální model pouºitelný na analýzu mikrosko-piké i makroskopiké struktury dopravního vzorku. Jako inspirae nám poslouºí Nagel·v-Shrekenberg·v bun¥£ný model, který dokáºe produkovat makroskopiké jevy, a do-pravní modely zaloºené na termodynamie plynu, ve kterýh se tyhle jevy nevyskytují.Termodynamiký p°ístup v²ak narozdíl od prvního zmi¬ovaného modelu p°iná²í mikro-skopikou strukturu odpovídajíí struktu°e reálníh dopravnýh dat. Nový model by m¥l



Modi�kae termodynamikého dopravního modelu 107tedy ideáln¥ kombinovat výhody obou.Výhodiskem pro n¥j bude model zaloºen na jednodimenzionálním krátkodosahovém ter-modynamikém plynu, kterého £ástie se budou pohybovat pouze v diskrétníh oblasteh,jak tomu je u Nag.-Shrek. modelu. N £ásti uvaºovaného plynu je umístn¥no na kruº-nii s obvodem délky N rozd¥lené na m bun¥k stejné velikosti N
m
. Aby m¥l model smysl,musí platit m > N . �ástie se pohybují pouze skokov¥ mezi bu¬kami. Pozie lté £ástiese bude zna£it xl a hodnota této veli£iny bude udávat po°adové £íslo bu¬ky, ve které se

ltá £ástie aktuáln¥ nahází. Vzdálenost dvou následujííh £ástie se bude zna£it rl adopo£ítávat vztahem
rl = (xl+1 − xl)(

N

m
).S ohledem na rovnost

N
∑

l=1

rl = Nbude její st°ední hodnota rovna 1, o se dá brát taky jako m
N
bun¥k. Ryhlost £ástie jeharakterizována délkou skoku. Omezení maximální ryhlostí se tedy promítne do omezenímaximální délky skoku, udávané v po£tu bun¥k, která se bude zna£it w.Uvaºovaný soubor £ásti je naví umístn¥n v teplotní lázni s termodynamikou teplotou

T . Z praktikýh d·vod· se bude místo T pouºívat inverzní termodynamiká teplota βzavedená vztahem
β =

1

kT
,kde k reprezentuje Boltzmannovu konstantu.Jako výhozí kon�gurai £ásti se m·ºe pouºít ekvidistantní nebo náhodné rozmístn¥ní.Pro oba p°ípady systém sm¥ruje k termální rovnováze nezávislé od po£áte£ní kon�guraea závislé od hodnoty β. Termální rovnováha je harakterizována stabilní hodnotou po-teniální energie U , hodnota které se pro konkrétní kon�gurai £ásti vypo£ítá pomoívztahu

U =

N
∑

l=1

1

rl

. (1)Tedy dosaºení termální rovnováhy odpovídá stabilizai hodnoty této veli£iny. Inverznítermodynamiká teplota β ovliv¬uje hodnotu U po dosaºení uvedené rovnováhy. β m·ºebýt v dopravním modelu prezentována jako parametr udávajíí stres °idi£e. Ten je za-p°í£in¥n hlavn¥ snahou p°edejít kolizi s vozidlem p°ed ním, dále dopravními p°edpisya zna£kami, stavem silnie, pov¥trnostními podmínkami a taky aktuálním psyhikýmstavem °idi£e. Hodnotu parametru β v reální doprav¥ nelze zm¥°it. Víme v²ak, ºe veli-kost tohohle dopravního stresu roste s rostouí hustotou provozu a maximum dosahujev zápáh. Závisí tedy na aktuálním dopravním reºimu a poloze dopravního vzorku vefundamentálním diagramu.Modely vyuºívajíí termodynamiký p°ístup v¥t²inou simulují dopravnou situai s kon-stantní hodnotou β. Tedy pro vysoké hodnoty tohohle parametru, kdy se p°edpokládá



108 K. Kittanovádopravní zápa, se berou v potaz pouze vozidla vytvá°ejíí tuhle zápu. Pro synhroni-zovaný dopravní reºim jsou harakteristiké krátké a tém¥° stejné rozestupy. V termody-namikém modelu se v²ak vzdálenosti p°e²kálují, aby jejih st°ední hodnota byla rovna1. Proto nedohází ke tvorb¥ dopravníh záep jak je známe z Nag.-Shrek. modelu afakt, ºe se jedná o vozidla v synhronizovaném dopravním reºimu m·ºe být zji²t¥n jenomanalyzováním pravd¥podobnostního rozd¥lení vzdáleností. K pozorování zápy je pot°ebarozli²ovat dv¥ oblasti: oblast samotné dopravní zápy a oblast, kde k záp¥ nedohází.Ty logiky musí mít odli²nou hodnotu parametru β.Proto bude kruºnie v uvaºovaném modelu rozd¥lena na dv¥ £ásti, p°i£emº kaºdé £ástibude p°i°azena jiná hodnota inverzní termodynamiké teploty β1 resp. β2. Tahle modi�-kae by p°i vhodném nastavení m¥la vynutit vznik zápy. Je²t¥ zbývá vy°e²it jak oblastivymezit. Jelikoº jsou disjunktní a souhrnn¥ pokrývají elou kruºnii, spokojíme se s vy-mezením jedné z nih. Nejjednodu²²ím °e²ením je pevn¥ ji de�novat jako £ást kruºnie.To ale p°íli² neodpovídá reální situai, kde m·ºeme pozorovat pohyb zápy, proto sep°istoupilo k de�nii pomoí £ásti. Pro pot°eby tohoto £lánku byl poºit model, kde jejedna oblast de�nována jako okolí pevn¥ zvolené £ástie. Konkrétn¥ ²lo o osminu délkykruhu kolem sté £ástie. Nalezení ideální varianty rozmístn¥ní obou oblastí v²ak z·stáváotev°enou otázkou a m·ºe slouºit jako motivae pro dal²í výzkum.Pro simulai proesu ustalování termodynamiké rovnováhy byl pouºit modi�kovaný me-tropolis·v algoritmus obsahujíí následujíí kroky:
• Je vypo£ítána hodnota poteniální energie pro aktuální kon�gurai £ásti pomoívztahu (1)
• Náhodn¥ je vybrán index l £ástie která se pokusí o skok.
• Je vygenerováno £íslo δ jako realizae náhodné veli£iny rovnom¥rn¥ rozd¥lené naintervalu (0, 1) reprezentujíí náhodný faktor v déle skoku.
• Délka skoku je získána pomoí vztahu w = wδ a následné diskretizae w̃ = ⌈wδ⌉.Horní elá £ást je pouºita pro zaji²t¥ní nenulového výsledku.
• Nová p°edpokládaná pozie x́l lté £ástie je dána vztahem x́l = xl + w̃. V uvaºo-vaném modelu není povolena zm¥na po°adí £ásti, proto m·ºe být nová pozie x́lakeptována pouze v p°ípad¥, ºe je spln¥na nerovnost x́l < xl+1.
• Je vypo£ítána nová hodnota poteniální energie Ú pro kon�gurai obsahujíí x́l.
• Ob¥ hodnoty poteniální energie se porovnají. V p°ípad¥, ºe Ú < U0, skok z xl do

x́l je p°ijat a kon�gurae zm¥n¥na. Jinak je vypo£ten Boltzmann·v faktor q jako
q = exp−βl∆U = exp−(Ú−U0)resp.
q = exp−β2∆U = exp−(Ú−U0),p°i£emº je vybrána hodnota βl resp. β2 v závislosti na tom, ve které oblasti se ltá£ástie aktuáln¥ nahází. Pak je vybráno náhodné £íslo g rovnom¥rn¥ rozd¥leno
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Obrázek 1: P°íklad trajektorií £ásti pro konstantní hodnotu parametru βna intervalu (0, 1) a porovnáno s Boltzmannovým faktorem. P°i spln¥ní nerovnosti
q > g je skok p°ijat, jinak z·stává kon�gurae nezm¥n¥na.3 Výsledky3.1 Trajektorie £ástiAplikováním p°edhozího algoritmu získáváme simulai pohybu vozidel. Sledování zm¥nv pozii konkrétní £ástie udává její trajektorii. Ty lze po vykonání dostate£ného po£tukrok· metropolisova algoritmu zobrazit formou diagramu a tak získat p°edstavu o roz-místn¥ní £ásti za danýh podmínek. Tahle simulae se m·ºe provád¥t pro rozli£né na-stavení hodnot parametr· βl a β2. Nejprve se v²ak zam¥°íme na triviální p°ípad βl = β2.Model s konstantní hodnotou inverzní termodynamiké teploty pro elou kruºnii je jiºdob°e znám. Pro názornost si zobrazíme trajektorie £ásti na grafu (1). Jediné pozorova-telné zhu²t¥ní je zp·sobeno po£áte£ní náhodnou kon�guraí a je brzy rozpu²t¥no.Nyní jiº p°istoupíme k simulai pro r·zné hodnoty βl a β2. Jeden z výsledk· danésimulae je zobrazen na grafu (2). Odli²ná barva p°edstavuje oblast s jinou hodnotouparametru β, men²í £ervená oblast ji má vy²²í neº modrý zbytek. Lze si pov²imnout,ºe na spodním okraji £ervené oblasti vzniká zhu²t¥ní, které se proti sm¥ru pohybu ²í°ímodrou oblastí. Naopak na druhé stran¥ se zápa rozpou²tí a v horní £ásti modré oblastise jiº £ástie pohybují voln¥, bez zhu²t¥ní. Porovnáním graf· (1) a (2) lze dojít k záv¥ru,
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Obrázek 2: P°íklad trajektorií £ásti pro dv¥ rozdílne hodnoty β1 a β2ºe p°edpokládané zápy jako zástupi makroskopikýh jev· se vyskytují pouze na grafu(2). A tedy modi�kae uvedená v p°edhozí kapitole pravd¥podobn¥ vyvolává jejih vznik.Je²t¥ zbývá ov¥°it jestli se zahovala mikroskopiká struktura, která u model· zaloºenýhna termodynamikém plynu koresponduje se strukturou reálnýh dopravnýh vzork·.3.2 Rozd¥lení vzdálenostíPro analyzování mikroskopiké struktury bude d·leºitý p°edev²ím tvar pravd¥podob-nostního rozd¥lení vzdáleností dvou následujííh £ásti. Ten byl v termodynamikémdopravním modelu odvozen [1℄ z Hamiltoniánu daného systému
H =

m

2

N
∑

i=1

(vi − v)2 − C

N
∑

i=1

1

ri

,kde m ozna£uje hmotnost £ástie a v pr·m¥rnou ryhlost v souboru. Výsledkem jepak funke
P (r) = Θ(r)Aexp[−

β

r
− Br], (2)kde Θ(r) ozna£uje Heavisidovu funki, β p°edstavuje jiº zmín¥nou inverzní termody-namikou teplotu a A a B jsou normaliza£ní konstanty. Jejih hodnoty se získávají z dvounormaliza£níh rovni.
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∫ ∞

0

Aexp[−
β

r
− Br]dr = 1,

〈r〉 =

∫ ∞

0

rAexp[−
β

r
− Br]dr = 1.První vztah popisuje vlastnost kaºdé hustoty pravd¥podobnosti, druhý zaji²´uje st°edníhodnotu r rovnou 1. Jejih aproximativní vyjád°ení v závislosti na hodnot¥ parametru βje následujíí

B = β +
3 − exp[sqrtβ]

2
,

A−1 = 2

√

β

B
K1(2

√
βB),kde K1(x) ozna£uje modi�kovanou Besselovou funki druhého druhu.Získaný tvar pravd¥podobnostního rozd¥lení vzdáleností odpovídá struktu°e reálnýh do-pravnýh dat, jak jiº bylo dokázáno. Tato funke je vhodnou aproximaí jak u vzork· vreºimu volné dopravy, tak u t¥h, kde dohází ke zhu²t¥ní, rozdíl je v hodnot¥ parame-tru β. P°ibliºn¥ platí, ºe reºim volné dopravy koresponduje s niº²ími hodnotami inverznítermodynamiké teploty, zatímo p°i zápáh hodnota tohohle parametru stoupá. Proextrémní p°ípad β = 0 jde o Poissonovo rozd¥lení, které se pouºívá pro nezávisle se po-hybujíí £ástie.Pro získání pravd¥podobnostního rozd¥lení ve zkoumaném modelu se pouºijí data zesimulaí. Aby se zamezilo vlivu po£áte£ního rozmístn¥ní, budou se analyzovat pouze ko-ne£né kon�gurae po ustálení rovnováhy. Taky je pot°eba provést víe b¥h· metropolisovaalgoritmu se stejnými parametry pro dostatek dat. Kruºnie v modelu byla rozd¥lena nadv¥ £ásti s rozdílnými hodnotami parametru β, £emu odpovídají také odli²né hustotypravd¥podobnosti vzdáleností. Proto musí být i £ástie získané ze simulae rozd¥lené dodvou soubor· podle toho, ve které oblasti se naházejí. Uváºíme-li fakt, ºe na okrajíhobou oblastí dohází k deformaím, musíme je²t¥ ze soubor· vylou£it £ástie z okraj·oblastí. Tím ale z·stane dost dat pro analýzu poskytujíí smysluplné výsledky pouze vev¥t²í z oblastí a proto dále praujeme jenom s ní. Samotnou funki hustoty pravd¥po-dobnosti vzdáleností získáme jako histogram vzdáleností £ásti z analyzovanýh údaj·.Protoºe hodnota inverzní termodynamiké teploty β pro analyzovaný soubor je známá,je dán i poºadovaný tvar pravd¥podobnostního rozd¥lení a to (2)
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Histogram znázor¬uje funki hustoty pravd¥podobnosti získanou ze simulaí a k°ivka reprezentuje jejípoºadovaný tvar.Na obrázíh (3.2) jsou zobrazeny porovnání hustoty pravd¥podobnosti ze zkouma-ného modelu oproti p°edpokládanému tvaru pro r·zné hodnoty parametru β. Vizuálnímsrovnáním je potvrzeno, ºe výsledné histogramy zodpovídají poºadovanému tvaru funke.Drobné odhylky m·ºou být zp·sobené nedostatkem dat v souboreh.4 Záv¥rVýsledky simulaí a prvníh analýz nazna£ují, ºe model p°edstaven v tomhle £lánkum·ºe být krokem správným sm¥rem k vyvinutí univerzálního dopravního modelu spojujíílokální a globální pohled na dopravu. Ten by pak kvantitativn¥ i kvalitativn¥ vysv¥tlilv²ehny jevy a zákonitosti známe ze silni a dálni. Prvním pozitivním impulzem je výskytdopravní zápy jako makroskopikého fenoménu v modelu, který zahovává poºadovanoumikroskopikou strukturu. M¥lo by to slouºit jako motivae pro podrobn¥j²í analýzupráv¥ p°edstaveného modelu, jako i zkoumání dal²íh moºností modi�kae. Klí£em keglobáln¥j²ímu pohledu na dopravu je jak se zdá upu²t¥ní od p°edpokladu konstantníinverzní termodynamiké teploty β v elém zkoumaném vzorku.Literatura[1℄ M. Krbálek. Equilibrum distributions in thermodynamial tra� gas. J. Phys. A:Math. Theor 40 (2007).[2℄ Nagel, K. and M. Sgrekenberg. A ellular automaton model for freeway tra�.Journal de Physique I, Frane, 2 (1992).[3℄ Krbálek, M. and D. Helbing Determination of interation potentials in freeway tra�from steady-state statistis. Physia A, 333 (2004).
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Nonparametri Preditive Control via LazyLearning and Stohasti OptimizationKarel Maek4th year of PGS, email: karel.maek�fjfi.vut.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomis,FNSPE, CTU in PragueAbstrat. This paper provides a novel method for preditive ontrol of a stohasti dynamisystem. The predition is implemented by loal regression whih makes no assumptions about themodel's struture and parameters. The method works on the priniple of dynami programmingform the horizon to atual time instant. The paper fouses on risk-averse optimization relatedto the distribution of total loss. Hene, the unertainity is sustained by additional data points.Keywords: loal regression, dynami deision making, risk management, stohasti programmingAbstrakt. Tento p°ísp¥vek p°edkládá novou metodu prediktivního °ízení pro stohastiké dy-namiké systémy. Predike je realizována pomoí lokální regrese, která neklade ºádné p°edpok-lady na strukturu modelu a jeho parametry. Metoda prauje na prinipu dynamikého pro-gramování. P°íp¥vek v¥nuje optimalizaí za averze v·£i riziku. Proto je informae o neur£itostiudrºována pomoí p°ídatnýh datovýh bod·.Klí£ová slova: lokální regrese, dynamiké rozhodování, °ízení rizik, stohastiká programování1 IntrodutionTwo diretions have been distinguished in advaned ontrol, namely model oriented anddata oriented [7℄ approahes. Model oriented systems require some expliit prior knowl-edge based on �rst priniples. However, for some systems, no expliit parameterizedmodel is known sine (i) the siene have not already provided relevant �rst-priniples,(ii) modeling of the system by �rst priniples would be extremely ompliated, or (iii)the proess is very non-staionary and it is impossible to apture it by one parameterizedmodel, even the parameters would be addaptive. This situation ours typially whenthe operation of the system is impated by human fators, e.g. in Internet ativities,stok exhange or also HVAC systems, espeially in buildings large omplexes.Absene of an expliit model make eventual ontrol di�ult. Some authors solve theproblem by some approximation, very often by neural networks [2, 10℄, speaking aboutmodel free ontrol. In fat, they use a model, even it is a blak box model.This paper provides a novel ombination of data-entri regression and stohastioptimization for risk-dirigible prediitve ontrol. It is organized as follows: Setion 2provides used building bloks, i.e. lazy learning and stohasti optimization. Next,Setion 3 formulates the ontrol algorithm and disusses some of its properties. Then,115



116 K. MaekSetion 4 demonstrates the funtion of the algorithm on a simple examples. Finally,Setion 5 summarizes the paper.2 Building Bloks2.1 Value at risk optimizationBefore we will introdue the system and its ontrol, it is neesarry to de�ne the optimiza-tion paradigm as suh. Sine we are going to optimize a stohasti funtion in terms ofvalue at risk, we have to de�ne these terms:De�nition 1 (Value At Risk). Let Z be a random variable with df HZ and let α ∈ [0, 1],value of Z at risk α is then de�ned as:
V@Rα(Z) = H−1

Z (1 − α) (1)
= inf{t : P (Z ≤ t) ≥ 1 − α} (2)
= inf{t : P (Z > t) ≤ α} (3)De�nition 2 (Random mapping). R

m → R
n is a mapping where to eah x ∈ R

m isassigned only one distribution over R
m. We will use the notation (Y |X = x) for thiswhere x is alled deision.Note that if we onsider X to be a random vetor and a onditioned random vetoris given Y |X. Random mapping, in this ase assinges to the distributions X and Y |Xthe marginalization Y : f(y) =

∫
f(y|x)f(x)dx.The radnom mapping is therefore de�ned for both point and probabilisti deisionswhih is more general and enables eventual fully probabilisti design. It has to be men-tioned that in both ases the deision returns a probability distribution of Y .Now, we are able to formulateDe�nition 3 (Value At Risk Optimization Problem). Let1. Y |X be the objetive funtion with the risk level αo2. E|X be equality onstraints with the risk levels α(e)3. G|X be unequality onstraints with the risk levels α(g)The goal of the value-at-risk optimization problem is to �nd suh (random) vetor X0 soit holds:

• ∀i : P (Ei 6= 0|X0) ≤ αe and
• ∀i : P (Gi ≥ 0|X0) ≤ αe and
• V@Rαo

(Y |X0) is minimal.
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Figure 1: System dynamis for preditive horizon tmax where dashed boxes are not on-sidered for the optimal ontrol.where α = 0.05, typially.It have to be mentioned here that this problem may have no solution. The reasonan be that the onstraints are in on�it. This is a typial situation for all onstrainedoptimization problems. However, there might be also an issue with the probabilities. Letus onsider E1 = x − 1 + ǫ where ǫ ∼ N (0, σ2). Even the σ2 > 0 is arbitrary smalland x = 1, the P (E1 = 0) = 0 almost surely sine the distribution is ontinuous. Hene,the onstraints in form of equation require a tie at zero or they have to be replaed byintervals around zero.
2.2 V @R ontrolWe will onsider a Markovian system of order one (the generalization to higher orders isstraightforward) with ation and observation models as probability distribution funtions:

F (X(t)|X(t − 1), U(t − 1)) (4)
G(Y (t)|X(t), U(t)) (5)The system dynamis is presented in Figure 1 where the arrows orrespond to the stohas-ti mappings F, G. Mention that we use G(Y (t)|X(t) instead of G(Y (t)|X(t), U(t)) sinethe loss depending on U(t) an be onsidered as a part of the state U(t + 1). Let Fand G have densities funtions f and g. The loss funtion is de�ned as a sum of partiallosses z =

∑tmax

t=1 z(t). All state variables are measured, this approah does not use anyunobserved variables. Consider random mapping Z|U0, U1 . . . , Utmax−1, X0 with following
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·

· f(s −
tmax∑

t=2

zt|x(1))dz(1) . . . dz(tmax)Then the problem is to minimize z via hanging the ontrol strategy u(0), u(1) . . . u(tmax−
1) so the expression equals given α ∈ [0, 1]. We make no assumption on g and f , we onlyassume a data set of (x, u, z) measurements from the past. Note that

t∏

i=1

g(x(t)|x(t − 1), u(t − 1)) (6)is appliation of the hain rule.There is already intensive work on risk-averse ontrol of stohasti systems. The riskaversion an be expressed in form of the utility funtion [12℄. In this ase, usual appli-ation of mean value operator for eah step of the dynami programming is possible, formore detail on favorable properties of the mean value in stohasti dynami programmingsee [14℄.Usage of true risk measures requires alternative approah. The risk measures areadjusted so they an be pushed bak in the dynami programming proess. This laimrequires more assumptions like onvexity, subadditivity and homogenity of the risk mea-sures [1, 13℄ whih do not hold for V @R. and are foused mostly no disrete systems.This paper however provides a method whih is able to work with wider lass of riskmeasures, inluding the V @R.2.3 Loal Regresion and Con�ene SetsLoal regression is an essenial topi in nonparametri statistis. Let us onsider followingdependeny:
Y = f(x) + ǫ(x) (7)where Y ∈ R and x ∈ M , M is a metri spae with metri d : M × M and ǫ(x) is arandom variable with zero mean.Loal regression based on kernels provide methods to onstrut the estimate of r̂ ≈ rand provide eventually some information about the error ǫ(x).The estimator is de�ned as follows:
r̂(x) =

n∑

i=1

li(x)Yi (8)where
li(x) =

K
(

x−xi

h

)

∑n

j=1 K
(

x−xj

h

) (9)



Preditive Control via Lazy Learning and Stohasti Optimization 119and K is a kernel funtion1.The loal regression makes no assumptions on model if su�ient amount of datais available. The loal regression is also appliable in the dynami systems and thenonstaionarity an be overed easily [8℄. For our purpose of risk-dirigible ontrol, wehave to treat the risk. There are some alternatives where the most reent is based diretlyon onsidered quantile regression [4℄. In this work we will nevertheless assume the errors
ǫ(x) to be distributed normally. In this ase we an adopt the onept of on�denebands [18℄. First of all, the variane have to be estimated:1. Estimate the r̂2. De�ne Zi = log(Yi − r̂(xi))

23. Estimate the q̂ as loal regression of the Zi depending on xi4. Obtain σ̂2(x) = eq̂(x)This holds only for points from the training set while for the other the distane has someimpat on the variane. The adjustement is perfomred as follows:
s(x) =

√
√
√
√

n∑

i=1

σ̂2(x)l2i (x) (10)The on�dene band an be expressed in form [r̂(x)−cs(x), r̂(x)−cs(x)]. The onstant c >

0 an be �nd for one dimensional in an expliit sophistiated way [16℄. For our purposeswe adopted - however - diret quantile predition [3℄ whih onsist in minimization:
K(x − xi)

h
ρ (Yi − θ) (11)where ρα(x) = |x| + (2α − 1)x and θ the desired α-perentile.2.4 Stohasti OptimizationIn this work, we have to minimize the V@Rα(Y |x) with respet to x. Using �xed α,the problem beomes deterministi. The objetive funtion is - however - very generaland usual suitable properties like linearity or onvexity annot be ensured. Therefore,methods of stohasti optimization an be applied. Both population based or single pointmethods an be used, e.g. the di�erential evolution [15℄, partile swarm optimization [5℄,threshold aepting [19℄, simulated annealing et. Furthemore, it is possible to use somekind of advaned metaheuristis like memeti algorithms [6℄, DEBR18 [17℄ or OSOOM[11℄.If we want to treat onstraints, it is possible to adopt lexiographi omparison meh-anism [9℄:1In multidimensional ase, the it is possible to use usuall kernell funtion with a metri, e.g Euidian[18℄. Alternatively, ontributions in dimensions an be multiplied.
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• If x1 and x2 satisfy both the stohasti onstraints at least at required level α1 then,they are ompared by their V@Rα2

(x1) and V@Rα2
(x1) values.

• Otherwise, x1 and x2 are ompared by their probabilities they will both satisfy theonstraints.Finally, it have to be added that deterministi onstraints are a speial ase of the stohas-ti ones.3 Proposed Algorithm of Preditive ControlPreditive ontrol attempts to �nd a ontrol strategy for a preditive horizon. Proposedalgorithm works on priniple of dynami programming:1. Initialization: t = tmax + 1, Ct = 02. Update: Ct−1 = zi(X) + Ct3. Regression: Having data (X, U, Ct), regress intented perentil α of Ct|U, X. How-ever for the next step, it is neessary to regress also other representative perentilesor parameters of Ct|U, X4. Optimization: For allX from the original set �nd U∗ = arg maxU V@Rα(Ct|U, X).For the step t, related data should be used with higher weights, e.g. for t = tmax,last training data will be prefered. This might help to avoid the impat of potentialnonstaionarity. These weights an be used as additional input for weighting in theloal regression.5. Partile Filtering: For all pairs (X, U) optimizing the V@Rα(Ct) sample somevalues from Ct|X, U and use it as a data set for the next iteration.6. Next step Go to 2)4 AppliationThis work is intended to be applied in two applied problems where the risk aversion playsan important role and parameterized models are not available. The �rst appliation isin supervisory ontrol of HVAC2 systems. The goal is to ensure required omfort andminimize operational osts. Nevertheless, the demands of zones in a building omplex onheat and fresh air is impated by human fator, hanging operation. Some dynamis anbe overed by �rst-priniple modeling like heat aumulation in internal mass, air �owset. However, there are usualy not enough sensors required for this approah.The other appliation area is the portfolio management where the risk is an importanttopi. Also in this ase, parameterized models are missing. Hene, the data-entri riskaverse ontrol seems to be a promising.2Heating, ventilation, air onditioning.
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Vyuºití hexagonální topologie 2D obrazuk diagnostie Alzheimerovy demeneJakub Nerad1. ro£ník PGS, email: jakubnerad�gmail.omKatedra softwarového inºenýrství v ekonomiiFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Jaromír Kukal, Katedra softwarové inºenýrství v ekonomii, Fakultajaderná a fyzikáln¥ inºenýrská, �VUT v PrazeAbstrat. This paper deals with image proessing methods in the hexagonal topology. The�rst part desribes the implementation of the hexagonal grid. In the seond and third partdeals with the various operations of the hexagonal image (noise redution, edge detetion andmorphologial operations). The last setion is devoted to the use of hexagonal topology in realbiomedial data for diagnosing Alzheimer's disease.Keywords: image proessing, hexagonal topology, Alzheimer's DiseaseAbstrakt. V této prái se zabývám metodami zpraování obrazu v hexagonální topologii.V první £ásti práe se v¥nuji implementai hexagonální m°íºky. Ve druhé a t°etí £ásti se v¥nujijednotlivým operaím nad hexagonálním obrazem (odstran¥ní ²umu, deteke hran a morfologikéoperae). V poslední £ásti se v¥nuji vyuºití hexagonální topologie na reálnýh biomediínskýhdateh k diagnostie Alzheimerovy horoby.Klí£ová slova: zpraování obrazu, hexagonální topologie, Alzheimerova nemo1 ÚvodV oblasti zpraování obrazu je £asto zmi¬ováno vyuºití hexagonální m°íºky jako alter-nativa ke konven£ní £tverové. Ov²em nebývá toto téma p°íli² rozvinuto. Cílem tohototextu je tuto problematiku popsat podrobn¥ji a ukázat její výhody na reálnýh dateh.Hexagonální zpraování obrazu se od tetragonálního se li²í nej£ast¥ji v tvaru konvolu£-níh masek, které musí odpovídat návrhu vzorkovaí m°íºky. Tu je vhodné tedy imple-mentovat tak, aby p°evod známýh konvolu£níh masek byl o nejsnaz²í a nejp°esn¥j²í.Vytvo°ení hexgonální m°íºky je st¥ºejní bod, od kterého se odvíjí dal²í postupy p°i zpra-ování obrazu.2 Výhody hexagonálního zpraování obrazuHexagonální obraz vznikne vzorkováním signálu do m°íºky, která je tvo°ená pravidelnými²estiúhelníky. Z geometrikýh vlastností ²estiúhelníku vyplývají základní vlastnosti tétotopologie: 123
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• �estiúhelník zahrnuje víe prostoru neº £tvere, £ímº lépe aproximuje kruh. Toznamená, ºe hustota vzorkování hexagonální m°íºkou je v¥t²í neº u £tverové m°íºky.
• Kaºdý obrazový element má ²est stejn¥ vzdálenýh soused·, kte°í sdílí hranu. Z tohovyplývá, ºe k°ivky mohou být v hexagonální m°íºe mnohem lépe zastoupeny neºve £tverové.
• Existuje jednozna£né okolí bodu, na rozdíl od £tverové m°íºky, kde okolí bodum·ºe být de�nováno jako 4-sousedství (sousedé jsou jen ti, kte°í sdílí hranu) nebo8-sousedství (sousedé jsou i ti, kte°í sdílí roh).

Obrázek 1: Okolí bodu ve £tverové m°íºe (8-sousedství a 4-sousedství) a hexagonálním°íºe.3 Implementae hexagonální m°íºkyNení mi známo, ºe by se v praxi vyskytovaly p°ístroje, které zaznamenávají obraz p°ímodo hexagonální m°íºky. K dispozii mám pouze b¥ºné obrazy zahyené do £tverovém°íºky, které se musí do hexagonální interpolovat.

Obrázek 2: Konverze mezi £tverovou a hexagonální topologií.Rozm¥ry vstupního obrazu I ozna£íme M a N , dal²í známou hodnotou pro výpo£etje polom¥r kruºnie h opsané ²estiúhelníku, který volíme. Tyto údaje sta£í k výpo£turozm¥r· m, n matie H . Dále pot°ebujeme zjistit po£áte£ní body x0 a y0.



Vyuºití hexagonální topologie 2D obrazu k diagnostie Alzheimerovy demene 125Pro sou°adnie levého dolního rohu platí x ≥ N a y ≥ 1 a pro pravý horní roh x ≤ 1a y ≥ M . Z toho vyplývají následujíí vztahy:
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3(m − i),kde i = 1, . . . , m; j = 1, . . . , n. (6)4 Zpraování obrazuD·leºitou operaí p°i zpraování obrazu je konvolue. Konvolue dvourozm¥rnýh funkí

f a h je de�nována integrálemf(x, y) ∗ h(x, y) =

∫

∞

−∞

∫

∞

−∞

f(x − a, y − b)h(a, b)dadb ,kde h(x, y) je konvolu£ní jádro.V digitální zpraování obrazu se vyuºívá diskrétní konvolue, diskretizae p°edhozíhointegrálu zní I(x, y) ∗ h(x, y) =
k

∑

j=−k

k
∑

j=−k

I(x − i, y − j)h(i, j) ,kde I je diskrétní obraz a h(x, y) jádro konvolue.4.1 Nízkofrekven£ní �ltryNízkofrekven£ní �ltry slouºí k vyhlazování obrazu, jejih ílem je odstran¥ní neºádouího²umu, který se v obraze nahází.Pokud máme víe obraz· stejné p°edlohy, m·ºeme pouºít k odstran¥ní ²umu postup,kdy zpr·m¥rujeme hodnoty obrazovýh bod· o stejnýh sou°adniíh. Výhodou tohotopostupu je, ºe nedohází k rozmazání obrazu. Ov²em ve v¥t²in¥ p°ípad· p°i zpraováníobrazu máme k dispozii pouze jednu p°edlohu a musíme tedy pouºít jiné metody.
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Obrázek 3: Ukázka konvolue v hexagonálním obrazu.Metody praujíí pouze s jedním obrazem spoléhají na nadbyte£né informae v ob-raze. Sousední obrazové body mívají v¥t²inou stejnou nebo velmi podobnou úrove¬ jasu.Za²um¥né obrazy lze tak na základn¥ provedení analýzy okolníh bod· opravit. Hodnotavybraného bodu je nahrazena hodnotou typikou v jeho okolí. Typikou hodnotou mámna mysli nap°. pr·m¥r, výb¥rový pr·m¥r nebo medián.Základní metodou vyhlazování obrazu je pr·m¥rování. Jedná se o lineární vyhlazování.Kaºdému bodu je p°i°azen nový jas, který je aritmetikým pr·m¥rem p·vodníh jas· vezvoleném okolí. Obraz je zpraován konvolu£ní maskou, která popisuje hování funkeh(i, j) s tím, ºe st°ed masky má sou°adnie (0, 0). M·ºe mít nap°íklad tvar
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1 1 ∗
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 . (7)Tento neobvyklý tvar masky (matie) je dán implementaí hexagonální m°íºky. Hv¥z-di£ky p°edstavují prázdnou (neexistujíí) hodnotu. Nap°íklad v programovaím prost°edíMatlab jsou implementovány jako NaN (Not-a-Number).M·ºeme samoz°ejm¥ volit i masky jiné velikosti, dokone masky o rozm¥ru 5 × 5 sev hexagonální topologii osv¥d£ily. Ve své praktiké £ásti pouºívám i zajímavé masky dvou�polom¥r·�. Vn¥j²í polom¥r R udává elkovou velikost masky a vnit°ní r je polom¥r okolí,na které nebude p°i zpraování brán z°etel. Platí, ºe R > r ≥ 0.P°íkladem m·ºe být maska
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, (8)kde R = 2 a r = 1.Ovlivnit proes zpraování lze i zvýhodn¥ním respektive znevýhodn¥ním, n¥které ob-lasti v konvolu£ní mase. Typiky to m·ºe být zv¥t²ením váhy bod· blízkýh st°edumasky. Nap°íklad jako
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Vyuºití hexagonální topologie 2D obrazu k diagnostie Alzheimerovy demene 127U t¥hto masek m·ºeme místo oby£ejného pr·m¥ru volit i váºený pr·m¥r.Pro odstran¥ní ²umu lze vyuºít i masky, jejíhº váhy odpovídají hodnotám Gaussovyfunke.Gaussovo rozd¥lení pro 2D je de�nováno jakoG(x, y) =
1√
2πσ

e−x
2
+y

2

2σ2 .Diskrétní aproximaí získáme konvolu£ní masku.Hlavní nevýhodou lineárníh metod vyhlazování je rozmazávání hran. Toto lze °e²itvyuºít nelineárníh metod jako je pouºití mediánu nebo rotujíí masky.5 Vysokofrekven£ní �ltryMezi typiké aplikae vysokofrekven£ní �ltru pat°í zejména deteke hran.Deteke hran je d·leºitá operae v biologikém i v po£íta£ovém vid¥ní. Podle hran£lov¥k dokáºe rozli²ovat objekty. K základním p°edpoklad·m nalezení hrany v obraze jenáhle se m¥níí hodnota jasu.V po£íta£ovém zpraování obrazu pat°í deteke hran k základní operai, na kterounavazují dal²í aplikae (nap°. rozpoznání objekt·).Hrana je ur£ena tím, jak náhle se zm¥ní obrazová funke f(x, y). Nástrojem na zahy-ení zm¥n funke dvou prom¥nnýh jsou pariální derivae � zm¥nu udává její gradient,ur£ujíí sm¥r nejv¥t²ího r·stu a strmost. Obrazové body s nejv¥t²ím gradientem se nazý-vají hranami.Jednou z metod nalezení hrany je vyuºití tzv. operátor·. T¥h je n¥kolik a li²í se podletoho zda jsou závislé na rotai £i nikoliv. P°edstavitel operátoru, který je nezávislý narotai a udává pouze sílu hrany, je Laplae·v operátor.Ukázka masky Laplaeova operátoru
h =
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 . (10)P°i praktikýh testeh se ukázalo, ºe u Laplaeova operátoru a hexagonální topologiifunguje lépe v¥t²í maska, nap°.
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. (11)Dal²ím z operátor· je operátor Prewittové, který je závislý na rotai. Vyuºívá víemasek a jejih po£et je závislý na po£tu moºnýh rotaí. Pro masku 3×3 je t¥hto sm¥r·²est, ukázka 12.



128 J. Nerad
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 (12)Po zpraování obrazu v²emi maskami je vybrána nap°íklad hodnota s nejv¥t²í hodno-tou gradientu.6 Morfologiké operaeMorfologiké operae pat°í mezi nelineární operátory, vyuºívajíí masky, která se zdenazývá strukturní element.Morfologiké operae pat°í mezi nelineární operátory, vyuºívajíí masky, která se zdenazývá strukturní element. Nejd°íve neº se dostanu k jednotlivým operaím, je pot°ebazavést pojmy vr²ek a stín mnoºiny a Minkowského operae.6.1 Minkowského operae, vr²ek mnoºiny a stín mnoºinyV [2℄ jsou pojmy vr²ek a stín de�novány následovn¥. Vr²ek mnoºiny A je funke de�no-vaná na (n − 1)�rozm¥rném de�ni£ním oboru. Pro kaºdou (n − 1)-tii je vr²ek nejvy²²íhodnota zbylé poslední sou°adnie mnoºiny A. Pro euklidovský prostor má nejvy²²í hod-nota význam suprema.Ne A ⊆ En a neh´ de�ni£ní obor
F = {x ∈ En−1 pro n¥která y ∈ E , (x, y) ∈ A } .Vr²ek mnoºiny A, ozna£ovaný T[A], je zobrazením F → E de�novaným jako

T[A](x) = max{y, (x, y) ∈ A }.Stínem funke f je mnoºina sestávajíí se z vr²ku f a elého prostoru pod ním.Neh´ F ⊆ En−1 a f : F → E . Stín funke f se ozna£uje U[f], U [f] ⊆ F× E
U[f] = {(x, y) ∈ F × E , y ⊆ f(x)}.De�nie. Neh´ M je základní mnoºina a A, B jsou objekty na M . Minkowského sou£eta rozdíl de�nujeme pomoí základníh operaí

• sou£et
A ⊕ B =

⋃

β∈B

(A + β)

• rozdíl
A ⊖ B =

⋂

β∈B

(A + β),kde A + β p°edstavuje posun mnoºiny A ve sm¥ru vektoru β .
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Obrázek 4: Dilatae6.2 DilataeJelikoº ²edotónová morfologie je zoben¥ní morfologie binární, p°ed zavedením p°íslu²néde�nie dilatae (pozd¥ji i eroze) pro ²edotónový obraz uvedu nejprve de�nii této operaepro binární morfologii.De�nie. Dilatae D je v binární morfologii de�nována pomoí Minkowského sou£tu jako

D(A,B) = A⊕B B =
⋃

β∈B

(A + β).De�nie. Neh´ F,K ⊆ En−1, f : F → E , k : K ⊆ E .�edotónová dilatae ⊕ funke f s funkí k, de�nována jakof⊕ k = T{U[f ] ⊕B U[k]} .Tato de�nie není p°íli² vhodná pro algoritmizai, proto se zavádí postup p°es maxi-mum sou£t· v mnoºin¥
(f⊕ k)(x) = max{f(x − z) + k(z), z ∈ K, x − z ∈ F}.

Obrázek 5: Eroze6.3 ErozeTak jako v p°edhozí seki v¥nované dilatai je nutné nejd°íve za£ít de�nií eroze binárníhoobrazu.De�nie. Eroze E je v binární morfologii de�nována pomoí Minkowského rozdílu jako
E(A,B) = A ⊖B B =

⋂

β∈B

(A + β).nyní je moºno p°ejít k de�nii eroze v ²edotónovém obrazu.



130 J. NeradDe�nie. Neh´ F,K ⊆ En−1, f : F → E , k : K ⊆ E . �edotónová eroze ⊖ mnoºiny fmnoºinou k, de�nována jako f⊖ k = T{U[f] ⊖B U[k]}.(Poznámka: ⊖ na pravé stran¥ je erozí binárníh obraz·)Op¥t skute£ný výpo£et eroze v praxi probíhá jinak
(f⊖ k)(x) = min

z∈K

{f(x + z) − k(z)}.Dal²í z morfologikýh operaí jsou operae tref £i mi¬, otev°ení, uzav°ení £i zten£o-vání. V²ehny tyto operae vyuºívají kombinae dilatae a eroze.7 Vyuºití hexagonální topologie k diagnostie Alzhei-merovy horobyObsahem této kapitoly je zjistit, zda znalosti uvedené v p°edhozíh kapitoláh povedouk odhalení Alzheimerovy demene (AD).8 Alzheimerova demeneAlzheimerova demene (n¥kdy ozna£ována i jako Alzheimerova horoba) je neurodegene-rativní onemon¥ní mozku, p°i kterém dohází k postupné demeni [4℄. Nemo se proje-vuje poruhou tzv. kognitivníh funkí - my²lení, pam¥ti a úsudku.Choroba je v sou£asné dob¥ nevylé£itelná. V roe 2008 trp¥lov touto nemoí v �eskérepublie p°ibliºn¥ 120 tisí lidí [4℄.8.1 P°edzpraovnání datNejd°íve je nutné snímky p°edzpraovat (tzv. preproessing). Jelikoº data jsem m¥l veform¥ trojrozm¥rné matie [m, n, h] = [79, 95, 69], bylo nejd°íve nutné provést °ez v ur£itéhladin¥. Rozhodl jsem se °ez provést na hladin¥ h = 30, která subjektivn¥ poskytujenejv¥t²í mnoºství informaí.Poté následovalo zbavení obrazu neºádouího ²umu pomoí nízkofrekven£níh �ltr·,detekovat hrany, p°evést obraz do binární podoby a najít hranie.Aº poté byly provedeny statitiké operae a rozhodnutí zda uvedený postup vedek deteki AD.8.2 Vytvo°ení etalonu zdravého paientaP°i pozorování zpraovanýh obraz· jsem si v²iml, ºe obrazy zdravýh paient· jsou sivelmi podobné, na rozdíl od nemonýh paient·, kde struktura snímk· byla odli²ná.Demonstrováno na obr. 6.Tohoto poznatku jsem vyuºil k vytvo°ení etalonu zdravého paienta, který slouºík rozli²ení zdravého paienta od nemoného.



Vyuºití hexagonální topologie 2D obrazu k diagnostie Alzheimerovy demene 131Etalony jsem vytvo°il dva E1 a E2. Základem prvního byla Gaussova �ltrae a druhéhodilatae.
Obrázek 6: V horní °ad¥ jsou zpraované obrazy zdravýh paient·. V dolní °ad¥ paientitrpíí AD.
8.3 Samotná deteke ADP°edzpraované obrazy podle postupu v 8.1 jsou nyní porovnány s vytvo°enými etalony.Kritériem pro rozpoznání snímk· zdravýh a nemonýh paient· je po£et obrazovýhelement· paienta I leºíí mimo etalon E. Tomu odpovídá veli£ina

c = ♯(I \ E) .Ze souboru nemonýh byl sestaven vektor hodnot cAD = (c1, ..., c20). Analogiky bylze souboru zdravýh sestaven vektor cCN = (c
′

1
, ..., c

′

26
). K testování hypotézy H0 o shod¥pr·m¥r· byl pouºit t-test na hladin¥ významnosti p = 0, 05. Cílem bylo prokázat, ºep°i vhodné volb¥ parametr· zpraování a etalonu je statistiky významný rozdíl mezihodnotami c pro nemoné a zdravé paienty.V tabulkáh 1 a 2 jsou výsledky testování s r·znými hodnotami parametr· R (polo-m¥r masky p°i vyhlazování), p (práh p°i deteki hran) a pbin (práh p°i tvorb¥ binárníhoobrazu). Tabulka 1: Testování s E1Test £. 1 2 3 4

R 5 3 3 5
p 0,38 0,38 0,48 0,48
pbin 0,4 0,4 0,4 0,4
p − hodnota 0,0167 0,00035 0,0001 0,007Ve výsledíh lze vid¥t, ºe p°es r·zné nastavení parametr· se udrºuje hladina význam-nosti pod hodnotou 0, 05.



132 J. NeradTabulka 2: Testování s E2Test £. 1 2 3 4
R 5 3 3 5
p 0,38 0,38 0,48 0,48
pbin 0,4 0,4 0,4 0,4
p − hodnota 0,0155 0,00034 0.0135 0,00029 Záv¥rP°edstavil jsem základní moºnosti práe s hexagonálním obrazem a ukázku reálnéhopouºití p°i deteki Alzheimerovy horoby. I kdyº výsledky ukazují dobré hodnoty, jsemopatrný v jejih prezentai, protoºe testovaíh dat (snímky paient·) nebylo mnoho.Ale byl ud¥lán první krok k potvrzení, ºe vyuºití hexagonální topologie je dobrá estaa má smysl se jí dále zabývat. V sou£asné dob¥ jiº mám k dispozii v¥t²í a kvalitn¥j²ísoubor dat a p°edpokládám, ºe pomoí nih budu shopen lépe demonstrovat výhodytéto topologie.Literatura[1℄ MIDDLETON, Lee, SIVASWAMY, Jayanthi. Hexagonal Image Proessing :A Pratial Approah. London : Springer-Verlag, 2005. 259 s. ISBN 1-85233-914-4.[2℄ HLAVÁ�, Válav. Zpraování signál· a obraz·. Praha : Vydavatelství �VUT, 2002.220 s. Skriptum. �VUT, Fakulta elektrotehniká. ISBN 80-01-02114-9.[3℄ �EBEST, Miroslav. Digitálna morfológia v hexagonálnej mrieºke v Matlabe. Praha,2006. 68 s. �VUT, FJFI, Katedra softwarového inºenýrství v ekonomii. Vedouídimplové práe do. Ing. Jaromír Kukal, Ph.D.[4℄ Wikipedie: Otev°ená enyklopedie: Alzheimerova horoba [online℄. 2010 [itováno 3.5. 2010℄. Dostupný z WWW: http://s.wikipedia.org/w/index.php?title=Alzheimerova_horoba&oldid=5275102



Spetral Analysis of Preditive Errorin Alzheimer's Disease DiagnostisOlga Orlova1st year of PGS, email: orlovolg�fjfi.vut.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. This paper desribes the new method whih is based on non-linear one-step preditor,whih is designed as MLP neural network. It is a kind of low-pass non-linear �lter. Thedi�erene between raw EEG and the ANN output is then a subjet of band spetral analysis.The di�erenes in this power spetrum between Alzheimer diseased and ontrol patient groupare statistially signi�ant.Keywords: EEG, Alzheimer's disease, ANN, model error, spetral analysisAbstrakt. Tento £lánek popisuje novou metodu, která je zaloºená na nelineárním jednokrokovémprediktoru, navrºeném jako neuronová sí´ MLP. Je to druh nízko-úrov¬ového nelineárního �ltru.Rozdíl mezi hrubým EEG a výstupem neuronové sít¥ je pak p°edm¥tem pásmové frekven£níanalýzy. Rozdíly ve výkonovém spektru mezi skupiny zdraýh paient· a paient· trpííhAlzheimerovou demeni jsou statistiky významné.Klí£ová slova: EEG, Alzheimerova demene, neuronové sít¥, hyba predike, spektrální analýza1 IntrodutionAlzheimer's disease (AD) is the most ommon dementia. This disease a�ets approx-imately 7 % of people older than 65 years and 40 % of people older than 80 years [7℄.Dementia is haraterized by memory deline and others neurophysiologial hanges thatour in the elderly and the risk of disease inreases exponentially with age.EEG signals re�et the bioeletrial ativity of the brain. Eletroenephalographireords are one of the tools for diagnosis of neurologial diseases. Traditional analysisrelies mainly on detetion of spetral hanges: performs the analysis of seleted frequenybands, then alulate the orresponding spetral powers, whose hanges may indiatedysfuntion of the nervous system.Analysis of the power spetrum of a healthy ative brain suggests [2℄ that there arefour main frequeny bands: δ (0.5− 4Hz), θ (5− 8Hz), α (9− 12Hz), β (13− 20Hz). Inthe frequeny domain, there are established following di�erenes in the EEG reords ofhealthy patients and patients with Alzheimer's dementia: an inrease in theta and deltarhythms, deline in beta rhythm and slowing of alpha rhythm.Many works [3℄, [4℄, [5℄ also show the possibility of using arti�al intelligene to solvethe problem of identi�ation of Alzheimer's disease. Among them those employing neuralnetwork to address this problem. Dominating amount of the works has many ommon133



134 O. Orlovafeatures: perform artefats leaning of EEG reord, perform the analysis of time seriesdeomposition to frequeny bands, perform further proessing of these bands. After allthese operations neural network is used for lassi�ation purposes.The possibility of lassi�ation of healthy people and people with Alzheimer's disease,in this study, is explored using the following assumptions:- don't use EEG signals adjusted with artefats �ltering;- use neural network to detet patters in the EEG signal;- predition error is used for lassi�ation purposes, this predition error was obtainedfrom the use of neural network, trained on human health and subsequently used fora person with Alzheimer's disease;- Don't use an arti�al neural network for lassi�ation purpose.2 Alzheimer's disease diagnosis via EEGEletroenefalography is a ontinuous multi-hannel reording of eletrial potential dif-ferene. This reording was measured by eletrodes plaed on the salp in some way.EEG was �rst introdued and desribed by Berger [6℄ in onnetion with the study ofsleep. Data whih are olleted from a typial EEG experiment are a sequene of timepoints sampled at 128 − 1024Hz in general.EEG reordings were obtained from 16 healthy people and 16 people with Alzheimer'sdisease. All patients sat in a hair in a darkened room, they were at a quiet state andhad their eyes losed. Measurements were performed using 21 ative eletrodes plaed onthe surfae of the head in line with the international 10/20 system. Sampling frequenywas 200Hz.3 ANN as intelligent �lter of EEG3.1 Signal desriptionOne of the main points of this work is to onstrut a model that would allow to assessthe general patterns of EEG reording in healthy people and would reate preonditionsfor the deision rules required to lassify EEG reordings of healthy people and peoplewith Alzheimer's disease.Formulation of the problem is largely proedural in nature, taking into aount onlyone fator, the one that EEG reord re�ets hanges in brain bioeletrial ativity, andamong these hanges are those that arry for us important informations.In the most general ase, the behavior of EEG signal an be desribed as a superpo-sition of a funtion z whih desribes important informations for us, and some randomomponent e. The estimation ẑ of the signal funtion z will be implemented by usingneural network, in this paper. Random omponent ê, whih arises as a result of thisassessment, will serve as the alulation of the noise omponent e.



Spetral Analysis of Preditive Error in Alzheimer's Disease Diagnostis 1353.2 Neural networkLet n ∈ N be number of inputs, N ∈ N be number of outputs and H ∈ N be numberof neurons in the hidden layer. Let x ∈ R
n be input vetor, y ∈ R

N be output vetorand h ∈ R
H be signal vetor in the hidden layer. The three layer ANN − multi-layerpereptron (MLP) operates aording to equations

h = f(Wx + w0) (1)
ẑ = Vh + v0 (2)where

W ∈ R
H×n, V ∈ R

N×H are weight matries, w0 ∈ R
H , v0 ∈ R

N are biases and f is anon-polynomial funtion. After the deompositions:
W =







w1...
wH






, V =







v1...
vN





We an establish the vetor of ANN parameters
p = (wT

0 , wT
1 , . . . , wT

H , vT
0 , vT

1 , . . . , vT
N)onsisting of M = (n + 1)H + (H + 1)N real oordinates. The resulting MLP as ANNan be formally rewritten as

y = ANN(x, p) (3)3.3 Learning strategyLet m ∈ N be number of patterns for ANN learning. The pattern set an be representedvia matries
X =







x1...
xm






∈ R

m×n, Y =







y1...
ym






∈ R

m×NThe method of least squares was used to ANN learning. Adequate objetive funtion
F(p) =

m
∑

k=1

‖yk − ANN(xk, p)‖2 (4)is thus subjet of minimization.Due to multi-modality of F(p) we applied Fast Simulated Annealing (FSA) method.The algorithm of FSA produes a parameter sequene p0, p1, . . . , pk ∈ R
M beginning withinitial vetor p0 aording to the rule:

pk+1 = p∗

k when F(p∗

k) < F(pk) + Tk tan ρk

pk+1 = pk when F(p∗

k) ≥ F(pk) + Tk tan ρk (5)



136 O. Orlovawhere p∗

k = pk + gTk · tan rk, ρk, rk,j ∼ U(−π
2
, +π

2
) are independent uniformly distributedrandom variables, g > 0 is saling fator and Tk > 0 is dimensionless temperature. Thestrategy of FSA ooling is

Tk =
T0

1 + ⌊k
r
⌋

(6)where r ∈ N is a repeating period.4 Spetral analysis of EEG signalPower spetrum desribes the energy distribution of the frequenies of the dynami sys-tem. The dynami development of simple systems an usually be desribed by a ertainfrequeny range. An opposite situation is typial for omplex systems: annot be seletedany partiular frequeny band. Frequeny omponents were proessed in eah of the fourfrequeny bands using the following relationship.
rband =

∑

band |fft|2
∑

|fft|2
· 100 % (7)where fft is a result of appliation of the fast Fourier transform to analyse EEG signal,

band is one of the four main frequeny bands: δ, θ, α or β. Due to the large non-linearityof EEG signal, Fourier transformation was applied not only to the data itself but also onthe resulting predition error obtained by using neural networks. It is natural to expetthat the non-linearity error is smaller than the non-linearity of the original signal.5 ResultsTo eliminate noise in the EEG data, EEG signals of all patients were analysed in the rangeof indies from 20000 to 50000. Identify patterns in the EEG reording was performedby one-step predition using MLP neural network. The used MLP network onsisted ofone hidden layer with four hidden neurons. Hyperboli tangent funtion was used as anativation funtion of MLP network. As a standard healthy person has been hosen onepatient (pivot) whose EEG signal had the average statistial harateristis regarding theset of healthy people. The neural network was trained on the EEG signal of this patient,generalization abilities of used neural network were tested on the EEG signals of theremaining healthy patients. Subsequently, the neural network was applied to the EEGsignals of patients with Alzheimer's disease. All eletrodes were used for the preditionof EEG signals using MLP network in the orresponding EEG signals of pivot patient.Training all neural network were performed by FSA algorithm, ontaining 300 interiorand 300 exterior yles. Classi�ation of healthy patients and patients with Alzheimer'sdisease was based on a review of one-step predition error signal EEG using MLP neuralnetwork learning on EEG signal of a healthy pivot patient, and then used for preditionEEG signals others patients. In aordane with the above de�nitions, we have: n = 1,
H = 4, N = 1, T0 = 0.001, g = 1, r = 300, kmax = 300.Results of band spetral analysis of individual hannels for raw EEG data are olletedin the Tab. 1. Individual p-values are results of two-sample two-sided t-test of hypothesis
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H0 that relative power (for given frequeny band and hannel) is the same for AD andCN group of patients. Adequate ROC diagram is depited on the Fig. 1 for four bandsand �rst hannel. Tab. 2 shows results of the t-test of signi�ane for eah band, in thepower spetrum of EEG signal, originating from the �rst hannel, at a signi�ane levelof 5 %.



138 O. OrlovaTable 1: P-values for signi�ant di�erenes (AD × CN) in the ase of raw EEG (t-test)hannel δ θ α β
1 9, 4 × 10−2 1, 6 × 10−2 1, 1 × 10−1 2, 6 × 10−2

2 3, 2 × 10−1 1, 9 × 10−2 2, 4 × 10−2 1, 1 × 10−1

3 3, 6 × 10−1 3, 3 × 10−2
1, 6 × 10

−4 1, 4 × 10−1

4 1, 4 × 10−1
8, 1 × 10

−3
2, 4 × 10

−3 3, 8 × 10−1

5 2, 1 × 10−1
6, 8 × 10

−3 1, 7 × 10−2 8, 0 × 10−2

6 3, 7 × 10−1
5, 2 × 10

−3
7, 0 × 10

−3 1, 3 × 10−1

7 8, 8 × 10−1 8, 1 × 10−2
3, 9 × 10

−3 2, 7 × 10−1

8 5, 2 × 10−1 9, 7 × 10−2
3, 0 × 10

−5 6, 2 × 10−1

9 7, 8 × 10−1 3, 2 × 10−1
3, 9 × 10

−4 2, 9 × 10−2

10 9, 8 × 10−2
3, 2 × 10

−3
3, 5 × 10

−4 7, 2 × 10−2

11 3, 7 × 10−1 9, 2 × 10−2
9, 0 × 10

−4 1, 6 × 10−1

12 5, 8 × 10−1 6, 9 × 10−2
9, 8 × 10

−4 8, 0 × 10−1

13 6, 5 × 10−1 5, 4 × 10−1
2, 0 × 10

−4 6, 9 × 10−2

14 8, 4 × 10−1 2, 8 × 10−1
8, 0 × 10

−5 1, 2 × 10−2

15 3, 0 × 10−1 8, 3 × 10−1
7, 6 × 10

−4
7, 2 × 10

−4

16 2, 5 × 10−1 7, 2 × 10−2
3, 0 × 10

−5 1, 1 × 10−1

17 5, 5 × 10−1 3, 9 × 10−2
2, 0 × 10

−3 5, 0 × 10−2

18 7, 7 × 10−1 7, 0 × 10−1
9, 0 × 10

−3
1, 3 × 10

−3

19 7, 8 × 10−1 3, 0 × 10−1
9, 9 × 10

−4 3, 1 × 10−2
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Figure 1: ROC for the 1st hannel and δ, θ, α, β bands in the ase of raw EEG dataTable 2: The signi�ane of di�erenes in the power spetrum of EEG signal (t-test)
h p t df s

δ−band 0 0, 0944 −1, 7274 30 7, 4846
θ−band 1 0, 0164 −2, 5439 30 2, 8343
α−band 0 0, 1074 −1, 6596 30 1, 5903
β−band 1 0, 0261 2, 3399 30 2, 7321The di�erenes between raw EEG and the output of ANN is alled here as preditionerror. The best are the results of band spetral analysis of the predition error. Relativepower of predition in given hannel and band was also subjet of statistial testing.Results are involved in the Tab. 3. Adequate ROC diagram is depited on the Fig. 2 forthe four bands and �rst hannel. Table 4 shows results of the t-test of signi�ane foreah band, in the power spetrum of predition error, originating from the �rst hannel.



140 O. OrlovaTable 3: P-values for signi�ant di�erenes (AD × CN) in the ase of model error (t-test)hannel δ θ α β
1 2, 4 × 10−2

6, 4 × 10
−3

7, 2 × 10
−3

1, 7 × 10
−3

2 3, 1 × 10−2 2, 3 × 10−2 2, 2 × 10−2
1, 7 × 10

−3

3 6, 7 × 10−1 4, 9 × 10−1
2, 8 × 10

−3 1, 7 × 10−2

4 4, 0 × 10−1 7, 7 × 10−2
4, 8 × 10

−3 2, 1 × 10−2

5 2, 1 × 10−1 5, 5 × 10−2 1, 8 × 10−2
5, 0 × 10

−3

6 6, 3 × 10−1 1, 9 × 10−1
7, 7 × 10

−3
6, 6 × 10

−3

7 7, 2 × 10−1 4, 4 × 10−1
3, 6 × 10

−3 2, 0 × 10−2

8 8, 1 × 10−1 9, 0 × 10−1
5, 1 × 10

−4 1, 9 × 10−1

9 5, 6 × 10−1 3, 0 × 10−1
1, 2 × 10

−3 2, 0 × 10−2

10 2, 1 × 10−1 5, 2 × 10−2
1, 7 × 10

−3
3, 6 × 10

−3

11 1, 6 × 10−1 7, 6 × 10−2
7, 1 × 10

−4 1, 6 × 10−2

12 9, 0 × 10−1 4, 0 × 10−1 2, 1 × 10−2 5, 8 × 10−2

13 2, 7 × 10−1 3, 7 × 10−1
2, 8 × 10

−3
2, 0 × 10

−3

14 7, 6 × 10−1 6, 1 × 10−1
4, 1 × 10

−4
1, 0 × 10

−3

15 9, 9 × 10−1 3, 9 × 10−1
9, 4 × 10

−4
6, 6 × 10

−4

16 4, 3 × 10−1 5, 6 × 10−1
4, 5 × 10

−4
1, 4 × 10

−3

17 6, 1 × 10−1 3, 9 × 10−1
1, 3 × 10

−3
1, 2 × 10

−3

18 9, 8 × 10−1 9, 1 × 10−1
9, 5 × 10

−3
1, 6 × 10

−4

19 3, 7 × 10−1 4, 4 × 10−1
5, 0 × 10

−3
3, 0 × 10

−4Table 4: The signi�ane of di�erenes in the power spetrum of the predition error(t-test)
h p t df s

δ−band 1 0.0238 −2.3815 30 1.5916
θ−band 1 0, 0064 −2.9289 30 1.5619
α−band 1 0.0072 −2.8850 30 2.0161
β−band 1 0.0017 3.4542 30 3.9116

6 ConlusionsBand-power spetrum of raw EEG is e�ient tools for the lassi�ation of Alzheimerdiseased patients against ontrol normal patients. Bound-power spetral analysis of pre-dition error ome to statistially signi�ant results. Namely β-band relative power in thease hannels 1, 2, 5, 6, 10, 13−19 has p-value < 0.001 in the ase of two-sample two-sidedt-test. The relative power of ANN predition error is signi�antly lower in the ase ofAlzheimer's disease. It orresponds with hypothesis of diseased β-ativity in the rightfrontal domain of the human brain in the ase of given dementia. Classi�ation purposes,as β-band well as α-band, enable more stable results in the ase of hannels 13 − 19.
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MDA and Agile � Choose or Combine?Marek Rosa1st year of PGS, email: rosamare�fjfi.vut.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Vojt¥h Merunka, Department of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. This paper disusses whether MDA and Agile, two software design and developmentapproahes, are exlusive or an be ombined. After a brief indtrodution of both of them, thepaper de�nes a set of observed features and traes the presene in one or the other or both.We see a great potential in the ombination of these two approahes with a lot of supplementalfeatures in regard to eah other. However, model based evolution will still have to wait beforethe majority of developers together with tools vendors ome along to this approah as a newstandard.Keywords: MDA, Model Driven Arhiteture, Agile, Software Development MethodologyAbstrakt. Tento £lánek se snaºí zhodnoti Agilní a MDA p°ístup k návrhu a vývoji software zpohledu jejih moºného zkombinovaní. Po stru£ném p°edstavení obou metodik následuje vlbapoºadovanýh vlastností k porovnání a zmapování jejih p°ítomnsti v té £i oné. V kombinaiobou p°ístup· vidíme velký poteniál, jak se mohou vzájemn¥ doplnit a p°isp¥t ke zvý²enívýsledné efektivity. Rozvoj modelovaího p°ístupu bude muset nimén¥ je²t¥ po£kat neº majoritavývojá°· spolu s dodavateli vývojovýh nástroj· p°ijmou tento zp·sob za nový standard.Klí£ová slova: MDA, Modelem °ízená arhitektura, Agilní vývoj, Metodika vývoje software1 IntrodutionDuring the last 9 years, there has been a lot of buzz around two ath-phrases in thesoftware development world � Model Driven Arhiteture[11℄ and Agile[4℄. Both of thesedesribe a di�erent way how to approah software development, fousing, among others,on minimizing the failure rate of information systems. Over these years, many debatestook plae on whether the modelling (the foundation of MDA) should drive the wholedevelopment proess or should be used rather informally only for temporary artifats (theway Agile treats it).Model Driven Arhiteture (MDA), or the modelling with UML itself, proposes anapproah to software engineering with most of the work being done at a higher level ofabstration, working with platform-independent models and striving for reusability.Agile, on the other hand, draws attention by involving ustomer and appliationexperts in the overall development life-yle. Its main fous is primarily on the odeand the distintion between design and implementation tasks is put aside. Extremeprogramming [7℄, for example, enourages developers to selet the most simple solutionas opposed to designing for reusability. 143



144 M. RosaThe following two setions brie�y re-introdue both approahes, highlighting the keyattributes of eah one. In setion 4, individual attributes are evaluated for omparisonand interompatibility and presented in the form of a table.2 Model Driven Development/ArhitetureModel Driven Arhiteture was introdued as a set of guidelines for software spei�ations,design, and development, de�ned by the Objet Management Group[3℄. These guidelinesdesribe the development life-yle whih is not all that di�erent from the traditionalapproahes. The di�erene is in the artifats being reated during the proess. In ase ofMDA, the main artifats are models. Spei�ally, a set of models whih omprises threeore models on three di�erent levels of abstration and distane from the target platform.Fully automati both-way transformations are de�ned between these three models[15℄.The �rst of the top-level models is a Platform Independent Model (PIM), independentof the tehnology of implementation and target platform. This model is mostly used inthe analysis phase, but when following an iterative development methodology and thanksto the automated transformations, it an also be re�ned ontinuously.PIM transforms into a Platform Spei� Model (PSM) whih onsists of sub-modelsinterdependent with the spei� platform (e.g., EJB), see Figure 1.
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Figure 1: The MDA Framework [15℄And �nally, the third model is the �nal, fully generated and exeutable ode.As has been already said, MDA raises the levels of abstration and reuse. This isahieved by ombining the phase of design and spei�ation with the phase of manualimplementation following the outputs of design phase. History shows nie examples ofsimilarly signi�ant paradigm shifts.In the 1980s, the software development �eld went through a shift from manuallyproduing assembly ode to programming in high level programming languages and hav-ing the ompiler produing assembly ode. No doubt that the level of abstration andplatform independene has inreased. As for the reuse, it was a long way through thedeades of funtions, proedural paradigm, objet oriented paradigm, omponents andframeworks until the very present domain models [9℄.



MDA and Agile � Choose or Combine? 145Another advantage is the interoperability [11℄. Interoperability represents MDA fea-ture of making multiple PSMs generated from one PIM able to ommuniate with eahother. This is ahieved by the onept of bridges � automatially generated onnetorsbetween individual PSMs. This feature an save a lot of time during development.It is also worth noting that the transformations used are often also a subjet of thedevelopment beause the generi transformation is often not enough. At least not yet.This an lead to either prolonging the total delivery time or the need of utilizing additionalresoures.
3 Agile ApproahAgile movement started around 2001. It was a reation to a muh-greater-than-neessarynumber of experiene of slipping shedules, growing budgets, unsatis�ed ustomers, inef-fetive praties, et. Fear of failing again and again led to more and more onstrainingproesses demanding a growing number of douments and reports [7℄.By this motivation, the Agile Alliane was formed and it outlined the basi values andpriniples. Agile methods, formerly known as light-weight proesses, promote disiplinedbut �exible projet management proess, run in short iterations and ontinuously re�ningthe estimates. Using a big-sale method like PERT whih does not �t smaller projets(i.e., most of the software projets, beause PERT does not sale well to the man-daylevel), or a method like CPM whih does not orrelate its onurreny in tasks with thereal-world developers' apabilities, is suppressed in favor of relative estimates based onthe nearest experiene of the last iteration.Estimates expressed in virtual points represent amount or portion of tasks/featuresthat will be implemented in the iteration, �rst one is more or less guessed [6℄. Based onthese points is alulated the e�etivity, measured as a number of points delivered in thelast iteration. It is alled veloity.The approah draws high attention to the ustomer. He is involved as muh as possiblein the whole proess, he is allowed and expeted to prioritize the features during planningsessions, even hange the requirements and ollaborate by all means.Developers need to adopt a set of engineering best praties foused on quality, de-livery time, and maintainability. These inlude: test-driven development, pair program-ming, ontinuous integration, et. Working ode is at the ore of all and any developeran work at any part of it at any time � a pratie alled olletive ownership. Andmost importantly, at the end of every iteration there has to be a working program.Changes to requirements are harnessed with on�dene baked up with automatedtest suite guarding regressions. Aeptane tests written in a sripting language verifythe expeted behaviour.Agile suppresses prodution of omprehensive douments unless really and immedi-ately needed. The design is evolved gradually rather than presribed by big design upfront [13℄ � inremental development.



146 M. Rosa4 Putting It TogetherThis setion will try to give an overview of the seleted features and properties of bothapproahes, thus mapping the presene in one or the other or both, every attributebeing ompleted with our statement. Some of the features are heavily dependent on thematurity and availability of the tools to support them; when this is the ase for at leastone of the subjets, the attribute is pre�xed with T:.Attribute Agile MDA Statement / CommentReuse By default, does notexpliitly promotereuse. Starts with thesimplest thing thatould possibly workand the design goesthrough the evolutionbefore the �nal state.
Support reuse byhaving main fouson the more abstratand general level -the model. Some ofthe MDA methodolo-gies even expliitlypresribe tehniquesto reate potentiallyreusable artifats [1℄.

MDA's higher level ofabstration, visual ar-tifats and model ex-eution speaks for theadvantage of MDA infous on reusability.
Risk Manage-ment Agile methods aredesigned to mitigaterisks like hangingrequirements andshedules [14℄. Existing methodolo-gies do not provideoverage for theativity [1℄. It would seem thatAgile is better pre-pared for risk man-agement; however, thegeneral tehniques ofrisk management anbe applied and usedwith both of the ap-proahes.Continued on next page



MDA and Agile � Choose or Combine? 147Attribute Agile MDA Statement / CommentAdoptionProspets For agile developmentthere are quite maturetools supporting Agilepraties and existingmethodologies are alsoproved by time. Thetroubles with adop-tion are mainly in theshift of involving us-tomers, learning newpraties and habits,and bringing manage-ment and developerson the same page.

Broad adoption iswaiting for soundtools or integrationwith major tools be-ing used [12℄. It alsorequires developersand analysts to ex-tend their portfolio ofsoftware engineeringtehniques with mod-elling skills [13℄. Oneof key impedimentsto adoption is thea priori assumptionthat model drivenode annot possiblywork [10℄. Buildinga deliverable systemearly in Agile styleallays the fears andbrings team septison board.

Agile being de�nitelymore prevalent has abetter adoption start-ing point. How-ever, it is very likelythat MDA will beginto attrat more andmore attention both ofthe developer and toolvendors.

Tools support The two most popularIDEs - Elipse andVisual Studio - andmost of the toolsimprovements aredireted towards pro-gramming ativitiesand Agile pratiessupport [12℄.
Neither of the twomost popular IDEs- Elipse and VisualStudio - has yet paidenough attention toattrat wider audieneto the MDA approah,the �rst being ar-guably further.

As the most develop-ment tools fous onthe ode, it is Ag-ile praties whih hasa better support atthis time, MDA toolsare either not matureenough or spei� fora ertain area (Net-silon [5℄, BridgePointfor the Shlaer-Mellormethod), or too ex-pensive.Continued on next page



148 M. RosaAttribute Agile MDA Statement / CommentT: Coping withlegay systems It is usually di�ultto apply Agile pra-ties on the legayode whih was notdesigned in that man-ner. Espeially lakof test suite inreasesthe risk of defets fromrefatoring and hang-ing the original be-haviour.
MDA with a toolwith full round-tripengineering supportan easily reon-strut the model fromlegay ode and startrebuilding from there.

Legay systems are avery sound argumentfor MDA approah asthey are able (with ap-propriate tool) to im-port the old systemand modify it on themodel level.T: Prototyping Diretly aims at on-tinuously involvingustomer and appli-ation experts viafrequent prototypesand the �test �rst�paradigm.
With proper toolwith support of anexeutable version ofUML and PSMs, themodel an be used forrapid prototyping.

Prototyping is animportant ativity innowadays businesssoftware developmentand it is ahievablewith both approahes;however, MDA mightstill su�er fromimmature tools.T: Test Cover-ing Given the test-�rstparadigm, the projetstarted with agile ap-proah usually exhibita good test overage. Same as previousattribute, the exe-utable UML wouldprovide supportfor the ativity [8℄.Another approahproposes usage ofvisual ontrats tode�ne test ases [2℄.
Basially the samestatement as the oneabove applies herewith the notion ofthat model testingrequires di�erenttehniques.Table 1: Features and Properties of MDA and Agile5 ConlusionsBoth MDA and Agile laim an inreased produtivity as one of the bene�ts they anprovide. For MDA, this omes out from high potential of the fat that the main artifat isthe model whih an be easier to understand for ustomers and stakeholders than the ode,test exeution outputs, or bare business logi prototypes. In Agile ontext, produtivityis ahieved by short iterations with working software at the end of eah, automated testsuite reated with the test-�rst approah, working losely with the ustomer to reviewthe results and deisions immediately.In that, there might be an opportunity for even further produtivity inrease � hav-ing ustomer on site but working on the model level, while the model is the exeutable



MDA and Agile � Choose or Combine? 149test suite (or it an be at least automatially generated). Customer's presene and tasksprioritization (together with Agile promotion of simple design and solutions) might alsohelp preventing modeling a too-large system (horizontal sope reep) or too general (pre-mature generalization - vertial sope reep) [10℄.There is a great potential in the ombination of these two approahes with a lot ofsupplemental features in regard to eah other. However, model based evolution will stillhave to wait before it is very well supported by the major tools being used [13℄.Referenes[1℄ Mohsen Asadi and Raman Ramsin. Mda-based methodologies: An analytial sur-vey. In Ina Shieferdeker and Alan Hartman, editors, Model Driven Arhiteture �Foundations and Appliations, volume 5095 of Leture Notes in Computer Siene,pages 419�431. Springer Berlin / Heidelberg, 2010.[2℄ Gregor Engels, Baris Güldali, and Mar Lohmann. Towards model-driven unit test-ing. In Thomas Kühne, editor, Models in Software Engineering, volume 4364 ofLeture Notes in Computer Siene, pages 182�192. Springer Berlin / Heidelberg,2007.[3℄ Objet Management Group. Model driven arhiteture (mda). OMG Doumentorms/2001- 07-01, 2001.[4℄ Jim Highsmith and Martin Fowler. The agile manifesto. Software DevelopmentMagazine, 9(8):29�30, 2001.[5℄ William Kaim, Philippe Studer, and Pierre-Alain Muller. Model driven arhiteturefor agile web information system engineering. In Objet-Oriented Information Sys-tems, volume 2817 of Leture Notes in Computer Siene, pages 299�303. SpringerBerlin / Heidelberg, 2003.[6℄ Robert C. Martin. Pert, mp and agile projet management, Otober 2003.[7℄ Robert C. Martin and Miah Martin. Agile Priniples, Patterns, and Praties inC# (Robert C. Martin). Prentie Hall PTR, Upper Saddle River, NJ, USA, 2006.[8℄ Stephen J. Mellor. Agile mda. Tehnial report, 2005.[9℄ Stephen J. Mellor, Sott Kendall, Axel Uhl, and Dirk Weise. MDA Distilled. AddisonWesley Longman Publishing Co., In., Redwood City, CA, USA, 2004.[10℄ Stephen J. Mellor and Leon Starr. Six lessons learned using mda. In Nuno Nunes,Bran Seli, Alberto Rodrigues da Silva, and Ambrosio Toval Alvarez, editors, UMLModeling Languages and Appliations, volume 3297 of Leture Notes in ComputerSiene, pages 198�202. Springer Berlin / Heidelberg, 2005.[11℄ OMG, http://www.omg.org/mda/.



150 M. Rosa[12℄ Ósar Pastor. From extreme programming to extreme non-programming: Is it theright time for model transformation tehnologies? In Stephane Bressan, Josef Küng,and Roland Wagner, editors, Database and Expert Systems Appliations, volume4080 of Leture Notes in Computer Siene, pages 64�72. Springer Berlin / Heidel-berg, 2006.[13℄ Bernhard Rumpe. Agile modeling with the uml. In Martin Wirsing, AlexanderKnapp, and Simonetta Balsamo, editors, Radial Innovations of Software and Sys-tems Engineering in the Future, volume 2941 of Leture Notes in Computer Siene,pages 59�65. Springer Berlin / Heidelberg, 2004.[14℄ Rihard Turner and Apurva Jain. Agile meets mmi: Culture lash or ommonause? In Don Wells and Laurie Williams, editors, Extreme Programming and AgileMethods � XP/Agile Universe 2002, volume 2418 of Leture Notes in ComputerSiene, pages 153�165. Springer Berlin / Heidelberg, 2002.[15℄ Jos Warmer and Anneke Kleppe. The Objet Constraint Language: Getting YourModels Ready for MDA. Addison-Wesley Longman Publishing Co., In., Boston,MA, USA, 2003.



Irregular PT -symmetri Point Interations∗Petr Siegl3rd year of PGS, email: siegl�ujf.as.zDepartment of Physis, Faulty of Nulear Sienes and Physial Engineering,CTU in PragueNulear Physis Institute ASCRLaboratoire Astropartiule et Cosmologie, Université Paris 7advisor: Miloslav Znojil, Nulear Physis Institute ASCRJean-Pierre Gazeau, Laboratoire Astropartiule et Cosmologie, UniversitéParis 7Abstrat. We study ertain lasses of PT -symmetri extensions of symmetri seond deriva-tive operators. The operators are similar to self-adjoint ones exept partiular irregular ases.Spetral properties of the latter are very far from those of self-adjoint extensions: operators withempty resolvent set and empty spetrum are present.Keywords: PT -symmetry, point interations, irregular boundary onditionsAbstrakt. Studujeme t°ídy PT -symmetrikýh roz²í°ení symetrikýh difereniálníh operá-tor· druhého °ádu. Roz²í°ení jsou podobná samosdruºeným operátor·m s výjimkou speiálníhp°ípad·, jejihº spektrální vlastnosti jsou velmi odli²né od samosdruºenýh roz²í°ení: existujíroz²í°ení s prázdnou resolventní mnoºinou a s prázdným spektrem.Klí£ová slova: PT -symetrie, bodové interake, iregulární okrajové podmínky1 Introdution
PT -symmetri operators, a speial ase of operators with antilinear symmetry, have beenintensively studied in both physial and mathematial ontext as a result of the obser-vation that the spetrum of suh operators may be real and disrete [5℄. Although itis known that some PT -symmetri operators are speial ase of quasi-Hermitian ones[7℄, or equivalently, they an be mapped by similarity transformation to the self-adjointones, see e.g. [3, 11, 16℄ for examples, the spetrum of PT -symmetri operators may bealso omplex, e.g. omplex onjugated eigenvalues may appear. The omplex onjugatedpairs of eigenvalues instead of the real ones are atually the simplest possible deviationof the spetrum from the self-adjoint ase. In fat, the lass of operators with antilinearsymmetry is muh larger. The residual spetrum of operators (even bounded) with an-tilinear symmetry may be non-empty and the point spetrum of suh operator may beunountable [17℄, i.e. operators may be non-spetral [8℄.We onsider PT -symmetri point interations on a line desribed in general in [1℄.It has been established that the spetrum of PT -symmetri point interation on a line
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152 P. Sieglan inlude up to two real or omplex onjugated eigenvalues in addition to the ontin-uous part [1℄. However, it has been notied in a more reent work [3℄ that an irregularase having unountable point spetrum is present among previously studied extensions.Starting from this observation we proeed with an analysis of the analogous models on a�nite interval showing that the spetrum of the orresponding operators an be empty orentire omplex plane depending on boundary onditions imposed at the endpoints. Allthese examples show that PT -symmetry together with pseudo-Hermitiity and J-self-adjointness may be a very weak requirement allowing not only omplexi�ation of some(or all) disrete eigenvalues.In the physial framework of PT -symmetri Quantum Mehanis [4, 15℄, the fatthat the point interations an ompletely and dramatially hange the spetrum wasnot expeted. Nonetheless, onsidering operators being not even similar to normal onesbrings expeted unusual spetral e�ets. We remark that these examples illustrate theneessity of the non-empty residual set assumption in [10, III, Corollary 6.34℄, laimingthat the extension of a �nite order has a ompat resolvent if and only if some otherextension of the same operator has a ompat resolvent.We reall a de�nition of PT -symmetri point interations in the �rst setion and wealso formulate slightly more preisely the laim of [1℄ onerning the PT -self-adjointnessof the operators. In the next setion, we onsider a partiular PT -symmetri pointinteration for the model de�ned on a line, we summarize results on the spetrum andindiate a onnetion to the ollapse of quasi-Hermitiity in the irregular ase. Modelsde�ned on the �nite interval (−l, l) are studied in the last setion. The dependene ofthe spetrum on the boundary onditions at ±l is desribed in details.The interesting spetral e�ets aused by ertain PT -symmetri point interationsan be expeted when onsidering general lassi�ation of boundary onditions, f. [8℄,sine the studied extensions orrespond to irregular boundary onditions. The reentwork [14℄ dealing with pseudo-Hermitian extensions with empty resolvent set shows thattheir presene is essential for existene of an additional fundamental symmetry that anbe used for expliit onstrution of C operators.Operators P and T are de�ned in L2(R) spae in the following way, the parity Pats as (Pψ)(x) = ψ(−x) and the time reversal symmetry T is the omplex onjugation
(T ψ)(x) = ψ(x). We say that an operator A is PT -symmetri if (PT )A ⊂ A(PT ).2 PT -symmetri point interationsA family of PT -symmetri point interation at the origin was determined in [1℄ by thetwo types of boundary onditions: onneted and separated. Di�erential operator L,orresponding to the point interation,

L = − d2

dx2
(1)is de�ned on the domain Dom(L) onsisting of funtions ψ from W 2,2(R \ {0}) satisfyingboundary onditions desribed by parameters b, c, ψ, θ, h0, h1 in the following way



Irregular PT -symmetri Point Interations 153i) onneted ase:
(
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ψ′(0+)

)

= B

(

ψ(0−)
ψ′(0−)

)

, (2)with the matrix B equal to
B = eiθ

(√
1 + bc eiφ b

c
√

1 + bc e−iφ

)

, (3)with real parameters b ≥ 0, c ≥ −1/b, θ, φ ∈ (−π, π].ii) separated ase:
h0ψ

′(0+) = h1e
iθψ(0+),

h0ψ
′(0−) = −h1e

−iθψ(0−), (4)with the real phase parameter θ ∈ [0, 2π) and with the parameter h = (h0, h1) takenfrom the real projetive spae P1.The operator L is an extension of a symmetri densely de�ned operator L0 = −d2/dx2with the domain Dom(L0) = C∞

0 (R \ {0}). L an be also viewed as a restrition of
Lmax = L∗

0 = −d2/dx2 with the domain Dom(Lmax) = W 2,2(R \ {0}).The separated PT -symmetri boundary onditions have been studied in several works[11, 6, 13, 12℄ and we will not onsider this ase further.We would like to remark that the laim of [1℄ that all operators L satisfy the property
L∗ = PLP is not entirely aurate for the onneted ase. If we express expliitlythe boundary onditions orresponding to the adjoint operator L∗, we onlude that
L∗ = PLP holds if and only if θ = 0. Nevertheless, none of the other laims of [1℄ isa�eted by this fat beause of the unitary equivalene of the operators orresponding tothe di�erent hoies of θ. Further, we will onsider θ = 0 only.We summarize symmetry properties of L. The proof of the following proposition isstraightforward appliation of boundary onditions for L,L∗ and ations of operators Pand T .Proposition 1. Let L be the seond derivative operator orresponding to the onneted
PT -symmetri point interation at the origin (1)�(3) with the hoie θ = 0 in the bound-ary onditions. Theni) L∗ = PLP,ii) (PT )L ⊂ L(PT ),iii) L∗ = T LT .The �rst symmetry is referred to as the P-pseudo-Hermitiity or PT -self-adjointness,the seond one is the PT -symmetry in its original sense and the third one is the T -self-adjointness, the speial ase of J-self-adjointness, where J is an antilinear isometriinvolution, i.e. J2 = I and 〈Jx, Jy〉 = 〈y, x〉 for all x, y ∈ H. The importane of T -self-adjointness for PT -symmetri models was stressed in [6℄, one of the reasons is that theresidual spetrum of J-self-adjoint operators is empty [9, Lem. III.5.4℄.We remark that the property i) of the Proposition 1 guarantees that the operator Lis losed. To this end take into the onsideration losedness of every adjoint operator,the relation i), and P = P−1 ∈ B(H). The losedness of the onsidered extensions anbe alternatively shown with help of [10, III, Problem 5.11℄ as well.



154 P. Siegl3 Model on a lineThe spetrum of this model has been investigated �rstly in [1, Thm.2, Prop.1℄, it basiallyonsists of the branh of ontinuous spetrum [0,∞) and up to two real or omplexonjugated eigenvalues. However, it was observed in [3℄ that there is one �exeptional�ase for partiular hoie of parameters for whih the resolvent set of orrespondingoperator is empty. Our aim is to investigate this partiular operator into more details.Let us study the onneted ase with θ = b = c = 0, i.e. the boundary onditions for
Lφ read

ψ(0+) = eiφψ(0−), ψ′(0+) = e−iφψ′(0−), (5)where φ ∈ (−π, π]. The adjoint operator L∗

φ an be found expliitly, L∗

φ = L−φ and thease φ = π orresponds to the self-adjoint operator.Spetral properties of Lφ for φ 6= ±π
2
are very simple, the spetrum is ontinuouswithout any eigenvalues,

σ(Lφ) = σc(Lφ) = [0,∞), φ 6= ±π
2
. (6)It is possible to �nd an invertible positive bounded operator Θ with bounded inversesatisfying

L∗

φΘφ = ΘφLφ, φ 6= ±π
2
, (7)in other words, to show that Lφ is quasi-Hermitian [7℄ or, equivalently, that Lφ is similarto a self-adjoint operator. The expliit formula for the operator Θ and its square rootwas obtained by di�erent approahes in [3, 16, 2℄,

Θφ = I − i sinφPsignP, (8)where the operator Psign ats as a multipliation by the funtion sign x. The spetrum of
Θφ onsists of two eigenvalues 1 ± sin φ of in�nite multipliities,

σ(Θφ) = σp(Θφ) = {1 ± sin φ}. (9)We denote L±,Θ± the operators orresponding to φ = ±π
2
. The relation (7) is stillvalid for φ = ±π

2
, however, operators Θ± are no longer invertible. Moreover, we an seethat formula for the resolvent [1, eq.(17)℄ ollapses beause the expression [1, eq.(18)℄appearing in the denominator is identially zero. These fats are re�eted in unusualspetral properties of L± being far from those of self-adjoint operators.Proposition 2. Spetra of the operators L± inlude all omplex numbers, interval [0,∞)is the ontinuous part and every λ ∈ C \ [0,∞) belongs to the point spetrum.

σp(L±) = C \ [0,∞), σc(L±) = [0,∞). (10)Proof. The eigenfuntions orresponding to eigenvalues from C \ [0,∞) an be foundexpliitly, see [3℄ for the details.



Irregular PT -symmetri Point Interations 1554 Models on a �nite intervalWe onsider a �nite interval (−l, l) and a seond derivative operator Lφ orrespondingto the PT -symmetri interation at origin of the type (5). The domain of Lφ onsists offuntions ψ belonging to the Sobolev spae W 2,2((−l, 0)∪ (0, l)) and satisfying boundaryonditions (5) at origin and some other boundary onditions at ±l being spei�ed later.Our aim is to study the spetrum of suh di�erential operators, partiularly if φ = ±π/2where the hoie of the boundary onditions at ±l plays an essential role.We distinguish two lasses of boundary onditions being imposed at ±l: symmet-ri and PT -symmetri ones. The symmetri boundary onditions are determined by aunitary matrix U entering well known relation
(U − I)Ψ(l) + i (U + I)Ψ′(l) = 0, (11)where

Ψ(l) =

(

ψ(l)
ψ(−l)

)

, Ψ′(l) =

(

ψ′(l)
−ψ′(−l)

)

. (12)The PT -symmetri boundary onditions are de�ned by relations (2)-(4).We summarize spetral properties of Lφ in following propositions. As we may expet,the ases φ = ±π/2 exhibit unusual features.Proposition 3. Let Lφ be the seond derivative operator in L2((−l, l)) orresponding tothe PT -symmetri point interation (5) at origin with symmetri boundary onditions(11)�(12) at ±l.If φ 6= ±π/2, then the spetrum of Lφ is disrete and its eigenvalues λ = k2 aresolutions of the equation
cosφ

(

P1(U) − 2ikP2(U) cos 2kl + k2P3(U) sin 2kl
)

+

+2ik
(

u12 + u21 + i(u11 − u22) sinφ
)

= 0, (13)where uij are elements of the unitary matrix U and
P1(U) = 1 − u11 − u12u21 − u22 + u11u22,

P2(U) = 1 + u12u21 − u11u22,

P3(U) = 1 + u11 − u12u21 + u22 + u11u22. (14)If φ = ±π/2, then the point spetrum of L± is either empty or entire C. The latter aseours if and only if
u12 + u21 ± i(u11 − u22) = 0. (15)If we take into onsideration usual Dirihlet (U = −I) and Neumann (U = I) bound-ary onditions at ±l, then the ondition (15) is ful�lled, thus the spetrum of L± is theentire omplex plane.Next, we apply both onneted and separated PT -symmetri boundary onditions at

±l. It may be expeted for onneted ase that the seond point interation (parametersare denoted by the subsript 2) of the type b2 = 0, c2 = 0, φ2 = ±π/2 produes analogousinteresting spetral e�ets.



156 P. SieglProposition 4. Let Lφ be the seond derivative operator in L2((−l, l)) orresponding tothe PT -symmetri point interation (5) at origin with onneted PT -symmetri boundaryonditions (2) at ±l.If φ 6= ±π/2, φ2 6= ±π/2 or φ 6= ±π/2, φ2 = ±π/2 and b2 6= 0 or c2 6= 0, then thespetrum of Lφ is disrete and its eigenvalues λ = k2 are solutions of the equation
cosφ

(

(

b2k
2 − c2

)

sin 2kl + 2k
√

1 + b2c2 cos φ2 cos 2kl
)

+

+2k
(

√

1 + b2c2 sinφ sinφ2 − 1
)

= 0. (16)If φ = ±π/2, then the point spetrum of L± is either empty or entire C. The latter aseours if and only if
√

1 + b2c2 sinφ2 − 1 = 0. (17)If b2 = 0, c2 = 0, φ2 = ±π/2, then the point spetrum of L± is either empty or entire C.The latter ase ours if and only if φ = ±π/2.Proposition 5. Let Lφ be seond derivative operator in L2((−l, l)) orresponding to the
PT -symmetri point interation (5) at origin with separated PT -symmetri boundaryonditions (4) at ±l.If φ 6= ±π/2 and θ 6= 0, π, then the spetrum of Lφ is disrete and its eigenvalues
λ = k2 are solutions of equation

cos φ
(

2h0h1k cos 2kl cos θ +
(

h2
0k

2 − h2
1

)

sin 2kl
)

− 2h0h1k sin θ sinφ = 0. (18)If φ = ±π/2, then the point spetrum of L± is either empty or entire C. The latter aseours if and only if θ = 0, π.Remark 1. The ase of empty point spetrum atually means that the whole spetrum isempty beause the resolvent is ompat in this ase.Proof. We solve the di�erential equation Lφψ = λψ together with both boundary ondi-tions. We searh for a non-zero eigenfuntion and this yields the seular equations (13),(16), (18). If we insert φ = ±π/2 or other assumptions on the rest of the parametersinto the equations, we obtain the assertions onerning the empty and entire C pointspetrum.In order to prove the laim of the non-empty disrete spetrum and of the remarkabove we show that the resolvent is ompat in these ases. We alulate the resolventexpliitly for the operator L+ in Proposition 5. The remaining resolvents an be obtain byanalogous proedure. At �rst, using standard Green funtion approah, we alulate theresolvent orresponding to the L1 = −d2/dx2 on (−l, l) with separated PT -symmetrionditions (4) at ±l.
(RL1

(λ)g) (x) =

∫ l

−l

G(x, y)g(y)dy, (19)where g ∈ L2(R), λ = k2, and
G(x, y) =

1

W (k)

{

u−(x)u+(y), x ≤ y
u−(y)u+(x), x ≥ y,

(20)
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W (k) = −k

((

k2 − h2
1

h2
0

)

sin 2kl + 2k
h2

1

h2
0

cos θ cos 2kl

)

,

u±(x) = A± cos kx+B± sin kx,

A− = −k cos kl + e−iθh1

h0

sin kl, B− = e−iθh1

h0

cos kl + k sin kl,

A+ = k cos kl − eiθ
h1

h0

sin kl, B+ = eiθ
h1

h0

cos kl + k sin kl. (21)We may easily hek that funtions u± satisfy appropriate boundary ondition (4) at ±l.We de�ne operators Lmin and Lmax both ating as −d2/dx2, the domain of Lminonsists of ψ ∈W 2,2((−l, l)) satisfying ψ(0) = ψ′(0) = 0 and the separated PT -symmetriboundary onditions (4) at ±l, while the domain of Lmax are ψ ∈ W 2,2((−l, 0) ∪ (0, l))satisfying the separated PT -symmetri boundary onditions (4) at ±l. Both L1 and Lφare extensions of Lmin and restritions of Lmax and therefore the resolvent of Lφ an bewritten in the form
(

RLφ
(k2)g

)

(x) =
(

RL1
(k2)g

)

(x) + C−(k)e−(x) + C+(k)e+(x), (22)with
e±(x) = ϑ(±x)u±(x), (23)where ϑ(x) is the Heaviside step funtion, and C±(k) are to be determine. We require

RLφ
(k2)g ∈ DomLφ, thus it must satisfy boundary onditions (5). This leads to thesystem of linear equations for C±(k)

(

eiφA+ −A−

−e−iφkB+ kB−

) (

C−(k)
C+(k)

)

=

( (

eiφ − 1
)

F1(0)
(

e−iφ − 1
)

F ′

1(0)

)

, (24)where
F1(x) =

(

RL1
(k2)g

)

(x), F ′

1(x) =
d

dx
F1(x). (25)The solution exists if determinant of the matrix on the l.h.s. of (25) denoted M furtheris non-zero. On the other hand the ondition detM = 0 yields eigenvalue equation (18).Solutions C±(k) have the following form:

C−(k) =
eiφ − 1

detM

(

B−F (0) − e−iφ

k
A−F

′(0)

)

,

C+(k) =
eiφ − 1

detM

(

e−iφB+F (0) − 1

k
A+F

′(0)

)

. (26)If we onsider k for whih detM 6= 0 and W (k) 6= 0, then C±(k) are bounded andestimates
|C±(k)| ≤ C(k)‖g‖ (27)are valid for a onstant C(k) depending on k. RL1

(k2) is a ompat operator and if weadd rank one, i.e. also ompat, operators C±(k)e± we get RLφ
(k2) whih is then also



158 P. Sieglompat for the �xed k. Whene, by the resolvent identity, RLφ
(k2) is ompat for all

k2 ∈ ̺(Lφ).This laim remains true also for φ = π/2 and θ 6= 0, π beause
detM = −2k2h1

h0

sin θ. (28)We an alternatively �nish the proof by using [10, III, Corollary 6.34℄. In order to provethat resolvent is ompat it su�es to show that the resolvent set is non-empty, i.e. to�nd some k for whih RLφ
(k2) ∈ B(H).Referenes[1℄ S. Albeverio, S. M. Fei, and P. Kurasov. Point Interations: PT-Hermitiity andReality of the Spetrum. Letters in Mathematial Physis 59 (2002), 227�242.[2℄ S. Albeverio, U. Gunther, and S. Kuzhel. J-self-adjoint operators with C-symmetries:an extension theory approah. Journal of Physis A: Mathematial and Theoretial42 (2009), 105205 (22pp).[3℄ S. Albeverio and S. Kuzhel. One-dimensional Shrödinger operators with P-symmetri zero-range potentials. Journal of Physis A: Mathematial and General38 (2005), 4975�4988.[4℄ C. M. Bender. Making sense of non-Hermitian Hamiltonians. Reports on Progressin Physis 70 (2007), 947�1018.[5℄ C. M. Bender and S. Boetther. Real spetra in non-hermitian hamiltonians having
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Example of an In�nite Wordwith Spei� Properties∗�t¥pán Starosta2nd year of PGS, email: sstarosta�seznam.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Edita Pelantová, Department of Mathematis, Faulty of NulearSienes and Physial Engineering, CTU in PragueAbstrat. We will exhibit an example of an in�nite word, whose language is losed underreversal, and the word itself is rih in palindromes and ontains in�nitely many non-palindromibispeial fators. We will prove the mentioned properties. We will also mention the motivationfor suh an example in the ontext of generalizations of Sturmian words.Keywords: palindrome, rih word, bispeial fatorAbstrakt. Uvedeme p°íklad nekone£ného slova, které má jazyk uzav°ený na reverzi, je pln¥saturováno palindromy a obsahuje nekone£n¥ mnoho nepalindromikýh bispeiálníh faktor·.Zmín¥né vlastnosti dokáºeme a zmíníme i motivai pro hledání takového slova v kontextu zobe-n¥ní Sturmovskýh slov.Klí£ová slova: palindrom, slovo bohaté na palindromy, bispeiální faktor1 IntrodutionCombinatoris on words deals mainly with in�nite words - in�nite sequenes of letters.It is a relatively new domain, it dates to the beginning of 20th entury. Sine then, itsgrowth is aelerating until today. It is intimately onneted with other mathematialdomains. One of the losest onnetion is to symboli dynamis where the state of thesystem is represented by an in�nite word. A lot of ombinatorial properties of an in�niteword have their dynamial equivalent in a symboli dynamial system (see for instane[4℄ or [5℄).We will deal with some spei� ombinatorial properties of in�nite words. The situ-ation is usually simpler on a binary alphabet. Some binary in�nite words are quite wellexplored and their properties have been generalized to larger alphabet. In [2℄ a well-known lass of binary words, Sturmian words, served as an inspiration for exploring thegeneralized properties and their relations. Sturmian words are an interesting objet asthey an be de�ned in many ways and they appear in very di�erent situations in theworld around us. Some of their ombinatorial haraterizations rely on the notion of
∗This work has been supported by the Czeh Siene Foundation grant no. 201/09/0584, by thegrant no. MSM6840770039 and LC06002 of the Ministry of Eduation, Youth, and Sports of the CzehRepubli and by the grant no. SGS10/085OHK4/1T/14 of the Grant Ageny of the Czeh TehnialUniversity in Prague 161



162 �. Starostapalindrome - a word read the same from the left as from the right. One of the propertiesof Sturmian words is that they are fully saturated by palindromes, i.e., a Sturmian wordannot ontain more palindromes. Some of their generalizations also ful�ll that property(whih is referred to as rihness or fullness).In this report we will give one example of an in�nite word used in [2℄ in the ontextof generalizations of Sturmian words. We will require this example to be also saturatedby palindromes and ontain non-palindromi fators (subwords that our without gapsin the in�nite word) - see later for preise de�nition. We will give proof of its properties.Setion 2 gives some neessary notions and de�nition from ombinatoris on wordswhile Setion 3 ontains the example and proofs.2 PreliminariesAn alphabet A is a �nite set of symbols alled letters. A �nite word is a �nite sequeneof letters. By a language we mean a set of �nite words. The set of all �nite words overthe alphabet A is denoted by A∗ and inludes the empty word ε. When equipped withthe operation of onatenation, A∗ is a monoid.An in�nite word is an in�nite sequene of letters. For an in�nite word u = (ui)
+∞

i=0 ,where ui ∈ A for all i, we say that a �nite word w is a fator of u if there exists aninteger k ≥ 0 suh that w = ukuk+1 . . . uk+n−1. The integer k is said to be an ourreneof w in u. The integer n is the length of the word w, denoted |w|.An in�nite word is reurrent if every fator ours in�nitely many times, i.e., has in-�nitely many ourrenes. An in�nite word is uniformly reurrent if the gaps betweenonseutive ourrenes of every fator are bounded.The set of all fators of an in�nite word u, inluding the empty word ε, is denoted
L(u). This set is said to be the language of u. We say that a fator v ∈ L(u) is aright extension of a fator w ∈ L(u) if there exists a letter x ∈ A suh that v = wx.If a fator w has more than one right extension, we say it is right speial (RS). Notethat in a language of an in�nite word, every fator has at least one right extension. Thede�nition of left extension and left speial (LS) fator is analogous. If an in�nite wordis reurrent, then also every fator has at least one left extension. If a fator is right andleft speial, we say it is bispeial BS.Fator omplexity C(n) is a mapping assoiated to an in�nite word u whih to aninteger n assoiated the number of distint fator of length n, i.e.,

C(n) = # {w ∈ L(u) | |w| = n} .The bilateral order of a fator w ∈ L(u) was introdued in [3℄ as the number
b(w) = #{awb | awb ∈ L(u), a, b ∈ A} − #{aw | aw ∈ L(u), a ∈ A} − #{wb | wb ∈
L(u), b ∈ A}+1. Fators an be lassi�ed aording to their bilateral order. If b(w) = 0,we say the fator is ordinary. If b(w) > 0, it is said to be strong. Otherwise thefator is weak. It an be readily seen from the de�nitions that if w is not BS, thenit is ordinary. The importane of bilateral orders stems from the fat that the seonddi�erene of the fator omplexity an be expressed in terms of bilateral orders of fators.Sine only bispeial fators an have non-zero bilateral order, they play important rolewhile studying the language of an in�nite word.



Example of an In�nite Word with Spei� Properties 163The mirror image or reversal of a word w = w0w1 . . . wn is de�ned as
w̃ = wnwn−1 . . . w0.If a language ontains with every fator w also its reversal w̃, we say it is losed underreversal.A �nite word suh that w = w̃ is a palindrome. Given a palindrome w ∈ L(u), wesay that xwx, x ∈ A, is a palindromi extension of w if xwx ∈ L(u).More basi notions and theorems an be found for instane in [6℄ or [4℄.In [2℄ more properties of in�nite words and relations between them are given. We willmention some of them. We say that an in�nite word u satis�es

• Property C if its fator omplexity is C(n) = (#A− 1)n+ 1 for all n ≥ 0;
• Property PE if every its palindrome of L(u) has a unique palindromi extension;
• Property BO if every its fator is ordinary.Note that most of the mentioned de�nitions an be rewritten in a more general wayfor any language. As we will deal only with languages of in�nite words, we keep thenotions for the language of an in�nite word L(u).We will use the following relation taken from [2℄.Theorem 1 ([2℄ Theorem 22). Let u be an in�nite word with language losed underreversal satisfying Property C. Then Properties PE and BO are equivalent.This is an example of a relation between generalized properties of Sturmian words. Ona binary alphabet, if we add aperiodiity to the Property BO, the 3 mentioned Propertiesare equivalent even if we relax to ondition of being losed under reversal on the languageto be losed under reversal.The next laim is a reformulation of Corollary 27 from the same paper. It refers toan interesting lass of words alled rih words. A �nite word w is rih if it ontains

|w|+ 1 palindromi fators (inluding the empty word). It an be shown that this is themaximum number of palindromi fators that a word an ontain, thus the name rih.An in�nite word is rih if all its fators are rih. In other words, rih in�nite words arefully saturated by palindromi fators.Claim 2. Let u be an in�nite word with language losed under reversal satisfying Property
C. If the property PE is satis�ed, then the word is rih.We will need another theorem.Theorem 3 (folklore). If u is a uniformly reurrent word that ontains in�nitely manydistint palindromes, then its language L(u) is losed under reversal.Proof. Suppose for ontradition that there exists a fator w ∈ L(u) suh that w̃ 6∈ L(u).Sine u is uniformly reurrent, there exists an integer K, suh that every fator of lengthat least K ontains every fator of length |w|. As there is in�nitely many palindromes,we an �nd a palindrome p ∈ L(u) suh that |p| ≥ K. As w ours in p, w̃ ours alsoin p and therefore in L(u) � ontradition.



164 �. Starosta3 Example of an in�nite word with desired propertiesThe goal is to onstrut a rih in�nite word having its language losed reversal and on-taining non-palindromi BS fators. The motivation is that all known examples ontainonly palindromi BS fators and suh example would serve as a ounterexample. Forlarger ontext see [2℄.Example 4. A ternary word with suh properties is v = π(u), where u = ϕ2(u) (i.e.,
u is a �xed point of a morphism ϕ2) and ϕ : {A,B,C,D}∗ → {A,B,C,D}∗ and π :
{A,B,C,D}∗ → {a, b, c}∗ are the following morphisms

ϕ : A→ CAC, B → CACBD, C → BDBCA, D → BDB,

π : A→ ba, B → b, C → a, D → abc.The idea of the onstrution is very di�erent from the atual proof and is inspiredby [7℄. To prove its properties we will use notions and laims from the previous setion.However the proof is rather tehnial and is separated into 5 lemmas.The �rst two lemmas onern the word u.Lemma 5. Let x ∈ {A,B,C,D} and n ≥ 1. Then the word ϕ2n(x) equals py0y1 where pis a palindrome and y0 and y1 are letters.Proof. The proof will be done by indution on n. We will prove the following. For anyletter x and any integer n, ϕ2n(x) without last two letters is a palindrome and words
ϕ2n(CA) and ϕ2n(DB) di�er only on their last two letters.Before proeeding, note that the su�x of length 2 of ϕ2n(x) an be determined forany n. They are enumerated in Table 1.

x su�x of ϕ2n(x)
A CA

B DB

C AC

D BDTable 1: Su�xes of length 2 of words ϕ2n(x)For n = 1, the laim an be diretly veri�ed.Suppose now the laim is true for n. Let �rst x = A. We want to prove that
ϕ2n+2(A) = ϕ2n (BDBCACACBDBCA)without last two letters is a palindrome. Let py denote the palindrome suh that ϕ2n(y) =

pyy0y1 with y0 and y1 being letters. Using this notation, we an rewrite ϕ2n+2(A) as
pBDBpDBDpBDBpCACpACApCACpACApCACpBDBpDBDpBDBpCACpACA.The fat that ϕ2n(CA) and ϕ2n(DB) di�er only on their last two letters an be denotedas

pCACpA = pDBDpB. (1)



Example of an In�nite Word with Spei� Properties 165Putting these two equalities together we get ϕ2n+2(A) =

pBDBpDBDpBDBpDBDpBCApCACpACApCACpBDBpDBDpBDBpDBDpBCA.It is easy to verify that if we ut the su�x CA, we get a palindrome.For x = B the proof is analogous.For the remaining two letters C and D we an onsider a morphism exhangingthe letters σ: A ↔ D and B ↔ C. It is lear that ϕ2n+2(C) = σ(ϕ2n+2(B)) and
ϕ2n+2(D) = σ(ϕ2n+2(A)). The �rst part of the laim is proved.To prove the remaining relation, one an see that
ϕ2n+2(CA) = ϕ2n(BDBCACAC) = pBDBpDBDpBDBpCACpACApCACpACApCACand
ϕ2n+2(DB) = ϕ2n(BDBCACBD) = pBDBpDBDpBDBpCACpACApCACpBDBpDCA.Comparing the two words, one an see that only their su�x di�ers and we in fatwant to prove that the word pACApC equals pBDBpD. This is true sine we an apply
σ to the relation (1). On the left-hand side we get

σ(pCACpA) = pBDBpDand on the right-hand we have
σ(pDBDpB) = pACApC .The equality σ(px) = pσ(x) for any letter x is due to the fat that σ(ϕ(x)) = ϕ(σ(x)).The last lemma implies that L(u) ontains in�nitely many palindromes. Theorem 3then implies that L(u) is losed under reversal.Lemma 6. Every LS fator of u is a pre�x of ϕ2n(B) or ϕ2n(C) for some n ∈ N.Proof. It is readily seen that B is LS fator, with DB and CB its left extensions. Thesame holds for C, whose left extensions are AC and BC.>From the de�nition of ϕ2, we an see that all short left speial fators are pre�xesof ϕ2(B) or ϕ2(B).On the other hand, one an see that both ϕ2n(B) and ϕ2n(C) are left speial for all

n. Suppose now that w ∈ L(u), |w| > |ϕ2(B)|, is left speial. Suh fator w must be afator of an image by ϕ2 of a shorter LS fator v. Sine for any letter x, the word ϕ2(x)ends by x, we an easily identify the preimage v to be a pre�x of ϕ2n(B) or ϕ2n(C) forsome n big enough.The following lemmas onern the in�nite word v.



166 �. StarostaLemma 7. Let p ∈ L(u) be a non-empty palindrome di�erent from B and C. Then
π(p) = xyp′ where x and y are letters and p′ is a palindrome.Proof. The proof is done by indution on |p|. For short palindromes, the laim an beveri�ed easily.Suppose the laim holds for a palindrome p, |p| > 3. Let π(p) = xyp′ where p′ is apalindrome.We will now deal apart with the four possible ases ApA, BpB, CpC and DpD -palindromes of length |p| + 2. Let us reall the fators of u of length 2

L2(u) = {AC,CA,CB,BC,CD,DB} .It will serve us to determine xy in eah ase.1. ApA: Sine ApA ∈ L(v), it is lear that either CA or CB is a pre�x of p. In bothases this implies that xy = ab. Altogether we have π(ApA) = baabp′ba.2. BpB : All 3 possible pre�xes of p, namely D, CA and CB, imply that xy = ab.One an see that π(BpB) = babp′b.3. CpC : 3 possible pre�xes of p are BD, BC and A. Thus xy = ba. Therefore
π(CpC) = abap′a.4. DpD : 2 possible pre�xes of p are BD and BC. As xy = ba, we have π(DpD) =
abcbap′abc.Lemma 8. Every LS fator of v is a pre�x of π(ϕ2n(B)) or π(ϕ2n(C)) for some n ∈ N.Proof. Let w ∈ L(v) be a LS fator. Let xw and yw, where x and y are letters, be its leftextensions. It is lear that there exists a left speial fator W ∈ L(u) suh that xw is afator of XW , where X is a letter. Analogously, there exists an extension Y W . Sine thepair (X, Y ) is either (A,B) or (C,D), and words in pairs (π(A), π(B)) and (π(C), π(D))end in di�erent letters, one an see that w is a pre�x of π(W ). The laim then followsfrom Lemma 6.Lemma 9. The in�nite word v ontains in�nitely many non-palindromi BS fators.Proof. Consider r ∈ L(u) to a BS fator starting by the letter B and ending by the letter

C. We will �rstly show that π(r)ba is a non-palindromi BS fator of L(v). In the seondpart we will show that suh a fator r exists and there are in�nitely many fators withsuh properties.It is lear that r is extended in L(u) by the letters B and C to the left and tothe right. Sine π(B) and π(C) end in di�erent letter, we an see that π(r) is LS.Sine the last letter of r is C, the fator r an be extended to the right by one ofthe following words: {BD,BCA,BCB,AC}. The longest ommon pre�x of the words
{π(BD), π(BCA), π(BCB), π(AC)} is ba and is not equal to neither of them. Therefore,
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π(r)ba is right speial. As the �rst letter of r is B, the �rst letter of π(r)ba is b. Thus
π(r)ba is a non-palindromi BS fator of v.It remains to show that L(u) ontains in�nitely many BS fators starting by theletter B and ending by the letter C. To prove that take an arbitrary integer n and anon-empty pre�x w of the word ϕ2n(B). Aording to Lemma 6 w is a LS fator. As uis uniformly reurrent, we an extend w to the right in a unique manner until we have afator s ∈ L(u) whih is also right speial.Sine u is losed under reversal, there are two possibilities for the last letter of s. Itis either B or C.If the last letter is C, then s is followed by one of 3 fators: AC, BD or BC. Thelongest ommon pre�x of fators {ϕ2(AC), ϕ2(BD), ϕ2(BC)} is the word ϕ2(B). More-over, the longest ommon pre�x is shorter than any of these 3 words. Thus the word
ϕ2(s)ϕ2(B) is right speial with two right extending letters - B and C. Note that ϕ2(sB)ends by the letter B. Aording to Lemma 6, ϕ2(sB) is also left speial sine it is animage by ϕ2 of a LS fator.If the last letter of s is B, the situation is analogous. We an onstrut a longer BSfator ϕ2(sC), this time ending by the letter C.Altogether we an �nd an in�nite sequene of non-palindromi BS fators of L(u)starting by B and ending by C.Proof of properties of v. As v ontains in�nitely many distint palindromes (Lemma 7)and is a morphi image of a uniformly reurrent word, thus uniformly reurrent, aordingto Theorem 3 the language L(v) is losed under reversal. Using Lemma 8 we see that
L(v) has 2 LS fators of eah positive length. This implies that for n ≥ 0 we have

C(n + 1) − C(n) = 2as any other non-speial fator has only one left extension. Therefore, v has omplexity
C(n) = 2n + 1, i.e., Property C holds. Sine there are two in�nite words whose pre�xesare exatly LS fators, with 2 left extensions eah time, it an be dedued from thede�nition of the bilateral order and the fat that the language is losed under reversalthat v ontains only ordinary BS fators. Applying Theorem 1, Property PE holds aswell. Finally, as Lemma 9 states, L(v) ontains in�nitely many non-palindromi BSfators.The word u is ternary. One might ask if there exists a binary word with suh prop-erties. The answer is positive, we an use v to onstrut suh word. Let us de�ne amorphism ψ as follows:

ψ : a→ 01, b→ 010, c→ 01011.In fat, this morphism is from a lass denoted Pret treated in [1℄. We will not give detailsof this lass, however the form of ψ, Property PE and rihness of v imply that ψ(v) isrih and has language losed under reversal.In the proof of Lemma 9, it is in fat stated that v ontains in�nitely many BS fatorsstarting by b, ending by a, whose right and left extending letters are a and b. Take r tobe a suh BS fator. It is readily seen that ψ(r)010 is a BS fator of ψ(v). Sine r startsby b and ends by a, it follows that ψ(r)010 has a pre�x 0100 and a su�x 1010, thus it is



168 �. Starostanot a palindrome. Thus, ψ(u) is a binary word having the same properties as the word
u.4 Final remarkIn the proof of the properties of u we have used a ommon tehnique used to analyse alanguage of an in�nite word whih is produed by morphisms. Suh tehnique may notbe su�ient for some speial ases of morphisms.Referenes[1℄ L. Balková, E. Pelantová, and �. Starosta. In�nite words with �nite defet.http://arxiv.org/abs/1009.5105[2℄ L. Balková, E. Pelantová, and �. Starosta. Sturmian jungle (or garden?) on mul-tiliteral alphabets. http://arxiv.org/abs/1003.1224, to appear in RAIRO-Theor. Inf.Appl.[3℄ J. Cassaigne. Complexity and speial fators. Bull. Belg. Math. So. Simon Stevin 41 (1997), 67�88.[4℄ N. P. Fogg. Substitutions in Arithmetis, Dynamis and Combinatoris. Springer, 1stedition, (2002).[5℄ P. K·rka. Topologial and Symboli Dynamis. Soieté Mathématique de Frane,(2004).[6℄ M.Lothaire. Algebrai ombinatoris on words. Number 90 in Enylopedia of Math-ematis and its Appliations. Cambridge University Press, (2002).[7℄ G. Rote. Sequenes with subword omplexity 2n. J. Number Th. 46 (1993), 196�213.



A Quantitative Criterion for Arti�ial Di�usionin Numerial ShemesPavel Strahota3rd year of PGS, email: pavel.strahota�fjfi.vut.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Mihal Bene², Deptartment of Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTU in PragueAbstrat. In the ourse of tuning the developed numerial algorithm for MR-DTI data vi-sualization, it was neessary to introdue a measurement tehnique apable of quantitativelyassessing the arti�ial isotropi di�usion in numerial shemes for PDE. Based on suh assess-ment, a quali�ed hoie of the numerial sheme an be made. This ontribution desribes theproposed measurement tehnique based on total variation evaluation. The proedure is appliedto several numerial disretizations of the anisotropi di�usion model based on the Allen-Cahnequation and the obtained results are presented.Keywords: Allen-Cahn equation, arti�ial numerial di�usion, �nite volume method, multipoint�ux approximation, total variationAbstrakt. V pr·b¥hu lad¥ní numerikého algoritmu pro vizualizae dat z MR-DTI bylo nutnévyvinout metodu shopnou kvantitativn¥ posoudit míru um¥lé numeriké difuze, která je p°í-tomna v kaºdém numerikém shématu pro diskretizai PRD. Na základ¥ takového m¥°enílze pak kvali�kovan¥ rozhodnout o volb¥ numerikého shématu. P°ísp¥v¥k popisuje tehnikum¥°ení zaloºenou na vyhodnoování totální variae. Tato proedura je pouºita na n¥kolik num-erikýh diskretizaí modelu anizotropní difuze zaloºeného na Allenov¥-Cahnov¥ rovnii a jsouprezentovány dosaºené výsledky.Klí£ová slova: Allenova-Cahnova rovnie, um¥lá numeriká difuze, metoda kone£nýh objem·,víebodová aproximae toku, totální variae1 IntrodutionThe Allen-Cahn equation having its origin in phase modeling in physis [1℄ has sine foundits appliation in other �elds, inluding image proessing and mathematial visualization[2, 9℄. In partiular, in order to visualize the streamlines of a given tensor �eld in 3D, aninitial boundary value problem for the modi�ed Allen-Cahn equation with inorporatedanisotropy an be used (see [9, 11℄ and [7℄), giving similar results to the LIC method[3, 5℄.We begin with the problem formulation and desribe its numerial solution using several�ux approximation shemes on a retangular grid. The shemes su�er from an undesirednumerial dissipation e�et whih demonstrates itself as an additional isotropi di�usionof the solution. Hene, we proeed with the development of a measurement tehniquethat would provide for assessing the amount of the numerial di�usion produed by theshemes. A quantitative sheme omparison riterion is thereby reated.169



170 P. Strahota2 Problem for the Allen-Cahn equation with anisotropyFormulation. Assume there is a symmetri positive de�nite tensor �eld D : Ω̄ 7→ R
3×3where Ω ⊂ R

3 is a blok shaped domain. On the time interval J = (0, T ), the initialboundary value problem for the anisotropi Allen-Cahn equation reads
ξ
∂p

∂t
= ξ∇ · D∇p +

1

ξ
f0(p) in J × Ω, (2.1)

∂p

∂n

∣

∣

∣

∣

∂Ω

= 0 on J̄ × ∂Ω, (2.2)
p|t=0

= I in Ω (2.3)where
f0(p) = p(1 − p)

(

p −
1

2

)

.Let x ∈ Ω. Thanks to D (x) in the di�usion term on the right hand side of (2.1), thedi�usion of p at x is foused into the diretion of the prinipal eigenvetor of D (x), ormore preisely, with the diretional distribution desribed by the ellipsoid
{

η ∈ R
3
∣

∣ ηTD (x)−1
η = 1

}

.In terms of tensor �eld visualization, we hoose the initial ondition I in (2.3) as a noisytexture, preferably an impulse noise. Due to the anisotropi di�usion proess arried outby solving (2.1-2.3), the solution p hanges in time from noise to an organized struture.Streamlines of the �eld of prinipal eigenvetors of D an be reognized there as partswith loally similar value of p. The term f0 e�iently inreases ontrast of the resulting3D image provided that the parameter ξ and the �nal time T are hosen appropriately(in our ase by experiment). In order to atually view the resulting 3D image p (·, T ), 2Dslies through Ω an be helpful.Numerial solution. For numerial solution, the method of lines [8℄ is utilized. Apply-ing a �nite volume disretization sheme in spae, the problem (2.1-2.3) is onverted toa system of ODE in the general form
dp

dt
= f(t, p). (2.4)Thereafter, we employ the 4th order Runge-Kutta-Merson solver with adaptive timestepping to solve (2.4).Desribing the �nite volume sheme, (2.4) an also be referred to as the semidisretesheme and written in the form

ξ
d

dt
pK (t) = ξ

∑

σ∈EK

FK,σ (t) +
1

ξ
f0,K (t) ∀K ∈ T (2.5)where T is an admissible �nite volume mesh [4℄, K ∈ T is one partiular ontrol volume(ell) and EK is the set of all faes of the ell K. FK,σ (t) represent the respetive numerial



MEGIDDO: MR-DTI Visualization Algorithm 171�uxes at the time t, whih ontain di�erene quotients approximating the derivatives ∂xp,
∂yp, ∂zp at the enter of the fae σ.Arti�ial dissipation and �nite volume sheme design. As indiated in the in-trodution, all shemes introdue a ertain amount of arti�ial (numerial) isotropidi�usion in the solution. However, its strength depends on the exat form of FK,σ. Thisphenomenon needs to be suppressed as muh as possible as it may signi�antly deterio-rate the visual quality of the result due to blurring. Its ause lies in the ourrene of highfrequeny strutures in the solution: both the initial noise and the forming streamlines.To be treated orretly, they require the di�erene operators used in FK,σ to be of anappropriate order [10, 6℄.We have assembled and investigated numerial shemes using the following approxi-mations of the derivatives in the �ux term:

• seond order entral di�erene approximation with linear interpolation of the miss-ing points in the di�erene stenil;
• fourth order multipoint �ux approximation (MPFA) entral di�erene sheme withlinear interpolation;
• fourth order MPFA entral di�erene sheme with ubi interpolation.Thereto, a lassial forward-bakward �rst order �nite di�erene (FD) sheme has beenadded. For more details on the design of the MPFA di�erenes, see [11℄.3 Arti�ial di�usion measurementHaving the results available obtained by using di�erent shemes but based on identialinput settings, one an try to ompare them visually to deide on the sheme with theleast arti�ial di�usion. In Figure 3.1, an example of suh omparison is demonstratedon a real-data MR-DTI neural trat visualization. In the enter part of the images, amajor neural trat in the shape of U is displayed in the form of streamlines. It an beobserved that the FD sheme produes undesired isotropi di�usion greatly dependent onthe presribed diretion of di�usion. This is related to the asymmetry of the di�erenestenil. The 2nd order entral di�erene �ux approximation used in the FV sheme isalready symmetri. However, it is learly outperformed by the sheme based on MPFAwhih auses signi�antly weaker blurring.Sheme assessment by total variation. In this part we introdue a quantitativemeasure of the arti�ial di�usion in the shemes. For this purpose, the total variation ofthe numerial solution ph = ph (t) �nds its rather unusual appliation. It is de�ned as

TV
(

ph
)

=
∑

K∈T

∣

∣∇hp
h
K

∣

∣ m (K) (3.1)where ∇hph
K represents the disrete approximation of the gradient and m (K) is themeasure of the ell K. From the image proessing point of view, the value of TV is
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FD FV 2nd order MPFA ubi 4th orderFigure 3.1: Arti�ial di�usion in di�erent numerial shemes. Crops from olorized MR-DTI visualizations based on real data, transverse plane slie.proportional to both the number of edges in the image ph and its ontrast. Both thesequantities assume their maxima for the noisy initial ondition and hange in time alongwith the di�use evolution of the numerial solution. Performing two omputations withidential settings exept for the hoie of the numerial sheme, it is possible to diretlyompare the TV values of the results. The sheme produing an image with a greatervalue of TV exhibits less arti�ial di�usion as it maintains more edges, more ontrast, orboth.Sheme omparison methodology. We have performed extensive testing with phan-tom input tensor �elds to investigate the behavior of the shemes depending on thepresribed diretion of di�usion. For eah triple of spherial oordinates (r = 1, ϕ, θ)where ϕ ∈ [0, 360◦], θ ∈ [−90◦, 90◦], let a unit vetor

v1 (ϕ, θ) = (cos ϕ cos θ, sin ϕ cos θ, sin θ)represent the prinipal eigenvetor of a uniform tensor �eld D (ϕ, θ), orresponding tothe eigenvalue λ1 = 100. The remaining eigenvalues are λ2 = λ3 = 1 and the eigenve-tors v2, v3 omplete the orthonormal basis of R3. Afterwards, a omputation is arriedout using D (ϕ, θ) as input data and subsequently, TV is evaluated from the resultingdatasets. The TV values alone are not of partiular interest sine they depend on boththe grid dimensions and the size of the domain Ω. However, the relative di�erenes of
TV between shemes provide the desired information.The results of the proedure desribed above performed for all the four shemes inseveral time levels are shown in Figures 3.2-3.6. In all the graphs, TV is normalized sothat the maximum in eah hart is 1. Settings of all important omputation parametersan be found in the �gure aptions. In Figure 3.2, the latitude θ is �xed to 0 and thelongitude ϕ traverses the angles from 0◦ to 350◦ with the step 10◦. The same is true forFigure 3.3 whih only di�ers from Figure 3.2 in the setting of parameter ξ. Figure 3.4depits the �diagonal� ut through the spae (ϕ, θ) in the range from 0◦ to 90◦, inludingthe worst situation for all shemes where ϕ = θ = 45◦. Finally, Figures 3.5 and 3.6ontain surfae plots of all measured ombinations of ϕ, θ for the FD sheme and theMPFA FV sheme with ubi interpolation, respetively.Observations from Figures 3.2-3.6 an be summed up as follows:

• Arti�ial di�usion learly depends on v1 and ours least when the diretion v1 isaligned with oordinate axes. For the FD sheme, a straightforward explanation
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MPFA linear MPFA cubicFigure 3.2: Comparison of numerial shemes based on TV, ξ = 5 × 10−3, θ = 0, ϕ ∈
[0◦, 350◦].an be given: In the degenerate ase λ2 = λ3 → 0, the equation systems for di�erentrows of grid nodes along v1 beome independent.

• The performane of all shemes improves (i.e. TV rises) with growing time. Thisis obvious as the ongoing di�usion gradually limits the frequeny spetrum of thesolution. At the beginning, the in�nite spetrum of the initial ondition an not behandled properly by any di�erene operator.
• The performane of the shemes improves with dereasing ξ (ompare Figures 3.2and 3.3).
• The FD sheme exhibits a highly asymmetri behavior (see Figures 3.3 and 3.5).
• All FV shemes are symmetri.
• The FV sheme with MPFA and ubi interpolation outperforms all other shemesin the omparison exept for the FD sheme when v1 is aligned with some oordinateaxis.4 ConlusionWe have developed an approah for measuring the amount of arti�ial isotropi di�usionin numerial shemes. Thorough omputational studies based on phantom input data
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Figure 3.6: TV graph for the FV sheme with MPFA and ubi interpolation, t =
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The Charateristi Funtion for a PartiularClass of In�nite Jaobi MatriesFranti²ek �tampah1st year of PGS, email: stampfra�fjfi.vut.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Pavel �´oví£ek, Department of Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTUAbstrat. Spetral properties of semi-in�nite symmetri Jaobi matries with diagonal reatedby a real and stritly inreasing sequene suh that the reiproal sequene belongs to ℓ
2 isstudied. Parallels to the diagonal are omposed of a positive and bounded sequene. It is shownthe spetrum of these matries is simple and disrete. Further funtions E and F with simpleand nie algebrai properties are de�ned on a subset of the spae of omplex sequenes. Somespeial funtions are expressible in terms of these funtions, �rst of all the Bessel funtions of�rst kind. The main result of this work is �nding a funtion whih is expressed with the aidof F applied to a ertain sequene with a property that zeros of this funtion oinide witheigenvalues of the Jaobi matrix under investigation. At the end general results are appliedto a simple example. It is demonstrated the spetrum of the semi-in�nite Jaobi matrix withlinear diagonal and onstant parallels oinides with zeros of the Bessel funtion of the �rst kindonsidered as the funtion of its order.Keywords: tridiagonal matrix, Jaobi matrix, eigenvalue problem, harateristi funtionAbstrakt. V tomto p°ísp¥vku jsou studovány vlastnosti spektra polo-nekone£nýh symetrikýhJaobiho mati, jejihº diagonála je tvo°ena reálnou a ryze rostouí posloupností s p°evráenouhodnotou v ℓ

2. Vedlej²í diagonály tvo°í pozitivní a omezená posloupnost. Je ukázáno, ºe spek-trum t¥hto mati je jednoduhé a diskrétní. Dále jsou zevedeny funke E a F na podmnoºin¥prostoru komplexníh posloupností. Tyto funke mají jendoduhé a p¥kné algebraiké vlast-nosti. N¥které speiální funke lze vyjád°it pomoí funkí E a F, nap°íklad Besselovy funkeprvního druhu. Hlavním výsledkem práe je nalezení funke vyjád°ené pomoí F aplikovanéna ur£itou posloupnost, která má tu vlastnost, ºe její nuly odpovídají vlastním hodnotám stu-dované Jaobiho matie. Na p°íkladu je ukázáno, ºe spektrum polo-nekone£né Jaobiho matie,jejíº diagonála závisí lineárn¥ na indexu a vedlej²í diagonály tvo°í kladný parametr, se shodujes mnoºinou v²eh nul Besselovy funke prvního druhu jako funke jejího °ádu.Klí£ová slova: tridiagonální matie, Jaobiho matie, vlastní £ísla, harakteristiká funke1 IntrodutionIn the whole paper I assume real stritly insreasing sequene {λn}
∞
n=1 satisfying ondition

∞
∑

n=1

1

λ2
n

< ∞, (1)179



180 F. �tampahand positive and bounded sequene {wn}
∞
n=1 to be given. Note the assumptions imply

lim
n→∞

λn = +∞.Next let me denote J a semin�nite symmetri Jaobi matrix whose diagonal is reatedby sequene {λn}
∞
n=1 and parallels to the diagonal are onsist of sequene {wn}

∞
n=1, i.e.

J :=











λ1 w1

w1 λ2 w2

w2 λ3 w3. . . . . . . . . . (2)Further Jn denotes the trunation of J , i.e.
Jn =















λ1 w1

w1 λ2 w2. . . . . . . . .
wn−2 λn−1 wn−1

wn−1 λn















. (3)
There exists a sequene of polynomials qk(ξ), k = 1, 2, . . . , suh that the degree of

qk(ξ) equals to k − 1, the oe�ients of qk(ξ) are rational funtions of λ1, . . . , λk−1 and
w1, . . . , wk−1, and whenever the sequene {xk}

∞
k=1 solves the eigenvalue equation

λ1x1 + w1x2 = ξx1,

wk−1xk−1 + λkxk + wkxk+1 = ξxk, k = 2, 3, . . .with an eigenvalue ξ ∈ C then it holds
xk = qk(ξ)x1, k = 1, 2, . . .Atually, one sets q1(ξ) := 1 and the sequene of polynomials is unambiguously de�nedby the reurent relation

qk+1(ξ) =
ξ − λk

wk

qk(ξ) −
wk−1

wk

qk−1(ξ), k = 1, 2, . . .(where one has to set w0 := 0).Corollary 1. Any eigenvalue of J regarded as an operator in ℓ2(N) is simple.Proposition 2. The spetrum of J is disrete.Proof. Operator J an be deomposed as
J = Λ + W + W ∗
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W :=











0 w1 0 0
0 0 w2 0
0 0 0 w3. . . . . . . . . .Sine sequene {wn}

∞
n=1 is bounded W is bounded, ‖W‖ =

√

‖WW ∗‖ = sup wn. Ob-viously the essential spetrum of Λ is empty, hene Λ has a ompat resolvent. Conse-quently, W +W ∗ is Λ-ompat self-adjoint perturbation ((W +W ∗)(Λ− i)−1 is ompat)and, by the Weyl riterion, the essential spetrum of J is empty.2 Funtion E and funtion FDe�nition 3. De�ne E : D → C, F : D → C,

E(x) = 1 +

∞
∑

m=1

∞
∑

k1=1

∞
∑

k2=k1+2

. . .

∞
∑

km=km−1+2

xk1
xk1+1xk2

xk2+1 . . . xkm
xkm+1and

F(x) = 1 +
∞
∑

m=1

(−1)m

∞
∑

k1=1

∞
∑

k2=k1+2

. . .
∞
∑

km=km−1+2

xk1
xk1+1xk2

xk2+1 . . . xkm
xkm+1where

D =

{

{xk}
∞
k=1 ⊂ C;

∞
∑

k=1

|xkxk+1| < ∞

}

.For a �nite number of omplex variables we identify F(x1, x2, . . . , xn) with F(x) where
x = (x1, x2, . . . , xn, 0, 0, 0, . . . ) and similarly for E. By onvention, we also put E(∅) =
F(∅) = 1 where ∅ is the empty sequene.Remark 4. Note that the domain D is not a linear spae. One has, however, ℓ2(N) ⊂ D.The funtion F is ontinuous funtional on ℓ2(N) whih satis�es the following identi-ties. First, the reurrent relation

F(x) = F(Tx) − x1x2 F(T 2x) (4)holds for all x ∈ D (T stands for the shift operator). This identity admits a generalization
F(x) = F(x1, . . . , xk) F(T kx) − F(x1, . . . , xk−1)xkxk+1F(T k+1x), k = 1, 2, . . . . (5)Next, the Bessel funtion of the �rst kind an be expressed with the aid of F. Morepreisely, for ν /∈ −N, one has

Jν(2w) =
wν

Γ(ν + 1)
F

({

w

ν + k

}∞

k=1

)

. (6)



182 F. �tampahThe respetive proofs of these identitites are work out in [4℄.The funtion E has very similar properties as F. E is ontinuous funtional on ℓ2(N)and it holds
E(x) = E(Tx) + x1x2 E(T 2x), (7)

E(x) = E(x1, . . . , xk) E(T kx) + E(x1, . . . , xk−1)xkxk+1E(T k+1x), k = 1, 2, . . . , (8)and
Iν(2w) =

wν

Γ(ν + 1)
E

({

w

ν + k

}∞

k=1

) (9)where x ∈ D, ν /∈ −N and I stands for the modi�ed Bessel funtion of the �rst kind. Allthe proofs of (7), (8) and (9) an be done by the same way as the proofs of (4), (5) and(6) with only slight modi�ations.Finnaly, an obvious inequality
|F(x)| ≤ E(|x|) (10)holds for any x ∈ D, |x| = (|x1|, |x2|, . . . ).Appliation of F to a �nite omplex sequene an be unambiguously de�ned with theaid of a determinant of a Jaobi matrix.Proposition 5. For d ∈ N and {xj}
d
j=1 ⊂ C, one has

F(x1, x2, . . . , xd) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣



















1 x1

x2 1 x2. . . . . . . . .. . . . . . . . .
xd−1 1 xd−1

xd 1



















∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (11)
Proof. The ase d = 1, 2 is easy to verify. Denote the RHS of (11) by D(x1, x2, . . . , xd).By expanding D(x1, x2, . . . , xd) along the �rst row one �nds out the reurrene rule

D(x1, x2, . . . , xd) = D(x2, x3, . . . , xd) − x1x2D(x3, x4, . . . , xd)holds. Now, it su�es to apply the indution hypothesis and (4).Remark 6. The Jaobi matrix Jn an be deomposed into the produt
Jn = GnJ̃nGn (12)where Gn = diag(γ1, γ2, . . . , γn) is a diagonal matrix and J̃n is a Jaobi matrix with allunits on the neighboring parallels to the diagonal,

J̃n =





















λ̃1 1

1 λ̃2 1. . . . . . . . .. . . . . . . . .
1 λ̃n−1 1

1 λ̃n





















.



The Charateristi Funtion for a Partiular Class of In�nite Jaobi Matries 183One an put
γ2k−1 =

k−1
∏

j=1

w2j

w2j−1

, γ2k = w1

k−1
∏

j=1

w2j+1

w2j

, k = 1, 2, 3, . . . . (13)Alternatively, the sequene {γk}
n
k=1 is de�ned reursively by γ1 = 1, γk+1 = wk/γk.Furthermore, λ̃k = λk/γ

2
k . With this hoie, (12) is learly true.Consequently, the harateristi funtion of �nite symmetri Jaobi matrix Jn an beexpressed with the aid of F.Proposition 7. Let d ∈ N and {γk}

d
k=1 be the sequene de�ned in (13). Then it holds

det(Jd − zId) =

(

d
∏

k=1

(λk − z)

)

F

(

γ2
1

λ1 − z
,

γ2
2

λ2 − z
, . . . ,

γ2
d

λd − z

) (14)for all z ∈ C.Proof. In view of Remark 6 and Proposition 5, one �nds out det(Jd − zId) is equal to
det(Gd) det



















λ1−z

γ2
1

1

1 λ2−z

γ2
2

1. . . . . . . . .
1 λd−1−z

γ2
d−1

1

1 λd−z

γ2
d



















det(Gd)

=

(

d
∏

k=1

(λk − z)

)

F

(

γ2
1

λ1 − z
,

γ2
2

λ2 − z
, . . . ,

γ2
d

λd − z

)

.

3 PreliminariesIn this setion I introdue several preliminary propositions whih are neessary for de-riving main results of this paper. Respetive proofs of these propositions are omittedbeause they are too extensive and/or too tehnial.First, sequene of funtions
F

({

γ2
k

λk − z

}n

k=1

)onverges to funtion
F

({

γ2
k

λk − z

}∞

k=1

)



184 F. �tampahloaly uniformly in z ∈ C \ {λk}
∞
k=1 with n → ∞. However, one an laim more. Thesame proposition holds for the �rst derivative of these funtions with respet to z. Hene,it holds

lim
n→∞

d

dz
F

({

γ2
k

λk − z

}n

k=1

)

=
d

dz
F

({

γ2
k

λk − z

}∞

k=1

)and the onvergene is loal uniform in z ∈ C \ {λk}
∞
k=1.Sine

F

({

γ2
k

λk − z

}n

k=1

)is the analyti funtion in z on set C \ {λk}
n
k=1 the limit funtion

F

({

γ2
k

λk − z

}∞

k=1

)is also the analyti funtion in z on set C\{λk}
∞
k=1. This proposition is based on Theorem8.8 stated in [5℄ (where the assumption of uniform onvergene is replaed by loal uniformonvergene). In other words the limit funtion is meromorphi on C with poles in thepoints of {λk}

∞
k=1. Moreover these poles are of order 1.De�nition 8. Let me denote

f
(n)
s,k (z) :=







(z − λs)F
(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . . , γ2

n

λn−z

)

, if z ∈ Hǫ(λs) \ {λs}

limz→λs
(z − λs)F

(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . . , γ2

n

λn−z

)

, if z = λs

(15)and
fs,k(z) :=







(z − λs)F
(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . .

)

, if z ∈ Hǫ(λs) \ {λs}

limz→λs
(z − λs)F

(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . .

)

, if z = λs

(16)where s, k, n ∈ N, k ≤ n + 1 and Hǫ(λs) = {z ∈ C : |z − λs| < ǫ}.Remark 9. First, it is not important how small ǫ in the previous de�nition is. One antake for instane ǫ = min{λs − λs−1, λs+1 − λs} if s > 1 and ǫ = λ2 − λ1 if s = 1. I needthe funtions to be de�ned only loally. Seond, the limit in the previous de�nition existsand it is �nite (use (5) and strit inrease of sequene {λk}).Let s, k ∈ N then sequene of funtions f
(n)
s,k (z) onverges to fs,k(z) uniformly ona neighbourhood of λs with n → ∞. However, the same proposition holds for the �rstderivative with respet to z. Hene, sequene of funtions d

dz
f

(n)
s,k (z) onverges to d

dz
fs,k(z)uniformly on a neighbourhood of λs with n → ∞.3.1 Christo�el-Darboux-like identitiesIdentities derived below for the funtion F are analogies of the Christo�el-Darboux for-mula (see [1, Chp. 1℄ for details).
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R

(n)
k (z) ≡ Rk(z) :=

n
∏

l=k+1

(

z − λl

wl−1

)

F

({

γ2
l

λl − z

}n

l=k+1

) (17)where k, n ∈ N, 0 ≤ k ≤ n (set w0 := 1). Note R
(n)
k is a polynomial in z of degree n − k.Reurrene rule (4) rewritten in terms of Rk has a form

wk−1Rk−1(z) + (λk − z)Rk(z) + wkRk+1(z) = 0 (18)whih holds for 1 ≤ k ≤ n − 1. Further the identity
(µ − λ)

n
∑

k=l

Rk(µ)Rk(λ) = wl−1(Rl(λ)Rl−1(µ) − Rl(µ)Rl−1(λ)) (19)holds for all n ∈ N, l ∈ {1, 2, . . . , n} and λ, µ ∈ C. To prove (19) one an proeed byindution in l = n, n − 1, . . . , 1. By putting l = 1 in (19) and makeing limit µ → λ onearrives at the identity
n
∑

k=1

(Rk(λ))2 = R1(λ)R′
0(λ) − R0(λ)R′

1(λ) (20)whih holds for all n ∈ N and λ ∈ C. Finnaly one an use de�nititon relation (17) andidentity (20) to �nd out the equation
∑n

k=1

(

∏k

l=2

(

z−λl

wl−1

)

F

(

{

γ2
l

λl−z

}n

l=k+1

))2

= F

({

γ2
l

λl−z

}n

l=1

)

F

({

γ2
l

λl−z

}n

l=2

)

+(z − λ1)
[

F

({

γ2
l

λl−z

}n

l=2

)

d
dz

F

({

γ2
l

λl−z

}n

l=1

)

− F

({

γ2
l

λl−z

}n

l=1

)

d
dz

F

({

γ2
l

λl−z

}n

l=2

)](21)holds for all n ∈ N and z ∈ C \ {λk}
n
k=1. A similar formula an be derived for funtions

f
(n)
s,k . Thus the identity

n
∑

k=1

(

k
∏

l=2

(

z − λl

wl−1

)

f
(n)
s,k+1(z)

)2

= f
(n)
s,1 (z)f

(n)
s,2 (z)

+(z − λ1)

[

f
(n)
s,2 (z)

d

dz
f

(n)
s,1 (z) − f

(n)
s,1 (z)

d

dz
f

(n)
s,2 (z)

] (22)holds for all s, n ∈ N and z from a neighbourhood of λs.3.2 Simple zerosThe identities derived in the previous subsetion let me prove a proposition onerning amultipliity of zeros of the funtion
F

({

γ2
k

λk − z

}∞

k=1

)onsidered as a funtion of variable z. The assumption of strit inrease of sequene
{λn}

∞
n=1 is essential. Proofs are only indiated in this subsetion.



186 F. �tampahProposition 11. Let z0 ∈ C \ {λk} suh that
F

({

γ2
k

λk − z0

}∞

k=1

)

= 0then z0 is a simple zero.Proof. One an prove the statement by ontradition. If z0 ∈ C \ {λk} is a multiple zeroone an send n to in�nity in (21) and put z = z0. Consequently, by swithing limn→∞and d
dz

(orret due to loal uniform onvergene disussed at the beginning of setion3), the RHS of (21) vanishes. Then one an arrive at a ontradition.A similar property holds for funtion fs,1.Proposition 12. Let s ∈ N and fs,1(λs) = 0 then λs is a simple zero.Proof. Similarly as in the previous proof one an prove the statement by ontraditionusing (22) instead of (21).4 Main resultsIn this setion it will be shown the eigenvalues of J oinides with zeroes of a funtionwhih will be expressed with the aid of the funtion F.At the beginning let me reall the main result demonstated in [2℄ where it is proovedthe spetrum of J is equal to the set of all limit points of sequenes of eigenvalues oftrunated �nite-dimensional matries Jn. Thus the equivalene
λ ∈ spec(J) ⇔ (∃{kn} ⊂ N, kn < kn+1)(∃{λ̃n} ⊂ R, λ̃n ∈ spec(Jkn

))( lim
n→∞

λ̃n = λ) (23)holds.Proposition 13. The impliation
(λ ∈ spec(J) ∧ λ /∈ {λk}

∞
k=1) =⇒ F

({

γ2
k

λk − λ

}∞

k=1

)

= 0holds.Proof. Let λ ∈ spec(J) and λ /∈ {λk}
∞
k=1. Aording to (23) one has a real sequene {λ̃n}suh that limn→∞ λ̃n = λ and, by equality (14), it holds

det(Jkn
− λ̃nIkn

) =

kn
∏

k=1

(λk − λ̃n)F

(

{

γ2
k

λk − λ̃n

}kn

k=1

)

= 0for all n ∈ N. Without loss of generality one an assume λk 6= λ̃n for all k, n ∈ N. Heneone gets
F

(

{

γ2
k

λk − λ̃n

}kn

k=1

)

= 0, for all n ∈ N.



The Charateristi Funtion for a Partiular Class of In�nite Jaobi Matries 187Finnaly, the last equality together with the argument onernig loal uniform onvergeneand analitiity disussed at the beginning of setion 3 imply
F

({

γ2
k

λk − λ

}∞

k=1

)

= 0.Proposition 14. Let z0 ∈ C \ {λk} suh that
F

({

γ2
l

λl − z0

}∞

l=1

)

= 0then z0 ∈ spec(J).Proof. Sine, aording to Proposition 11, z0 is a simple zero, F({ γ2
l

λl−z

}∞

l=1

) is ontinuousin z0 and F

({

γ2
l

λl−z

}∞

l=1

) is loally uniformly aproximated by sequene F

({

γ2
l

λl−z

}n

l=1

) in
z = z0 there exists a real sequene {zn} suh that limn→∞ zn = z0 and

F

({

γ2
l

λl − zn

}n

l=1

)

= 0for all n (su�iently large). Hene zn ∈ spec(Jn) due to identity (14). Finally, equivalene(23) implies z0 ∈ spec(J).Thus, it was shown that
spec(J) \ {λk} =

{

z ∈ C; F

({

γ2
l

λl − z

}∞

l=1

)

= 0

}

.But what about the points of sequene {λk}
∞
k=1? These points an be also in the spetrumof J . Further it will be derived a similar ondition for them to be in the spetrum.Proposition 15. Let s ∈ N and λs ∈ spec(J) then fs,1(λs) = 0.Proof. Aording (23) there exists a real sequene {λs

n}
∞
n=1 suh that limn→∞ λs

n = λsand λs
n ∈ spec(Jkn

). Without loss of generality one an assume λs
n 6= λk for all n, k ∈ N,

k 6= s. By using (14) one has
0 = det(Jkn

− λs
nIkn

) =

kn
∏

k=1,k 6=s

(λk − λs
n)f

(kn)
s,1 (λs

n)for all n ∈ N. Hene
f

(kn)
s,1 (λs

n) = 0, for all n ∈ N.Finnaly, by taking into aount the loal uniform onvergene of sequene f
(n)
s,1 (disussedat the beginning of setion 3), it su�es to send n to in�nity in the last equation to get

fs,1(λs) = 0.



188 F. �tampahProposition 16. Let s ∈ N and fs,1(λs) = 0 then λs ∈ spec(J).Proof. Sine, aording to Proposition 12, λs is a simple zero, fs,1 is ontinuous in λs and
fs,1 is loally uniformly aproximated by sequene f

(n)
s,1 in λs there exists a real sequene

{z
(s)
n } suh that limn→∞ z

(s)
n = λs and

f
(n)
s,1 (z(s)

n ) = 0for all n (su�iently large). Then z
(s)
n ∈ spec(Jn) beause, by identity (14), one has

det(Jn − z(s)
n In) =

n
∏

k=1,k 6=s

(λk − z(s)
n )f

(n)
s,1 (z(s)

n ) = 0.Finally, equivalene (23) implies λs ∈ spec(J).5 Summary and exampleLet me summarize the main results.Let {wn}
∞
n=1 be positive and bouded sequene and {λn}

∞
n=1 be real and stritly in-reasing sequene satisfying the ondition

∞
∑

n=1

1

λ2
n

< ∞.Then it holds
z ∈ spec(J) \ {λn}

∞
n=1 ⇐⇒ F

({

γ2
k

λk − z

}∞

k=1

)

= 0 (24)and
λs ∈ spec(J) ⇐⇒ lim

z→λs

(λs − z)F

({

γ2
k

λk − z

}∞

k=1

)

= 0. (25)Example 17. Let λn = nλ, λ > 0 and wn = w > 0 for all n ∈ N. Then
J(λ, w) =











λ w
w 2λ w

w 3λ w. . . . . . . . . .Sine J(λ, w) = λJ(1, w/λ) it is su�ient to investigate spetrum of J ≡ J(1, w) withoutloss of generality. With this hoie it holds
γn =

{

1, if n is odd
w, if n is even.Next, it is easy to hek

F

({

γ2
k

k − z

}∞

k=1

)

= F

({

w

k − z

}∞

k=1

)

.
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F

({

w

k − z

}∞

k=1

)

= wzΓ(1 − z)J−z(2w).Sine term wzΓ(1 − z) does not e�et the zeros of funtion F

(

{

w
k−z

}∞

k=1

) and moreoverthe term Γ(1 − z) auses the singularities in z = 1, 2, . . . of funtion F

(

{

w
k−z

}∞

k=1

) onean put (24) and (25) together and one arrives at the statement
z ∈ spec(J) ⇐⇒ J−z(2w) = 0 (26)or equivalently

spec(J) = {z ∈ C; J−z(2w) = 0}. (27)Finnaly one has
spec(J(λ, w)) =

{

λz ∈ C; J−z

(

2w

λ

)

= 0

}

. (28)Referenes[1℄ N. I. Akhiezer. The lassial moment problem and some related questions in analysis.Oliver & Boyd, Edinburgh, (1965).[2℄ E. K. Ifantis, C. G. Kokologiannaki, E. Petropoulou. Limit points of eigenvalues oftrunated unbounded tridiagonal operators. Centr. Europ. J. Math. (2007) 335-344.[3℄ V. B. Kuznetsov, E. K. Sklyanin. Eigenproblem for Jaobi matries: hypergeometriseries solution. arXiv:math.CO/0509298 v2, (2006)[4℄ F. �tampah. On the eigenvalue problem for a partiular lass of Jaobi matries. In'SVO� ompetetion work (Ostrava, 2010)'.[5℄ L. Vrána. Matematiká analýza III - difereniální po£et. CTU, Prague, (1990).





Clustering via the Distribution MixturesJan Tláskal2nd year of PGS, email: tlaskjan�fjfi.vut.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Válav K·s, Department of Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTU in PragueAbstrat. The �nite distribution mixtures present a wide lass of probability distributions.Apart from the obvious appliation as the distribution estimator of the population with morethan one underlying independent phenomena, the mixtures are suessfully applied in the modelbased lustering. If we onstraint the members of the mixture to arise from one spei� family ortype of parametri distributions, eah luster would refer to one omponent of the mixture. Themembership of the observed sample to a luster is given simply as the maximum probability onthe omponents of the mixture, i.e. by the Mahalanobis distane, and weighted by the weightsof the mixture. This approah is feasible even for overlapping lusters and strongly unevennumbers of the members of the lusters, where standard methods of luster analysis fall short.We provide with an introdution to the distribution mixtures, fousing on the problem of �ttingthe mixture to observed sample using the maximum likelihood approah and the EM algorithm,as well as the assessment of the optimal number of omponents.Keywords: distribution mixtures, model based luster analysis, order of a parametri modelAbstrakt. Distribu£ní sm¥si p°edstavují nesmírn¥ ²irokou t°ídu distribu£níh funkí. Pouºitídistribu£ní sm¥si pro odhad neznámýh multimodálníh rozd¥lení pravd¥podobnosti je p°irozené,sm¥si ale mohou být vyuºity i ve shlukové analýze. Omezímeli komponenty sm¥si na jeden typparametrikého rozd¥lení pravd¥podobnosti, kaºdý shluk v nam¥°enýh dateh bude odpoví-dat jedné komponent¥ sm¥si. P°íslu²nost nam¥°enýh hodnot ke komponent¥ sm¥si získámep°es maximální v¥rohodný odhad. Distribu£ní sm¥s je vhodný model i tam, kde b¥ºné metodyshlukové analýzy selhávají, pro p°ekrývajíí se shluky a pro shluky s významn¥ r·znými po£typrvk·.Klí£ová slova: distribu£ní sm¥s, shluková analýza, °ád parametrikého modelu1 IntrodutionWe understand under the term (�nite) distribution mixture a onvex ombination ofdistribution funtions. This seems like a trivial onept. Nevertheless, if we onstraintomponents of the mixture to be from parametri families of distributions we get a quitegeneral set of distribution funtions whih retain some of the onvenient properties of theparametri models, e.g. that the mixture is fully desribed with set of salar parameters.The distribution mixture is usually employed whenever there is strong evidene ofmultimodality in the data. Our sope will be the possible use of the distribution mixtureas a model based method in luster analysis, where the lusters are onsidered to begenerated from the distribution mixture omponents with normal densities. Sine eah191



192 J. Tláskalomponent of the distribution mixture should ideally refer to one luster in the data,the problem of hoosing an optimal number of omponents of the mixture beomes quiteurgent. As we will see later, there is no de�nite answer to the problem of optimalnumber of omponents and the approah taken depends strongly on the judgement of theexperimenter.2 Clustering via the distribution mixtureIn our narrowed sope, we denote the distribution mixture any onvex ombination in aform of
p(x) =

M∑

j=1

αjpj(x),
M∑

j=1

αj = 1, αj ≥ 0, (1)where pj(x) are probability density funtions on RD, αj are the weight fators, x ∈ RD,
M is the number of the omponents. Further, if the omponents are from the sameparametri density family, we denote

p(x|Θ) =

M∑

j=1

αjpj(x|θj),

M∑

j=1

αj = 1, (2)where θj ∈ Rs is the vetor denoting the j-th omponent of the mixture.Let x = (x1, . . . , xN) be sequene of i.i.d. observation of a random variable X whihhas the density p(x|Θ). We expet the data to form M lusters aording to the om-ponents of the mixture. Then, we presribe to whih omponent of the mixture theobservation xi belongs with vetor ti

(ti)k =
αkpk(xi|θk)

M∑

m=1

αmpm(xi|θm)

, k ∈ (1, . . . , M). (3)The k-th element of ti evaluates the probability of xi belonging to the k-th omponent ofthe distribution mixture. If we prefer having only a salar indiator, we de�ne ti simplyas
ti = arg max

k∈M
αkpk(xi|θk). (4)3 Fitting the distribution mixtureLet there be a i.i.d. sequene x = (x1, . . . , xN) drawn from range of a random variable

X having the distribution mixture density p(x|Θ), Θ = (α1, . . . , αM−1, θ1, . . . , θM). Asthe distribution mixture is fully desribed by the vetor of parameters Θ, �tting thedistribution mixture to the data x means �nding an estimate Θ∗ of the real parameter
Θ. Our preferred method is the maximum likelihood method.



Clustering via the Distribution Mixtures 193We denote the log-likelihood funtion as l(Θ|x) = ln p(x|Θ). The maximum likelihoodestimate is then a vetor Θ∗ that satis�es
Θ∗ = arg max

Θ∈∆
l(Θ|x), (5)where ∆ is a domain from whih we take the possible andidates for Θ∗. In the ase ofthe same types of omponents we have

l(Θ|x) = ln p(x|Θ)
iid
= ln

N∏

i=1

p(xi|Θ) =
N∑

i=1

ln
M∑

j=1

αjpj(xi|θj). (6)In most pratial appliations, the probability density of the mixture is a di�erentiablefuntion. To get he andidates for Θ∗ we take the partial derivatives of l(Θ|x) with respetto all elements of Θ and solve the system of equations.The maximum likelihood method applied on the distribution mixture bear some spe-i� problems:
• The mixture is not identi�able. The identi�ability property means that for everydistint Θ1, Θ2 ∈ ∆, p(x|Θ1) 6= p(x|Θ2) a.s. Sine the identi�ability propertydoes not hold for the distribution mixture, the sequene of ML estimators doesnot have to be onsistent. Some identi�ability problems an be resolved easily, e.g.the omponent permutation invariane an be solved by asending sorting of theomponents, but some annot be resolved at all. The [2℄ presents examples whenthe estimator is stuk within a onneted subset of ∆, where the singular Fisher'sinformation matrix is singular.
• The loglikelihood funtion is not bounded even for the simplest mixture, sine everyobservation xi gives rise to a singularity of the loglikelihood funtion. Considera mixture of two heterosedasti normal densities. If we presribe the mean ofthe seond omponent to be exatly equal to the i-th observation and we fore thevariation of the seond omponent to go to zero, the loglikelihood funtion will growbeyond all bounds. In the ontext of the luster analysis, the unwelome behaviorof the mixture implies that one omponent �ts to a single observation. Thesesolutions are the so alled �spurious lusters" solutions and they are disregarded.However, the presene of spurious lusters mean that that the global maximizerof the loglikelihood funtion does not exist, we have to ope with loal maximumsolutions. The pratitioner usually looks for a sequene of solutions of (5) thatseems to be onsistent with growing number of observations.
• The analytial work with the term (6) proves to be di�ult. Fortunately, there isa simple iterative algorithm whih provides the loal maximizers of the likelihoodfuntion whih is alled the Expetation Maximization algorithm.4 EM algorithmBefore we an proeed to the de�nition of the steps of the EM algorithm we need totake one step bak and formulate the problem (3), i.e. from whih omponent of the



194 J. Tláskalmixture the i-th observation origins, via the missing information priniple. We introduethe random variable Z =
(

X
Y

), where X are the in the experiment observable data , Y isan unobservable random variable that provides the information from whih omponentof the mixture was the observed X drawn. We refer to Z as to the omplete data, Xas the observed data, and Y as the missing data. Let x = (x1, . . . , xN) a i.i.d. randomsequene drawn from X, whih was observed, and sequene y = (y1, . . . , yN) from Ywhih is missing. If x is i.i.d. then y is i.i.d. We denote
z =

(
(x1, y1)

T , . . . , (xN , yN)T
)
, (7)the omplete data. The joint distribution density P (x|Θ) and the loglikelihood funtionof the omplete data lc(Θ|z) an be then expressed in the form

P (x|Θ) = P (z|Θ)/P (y|x, Θ) (8)
l(Θ|x) = lc(Θ|z) − ln P (y|x, Θ) (9)By taking the onditional expetation of lc(Θ|z) with respet to x, Φ ∈ ∆ we get

E[l(Θ|x)|x, Φ] = E[lc(Θ|z)|x, Φ] − E[ln P (y|x, Θ)|x, Φ], (10)
l(Θ|x) = E[lc(Θ|z)|x, Φ] − E[ln P (y|x, Θ)|x, Φ]. (11)We denote the onditional expetation of the omplete data loglikelihood funtion as

q(Θ, Φ) = E[lc(Θ|z)|x, Φ]. (12)The k-th interation of the EM algorithm onsist of two steps, the expetation and themaximization step:E-step: Calulate q(Θ, Θk).M-step: Maximize q(Θ, Θk) with respet to �rst argument Θ,
Θk+1 = arg max

Θ∈∆
q(Θ, Θk). (13)The iteration of EM algorithm is repeated until onvergene. It an be proved [4℄ thatthe iteration of the EM algorithm either inreases the value of the loglikelihood funtion

l(Θk|x) or Θk is already a stationary point Θ̂ of l(Θ|x), albeit it does not have to be aloal minimum.The advantage of the EM algorithm is that for a few distributions, among whihbelongs the mixture of normal omponents, the iteration of the EM algorithm an wassolved analytially and the formula to alulate Θk+1 was derived in losed form.



Clustering via the Distribution Mixtures 195We skip the lengthy derivation of both steps of the EM algorithm for the mixture ofnormal omponents and provide only with the �nal formula to illustrate the how simplethe iteration of EM algorithm gets (detailed derivation an be found in [3℄). For k-th iteration, Θk = (αk
1, . . . , α

k
M−1, θ

k
1 , . . . , θ

k
M ), Θk+1 = (αk+1

1 , . . . , αk+1

M−1, θ
k+1
1 , . . . , θk+1

M ),
θk

j = (µl, Cl), l = 1, . . . , M , we obtain
αk+1

l = 1/N

N∑

i=1

p(l|xi, Θ
k), (14)

µk+1

l =

N∑

i=1

p(l|xi, Θ
k)xi

N∑

i=1

p(l|xi, Θ
k)

(15)
C

k+1

l =
1

N∑

i=1

p(l|xi, Θ
k)

N∑

i=1

p(l|xi, Θ
k)Bi,l (16)where,

pl(xi|θl) =
1

(2π)D/2|Cl|1/2
e
−

1

2
(xi − µl)

T
C

−1

l (xi − µl)
,

Bi,l = (xi − µk+1

l )(xi − µk+1

l )T .We now list the most important properties of the EM algorithm:1. The EM algorithm onverges to a stationary point Θ̂ of the loglikelihood l(Θ|x).2. The EM algorithm naturally suppresses super�uous omponents by foring theirweights to zero.3. The loal maximum found by the EM algorithm strongly depends on the initialpoint of the algorithm Θ0, sine the EM algorithm annot esape a stationary pointone it is reahed. We usually initialize the EM algorithm either randomly or withsome traditional luster analysis method and run the EM algorithm several times.4. The onvergene rate gets slow in the later iterations whih are lose the to loalmaximum. We usually stop the iterations one l(Θk+1|x)/l(Θk|x) − 1 desendsunder ertain ε > 0.5 The number of omponents of the mixtureUp until now, we did silently assume that the number M of the omponents of thedistribution mixture is �xed and known, although in many pratial problems the numberof lusters in the data is unknown. The assessment of the optimal number of omponents



196 J. Tláskalof the distribution mixture pertains to a more general problem alled the optimal orderof a parametri model.There is a wide variety of di�erent methods and riteria available in the literature,beause there is no de�nite answer what number of parameters of the model is optimal.The opinions vary in di�erent experiment setups and from author to author. Further,in the ontext of luster analysis with the distribution mixture, the optimal numberof omponents that will explain the observed data with su�ient level of preision willprobably di�er from the optimal number of omponents needed for diserning the lusters.Out of all possible methods we onsider the penalization riteria of the loglikelihoodfuntion the most feasible. All loglikelihood penalization riteria share the same struture.For eah possible number of omponents M , the maximum likelihood estimate Θ∗

M (MLE)is alulated, and then the loglikelihood l(Θ∗

M |x) is penalized for the omplexity of themodel. The penalization term is neessary, sine the loglikelihood at MLE will rise withinreasing M as we maximize over a larger parametri spae ∆M . The optimal numberof omponents M0 is hosen so it would minimize the loglikelihood at the MLE minusthe penalization term, whih an be written as
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + 2ξ(N, M, Θ∗

M , dM(Θ∗

M)], (17)where M is the number of omponents, N is the number of observations, ξ is the penal-ization term, dM is the number of free parameters in the mixture desribed by Θ∗

M .A di�erent hoie of a penalization term ξ yields a di�erent penalization riteria.We will disuss the four most important riteria used in lustering appliations.1. Akaike's information riterion (AIK)2. Bayes information riterion (BIC)3. Entropy riterion (ENC)4. Integrated lassi�ation likelihood (ICL)Akaike's information riterion (AIC)The AIC, originally named Another information riterion has beome widely used in theregression analysis. The optimal number of parameters of the model, in our ase thenumber of omponents M0 is hosen as
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + dM(Θ∗

M)]. (18)Bayes information riterion (BIC)The BIC was published by professor Shwartz in 1979, [5℄. The optimum number ofomponents is hosen as
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + dM(Θ∗

M) lnN ]. (19)The derivation of the BIC is done by Bayes methods. The proof of onsisteny ofthe riterion provided in [5℄, i.e. that with N → ∞ the BIC hooses asymptotially



Clustering via the Distribution Mixtures 197the true number of parameters in the model, holds only for the regular exponentialfamily of distributions. Some of the neessary assumptions are broken by the distributionmixtures, thus the BIC is not guaranteed to be a onsistent estimator of the true numberof omponents of the mixture. We note that this did not stop the pratitioners to use theBIC frequently and the BIC is now a standard riterion applied on distribution mixturesand other riteria are frequently benhmarked to the BIC.The Entropy riterion (ENC)As both AIC, BIC riterions are theoretial riteria for assessment of the optimal numberof model parameters, the other two we mention, the ENC and ICL are both riteria thatwas derived with the sole purpose of �nding the optimal number of omponents of themixture applied in luster analysis.We reall the notation (7) of the omplete data z = ((x1, y1)
T , . . . , (xN , yN)T ). Theomponent indiators yi are assumed to be vetors from RM with k-th element equal to1 if the observation xi omes from the k-th omponent of the mixture, 0 otherwise. Wemay write the loglikelihood of the omplete data in the form analogial to (9)

ln k(z|x, ΘM) = lc(ΘM |z) − l(ΘM |x), (20)
l(ΘM |x) =

N∑

i=1

ln

M∑

k=1

αkpk(xi|θk), (21)
lc(ΘM |z) =

N∑

i=1

M∑

k=1

yi,k ln αkpk(xi|θk). (22)Further, we get from (21) and z (22)
ln k(z|x, ΘM) =

N∑

i=1

ln
M∑

k=1

yi,k ln ti,k, (23)
ti,k =

αkpk(xi|θk)
M∑

j=1

αjpk(xi|θj)

. (24)The value of ln k(z|x, ΘM) is unknown, but we an alulate its negatively taken expe-tation with respet to the observation x, whih we denote EN(ΘM ,x),
EN(ΘM ,x) = −E[ln k(z|x, ΘM)|x, ΘM ] = −

N∑

i=1

M∑

k=1

ti,k ln ti,k. (25)The term EN(ΘM ,x) an be interpreted as the entropy of the fuzzy lassi�ation matrixwith elements ti,k, hene the name of the riteria.Finally we approximate (21) with its expetation and use the MLE Θ∗

M for ΘM ,
lc(Θ

∗

M |z) ≈ l(Θ∗

M |x) − EN(Θ∗

M ,x). (26)



198 J. TláskalThe EN riterion is de�ned to maximize the omplete likelihood lc(Θ
∗

M |x),
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + 2EN(Θ∗

M ,x)]. (27)The entropy EN(Θ∗

M ,x) serves as measure of luster separation. If the lusters arewell separated, the terms ti,k would have one element almost equal 1 and the other wouldbe 0, whih leads to almost zero value of EN(Θ∗

M ,x). On the other hand, the entropyreahes a high value for strongly overlapping lusters.Integrated lassi�ation likelihood (ICL)Although the ENC riterion an be used as it is, it has one signi�ant shortoming, sineit does not penalize the model for omplexity. The ICL riterion attempts to overomethe lak of penalization terms, the optimal number of omponents M0 satis�es
M0 = argmin

M∈N

[ICL(Θ∗

M ,x)], (28)
ICL(Θ∗

M ,x) = −2l(Θ∗

M |x) + 2EN(Θ∗

M ,x) + d̃M ln N

+ 2N
M∑

k=1

α∗

k ln α∗

k − 2
M∑

k=1

ln Γ(nk +
1

2
)

+ 2M ln Γ(
1

2
) + 2 lnΓ(N +

M

2
) − 2 lnΓ(

M

2
), (29)where d̃M = dM − M + 1 , nk =

∑N
i=1

yi,k, Γ is the gamma funtion. Naturally, weapproximate the gamma funtion with Stirling formula
ln Γ(u) = (u −

1

2
) lnu − u +

1

2
ln 2π. (30)The main idea behind the ICL riterion is straightforward, the ICL is taken as theposterior mode of the omplete loglikelihood lc(Θ

∗

M |x), where the prior p(ΘM) is assumedto be from the Dirihlet distribution family. The derivation itself is quite omplex andbeyond the sope of this paper, the reader is referred to [6℄ for the detailed derivation.6 DisussionThe distribution mixtures are a powerful tool in statistis but seemingly underused. Theyare employed the most suessfully whenever there is a strong evidene that the observeddata have multiple modes, where the parametri models are bound to fall short. They areonsidered a ompromise between simple parametri and general nonparametri methods.For more appliations of the distribution mixture see [1℄.The estimate of the optimal number number of omponents of the mixture is ruialin the luster analysis. We provided four likelihood penalization based riteria, the AIC,BIC, NEC and ICL. Our experiments with the data from the aousti emission on�rmthe general opinion within the model based lustering ommunity that the AIC and BIC



Clustering via the Distribution Mixtures 199seem to overestimate the number of lusters, whereas the ICL usually hooses the bestmodel.There are other methods frequently used to assess the right number of the omponentsof the mixture, for example the likelihood ratio test (LRT) between eah two possibleandidates for M0. The LRT is generally appliable, sine the ompared models arenested, i.e. that if M0 < M̃0, the orresponding parametri spaes satisfy ∆M ⊂ ∆fM .The problem we see with the LRT is that sine we do not have the asymptoti normalityof the MLE for the mixtures, therefore the asymptoti distribution of likelihood ratio isnot guaranteed to be hi-squared and it has to be sampled via bootstrapping methods.Referenes[1℄ G. MLahlan, D. Peel. Finite Mixture Models. J. Wiley, New York (2000).[2℄ G. MLahlan, T. Krishnan. The EM algorithm and Extensions. J. Wiley, New York(1997).[3℄ J. Tláskal. Statistial Classi�ation Methods in Aousti Emission. Diploma thesis(MS) at FNSPE CTU in Prague, (2009).[4℄ A.P. Dempster, N.M. Laird, D.B. Rubin. Maximum likelihood from inomplete datavia the EM algorithm (with disussion). Journal of the Royal Statistial Soiety, B39 (1995), 1-38.[5℄ G. Shwartz. Estimating the dimension of a model. Annals of statistis, 6 (1978),461-466.[6℄ C. Biernaki, G. Celeux, G. Covaert. Assesing a mixture model for lustering with theintegrated lassi�ation likelihood. Tehnial Report No 3521. Rh�ne-Alpes: INRIA,(1998).
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Abstrat. Knowledgeability about interest rates set by a entral bank is very important forall partiipants in an eonomy. In this paper we have used publily available data to model thebehavior of Czeh National Bank in terms of how they manipulated interest rates when ondutedthe monetary poliy reently. Using arti�ial neural networks with di�erent arhiteture, namelythe multilayer pereptron and radial basis funtion types, and with the di�erent number of hiddenneurons, we modeled the disount rates of CNB on a set of maroeonomi variables inludingin�ation rate (CPI), exhange rate of CZK to Euro, interest rate PRIBOR 3M, unemploymentrate, the eonomi growth rate, the growth rate of money aggregate M2 and interest rate setby European Central Bank. Having also ompared the results obtained from modeling by thesearti�ial neural networks with the results from a linear model run on the same set of regressors,we found that in terms of predited errors, the neural network modeling gives superior resultsover the ones from the linear model.Keywords: linear model, arti�ial neural network, MLP and RBF networks, CNB short-terminterest rateAbstrakt. Znalost úrokovýh m¥r stanovenýh entrální bankou je velmi d·leºitá pro v²ehnyú£astníky dané ekonomiky. V tomto p°ísp¥vku jsem pouºíval ve°ejn¥ dostupná data k mode-lování hování �eské národní banky p°i výkonu m¥nové politiky prost°ednitvím diskontníhúrokovýh sazeb. Byly pouºity neuronové sít¥ s r·znou arhitekturou, konkrétn¥ víevrstvé sít¥pereptron (MLP) a sít¥ s radiální bází (RBF), a s r·zným po£tem skrytýh neuron· a diskontnísazby �NB byly modelovány jako funke makroekonomikýh prom¥nnýh jako míry in�ae, m¥-nového kurzu £eské koruny v·£i Euru, úrokové míry PRIBOR 3M, míry nezam¥stnanosti tempar·stu HDP, míry r·stu pen¥ºního agregátu M2 a úrokové míry stanovené Evropské entrálníbanky. Výsledky modelování úrokovýh m¥r �NB neuronovými sít¥mi byly potom porovnány svýsledky získanými lineárním modelem. Ukázalo se, ºe neuronové sít¥ poskytují mnohem p°es-n¥j²í výsledky m¥°ené st°ední hybou modelu.Klí£ová slova: lineární model, um¥lé neuronové sít¥, MLP a RBF sít¥, diskontní sazba �NB
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202 V.Q. Tran1 ÚvodV posledníh n¥kolika desetiletíh se objevil nový nástroj pro zpraování dat zvaný um¥láneuronová sí´. Jak uº jeho názvu vyplývá, neuronové sít¥ se snaºí napodobovat hovánískute£nýh biologikýh neuron· v lidském mozku a skládají se ze sítí neuron· propo-jenýh synapsemi p°edávajíími výstupy z jednoho neuronu na druhý s výjimkou vstup-níh a výstupníh neuron·. Díky své struktu°e jsou neuronové sít¥ velmi �exibilní a jsoushopné zahytit i sloºité nelineární závislosti mezi vysv¥tlujíími a vysv¥tlovanými pro-m¥nnými, oº jedna z p°edností neuronovýh sítí p°i modelování dat. Dal²í výhodou oprotitradi£ním model·m je to, ºe výsledky model· zaloºenýh na um¥lýh neuronovýh sítíh(ANN) jsou ovlivn¥ny hierarhikou strukturou t¥hto sítí. Proto je zajímavé studovatvliv typu neuronové sít¥, po£tu skrytýh neuron· a po£tu identi�kovanýh parametr·(vah ANN) na dosaºenou p°esnost modelování. Tyto p°ednosti neuronovýh sítí budouov¥°eny p°i modelování hování �eské národní banky.Centrální banky ve vysp¥lýh trºníh ekonomikáh v poslední dob¥ stále nej£ast¥ji pou-ºívají krátkodobou úrokovou sazbu pro realizai m¥nové politiky. Snaºí se prokázat svoud·v¥ruhodnost transparentností, svoje rozhodnutí o úrokovýh sazbáh zakládá na objek-tivníh indikátoreh, jejihº vliv na ekonomiké prost°edí je vnímán r·znými subjekty vekonomie. Protoºe zm¥ny úrokovýh sazeb ovliv¬ují v²ehny aktivity domáího bankov-ního sektoru a stejn¥ tak i ve²keré operae na kapitálovém trhu v£etn¥ toku kapitálu zezahrani£í, zmín¥né subjekty se snaºí odhadnout s p°edstihem, jak bude entrální bankazaházet se svými úrokovými nástroji. Znalost vý²e úrokovýh m¥r stanovenýh entrálníbankou je velmi d·leºitá pro v²ehny subjekty v dané ekonomie.Uvedená skute£nost je dostate£n¥ silný motiv k modelování hování �eské národní banky(�NB) na základ¥ ve°ejn¥ p°ístupnýh informaí. K tomu ú£elu slouºí r·zné typy neuro-novýh sítí, jejih výstupy lze následn¥ vyuºít k jednokrokové prediki její zm¥ny úrokovésazby. Jde tedy o externí modelování hování �NB v diskrétním £ase, jehoº výstupemje m¥sí£ní relativní zm¥na úrokové sazby. Dále bude zkoumán vliv arhitektury námizvolenýh neuronovýh sítí na p°esnost na²eho modelu. Tento p°ísp¥vek je strukturovánnásledovn¥: v následujíí £ásti budu harakterizovat, jak �NB provádí svou m¥novou po-litiku. Pak vymezím modely, které budou pouºity pro modelování hování �NB. V dal²í£ásti podrobn¥ analyzuji kritéria pro hodnoení kvality jednotlivýh model·. Výsledkymodelování hování �NB budou uvedeny v navazujíí £ásti £lánku a v záv¥ru bude elkovévyhodnoení.2 Um¥lá neuronová sí´ jako nástroj modelováníUm¥lá neuronová sí´ (ANN) je jedním z nástroj· um¥lé inteligene (AI), o kterém lze rov-n¥º tvrdit, ºe je z pohledu matematiké statistiky téº modelem, jehoº parametry je t°ebaodhadnout nap°íklad metodami nelineární regrese (Haykin, 1999, �norek a Ji°ina, 1997).Z hlediska teorie systém· ve stejné souvislosti hovo°íme op¥t o modelu, jehoº parametryse adaptují, jsou p°edm¥tem optimalizae nebo je t°eba je identi�kovat. V analogii s li-neárním modelem je vhodné problematiku ANN zúºit pouze na neuronové sít¥ s jednímvýstupem (predikovaná relativní zm¥na) n¥kolika vstupy (relativní zm¥ny ekonomikýhukazatel·) a s dop°edným ²í°ením signál·. Tím se vyhneme rekurentním výpo£t·m a



Vyuºití neuronovýh sítí k modelování úrokovýh m¥r stanovenýh �NB 203ykl·m v topologii sít¥. Kaºdá taková ANN je reprezentována ayklikým orientovanýmgrafem, jehoº vrholy lze formáln¥ o£íslovat tak, aby signál postupoval ve sm¥ru vzr·sta-jíího indexu vrholu. V p°ípad¥ ANN vrhol nazýváme um¥lým neuronem, oº není nijiného neº proesor pro zpraování informae z do n¥j vstupujííh hran. Kaºdá vstupníhrana nese dv¥ zásadní informae: svou váhu a hodnotu signálu z p°edhozího vrholu(neuronu). Vrholy, do kterýh nevede ºádná hrana, nazýváme vstupní neurony nebolivstupy systému. Vrholy, ze kterýh nevede ºádná hrana, nazýváme výstupní neuronyneboli výstupy systému. V na²em p°ípad¥ máme pouze jeden výstupní neuron. Zbylévrholy slouºí jako mezi£lánky p°enosu informae a nazýváme je skrytými neurony. Ktransformai hodnot signál· dohází tedy pouze ve skrytýh as výstupníh neuroneh.Kaºdý takový um¥lý neuron má sv·j model, tj. funki, která zprauje hodnoty v²eh vaha signál· do n¥j vstupujííh a vytvo°í z nih nový signál. Problematika ANN se tedy týkápouze t°í aspekt·: topologie grafu sít¥, model· jednotlivýh neuron· a nastavení (ur£ení,u£ení, odhad, adaptae, optimalizae, identi�kae) vah jednotlivýh hran orientovanéhografu.Nej£ast¥j²í je hierarhiké uspo°ádání ANN do jednotlivýh vrstev. Vrstva ANN je sku-pina neuron· (vrhol·), které spolu p°ímo ani nep°ímo nekomunikují. Komunikae je dáleomezena tak, ºe do neuron· dané vrstvy vedou signály pouze z p°edhozí vrstvy. Z tohookamºit¥ plyne, ºe po°adí vrstev, které musí být respektováno. Pak hovo°íme o první(vstupní) vrstv¥ tvo°ené v²emi vstupními neurony, druhé, t°etí skryté vrstv¥ a kone£n¥ oposlední (výstupní) vrstv¥) obsahujíí v²ehny výstupní neurony. Jednoduhé úlohy lze°e²it pomoí dvouvrstvé topologie ANN, kdy zela hybí skryté vrstvy. V¥t²inu aplikaílze zvládnout pomoí t°ívrstvé topologie s optimálním po£tem skrytýh neuron· v jedinéskryté vrstv¥. Z hlediska model· jednotlivýh um¥lýh neuron· jiº dávno nejde o napo-dobování hování jednotlivýh nervovýh bun¥k ºivýh organizm·. Jde o modely, kterése v oblasti AI pragmatiky osv¥d£ily p°i konstruki univerzálníh aproximaí spojitýhfunkí. Do první skupiny pat°í modely zaloºené na skalárním sou£inu vektoru vah a vek-toru vstupujííh hodnot. Takto vzniklý váºený sou£et (lineární kombinae signál·) jev¥t²inou modi�kován vhodnou nelinearitou. Oblíbená nelinearita tohoto typu má tvarsigmoidální funke (hyperboliké tangenty). Do druhé skupiny pat°í modely zaloºené narozdílu vektoru vah a vektoru vstupujííh hodnot a jeho norm¥ (délka rozdílového vek-toru). Pokud vektor vah hápeme jako popis etalonu (vzorové situae), pak tímto postu-pem ur£íme vzdálenost vstupujíího vektoru (reality) od etalonu (prototypu). Výslednávzdálenost je pak op¥t zpraována vhodnou nelinearitou. Výstupní signál takového neu-ronu obvykle hápeme jako informai o podobnosti reality a etalonu. Vzdálenost v¥t²inoum¥°íme euklidovskou normou a nelinearita má obvykle tvar Gaussovy zvonovité funke.Do t°etí skupiny obvykle °adíme modely um¥lého neuronu produkované s vyuºitím ope-rátor· fuzzy logiky. V této souvislosti se vyskytuje pojem fuzzy-neuronová sí´, oº neníni jiného, neº ANN, ve které existuje neuron z uvedené t°etí skupiny.V drtivé v¥t²in¥ reálnýh aplikaí se setkáváme s ANN obsahujíí pouze jednu homogennískrytou vrstvu a jednu homogenní výstupní vrstvu. Pokud jsou ve výstupní vrstv¥ pouzelineární modely neuronu, pak to má výhody p°i nastavování vah mezi skrytou a výstupnívrstvou metodami lineární algebry. Pokud jsou ve skryté vrstv¥ pouze neurony prvníhotypu se sigmoidální harakteristikou, pak hovo°íme o t°ívrstvém £i oben¥ víevrstvémpereptronu (MLP). Pokud jsou ve skryté vrstv¥ pouze neurony druhého typu s eukli-



204 V.Q. Trandovskou normou a výstupní vrstva je lineární, pak hovo°íme o síti s radiální bází (RBF).Samostatnou kapitolu tvo°í metody u£ení ANN, oº z hlediska matematiké statistikynení ni jiného neº ur£ení bodového odhadu parametr· elého modelu ANN na základ¥reálnýh dat. Nej£ast¥ji se setkáváme s u£ením MLP £i RBF gradientními metodami(metoda konjugovanýh gradient·, stohastiká gradientní metoda, zp¥tné ²í°ení nebolibakpropagation. P°i n¥m vyházíme z náhodného odhadu vah modelu a itera£n¥ získámejeden z lokálníh extrém· sou£tu £tver· odhylek hování modelu ANN od poºadovanýhhodnot. K tomuto ú£elu slouºí známá gradientní metoda vyházejií z r·znýh po£áte£-níh hodnot vah ANN. Alternativou k takovému postupu je vyuºití heuristik pro hledáníglobálního minima sou£tu £tver· odhylek, nap°. simulované ºíhání (SA, FSA, ASA),modely hování kolonií (ACO), modely migrae jedin· (SOMA), modely hování hejn(PSO), genetiké algoritmy optimalizae (GO), evolu£ní vyhledávání (ES) a difereniálníevolue (DE).3 Pouºité modely ANNV tomto p°ísp¥vku jsou vyuºity dva modely s jednou skrytou vrstvou a jedním výstup-ním neuronem (t°ívrstvá ANN). První z nih je t°ívrstvá pereptronová sí´ s lineárnímvýstupním neuronem, o které je známo, ºe je univerzálním aproximátorem na t°íd¥ spoji-týh omezenýh funkí. To znamená, ºe s rostouím po£tem skrytýh neuron· klesá hybaaproximae k nule, nikoli v²ak ve statistikém slova smyslu. Výstup uvedené sít¥ je dánvztahem
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wk,jxj) (1)kde H je zadaný po£et skrytýh neuron·, w1,0, ..., wH,n jsou neznámé váhy jednotlivýhvstup· a w0, ..., wH jsou neznámé výstupní váhy. Celkový po£et parametr· uvedenéhonelineárního modelu je roven np = H(n+2)+1. Pokud preferujeme sít¥ s radiální bází, pakdáme p°ednost t°ívrstvé neuronové síti RBF, která je rovn¥º univerzálním aproximátoremspojitýh ohrani£enýh funkí. Výstup uvedené sít¥ je dán vztahem
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) (2)Celkový po£et parametr· uvedeného nelineárního modelu je op¥t roven np = H(n+2)+1.Kritéria hodnoení kvality modeluCheme-li vzájemn¥ porovnávat lineární model a nelineární modely ANN, musíme sta-novit srovnatelné podmínky pro oba typy model·. Vzhledem k tomu, ºe lineární regreseje standardním nástrojem odhady parametr· lineárního modelu, je p°irozené odhadovatváhy (neznámé parametry) sítí MLP a RBF stejnou metodou, tedy minimalizaí sou£tu£tver· odhylek, oº je mnohem náro£n¥j²í úloha vzhledem k nelinearit¥ p°íslu²nýhmodel·. P°íslu²ná ú£elová funke, jejíº minimum je hledáno, je
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Vyuºití neuronovýh sítí k modelování úrokovýh m¥r stanovenýh �NB 205kde ρi, ρ
ANN
i je relativní p°ír·stek úrokové sazby a jeho predike na výstupu ANN. Vp°ípad¥ lineární ANN je známo expliitní °e²ení s vyuºitím lineární algebry. Pokud jeúloha nelineární, osv¥d£ily se k jejímu °e²ení kompetitivní heuristiky difereniální evolue.V tom p°ípad¥ je t°eba si uv¥domit, ºe není zaji²t¥no nalezení globálního optima SSQrel,nebo´ u£ení ANN je NP-úplný problém, takºe se nezávisle na metod¥ hledání neznámýhvah je nutné uhýlit k opakovaným numerikým experiment·m s danou heuristikou a takzískatjistotu p°esn¥j²íh výsledk·. Jednotíím kritériem kvality modelu pro lineární modeli ANN je st°ední hyba predike relativní diferene úrokové sazby �NB daná vztahem
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√
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(4)Vzhledem k moºnosti permutae neuron· ve skryté vrstv¥ ANN není moºné posuzovatstatistikou významnost jednotlivýh vah ANN respektive stanovovat jejih sm¥rodatnouodhylku.4 M¥nová politika �eské národní bankyV trºním hospodá°ství hraje entrální banka nezastupitelnou úlohu v bankovním sys-tému. Krom¥ jinýh funkí se jí výhradn¥ sv¥°uje výkon m¥nové politiky státu. M¥novápolitika je proes, kdy entrální banka vyuºívá r·zné nástroje k dosaºení ur£itýh íl·,jejih realizae p°ispívá k stabilizai a r·stu národní ekonomiky. Tyto íle jsou enová sta-bilita, vysoká zam¥stnanost, ekonomiký r·st, stabilita úrokové míry a m¥nového kurzua v neposlední °ad¥ i stabilita �nan£ního trhu. Je patrné, ºe tyto íle nejsou od sebe d¥li-telné a dosaºení jednoho z nih m·ºe být realizováno na úkor druhýh. K dosaºení t¥htoíl· má entrální banka n¥kolik nástroj·, které jsou trºní i netrºní, tedy regulatorní po-vahy. Protoºe regula£ní podmínky a opat°ení ve vysp¥lýh ekonomikáh jsou standardní,v sou£asné dob¥ entrální banky ve vysp¥lýh trºníh ekonomikáh inklinují k pouºitítrºníh nástroj· jako operae na volném trhu nebo úrokovýh nástroj· k dosaºení íl·své m¥nové politiky. �eská národní banka (�NB) podle Ústavy �eské republiky a zákonao �eské národní bane (zákon £. 6/1993 Sb.) je entrální bankou �eské republiky. Krom¥emisníh pravomoí a dohledu nad �nan£ním sektorem operujíím na £eském území �eskánárodní banka vykonává m¥novou politiku, jejímº hlavním ílem je zabezpe£it enovoustabilitu v �eské republie. �NB také podporuje jiné íle hospodá°ské politiky vlády�eské republiky jako ekonomiký r·st, nízkou nezam¥stnanost a vnit°ní a vn¥j²í stabilituekonomiky, pokud tyto íle nejsou v kon�iktu s hlavním ílem �NB. Jako enová stabilitase rozumí stabilitou spot°ebitelskýh en m¥°enou indexem spot°ebitelskýh en (CPI)poskytovaným �eským statistikým ú°adem. Je t°eba podotknout, ºe jako enovou sta-bilitu �NB nepo£ítá s absolutní stabilitou, tedy nulovou in�ai, nýbrº kalkuluje s mírn¥kladnou in�aí, jeº mimo jiné zohled¬uje pozitivní zm¥ny v kvalit¥ novýh zboºí a sluºebposkytovanýh spot°ebitel·m, které doházejí pr·b¥ºn¥ v ekonomiké realit¥. K dosaºenísvýh íl· pouºívá �NB v sou£asné dob¥ tzv. reºim ílování in�ae, který entrální bankyvysp¥lýh trºníh ekonomik za£aly roz²í°en¥ aplikovat od kone devadesátýh let minu-lého století (Mandel a Tom²ík, 2008). Cílování in�ae je takový proes, p°i n¥mº entrálníbanka odhaduje a zve°ej¬uje ílované hodnoty míry in�ae v budounu a provádí takovou



206 V.Q. Tranm¥novou politiku prost°ednitvím zm¥n úrokovýh sazeb a jinýh m¥novýh nástroj·,aby se skute£ná in�ae v budounu o nejvíe p°iblíºila k ílované hodnot¥. Nap°. ent-rální banka si stanovuje íl, ºe in�ae v ekonomie bude 2% v budounu. P°i pln¥ní svéhoíle entrální banka v tuto hvíli pozoruje r·zné, které mohou poteniáln¥ vyvinout silnýtlak na zvý²ení in�ae v budounu, a to jak ze strany nabídky, tak i ze strany poptávky.Che-li entrální banka toto nebezpe£í eliminovat a sv·j in�a£ní íl splnit, tak musí zvý-²it nominální úrokovou míru. Nimén¥ zvý²ení úrokové míry vede ke zdraºení pen¥z vekonomie, oº negativn¥ ovliv¬uje ekonomikou aktivitu r·znýh subjekt· v ekonomiev podob¥ zpomalení ekonomikého r·stu nebo zvý²ení nezam¥stnanosti. Výhoda m¥novépolitiky v reºimu ílování in�ae spo£ívá v tom, ºe pokud entrální banka (v na²em p°í-pad¥ �NB) je dostate£n¥ kredibilní a dovede si sv·j in�a£ní íl splnit správnou m¥noupolitikou, získá tím d·v¥ru ve°ejnosti. Ta na oplátku zabuduje do svého o£ekávání ílo-vanou hodnotu in�ae deklarovanou entrální bankou a tím se vytvo°í in�a£n¥ stabilníprost°edí v ekonomie. Podmínkou k prosazení takové m¥nové politiky je nezávislost en-trální banky na vlád¥ a �NB ze zákona tuto nezávislost má. V tuto hvíli �NB vyhla²ujein�a£ní íl ve vý²i 2% s tím, ºe se skute£ná in�ae nebude li²it od této hodnoty víe neº1%.5 Modely hování �NBChování �NB je zkoumána v diskrétním £ase. Naví pro modelování a predike není jet°eba vhodná seleke ukazatel· a a jejih transformae. Z tohoto d·vodu je modelovánarelativní zm¥na úrokové sazby pomoí relativníh zm¥n makroekonomikýh ukazatel· vp°edhozím období. Jelikoº �eská národní banka m¥ní úrokové sazby nepravideln¥, bylotaké nutné tyto nepravidelné zm¥ny p°evedeny na data s m¥sí£ní periodou. Ostatní makro-ekonomiké ukazatele je dostupné jiº v m¥sí£níh periodáh. Pouze data o ekonomikémr·stu jsou p°epo£ítány na tuto periodu lineární interpolaí. Pro v²ehny studované ve-li£iny jsou tak k dispozii £asové °ady s periodou jeden m¥sí. Pokud budeme studovat£asovou °adu {ξ}n
k=1

tvo°enou kladnými hodnotami, pak p°i modelování m·ºeme vyuºítabsolutní diferene δk = ξk−1 − ξk nebo relativní diferene ρk = 100
ξk−1−ξk

ξk

. Absolutnídiferene se uºívají v souvislosti s lineárními modely. Pro snadnou aplikai ANN je t°ebapouºít relativní zm¥ny (v %) s tím, ºe n¥které makroekonomiké ukazatele jiº uvedenýrelativní tvar mají. Úlohu o jednokrokové prediki v £asové °ad¥ relativníh diferení úro-kové sazby je t°eba konvertovat na úlohu o lineární nebo nelineární regresi. Zavedeme-lidv¥ úrovn¥ indexování relativníh diferení tak, ºe první index odpovídá £asovému krokua druhý index sledované veli£in¥ (úroková sazba �NB má index roven jedné), pak jedno-kroková predike je dána vztahem ρk+1,1 = f(ρk,1, ρk,n), kde n je po£et sledovanýh veli£ina y = f(x) je p°íslu²ný model. Z £asovýh °ad délky M tak dostaneme °ady relativníhdiferení délky M � 1, které umoºní realizai statistikého výb¥ru o rozsahu m = M � 2.Nyní se m·ºeme v¥novat jednotlivým model·m. V prvé °ad¥ byl studován lineární modelve tvaru
y = w0 +
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Vyuºití neuronovýh sítí k modelování úrokovýh m¥r stanovenýh �NB 207kde jsou neznámé váhy jednotlivýh vstup·. S vyuºitím metodiky lineární regrese snadnour£íme nejen bodové odhady parametr· (vah) a hybu modelu, ale téº jejih sm¥rodatnéodhylky parametr· a p°íslu²né p-hodnoty (testování hypotéz o nulovosti parametr·).Uvedený lineární model m·ºeme hápat jako referen£ní ANN bez skryté vrstvy s jednímlineárním neuronem ve výstupní vrstv¥. Celkový po£et parametr· uvedeného modeluje roven np = n + 1. Cílem studie je porovnat hování takového lineárního systému snelineárními modely reprezentovanými rovn¥º ANN.6 Pouºitá data a výsledky odhad· parametr· model·Pro modelování hování �eské národní banky jsou vybrány tyto °ady: jako úroková sazbaje zvolena diskontní sazba �NB. M¥°ítkem in�ae je index spot°ebitelské eny. Indikáto-rem vn¥j²í stability £eské m¥ny je pr·m¥rný m¥sí£ní kurz koruny v·£i spole£né evropském¥n¥ Euru. Dále jsou to pr·m¥rná m¥sí£ní úroková sazba na mezibankovním trhu nadobu t°í m¥sí· Pribor3M, m¥sí£ní tempo r·stu pen¥ºního agregátu M2, m¥sí£ní míranezam¥stnanosti, £tvrtletní tempo r·stu HDP v �eské republie a diskontní sazba Ev-ropské entrální banky, a to v období od 1.1.1999 do 1.9.2008. Zdrojem údaj· o diskontnísazb¥, kurzu £eské koruny v·£i euru, mezibankovní úrokové sazby a m¥sí£ního tempar·stu pen¥ºního agregátu M2 je statistika �eské národní banky. Údaje o in�ai a tempur·stu HDP jsou získány ze statistiky Statistikého ú°adu �R. Údaje o nezam¥stnanostijsou získány ze statistiky Ministerstva práe a soiálníh v¥í. Údaje o diskontní sazb¥ECB jsou z její statistiky. Protoºe v²ehny prom¥nné zahrnuté v modelu nemají stejnéhom¥°ítko ani stejnou povahu, je t°eba p°istoupit k transformai n¥kterýh z nih. Údajeo in�ai (CPI), tempu r·stu HDP a tempu r·stu m¥nového agregátu M2 mají jiº po-ºadovaný harakter, mohou vstoupit do modelu beze zm¥ny. Ostatní prom¥nné, i kdyºn¥které z nih jsou udávané v proenteh jako úrokové sazby nebo míra nezam¥stnanosti,jsou p°evedeny na nejd°íve na p°ír·stkovou formu, pak i na relativn¥ p°ír·stkový tvar.Je patrné, ºe nejlep²í transformae je ta, která p°evádí v²ehny prom¥nné jsou ve stej-nýh m¥°ítkáh a stejné povahy, které naví jsou symetriké kolem jejih pr·m¥r·. Toutoúpravou se po£et pozorování sniºuje z 117 na 116. Relativní p°ír·stky diskontní úrokovésazby �NB jsou pak modelovány na hodnotáh vybranýh prom¥nnýh zpoºd¥nýh ojedno období v£etn¥ samotnýh relativníh p°ír·stk· diskontní úrokové sazby. Závislostrelativníh p°ír·stk· diskontní úrokové míry �eské národní banky na vybranýh pro-m¥nnýh je nejd°íve modelována metodou nejmen²íh £tver· a výsledné odhady vliv·jednotlivýh prom¥nnýh jsou uvedeny v tabule 1, kde krom¥ samotnýh odhad· jsouuvedeny také standardní hyby jednotlivýh odhad· a jejih p-value, tj. hladina, od kterése zamítá nulová hypotéza, ºe hodnota odhadovaného parametru je nula. Podle p-valuejsou statistiky významné odhady zpoºd¥né diskontní úrokové sazby �NB, zpoºd¥né úro-kové sazby na mezibankovním trhu Pribor 3M a zpoºd¥né úrokové sazby Evropské ent-rální banky. Významnost t¥hto prom¥nnýh je od·vodnitelná, protoºe rozhodnutí �NBo zm¥n¥ úrokové sazby musí vyházet z jejíh minulýh uzáv¥r· a mezibankovní úro-ková sazba je odvozena od úrokové sazby stanovené �NB a �NB p°i svém rozhodovánímusí brát v úvahu situai v nejbliº²ím a také nejd·leºit¥j²ím okolí jejího m¥nového pro-storu. Odhady parametr· ostatníh prom¥nnýh obsaºenýh v modelu jsou statistikynevýznamné a nelze tedy odmítnout nulovou hypotézu, ºe hodnoty t¥hto parametr·



208 V.Q. TranTabulka 1: Výsledky odhadu lineárního modelu hování �NBregresor w S.E. p-valueKonstanta -4,2310 2,4901 0,0922Úroková sazba �NB -0,3359 0,1105 0,0030In�ae �R (CPI) 0,0274 0,4548 0,9521Pr·m¥rný m¥sí£ní kurz EUR/CZ -0,0660 0,6275 0,9165IR Pribor 3M 1,0911 0,2116 0,0000Tempo r·stu M2 0,2815 0,2594 0,2804M¥sí£ní míra nezam¥stnanosti 0,0646 0,2181 0,7676Úroková sazba ECB 0,2706 0,0944 0,0050Tempo r·stu HDP �R (£tvrtletní) 0,2277 0,4573 0,6197Tabulka 2: Vliv po£tu neuron· na hybu MPL a RBF modelupo£et neuron· 2 3 4 5MPL 6,60162 5,85499 6,34161 6,71695RBF 6,56605 6,06271 5,34662 5,68335mohou být nulové. Tato skute£nost m·ºe být zp·sobena tím, ºe tyto prom¥nné mohoubýt siln¥ korelované. Nap°íklad míra nezam¥stnanosti m·ºe být ovlivn¥na tempem r·stuHDP a naopak p°i poklesu tempa r·stu HDP m·ºe dojít k r·stu nezam¥stnanosti. Chybalineárního modelu je se = 7,4206. Porovnáváme-li ji se standardní odhylkou °ady rela-tivníh p°ír·stk· diskontní úrokové míry �eské národní banky (s = 8,6550), je patrné, ºejen pom¥rn¥ malá £ást její variability je vysv¥tlena tímto modelem. Závislost relativníhp°ír·stk· diskontní úrokové míry �NB na vybranýh prom¥nnýh je také modelovánavíevrstvou neuronovou sítí (MLP � multilayer pereptron). Tato sí´ se skládá z jednévrstvy vstupníh neuron·, pak ji následuje skrytá vrstva a na koni této sít¥ je výstupnívrstva, ze které vyhází výstup jako lineární kombinae výstup· ze skryté vrstvy. Námizkoumaná závislost je modelována s r·zným po£tem neuron· ve skryté vrstv¥. V tabule 2jsou uvedeny výsledky modelování závislosti relativníh p°ír·stk· diskontní úrokové míry�eské národní banky na vybranýh prom¥nnýh prezentované hybami modelu v závis-losti na po£tu skrytýh neuron·. Po£et neuron· v poslední vrstv¥ je vºdy o jeden neuronvíe neº ve skryté vrstv¥. Je vid¥t, ºe nejmen²í hybu (5,855) poskytuje neuronová sí´ set°emi skrytými neurony. Pro tuto sí´ jsou uvedeny optimální váhy jednotlivýh vstupníhprom¥nnýh ve skryté vrstv¥ (tabulka 3) a váhy výstup· ze skrytýh neuron· do lineárnívýstupní vrstvy (tabulka 4). Porovnáváme-li hybu modelu neuronové sít¥ s hybou line-árního modelu, zjistíme, ºe variabilita relativníh p°ír·stk· diskontní úrokové míry �eskénárodní banky na vybranýh prom¥nnýh je vysv¥tlena mnohem víe prost°ednitvím ví-evrstvé neuronové sít¥ neº lineárním modelem. Závislost relativníh p°ír·stk· diskontníúrokové míry �eské národní banky na vybranýh prom¥nnýh je dále modelována sítíRBF neuron·. Typologie této sít¥ je podobná víevrstvé síti. Skládá se z vrstvy vstup-níh neuron·, dále je vrstva RBF neuron· a poslední je výstupní vrstva, ze které vyházívýstup jako lineární kombinae výstup· ze skryté vrstvy. Závislost je také modelovánas r·zným po£tem RBF neuron· ve skryté vrstv¥. V tabule 2 jsou uvedeny výsledky



Vyuºití neuronovýh sítí k modelování úrokovýh m¥r stanovenýh �NB 209Tabulka 3: Optimální váhy jednotlivýh vstup· ve skryté vrstv¥ MLP sít¥váha 1 2 3Konstanta 0,927236 -0,787776 -0,937465Sazba �NB -0,095104 0,082983 0,096009In�ae �R (CPI) -0,058158 0,020444 0,061885Pr·m¥rný m¥sí£ní kurz EUR/CZ -0,050555 -0,099868 0,069388IR Pribor 3M 0,026756 -0,074350 -0,018224Tempo r·stu M2 -0,080787 0,096671 0,078897M¥sí£ní míra nezam¥stnanosti -0,084985 0,046552 0,089975Sazba ECB 0,068586 -0,050390 -0,070029Tempo r·stu HDP �R (£tvrtletní) -0,075676 -0,028200 0,087045Tabulka 4: Váhy ve výstupní vrstv¥ optimální MLP a RBF sít¥váha£. neuron· MPL RBF0 -0,00180 0,0000000000021 7,49334 -0,0000000001812 0,75171 -0,0000000717413 6,79324 1,6068866173774 - 0,000000000002modelování závislosti relativníh p°ír·stk· diskontní úrokové míry �eské národní bankyna vybranýh prom¥nnýh prezentované hybami modelu v závislosti na po£tu skrytýhRBF neuron·. Je vid¥t, ºe nejmen²í hybu (5,347) poskytuje RBF neuronová sí´ se £ty°miskrytými neurony. Pro tuto sí´ jsou také uvedeny optimální váhy jednotlivýh vstupníhprom¥nnýh ve skryté vrstv¥ (tabulka 5) a váhy výstup· ze skrytýh neuron· do line-ární výstupní vrstvy (tabulka 4). Porovnáváme-li hybu modelu neuronové sít¥ s hyboulineárního modelu, zjistíme, ºe variabilita relativníh p°ír·stk· diskontní úrokové míry�eské národní banky na vybranýh prom¥nnýh je také lépe vysv¥tlena RBF neuronovousítí neº lineárním modelem. Porovnáváme-li nejmen²í hybu modelu RBF sít¥ s nejmen²íhybou modelu MLP sít¥, zjistíme, ºe optimální RBF sí´ poskytuje men²í hybu neºoptimální MLP sí´. V obou p°ípadeh je v²ak variabilita relativníh p°ír·stk· diskontníúrokové sazby �NB vysv¥tlena mén¥ neº na 50 %.7 Záv¥rV této prái byly pouºity dva typy neuronovýh sítí k modelování hování �eské národníbanky na základ¥ ve°ejn¥ dostupnýh makroekonomikýh dat. Byla modelována je re-lativní zm¥na diskontní úrokové sazby �NB. Za p°edpokladu, ºe �eská národní bankaprauje s adaptivním o£ekáváním, byly pouºity zpoºd¥né makroekonomiké veli£iny jakoprediktory pro modelování hování �NB s výjimkou diskontní sazby, kdy se spí²e neºadaptivní o£ekávání p°edpokládá ur£itá kontinuita v hování entrální banky. Bylo pro-kázáno, ºe n¥které makroekonomiké veli£iny umoº¬ují jednokrokovou prediki relativní



210 V.Q. TranTabulka 5: Optimální váhy jednotlivýh prom¥nnýh ve skryté vrstv¥ RBF sít¥váha 1 2 3 4Polom¥r RBF 4,676286 6,485502 1,711815 3,842197Sazba �NB 0,428009 -22,757768 -6,064228 -22,639839In�ae �R (CPI) 5,514883 -0,253952 5,934267 1,515577Pr·m¥rný m¥sí£ní kurz EUR/CZ -3,288189 3,502609 -0,155341 -2,069613IR Pribor 3M -12,000000 15,148288 11,658247 12,575753Tempo r·stu M2 7,086276 3,202215 5,404994 12,754242M¥sí£ní míra nezam¥stnanosti 0,067192 -3,156935 0,884224 -0,845098Sazba ECB 5,634724 -14,858715 5,975916 16,641846Tempo r·stu HDP �R (£tvrtletní) 2,854650 5,297753 4,822723 2,301018zm¥ny diskontní úrokové sazby �NB. V p°ípad¥ lineárního modelu jsou statistiky vý-znamné vlivy zpoºd¥né diskontní úrokové sazby �NB, zpoºd¥né úrokové sazby na mezi-bankovním trhu Pribor 3M a zpoºd¥né úrokové sazby Evropské entrální banky. Stan-dardní odhylka °ady relativníh p°ír·stk· diskontní úrokové míry �eské národní bankyje 8,655 % a hyba predike lineárním modelem je 7,421 %. Tento malý rozdíl vypovídáo obtíºné predikovatelnosti hování �NB lineárním modelem.Jako nelineární alternativa k lineárnímu modelu byly vybrány um¥lé neuronové sít¥ typuMLP a RBF sít¥ a ve snaze najít optimální po£et skrytýh neuron· zaji²tujíí o nejniº²íhybu predike bylo zji²t¥no, ºe pro neuronovou sí´ typu MLP se pro t°i skryté neuronypoda°ilo sníºit hybu predike na 5,855 % p°i topologii ANN 8-3-1. Neuronová sí´ typuRBF doílila pro £ty°i skryté neurony hybu predike 5,347 % s topologií ANN 8-4-1,oº je nejlep²í dosaºený výsledek. Rozdíl v hyb¥ jednotlivýh model· sie není °ádový,ale modely neuronovýh sítí mohou v oblasti predike hování �NB p°inést podstatnézlep²ení v porovnání s lineárním modelem. Je t°eba si pov²imnout i °ádovýh rozdíl·v hodnotáh vah mezi skrytou a výstupní vrstvou. V síti MLP se p°eváºn¥ uplat¬ujepouze první a t°etí neuron, av²ak druhý neuron nelze zela eliminovat, nebo´ model sedv¥ma skrytými neurony má v¥t²í hybu predike. Obdobná situae je u sít¥ RBF, kdese nejvíe uplatnil pouze t°etí neuron a zbylé t°i neurony hrají symbolikou roli. A£kolivoba nelineární prediktory neumoº¬ují jednozna£nou interpretai vah ANN, £ímº je jejihanalytiký význam mírn¥ sníºen, modelování úrokovýh m¥r s vyuºitím neuronovýh sítíje uºite£ná alternativa ve srovnání s tradi£ním lineárním modelem.Literatura[1℄ S. Haykin. Neural Networks: A omprehensive foundations, 2nd edition. Upper Sad-dle River, New Jersey, (1999).[2℄ I. K°ivý, J. Tvrdík, R. Krpe. Stohasti Algorithms in Nonlinear Regression. In'Computational Statistis and Data Analysis'. 33(3), (2000) 277-290.[3℄ M. Mandel, V. Tom²ík. Monetární ekonomie v malé otev°ené ekonomie. Manage-ment Press, Praha, (2008).
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Business Proess Modeling and Business to ITTransformation RevisitedBar�³ Unal, Josef Myslín1st year of PGS, email: brsunalms�gmail.omDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Vojteh Merunka, Deptartment of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. Business proess modeling is one of the essential parts of system development andserved as foundation for subsequent ativities like analysis, design and implementation. BPMtehniques should be lear and easy that everybody who plays a role for desription of the system,ould understand it and it should use di�erent artifats to provide essential properties of thesystem at high abstration level that later development e�orts ould use these models e�etively.It also plays an important role for ommuniation between all stakeholders and requirementanalysis. However, semanti gap between business proess modeling and subsequent informationsystem development ativities is the main problem. In this paper, di�erent business proessmodeling tehniques and their ontribution to orresponding information system developmentare disussed.Keywords: business proess modeling, oneptual gap, BORM, model driven engineering, infor-mation system developmentAbstrakt. Business modelování je jedna ze základníh £ástí proesu vývoje a slouºí jako základposloupnosti aktivit jako jsou analýza, návrh a implementae. Tehniky business modelováníby m¥ly být jasné a snadno pohopitelné pro kaºdého, kdo se podílí na popisu systému, p°í-padn¥ kdo by m¥l tento popsi pohopit a kdo by m¥l poskytnout základní parametr systému navysoké úrovni abstrake tak, aby p°i pozd¥j²ím vývoji bylo moºno tyto modely efektivn¥ pouºít.Hrají také významnou roli p°i komunikai v²eh ú£astník· proesu vývoje a analytikem poºa-davk·. Bohuºel, velkým problémem je sméantiká mezera mezi proesem business modelovánía návaznými aktivitami vývoje systém·. V tomto £lánku jsou diskutovány tehniky byznysmodelování a jejih konsekvene vzhledem k dal²ím korespondujíím aktivitám.Klí£ová slova: modelování business proes·, konep£ní rozdíly, Borm, model °ízeného inºenýrství,informa£ní systém vývoje1 IntrodutionA business proess model is an abstration of the real world omplex business systems.Main purpose of a business model is to reate a medium where all stakeholders inludingdomain experts, ustomers, end-users, system analyst and software system developersommuniate. In addition to that, business proess models are also the foundation ofsubsequent system modeling ativities. That is the reason that business proess modelsshould be transformed to the IT world without loss of information in a onsistent manner213



214 B. Unalwhih enables omplete and satisfatory end-user produts. Main question of systemdevelopment omes from the semanti gap between business proess desription and theorresponding information system built on that business spei�ations. Even thoughthere are so many system development proesses, this oneptual di�erene is still mainonern among these approahes. In this paper, di�erent BPM tehniques and their wayof bridging this oneptual gap are illustrated.Sine full system development proess life yle is omprehensive and omprises var-ious aspets and artifats, the sope of this paper is delimited with di�erent BPM teh-niques with the main onern of semanti gap between business domain and system IT.In the following setions, with the exursion into di�erent BPM tehniques, requiredproperties, whih should be satis�ed to minimize oneptual gap, are disussed. As akind of BPM tehniques, BORM [9℄and its way of handling this problem are emphasized.2 Main Problem - Business Domain to IT Transforma-tionAs mentioned in the preeding setion, main soure of inohereny between business andIT world, ould be spei�ed as oneptual gap. More formally Goldberg [1℄ uses di�erentterms to de�ne this problem. Conept spae desribes the system under developmentfrom the user/expert view point. The artiulation spae is used to de�ne ommuniationmedium between user/expert and system analyst. The onstruted model as a feedbakto that user/ expert's expetation is alled as analyst spae. Basially, di�erene betweenthis onept and orresponding analyst's spae is alled as the oneptual gap, whih isaddressed in this paper.The ost of any kinds of requirements misoneption among partiipants of systemdevelopment inreases exponentially as it gets deteted later on the following phases ofdevelopment, espeially after produt delivery to end-user. The ost of bugs whih aredeteted later in the development proess, is muh more than the ost of any bugs detetedearlier during initial phases. So, it gives a big responsibility to the business proessmodeling in order to get an unambiguous, exat, onrete and onsistent representationof the system under development. The seond step is to transform this business modelsinto orresponding software system development environments without loss of informationand in a onsistent manner. BPM and software development are di�erent disiplines andhave their own artifats. Moreover, users and domain experts have totally di�erentexpertise and knowledge level with respet to software developers who deal with system'stehnial and implementation aspets. BPM tehniques should provide partiipants ofboth worlds with a ommon ground for easy ommuniation to reate onrete softwaresystem spei�ations through business to IT transformation.3 Business Proess Modeling ApproahesEven though there are lots of system development proesses in the literature, problemof business to IT transformation is still problem. Menes et al.[8℄ de�ne two dimensionsfor transformation. A horizontal transformation is a transformation at the same level of



Business Proess Modeling and Business to IT Transformation Revisited 215abstration whereas a vertial transformation renders an input into more detailed outputthrough re�nements. Stein et al.[14℄ propose a framework for business to IT transfor-mation. In this framework, it is stated that business proess models should be platformindependent and the platform spei� IT solution, nevertheless must be derived fromthese proess models through vertial transformation, not horizontal. Aording to [14℄,horizontal transformation guarantees totally independent business and IT environments,however, vertial transformation requires a business proess model whih should have ITrelated perspetives to be on�gured by domain experts at high level abstration. Verti-al transformation is aepted as a more reasonable approah ompared to the horizontaltransformation to bridge the gap between business and IT.In this setion, as a speial and important disipline of system development proesses,BPM tehniques are illustrated with the onentration on their support for subsequentsoftware system development e�orts in order to bridge the ultural gap.3.1 RUP and BPMBusiness proess modeling is one of the Rational Uni�ed Proess disiplines. [4℄ It is per-formed during ineption phase of system development life-yle. Similar approahes andartifats as in software development are suggested for BPM in RUP to reate an stronginter-dependeny between BPM and rest of the system development. As in subsequentsoftware development e�ort, use ase modeling tehnique and business objet model withsystem ators are used during this phase. UML (Uni�ed Modeling Language) is usedfor desription language as in the rest of software engineering disiplines like require-ment, analysis and design. Although UML is reah enough for software engineering andprovides di�erent modeling tehniques from di�erent points of view of the system underdevelopment, it is laimed that using the same tehniques for business desription mightnot be omprehensible and appropriate for domain experts and users of the system, whodo not have tehnial knowledge as system and software engineers have. Domain expertsand users, nevertheless should ontribute to the system desription atively, espeially inthe early and during maintenane phases.As disussed in the following setions, more user entri methodologies with di�erentspei�ation tehniques behind them, like EPC, Petri Nets or FSM (Fine State Mahines)have been developed. In stead of using RUP's own business proess modeling tehniques,business proess desriptions spei�ed by these methodologies ould be transformed intothe RUP software development environment to exploit UML for subsequent softwareengineering disiplines.3.2 ARISARIS (Arhiteture of Integrated Information Systems) framework is one of methodolo-gies for modeling of business proesses [11℄. Today, this methodology is widely used in theworld of business modeling. The author of this framework is Professor August-WilhelmSheer; its researh has started in 1990s. Today ARIS is omplex methodology whiho�ers for analyzing proesses and it takes a holisti view of proess design, management,work �ow, and appliation proessing with a powerful tool for modeling. The main mod-eling tehnique used in ARIS is Event-driven proess hain (EPC). This tool is direted



216 B. Unalgraph whih follows the proess from begin to end. The basi of idea lies in the fat thatproesses onsist of events and our reations. In other words � our ativities are a�etedby events. EPC diagram is the sub-sequene of events and funtions, where two eventsare linked by a funtion. Then a funtion represents our reation on some events. Thisonept expets that every event has some reation and every reation is onditioned bysome event. We never do something without reason and without suggestion and no eventis without response. But the basi version of EPC is not able to express more di�ultand omplex proesses. So it has been extended, whih is alled Extended EPC(eEPC).eEPC hart is able to show not only events and funtions, but also inputs, outputs, rolesand organization units. The most important property in eEPC is the possibility of �owontrol. Now we an use logial onnetors whih allow analyst to model branhes andonditions. So this is the way how we an model business proess in language, whih isnatural to workers in business. They feel proess in the way of ativities that they have toaomplish as a result of some events. Analyst has to de�ne (in ooperation with stake-holders from the business where proesses are analyzed) the initial event, whih startswhole proess and then he has to �nd sub-sequene of reations and events. The hartas result is understandable for analyst as well as for ative partiipants from business.3.3 BPMN(Business Proess Modeling Notation)Business Proess Modeling Notation (BPMN) is a graphial notation (the set of graphialobjets and rules, whih determine the possibility of onnetions of objets) that systemanalyst an use for business proess modeling [15℄. The primary goal of the researhativity is the same as the goal of this paper � bridge the semanti gap between businessmodeling and subsequent ativities. Now this method is one of the standards for businessproess modeling and it is widely used (with many of modeling tools). The seond goal isto make the method easy as well as usable for modeling of omplex proesses. Importantaspet is the way how to onvert model to IT implementation for running proesses.Mostly, BPMN is used for automati model transformation towards IT domain. (BPMNhas so many features that it is not easy to make full automati onversion. Some toolsrestrit some features and then they an do this automati onversion. For detailedtehniques for model transformation using BPMN, you an hek.[10℄) The result ofmodeling is one diagram, Business Proess Diagram (BPD), whih is network of graphialobjets and �ows between them. Graph an also ontain lanes, whih an represent roles,departments et. For details of notation, you an �nd in [15℄. As an advantage, researhof this notation is oriented to ooperation between analyst and partiipants from business.3.4 XMDD (Extreme Model Driven Design)In XMDD [5℄, an holisti approah is proposed to bridge the gap between business drivenrequirement and IT-based realization. A well de�ned (jABC) framework[6℄ is spei�edto support business proess modeling and model transformation to IT system.XMDD ombines di�erent system and software development paradigms to providean agile proess. The ombination of eXtreme programming, model driven design andproess modeling forms the basis of XMDD proess. In addition to that, servie orientedparadigm is followed during proess modeling. It is stated in [12℄that



Business Proess Modeling and Business to IT Transformation Revisited 217

Figure 1: OTA of XMDD applied to heterogeneous landsape of the Rational Uni�edProess�A very highlevel kind of programming, in terms of orhestration, oordinatesand harmonizes appliation-level �things� that are provided as servies.�Implementation of servies is regarded as a distint task and any kind of programmingparadigm ould be used for servie implementation, whih is beyond the sope of thispaper.Most important philosophy used by XMDD is �One-Thing Approah� (OTA). It isa ooperative and hierarhial development proess, whih is organized by building andre�ning �one thing artifat� during whole proess, whih is alled �Servie Logi Model�.Model re�nements ould our in di�erent forms like adding details, de�ning roles, re-sponsibilities, any kind of onstraints or performane requirements along the way downto the implementation in both vertial and horizontal dimensions. One thing approahguarantees onsisteny between model re�nement e�orts while keeping the loss of in-formation minimum between onseutive proess stages ompared to other �many thingapproahes�. Model re�nement ontinues until a su�ient level of detail is reahed, whereuser and appliation funtions ould be implemented as elementary servies by IT domainexperts. So, ultural gap between business and IT domain just beomes servie-orientedrealization of requirements.As shown in �gure 1, business proess and use ase spei�ations in UML are ombinedtogether to build onsistent one thing in XMDD for further re�nements. Appliation ofOTA for a projet whih was �rst implemented by RUP within IKEA IT group, is detailedin [2℄.Moreover, domain experts and users take the ontrol during proess modeling. Theypartiipate atively in system analysis, model veri�ation and re�nement. They alsoexperiene and monitor the developed system at any phase by doument browsing, sim-ulation, full exeution, or mixtures of them. So XMDD ould also be alled as �UserCentri�.Brie�y, one thing philosophy with empowering domain experts during business de-sription, model re�nements and veri�ation provides an agile, onsistent and ompre-hensible proess in order to bridge the ultural gap between business and IT.For further information about XMDD, you ould also hek referenes[2, 7, 13℄.



218 B. UnalIn the next setion, BORM methodology regarding business proess modeling aspetwith its properties mentioned in preeding setions is disussed.4 BORM - Our ApproahIn this setion, as another business proess modeling methodology, Business Objet Rela-tion Modeling[9℄ is disussed. In ontrast with XMDD disussed in the preeding setion,it uses objet oriented modeling paradigm for all phases of system development.BORM is a end-to-end, full life yle supporting system development methodology,whih has been progressed sine 1993. It has been used to apture knowledge of typialbusiness systems, like business proesses, business data and all related problems asso-iated with business systems. BORM methodology has been used in development ofdi�erent systems with variable sizes. Details of reent projets with BORM ould beseen in [9℄.With these examples, BORM has proved to be e�etive in proess of desrib-ing business systems and introdution of new requirements. The e�etiveness of BORMomes from its simpliity and usage of uni�ed method to model systems in di�erentabstration levels.One of the main problems addressed in BORM is business to IT transformation.As disussed in the previous setions, ative partiipation of stakeholders is neessaryfor requirement spei�ation and reation of oneptual model of the systems to ensurethat systems under development are veri�ed easily. This requirement is only ahievablethrough an understandable and easy modeling tehnique as the primary onerns forbusiness proess representation. It is widely aepted that �use ase� modeling for theinitial stages of development is not enough to apture all neessary aspets of the systems,and it should be supported by other modeling tehniques like sequene and ativitydiagrams in UML.In BORM, single diagram shows all neessary aspet of the systems at ertain ab-stration levels, in stead of using multiple diagrams for di�erent views. Any hange inbusiness desription is re�eted apparently down to the implementation to guarantee on-sistent model generations. So we ould say that BORM uses �one thing approah� like inXMDD disussed in the preeding setion. Diagrams in BORM re�et the nature of objetoriented paradigm, inluding business proess desription. It is fully objet-oriented de-velopment proess. BORM has several onepts assoiated with di�erent stages of systemdevelopment and some rules onsidering model transformation between these onepts.In business proess diagram, main onepts are business objets, their behaviors (fun-tions), data links and ommuniation between objets. Every objet is represented as�nite state mahine(FSM), where transitions between objet's states are initiated byevents. Three dimensions of objet oriented paradigm, whih are data, behavior andhistory of objets are represented in this model. It ombines three diagrams of UMLtogether, state, ommuniation and sequene diagrams. In �gure 2, an invoie businessproess modeled in BORM is shown as an example.As it ould be seen, retangles and ovals represent objets states and behaviors (fun-tion) respetively. Arrows between objets are used to model ommuniation and datatransfer between them. Conepts used for business proess desription is simple, under-standable and omprehensive, whih is neessary to minimize oneptual gap. It allows
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Figure 2: Invoie Business Proess in BORMdomain experts and users of the system to partiipate in business proess desriptionatively to speify system requirements onretely and unambiguously. Domain expertsand users ould also test, verify and validate the system under development withoutany relation to software realization. So it ould be said that BORM borrows �test �rst�paradigm with ative partiipation of domain experts and end-users at the modeling level.BORM is a user entri approah.Business proess model built by all stakeholders is step-by-step transformed towardsto the �nal model of the system for software implementation. BORM uses spei� rulesfor model transformation to keep onsistent set of models. Models in BORM are orga-nized hierarhially via model deomposition. An objet or behavior of a model must belinked to another objet or behavior in an upper or lower level of hierarhy. Two newonepts for vertial and horizontal transformations as mentioned in setion 3, are used tode�ne this hierarhy mehanism. Model aggregation/re�nement uses IS-A or HAS-A rela-tion to add details to models aross di�erent abstration layers whereas model �ltration isused for simpli�ation, enapsulation or hiding unneessary parts of models at the sameaggregation/re�nement levels. Model aggregation/re�nement and �ltration mehanismis shown in �gure 3. In this example, a library proess model is transformed by modelaggregation/re�nement and �ltration mehanism. This mehanism allows model trans-formation both in vertial and horizontal dimensions. Any hange in a model at someertain level of hierarhy is re�eted through model hierarhy in a onsistent manner.Moreover, BORM exploits fast prototyping through use of totally dynami and pureobjet oriented implementation in Smalltalk, whih is neessary to validate and verifysystem under development at early stages.For the detailed desription of all onepts, models and transformation rules used inBORM, you ould see [3, 9℄.
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Figure 3: Model aggregation/re�nement and �ltration5 ConlusionAs a onlusion, business proess modeling onstitutes initial stages of system develop-ment and its main purpose should provide a medium for ommuniation between allstakeholders in a projet to bridge the gap between business and IT. Throughout thepaper, it has been emphasized that any approah to build ommon understanding of thebusiness derived requirements should have ertain harateristis.Business proess models must be simple, understandable and omprehensive enoughto represent requirements of the system under development onretely and unambigu-ously. By doing so, domain experts and users who do not have tehnial knowledge andexperiene, ould be empowered and have diret ontrol on the proess during early stagesof development. We all it �user entri� approah. To keep the model hierarhy on-sistent and simple, one artifat whih ombines di�erent aspets of the proess togetherin one model, should be built and transformation toward to realization of �nal produtshould be based on step by step re�nements of this unique model, whih is alled �onething approah�.In addition to harateristis summarized above, in order to minimize the misonep-tions among stakeholders, business proess approahes must provides tools to test, verifyand experiene the system whenever it is neessary during development proess.Regarding the business proess modeling harateristis disussed so far, we ouldsay that BORM provides an objet oriented and agile methodology through use of �userentri� and OTA with veri�ation and validation supports during development proess.Moreover, model aggregation/re�nement and �ltration onepts are de�ned to build aonsistent model hierarhy in BORM. By doing so, step by step transformation towardssoftware implementation is ahieved. From the pratial perspetive, BORM has beenused in di�erent projets for 10 years. This experiene proves that our lients prefer to un-derstand and simulate eah important relationship between materials, �nane, resoures,
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Built-up Struture Critiality∗Daniel Va²ata4th year of PGS, email: daniel.vasata�gmail.omDepartment of PhysisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Petr �eba, University of Hrade Králové & Doppler Institute forMathematial Physis and Applied Mathematis, Faulty of Nulear Sienesand Physial Engineering, CTU in PragueAbstrat. We analyse the struture of built-up land in the entre of big ities in the CzehRepubli using the framework of statistial physis. To do this, both the variane of the built-uparea and the number variane of built-up landed plots in spheres are alulated. In both asesthe variane as a funtion of a irle radius follows a power law. The obtained value of theexponents are omparable to values typial for ritial systems. The study is based on adastraldata from the Czeh Republi.Keywords: urban struture, ritial systems, self-organized ritialityAbstrakt. V na²í prái se zabýváme studiem struktury zastav¥nýh ploh z pohledu statistikéfyziky v entreh velkýh m¥st v �eské republie. Za tímto ú£elem po£ítáme rozptyl zastav¥néplohy a rozptyl po£tu zastav¥nýh pozemk· ve sféráh. V obou p°ípadeh vykazuje tentorozptyl jako funke polom¥ru moninnou závislost. Získané hodnoty exponent· jsou srovnatelnés hodnotamy pro kritiké systémy. Studie je zaloºena na dateh z katastru nemovitostí �eskérepubliky.Klí£ová slova: struktura m¥stské zástavby, kritiké systémy, samo-organizovaná kritikalita1 IntrodutionUrban land represents an important part of overall landsape where most of people live.The struture of ities is in�uene by ultural, soiologial eonomi, politial and otherproesses.As was shown, despite the apparent omplexity, some simple universal properties andrules an be found. The lassial work disuss the size distribution of the ities [11℄. If theities are ranked by their number of inhabitants, then the rank-size distribution follows apower law. From physial point of view, it is interesting to study the spatial properties ofurban pattern. Complex spatial features assoiated with urban systems are often beingdesribed within fratal self-similarity onept [1, 2, 8, 9℄.Our aim is to study the priniples of the urban struture on smaller sales. The maintopi of this artile is the analysis of the built-up pattern in the inner urban area basedon the data from Czeh Cadastre. The use of land parels allows us to study the built-upstruture over the smallest possible sale. We are going to show the onnetion of urban
∗This work has been supported by the grant No. 202/08/H072 of the Grant Ageny of the CzehRepubli and by the grant No. SGS10/211/OHK4/2T/14 of the Czeh Tehnial University in Prague.223



224 D. Va²ataland to so alled ritial systems from thermodynamis. Partiularly that some spatialproperties of built-up land pattern are the same as for ritial systems.Built-up land in the entre of ities is hosen, beause one an there expet the uniformdensity of built-up land. By uniform, we mean the same probability for a point to bebuilt-up thorough the history or possible future of the ity, not the present state (onreterealization). Together with the previously mentioned fratal properties of urban systemsand the fat that from eonomi point of view, the built-up land represents the new phasebetween other types of land, the e�ort to study ritial properties seems natural.2 Critial phenomenaLet us now reall some spei� features of this so alled ritial systems [5, 6, 7℄. Phasetransitions within thermodynami desription of a system ours in points where ther-modynami potential beomes non-analyti. Suh non-analytiity may be disontinuous(�rst order phase transition) or ontinuous (seond order). Properties of di�erent ther-modynami systems near the ontinuous phase transition show spei� universalities forwhih the term ritial phenomena is used. In the past deades similar behaviour wasalso found in various systems from natural and soial sienes.If one is interested in the stati spaial struture then ertainly the most importantproperty is the saling invariane onneted with the hange of quantities under a hangeof length sale. In simple terms, if a part of a system is magni�ed to the same size asthe original system, it is not possible to distinguish between the magni�ed part and theoriginal system. In other words, near the ritial point there exists only one harateris-ti length of the system, the orrelation length ξ, whih is solely responsible for singularontributions to thermodynami quantities. At the ritial point orrelation length di-verges thus no harateristi length is presented and the system is invariant under saletransformations.In order to expliitly desribe these features one needs to de�ne an order parameter Mas a thermodynami quantity that distinguish between the two phases and approaheszero at the ritial point as the phases beome idential there. Well studied exam-ples of order parameter are density di�erene between gas and liquid phase near ritialpoint, shear modulus in liquid-solid phase transition or magnetization in ferromagnet-paramagnet transition. The onjugate �eld H is de�ned by the relation
dW = −HdM, (1)where dW denotes the work done on the system when the order parameter hanges by

dM . Canonial partition funtion an be written in the form
Z(T, H) =

∑

e−β(H −HM̃), β =
1

kBT
, (2)where H and M̃ are values of the Hamiltonian and the order parameter, respetively,for a onrete realization. The sum is as usual taken over the whole ensemble. Orderparameter an be from the partition sum obtained through Gibbs free energy given by
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G(T, H) = −kBT lnZ:

M = −

(

∂G

∂H

)

T

=
1

Z

∑

M̃e−β(H−HM̃ ). (3)It is also useful to de�ne a loal order parameter value m(r) by the relation
M =

∫

V

〈m(r)〉dr, V ⊂ Rd, (4)where d is the dimension of the spae and 〈...〉 stands for ensemble average. If the systemis homogeneous and isotropi then
〈m(r)〉 = 〈m(0)〉 = m =

M

V
, ∀r ∈ V. (5)The suseptibility is given by the derivative of the order parameter density withrespet to its onjugate �eld

χ(T, H) =

(

∂m

∂H

)

T

=
β

V

[

1

Z

∑

M̃2e−β(H−HM̃) −

(

1

Z

∑

M̃e−β(H−HM̃)

)2
]

. (6)Together with the de�nition of the order parameter density one gets
χ =

1

kBTV

∫

V

∫

V

G(r1, r2, T )dr1dr2, (7)where G(r1, r2, T ) stands for two-point orrelation funtion
G(r1, r2) = 〈(m(r1) − 〈m(r1)〉)(m(r2) − 〈m(r2)〉)〉 . (8)The orrelation funtion G(r1, r2) desribes the �utuations of the order parameter andunder homogeneity and isotropy an be simpli�ed to

G(r) = 〈m(r)m(0)〉 − m2, (9)where r = |r|. Thus the �nal relation for suseptibility known as the �utuation-dissipation theorem is
χ(T ) =

1

kBT

∫

V

G(r, T )dr. (10)As we stated before, the orrelation length diverge when approahing the ritialpoint. Suppose the ritial point ours at the point Tc, Hc in the parameter spae andthe spaial size is in�nite i.e. thermodynami limit V → +∞. Introduing the reduedtemperature t = (T − Tc)/Tc the orrelation length ξ is assumed to diverge as
ξ(t) ∝ |t|−ν , ν > 0. (11)The saling assumption for orrelation funtion an be written in the following form:

G(r) =
Ψ±(r/ξ)

rd−2+η
, (12)



226 D. Va²atawhere subsripts ± denotes two di�erent funtions Ψ+(x) for t > 0, and Ψ−(x) for t < 0as these diretions an be generally di�erent. Index η appearing in the exponent of powerlaw part of G(r) is alled the anomalous dimension. Inserting this relation into equation(10) leads to
χ =

1

kBT

∫

Ψ±(r/ξ)

rd−2+η
dr. (13)The �nal saling form for suseptibility is

χ =
ξ2−η

kBT

∫

Ψ±(x)

xd−2+η
dx = Kξ2−η ∝ |t|ν(2−η) . (14)Similar relations hold also for partile density in the grand anonial ensemble [7, 4℄.To obtain them we should replae the order parameter by the mean total number ofpartiles M → 〈N〉, onjugate �eld by the hemial potential H → µ, anonial partitionfuntion by the grand anonial one Z(T, H) → Ξ(T, µ, V ) and the Gibbs free energy bythe Grand potential G → Ω. Loal order parameter is then just the density of partiles

〈ρ(r)〉 = ρ0 = 〈N〉/V . The role of suseptibility takes here the isothermal ompressibility
κT . Under suh replaement it is easy to see the following relations:

〈N〉 = −

(

∂Ω

∂µ

)

T,V

= kBT

(

∂ ln Ξ

∂µ

)

T,V

, (15)where Ξ(T, µ, V ) =
∑

e−β(H −µN) and
〈N2〉 =

1

β2Ξ

(

∂2 ln Ξ

∂µ2

)

T,V

= −
1

β

(

∂2Ω

∂µ2

)

T,V

+ 〈N〉2 (16)Flutuations of the number of partiles are thus given by
〈N2〉 − 〈N〉2 = kBT

(

∂〈N〉

∂µ

)

T,V

. (17)After a little play with Jaobians, Maxwell relation, the fat that Gibbs free energy islinear in N and the de�nition of ompressibility
κT = −

1

V

(

∂V

∂p

)

T

, (18)one obtains
〈N2〉 − 〈N〉2 = kBTρ2

0V κT . (19)De�ning the two-point orrelation funtionG(r) for ρ(r) analogously to (8), the �utuation-dissipation theorem an be written in the form
κT =

1

kBTρ2
0

∫

G(r)dr. (20)Saling forms for orrelation length and orrelation funtion are again desribed bythe funtional forms (11) and (12), respetively. The �utuation-dissipation theoremgives analogously to (14)
κT = Kξ2−η ∝ |t|ν(2−η) . (21)



Built-up Struture Critiality 227The only qualitative di�erene between order parameter and partile density is in thesingular struture of a onrete realization. Density funtion for point partiles loatedat points r1, r2, r3, r4, ... ∈ Rd is given by
ρ(r) =

∞
∑

i=1

δ(r − ri). (22)The orrelation funtion an be written [7℄ in the form
G(r2 − r1) = ρ0δ(r2 − r1) + G(r2 − r1), (23)where G(r2 − r1) is the non-diagonal part meaningful only for r = |r2 − r1| > 0. Thusthe di�erene of orrelation of the order parameter and partile density is only in thediagonal δ therm whih of ourse doesn't in�uene the harater of the divergene nearthe ritial point.2.1 General parameterFrom saling laws it is analogously possible to show that the harater of �utuations givenby the power-law divergene of two-point orrelation funtion and general suseptibilityholds also for the extensive thermodynami variables that do not approah zero at theritial point. One suh example is the density disussed above. The reason for workingwith the order parameter near the ritial point lies in the possibility to expand thefree energy in the powers of m and its derivatives and use this expansion in analytialderivation of the properties (with or without renormalization theory).Sine our attention now is not in the sale �eld modelling we are not limited to theassumption of the respetive parameter be 0 at the ritial point. In the next we will thuswork with general parameter of the system. Under this parameter we also understandthe density of partiles if needed. In the previous setion we showed that in suh ase theonly di�erene is the presene of the diagonal part in the relation for orrelation funtion(23).2.2 Parameter variane in spheresThe useful tool to analyse experimental data is the variane of the parameter in spheres.For the parameter m(r) with homogeneous and isotropi distribution 〈m(r)〉 = m theumulative value of the parameter in the sphere of radius R is given by

M(R) =

∫

S(R)

m(r)dr, (24)where the sphere is the set S(R) ≡ {r ∈ Rd| |r| < R} with a volume |S(R)|. Theentres of the spheres are not important beause of the homogeneity of the parameterdistribution. The parameter variane is de�ned [3℄ as
σ2(R) = 〈M(R)2〉 − 〈M(R)〉2, (25)



228 D. Va²atawhere
〈M(R)〉 =

∫

S(R)

〈m(r)〉dr = m |S(R)| , (26)and
〈M(R)2〉 =

∫

S(R)

∫

S(R)

〈m(r1)m(r2)〉dr1dr2. (27)Using the de�nition (8) of the two-point orrelation funtion, σ2(R) an be expressed by
σ2(R) =

∫

S(R)

∫

S(R)

G(r1 − r2)dr1dr2. (28)It is reasonable to hange the variables and obtain the relation
σ2(R) = |S(R)|

∫

S(2R)

G(r)dr. (29)If we ompare this relation with the �utuation dissipation theorem (10) then in thethermodynami limit V → +∞ outside the ritial point, where the suseptibility is�nite, the following limit holds
lim

R→+∞
σ2(R) = kBTχ(T ) lim

R→+∞
|S(R)| . (30)This leads to

σ2(R) ∝ Rd ∼ 〈M(R)〉, R ≫ 1. (31)Outside the ritial point is the parameter distribution sometimes alled substantiallyPoissonian, sine for the Poissonian point proess (partile distribution in the ideal gas)is the last equation valid for all R. That an be easily derived from the fat, that thepartiles are non-interating and therefore independent. The orrelation funtion fordensity (23) has only the diagonal part
G(r) = ρ0δ(r). (32)The density variane is therefore

σ2(R) = ρ0 |S(R)| = 〈M(R)〉. (33)Di�erent situation arise when the system is approahing the ritial point. There boththe suseptibility (ompressibility) and orrelation length ξ diverge. Spatial orrelationsin this region are long-ranged and the orrelation funtion is dominated by the power-lawdeay (12). In the region R ≫ 1 and R ≪ ξ we obtain
σ2(R) ∝ |S(R)|

∫

S(2R)

1

rd−2+η
dr = C |S(R)|

∫ R

0

rd−1

rd−2+η
dr = C |S(R)|R2−η. (34)Hene the �utuations are proportional to

σ2(R) ∝ Rd+2−η ∼ 〈M(R)〉
d+2−η

d . (35)



Built-up Struture Critiality 2293 Data analysisIn this setion we show that built-up land patterns have the same �utuation propertiesas ritial systems. As we work with the surfae data, the dimension of the spae inprevious formulas is now d = 2.Our data ontain all adastral reords form the Czeh Republi. Every landed plot i isharaterised by its de�nition point ri, size (areage) λi, type of land and the ownershipdata. Sine our interest is in the built-up struture we restrit our attention only to built-up landed plots. We don't know the exat parel shape, thus the most straightforwardanalysis of adastral data is to use the point pattern given by de�nition points ri of theparels. This is in the latter text alled "point" representation. For this representationthe order parameter is represented by the singular point density (22). Parameter variane
σ2(R) is than the number variane in sphere.Another possibility is to approximate unknown parel shapes by irles with the sameareage. The built-up land is represented as a subset Z of two dimensional surfae R2.Order parameter in this ase is just the indiator of suh subset: m(r) = 1 if there isa building at r, m(r) = 0 otherwise. Suh approximation leads to errors. Fortunatelythe approah of estimating parameter variane in spheres is muh less sensitive to themthan diret estimation of orrelation funtion. During the estimation of built-up areaontained inside one onrete sphere S(R) the intersetion area of the sphere with everyparel represented by irle is added to umulative result:

˜M(R) =
∑

i∈I

λ
(

Si

⋂

S(R)
)

, (36)where λ(.) denotes the Lebesgue measure on R2, I is the set of all built-up parels and
Si is the irle positioned at the de�nition point of the i-th parel having the same size
λ(Si) = λi. For R muh larger than typial parel perimeter this approah produe errorsonly in the viinity of the sphere boundary. The e�etive error will therefore derease as

M(R) − ˜M(R)

M(R)
∼ R−1. (37)For "set" representation the built-up area variane in spheres is alulated.All estimations are based on the assumption of self-averaging property [10℄. It meansthat su�iently large sample is a good representative of the whole ensemble. In our asehowever, the size of sample is limited to the area around the ity entre where we anexpeted uniform density. For typial large Czeh ity the perimeter of suh area is about4 km. This size puts limitation on the perimeter of spheres in order to obtain reasonablestatistis. Together with the fat that the power law dependene, if presented, is valid for

R >> 1, one is usually restrited to work in the region 400 km . R . 1000 km. Relatedto this, mean values in formula (25) for �xed perimeter R are estimated in the followingway. Inside the studied part of the ity A ⊂ R2 entres oj of N spheres are uniformlyrandomly hosen so that every sphere is inherited in A, S(oj , R) ⊂ A. For every sphere
S(oj , R) the umulative parameter value (number of points or built-up area) Mj(R) insideis alulated. The mean value is than estimated by

〈M(R)〉 =
1

N

∑

j

Mj(R) (38)



230 D. Va²ataand the variane by
σ2(R) =

1

N − 1

∑

j

(Mj(R) − 〈M(R)〉)2 . (39)Note the same notation for the de�nition (25) and for the estimator (39). It is alwayslear from ontext what does the symbol mean.3.1 ResultsWe analysed 6 largest ities in the Czeh Republi. For eah ity we alulate both num-ber variane in spheres (point representation) and built-up area variane in spheres (setrepresentation). The dependenes of σ2(R) on 〈M(R)〉 in the ase of set representationare plot in the log-log sale in �gure 1.
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Figure 1: Dependenies of σ2(R) on 〈M(R)〉 in log-log sale for di�erent ities.It is learly visible that the dependene for all the ities follows a power law. It anbe therefore �t by the strait line (in log-log sale). From this �t we an easily determinethe exponent of power-law. The summary of resulting exponents α for studied itiesaording to the relation
σ2(R) ∝ 〈M(R)〉α (40)is presented in table 1.



Built-up Struture Critiality 231As was shown by (31), exponent α = 1 express the system that is outside of theritial region, e.g. randomly positioned partiles. One an see that this is not the aseof built-up pattern.Table 1: Exponents α aording to power law dependene (40) of σ2(R) on 〈M(R)〉.City Point representation Set representationPraha 1.47 1.64Plze¬ 1.61 1.69Libere 1.54 1.65Brno 1.40 1.65�eské Bud¥jovie 1.50 1.58Ostrava 1.54 1.62
4 ConlusionWe study the built-up land pattern in the entres of 6 largest ities in the Czeh Republi.Our analysis is based on adastral data. For every parel we know the loation of thede�nition point, size, type of land, that uniquely determines the built-up land and otherproperties. For the purpose of analysis the built-up land is represented in 2 di�erent ways- points and subset.Beause the data do not ontain information about exat shape of parels, it is usefulto study the �utuations of built-up area in spheres (irles). This leads, espeially forset representation, to e�etive error that dereases with inreasing perimeter R of thespheres.The omputations show, that for both representations the dependene of �utuationson the mean value of the parameter follows a power law. Moreover the set representation,as an be expeted, seems to be more universal. The values of exponent α in the relation
σ2(R) ∼ 〈M(R)〉α, for di�erent ities in the Czeh Republi are very lose to the value
α = 1.64.We an onlude that the inner urban area struture is orrelated with a long rangedpower-law dependene. This shows the onnetion between ritial systems and the urbansystem. The power-law exponent seems to be independent of the onrete ity, beingtherefore determined only by the fat that it represents an inner urban struture. Suhobservation is very interesting and the onnetion between urban area and ritial systemsmay be useful to development and veri�ation of further urban models. The probableexplanation may be inherited in the onnetion of built-up land to various networks, e.g.transportation, water supply, sewerage, eletriity.
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Bakward Stohasti Di�erential Equations andits Appliation to Stohasti Control∗Petr Veverka2nd year of PGS, email: veverka�utia.as.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Miloslav Vo²vrda, Institute of Information Theory and Automation,ASCRAbstrat. In this artile, we introdue the onept of Bakward Stohasti Di�erential Equa-tions (BSDE), provide fundamental theorems of existene and uniqueness of the solution forsome essential ases and we show by example its important onnetions to �nanial mathe-matis. Finally, we fous on vast appliations of BSDE to stohasti ontrol via Pontryagin'smaximum priniple.Keywords: bakward stohasti di�erential equations, stohasti ontrol, stohasti maximumprinipleAbstrakt. V tomto £lánku p°edstavíme konept zp¥tnýh stohastikýh difereniálníh rovni(BSDE) a vyslovíme zásadní v¥ty o existeni a jednozna£nosti °e²ení takovýh rovni v obenémp°ípad¥. Na p°íkladu dále ilustrujeme jedno z jejih moºnýh vyuºití v oblasti °ízení �nan£níhoportfolia. Poslední £ást je v¥nována uplatn¥ní zp¥tnýh rovni v teorii stohastikého °ízeníuºitím Pontrjaginova prinipu maxima.Klí£ová slova: zp¥tné stohastiké difereniální rovnie, stohastiké °ízení, stohastiký prinipmaxima1 IntrodutionThe domain of BSDE, in its full generality, was �rst studied in 1990 by Pardoux and Pengwho formulated the general problem of BSDE and proved some fundamental theoremsinluding the entral one - the existene and uniqueness of the solution, see [3℄. Sinethen, BSDE have found a variety of appliations in �nane, in physis but also in evenmore theoretial �elds suh as stohasti ontrol, theory of random proesses probabil-ity distributions, probabilisti representation of ellipti and paraboli-type deterministiPDE's, numerial methods for PDE's and many other.The �rst setion of the artile gives an introdution to BSDE - we start by the theoremof Pardoux and Peng for �nite time horizon BSDE and then we proeed to in�nite timehorizon ase onsidering, in addition, Lévy driven stohasti noise. We refer to [5℄, [7℄and [9℄ for an overview on generalizations of this type. Further, to present an exampleof a pratial model using the BDSE theory. We show how the theory an be applied to
∗This work has been supported by grants no. 402/09/H045 and no. P402/10/1610 of the CzehSiene Foundation. 233



234 P. Veverkathe European Call Option hedging problem. In the seond setion, we formulate the taskof stohasti ontrol and assoiated maximum stohasti maximum priniple and disusssome other extension of the model.2 Bakward stohasti di�erential equations (BSDE)2.1 Finite time horizon aseThe main motivation for introduing the BSDE is the need for solving problems withterminal ondition of the following type
−dYt = f(t, Yt, Zt)dt− ZtdWt, ∀t ∈ [0, T ), a.s. (1)
YT = ξ, a.s.,where 0 < T < +∞ is a �nite time horizon, (

Ω,F ,P
) is a standard probability spaeequipped by a standard R

d-valued Wiener proess (

Wt

)

t∈[0,T ]
. Let (

FW
t

)

t∈[0,T ]
be theanonial �ltration of Wt, i.e. FW

t = σ
(

Ws; s ≤ t
) and (

Ft

)

t∈[0,T ]
be its ompletion. Thefuntion f (alled drift) and the random variable ξ (terminal ondition) are, in fat, theonly inputs of the equation.De�nition 1: The ouple (f, ξ) is alled standard parameters of the equation (1) if itholds

• ξ ∈ L
2(FT ; Rn), i.e. ξ is an FT -measurable r.v., R

n-valued, satisfying E||ξ||2 < +∞

• f : Ω × [0, T ] × R
n × R

n×d → R, i.e. (ω, t, y, z) 7→ f(ω, t, y, z) ∈ R

• f is an appliation F ⊗ B(R) ⊗ B(Rn) - progressively measurable
• ∀t ∈ [0, T ] : f(·, t, 0, 0) ∈ H2(R), i.e. f(·, t, 0, 0) is Ft -progressive with

E
∫ T

0
f 2(·, t, 0, 0)dt < +∞

• f is uniformly Lipshitz in y and z, i.e. ∃C > 0 that
|f(ω, t, y1, z1) − f(ω, t, y2, z2)| ≤ C(|y1 − y2| + |z1 − z2|)
∀y1, y2 ∈ R, ∀z1, z2 ∈ R

n, dP⊗ dt a.s.Generally, we denote as H2(X ) the set of stohasti proesses (ϕt)t∈[0,T ], Ft - progres-sive, with values in Banah spae X , satisfying E
∫ T

0
||ϕt||

2
Xdt < +∞.The properties of standard parameters are su�ient onditions for the existene anduniqueness of the solution whih is an assertion of the following theorem proved byPardoux and Peng in [3℄.Theorem 1: Let (f, ξ) be standard parameters. Then the BSDE (1) has a uniquesolution (Yt, Zt)t∈[0,T ] ∈ H2(Rn) ×H2(Rn×d).



Bakward Stohasti Di�erential Equations in Stohasti Control 235Idea of the proof: We de�ne an appliation Φ : H2(Rn) ×H2(Rn×d) → H2(Rn) ×
H2(Rn×d) so that Φ(U, V ) = (Y, Z) where

−dYt = f(t, Ut, Vt)dt− ZtdWt, ∀t ∈ [0, T ) a.s. (2)
YT = ξ, a.s.To have Φ de�ned orretly, one must show that there exists a unique solution to (2)belonging to the produt spae H2(Rn) ×H2(Rn×d). Note that in (2), the driver f doesnot depend on Yt and Zt.Further, we realize that (Y, Z) solves (1) i� Φ(Y, Z) = (Y, Z) therefore, (Y, Z) is a�xed point of Φ (on a Banah spae H2(Rn)×H2(Rn×d)). It is possible to show that Φ isa ontration on H2(Rn) ×H2(Rn×d) for the norm || · ||β where β > 0 is hosen properlyand

||(Y, Z)||2β = E

∫ T

0

eβs||Ys||
2ds+ E

∫ T

0

eβs||Zs||
2ds.Then the solution to BSDE (1) exists uniquely by the �xed point theorem.Remark 1: 1) The proess (Zt)t∈[0,T ], introdued by Theorem 1, ensures the adapt-ability of the proess (Yt)t∈[0,T ].2) The uniqueness of the solution means that if (Yt, Zt) and (Ỹt, Z̃t) are two solutionsto (1) then E

∫ T

0
||Yt − Ỹt||

2dt = E
∫ T

0
||Zt − Z̃t||

2dt = 0.3) Sine the proess (Yt)t∈[0,T ] has ontinuous trajetories a.s., the spae H2(Rn) inDe�nition 1 an be replaed with the spae S2(Rn) whih is a set of Ft-adapted proesses
(Yt)t∈[0,T ] with E

[

sup
0≤t≤T

||Yt||
2
]

< +∞.Theorem 1, in general, says nothing about the form of the solution even if it exists.Nevertheless, it is possible to express and ompute it in some speial ases. One suh aase is a linear model, i.e. f(t, Yt, Zt) = βtYt + γ′tZt + ϕt where (βt)t∈[0,T ] and (γt)t∈[0,T ]are two proesses Ft - progressively measurable, bounded, with values in R and R
n,respetively. (ϕt)t∈[0,T ] is a Ft - progressively measurable, R-valued proess, square-integrable. We suppose that Yt and Zt have orresponding dimensions, i.e. they are Rand R

n - valued, respetively. Then we have, due to Pardoux and Peng [3℄,Theorem 2:The linear BSDE
−dYt = (βtYt + γ′tZt + ϕt)dt− Z ′

tdWt, ∀t ∈ [0, T ) a.s.

YT = ξ a.s. (3)has a unique solution Yt = E
[

HT ξ +
∫ T

t
Hsϕsds|Ft

], ∀t ∈ [0, T ] a.s.,where the proess (Ht)t∈[0,T ] is a solution to the following SDE
dHt = Ht(βtdt+ γ′tdWt);H0 = 1.



236 P. VeverkaRemark 2: 1) The seond solution proess (Zt)t∈[0,T ] is obtained by applying theintegral representation theorem for square-integrable ontinuous martingales (see e.g.[1℄) to the martingale Mt = Yt +
∫ t

0
Hsϕsds.2.2 ExampleTo see one possible appliation of BSDE, we give a lassial example. It onerns thehedging task for a European Call Option in a omplete market.We onsider a �nanial market model with n + 1 assets (S0, S1, ..., Sn) whose priedynamis is given by the following SDE's

• dS0
t = S0

t rtdt (one non-risky asset)
• dSi

t = Si
t

(

bitdt+ σi
tdWt

)

, i = 1, ..., n (n risky assets) where
(rt)t∈[0,T ], (bt)t∈[0,T ] and (σt)t∈[0,T ] are R, R

n, R
n,n - valued bounded proesses, Ft -progressive. Moreover, we assume that there is a bounded proess (θt)t∈[0,T ] with valuesin R

n. (θt)t∈[0,T ] is alled market prie of risk and it ensures the absene of arbitrage inthe market.The portfolio proess π is an R
n - valued proess, Ft - progressive whose ith omponent

πi
t represents the amount invested into the ith asset in time t. Moreover, we assume that

E
∫ T

0
||σ′

tπt||
2dt < +∞.The wealth proess Y y0,π, assoiated to the initial amount y0 and the portfolio proess

π, is given as a solution to the following (forward) SDE
dY

y0,π
t = rtY

y0,π
t dt+ π′

t[bt − rt1]dt+ π′
tσtdWt, t ∈ (0, T ]

Y
y0,π
0 = y0, a.s. (4)This approah is very intuitive for the wealth proess simply expresses our wealthgained by applying our investment strategy π starting with an initial deposit y0. Whatis, nevertheless, more interesting is a task of hedging a �nanial instrument, onretely aEuropean Call option (EC), i.e. we look for an investment strategy π so that the terminalvalue Y π

T of the orresponding wealth proess would be equal to the EC pay-o� whihmeans Y π
T = (ST −K)+ where K is an exerise prie of the EC and ST is the prie of anunderlying asset at time T . Less formally said, we an imagine EC pay-o� as a randomamount (ontingent laim) whih we will have to pay (over) in the future (at time T ).Our goal is to invest now (at t0 < T ) so that our wealth at time T is equal to thatrandom amount. Formally, it means that we need to �nd a solution (Y, Z) = (Y, σ′π) tothe following BSDE

dY π
t = rtY

π
t dt+ π′

t[bt − rt1]dt+ π′
tσtdWt, t ∈ [0, T )

Y π
T = (ST −K)+, a.s. (5)



Bakward Stohasti Di�erential Equations in Stohasti Control 237Then, if we assume,in addition, that the matrix σ is invertible, we an express ourinvestment strategy as π = σ−1Z.2.3 In�nite time horizon and Lévy driven BSDESine the end of 1990's, there has been a huge progress in introduing jumps into BSDEmodels. First, just by onsidering an additional Poisson proess but gradually, the theorywas built up for general Lévy proesses. The reason was, beside some spei� physialtasks, that it was more and more lear that real �nanial asset pries do not follow nor-mal (or better log-normal) distribution naturally obtained by using geometrial Brownianmotion. Lévy-driven stohasti models were apable to improve (yet not to solve om-pletely) the problem of heavy tails and to inorporate intuitively expeted (and observed)jumps, see [4℄. In this subsetion we work only with R- valued Lévy proesses and weadopt the notation from [2℄.De�nition 2: An adapted proess X =
(

Xt

)

t≥0
with X0 = 0 a.s. is a Lévy proess if1. X has inrements independent of the past, i.e. Xt −Xs is independent of Fs for

0 ≤ s < t < +∞; and2. X has stationary inrements, i.e. Xt −Xs has the same distribution as Xt−s for
0 ≤ s < t < +∞; and3. X is ontinuous in probability, that is P − lim

s→t
Xs = Xt.Remark 3: Sine every Lévy proess Y has a àdlàg modi�ation X (i.e. rightontinuous with left limit) whih is again Lévy proess (see [2℄, Theorem 30), we willalways work with this àdlàg proess X.When onsidering Lévy proess in the model, one must speify what �ltration is heor she using. In our ase, we take a natural �ltration of X, i.e. FX

t = σ(Xs, s ≤ t) andwe proeed to ompletion and augmentation (

Ft

)

t≥0
of the natural �ltration. We lay

F∞ =
∨

t≥0 Ft
def
= σ

(
⋃

t≥0 Ft

).Before pronouning the existene and uniqueness theorem for in�nite time horizonBSDE, we remind a ruial lemma due to Nualart and Shoutens in [8℄. First, we denoteas l2 the spae of real-valued sequenes (xi)i≥1 suh that ∑+∞
i=1 |xi|

2 < +∞ and as H2(l2)we denote the spae of l2- valued preditable proesses ψ =
(

ψt

)

t≥0
suh that

||ψ||2H2(l2) = E

∫ +∞

0

+∞
∑

i=1

|ψ
(i)
t |2dt, (6)Lemma 1: Let X be a Lévy proess whose assoiated Lévy measure ν ful�lls1. ∫

R
(1 ∧ z2)ν(dz) < +∞,2. ∫

(−ε,ε)c
eλ|z|ν(dz) < +∞ for every ε > 0 and for some λ > 0.



238 P. VeverkaThen every square-integrable random variable F ∈ L2(F∞) has a representation of theform
F = E[F ] +

∫ +∞

0

+∞
∑

i=1

ψ
(i)
t dH

(i)
t , (7)where {

(

H
(i)
t

)

t≥0

}+∞

i=1
are strongly orthogonal martingales suh that eah H(i) is alinear ombination of the Teugels martingales Y (j), j = 1, ..., i assoiated to the Lévyproess X.Remark 4: See [8℄ and [2℄ for more details on this orthogonalization.Using this representation result, it is su�ient to onsider in�nite time horizon BSDEof the following type

Yt = ξ +

∫ +∞

t

g(s, Ys
−

, Zs)ds−

∫ +∞

t

+∞
∑

i=1

Z
(i)
t dH

(i)
t , ∀t ∈ [0,+∞], (8)where the ξ ∈ L2(F∞) and the funtion g : Ω × [0,+∞] × R × l2 → R ful�lls(A1): There exist two positive non-random funtions u(t) ∈ L1([0,+∞]) and v(t) ∈

L2([0,+∞]) suh that
|g(t, y1, z1) − g(t, y2, z2)| ≤ v(t)|y1 − y2| + u(t)|z1 − z2| a.s., (9)

∀t ∈ [0,+∞], (yi, zi) ∈ R × l2, i = 1, 2(A2): (

g(t, y, z)
)

t≥0
is Ft-progressively measurable ∀(y, z) ∈ R × l2 with

E

(

∫ +∞

0

|g(t, 0, 0)|dt
)2

< +∞.De�nition 3: A solution to BSDE (8) is a pair of proesses (Y, Z) ∈ S2(R)×H2(l2)and satisfying (8).For de�nition of S2(R) see Remark 1. Now we have all the tools to pronoune theexistene and uniqueness theorem whih is due to Zheng [7℄.Theorem 3: Let ξ ∈ L2(F∞) and let g satisfy the assumptions (A1) and (A2). ThenBSDE (8) has a unique solution.In the next setion we show how BSDE naturally arise in the domain of optimal ontrolhaving the meaning of onjugate variables (�generalized Lagrange multipliators�).3 Stohasti ontrol3.1 Finite horizon ontrol problemLet X t,x
t be a ontrolled di�usion proess in R

n, i.e. X t,x
t is a solution to the (forward)SDE
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dX t,x

s = b(X t,x
s , αs)ds+ σ(X t,x

s , αs)dWs, ∀s ∈ (t, T ] a.s. (10)
X

t,x
t = x,where 0 < T < +∞, t ∈ [0, T ), x ∈ R

n, α = (αs)t≤s≤T is an Fs-progressivelymeasurable A-valued ontrol proess, A ⊂ R
m, (

Ws

)

s∈[t,T ]
is an R

d-valued standardWiener proess, b : R
n × A → R

n and σ : R
n × A → R

n×d are two measurable funtionssatisfying a uniform Lipshitz ondition in A, that means that there is a positive onstant
K so that

||b(x, a) − b(y, a)|| + ||σ(x, a) − σ(y, a)|| ≤ K||x− y||, ∀x, y ∈ R
n, ∀a ∈ A (11)Let us denote as A(t, x) the set of all admissible ontrols α suh that

E

[

∫ T

t

||b(0, αs)|| + ||σ(0, αs)||
2ds

]

< +∞ (12)whih ensures strong existene of the di�usion proess X from (10).Furthermore, let f ∈ C([0, T ] × R
n ×A) and g ∈ C1(Rn) be two funtions so that thefollowing funtional is meaningful (i.e. it onverges)

J(t, x, α) = E

[

∫ T

t

f(s,X t,x
s , αs)ds+ g(X t,x

T )
]

, (13)and we de�ne ost funtion v(t, x) by
v(t, x) = sup

α∈A(t,x)

J(t, x, α). (14)Our goal is to �nd suh a strategy α∗ ∈ A(t, x) so that
v(t, x) = J(t, x, α∗).Let us de�ne generalized Hamiltonian of the problemH : [0, T ]×R

n×A×R
n×R

n×d →
R by

H(t, x, a, y, z) = b(x, a)′y + trace(σ(x, a)′z) + f(t, x, a).We suppose that H is di�erentiable in x (with the gradient denoted as ∇xH) and weonsider the following BSDE
−dYs = ∇xH(s,X t,x

s , αs, Ys, Zs)ds− ZsdWs, ∀s ∈ [t, T ) a.s.

YT = ∇xg(X
t,x
T ) a.s. (15)Then we an formulate stohasti Pontryagin's maximum priniple providing ondi-tions on the optimal strategy α∗. The proof an be found in [6℄.Theorem 4 (Stohasti Pontryagin's maximum priniple): Let α̂ ∈ A(t, x)and X̂ be the assoiated ontrolled di�usion proess. Further, let us suppose that thereexists a solution (Ŷ , Ẑ) to assoiated BSDE (15) suh that



240 P. Veverka1. H(t, X̂t, α̂, Ŷ , Ẑ) = max
a∈A

H(t, X̂t, a, Ŷ , Ẑ), ∀t ∈ [0, T ] a.s.2. (x, a) → H(t, x, a, Ŷ , Ẑ) is a onave funtion for all t.Then α̂ = α∗, i.e. α̂ is optimal ontrol strategy to the stohasti ontrol problem (14)whih means v(t, x) = J(t, x, α̂).3.2 Lévy-driven stohasti ontrol problemThe question now is if we are able to generalize the previous result to Lévy-driven stohas-ti ontrol problems - both for �nite and in�nite time horizon. A positive answer to the�rst part of the question gives us the paper [5℄. We note that in ase of Lévy di�usionthe model is
dX t,x

s = b(s,X t,x
s , αs)ds+ σ(s,X t,x

s , αs)dWs +

∫

Rn

η(s,X t,x
s
−

, αs
−

, z)N̄(ds, dz), ∀s ∈ (t, T ] a.s.

X
t,x
t = x. (16)The new term is an integral with respet to Poisson random measure

N̄(ds, dz) =
(

N̄1(ds, dz), ..., N̄l(ds, dz)
)′ (17)

=
(

N1(ds, dz) − χ1(z)dν1(z), ..., Nl(ds, dz) − χl(z)dνl(z)
)′
,where Ni(ds, dz), i = 1, ..., l are independent Poisson random measures with Lévymeasures νi respetively, on a �ltered probability spae (

Ω,F , (Ft)t≥0,P
) satisfying theusual onditions. The indiator funtions χi, i = 1, ..., l trunate the domain of �smalland big jumps�. Moreover, we assume that the ontrol proess α is preditable, leftontinuous with right limits. Hand in hand with these orretions, one must hange theform of the generalized Hamiltonian to H : [0, T ]×R

n ×A×R
n ×R

n×d ×R → R so that
H(t, x,a, y, z, r) = b′(t, x, a)y + trace(σ′(t, x, a)z) + f(t, x, a) (18)

+

∫

Rn

trace
(

η′(t, x, a, z)r(t, z) · diag(dλ(z))
)

+

∫

Rn

[

(

η′(t, x, a, z)p+ x′r(t, z)
)(

I − diag(χ)
)

]

dλ(z),where R is the set of funtions r : R
n+1 → R

n×l suh that the integral in (18)onverges. Again, we suppose that H is di�erentiable w.r.t. x.Then the orresponding BSDE is of the form
−dYt = ∇xH(t, Xt, αt, Yt, Zt, r(t, ·))dt+ ZtdWt +

∫

Rn

r(t−, z)N̄(dt, dz)

YT = ∇xg(XT ). (19)The assertion of the stohasti Pontryagin's maximum priniple for this Lévy ase isanalogous to Theorem 4, see [5℄.



Bakward Stohasti Di�erential Equations in Stohasti Control 2413.3 In�nite time horizon stohasti ontrol problemWhen onsidering in�nite time stohasti ontrol problem, it is useful to stress that, infat, we are looking for a stationary optimal ontrol α∗, that is we do not onsider timedependene of funtions b, σ and f .Then the funtional to maximize is
J(x, α) = E

[

∫ +∞

0

e−βsf(Xx
s , αs)ds

] (20)with the assoiated ost funtion
v(x) = sup

α∈A(x)

J(x, α). (21)Again, the set of admissible ontrols A(x) is suh that for all α ∈ A(x) there exist aunique solution to (10) and the integral in (20) onverges.The question is, how the generalized Hamiltonian will look like when introduing alsojumps in the model (by using Lévy proesses) and what assumptions are needed to provethe assoiated Pontryagin's maximum priniple. This is the goal of my urrent researh.The author wishes to thank to prof. Maslowski, prof. Vo²vrda and to Dr. �míd fortheir help, guidane and enouragement.Referenes[1℄ Karatzas I. and Shreve S. Brownian motion and stohasti alulus, 2nd ed. Springer-Verlag, 1988.[2℄ Protter P. Stohasti Integration and Di�erential Equations, 2nd ed. Springer-Verlag,1990.[3℄ Pardoux E. and Peng S. Adapted solutions of a bakward stohasti di�erentialequation. Systems and Control Letters, 14, 55�61, 1990.[4℄ Tankov P. and Volthkova E. Jump-di�usion models: a pratitioner's guide. Banqueet Marhés, No. 99, Marh-April 2009.[5℄ Øksendal B., Sulem A. and Framstad N. C. A su�ient stohasti maximum prini-ple for optimal ontrol of jump di�usions and appliations to �nane. J. Optimiza-tion Theory and Appliations, 121, 77�98, 2004. Errata: J. Optimization Theoryand Appliations 124, 511�512, 2005.[6℄ Peng S. A general stohasti maximum priniple for optimal ontrol problems. SIAMJ. Control Optim., 28, 966�979, 1990.[7℄ Zheng S. In�nite time interval BSDE's driven by a Lévy proess. http://www.paper.edu.n/index.php/default/en\_releasepaper/downPaper/201004-902
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EEG Classi�ation of Alzheimer's DiseaseUsing Linear Preditive ModelDagmar Zahová1st year of PGS, email: zahovad�seznam.zDepartment of Software Engineering in EonomyFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomy,Faulty of Nulear Sienes and Physial Engineering, CTU in PragueAbstrat. The paper is oriented to EEG signal analysis, whih is foused to quasi-stationarityhypothesis that the statistial properties of the hannel signal �utuate in time. Robust linearpreditor is used for short segments of EEG as low-pass �lter and the di�erene between theraw EEG and �lter output was subjet of statistial testing. Novelty is in the �utuationmeasurement whih enables to lassify the Alzheimer's disease patients against ontrols.Keywords: Alzheimer's disease, EEG, quasi-stationarity, linear preditor, robust identi�ationAbstrakt. Tento p°ísp¥vek je zam¥°en na analýzu EEG signálu. Soust°edí se na kolísánístatistikýh vlastností v £ase - hypotézu kvazistaionarity. Robustní lineární prediktor je pouºitjako nízkofrekven£ní �ltr na krátké segmenty EEG signálu. P°edm¥tem statistikého testování jerozdíl mezi skute£nými a predikovanými hodnotami EEG. Novinkou je m¥°ení této míry kolísání,oº umoº¬uje klasi�kovat paienta s Alzheimerovou horobou a zdravého jedine.Klí£ová slova: Alzheimerova horoba, EEG, kvazistaionarita, lineární prediktor, robustní iden-ti�kae1 IntrodutionQuasi-stationarity of EEG signal an ause di�ulties in any signal proessing of longsequenes. If we disonnet the original series to short segments of onstant length, we anuse traditional methods of statistial analysis within any individual segment. Thus, thestatistial properties of individual segments an be estimated orretly when the segmentlength is less then two seonds (in the ase of EEG). But the statistial properties ofsegments vary in time due to the quasi-stationarity of EEG signal. The paper is orientedto statistial analysis of these �utuations and its robust ranges.2 Signal desriptionThe multihannel EEG is a traditional tool for the investigation of human brain ativ-ity. The eletrode signal was srupled with onstant frequeny fs = 200 Hz and thendigitalized to the raw EEG time series Xk for k = 1, 2, ..., L.The signal was partitioned to nonoverlapping segments of onstant length N ≪ L.Ideal signal should have stationarity property in the meaning that the statistial prop-243



244 D. Zahováerties [6℄ of short segments don't vary in time. From the biomedial point of view, thestationarity of EEG is observable only for short sequenes up to 2 seonds, thus for
N ≪ L < 2fs. When the EEG san is too long then the stationarity hypothesis falls.In this ase, the EEG quasi-stationarity was subjet of investigation. We used N ≪ 2fsto guarantee interval stationarity of individual segments. Then the robust preditive�lter was applied to every segment. The di�erene between the original data and thepredition was subjet of statistial analysis. Various statistis of segment error sam-ple were used and their values hanged from segment to segment. Thus, the new timeseries of length M = ⌊L/N⌋ of segment harateristis arisen and its members are Rkfor k = 1, 2, ..., M . Statistial analysis of �utuations is based on various statistialharateristis of Rk series. The proess of EEG signal analysis onsists of four steps:

• segmentation with Xk as result;
• within segment predition with ek as result;
• within segment error analysis with Rk as result;
• �utuation analysis with Qk as result.3 Robust preditive modelWe onsider a basi linear model [4℄ in the form

Yk+S =

H∑

j=1

βjϕj(Yk, . . . , Yk−H+1) + εk+S (1)where
• N is the length of the time series segment (the number of observations);
• H is the history length of time series;
• S is the predition step length;
• Y1, Y2, . . . , YN are observations within given segment;
• β1, β2, . . . , βH are unknown oe�ients (parameters) of the model;
• ϕ1(Yk, . . . , Yk−H+1), ϕ2(Yk, . . . , Yk−H+1), . . . , ϕH(Yk, . . . , Yk−H+1) are polynomialfuntions;
• εk+S is the random noise.



EEG Classi�ation of Alzheimer's Disease Using Linear Preditive Model 245When we transribe (1), we obtain an equation system that ould be desribed in matrixform as



YH+S

YH+1+S

.

.

.
YN




=




ϕ1,2,...,H(YH , . . . , Y1)
ϕ1,2,...,H(YH+1, . . . , Y2)

.

.

.
ϕ1,2,...,H(YN−S, . . . , YN−S−H+1)







β1

β2

.

.

.
βH




+




εH+S

εH+1+S

.

.

.
εN



, (2)

in other words
y = Φβ + ε. (3)It is signi�ant that the number of equations (degrees of freedom) must be higher thanthe number of estimated oe�ients, i.e. N − H − S + 1 > H . Further, supposed thatE(ε) = 0̄, where symbol E indiates the expeted value. Providing this we an expressestimated values Yk+S (for k = H, H + 1, . . . , N − S) through the following formulaE(Yk+S) =

H∑

j=1

βjϕj(Yk, . . . , Yk−H+1). (4)These estimated values are equal to funtional values of seletive regression funtion
Ŷk+S =

H∑

j=1

bjϕj(Yk, . . . , Yk−H+1) (5)where
• bj is the satter estimate of unknown parameter βj (for j = 1, 2, ..., H);
• Ŷk+S is the predited value Yk+S (for k = H, H + 1, . . . , N − S).Equation system (5) an be desribed in matrix form as




ŶH+S

ŶH+1+S

.

.

.

ŶN




=




ϕ1,2,...,H(YH , . . . , Y1)
ϕ1,2,...,H(YH+1, . . . , Y2)

.

.

.
ϕ1,2,...,H(YN−S, . . . , YN−S−H+1)







b1
b2
.
.
.
bH



, (6)in other words

ŷ = Φb. (7)We an use robust methods for the oe�ient estimating of model (3), i.e. for vetor
b spei�ation (see 3.1).



246 D. ZahováThe di�erene between observed and predited value is alled residue and denoted asvetor e. The residue in given point is equal to ei = Ŷi − Yi, therefore for the model (1)the residual vetor has the form of
e =




eH+S

eH+1+S

.

.

.
eN



. (8)

3.1 Robust identi�ation tehniquesRobust tehniques of parameter estimating represent the alternative to lassial statistimethods that are very sensitive to outliers in input data. We know several types of robustestimates, namely: L-estimates, R-estimates and M-estimates. It is most suitable to applyM-estimates, the pioneer of whih was Huber [2℄. M-estimate of model oe�ients β isde�ned via funtion minimization (with respet to b)
ψ(b) =

N−S∑

i=H

ρ
(ei+S

σ

)
=

N−S∑

i=H

ρ

(
Yi+S − Φ

T
i−H+1b

σ

) (9)where
• T is transposition symbol;
• ρ is a penalty funtion (see Tab. 1);
• σ is standard deviation;
• Φi is i-th row of the matrix Φ.When implementing the weight funtion de�ned as w(ξ) = d ρ(ξ)d ξ

1
ξ
(see Tab. 1), satisfyingw(0) = 1 and substituting to the Taylor series of (9) we obtain a method of weightedleast squares (WLS) [4℄

N−S∑

i=H w(ei+S

SN

)
Yi+SΦ(i−H+1)j =

N−S∑

i=H

H∑

k=1

w(ei+S

SN

)
Φ(i−H+1)jΦ(i−H+1)kbkwhere j = 1, . . . , H . The method of WLS onsists in implementation of the followingoperations:1. initial estimate of b by means of method of least squares, iteration ounter set to

l = 1.2. residue spei�ation e in lth iteration;3. alulation of weights and then l = l + 1;



EEG Classi�ation of Alzheimer's Disease Using Linear Preditive Model 2474. spei�ation of parameters b(l) (estimate of vetor b in lth iteration) and residuespei�ation.If the estimates b(l) a b(l−1) are not lose enough, we repeat the steps 3 and 4. It isimportant when alulating the balane in step 3 that the robust estimate of standarddeviation σ is not realulated, i.e. it's spei�ed on the basis of error residue e after theleast squares method appliation. Suh a b, by whih the penalty funtion reahed thelowest value, is onsidered as the best estimate of parameter β.The question is how to get the robust estimate of standard deviation σ. There isstatistis σ∗ = MADE/0.6745 most frequently used in pratie, where MADE stands formedian of E1, E2, ..., EN and Ei =
∣∣∣ei − Ẽ

∣∣∣, Ẽ is median of e1, e2, ..., eN .Table 1: Robust approahesmethod ρ(ξ) w (ξ) range onstantTukey B2

(
1 −

(
1 − (ξ/B)2

)3
)

/6
(
1 − (ξ/B)2

)2

|ξ| ≤ B B=4.865
B2/6 0 |ξ| > BHuber ξ2/2 1 |ξ| ≤ k k=1.345

k|ξ| − k2/2 k/ |ξ| |ξ| > kAndrews A2 (1 − os(ξ/A)) (A/ξ)sin(ξ/A) |ξ| ≤ Aπ A=1.339
2A2 0 |ξ| > AπWelsh W 2

(
1 − exp(− (ξ/W )

2

))
/2 exp(− (ξ/W )

2

) � W = 2.985Talwar ξ2/2 1 |ξ| ≤ k k = 2.795

k2/2 0 |ξ| > k3.2 Statistial analysis of predition error and time �utuationLet us have signal of length L, divided into segments of �xed length N and values H , Sbeing set. Afterwards, we e�et suitable robust identi�ation of model (1), oe�ient andindiate residue vetor e = (e1, e2, . . . , ep)
T. Now, it's time to think of how to haraterizeerror predition in one segment and how best to haraterize variability of error preditionof the whole signal in time. In kind of riterion featuring as total error predition in onesegment the following two harateristis an be used. The �rst one an be desribedthrough the relation

R = (E |e|q)
1/q

=

(
1

p

p∑

k=1

|ek|
q

)1/q (10)where q ∈ 〈0,∞) a p = N −H − S + 1. Let's identify this method as a method of rootof expeted value of residues (MREVR(q)).In order to make desription of the seond harateristi easier let us set ak = |ek|and let us arrange ak in suh a way that a(1) ≤ a(2) ≤ . . . ≤ a(p). Afterwards, the totalsignal error predition in one segment will be alulated as
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R = a(⌊qp⌋) (11)where parameter q ∈ (0, 1〉 and p = N −H − S + 1. This approah we all the methodof quantiles of the residues (MQR(q)).Thus, we get for eah hannel time series predition errors {R1, R2, . . . , RM}, re-spetively strutured seletion {R(1), R(2), . . . , R(M)

} where M = ⌊L/N⌋. For assess thevariability of the predition errors EEG signal in time an be used suh as one of thefollowing sample (segment) harateristis :
• maximum Rmax = max {R1, R2, . . . , RM};
• minimum Rmin = min {R1, R2, . . . , RM};
• range RR = Rmax −Rmin;
• mean R̄ = 1

M

∑M
k=1Rk;

• standard deviation σ =
√

1
M−1

∑M
k=1 (Rk − R̄

)2;
• median R̃ = 1

2
(R(M/2) + R(M/2+1)) for the even M , respetively R̃ = R((M+1)/2) forthe odd M ;

• median absolute deviationMADZ = Z̃ where Z̃ stands for median of Z1, Z2, ..., ZMand Zi =
∣∣∣Ri − R̃

∣∣∣ for i = 1, 2, ..., M ;
• 1st quartile (lower quartile) R0.25 = R(⌊0.25M⌋);
• 3rd quartile (upper quartile) R0.75 = R(⌊0.75M⌋);
• interquartile range IQR = R0.75 − R0.25.These aggregating harateristis will be denoted as Q in the next text.
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Figure 1: Flutuation of MREVR in time for a healthy person (IQR = R0.75 −R0.25)
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Figure 2: Flutuation of MREVR in time for a patient with Alzheimer's disease (IQR =
R0.75 − R0.25)3.3 Quality of lassi�ationThere is a diret relationship between the quality of parameter setting and the qual-ity of lassi�ation. In our ase, the optimal parameter setting has greatest di�er-enes in Q between groups AD and CN. The quality of parameter setting was drivenby the apparatus of statistial hypothesis testing. Variability of the predition errorwe alulated for eah hannel and eah person. Thus, there are two samples QAD :={
QAD

1 , QAD
2 , . . . , QAD

n

} and QCN :=
{
QCN

1 , QCN
2 , . . . , QCN

m

} where n and m indiate thenumber of individuals in AD and CN groups. The null and the alternative hypothesiswere onstruted as follows:
H0: expeted value of random variables QAD, QCN are not di�erent, i.e. µAD = µCN ;
H1 : expeted value of random variables are di�erent, i.e. µAD 6= µCN .Assuming equal varianes in both groups, we an use the two-sample two-sided t-test[4℄, where the test riterion is alulated as

T =
QAD −QCN√

(n− 1)σ2
AD + (m− 1)σ2

CN

√
mn(n +m− 2)

n+m
. (12)

QAD and QCN denote the sample means, σ2
AD a σ2

CN are sample varianes.The riterion (12) has Student's t-distribution with df = n+m−2 degrees of freedom.We alulated adequate p-value for given T and df .Another possible tool for assessing the quality of lassi�ers is the sensitivity andspei�ity. Sensitivity re�ets the probability of orret lassi�ation of positive sample(AD) and spei�ity re�ets the probability of orret lassi�ation of negative sample(CN).Let TP (true positive) be number of samples that the lassi�er orretly lassi�ed intoAD, let FP (false positive) be number of samples that the lassi�er inorretly lassi�edinto AD, let TN (true negative) be number of samples that the lassi�er orretly lassi�edinto CN and let FN (false negative) be number of samples that the lassi�er inorretlylassi�ed into CN. The sensitivity and the spei�ity an be estimated as follows:
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• sensitivity (true positive fration) TPF= TP

TP+FN
;

• spei�ity (true negative fration) TNF= TN
FP+TN

.The optimum, threshold for AD / CN lassi�ation is obtainable from ROC urve [1℄as ompromise between maximum values of TPF and TNF. We prefer to maximizemin(TPF, TNF ) aording to minimax deision priniple.4 ResultsThere were 32 EEG reords inluded in our study. The groups of AD and CD onsistof 16 and 16 patients. We used international 10-20 eletrode system [5℄. During themeasurement of eletrial ativity, our testers were in the bed having with losed eyesand without any stimulus. EEG data were approximately 300 seonds long with samplingfrequeny of 200 Hz. Eletri potential was measured in millivolts.During omputer experiments, whih we aimed to optimum parameter setting, we usedmodel (1) with �xed funtional base ϕj(Yk, . . . , Yk−H+1) = Yk−j+1 for j ∈ {1, 2, ..., H}.The following proedure was used:
• signal was divided into segments (N = 100);
• standardization of eah segment was performed Y ∗

i = Yi−Y
σ

;
• default values of model parameter were used (H = 10, S = 1);
• Tukey's method was used as default robust method;
• default value for MREVR was q = 2;
• default value for MQR was q = 1/2;
• two most suitable hannels were hosen on the basis of two-sample two-sided t-testat signi�ane level of 0.05;
• with the help of p-value, optimal values for parameters N , H , S and q were found,and most suitable robust method was hosen.Results of numerial alulations are inluded in the Tab. 2 using default parameters.Bold font was used for p-value below ritial probability (0.05). The best in AD / CNresolution are hannel 2 and 6, whih were subjet onsequential analysis. The seondaim was to study the in�uene of proessing parameters (N, H, S) to p-value. Followingparameter values were involved in the ombination with Tukey's method:
• length of the segment N=100, 125, 150, 200;
• history length of time series H=6, 8, 10;
• length of the predition step S=1, 2, 3.



EEG Classi�ation of Alzheimer's Disease Using Linear Preditive Model 251The results of testing are summarized in the Tabs. 4, 5. The best results were obtainedfor N = 150, H = 8 or 10, S = 1 or 2 in the ase of Turkey's method and hannels 2 and6. The parameter setting was then used for the other methods and hannels. As seenin the Tab. 3, the p-values of robust methods are lower than in the squares approah(LSQ) in the ase of hannel 6. Similar result (exept Andrew's and Huber's method) isvalid in the ase of hannel 2 (see Tab. 3). The method MREVR is reommended for thesegment error evaluation. The methods MAD and IQR are the best for the �utuationanalysis. Table 2: Minimum p-values for the default settinghannel p-value harateristi method (q)1 0.003301 IQR MQR(1/2)2 0.000201 IQR MREVR(2)3 0.070778 Rmin MQR(1/2)4 0.077238 IQR MREVR(2)5 0.013298 IQR MREVR(2)6 0.001757 IQR MREVR(2)7 0.002733 MAD MQR(1/2)8 0.182820 Rmin MQR(1/2)9 0.081693 Rmin MREVR(2)10 0.118012 IQR MREVR(2)11 0.113751 IQR MQR(1/2)12 0.045587 IQR MKR(1/2)13 0.012805 RR MREVR(2)14 0.047399 Rmin MREVR(2)15 0.052538 Rmin MKR(1/2)16 0.378503 Rmin MREVR(2)17 0.231664 Rmin MREVR(2)18 0.101802 σ MREVR(2)19 0.137812 Rmin MREVR(2)
Table 3: Minimum p-values for the 6th hannel and di�erent robust methodsrobust method p-value q method N − H − S harateristiLSQ 0.000339 3/2 MREVR 150 - 8 - 2 IQRTukey 0.000326 2 MREVR 150 - 8 - 2 IQRAndrews 0.000315 2 MREVR 150 - 8 - 2 IQRHuber 0.000212 9/4 MREVR 150 - 8 - 2 IQRWelsh 0.000299 2 MREVR 150 - 8 - 2 IQRTalwar 0.000337 5/4 MREVR 150 - 8 - 2 IQR
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Table 4: Minimum p-values for the 2nd hannel and Tukey's method

N p-value H S harateristi method(q)100 0.000236 10 2 Rmin MREVR(2)0.000320 8 1 IQR MQR(1/2)125 0.000261 10 1 IQR MREVR(2)0.000283 10 2 σ MQR(1/2)150 0.000071 10 1 IQR MREVR(2)0.000225 8 1 IQR MQR(1/2)175 0.000127 10 1 IQR MREVR(2)0.000427 10 1 IQR MQR(1/2)200 0.000171 10 1 MAD MREVR(2)0.000495 8 1 IQR MQR(1/2)
Table 5: Minimum p-values for the 6th hannel and Tukey's method

N p-value H S harateristi method (q)100 0.000683 8 1 IQR MREVR(2)0.001112 8 1 IQR MQR(1/2)125 0.001047 8 1 IQR MREVR(2)0.002533 10 1 σ MQR(1/2)150 0.000326 8 2 IQR MREVR(2)0.000764 8 1 IQR MQR(1/2)175 0.000591 8 2 MAD MREVR(2)0.002549 8 1 IQR MQR(1/2)200 0.001146 6 3 R0.25 MREVR(2)0.004374 8 1 IQR MQR(1/2)
Table 6: Minimum p-values for the 2nd hannel and di�erent robust methodsrobust method p-value q method N − H − S harateristiLSQ 6.59 X 10−5 7/8 MQR 150 - 8 - 1 IQRTukey 6.32 X 10−5 9/4 MREVR 150 - 10 - 1 IQRAndrews 6.74 X 10−5 9/4 MREVR 150 - 10 - 1 IQRHuber 6.66 X 10−5 9/4 MREVR 150 - 10 - 1 IQRWelsh 6.11 X 10−5 9/4 MREVR 150 - 10 - 1 IQRTalwar 6.47 X 10−5 7/8 MQR 150 - 8 - 1 IQR



EEG Classi�ation of Alzheimer's Disease Using Linear Preditive Model 2535 ConlusionRobust linear preditive �lter was used for the haraterization of signal variability withinindividual segments. The quasi-stationarity analysis is reommended as a tool for thelassi�ation of Alzheimer's disease against ontrols. The best results were obtained onEEG hannel 2 with sampling period 200 Hz, segment length N = 150, history depth
H = 10, step of predition S = 1, Welsh's method, MREVR (method of root of expetedvalue of residues) harateristis of EEG �utuations. Then, the adequate optimum valuesare:

• p-value p-value=6.11 X 10−5;
• sensitivity TPF = 81.3;
• spei�ity TNF = 87.5.From the biomedial point of view the novel method is omparable with the otheromplex methods of Alzheimer's disease diagnosis.Referenes[1℄ T. Fawett. An Introdution to ROC analysis. In 'Pattern Reognition Letters (Am-sterdam, 2006)', volume 27, Elsevier Siene, pp.861-876.[2℄ P. J. Huber, E. M. Ronhetti Robust Statisti. John Wiley & Sons, Hoboken, (2009).[3℄ R. G. Lehr, A. Pong ROC Curve. In 'Enylopedia of Biopharmaeutial Statistis(New York, 2003)', Marel Dekker, pp.884-891.[4℄ M. Meloun, J. Militský Statistiká analýza experimentálníh dat. Aademia, Praha,(1998).[5℄ E. Niedermeyer, F. Lopes da Silva Eletroenephalography: Basi Priniples, Clini-al Appliations, and Related Fields. Lippinott Williams & Wilkins, Philadelphia,(2004).[6℄ M. B. Priestley Non-linear and Non-stationary Time Series Analysis. AademiPress, London, (1988).





Comparison of Trading Algorithms∗Jan Zeman4th year of PGS, email: janzeman3�seznam.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: T. V. Guy, Institute of Information Theory and Automation, ASCRAbstrat. The paper ontinues the previous researh aimed at design the automati tradingsystem. The paper onerns rating the quality of designed approahes. It reviews both generalmethods and methods speialized to trading. The proposed method is a ombination of them.Keywords: approaximative dynami programming, Bellman funtionAbstrakt. �lánek navazuje na p°edhozí výzkum týkajíí se obodování s futures. Téma jezam¥°eno na hodnoení d°íve navrºenýh algoritm·. �lánek reviduje hodnotíí metody jakobené tak zam¥°ené na problematiku obhodvání. Výsledkem je kombinovaná metoda, která jetestována a hodnoena v záv¥re£né £ásti.Klí£ová slova: p°ibliºné dynamiké programování, Belllmanova funke1 IntrodutionThe paper towards automati trading system for the futures ontrats. The previousresearh onerns the task de�nition and basi solution [3, 4℄. The previous work proposedmany approahes and we have to ompare them in order to selet the most suitable one.Two subtask are onsidered: First is how to reognize the good approah standalone, andseond deals with omparison of two approahes and seleting the better one.To reognize a good approah, a �nal pro�t an be used as the measure of a suess.However in trading appliations, the ontinuous development of the umulative pro�t hashigher impat than the �nal pro�t. The analyzing the umulative is more omplex dueto working with the whole sequene, but an bring better insight to approah quality.The omparison of two approahes seems to be easy, when the approahes are testedon ommon data set. When even more data sets are available, the omparison beomesomplex, beause eah data set produes one dimension in results, then the omparisonof multidimensional results is needed. The typial problem is: Approah A makes a totalpro�t at �ve data sets $ 100000 USD, but pro�t was positive at only two data sets.Approah B makes a total pro�t only $ 50000 USD, but it makes positive pro�t at four of�ve data sets. Whih approah is better? Both approahes an win, but the best shouldbe hosen aording to the preferene of trader.The paper proposes a small review of the omparison methods and applies the methodsto one of the solved problems.The paper ontains two main parts. Setion 2 introdues the problematis and de�nesthe task (Se. 2.1), de�nes a oe�ient haraterizing the quality of approah using the
∗This work has been supported by the grant M�MT 1M0572.255



256 J. Zemanumulative gain (Se. 2.2) and introdues methods for multi-dimension omparing (Se.2.3). Setion 3 introdues futures trading (Se. 3.1) and oe�ients used in trading (Se.3.2), de�nes algorithm of approahes rating (Se. 3.3). The algorithm is applied andommented in Se. 3.4.2 Comparing methodsThe setion deals with de�nition of the solved task and given assumptions.2.1 Task of interestWe assume a deision maker and system. Deision maker is human or mahine with aimsrelated to the system. The deision maker obtains a data yt at the system, and designthe deision ut to reah his aims. The proess is repeated eah disrete time instant
t ∈ {1, . . . , T}. The aims of deision maker are haraterized by a gain funtion G, whihmaps the system output and deisions to a real number. Higher value indiates highersuess. The deision maker tries to maximize the gain funtion.We fous on quality evaluation of designed deisions, hene we assume the knowledgeof a whole data y1, . . . , yT and deision sequene u1, . . . , uT . Moreover, we assume theknowledge of the gain funtion:

G : (y1, . . . , yT , u1, . . . , uT ) → R (1)and its additive shape
G =

T∑

i=1

gi, where gi : (y1, . . . , yi, u1, . . . , ui) → R, (2)and gi is alled a one-step gain.Let us de�ne umulative gain via:
Gt =

t∑

i=1

gi. (3)The gain is a sum over all time instants {1, . . . , T}, whereas umulative gain is sum overthe �rst t time steps {1, . . . , t}, t ≤ T . Hene, we use the term �nal gain for the gain fromhere onward. Moreover, the umulative gain an be viewed as a sequene G1, . . . , GT andharaterizes the approah behavior.We assume that there are M di�erent approahes trying to maximize the gain (2) and
N testing data sets or experiment data available to ompare the suess of the approahes.In summary, we have M ×N �nal gains to deide, whih approah is the best. Moreover,we an obtain M ×N ×T values, in order to analyze the approahes using the umulativegains.



Comparison of Trading Algorithms 2572.2 Cumulative gain omparisonIt is disputable, whether the �nal gain is a good riterion for rating of the approahes. Insome tasks, the good �nal gain an be reahed only by a few last steps, hene the analysisof the umulative gain is required. But working with a whole sequene of umulativegain ontaining T values is di�ult. Hene, it is needed to haraterize the quality ofumulative gain by one oe�ient, and this setion de�nes suh a oe�ient.The ideal umulative gain inreases, therefore the knowledge of a trend is important.To reah this knowledge, the sequene an be �tted by a linear funtion y(t) = at + b,where a, b are parameters. We assume a sequene of values G1, G2, . . . , GT , and we searhthe best values of oe�ients a, b to minimize squared error mina,b

∑T

t=1
(Gt − y(t))2.The obtained oe�ients amin, bmin haraterize the nearest linear approximation of theoriginal sequene. Hene, the values of amin, bmin an be used to evaluate the suess ofthe approah.The oe�ient amin re�ets a trend of umulative gain. The positive value hara-terizes an inrease, the negative one a derease. The value of oe�ient a is related tostrength of the inrease, higher value means sharper inrease. Thus, it an be used as arelatively good riterion of the approah quality.On the other hand, the linear approximation is not suitable, when the di�erenebetween original sequene and approximation (Gt−amint−bmin) is not normal distributed.This property annot be warranted by any umulative gain. Hene, the redibility of theoe�ient amin is lowered. The redibility of oe�ient amin is given by value of errorsquares s =

∑T

t=1
(Gt −amint− bmin)2, the less value of s brings better redibility of amin.To obtain one harateristi oe�ient, let us de�ne inrease oe�ient cI as follows:

cI =
a

log
10

(s)
, with s =

T∑

t=1

(Gt − at − b)2, (4)where amin, bmin are oe�ients of the best linear approximation of the umulative gainsequene. The logarithm is used due to big di�erenes in values of s for the trading task.The higher value of cI is rated as better result of an approah. The positive valueof oe�ient cI haraterizes the inrease of umulative gain, the weighting by di�erene
s lowers the value of oe�ient for bad �tted sequenes. The oe�ient cI overs ourrequirements for working with umulative gain, hene the further setions deals withomparing results obtained on more data sets.2.3 Multi-dimension omparingAs was introdued, the omparison of two approah is simply, when they are testedat one data set, but when more data set is available, the deision beome omplex.The omplexity originates from fat that the omparison has nature of multidimensionaltask, where eah data set forms one dimension of ompared vetors. Following twosubsetions deals with this task. Setion 2.3.1 try to transform the multidimensionaltask to one-dimensional by weighted summing. Whereas, the Setion 2.3.2 let the taskmultidimensional and de�nes omparison of vetors.Analogial with Se. 2.1, we assume M approahes and N testing data sets. The aimis selet the best approah, hene we form M vetors R1, . . . , RM ontaining the results,



258 J. Zemanwhih are quality measures related to eah data sets. The quality measures an be �nalgain, inrease oe�ient, or other variable haraterizing the approah quality. Thus,eah vetor ontains N values Ri = (ri
1
, . . . , ri

N). Our aim is to hose the best approahusing only this vetors.2.3.1 Weighted sumThe �rst simply solution is to summarize the results and evaluate
Sm =

N∑

n=1

rm
nfor eah approah m ∈ {1, . . . , M}. Then eah approah is haraterized by one realnumber and it is simple to ompare them.Summing the results is simply and e�etive, but has a lot of disadvantages. When oneof data sets produes outstanding results, the total sum is in�uened by this outlayer andthe results are not orret. Moreover, the maximal obtainable results must be omparablefor all data sets, beause the higher potential gives higher weight to given data set. Themaximal and minimal possible value of results an be alulated for some speial tasksand using them the following oe�ient an be de�ned:

FP m
n =

rm
n − Gmin

n

Gmax
n − Gmin

n

× 100%, (5)where Gmin
n and Gmax

n are minimal and maximal result values obtainable at nth data set.Let the oe�ient is alled �nal perentage. The �nal perentage express the perent-age of suess reahed by approah aording to maximal and minimal potential resultsreahable on the given data set. Summing FP m
n over n ∈ {1, . . . , N} brings the equiv-alent results, where eah experiment has the same weight independent on its potential.Instead of summing, it is better to alulate the mean value:

MFP m =
1

N

N∑

n=1

FP m
n (6)the results an be interpreted as mean potential perentage of the approah m. Letoe�ient MFP m is alled mean �nal perentage. The oe�ient (6) is generalizedweighted sum. When the minimal results potential equals zero (Gmin

n = 0), then it isequivalent to weighted sum with weights: wn = 1/Gmax
n .The oe�ient MFP assigns eah approah one number and the searhing the bestapproah is transformed to sorting the number.2.3.2 E�ient solutionAnother way to ompare the vetors R1, . . . , RM is by de�ning dominating and e�ientsolution.The vetor Ri = (ri

1
, . . . , ri

N) is dominated by vetor Rj = (rj
1
, . . . , rj

N) even if followinginequalities are valid:
∀n ∈ {1, . . . , N} ri

n ≤ rj
n,
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∃n ∈ {1, . . . , N} ri

n < rj
n.E�ient solution is suh a vetor from the set {R1, . . . , RM}, whih is not domi-nated by any other vetor. The term of e�ient solution is taken from multiobjetiveoptimization [1℄.Taking only e�ient solutions, the set of outstanding solutions an be found. Thee�ieny does not mix results reahed on di�erent data sets, i.e. the outstanding resultson one data set annot help the approah rating suh as in poor summing the gains.On the other hand, the e�ient solutions typially forms a subset of {R1, . . . , RM}.Hene, the method does not lead to one best approah, but it exludes a small set ofoutstanding approahes. The method annot prefer one of e�ient solutions, until theadditional information about preferenes is not added.3 Example: ommodity futures tradingThe ommodity futures trading is hallenging task related to trading on stok exhangesand pries speulation. The ommodity futures means an ontrat for delivering theommodity to given date in future. The prie of ontrat is often objet of speulation.The speulator an speulate for following situations:Prie inrease, the speulator buys the ontrat, it is said to open the long position.Then, he waits, until the prie inreases, and sells the ontrat (it is said to losethe long position).The pro�t is the di�erene of buy/sell ontrat prie. The di�erene, whetherspeulator makes pro�t or loss, depends, whether the prie follows his expetation.Hene, the pro�t from the long position is made, when the prie inreases, whereasthe speulator loses the same value, when the prie dereases.Prie derease, the speulator sells the ontat, it is said to open the short position.The fat, that he an sell not-owned ontrat, is related to priniples of givenexhange, the speulator an lend the ontrat for this operation. Then, he willbuy the ontrat bak, it is said to lose the short position.Inde�nite, the speulator has no opened position. He is in so alled �at position, orout of market. Speulator neither pro�ts nor loses by this operation.A transation ost must be paid for eah ontrat, whih hanges the position.The period from entering the non-�at position at market to leaving the position isalled trade. The trade is very important, beause the pro�t in umulative gain is onlyhypothetial. But at the end of the trade, the umulative gain orresponds with the realrealized pro�t.3.1 Task de�nitionLet denote the prie in time t by yt and position held in time t by ut. The struture of

ut is following: the absolute value |ut| sets the number of ontrats in an open position;



260 J. Zemanand the signum of ut sets the kind of position, minus for short and plus for long position.The �at position is haraterized by ut = 0.For this notation the gain funtion is de�ned as:
G =

T∑

t=1

gt =
T∑

t=1

(yt − yt−1)ut−1 − C|ut − ut−1|
︸ ︷︷ ︸

gt

, (7)where C is the normalized transation ost. For o�ine experiments, the transation ost isarti�ially inreased by so-alled slippages. Slippages are required due to delay betweenprompting the market ommand and its realization, during this short time period theprie an hange. Seond reason for slippages is that the ation on market hanges theprie itself and this is often not inluded in o�-line experiments. Both reasons ausesthat the prie in real trading ould be di�erent from the value stored in data sets. Toavoid this di�erene, the transation ost has two parts C = c + s for our task, where
c is transation ost payed to exhange provider for eah ontrat in position, and s areslippages, whih arti�ially make the transation ost higher.The slippages are estimated by an eonomi speialist. We use values obtained fromColosseum a.s. due our ooperation. Although the slippages makes the task more di�ult,the trading system pro�table at o�-line data with slippages has big hane to be pro�tablein real trading.3.2 Requirements to appliabilityThe eonomist have designed a lot of additional riteria to rate, whether the approah isgood or bad. This riteria are losely related to the trading task. Moreover, the eonomistwill deide, whether the approah will be applied in pratie, hene is important totake this oe�ients and riteria into a onsideration. This setion overview the mainoe�ients and introdues the riteria required to appliation of the approahes.3.2.1 Main oe�ientsNet pro�t is the same variable as the �nal gain (7).Gross pro�t is the net pro�t alulated only over the pro�table trades. The pro�tabletrade is trade whih starts with lower value of umulative gain than �nishes.Gross loss is analogy with gross pro�t, but for non-pro�table trades. The Gross pro�tis positive number, gross loss is negative number and net pro�t is sum of them.Total ost is total amount of transation ost c payed for realization of deision as wasintrodued in Se. 3.1. The total ost is alulated via: (−1)

∑T

t=1
c|ut − ut−1|.Total slippages is total amount of slippages s, alulated in analogy with transationost (−1)

∑T

t=1
s|ut − ut−1|. The slippages an be used for analyzing the results,beause in the trading task is typial that slippages make the result negative (see[2℄).



Comparison of Trading Algorithms 261Trades is ount of trades done during the experiment.Winning/Losing trades is ount of trades with positive/negative pro�t.Days long/short/�at is ount of time instants, when a ontrat was held in long/short/�atposition. (The word 'days' is related to fat that we work with a day-data.)Maximal drawdown is the biggest negative di�erene in umulative gain sequene.This variable haraterizes the risk related to given approah. The drawdown ofbad approah is relatively same value as the �nal gain.Length of drawdown haraterizes the length of the maximal drawdown, i.e. howmany time instants was the drawdown realized. Again, the bad approah hasdrawdown with omparable length as the data sequene.3.2.2 Combinations of oe�ientsThe previous oe�ient are raw oe�ient obtainable from result. Following oe�ientsan be omputed from the raw oe�ients and give us riteria for identifying the goodapproah.Perent pro�t gives perentage of winning trades:Perent pro�t =
Winning tradesWinning trades + Losing trades .Pro�t fator is ratio of earned and lost money:Pro�t fator = −
Gross pro�tLoss .Pro�t per trade is average pro�t obtained in tradePro�t per trade =
Net pro�tTrades .3.2.3 Criteria on good approahThere is a di�erene between theoretial design of approahes and its appliability inpratie. Whereas, the theoretial suess is eah small bettering of an approah, thepratial appliation demands signi�antly good results. The riteria to appliation of thetested approah for futures trading were designed by eonomi speialist from Colosseuma.s. The riteria are presented in Table 1.3.3 Algorithm of ratingThe deision, whih approah is best, should be done using following rules:1. The non-e�ient approahes are exluded, the �nal gain is taken as measure ofapproah quality. This step hooses a subset of the original approahes.



262 J. ZemanCoe�ient Relation ValueNet pro�t greater than 0Maximal drawdown less than 1/10 net pro�tLength of drawdown less than 250 daysPerent pro�t greater than 0.4Pro�t fator greater than 1.5Pro�t per trade greater than $100 USDTable 1: Requirements on approah to appliability in pratie.Tiker Commodity ExhangeCC Cooa CSCECL Petroleum-Crude Oil Light NMXFV2 5-Year U.S. Treasury Note CBTJY Japanese Yen CMEW Wheat CBTTable 2: Referene markets, their tikers and exhanges.2. The non-e�ient approahes are exluded, the oe�ient cI is taken as measure ofapproah quality. This step hooses a subset of the original approahes.3. The approahes are sorted by their MFP - the highest value as �rst.4. The approahes are tested onsequently, whether su�e the requirements on appli-able approah. The proving is done over all data sets, hene eah approah mustsatisfy 6×N onditions. The �rst, su�ient is rated as the best approah, beauseis e�ient and has highest MFP.3.4 Tuning the parametersWe have available prie history from �ve market (see Tab. 2) and approah presented in[4℄, where are 2 parameters the length of regressor l ∈ {1, 2, . . . , 10} and the forgettingfator λ ∈ {1, 0.999, 0.99, 0.9}. (The explanation of the parameters is not important.)Thus, we have 40 ouples of parameters and our aim is to estimate, whih ouple is thebest. Due to availability of �ve data sets, the ount of experiments is 200.Table 3 reviews the results obtained by presented method (see Se. 3.3). The valuesin the table were onstruted by ordering the MFP oe�ients (see Se. 2.3.1), where thehighest value of MFP was denoted by 1, seond highest by 2 et. And the highlightedapproahes were marked as e�ient in both steps 1 and 2 of algorithm from Se. 3.3.For last step of the algorithm, there is no approah satisfying all requirements forappliability. The nearest is the approah with the parameters l = 1 and λ = 1, whereare satis�ed 20 onditions from 30.For the further researh, the parameters ouple l = 1 and λ = 1 will be used, althoughthe non-appliability. The reason for this hoie is that the given approah is the most



Comparison of Trading Algorithms 263suessful and moreover the analysis with respet to cI oe�ient de�ne in Se. 2.2reahes also the best results (see Tab. 4).The testing of cI oe�ient showed that approahes with value cI > 1.5 have inreasingumulative gain without big drawdowns. Hene, the oe�ient cI an be used for ratingthe best approah in further researh.4 ConlusionThe paper onerns with the riteria of omparing approahes testing on data sets. Thealgorithm of the best approah hoosing is designed. The algorithm is applied on theresults obtained in tuning approah for futures trading task, and it hooses the bestapproah.The main advantage of the designed algorithm lies in possibility to ompare theapproahes tested on more data sets. The algorithm ombines the simply method ofweighted sum with e�ients solutions and appliability of approah. This ombinationis also great advantage.The disadvantage of given algorithm is that the algorithm an exlude all approahesdue to appliability onditions. And opposite, the e�ient solution often selets bigsubset.The algorithm will be tested in further researh, but it make the ground idea forfurther algorithms in rating the approahes.Referenes[1℄ M. Ehrgott. Multiriteria optimization. Leture Notes in Eonomis and Mathemat-ial Systems. Springer-Verlag, (2000).[2℄ M. Kárný, J. �indelá°, �. Pírko, and J. Zeman. Adaptively optimized trading withfutures. Tehnial report, (2010).[3℄ J. Zeman. Futures trading: Design of a strategy. In 'Proeedings of the InternationalConferene on Operations Researh and Finanial Engineering 2009'. WASET, (2009).[4℄ J. Zeman. A new approah to estimating the bellman funtion. In 'Proeedings ofthe 10th International PhD Workshop on Systems and Control', P. L. Hofman Radek,�mídl Válav, (ed.). ÚTIA, AV �R, (2009).
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l λ = 1 λ = 0.999 λ = 0.99 λ = 0.91 1 21 26 282 13 17 23 303 8 15 25 274 6 19 18 335 2 11 20 356 3 12 22 367 5 14 31 378 4 16 29 389 10 24 34 3910 9 7 32 40Table 3: Comparison of 40 approahes for Bellman funtion estimation, eah approahis de�ned by ouple l and λ, the e�ient solutions are highlighted and the numbers intable are order of approahes by MFP.
l λ = 1 λ = 0.999 λ = 0.99 λ = 0.91 1.0551 -0.3355 -1.2594 -1.75222 0.2444 -0.1365 -0.3234 -1.68073 0.6385 0.3818 -0.5466 -1.71644 0.4861 -0.0215 0.1084 -1.87195 0.6014 0.2383 -0.2796 -2.35046 0.6046 0.0992 -0.4663 -2.81337 0.5481 0.1318 -1.6669 -3.49248 0.5002 -0.0869 -1.2192 -3.76829 0.3632 -0.7274 -1.9563 -4.334610 0.2865 0.4667 -1.7901 -5.0938Table 4: The mean value inrease oe�ient cI alulated over available data sets.



Building E�ient Data Planner for Peta-saleSieneMihal Zerola3rd year of PGS, email: mihal.zerola�ujf.as.zDepartment of MathematisFaulty of Nulear Sienes and Physial Engineering, CTU in Pragueadvisor: Mihal �umbera, Nulear Physis Institute, ASCRJér�me Lauret, Brookhaven National Laboratory, USARoman Barták, Faulty of Mathematis and Physis, Charles UniversityAbstrat. Distributed omputing, heavily relying on the presene of data at the proper plaeand time, have further raised demands for oordination of data movement on the road towardsahieving high performane. Although there exist several sophistiated and e�ient point-to-point data transfer tools, the lak of global planners and deision makers, answering questionssuh as �How and from whih soures to bring the required dataset to the user?�, is for most partlaking. We present our work and status of the development of an automated data planning,ensuring fairness and e�ieny of data movement by fousing on the minimal time to realizedata movement (delegating the data transfer itself to existing transfer tools). Its prinipalkeystones are self-adaptation to the network/servie alteration, optimal seletion of transferhannels, bottleneks avoidane and user fair-share preservation. The planning mehanism relieson Constraint Programming and Mixed Integer Programming tehniques, allowing to re�et therestritions from reality by mathematial onstraints. In this paper, we will onentrate onlarifying the overall system from a software engineering point of view and present the generalarhiteture and interonnetion between entralized and distributed omponents of the system.The impliations and bene�t of our approah as well as a use ase in pratie made with multiplehoie for soures will be presented.Keywords: planning, data transfers, distributing omputingAbstrakt. Distribuované po£ítanie, ktoré závisí na dostupnosti dát v správnu dobu na správnommieste, e²te via zvý²ilo nároky na koordináiu dátovýh prenosov na este za vysokou výkon-nos´ou. Hoi nieko©ko so�stikovanýh a výkonnýh 'point-to-point' prenosovýh nástrojov ex-istuje, stále hýba globálny plánova£, ktorý by rie²il úlohy typu �Ako a z ktorýh zdrojovdoru£i´ poºadované dáta k uºívate©ovi?�. Predstavíme práu a stav na vývoji automatizo-vaného plánovaieho nástroju, zais´ujúeho efektívnos´ a koordináiu dátovýh prenosov. Jehohlavnými atribútami sú auto-adaptáia k zmenám sluºieb/sieti, optimálna selekia prenosovýhkanálov, zamedzenie vzniku úzkyh hrdiel a zahovanie spravodlivosti medzi uºívate©mi. Pláno-vaí mehanizmus pouºíva tehniky programovania s obmedzujúimi podmienkami a elo£íselnéprogramovanie, £ím zahytáva obmedzenia z reálneho sveta do matematikýh podmienok. Vtomto £lánku sa budeme zameriava´ na preverenie elkového systému z poh©adu softwarovéhoinºinierstva a predstavíme elkovú arhitektúru a prepojenie jednotlivýh entralizovanýh adistribuovanýh komponent. Ukáºeme tieº dopady a výhody tohoto prístupu ako aj praktikú²túdiu zaloºenú na poºiadavkáh k dátam z viaerýh zdrojov.K©ú£ové slová: plánovanie, dátové prenosy, distribuované po£ítanie265
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Figure 1: General view of the automated planning system. The goal is to ahieve on-trolled and e�ient utilization of the network and data servies with a proper use ofexisting point-to-point transfer tools. At the highest level of abstration, the plannershould appear as a �box� between the user's requests and the resoures.1 IntrodutionAs it is widely known, distributed omputing o�ers large harvesting potential for om-puting power and brings other bene�ts as far as it is properly exploited. On the otherhand it introdues several pitfalls inluding onurrent aess, synhronization, ommu-niations salability as well as spei� hallenges suh as answering key questions like�how to parallelize a task?� knowing where my data and CPU power are loated. Indata intensive experiments, like the one from HENP ommunity and the STAR 1 [1℄ ex-periment, the problem is even more signi�ant sine the task usually involves proessingand/or manipulation of large datasets.This massive data proessing will be hardly �fair� to users and hardly using networkbandwidth e�iently unless we address and deal with planning and reasoning related todata movement and plaement. In this paper we present and fous on the implementationand software engineering part of our ongoing work, while we refer to our previously pub-lished papers explaining in more depth the underlying model and theoretial bakground.The purpose of our researh and work is to design and develop an automated plan-ning system ating in a multi-user and multi-servie environment as shown in Fig. 1.The system ats as a �entralized� deision making omponent with the emphasis onoptimization, oordination and load-balaning. The optimization guarantees theresoures are not wasted and ould be shared and re-used aross users and soures. Co-ordination ensures multiple resoures do not at independently so starvation or loggingdo not our, while load-balaning avoids reating bottle-neks on the resoures. Theintent is not to reate another point-to-point data transfer point-to-point tool, but to use1Solenoidal Traker at Relativisti Heavy Ion Collider is an experiment loated at the BrookhavenNational Laboratory (USA). See http://www.star.bnl.gov for more information.
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Figure 2: Optimization of the transfer paths with regards to the network struture andlink bandwidth. Some network path may be re-used to satisfy multiple requests for thesame data.
Figure 3: Optimization of the transfer paths with regards to the di�erent data servieperformane/lateny. Multiple soures for the same data may be naturally ombinedalternatively to avoid overload and servie logging.available and pratial ones in the e�ient manner.We desribe the most important optimization harateristi with the help of �guresFig. 2 and 3. Let us suppose there are requests for the same (or overlapping) datasetfrom two users, while eah of them needs the dataset to be proessed at his/her spei�loation. The system has to reason about the possible repositories for the dataset, seletthe proper ones for every �le (the granularity is spei�ed by the �les in our ase) and pro-due the transfer paths for eah �le. The output plan should be optimal with an objetiveto the overall ompletion time of all transfers. Thus, this optimization harateristi isfousing on the network struture and respetive link bandwidth. As illustrated in Figure2, it is oneivable in our example that optimization will ause data movement to ourone on some network links while datasets will be moved to two di�erent destinations.Moreover, the �les are usually served by several data servies (suh as Xrootd [6℄, Posix�le systems, Tape systems [8℄, ...) with di�erent performane and latenies. Therefore,the optimization and reasoning on where to take the �les available from multiple soureshoie will allow making the proper seletion for a �le repository, respeting their in-trinsi harateristi (ommuniation and transfer speed) and salability (Fig. 3). Inother words, as soon as multiple servies and soures are available, load balaning wouldimmediately be taken into aount by our planner.
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Figure 4: Arhiteture of the system.2 ArhitetureIn this setion, we will desribe the arhiteture of the system, explaining brie�y eahomponent following the work-�ow (see Fig. 4 for illustration). End users (or stand-aloneservies) generate requests using the web interfae, written in PHP following the MVCdesign pattern. A request is an enapsulation of the meta-data query (as understoodby STAR's File and Replia Catalogue) and the destination. The request is stored in aSQL database (system supports MySQL and PostgreSQL) in a Catalog agnosti manner(any Catalog should work as far as they have a LFN/PFN onept our approah relieson) with the additional information like user name, group or date of the request. Later,the omponent alled File Feeder ontats the File and Replia Catalogue and makesthe query for the requested meta-data. The output information is stored bak to thedatabase, inluding all possible loations for every �le in a request.The brain of the system, a omponent alled the Planner, takes a subset of all requestsfor �les to be transferred aording to the preferred fair-share funtion. It reates theplan (transfer paths) for the seleted requests and stores the plan bak to the database.The individual �le transfers are handled by the separate distributed omponent alledData Mover. The role of these workers is to perform a point-to-point data transfer ona partiular link following the omputed plan. The results and intermediate status isontinuously reorded in the database and user an hek the progress at any time.We an see that the whole mehanism is a ombination of deliberative (assuringoptimality) and reative planning (assuring adaptability to the hanging environment).Sine this is ruial to the argument, in the next setion we will desribe the respetivetwo omponents (Planner and Data Mover) serving up as a �reasoner� and a �worker�.2.1 PlannerThe Planner (Fig. 5-left), the brain of the system, is built on the onstraint-based math-ematial model. The theoretial bakground and our ontinuous progress were publishedin several papers ([11℄, [10℄, [12℄). Therefore, we will not go into details in this pa-
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Figure 5: Left: Planner as a blak box. Right: Data Mover omponent.per, but only sketh out the main priniples. Constraint based approah ([7℄) bringsa fundamental advantage in a straight forward mapping of the reality restritions intothe mathematial model. The solver uses methods from Constraint Programming andMixed Integer Programming and the logi tries to minimize the makespan onsideringall possible ombinations. The tree of possibilities may very well ontain solutions wheretransferring data one on a given link lead to a minima or balaning between servies leadto the fastest transfers. In all ases, the optimal solution will only be determined by theinput parameters. The input onsists of three parts: urrent harateristi of the link ornetwork, requests to be planned (size, logial �les) and information from a File (replia)Catalogue about possible repositories. Having all these information the solver starts aomputation and stores the results diretly into the database. The result is a omputedtransfer path (repository and oriented path to the destination) for eah request. Notethat multiple requests for the same �les would be treated and aounted for in the plan.Our planning is also inremental - we have previously demonstrated ([9℄) that a full planor inremental planning would not make a large di�erene on the make span overall -the gain of an inremental approah is the ability to self-adapt based on the Mover'sfeedbak.For implementation of the solver we use Choo ([2℄), a Java based library for on-straint programming and GLPK ([4℄, [5℄), a library for Mixed Integer Programming.The Java based platform allows us an easier integration with already existing tools in theSTAR environment.2.2 Data MoverThe Data Mover is the distributed omponent responsible for performing data transfersin a reative way. Eah instane is ontrolling data servies within a given omputing siteand also the wide-area network onnetions from/to the site. It relies on the underlyingdata transfer tools and uses them for data movement. In our implementation, we didnot address interoperability of data transfer tools (whih is not the objet of this work)but settled in using by the Fast Data Transfer tool (FDT [3℄). The way data moversoperate is reative that is, as soon as a �le appears at the soure node (either at a dataservie or in a ahe spae before WAN transfer) it is marked as �ready for transfer�



270 M. Zerolaand moved by the proper underlying tool. As soon as the transfer is �nished anotherinstane realizes the �le is available and initiates the next move (along the omputed pathfrom the solver). Our approah is also adaptive: from the initial transfer and onsequentmonitoring, the real speed an be inferred and re-injeted as a parameter for the nextinremental plan, helping the system to onverge toward realisti transfer rates ratherthan relying on theoretial optimum alone.The Data Mover is written in Python language and onurrent link/servie ontrol isahieved by separate threads (Fig. 5-right).3 Show aseTo prove the validity of our planning strategy, a use ase was designed and implemented.The purpose of the test was to a�rm the software omponents work and ommuniatein the expeted way and the quality of the omputed plan is on�dent. The environmentwas for simpliity formed by two omputing sites, the entral BNL and remote Prague.The available data servies at BNL were: Xrootd, NFS and HPSS, while in Prague onlyNFS was available. The wide area network (WAN) transfer was ontrolled by FDT. Theon�guration is shown in Fig. 6-left. The test hene hallenges the planner in makingproper deisions when multiple soures are available at the same site.The request onsisted of �les available at all data servies at BNL at the same timeand the task was to bring them to the Prague NFS servie. The test was omposed offour di�erent on�gurations. The planner onseutively onsidered:
• only Xrootd repository
• only NFS repository
• only HPSS repositories
• a ombination of Xrootd, NFS and HPSS repository onurrentlyThe results of eah on�guration are shown in Fig. 6-right. As expeted, while all�les are loated on mass storage in STAR, transfers from HPSS (in green) are the longestto aomplish and hene, lead to the longest delays in delivery. In our setup, the greenand blue urves are near equivalent (NFS diret transfers are slightly faster) but it isto be noted that not all �les are held on NFS (entral storage) in STAR and pulling all�les from Xrootd may ause signi�ant load on a system in use primarily for bath baseduser analysis (hene, an additional load is not desirable). When we ombined all storagesoures, the makespan was equivalent to the one from Xrootd while the relative ratioof �les transfers from the diverse soures was 19%, 38% and 43% for HPSS, NFS andXrootd respetively with no load aused on any of the servies. At the end, the overallbottlenek was only the WAN transfer speed - we infer our test proved the plannerworks as expeted, sine the full reasoning onsidering all possible repositories led to theoptimum makespan. Additionally, the utilization of all servies brings the advantage inthe form of load-balaning and automati use of replias.
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Figure 6: Left: The network and servie on�guration for the tests. Right: Theperformane of the system using 4 di�erent on�gurations. On the X axis, we representthe time of transfers while Y is the perentage ompletion. The x-range of eah urve ishene representative of the makespan.4 ConlusionsWhen multiple soures for �les or datasets are available along with many CPU resouresin a distributed omputing environment, planning is needed to ensure load balaning,e�ient and fair data movement and best use of the resoures. Random aess to �lesand datasets by users ould easily destroy e�ieny or render sites inoperative and withthis in mind, we have takled the hallenge of oordination of data transfers.In this work, we spei�ally presented the arhiteture omponents and implementa-tion of a framework, in test mode in the STAR experiment, whih goal is to address theplanning hallenges of transfers over widely distributed resoures. Based on onstraintand mixed integer programming tehniques, the tool was designed to inorporate elementsto ahieve optimization, oordination and load-balaning. Its simple yet robust arhite-ture allows users to express their requests for �les via a Web interfae while a bak-endplanner and a set of data movers take are of the movement on the user's behalf. Withinour test example of moving �les to a single destination onsidering a dataset availablefrom multiple-soures, we have showed that our approah lead to an optimal plan thatis, produing the shortest possible makespan while ausing no load on any of the storagesystems by automatially load-balaning. With our model (showed to work in simulatedmode [10℄) and this proof of priniples, we are equipped with a orner stone funtionalarhiteture and we will pursue as next steps multi-users and multi-sites transfers.
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