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Předmluva

Hlavní náplní workshopu Doktorandské dny je prezentace práce doktorandů oboru
Matematické inženýrství doktorského studijního programu Aplikace přírodních věd, který
zajišťují katedry matematiky, fyziky a softwarového inženýrství v ekonomii na FJFI ve
spolupráci s podobně zaměřenými ústavy Akademie věd ČR. I proto je škála témat
příspěvků v tomto sborníku tak široká. Sahá od výpočetních metod pro řešení problémů
mechaniky kontinua přes statistickou analýzu dat, nestandardní reprezentace čísel či rov-
nice matematické fyziky až po rozpoznávání obrazu v biomedicínských aplikacích.
Letošní, již pátý ročník workshopu probíhá ve dnech 19. a 26. listopadu 2010 a koná se,

jako již tradičně, v prostorách FJFI. K jeho úspěšnému konání přispívá podpora Katedry
matematiky a Dopplerova ústavu pro matematickou fyziku a aplikovanou matematiku
při FJFI. Za finanční zabezpečení děkujeme také Studentské grantové soutěži při ČVUT
v rámci grantu SVK 15/10/F4.
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Kernel PCA in Alzheimer's Disease Diagnosis∗Jakub Adame
2nd year of PGS, email: adame
.jakub�email.
zDepartment of Software Engineering in E
onomyFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in E
onomy,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. The paper deals with the problem of automati
 identi�
ation of pa
ients withAlzheimer's disease. The identi�
ation pro
ess is based on data mining method using the KernelPCA algorithm. I determine the re
ommended value of parameter σ to the test data set of CTs
ans of the human brain, whi
h is 
ru
ial for the proper fun
tioning of the algorithm for thatproblem. Some results visualized using the programming environment MATLAB are presentedat the end of the 
ontribution.Keywords: data mining, kernel PCA, Alzheimer's Disease, MATLABAbstrakt. P°ísp¥vek se zabývá problémem strojové identi�ka
e pa
ient· s Alzheimerovou
horobou. Pro
es identi�ka
e je zaloºen na data miningové metod¥ vyuºívají
í algoritmu KernelPCA. Na mnoºin¥ testova
í
h dat CT snímk· mozku jsem ur£il doporu£enou hodnotu parametru
σ, který je klí£ovým pro správné fungování algoritmu pro danou úlohu. Nakone
 jsou prezen-továny výsledky vizualizované pomo
í programova
ího prost°edí MATLAB.Klí£ová slova: dolování dat, kernel PCA, Alzheimerova nemo
, MATLAB1 Introdu
tionData mining involves a wide range of methodologies for obtaining hidden and potentiallyuseful information from data sets. It is di�
ult to give 
lear guidan
e on the pro
ess ofdata mining.During the 90th years, data mining evolved into two general methodologies that atleast 
an be roughly des
ribed by the steps of SEMMA methodology (Sample, Explore,Modify, Model, Assess) and the CRISP-DM (CRoss-Industry Standard Pro
ess for DataMining). The 
ommon methodology is the essen
e of all sequen
e of several steps:1. Pra
ti
al (Business) - the role of formulation and understanding of the problem.Even the automati
 sear
h of knowledge 
an not be done 
ompletely blind.2. Data - sear
h for and preparation of data for analysis. Statisti
al algorithms usuallyrequire data ready in some form, and therefore 
an not be applied dire
tly to rawdata from databases.3. Analyti
al - sear
hing for information in the data and produ
ing statisti
al mod-els. These use a variety of methods from simple tabulation and visualization to

∗This work has been supported by the grant SGS 10/092/OHK4/1T/14.1



2 J. Adame
sophisti
ated approa
hes su
h as geneti
 programming. The most 
ommonly usedmethods, however, the logisti
 regression with automati
 variable sele
tion, de
isiontrees and neural networks. The output of this phase would be general knowledgeand mathemati
al models.4. Appli
ation - �ndings and models 
an be put into pra
ti
e.5. Control - the need for feedba
k and to 
he
k whether the model is not too aged andretains its e�e
tiveness.2 Theoreti
al Ba
kground2.1 Prin
ipal Component AnalysisPrin
ipal Component Analysis involves a mathemati
al pro
edure that transforms anumber of possibly 
orrelated variables into a smaller number of un
orrelated variables
alled prin
ipal 
omponents. The �rst prin
ipal 
omponent a

ounts for as mu
h of thevariability in the data as possible, and ea
h su

eeding 
omponent a

ounts for as mu
hof the remaining variability as possible. Depending on the �eld of appli
ation, it is alsonamed the dis
rete Karhunen�Loeve transform (KLT), the Hotelling transform or properorthogonal de
omposition (POD).PCA was invented in 1901 by Karl Pearson. Now it is mostly used as a tool in ex-ploratory data analysis and for making predi
tive models. PCA involves the 
al
ulationof the eigenvalue de
omposition of a data 
ovarian
e matrix or singular value de
ompo-sition of a data matrix, usually after mean 
entering the data for ea
h attribute. Theresults of a PCA are usually dis
ussed in terms of 
omponent s
ores and loadings.PCA is the simplest of the true eigenve
tor-based multivariate analyses. Often, itsoperation 
an be thought of as revealing the internal stru
ture of the data in a way whi
hbest explains the varian
e in the data. If a multivariate dataset is visualised as a setof 
oordinates in a high-dimensional data spa
e (1 axis per variable), PCA supplies theuser with a lower-dimensional pi
ture, a "shadow" of this obje
t when viewed from its(in some sense) most informative viewpoint.PCA is 
losely related to fa
tor analysis; indeed, some statisti
al pa
kages deliberately
on�ate the two te
hniques. True fa
tor analysis makes di�erent assumptions about theunderlying stru
ture and solves eigenve
tors of a slightly di�erent matrix.2.2 Kernel Prin
ipal Component AnalysisKernel Prin
ipal Component Analysis is an extension of prin
ipal 
omponent analysis(PCA) using te
hniques of kernel methods. Using a kernel, the originally linear operationsof PCA are done in a reprodu
ing kernel Hilbert spa
e with a non-linear mapping.Prin
ipal 
omponent analysis (PCA) proje
ts high - dimensional data onto a lower -dimensional subspa
e by seeking a linear 
ombination of a set of proje
tion ve
tors that
an best des
ribe the varian
e of data in a sum of squared - error sense. Kernel PCAextends the 
apability of linear PCA by 
apturing nonlinear stru
ture in the data, sin
e



Kernel PCA in Alzheimer's Disease Diagnosis 3a linear PCA performan
e in the feature spa
e 
orresponds to a nonlinear proje
tion inthe original data spa
e.For a set of data points xj ∈ ℜd, j = 1, ..., N, we map them into an arbitrary high- dimensional feature spa
e with the nonlinear fun
tion Φ : ℜd → F . The transformeddata are 
entered, i.e., the mean is 0. This 
an be a
hieved by using the substitute kernelmatrix,
k = k − 1Nk − k1N + 1Nk1N (2.1)where k = {k(xi,xj)} is the kernel matrix, k(xi,xj) = exp(−

‖xi−xj‖2

2σ2 ) and (1N)i,j =
1/N, 1N ∈ ℜN×N .Similar to linear PCA, the prin
ipal 
omponents are obtained by 
al
ulating the eigen-ve
tors e and eigenvalues λ > 0 of the 
ovarian
e matrix

∑

Φ =
1

N

N
∑

j=1

Φ(xj)Φ(xj)
T ,

λe =
∑

Φ
e. (2.2)By multiplying with Φ(xi) from the left and noti
ing that e =

N
∑

l=1

αlΦ(xl), straightfor-ward manipulation of Eq. 2.2 yields
λ

N
∑

l=1

αl(Φ(xl) ·Φ(xl)) =
1

N

N
∑

l=1

αl

(

Φ(xl) ·

N
∑

j=1

Φ(xj)

)

(Φ(xj) ·Φ(xl)). (2.3)for all l = 1, . . . , NUsing the kernel fun
tion, Eq. 2.3 
an be written as
λα = kα, (2.4)where α = (α1, . . . , αN )T . The a
hieved solutions must be normalized following the
ondition,

λi(αi · αi) = 1. (2.5)Given a new data point, its proje
tion 
an be 
al
ulated as
(αi · Φ(x)) =

N
∑

l=1

αilk(xl,x). (2.6)3 Implementation in MATLABMethod using kernel PCA algorithm is programmed in MATLAB programming environ-ment that allows easy entering and pro
essing of matrix 
omputations and their subse-quent visualization. Most interesting are the following two fun
tions.The �rst fun
tion prepares the matrix K - there is an important dependen
e on theparameter σ, whi
h a�e
ts the quality of the result set in next fun
tion.



4 J. Adame
1 fun
tion [
rit,Y,W,eff℄=KERNELPCAGAUSS(X,iseu
lid,sigma,beta,d,p)2 if iseu
lid3 m=size(X,1);4 K=zeros(m);5 for i=1:m-16 for j=i+1:m7 K(i,j)=norm(X(i,:)-X(j,:));8 K(j,i)=K(i,j);9 end10 end11 else12 K=X;13 end14 if sigma>015 if beta>016 K=1./(1+0.5/beta*(K/sigma).^2).^beta;17 else18 K=exp(-0.5*(K/sigma).^2);19 end20 else21 K=-K.^2;22 endThe se
ond fun
tion performs the a
tual 
al
ulation of the fun
tional value of PCA.The parameter σ is used in matrix K - see equation 2.1 vs. line 5.1 fun
tion [
rit,Y,W,eff℄=KERNELPCANALYZER(K,d,p)2 eps=1e-100;3 m=length(K);4 ONEM=ones(m)/m;5 K=K-ONEM*K-K*ONEM+ONEM*K*ONEM;6 [E,LAMBDA℄=eig(K);7 E=real(E);LAMBDA=real(LAMBDA);8 lambda=diag(LAMBDA);aaa=tra
e(K);9 U=[lambda E LAMBDA℄;10 U=sortrows(U,1);11 lambda=U(:,1);12 E=U(:,2:m+1);13 LAMBDA=U(:,m+2:end);14 eff=
umsum(lambda(end:-1:end-d+1)/(aaa+eps));15 W=[℄;16 for k=1:d17 W=[W E(:,end-k+1)/sqrt(LAMBDA(end-k+1,end-k+1)+eps)℄;18 end19 Y=K*W;



Kernel PCA in Alzheimer's Disease Diagnosis 520 Y=Y*diag(1./(std(Y)+eps));21 d
rit=
hi2inv(1-p,d);22 
rit=sum(Y.^2,2)>=d
rit;4 ResultsIn experiments I ivestigated that with in
reasing parameter σ in
ereases the number of
orre
tly 
lassi�ed patients. This growth is re�e
ted in the �gures below - initially in 2Dthen in 3D. It is obvious that in
reasing sigma value from some value do not in
rease thefun
tion value of PCA. Growth performan
e values stops for parameter sigma more than5000. For 
omparison, the last �gure shows the result with the σ = 0.
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Figure 1: 2D view, σ = 100 Figure 2: 2D view, σ = 200
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Figure 3: 2D view, σ = 500 Figure 4: 2D view, σ = 1000
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Figure 5: 2D view, σ = 5000 Figure 6: 2D view, σ = 104
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Figure 7: 2D view, σ = 106 Figure 8: 2D view, σ = 0

Figure 9: 3D view, σ = 100 Figure 10: 3D view, σ = 200
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Figure 11: 3D view, σ = 500 Figure 12: 3D view, σ = 1000

Figure 13: 3D view, σ = 5000 Figure 14: 3D view, σ = 104

Figure 15: 3D view, σ = 106 Figure 16: 3D view, σ = 0
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5 Con
lusionThe methodology allows to visually study the separation of patients with ALD fromnormal patients. The system 
an be set so that the �rst three 
omponents 
arry morethan 75% of information about all patients. The �rst three 
omponents do not allowlinear separation, but 
an be set so that the error rate is 10 − 25%, whi
h 
orrespondsto 
ommon 
lini
al pra
ti
e in the diagnosis. I assume, that in the future I will beusing linear 
lassi�ers working with more dimensions. I also assume that the appli
ationof 
luster analysis will allow me to distinguish several types of normality, respe
tivelyseveral types of dimension.Referen
es[1℄ N. Cristianini, J. Shawe-Taylor. An Introdu
tion to Support Ve
tor Ma
hines andOther Kernel-Based Learning Methods. Cambridge University Press, Cambridge,(2000).[2℄ K. Nováková. Vyuºití transforma
í pri rozpoznávání objektu. Diserta£ní prá
e, FJFI,�VUT, Praha, (2008).[3℄ B. S
holkopf, A. J. Smola. Learning with Kernels - Support Ve
tor Ma
hines, Reg-ularization, Optimization, and Beyond. The MIT Press, Cambridge, Massa
husetts,London, England, (2002).[4℄ R. Xu, D. Wuns
h. Clustering (IEEE Press Series on Computational Intelligen
e).Wiley-IEEE Press, (2008).



Modi�
ations of Hausdor� Distan
e asDissimilarity Measurement ToolsKamil Barbierik2nd year of PGS, email: kamil.barbierik�fjfi.
vut.
zDepartment of Software Engineering in E
onomyFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in E
onomy,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. Obje
t registration is a 
ommon problem in many �elds. Several methods forregistration have been developed to e�
iently register two sets on ea
h other. One approa
h isto use the Hausdor� distan
e to measure the degree of dissimilarity of two sets and minimize itin registration pro
ess. To in
rease the robustness of Hausdor� distan
e to noise and outliers,several modi�
ation of this measure were introdu
ed. This paper deals with three modi�
ations:Partial Hausdor� distan
e, Modi�ed Hausdor� distan
e, and lo
al Windowed Hausdor� distan
e,and dis
usses their properties and usability.Keywords: Set distan
e, Hausdor� distan
e, Hausdor� distan
e modi�
ations, partial HD, mod-i�ed HD, windowed HD, lo
al dissimilarity mapAbstrakt. S automatizovaným rozpoznávaním objektov sa uº v dne²nej dobe m�ºeme stretnú´v najr�znej²í
h odvetvia
h priemyslu, £i vedy. Za ú£elom £o najpresnej²ie identi�kova´ objekt, £iodli²nosti ur£itého objektu od daného vzoru, boli vyvinuté mnohé metódy, ktoré tento problémvia
 £i menej efektívne rie²ia. Jedným z prístupov k rie²eniu tohto problému je pouºitie metódzaloºený
h na Hausdor�ovej vzdialenosti (HD). Vzh©adom k extrémnej 
itlivosti HD na ²um, jevhodné uvaºova´ o modi�ká
iá
h tejto vzdialenosti, ktoré sú vo£i ²umu robustnej²ie a stabilnej²ie.Tento £lánok predstavuje 3 takéto modi�ká
ie, konkrétne sa jedná o �iasto£nú HD, Modi�kovanúHD a Okienkovú HD. Sú diskutované i
h vlastnosti a výhody. Nakonie
 sa £lánok zameriavanajmä na Okienkovú HD a lokálne vzdialenostné mapy, ktoré sú výsledkom merania vzdialenostiobjektov práve okienkovou HD a to v 2D a 3D.K©ú£ové slová: vzdialenos´ mnoºín, Hausdor�ova vzdialenos´, Modi�ká
ie Hausdor�ovej vzdi-alenosti, £iasto£ná HD, modi�kovaná HD, okienková HD, lokálna vzdialenostná mapa1 Introdu
tionNow days, the image re
ognition and registration is a 
ommon problem in many �eldsfrom �ow produ
tion where the quality of produ
ts may be 
ontrolled by a system basedon shape re
ognition, through satellite photographs enhan
ement, up to medi
al imagepro
essing. Espe
ially in medi
ine, the outputs of various diagnosti
 tools are 3D imageswhere registration of su
h data sets is very 
ommon problem. The term registration refershere to a transformation that maps the points of one 
oordinate system onto 
orrespond-ing points in another 
oordinate system. The purpose is to �t pi
tures of the same thing9



10 K. Barbierik
aptured by various te
hnologies on ea
h other. Thus, the resulting �multi� pi
ture pro-vides more information and helps do
tors with the diagnosis of potential disease. Otherappli
ation may be 
omparing probably si
k parts of body against healthy etalons. Again,registration of two images is ne
essary to help do
tors to dete
t 
hanges and interpretthem. The registration is always ne
essary, be
ause it is pra
ti
ally impossible to pla
ean examined patient in the same position every time and in every diagnosti
 tool. Whatis more, the human body is not a rigid stru
ture, but is subje
t to slight deformations
aused by heart beat, breathing, or other slight movements.Several methods for obje
t mat
hing and obje
t registration have been developed.They enable to determine the similarity between 
ompared obje
ts, and in the pro
essof registration minimize this dissimilarity. In this paper we introdu
e Hausdor� distan
e(HD) as a good tool for measuring degree of dissimilarity between two sets. Further,we dis
uss some modi�
ations of Hausdor� distan
e that improve its properties andperforman
e when 
onsidering real world noisy images. Although these alternations mayviolate some rules of well-mannered distan
e measure (a metri
), they generally yieldbetter results over degraded images where standard HD is unsuitable.1.1 Distan
e measureLet M be a set of points. In the following dis
ussion we assume an Eu
lidean metri
spa
e {M, ̺} where ~x, ~y ∈ M and metri
 ̺ is de�ned as follows:
̺(~x, ~y) =

√

√

√

√

r
∑

k=1

(xk − yk)2 (1)Equation (1) is a mathemati
al tool for expressing the distan
e between two elements ofmetri
 spa
e. In the following se
tions we present methods for determining the distan
ebetween two sets of elements. We mention trivial set distan
e measures, but due to theirin
apability to measure degree of mismat
h of two sets, we will not dis
uss them in detail.We rather fo
us on Hausdor� distan
e and its modi�
ations that have, on the 
ontrary,very good ability to measure dissimilarity of two sets, i.e. distan
e between two sets.Well-mannered measure of distan
e satis�es axioms of metri
: expli
itly identity,symmetry, and triangle inequality. It 
an be shown that only the Hausdor� distan
ein its basi
 not modi�ed de�nition satis�es all axioms under 
ertain general 
onditions(refer to [1℄, [2℄). To be exa
t, Hausdor� distan
e satis�es metri
 axioms over the setof all 
losed and bounded sets. Over su
h sets the Hausdor� distan
e is a metri
, andtherefore, has very favorable mathemati
al properties as a distan
e measure.From among 
losed and bounded sets we restri
t ourselves to �nite point sets. In thefollowing dis
ussion we will 
onsider only this subset, be
ause �nite point sets are very
ommon output of available te
hnologies for image 
apturing.1.2 Trivial set distan
e measuresTrivial measures between two sets are nearest points distan
e, farthest points distan
e, or
enter of gravity distan
e. These measures of set distan
e are not metri
s, be
ause they
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 axioms, and also, they have a very limited dis
riminatory power,so they are unusable in determining the degree of dissimilarity of two sets. However, theymay have some useful properties in some appli
ations. They are very easy to implementand algorithms using these measures take relatively small 
omputation times.2 Hausdor� distan
eHausdor� distan
e is a max-min distan
e de�ned by the following de�nition.De�nition: Let {M, ̺} be a metri
 spa
e where M is a �nite set of points, and metri

̺ is de�ned by equatoin (1). Let A = {~a1, . . . , ~ap} and B =

{

~b1, . . . , ~bp

} be two subsetsof M . We de�ne Hausdor� distan
e H(A, B) by:
H(A, B) := max

{

max
~a∈A

min
~b∈B

̺
(

~a,~b
)

, max
~b∈B

min
~a∈A

̺
(

~a,~b
)

} (2)Note: The de�nition of Hausdor� distan
e 
an be derived by a series of steps naturallyextending the distan
e fun
tion ̺ in the underlying metri
 spa
e {M, ̺} as follows: Let
{M, ̺} be a metri
 spa
e. Given ~a ∈ M and non-empty set B ⊂ M we de�ne a distan
e
dist (~a, B) between point ~a and the set B by:

dist (~a, B) := min
~b∈B

̺
(

~a,~b
) (3)Using this distan
e we de�ne h (A, B), the distan
e between A and B where A, B ⊂ M :

h (A, B) := max
~a∈A

dist (~a, B) (4)
h (A, B) is 
alled the dire
ted Hausdor� distan
e. If A and B are 
ompa
t sets, then
h (A, B) will be �nite. Triangular inequality property of h (A, B) is inherited from metri

̺. Dire
ted Hausdor� distan
e is not a metri
 yet be
ause although fa
t that A = Bimplies h (A, B) = 0, h (A, B) = 0 does not imply that A = B. h (A, B) = 0 only impliesthat A ⊆ B. What is more, dire
ted Hausdor� distan
e does not obey even the symmetryproperty of metri
. To be pre
ise, h (A, B) is not always equal to h (B, A). However, we
an 
reate a metri
 using the dire
ted Hausdor� distan
e by de�ning undire
ted distan
e
alled Hausdor� distan
e as follows:

H (A, B) := max {h (A, B) , h (B, A)} (5)Hausdor� distan
e is a very powerful tool for measuring dissimilarity between twosets. The set 
an represent some graphi
s in 2D or various 3D pi
tures in medi
ine,for instan
e 
aptured by te
hnologies like MRI or CT. Using Hausdor� distan
e, we
an measure a degree of mismat
h between two obje
t shapes very pre
isely. Unlikefeature based methods, Hausdor� distan
e is zero if and only if the shapes of obje
ts areexa
tly the same and in
reases with growing dissimilarity. What is more, if we need tominimize the Hausdor� distan
e over the spa
e of some transformation parameters, any
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t (rotation, a�ne transform. . . ) 
an be taken into 
onsideration.An advantage is also the possibility of independently using the undire
ted distan
es thatHausdor� distan
e is 
omposed of.On the other hand, the major disadvantage is 
omputation burden of dis
ussed mea-sure. H (A, B), where A, B are two sets of size p, q 
an be trivially 
omputed in time
O (pq). In the last de
ades several methods have been proposed that allow speeding upthe 
omputation. By approximation of obje
ts by polygons, for instan
e, the 
omputationtime 
an be improved to O ((p + q) log (p + q)) [3℄.Besides 
omputation troubles, there is another fa
t that is ne
essary to take into
onsideration. As was mentioned above, Hausdor� distan
e measures di�eren
e betweentwo sets very pre
isely. Consequently, it is extremely sensitive to outliers. Therefore,if we want to obtain satisfa
tory results, measured sets have to be without any randomdisturban
e or noise, what is di�
ult to a
hieve in the real world. Hausdor� distan
e asde�ned by eq. (2) or (5) is not 
apable to distinguish between what are data of interestand what is a noise. It simply pro
esses noise as it was a part of pro
essed set. Withoutany additional information about noise or the set itself and without any modi�
ation tothe measure, the resulting distan
e between sets 
an di�er from an intuitive notion.Imagine a situation as �gure 1 shows, where we have a noise-free etalon (model set),and we want another set to 
ompare to it. The other set is identi
al with the etalon buthas a random dot far away from it in a distan
e d. The result of 
omparison of su
h setsusing standard Hausdor� distan
e will be highly disappointing. Instead of zero, or atleast distan
e very 
lose to zero, we will re
eive distan
e d.

Figure 1: Two sets with Hausdor� distan
e dIn the real world, data sets re
eived from various sensors are always disturbed bynoise whi
h is random in most 
ases. As we have just shown, the Hausdor� distan
e inits standard form is generally not suitable as dissimilarity measure of su
h noisy sets.Therefore, for the real world shape mat
hing it is ne
essary to modify the Hausdor�distan
e in a way to make it more robust and stable to noise and outliers.Some modi�ed Hausdor� distan
es have already been proposed to a
hieve the goal.However, modi�
ations of Hausdor� distan
e 
an 
ause violation of 
ertain axioms ofmetri
. Consequently, the modi�ed Hausdor� distan
e may no longer be a metri
. Insupport of more robust measure this is not a big trouble while the new modi�ed distan
e
orresponds with an intuitive notion of shape resemblan
e. In the next se
tions we willdes
ribe these modi�
ations and dis
uss their properties.
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ations of Hausdor� Distan
e3.1 Partial Hausdor� distan
ePartial Hausdor� distan
e was proposed by Huttenlo
her et al. in [4℄. He extended thede�nition of Hausdor� distan
e to enable 
omparison of obje
ts that are partially hiddenfrom the view. It has been shown by many experiments that the partial Hausdor� distan
eyields good results also for mat
hing binary sets disturbed by impulse noise.Consider the partial Hausdor� distan
e h (A, B) from set A to B where p, q are num-bers of elements of the sets and dist (~a, B) is de�ned by eq. (3). The 
omputation of su
hdistan
e rank all points from set A by a distan
e to the nearest point of set B. PartialHausdor� distan
e as de�ned by eq. (4) determines the distan
e by the largest rankedelement of set A. When instead of taking the largest ranked element, we take the Kthranked element of A, where 1 ≤ K ≤ p, to determine the distan
e from A to B, we re
eivethe de�nition of partial dire
ted Hausdor� distan
e as Huttenlo
her et al. proposed it:
hK (A, B) := Kth

~a∈Adist (~a, B) (6)That is, for ea
h element of A, the distan
e to the nearest element of B is 
omputed andthen the elements of A are ranked a

ording to the respe
tive values of this distan
e.The Kth ranked distan
e d expresses that K of the elements of set A are ea
h withina distan
e d of some point of B. When we put K = p, we get the standard dire
tedHausdor� distan
e h (A, B).The K value is an input parameter for the 
omputation. The range of possible valuesis dependent upon the number of set elements. To generalize this input argument it isbetter to spe
ify some fra
tion x, where 0 ≤ x ≤ 1. Subsequently, K 
an be 
omputedby K = ⌊xp⌋. The notation of dire
ted distan
e using generalized input argument in aform of fra
tion or per
entage 
an look like:
hx (A, B) := xKth

~a∈Adist (~a, B) (7)Dire
ted partial Hausdor� distan
e as de�ned by eq.(6) or (7) has a ni
e property ofautomati
ally sele
ting the best mat
hing points of A. Thus, it is not required to spe
ifywhi
h part of the set A is to be 
ompared to the set B. Computation of h (A, B) deter-mines the distan
es from elements of A to the nearest points from B and after ranking,the K nearest elements are taken under 
onsideration.Undire
ted partial Hausdor� distan
e is naturally de�ned as:
HK,L (A, B) := max {hK (A, B) , hL (B, A)} (8)3.2 Modi�ed Hausdor� distan
eModi�ed Hausdor� distan
e (MHD) was proposed by Dubuisson and Jain in [5℄. They
ompared 24 di�erent undire
ted distan
e measures based on Hausdor� distan
e andtested them for mat
hing two obje
ts based on their edge points. Tested measures were
reated by 
ombining 6 di�erent dire
ted distan
es hi (A, B) with 4 fun
tions fj (A, B)providing undire
ted resulting distan
e. Dubuisson and Jain 
on
lude that the proposedMHD yields the best results in obje
t mat
hing among all tested measures. Moreover, ithas the following desirable properties:
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• The value of measure in
reases as the degree of mismat
h is growing.
• It is robust to outliers that might result from segmentation errors.MHD proposed in their paper uses the following dire
ted distan
e

h (A, B) :=
1

p

∑

~a∈A

dist (~a, B) (9)and the fun
tion that 
ombines two dire
ted distan
es in order to re
eive undire
teddistan
e measure
f (A, B) := max {h (A, B) , h (B, A)} (10)3.3 Windowed HDIn January 2007 in a preprint and later published in [6℄ a new approa
h was proposedfor determining dissimilarity between two sets using Hausdor�-like distan
es. While pre-vious and other modi�
ations of Hausdor� distan
es were global and ex
ept the 
lassi
alHausdor� distan
e and the MHD required some input arguments, the windowed Haus-dor� distan
e operates lo
ally and does not require any input parameters. Furthermore,while the global ones produ
e only one number that expresses the dissimilarity betweentwo sets, the windowed Hausdor� distan
e produ
e a dissimilarity map where lo
al mis-mat
hes 
an be examined. The main idea of windowed Hausdor� distan
e is to de�nesome window, moving it over two sets, 
ounting the Hausdor� distan
e within the windowand re
ord the results into dissimilarity map. Thus, the windowed Hausdor� distan
e
ould be naively de�ned by applying the global Hausdor� distan
e within a window:

Hw (A, B) := max {hw (A, B) , hw (B, A)} (11)where
hw (A, B) := max

~a∈A∩W

(

min
~b∈B∩W

̺
(

~a,~b
)

) (12)This de�nition is naive, be
ause it does not take into a

ount the possibility that there
ould be no elements or elements of only one of two sets in the window W . What isthe distan
e in those 
ases? Furthermore, it is ne
essary to assure that the distan
ebe 
oherent when the window is moved or resized, whi
h is not the 
ase in this naivede�nition. To eliminate these negative fa
ts, the naive windowed Hausdor� distan
ede�nition should be modi�ed so that it respe
ts the following prin
iples:
• The distan
e value should not de
rease if the window size is enlarged.
• The distan
e values obtained in di�erent 
ases (representative of one set in thewindow, representatives of two sets in the window. . . ) shall be 
onsistent so as tohave smooth transition when the window is modi�edThe improved de�nition, whi
h takes into a

ount the previous prin
iples, involvesthree di�erent dire
ted Hausdor� distan
es, whi
h supplies three possible 
ases of presen
e
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e as Dissimilarity Measurement Tools 15of set points in the window. It makes use of the distan
e to the frontier Fr (W ) of thewindow W . In this dis
rete 
ase we 
onsider that the frontier Fr (W ) is between theelements. For example the frontier of the ball B (x, n) is the line between B (x, n) and
B (x, n + 1) \B (x, n). The distan
e of a point x ∈ B(x, n) to the frontier is equal to thedistan
e to the elements just behind the frontier.De�nition: Let A, B be two bounded sets of R

r. Hw(A, B) = max {hw(A, B), hw(B, A)}where:
• If A ∩ W 6= ∅ ∧ B ∩ W 6= ∅

hw (A, B) := max
~a∈A∩W

[

min
~b∈B∩W

̺
(

~a,~b
)

, min
~w∈Fr(W )

̺ (~a, ~w)

] (13)
• If A ∩ W 6= ∅ ∧ B ∩ W = ∅

hw (A, B) := max
~a∈A∩W

[

min
~w∈Fr(W )

̺ (~a, ~w)

] (14)
• If A ∩ W = ∅

hw (A, B) := 0 (15)Note that a

ording to this new de�nition it is possible to measure the windowed Haus-dor� distan
e even if the window 
ontains no element or elements of only one set. In 
asethere is no point of A nor of B in W , both dire
ted distan
es hw(A, B) and hw(B, A) areequal to zero, and therefore, the global distan
e Hw(A, B) is zero too. In 
ase there isexa
tly one set without point in W , one of two dire
ted distan
es is equal to zero andthe expression of the other one takes into a

ount the distan
e to the border of W .3.3.1 Properties of windowed Hausdor� distan
e
• Symmetry and non-negativity (by de�nition)
• IdentityLet A, B be a bounded sets of points of R

r. Let W be a 
onvex 
losed subset of
R

r. Hw(A, B) = 0 ⇔ A ∩ W = B ∩ W

• BoundaryLet ~x ∈ R
r and r > 0. Let de�ne W = B (~x, r) then Hw(A, B) ≤ H(A, B).

• GrowthLet V = B ( ~xv, rv) and W = B ( ~xw, rw) be two 
losed balls su
h as V ⊂ W . Then
Hv(A, B) ≤ Hw(A, B)



16 K. BarbierikThese properties ensure that the value measured in the window does not de
rease whenthe window is enlarged. As the window W slides all over two sets, the values in the pro-du
ed dissimilarity map will remain between 0 and H(A, B). The properties of boundaryand growth give a frame to an optimum window-size-
riterion de�nition. In [6℄ it isshown that the window W = B (~x, r) gives a lo
al measure when the Hausdor� distan
ein this window is maximum i.e. HB(~x,r)(A, B) = r > 0. This maximum value is rea
hedonly if exa
tly one element of A is in the 
enter of the window and no B elements arewithin it. The maximum lo
al measure for �xed ~x is the biggest possible r > 0 where
HB(~x,r)(A, B) = r. The maximum lo
al measure is the distan
e from the 
entral point ofwindow for instan
e ~a ∈ A to the nearest point of the other set: rm = dist (~a, B). Themaximum lo
al measure 
entered in general point ~x 
ould be 
omputed and re
orded tothe lo
al distan
e map by the following te
hnique.3.3.2 Lo
al distan
e mapDe�nition: Let A and B be two non-empty �nite sets of points of R

r and let ~x ∈ R
r,the lo
al distan
e map LDMap (~x) is de�ned by:

LDMap (~x) = |IA (~x) − IB (~x)|max {dist (~x, A) , dist (~x, B)} (16)where IA (~x) is equal to 1 if ~x ∈ A and 0 otherwise.The maximum value in the LDMap is the Hausdor� distan
e H(A, B). This value ispresent in the map at least on
e. Figure 2 shows 2D lo
al distan
e map of two brainssli
es 
ut at the same level.
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es of two brains (left, right) and sli
e of 
orresponding 3D LDMap (
enter)
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e as Dissimilarity Measurement Tools 17Lo
al distan
e map 
an be visualized also for 3D images as shown in �gure 3.

Figure 3: Brain 3D SPECT images and their LDMap4 Con
lusionThe methods mentioned in this paper have been examined deeply over 2D images. Ithas been proved by many experiments that they are relatively robust and stable to noiseand outliers. Also, e�e
tive algorithms have been developed, whi
h redu
es the 
ompu-tation time and save memory. We extended the last mentioned method WHD to thirddimension and we generated a 3D LDMap showing the usability of Windowed Hausdor�distan
e in medi
ine. The 3D LDMap highlights lo
al dissimilarities between two humanorgans, whi
h 
an be helpful for do
tors when trying to dete
t abnormalities. In the fur-ther resear
h, these LDMaps will be examined in more detail and utilized for automati
identi�
ation of Alzheimer disease.A
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troni
s, Fa
ulty for Nu
learS
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. Laser plasma simulations are well modelled by Lagrangian hydrodynami
al equationswith heat 
ondu
tivity and laser absorption in
luded. Pure Lagrangian simulation, however,may su�er from severe mesh distortion whi
h 
an 
ause the failure of the 
omputation. Thisdi�
ulty is over
omed with the use of an Arbitrary Lagrangian Eulerian method, treating thehyperboli
 hydrodynami
al part of the model. The paraboli
 heat 
ondu
tivity part is treatedby splitting and mimeti
 method. A simulation of laser and material intera
tion demonstratesthe usefullness of the method.Keywords:Abstrakt. Simulá
ia laserovej plazmy je typi
ky modelovaná prostrední
tvom Lagrangeovský
hhydrodynami
ký
h rovní
 s dodato£nými £lenmi pre tepelnú vodivos´ a absorp
iu laseru. �istoLagrangeovská simulá
ia v£ak m�ºe trpie´ váºnymi poru
hami sie´ky, £o dokáºe zaprí£ini´ zly-hanie výpo£tu. Tento problém sa dá prekona´ pouºitím ALE metódy pre výpo£et hyperboli
kejhydrodynami
kej £asti modelu. Paraboli
ká £as´ pre tepelnú vodivos´ je rie²ená prostrední
tvomsplitting metódy a mimeti
kej metódy kone£ný
h diferen
ií. Pouºite©nos´ metódy je ilustrovanána simulá
ii interak
ie laserového zväzku s 
ie©ovým materiálom.K©ú£ové slová:1 Introdu
tionThe Arbitrary Lagrangian Eulerian methods are a popular group of methods for sim-ulation of 
ontinuum me
hani
s problems where the laser plasma simulation belongs.Compressible laser plasma typi
ally in
ludes regions of high 
ompression and large ex-pansion whi
h require treatment by Lagrangian hydrodynami
s, with heat 
ondu
tivityand laser absorption in
luded, allowing large s
ale 
hanges of the 
omputational domain.The 
omputational mesh with the boundaries and boundary 
ondition is �xed to the �uidand moves with the �uid. In some 
ases, e. g. in problems solving shear �ows, however,the moving mesh 
an degenerate and be
ome invalid with inverted 
ells when some node
rosses the opposite edge of the same 
ell.Therefore, the hyperboli
 part of the model (hydrodynami
s) is treated by the Ar-bitrary Lagrangian Eulerian (ALE) method whi
h avoids moving mesh distortion andparallelized by means of the OpenMP library. The ALE method is a 
ombination ofLagrangian and Eulerian methods and 
onsists of three phases, the standard Lagrangian19
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omputation, rezoning, and remaping. The rezoning is a simple mesh modi�
ation inorder to repair di�erent lo
al degenerations, while the remapping 
orresponds to theEulerian part of the ALE method and allows the mass �ux between 
ells.The paraboli
 part of the model (heat 
ondu
tivity) is treated by splitting by animpli
it mimeti
 �nite di�eren
e method. Heat 
ondu
tivity is presented in 
lassi
alSpitzer-Harm form and the heat 
ondu
tivity 
oe�
ient is a non-linear fun
tion of thetemperature. The mimeti
 method works well on bad quality meshes, appearing in theLagrangian simulations where non-linear heat 
ondu
tivity e�e
ts like heat waves ordis
ontinous di�usion 
oe�
ient 
an be observed. Methods used to solve the paraboli
part of the model are parallelized by means of the LAPACK library whi
h gives thepossibility to perform linear algebra 
al
ulations in parallel, espe
ially to obtain thesolution of a tridiagonal matrix in parallel.For the laser absorption there is presented a model where the laser is absorbed on
riti
al surfa
e. Under the term 
riti
al sufa
e there is understand a surfa
e where the
riti
al density is rea
hed.2 ALE MethodFor 
ompressible �uid �ow with heat 
ondu
tivity and laser absorption the Euler equa-tions in Lagrangian 
oordinates 
an be written in form
dη

dt
= ~vS, (1)

d~v

dt
= −pS , (2)

dε

dt
= −p~vS − WS − LS, (3)where t stands for time, η = 1/ρ, ρ is density, v velo
ity, p pressure, ε spe
i�
 internaldensity, W is heat �ux, and �nally, L is energy �ux density of laser radiation. Equationsexpress 
onse
utively law of 
onservation of mass, law of 
onservation of momentum, andlaw of 
onservation of energy.Additionaly, the system is supplemented with the equation for mesh movement

d~x

dt
= ~v, (4)where ~x represents the position ve
tor.Finally, the system is 
ompleted with the equations of state (EOS) as fun
tions p =

p(ε, ρ), T = T (ε, ρ). For the ideal gas they have the form
p = ερ(γ − 1) (5)
T =

A

Z + 1

p

cpρ
, cp =

kB

mu

(6)where γ is heat 
apa
ity ratio, Z degree of ionization, A atomi
 (proton) number, kBBoltzmann 
onstant and mu = 1, 6605.10−24g atomi
 mass unit.
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Figure 1: Cell geometry. A quadrilaterall 
ell divided into 4 subzones by 
onne
ting the
ell 
enter with the edge 
enters.The system of equations (1), (2), (3) is split into hyperboli
 part 
ontaining Lagrangianhydrodynami
al equations and laser absorption
dη

dt
= ~vS (7)

d~v

dt
= −pS (8)

dε

dt
= −p~vS − LS (9)and into paraboli
 part 
ontaining equation for heat 
ondu
tivity

dε

dt
= −WS − LS . (10)2.1 Lagrange stepThe Lagrangian hydrodynami
al equations are numeri
ally treated in two-dimensionaldomain on quadrilateral, logi
ally re
tangular 
omputational mesh by means of 
ompat-ible staggered dis
retization [4℄. This dis
retization pla
es s
alar quantities (ρ, ε, p, T )into the mesh 
ells and ve
tor quantities (~v,~x) into mesh nodes. Ea
h quadrilateral 
ell,zone, is divided into 4 subzones by 
onne
ting the 
ell 
enter with the edge 
enters asshown in Figure 1.As it was mentioned, the mesh movement satis�es the equation (4) whi
h 
an bedis
retized in the form
d~xn

dt
= ~vn (11)for ea
h node n. After the mesh movement the density 
an be 
al
ulated in standard wayas

ρc =
mc

Vc

, ρs =
ms

Vs

(12)
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h 
ell c and subzone s, and seeing the Lagrangian assumption that the mass doesnot �ow through the mesh and submesh edges, the mass of ea
h 
ell and subzone remains
onstant.The dis
rete law of 
onservation of momentum (2) at node n 
an be written as
mn

d~vn

dt
= ~Fn =

∑

c(n)

~Fc(n),n (13)where ~Fc(n),n is the for
e from the 
ell c (neighboring the node n) to the node n, and ~Fn isthe total for
e from all four 
ells in the neighborhood of the node n a�e
ting the node n.For
es ~Fc(n),n are 
omposed of zonal pressure for
e ~F p
c(n),n, subzonal pressure for
e ~F dp

c(n),n,and arti�
ial vis
osity for
e ~F q
c(n),n

~Fc(n),n = ~F p
c(n),n + ~F dp

c(n),n + ~F q
c(n),n. (14)The for
es ~Fc(n),n are used also in dis
retization of law of 
onservation of energy (3)

mc

dεc

dt
= −

∑

n(c)

~Fn(c),c~vn(c), (15)where n(c) represents a node in the neighborhood of the 
ell c, and ~Fn(c),c is the for
efrom node n (neighboring the 
ell c) a�e
ting the 
ell c. This guarantees 
onservation ofthe total energy [4℄.The vis
osity for
e term ~F q
c(n),n in (14) 
an be expressed by means of several vis-
osity types. One of the simplest arti�
al vis
osity is a simple bulk vis
osity based onKuropatenko formula [5, 11℄. Another forms of vis
osities that 
an be used are edgevis
osity [5℄ and tensor vis
osity [3℄.The system of ordinary di�erential equations (11), (13), (15), where the mass is 
on-served due to Lagrangian assumptions, represents the spatial dis
retization of the systemof hydrodynami
al equations. In addition, the system is also dis
retized by means of apredi
tor-
orre
tor se
ond order method for all nodes and all 
ells in time.2.2 Laser absorptionIn the energy equation (9) there is a term L representing the energy transfered to thesystem be
ause of the absorption of the laser radiation. It is assumed in the form

L = div~I,where ~I represents the laser intensity. The laser is absorpted only at a 
riti
al surfa
ewhi
h is the isosurfa
e with a 
riti
al density
ρc = 1, 86 · 10−3 A

Zλ2
µ

,where A is atomi
 (proton) number, Z degree of ionization, and λµ laser wavelength in
µm.
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al Solution of Laser Plasma Hydrodynami
s 23The intensity in pla
es of material with sub
riti
al density is given by laser radialand temporal Gaussian pro�les. Behind the 
riti
al surfa
e the laser intensity is zero.The (x, y) 
omponents of laser intensity are proje
ted on the edge normals at the edgemidpoints and divergen
e of the intensity approximated by the standard formula derivedfrom Green's theorem.2.3 Heat 
ondu
tivityThe paraboli
 part of the system, the equation for heat 
ondu
tivity, is assumed in theform
dT

dt
= ∇.(κ∇T ), (16)where κ stands for heat 
ondu
tivity, and the term∇.(κ∇T ) represents the heat �ux. Theequation is treated after ea
h Lagrangian step by a s
heme fully impli
it in time whi
hallows the timestep to be equal to the timestep of the hyperboli
 system. Operatorsof divergen
e and gradient are dis
retized by a mimeti
 �nite di�eren
e method [12℄,leading to a system with a symmetri
 positive de�nite matrix whi
h is solved by 
onjugategradient method.2.4 Rezoning and remappingAllowing the mesh to move, it 
an be
ome strongly deformed, and these deformationsneed to be improved. The rezoning phase of the ALE algorithm, whi
h 
overs meshsmoothing and untangling, is a way how to repair these mesh distortions. However,be
ause of remapping, it is ne
essary to move only the vertexes whi
h have to be moved,and as little as possible. There exist several methods for rezoning, the 
ombination of afeasible set method and global optimization [14℄ or referen
e Ja
obian method [9℄. Thealgorithm used in our ALE 
omputation is the Winslow smoothing method [16℄.In the remapping phase of the ALE method there is performed a 
onservative in-terpolation of 
onserved quantities from the original, the old Lagrangian mesh to thenew, smoother one. It is required this pro
edure 
onserves the mass, ea
h 
omponentof the momentum, and the total energy. Furthermore, the monotoni
ity, or at least thelo
al bounds, for density, velo
ity and spe
i�
 energy have to be preserved, and also theremapping should be as a

urate as possible. All these 
an be a
hieved by a methodwhi
h, �rst, performs a pie
ewiese linear re
onstru
tion [1℄ of 
onserved quantities, thenintegrates the re
onstru
tion [10, 6℄ over regions swept by edges as the edges move fromold mesh to the new one, and �nally, 
orre
ts (repairs [10, 13℄) possibly 
reated newextrema, whi
h does not preserve the lo
al bounds, by redistribution to the neighbouring
ells.Other te
hniques almost always need to have satis�ed all the imposed requirements.They 
an 
ombine a low-order inter
ell �uxes (whi
h preserve lo
al bounds by default)with a higher-order (generally un
onstrained) �uxes. An example 
an be seen in [15℄.
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al example there is presented a laser and material intera
tion simulationfrom laser plasma physi
s performed at Prague Asterix Laser System (PALS) fa
ility.A massive alluminium target is irradiated from the top by intensive laser beam pulse.The laser beam is operating at the energy 115 J with the wavelength λ = 438 nm andpulse length 300 ps. The simulation starts at the moment of impa
t and 
ontinues tillthe simulation time t = 10 ps as 
an be seen on Figure 2.

Figure 2: Simulation of material irradiation by intensive laser beam pulse. On the top-left pi
ture there 
an be seen density of the massive target just before the impa
t t = 0,on the top-right at time t = 4 ps, then at time t = 7 ps on the bottom-left, and �nally,at time t = 10 ps on the bottom-right pi
ture. The 
olormap displays the density rangefrom 0 to 16 g.cm−3.In pure Lagrangian simulation the 
omputation fails very soon due to fatal meshdistortion, however, with the ALE algorithm, the mesh smoothness is preserved, andthe 
omputation 
an 
ontinue till the �nal time. The smoothing was performed withweighted-average rezoning and remapping with pie
e-wise linear interpolation with re-pairing.After the laser impa
t, the massive target starts to 
ompress itself whi
h leads to itstemperature in
rease and material evaporation. Part of the material be
omes ionized andforms an expanding plasma 
orona. A 
rater is formed in the massive target, representingthe interfa
e between liquid and gas phase. Later in time, the 
rater stops in furthermovement, while a sho
kwave formed at the solid-liquid phase interfa
e is still propagatingdeeper in the target material.
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s 254 Con
lusionsAn arbitrary Lagrangian Eulerian algorithm has been developed in order to simulate dif-ferent laser plasma problems. The algorithm is developed on logi
ally orthogonal 2D grid,and in
ludes pure Lagrangian 
al
ulation with heat 
ondu
tivity and laser absorption fol-lowed by mesh rezoning and remapping pro
edure. It has been applied to a simulation,laser and material intera
tion problem, inspired by the experiment performed at the PALSfa
ility. The Lagrangian 
al
ulation without the ALE extension was unable to 
al
ulatethe solution due to severe mesh distortions, while the 
omplete ALE simulation providesreasonable results what demonstrates the usefullness of the algorithm.A
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lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in E
onomy,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. This arti
le des
ribes a fuzzy image pro
essing method whi
h 
an serve as a potentialdiagnosti
 tool for Alzheimer's disease. We have set up a sequen
e of several image-pro
essingpro
esses based on morphologi
al fuzzy edge dete
tion followed by watershed segmentation.Then we undertook an analysis of nilpotent t-norms forming the edge dete
tors and the param-eter of Gaussian �lter, and in the end we 
arried out an statisti
al evaluation of segments ofhuman brains images. Our goal was to demonstrate the usefulness of the �ukasiewi
z BL-algebrain feature extra
tion of 3D biomedi
al images by using enhan
ed methods of image morphology.Keywords: image pro
essing, fuzzy logi
, watershed transformation, Alzheimer's diseaseAbstrakt. Tento £lánek popisuje metodu fuzzy zpra
ování obrazu, která má poten
iál slouºitjako diagnosti
ký nástroj pro Alzheimrovu 
horobu. Navrhli jsme poslouponost n¥kolika pro-
es· zaloºený
h na fuzzy detek
i hran pomo
í morfologi
ký
h operátor· a segmenta
i obrazu.Poté jsme analyzovali nilpotentní normy, které tvo°í základ pro hranové detektory a parametrGaussova �ltru. Nakone
 jsme statisti
ky vyhodnotili po£ty získaný
h segment· z obraz· lid-ský
h mozk·. Na²im 
ílem bylo demonstrovat uºite£nost �ukasiewi
zovy BL-algebry p°i extrak
irys· 3D biomedi
ínský
h obraz· za pouºití roz²í°ený
h morfologi
ký
h metod.Klí£ová slova: zpra
ování obrazu, fuzzy logika, transforma
e pomo
í rozvodí, Alzheimerova
horoba1 Introdu
tionAlzheimer's disease (AD) is the most frequent degenerative dementia. Despite importantprogress in the �eld of neurology and neuros
ien
es during the last years, its diagnosisremains, however, based essentially on 
lini
al appre
iation. Current diagnosti
 
riteriarea
h sensitivity and spe
i�
ity about maximally 80-87 %.The prin
ipal idea of our resear
h takes advantage of the medi
al �nding that a�e
tedbrains are usually 
hara
terized by a di�erent stru
ture of gray and white matter. Hen
e,we predi
ted that we would get a di�erent number of segments after applying some 
onve-nient segmentation methods. To a
hieve this goal, we had to set up an image-pro
essing27



28 T. B¥lí£ekpro
edure 
onsisting of appropriate fun
tions. The edge dete
tion was based on morpho-logi
al fuzzy operators in 
oordination with transformations of the image 
ontrast, whileoperators were taken from the Lukasiewi
z BL-algebra.2 Edges and nilpotent t-normsAs we have mentioned, the edge dete
tors in our pro
ess make use of fuzzy logi
. Ourapproa
h is based on t-norms [6℄ and [1℄, but we di�er in results via generator theory. Thenovel de
omposition of edge de
omposition is based on in
reasing bije
tion transform asintensity prepro
essing and the absen
e of inverse transform. Speaking more a

urately,the dete
tors are built of fuzzy operators from BL-algebras generated by nilpotent t-norms. Every standard BL-algebra is a standard residuated latti
e [3℄ and [2℄, with twomore axioms:
x ∧ y = x ⊗ (x → y) (1)

(x → y) ∨ (y → x) = 1 (2)for all x, y, z ∈ [0, 1] and it is formed by L = 〈[0, 1],∨,∧,⊗,→, 0, 1〉 where ⊗ representsa t-norm and → 
orresponds to residuum. The word 'standard' means that we operateover BL-algebras having a support in the real interval [0; 1]. Similar utilization 
an befound in [8℄,[9℄ and [10℄.We 
hose the BL-algebra be
ause it is suitable for our gray-s
ale images where in-tensities �ow between 0 and 1 and its logi
 operations produ
e the desired behavior,
on
retely speaking they 
ontribute by suppressing and heightening spe
i�
 edges andareas in images.Every t-norm de�nes its BL-algebra and its derived operators su
h as addition, sub-tra
tion or biresiduum, 
auses di�erent behavior on systems where it is used. We fo
usedon a subset of nilpotent t-norms in our appli
ation of edge dete
tor and we �gured outseveral dete
tors. Inspirative results were taken from [14℄ or [13℄. The main goal was toprove that every formula from a general BL-algebra generated by a nilpotent t-norm isequivalent to the same formula expressed in the �ukasiewi
z BL-algebra and the bije
tion
φ. Let us say that every fun
tion F : [0, 1]n → [0, 1] is a formula realized in some BL-algebra if it is 
ombined ex
lusively by operators from the same BL-algebra or by theirderived operators. We 
an say that every formula realized in some BL-algebra generatedby a nilpotent t-norm 
an be expressed by the same formula realized in the �ukasiewi
zBL-algebra and a bije
tion φ.

L1 is a standard BL-algebra generated by a nilpotent 
ontinuous t-norm. L2 is astandard �ukasiewi
z BL-algebra. Let ϕ : [0, 1] → [0, 1] be an in
reasing bije
tion,
F : [0, 1]n → [0, 1] and ~x = (x1, . . . , xn), where n ∈ N. If F1 is F realized in L1 then

F1(~x) = ϕ−1(F2(ϕ(x1), . . . , ϕ(xn))), (3)
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al Analysis of 3D Images in Diagnosis of Alzheimer's Disease 29where F2 is F realized in L2.For the purposes of BL-algebra appli
ation in image pro
essing, we always work withsome volume element (voxel) and its neighborhood in a 3D image matrix. We de�nea fun
tion built of BL-algebra operators, whi
h transform the intensity of a voxel withregard to intensities of neighboring voxels. We de�ne the voxel neighborhood of a given
entral voxel Vu,v,w from a 3D image I as
NR(Vu,v,w) = {Vi,j,k ∈ I : |u − i| ≤ R ∧ |v − j| ≤ R ∧ |w − k| ≤ R},where R ∈ N0. Generally, a fun
tion transforming intensities of image voxels is a lo
aloperation based on subtra
ting minimum from maximum in a neighborhood of a 
entralelement; hen
e, it heightens edges in a global aspe
t. Su
h fun
tion 
an be modi�ed insome way, but it must be still built of BL-algebra operators. We substitute the subtra
-tion by the distan
e operator in two 
ases of the following examples of edge-heighteningfun
tions. The fun
tion has three parameters y = f3(c, R) where c represents a 
entralvoxel and R is a radius of the neighborhoodNR(c) of a 
entral element c. Here are severalfuzzy edge dete
ting fun
tions where index i runs through the neighborhood of a 
entralelement c:

• fuzzy Minkowski sausage: f1 = max(xi) ⊖ min(xi)

• fuzzy morphologi
al edge dete
tor f2 = (max(xi) ⊖ c) ∧ (c ⊖ min(xi))

• modi�ed fuzzy morphologi
al edge dete
tor f3 = (max(xi) ⊖ c) ⊕ (c ⊖ min(xi))Our approa
h to the fun
tions is similar to [4℄, [5℄ and [7℄. The presented formulas offuzzy morphologi
al operators in BL-algebra aim to alternate 
lassi
al gradient methodsbased on derivation. Thus, ea
h element of an output image of some edge-dete
tingoperator represents the fuzzy measure of being the edge with regard to intensities ofother elements. It means that the measure of being a part of an edge must be 
omputedin respe
t to the maximum of an image. The introdu
ed edge dete
ting formulas 
an beexpressed in the �ukasiewi
z BL-algebra a

ording to the theorem. After applying thisrelation we get su

essively
f1 = ϕ−1[ϕ(max(xi)) ⊖� ϕ(min(xi))] (4)
f2 = ϕ−1[ϕ(max(xi)) ∧� ϕ(min(xi))] (5)

f3 = ϕ−1[ϕ(max(xi)) ⊖� ϕ(c)) ⊕� (ϕ(c) ⊖� ϕ(min(xi)))] (6)If we fo
us on the in
reasing bije
tion ϕ : [0, 1] → [0, 1], we 
an observe that it 
hanges
ontrast and brightness of an image. In the later experiment we design this fun
tion bypolynomial ϕ(x) = ax+ bx2 + cx3 where parameters a, b, c are 
ounted upon given valuesof 
ontrast and brightness and the assumption that brightness and 
ontrast are de�nedas
bri =

∫
1

0

ϕ(x)dx =
1

2
a +

1

4
b +

1

8
c
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contr = ϕ

′

(
1

2
) = a + b +

3

4
c,where ϕ(0) = 0 and ϕ(1) = 1 (thus a + b + c = 1). We 
hoose only a solution that ful�lsthe 
ondition of in
reasing polynomial on the real interval [0, 1]. The operation ϕ−1 isnot �nally exe
uted owing to the zero-e�e
t on the edge dete
tion, whi
h is based onlyon the value 
omparison.3 Patients and Control GroupsWe enrolled SPECT data from 17 available adult patients (10 males, 7 females) withde�nite Alzheimer's disease (AD) 
on�rmed by post mortem brain autopsy. As 
ontrols(CN) we used SPECT data from randomly 
hosen 10 patients (7 males, 3 females) withamyotrophi
 lateral s
lerosis (ALS), a neurodegenerative disorder a�e
ting predominantlyupper and lower motor neurons. These patients underwent SPECT and detailed 
ognitiveevaluation as a part of a resear
h proto
ol (submitted data).4 MethodologyLet the initial input image matrix be denoted A. The method of whole-image segmenta-tion 
onsists of several steps. At �rst, we 
arry out the image �ltration using the kernelgiven by the relation

F(~v) = e−
‖~v‖2

2σ2 (7)where ~v is the spa
e 
oordinate ve
tor and σ represents the �lter radius. The �ltrationis provided by 
onvolution
B = A ∗ F. (8)At the se
ond step, voxel intensities are transformed into the real interval [0; 1] to geta matrix appli
able for fuzzy edge dete
tors. This step must be 
arried out owing to thenoise that arises from a
quiring a digital re
ord on the SPECT devi
e

C =
B

max(B)
. (9)Then the normalization is followed by soft thresholding whi
h 
uts o� the image valuesbelow θ1. This is made feasible by subtra
ting θ1 in the �ukasiewi
z BL-algebra fromea
h element of an image matrix

D = max(C − θ1, 0). (10)The next step 
onsists of fuzzy edge dete
tion whi
h was 
omprehensively des
ribedabove. Firstly, we apply a ϕ-fun
tion, 
ounted from variables contr (
ontrast) and bri(brightness), on an image, and �nally we 
ontinue with appli
ation of one of three fuzzyedge dete
tor fun
tion fi using voxel neighborhood with radius R
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G = detect(D, fi, R, contr, bri). (11)The se
ond soft thresholding with θ2-value 
omes right after the fuzzy edge dete
tionand serves as a tool for 
utting o� image values representing edges that may be illusoryor too narrow. This is provided in the same way as in the �rst thresholding.

H = max(G − θ2, 0) (12)Keeping these edges on an image may 
ause an undesirable impa
t on evaluatedfeatures su
h as the �nal number of totalled segments. The �nal step is represented bythe watershed transformation. It returns an image 
ontaining separate regions markedby integers that have been 
reated by �ooding an image from the global minimum tothe global maximum. The fun
tion for watershed transform wshed 
omputes a labelmatrix identifying the watershed regions with the parameter of 
onne
tivity system. Thisparameter identifying the neighborhood system of the watershed transform was �xed uponthe 6-
onne
tivity system in 3D spa
e as
J = wshed(H). (13)The watershed method in
luding a 
omputational algorithm is des
ribed in [15℄. Su
htransformed images have served for evaluating parti
ular features. They were pro
essedby means of several experiments based on evaluating di�erent features and 
omparingboth 
lasses of images. The previously presented sequen
e of image pro
esses was ap-plied to every 3D input image and then it was used for evaluating a sele
ted feature.If we summarize the designed method, we need to analyze the following parametersto �nd their optimal intervals for the �nest results of our appli
ation:

• σ - the �lter radius from (0; + inf)

• θ1 - the �rst threshold parameter from [0, 1]

• contr - the value of 
ontrast from [0.2, 1.4]

• bri - the value of brightness was �xed upon 0.5

• f1, f2, f3 - the fuzzy edge dete
ting fun
tion
• θ2 - the se
ond threshold parameter from [0, 1]

• R - the radius of the edge dete
tor's neighborhood from N5 ResultsWe have 
hosen the observed feature as a total segment number of an image pro
essed bythe designed method. The values of all images from both groups were used for evaluatingStudent's two-sample t-test. The output p-value represents the probability that the nullhypothesis is true, where the null hypothesis 
laims that mean values of two random



32 T. B¥lí£ekTable 1: The system parameters for the optimum p − value = 4.48 × 10−2 evaluated onentire brains. Edge R contr σ θ1 θ2 nhood

f2 4 0.8676 1.509 0.4900 0.3548 6

Table 2: The system parameters for the optimum p− value = 3.816× 10−7 evaluated onpariatal area. Edge R contr σ θ1 θ2 nhood

f2 4 1.0148 0.2763 0.8997 0.3272 6

variables are identi
al.As far as the phase of the edge dete
tion is 
on
erned, the s
ale of 
ontrast had anunambiguously signi�
ant in�uen
e on the �nal number of segments. The 
hange ofbrightness had no in�uen
e on the �nal segmentation due to the interpro
ess of fuzzyedge dete
tors, therefore we did not take this parameter into a

ount while evaluatingour feature. Another important parameter was found in the initial threshold θ1. Sin
e itsets elements with values below the θ1 to zero, it suppresses edges whi
h are false due tonoise or they are 
ompletely unimportant with respe
t to other high edges in the image.The �rst aim of the evaluation was to �nd optimal 
on�guration of our system, i.e.values of parameters σ, θ1, θ2, contrast, edge dete
ting fun
tion f and radius R whi
hlead to the minimum p-value of the Student's two-sample test. We rea
hed our optimaby means of a heuristi
 optimization method based on the di�erential evolution des
ribedin [16℄, [17℄ and [18℄.The �rst image pro
essing and evaluation was made over entire area of a humanbrain. The table 5 shows the �nal values of input parameters and the optimum t-value(respe
tively p-value) 
omputed by using di�erential evolution algorithm.Next part of this arti
le presents results of the evaluation made only on the part of abrain 
alled pariatal area, where a brain matter is usually mostly a�e
ted by the disease.From the medi
al point of view, stru
ture of brains in these two symmetri
 areas is moredisrupted for AD than for CN 
lass. The following table 5 
ontains �nal values of theevaluation at pariatal area and the boxplot graph for ea
h brain with number of segmentsin y-axis.
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Figure 1: Boxpot graph with number of segements for ea
h 
lass evaluated with param-eters given from pariatal areasSu
h results still need to be veri�ed on a larger number of patients with Alzheimer'sand healthy 
ontrols and 
ompared with results from patients with other dementia sub-types. This resear
h will be also supported by another approa
h based on fuzzy edgedete
tion in dode
ahedral grid system.



34 T. B¥lí£ek

Figure 2: The pro
essing of input images AD (left) and CN (right) from the beginning(top) to the end (bottom).
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al Engineering, CTU in Pragueadvisor: Ji°í Miky²ka, Department of Mathemati
s, the Fa
ulty of Nu
learS
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. The goal of this 
ontribution is to des
ribe the transport of 
olloids in heterogeneousporous media. This work in
ludes equations des
ribing the �ow �eld, transport of 
olloids,and deposition of 
olloids in porous media. Then we des
ribe a numeri
al dis
retization of thesystem of equations des
ribing the 
olloid transport by means of operator splitting �nite volumemethod. We present some numeri
al results at the end of the 
ontribution.Keywords: transport of 
olloidal parti
les, heterogeneous porous medium, �nite volume methodAbstrakt. Hlavním 
ílem tohto p°ísp¥vku je popis transportu koloid· v heterogenním poréznímprost°edí. Tato prá
e obsahuje rovni
e popisují
í proudové pole, transport koloid· a jeji
hukládání v porézním prost°edí. Dále je v prá
i obsaºena numeri
ká diskretiza
e tohoto systémurovni
 popisují
ího transport koloid· za pouºití rozkladu operátoru a metody kone£ný
h objem·.Na záv¥r p°ísp¥vku jsou uvedeny n¥které dosaºené výsledky.Klí£ová slova: transport koloidní
h £ásti
, heterogenni porézní médium, metoda kone£ný
hobjem·1 Introdu
tionColloids are small parti
les with at least one dimension smaller than 100 nm. Be
ause oftheir size, 
olloid parti
les are strongly attra
ted to the pore surfa
es. On the other hand,
olloids, like nanoiron parti
les, 
an be strongly rea
tive and 
an be used in remediationof 
ontamined sites. To plan a suitable remediation strategy, one has to understand me
h-anisms of 
olloid transport and their deposition in the subsurfa
e. This understanding
an be obtained by means of numeri
al models. This paper 
ontains equations des
ribing
olloidal transport in porous media. Then introdu
e semi-expli
it s
heme and presentsome results of numeri
al experiments.2 The Physi
al ModelThis se
tion presents equations des
ribing the 
olloidal transport in porous media [1℄.37



38 P. Bene²2.1 Flow Field EquationThe following equation des
ribes a distribution of pressure in a porous media
∂(Φ̺)

∂t
− div(k̺

µ
(∇p − ̺g)

)

= ̺(s+ − s−), (1)where k is the permeability, µ the dynami
 vis
osity, g the gravity, ̺ is density, s+ and
s− are the sour
es and sinks and p [Pa] is the unknown �uid pressure. When the pressuredistribution is known the Dar
y velo
ity 
an be 
omputed using from the Dar
y law

q = −k

µ
(∇p − ̺g). (2)The �ow �eld will be ne
essary for des
ription of the 
olloidal transport.2.2 Colloid Transport EquationThe 
olloid transport equation 
an be derived from the mass balan
e of 
olloids overthe REV (representative element volume). There are three main me
hanisms 
ontrollingthe 
olloidal transport: hydrodynami
 dispersion, adve
tion and 
olloid deposition andrelease. This 
an be des
ribed by the generalized adve
tion dispersion equation, wherethe unknown is the parti
le number 
on
entration n

∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − f

πa2
p

∂θ

∂t
, (3)where θ is the spe
i�
 surfa
e 
overage, de�ned as

θ =
total 
ross-se
tion area of deposited 
olloidsinterstitial surfa
e area of the porous media solid matrix,

f is spe
i�
 surfa
e area
f =

interstitial surfa
e areaporous medium pore volume ,
ap is the radius of 
olloidal parti
les, D is the parti
le hydrodynami
 dispersion tensorand V is the parti
le velo
ity ve
tor. It is possible to write the parti
le hydrodynami
dispersion tensor as

Dij = αT V̄ δij + (αL − αT )
V̄iV̄j

V̄
+ DdTδij ,where Dd is the Stokes-Einstein di�usivity, V̄i, V̄j are 
omponents of the interstitial ve-lo
ity, αL is the longitudinal dispersivity, αT is the transverse dispersivity and T is thetortuosity of the porous medium.
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entage part of the solid matrix with favorable 
onditions for 
olloiddeposition. This 
an be for example areas with iron oxides on its surfa
e. These surfa
esare typi
ally positively 
harged and 
olloids are typi
ally negatively 
harged. Depositionon the surfa
es is usually irreversible. On the rest (1− λ) of the solid matrix surfa
e areunfavorable 
onditions for the 
olloidal deposition. Deposition takes pla
e on both parts,but di�eren
e in rates 
an be huge. For parti
le surfa
e 
overage rate we 
an adopt thispat
hwise model
∂θ

∂t
= λ

∂θf

∂t
+ (1 − λ)

∂θu

∂t
, (4)where θf is the favorable surfa
e fra
tion and θu is the unfavorable surfa
e fra
tion. Therates are des
ribed by the following partial di�erential equations

∂θf

∂t
= πa2

pkdep,fnB(θf ) − kdet,fθfR(θf ), (5)
∂θu

∂t
= πa2

pkdep,unB(θu) − kdet,uθuR(θu), (6)where kdep is the 
olloid deposition rate 
onstant, kdet is the 
olloid release rate 
onstant,
B(θ) is the dynami
 blo
king fun
tion and R(θ) is the dynami
 release fun
tion. The
olloid deposition rate 
oe�
ient kdep 
an be expressed by means of a single 
olle
tore�
ien
y η

kdep =
ηεV

4
=

αη0εV

4
, (7)where V is the �uid adve
tion velo
ity, ε is porosity and η0 is the favorable single 
olle
torremoval e�
ien
y.2.4 Dynami
 Blo
king and Release Fun
tions B(θ), R(θ)The dynami
 blo
king fun
tions 
hara
terize the parti
le deposition [4℄. When the 
ol-le
tor is parti
le free at the beginning, blo
king fun
tion has value B(θ) = 1. As thedeposited parti
les blo
k the surfa
e more and more, B(θ) de
reases. At the maximumattainable surfa
e 
overage θ = θmax (jamming limit), B(θ) = 0.2.4.1 RSA Dynami
 Blo
king Fun
tionFor 
olloidal parti
les depositing on the oppositely 
harged 
olle
tor surfa
e, these 
on-ditions for use of RSA model are valid [4℄:

• atta
hment is irreversible as long as 
onditions do not 
hange
• surfa
e di�usion is negligible
• parti
le-parti
le 
onta
t is prohibitedFor low and moderate surfa
e 
overage, the fun
tion B(θ) has this form

B(θ) = 1 − 4θ∞
θ

θmax

+
6
√

3

π

(

θ∞
θ

θmax

)2

+

(

40√
3π

− 176

3π2

)(

θ∞
θ

θmax

)3

,where θ∞ is the hard sphere jamming limit.



40 P. Bene²2.4.2 Dynami
 Release Fun
tionThe dynami
 release fun
tion des
ribes the probability of 
olloid release from the porousmedia surfa
e 
overed by retained 
olloids [1℄. This fun
tion should in general dependon the 
olloid residen
e time and the retained 
olloid 
on
entration. Be
ause the 
olloidrelease is not well understood, we will use R(θ) = 1.3 Mathemati
al ModelThis se
tion shows solved equations, initial and boundary 
onditions. By substitutingequations des
ribing the 
olloid deposition and release (4), (5) and (6) into (3), we obtainthe following expression
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − f

πa2
p

((λπa2
pkdep,fB(θf ) + (1 − λ)πa2

pkdep,uB(θu))n −

((λπkdet,fθfR(θf) + (1 − λ)kdep,uθuR(θu)). (8)We assume that K(θ) = 1 (�rst-order kineti
s release me
hanism) and use the follow-ing notations
γ = f

πa2
p
,

Ka(θf , θu) = πa2
p[λkdep,fB(θf ) + (1 − λ)kdep,uB(θu)],

Kr(θf , θu) = λπkdet,fθf + (1 − λ)kdep,uθu.

(9)Under these assumptions, the following equation is obtained
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
. (10)In (10), V is a known velo
ity �eld given by a �ow model. We 
omplete this equationwith (5) and (6)

∂θf

∂t
= πa2

pkdep,fnB(θf ) − kdet,fθf , (11)
∂θu

∂t
= πa2

pkdep,unB(θu) − kdet,uθu. (12)To solve this system, we will need boundary 
onditions for equation (10) and initial
onditions for ea
h equation (10), (11) and (12). Let us 
onsider a re
tangular domain
Ω with boundary Γ, where lower boundary is denoted Γ1, right Γ2, upper Γ3 and left Γ4(Fig. 1).For 
on
entration equation (10), we will pres
ribe an initial 
ondition

n(x, 0) = n0(x) for x ∈ Ω, (13)
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Γ2

Γ1

Γ3

∂Ω

ΩΓ4

Figure 1: The domain Ω.
i

m

Bi

γ∂B1
i,m

∂B1
i,m

∂B2
i,m

Figure 2: The ex
lusive subdomain for node
i.and boundary 
onditions des
ribing 
on
entration of 
olloids on Γ

n(x, t) = ni(x, t) for x ∈ Γi, i ∈ 1, . . . , 4 . (14)For equations (11) and (12) we need to pres
ribe initial 
onditions for θf and θu. As thereare initially no deposited 
olloids,
θf (x, 0) = θu(x, 0) = 0 for x ∈ Ω. (15)4 Numeri
al SolutionWe dis
uss the dis
retization methods for solving (10), (11) and (12). Although ournumeri
al solution is 
omputed on a re
tangular grid, we develop the s
heme for thetransport problem for a more general 
ase of an unstru
tured mesh in two dimensions
omposed of triangles and quadrangles of the domain Ω, whi
h is 
alled the primary mesh.We 
onstru
t a dual mesh by 
onne
ting bary
entres of ea
h element with midpoints ofall its sides in ea
h element from the primary grid. In this way we obtain a polygonaround ea
h node from the primary mesh (on the boundary of the domain ∂Ω, polygonsare in
omplete). For a primary mesh node i, we 
all this polygon Bi, the ex
lusivesubdomain of node i. ∂Bi 
onsists of several abs
issae and ea
h of abs
issa belongs toone abs
issa 
onne
ting node i with his neighbor m. For ea
h 
ouple i, m, there aretwo abs
issae, we denote them ∂Bl

i,m. The midpoint of the abs
issa ∂Bl
i,m is denoted

γ∂Bl
i,m

(Fig. 2). The time level is denoted by supers
ript k. The length of ab
issa ∂Bl
i,mis denoted |∂Bl

i,m|. The same numeri
al grid is used for solving the �ow �eld and thetransport equation.



42 P. Bene²4.1 The �ow �eldThe �ow problem (1) is dis
retized using the �nite volume method. To solve the linearequations system in the s
heme is used the PETS
 library for programming language C.4.2 The transport equationExpli
it s
heme has the disadvantage that the time steps has to be limited due to CFL
ondition [6℄. For this reason we implemented semi-impli
it numeri
al s
heme [5℄, whi
hwill enable us to use larger time steps 
ompared to the expli
it s
heme.Equation (10)
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
(16)is solved using the operator splitting te
hnique. At �rst we solve expli
itly 
onve
tionand rea
tion parts of the equation

∂n

∂t
= −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
(17)obtained from (10) by setting D = 0. We dis
retize (17) as follows

[

n
k+ 1

2

i − nk
i

∆t
+

Ka(θ
k
f,i, θ

k
u,i)

γ
nk

i −
Kr(θ

k
f,i, θ

k
u,i)

γ

]

|Bi| +

∑

m,l

∫

∂Bl
i,m

(V(γ∂Bl
i,m

) · n⋆
i,m,l) · n∂Bl

i,m
|∂Bl

i,m| = 0, (18)where the upwind value is given as
n⋆

i,m,l =

{

nk
i for n∂Bl

i,m
· V(γ∂Bl

i,m
) > 0,

nk
m for n∂Bl

i,m
·V(γ∂Bl

i,m
) ≤ 0.

(19)The value of n
k+ 1

2

i is used as an initial 
ondition and (14) as boundary 
onditions forsolving the di�usion equation
∂n

∂t
= ∇ · (D∇n), (20)whi
h is solved using the ba
kward Euler s
heme

[

nk+1
i − n

k+ 1

2

i

∆t

]

|Bi| =
∑

m,l

[

(D(γ∂Bl
i,m

)(∇n)k+1(γ∂Bl
i,m

)) · n∂Bl
i,m

|∂Bl
i,m|
]

. (21)We denote number of nodes in one row of our numeri
al grid nr. On a re
tangular gridwith grid sizes ∆x, ∆y, equation (21) reads as
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[

nk+1
i − n

k+ 1

2

i

∆t

]

|Bi| − ∆xDyy(γ∂Bi,i+nr
)

(

nk+1
i+nr

− nk+1
i

∆y

)

+

∆yDxx(γ∂Bi,i−1
)

(

nk+1
i − nk+1

i−1

∆x

)

+ ∆xDyy(γ∂Bi,i−nr
)

(

nk+1
i − nk+1

i−nr

∆y

)

−

∆yDxx(γ∂Bi,i+1
)

(

nk+1
i+1 − nk+1

i

∆x

)

= 0. (22)In equation (22) the terms 
ontaining boundary values 
an be eliminated into the righthand side. In every time step we need to solve the system Ank+1 = b, where
Ai,i−nr

= −∆xDyy(γ∂Bi,i−nr
)

∆y

Ai,i−1 = −∆yDxx(γ∂Bi,i−1
)

∆x

Ai,i = |Bi|
∆t

+
∆xDyy(γ∂Bi,i+nr

)

∆y
+

∆yDxx(γ∂Bi,i−1
)

∆x
+

∆xDyy(γ∂Bi,i−nr
)

∆y
+

∆yDxx(γ∂Bi,i+1
)

∆x

Ai,i+1 = −∆yDxx(γ∂Bi,i+1
)

∆x

Ai,i+nr
= −∆xDyy(γ∂Bi,i+nr

)

∆yand Ai,j = 0 elsewhere. The right hand side of the solved system b reads as
bi =

|Bi|
∆t

nk
i , (23)where index i goes through all nodes. The boundary terms 
an be eliminated into the bi.5 ResultsIn this se
tion we present results des
ribing transport of 
olloids in a heterogeneous porousmedia. We are given a square domain Ω of size 3× 3m with two heterogenities. The �rstone is a square [0.5, 0.75]× [1.25, 1.5] with higher λ and kdep and a�e
ts only the transportof 
olloids. The se
ond heterogeneity is a 
ir
le in the middle of Ω with diameter of 1where is ten times smaller permeability then in the rest of Ω.For pressure we have no �ow boundary 
onditions on Γ1 and Γ3 and Diri
hlet's bound-ary 
onditions (hydrostati
 pressure) p(x) = 10.05 − y̺g on Γ2 and p(x) = 1.1 · 105 − y̺gon Γ4. In the beginning no 
olloidal parti
les are present in the area. We pres
ribe aboundary 
ondition

n(x, t) =

{

1014[m−3] for t ≤ 0.5day
0 for 1.0 ≥ t > 0.5day (24)for y ∈ [1, 2] and 0 elsewhere on Γ4 and n(x, t) = 0 for x ∈ Γ1, Γ2, Γ3 and t ∈ [0, 1day]We are interested in the distribution of 
olloids in domain Ω in time of one day. Ourresults are showing the number 
on
entration of 
olloidal parti
les 
ontained in water inpores n divided by 1014, so that the resulting values are res
aled between 0 and 1. The
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Figure 3: Compuatation domain.

Figure 4: The �ow �eld.
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Figure 5: Evolution of the number 
on
entration n divided by 1014 in time; semi-impli
its
heme.



46 P. Bene²re
tangular numeri
al grid with 100 × 100 nodes was used for 
omputations. Results
omputed by the semi-impli
it numeri
al s
heme are shown in Figure 5.Figure 4 depi
ts the �ow �eld. The heterogeneity in permeability made most of waterto �ow around the 
ir
le lower permeability heterogeneity in the middle of the area.Se
ond �gure 5 shows the time evolution of normed 
on
entration of 
olloids duringtransport with higher deposition rate in the square heterogeneity with higher deposition
onstants. Transport is of 
ourse in�uen
ed by means of the permeability heterogeneitydue to �ow �eld.6 Con
lusionIn this 
ontribution a summary of equations des
ribing the 
olloid transport was pre-sented. The equations were dis
retized by means of the semi-impli
it s
heme based onthe operator splitting te
hnique using �rst order upwind (19) for approximation of the
onve
tion term. Numeri
al results show the expe
ted behavior. Most of the 
olloidsgo around low permeability heterogeneity and on the heterogeneity with higher 
olloiddeposition quantities 
olloids deposits with mu
h higher rate.7 A
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e a jednozna£nost °e²ení i zp·soby výpo£tu klasi
ký
h totální
h £tver
· jsou diskutovány.Dále jsou p°edstaveny moºnosti robusti�ka
e TLS pomo
í penaliza
e vlivný
h bod·. Na záv¥r jeuvedeno zobe
n¥ní TLS na metodu smí²ený
h nejmen²í
h £tver
·-totální
h nejmen²í
h £tver
·a robusti�ka
e této metody.Klí£ová slova: robustní regresní analýza, instrumentální váºené prom¥nné, robusti�kované totálnínejmen²í £tver
e1 Introdu
tionLet us 
onsider the multiple linear regression model
Yi = Xi,1β

0
1 + Xi,2β

0
2 + · · ·+ Xi,pβ

0
p − εi = XT

i β0 − εi i = 1 . . . n,or in the matrix notation
Y = Xβ0 − ε,where Y ∈ R

n×1 is a ve
tor of response (dependent) variable, X ∈ R
n×p is a matrix of pre-di
tors (independent variables), β0 ∈ R

p×1 is a ve
tor of unknown regression 
oe�
ients47
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and ε ∈ R
n×1 a ve
tor of unknow error terms (ve
tor of disturban
es). The obje
tiveis to estimate the unknown regression 
oe�
ients and express the dependent variableas a linear fun
tion of the independent variables. We assume that {

(

XT
i , εi

)T
}+∞

i=1
is asequen
e of iid (p + 1)-dimensional random variables with a absolutely 
ontinuous dis-tribution fun
tion, but the explanatory variables Xi's 
an be 
orrelated with the errorterms εi's. Our goal is to �nd a robust estimator of the regression 
oe�
ients, whi
hresists well to a violation of theoreti
al 
onditions and to a 
ontamination of the data.Many regression estimators su
h as the ordinary least squares are not robust, i.e. they arevery sensitive to outliers. One of the best known and the most used robust estimator isthe least trimmed squares (LTS), whi
h was proposed by Rousseeuw in 1984 (see [3℄). Itminimizes the sum of the h smallest squared residuals, where the j-th residual is de�nedas rj(β) = rj = Yj − XT

j β. The TLS estimator is de�ned as follows
β̂(LTS,h,n) = arg min

β∈Rp

h
∑

i=1

r2
(i)(β),where h is an optional parameter satisfying n

2
≤ h ≤ n and r2

(i) is the i-th least squaredresidual, i.e. for any β ∈ R
p

r2
(1)(β) ≤ r2

(2)(β) ≤ . . . ≤ r2
(n)(β).For h =

⌊

n
2

⌋

+
⌊

p+1
2

⌋ the LTS rea
hes the maximum possible value of the breakdownpoint equal to n−p+2
2n

. The existen
e of the LTS estimator is given by the existen
e of theLS estimator for all subsamples of size h. While it is very di�
ult to �nd exa
t valueof LTS estimate for larger sets of observations, the approximative algorithms are usuallyused. The oldest one de�ned by Rousseeuw does the approximation in the following way.Let sele
t randomly an (p+1) observations and apply the least squares method on them.For the estimated parameter β evaluate residuals for all n observations. Then sele
t hobservations with the smallest squared residuals and 
ompute again the least squaresestimation. Repeat last two steps until 
onvergen
e. Repeat the pro
edure number oftimes with di�erent initial estimate to get more 
andidates. The 
andidate whi
h has thesmallest value of the obje
tive fun
tion (sum of squared residuals) is taken as the LTSestimate. Due to the high 
omputational 
omplexity of the LTS estimator there havebeen appeared a lot of algorithms in the literature for last years, but the mentioned oneis su�
ient for our purpose. One of the main disadvantages of the LTS is its in�nite lo
alsensitivity, be
ause the �
hange of weights� between trimmed and not trimmed points istoo sharp. We 
an 
ope with this problem by the de�nition of some 
ontinuous weightingfun
tion and multiply the residuals by a weights from 〈0, 1〉. This is exa
tly the way howthe least weighted squares estimator is de�ned. A

ording to [4℄
β̂(LWS,w,n) = arg min

β∈Rp

n
∑

i=1

wir
2
(i)(β) = arg min

β∈Rp

n
∑

i=1

w

(

i − 1

n

)

r2
(i)(β),where weights wi are de�ned by the weight fun
tion w : 〈0, 1〉 → 〈0, 1〉, whi
h is absolutely
ontinuous, w(0) = 1 and non-in
reasing with the derivative w′(t) bounded from below
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onstant (−L), where L ≥ 0. Furthermore we 
an rewrite the previous de�nition ofLWS and instead of ordering the residuals we 
an reorder the weights (wi := wi(β)). Forany i ∈ {1, . . . , n} let us denote by π(β, i) the random rank of the i-th residual as
π(β, i) = j ∈ {1, . . . , n} ⇔ r2

i (β) = r2
(j)(β)Then we have

β̂(LWS,w,n) = arg min
β∈Rp

n
∑

i=1

w

(

π(β, i) − 1

n

)

r2
i (β)and the least weighted squares are solution to the normal equationsNEY,X,n(β) =

n
∑

i=1

w

(

π(β, i) − 1

n

)

Xi

(

Yi − XT
i β

)

= 0. (1)The solution to LWS estimate exists, be
ause it is equal to the solution to 
lassi
alweighted least squares, where weights have one 
ertain permutation. Consequently ourproblem, how to �nd the least weighted squares estimator, is equal to the problem, howto �nd �the best� weighted least squares among n! possibilities. Sin
e n is not usually�small� number, we 
an not �nd a deterministi
 solution to this extremal problem and weneed to use some approximative algorithm again. One of the most simplest, but su�
ientone, is based on the same pro
edure that we des
ribed in LTS se
tion.In e
onometri
s, the explanatory variables are frequently assumed to be 
orrelatedwith the random error ε, that is, X is supposed to be 
orrelated with ε su
h that
p lim

(

1
n
XT ε

)

6= 0. If we now apply LS, LTS or LWS estimators, we get an in
onsistentestimate of β0. One of the best known example of the situation, when the orthogonality
ondition fails (i.e. E [Xiεi] 6= 0), is the model in whi
h the explanatory variables aremeasured with a random error. We 
onsider an overdetermined set of n linear equations
Y ≈ Xβ, where Y ∈ R

n×1, X ∈ R
n×p and β ∈ R

p×1 is a parameter of interest. Wesuppose that
Yi = Y0i − εi Xi = X0i − θiand that there exists β0 ∈ R
p×1 su
h that

Y0i = X0iβ
0,i.e.

Yi + εi = (Xi + θi)β
0 i = 1 . . . n. (2)Assuming usually that E [εi] = 0, E [ε2

i ] = σ2 ∈ (0,∞) and E [θi] = 0, E
[

θiθ
T
i

]

= Σθnonsingular and E [θiεi] = 0. If we 
onsider now 
lassi
al regression model
Yi = X0iβ

0 − εi = (Xi + θi)β
0 − εi = Xiβ

0 + θiβ
0 − εi = Xiβ

0 + ei,we 
an easily �nd out that orthogonality 
ondition is broken.
E [Xiei] = E

[

(X0i − θi) ·
(

θiβ
0 − εi

)]

= −Σθβ
0.If β0 6= 0 then Σθβ

0 6= 0 and not only the LS estimate of the regression 
oe�
ientsis in
onsistent. In the following se
tions we des
ribe two possibilities how to 
ope withsu
h a 
ases when the orthogonality 
ondition is broken and the data set 
ontains outliers.
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2 Instrumental Weighted VariablesSuppose there is an n×p matrix of some variables Z, 
alled instruments. If instrumentalvariables are un
orrelated with errors and the matrix of 
orrelations between the variablesin X and the variables in Z is of maximum possible rank (equal to p) then we 
all theinstruments proper. Let {Zi}n

i=1 be any sequen
e of p-dimensional proper instrumentalvariables, then the instrumental variable estimator β̂(IV,n) of β0 is de�ned by
β̂(IV,n) =

(

ZT X
)−1

ZTY.We 
an easily obtain �
lassi
al� weighted instrumental variables by adding weights intothe de�nition of instrumental variables
β̂(WIV,n,W ) =

(

ZTWX
)−1

ZT WY,where W is in our 
ase an n × n diagonal matrix of weights. For weighted instrumentalvariables the weights are assigned to the observation a priori, a

ording to an externalrule or some previous knowledge of the problem. The weighted instrumental variables(WIV) estimation β̂(WIV,n,W ) 
an by also de�ned as the solution to the following normalequations
ZTW (Y −Xβ) = 0.Sin
e β̂(WIV,n,W ) is not robust with respe
t to outliers and leverage points, we are goingto use the idea of impli
it weighting of the squared residuals from the LWS and de�nethe robust version of the instrumental variables estimator.Let {Zi}+∞

i=1 be any sequen
e of p-dimensional proper instrumental variables. Thenthe solution of the normal equations
NEY,X,Z,n(β) =

n
∑

i=1

w

(

π(β, i) − 1

n

)

Zi

(

Yi − XT
i β

)

= 0 (3)will be 
alled the instrumental weighted variables estimation (IWV) of β0 and denoted by
β̂(IWV,n). As we des
ribed in previous text the relation between 
lassi
al weighted leastsquares and the robust LWS, we 
an �nd similar relation for 
lassi
al WIV and newlyde�ned IWV. Suppose we have some weighting fun
tion w and set of proper instruments
Z. Then we 
an permutate the set of weights

{

w

(

1 − 1

n

)

, w

(

2 − 1

n

)

, . . . , w

(

n − 1

n

)}a

ording to some permutation π ∈ P, where P denotes the set of all permutations ofthe indi
es {1, 2, . . . , n} for any n ∈ N. Let 
ompute for all π ∈ Pn

β̂(WIV,n,W (π)) = (ZT W(π)X)−1ZTW(π)Y.Re
all that weights in instrumental weighted variables satisfy the 
ondition that thesmallest residual obtains the largest weight, the se
ond smallest residual obtains the
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ond largest weight, et
. till the largest residual obtains the smallest weight. Hen
e,we 
an minimize again the sum of weighted residuals. We have n! possibilities how topermutate weights and hen
e n! solutions of 
lassi
al weighted instrumental variables.We 
ompute the 
lassi
al WIV for all π ∈ P and �nd the 
ertain permutation πbest ∈ Pwhi
h minimizes the the sum of weighted residuals among all β̂(WIV,n,W (π)). Then IWVestimator 
an be de�ned as
β̂(IWV,n) = β̂(WIV,n,W (πbest)) = (ZTW(πbest)X)−1ZTW(πbest)Y.In [5℄ is shown that all solutions of the 
orresponding normal equations (3) are boundedin probability and the weak 
onsisten
y of the IWV is proved. Another te
hni
al ap-proa
h of the proof of 
onsisten
y is in [2℄, but it still using the idea of bounding thesolutions of (3) with some probability and the strengthened Glivenko-Cantelli theorem

supβ∈Rp supr∈R

√
n

∣

∣

∣
F

(n)
β (r) − Fβ(r)

∣

∣

∣
= Op(1). In [2℄, among others, are des
ribed someapproximative algorithms that 
ompute the IWV estimator β̂(IWV,n) of a given linearregression problem. The �rst type of algorithms is based on the idea of iterative re-weighting whi
h was des
ribed in the introdu
tion se
tion. The (j + 1)th iteration of the

IWV estimator is obtained as:
β̂

“

IWV,n,W
“

β̂
(IWV,n)
(j)

””

(j+1) = (ZT W
(

β̂
(IWV,n)
(j)

)

X)−1ZT W
(

β̂
(IWV,n)
(j)

)

Y,where as the initial estimate β̂
(IWV,n)
(0) we 
an 
onsider the simple LS estimator of (p + 1)randomly pi
ked di�erent observations and

W (β) = diag {w1, w2, . . . , wn} s wi = w

(

π(β, i) − 1

n

)

.The se
ond type of algorithms is based on on theory of simulated annealing and useMetropolis-Hastings algorithm for Markov Chain - Monte Carlo and anther one use ge-neti
 algorithms. All of them have been tested for several di�erent simulations andveri�ed not only on data sets where outliers and leverage points o

ur but also on datasets where regressors are 
orrelated with error terms. The �rst one is mu
h faster and forlarger dataset (n > 50) gives signi�
antly better results, but two remaining probabilisti
algorithms give still su�
iently good estimation 
ompared with LS, IV or LWS.The disadvantage of the IWV method is that the 
redibility of the estimates hingeson the sele
tion of suitable instruments. To �nd su
h instrumental variables that arenot 
orrelated with the error terms and that are highly 
orrelated with the explanatoryvariables 
an be hard. That is why we introdu
e another approa
h that is mu
h bet-ter espe
ially in su
h a 
ases when both response variable and explanatory variables aremeasured with a random error (the model (2)). This model is sometimes 
alled errors-in-variables model and the approa
h how to estimate unknown parameter β0 is known asorthogonal regression or total least squares.
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3 Total Least SquaresThe total least squares method is viewed as a tool for deriving approximate linear modelsand its systemati
 investigation was started by Golub and Van Loan paper in 1980 [6℄.Assume again the overdetermined system of n linear equations
Y ≈ Xβ, Y ∈ R

n, X ∈ R
n×p, n > p,

Y ≈ Xβ ⇔ Xβ ≈ Y|R(X) + Y|N (XT ) ,

Xβ = Y|R(X) , R
p = N (X) ⊕R(XT ) ⇒ β ∈ R(XT ).Sin
e the exa
t solution need not exist, we try to �nd some approximation, whi
h is bestin some sense. The idea is to modify all data points in su
h a way that some norm of themodi�
ation is minimized subje
t to the 
onstraint that the modi�ed ve
tors satisfy somelinear relation. There are many possible way how to de�ne the approximation, but themost frequent ones are ordinary least squares, data least squares and total least squaresapproa
h. Given an overdetermined set of n linear equations Y ≈ Xβ in p unknowns βthen

• the ordinary least squares problem seeks to
β̂(OLS,n) = min

β∈Rp,ε∈Rn
‖ε‖2 subje
t to Y + ε = Xβ. (4)

β̂(OLS,n) is 
alled a OLS solution to the problem (4) and ε is 
alled the 
orrespondingOLS 
orre
tion.
• the data least squares problem seeks to

β̂(DLS,n) = min
β∈Rp,Θ∈Rn×(p)

‖Θ‖F subje
t to Y = (X + Θ)β. (5)
β̂(DLS,n) is 
alled a DLS solution to the problem (5) and Θ is 
alled the 
orrespond-ing DLS 
orre
tion.

• the total least squares problem seeks to
β̂(TLS,n) = min

β∈Rp,[ε,Θ]∈Rn×(p+1)
‖[ε,Θ]‖F subje
t to Y + ε = (X + Θ)β. (6)

β̂(TLS,n) is 
alled a TLS solution to the problem (6) and [ε,Θ] is 
alled the 
orre-sponding TLS 
orre
tion.The suitable norm used in previous de�nitions of the DLS and the TLS problem is 
alledthe Frobenius norm and for the matrix X is de�ned as follows
‖X‖F =

√

√

√

√

n
∑

i=1

p
∑

i=1

x2
ij =

√tra
e(XTX) =

√

√

√

√

min{n,p}
∑

i=1

σ2
i =

√

√

√

√

rank(X)
∑

i=1

σ2
i , (7)



Robusti�ed total least squares 53where σi's are the singular values of the matrix X.While in the OLS approa
h we assume that we know all data points from matrix Xexa
tly and we measure with errors only the response variable Y in the TLS approa
h weassume that both the response variable and the predi
tors are perturbed. Let us 
onsideran n-element point set P ∈ R
p+1, whose ith point is pi = (Xi,1, . . . , Xi,p, Yi)

T . We willdenote by the term hyperplane a p-dimensional hyperplane, whi
h is nonverti
al (i.e. thelast 
oordinate of its normal ve
tor is nonzero). A model parameter ve
tor β 
orrespondsto a hyperplane, whi
h we will denote by ρ(β) or simply ρ. The residual di(ρ) is de�nedto be the signed orthogonal distan
e from ρ to pi. In this formulation the total leastsquares problem is equivalent to 
omputing the hyperplane that minimizes the sum ofthe squared orthogonal distan
es, while OLS minimizes the sum of the squared verti
aldistan
es from the data points pi to the �tting hyperplane ρ. The normal ve
tor of thehyperplane ρ is ν =
[

βT ,−1
]T . Then the formula for the orthogonal distan
e of point

pi ∈ R
p+1 from the hyperplane ρ is

∣

∣νT (A − pi)
∣

∣

‖ν‖ ,where A ∈ ρ is arbitrary point. Then we 
an formulate the total least square problem as
β̂(TLS,n) = arg min

β∈Rp

n
∑

i=1

∣

∣νT (A − pi)
∣

∣

2

‖ν‖2 = arg min
β∈Rp

n
∑

i=1

∣

∣

∣

∣

[

βT ,−1
]

[

Xi

Yi

]
∣

∣

∣

∣

2

‖[βT ,−1]‖2

= arg min
β∈Rp

1

1 + ‖β‖2

n
∑

i=1

|Yi − Xiβ|2 = arg min
β∈Rp

‖Y −Xβ‖
√

1 + ‖β‖2
. (8)Before we give 
onditions for uniqueness and existen
e of a TLS solution, we introdu
esome important tools su
h as singular value de
omposition.Singular Value De
omposition TheoremThe singular value de
omposition (SVD) of the matrix [X,Y] ∈ R

n×(p+1) is de�ned by
[X,Y] = UΣVT , (9)where U = [u1, . . . , un] ∈ R

n×n and V = [v1, . . . , vp+1] ∈ R
(p+1)×(p+1) are orthonor-mal matri
es that 
ontain the left and the right singular ve
tors, respe
tively. Σ =diag {σ1, . . . , σr} ∈ R

r×r, r = min {n, p + 1}, σ1 ≥ σ2 ≥ . . . ≥ σr ≥ 0 are the singu-lar values of the matrix [X,Y] in de
reasing order of magnitude. The triplet (ui, σi, vi)is 
alled a singular value triplet. If we assume that rank([X,Y]) = r then the dyadi
de
omposition of the matrix [X,Y] is following
[X,Y] =

r
∑

i=1

σiuiv
T
i (10)and de
ompose the matrix [X,Y] of rank r in a sum of r matri
es of rank one. Note thatnumbers σi's are square roots of nonzero eigenvalues of the symmetri
 and nonnegative
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de�nite matri
es [X,Y]T [X,Y] and [X,Y] [X,Y]T related to eigenve
tors {u1, . . . , ur}and {v1, . . . , vr}.To solve the problem (6) with the TLS, bring the set into form [X,Y] [β,−1]T ≈ 0.We want to �nd �true� values [X0,Y0] su
h that ‖[X,Y] − [X0,Y0]‖F is minimal and
[X0,Y0] [β,−1]T = 0 for some β. If σp+1 6= 0 then rank([X,Y]) = p + 1. There isno nonzero ve
tor in the orthogonal 
omplement of the spa
e generated by the rows of
[X,Y]. In order to obtain a solution, the rank of [X,Y] must be redu
ed to p, i.e.rank([X0,Y0]) = p. Let SVD of [X,Y] be given by (9) then for [X0,Y0] =

p
∑

i=1

σiuiv
T
iE
kart-Young-Mirsky theorem tells us that

minrank(A)=p
‖[X,Y] − A]‖F = ‖[X,Y] − [X0,Y0]‖F =

√

√

√

√

p+1
∑

i=p+1

σ2
i = σp+1. (11)By another words, the best rank p TLS approximation [X0,Y0] of [X,Y] is obtained bysettings the smallest singular value σp+1 to zero. This was �rstly investigate by Goluband Van Loan (see [6℄) and the following theorem gives 
onditions for uniqueness andexisten
e of a TLS solution.Solution to the TLS problemLet the SVD of [X,Y] =

r
∑

i=1

σiuiv
T
i and σmin(X) be the smallest singular value of X. If

σmin(X) > σp+1, then the TLS solution
β̂(TLS,n) = − 1

vp+1,p+1
[v1,p+1, . . . , vp,p+1]

T (12)exists and is the unique solution to Y0 = X0β and the 
orresponding TLS 
orre
tionmatrix is given by
[ε,Θ] = σp+1up+1v

T
p+1. (13)The 
ondition σmin(X) > σp+1 ensure the uniques of TLS solution. If we suppose that

[X,Y] has full 
olumn rank, this 
ondition is generi
ally satis�ed. For general 
ase see[1℄, where the situation when σmin(X) = σp+1 is analyzed. Sin
e singular ve
tors vi'sare eigenve
tors of the matrix [X,Y]T [X,Y], β̂(TLS,n) satis�es the following eigenve
torequations
[X,Y]T [X,Y]

[

β̂(TLS,n)

−1

]

=

[

XTX XTY

YTX YTY

] [

β̂(TLS,n)

−1

]

= σ2
p+1

[

β̂(TLS,n)

−1

]and we 
an write the 
losed-form expression of the TLS solution
β̂(TLS,n) = (XTX − σ2

p+1I)
−1XTY.The previous formula tells us that the TLS solution is more ill-
onditioned than the LSsolution. It 
an be dangerous to 
ompute TLS estimate by this way and that is why wewill evaluate TLS solution by the help of SVD and equation (12). The 
omputationalstability and speed 
an by further improved by using the Golub-Kahan bidiagonalization



Robusti�ed total least squares 55(GKB) to the matrix [X,Y] and use the 
onne
tion among TLS problem, GKB andKrylov subspa
es. This 
on
ept is 
alled 
ore problem and has been developed by Paigeand Strako² (see [7℄). The idea is to �nd by the help of GKB two orthonormal matri
es
P,Q su
h that

PT [Y,XQ] =

[

b1 A11 0
0 0 A22

]where the blo
k A11 is lower bidiagonal with nonzero bidiagonal elements. Moreover, thematrix A11 has full 
olumn rank and its singular values are simple. The matrix A11 hasminimal dimensions, and A22 has maximal dimensions and the �rst elements of all leftsingular ve
tors of A11, are nonzero. These properties guarantee that the subproblem
b1 ≈ A11β11 has minimal dimensions and 
ontains all ne
essary and su�
ient informationfor solving the original problem Y ≈ Xβ. All irrelevant and redundant information is
ontained in A22. The asymptoti
al behaviour of the TLS estimator su
h as 
onsisten
yor asymptoti
 normality is shown and proved by in [9℄, among others. If the errors in theobservations are independent random variables with zero mean and equal varian
e, TLSgives better estimate than does LS. The problem arises when outliers are present thena

ura
y of the TLS estimate deteriorates 
onsiderably, be
ause 
lassi
al TLS estimationis not robust estimator.4 Robusti�ed Total Least SquaresThe goal of this se
tion is to propose a robusti�ed version of TLS estimator that is basedon the idea of downweighting the in�uential points. We want to �nd su
h a estimatorsthat will 
ombine the advantages of both TLS and respe
tively LTS and LWS. Firstly letus de�ne the total least trimmed squares.Total Least Trimmed Squares (TLTS)TLTS minimizes the sum of the h smallest squared orthogonal distan
es of data points
pi's from the pth dimensional hyperplane ρ(β). The j-th orthogonal distan
es is denotedby dj and de�ned by

dj =
|Yj − Xjβ|2

1 + ‖β‖2 . (14)The TLTS estimator is de�ned as follows
β̂(TLTS,n) = arg min

β∈Rp

h
∑

i=1

d2
(i), (15)where h is an optional parameter satisfying n

2
≤ h ≤ n and d2

(i) is the i-th least squaredorthogonal distan
e, i.e. for any β ∈ R
p

d2
(1)(β) ≤ d2

(2)(β) ≤ . . . ≤ d2
(n)(β).TLTS estimator has similar properties as LTS estimator. The existen
e of TLTS is givenby the existen
e of the TLS for subsamples of size h. The 
omputational 
omplexity to�nd the exa
t solution is given again by examination of all (

n

h

) possible subsamples and
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the 
andidate with the smallest value of the obje
tive fun
tion is TLTS estimate. Theapproximative algorithm to evaluate TLTS is following:For k=1 to number of iteration do1. Pi
k randomly (p+1) data points and 
ompute TLS estimate β̂(TLS,p+1) by the helpof SVD.2. Compute the orthogonal distan
e for all n data points from the pth dimensionalhyperplane ρ(β̂(TLS)).3. Sele
t the h data points with the smallest squared orthogonal distan
es di's.4. Compute TLS estimate β̂(TLS,h) by the help of SVD for sele
ted data points.5. Repeat steps 2-4 until 
onvergen
e.6. If the value of the obje
tive fun
tion is the smallest one among the values, thathave been rea
hed up to this moment, store the appropriate estimation as a TLTS.This algorithm is very fast and generally gives satisfa
tory results. We also tried toimplement algorithms based on theory of annealing or on geneti
s algorithms, results ofthese algorithms are su�
ient, but there is still some pending work. The larger simulationstudy is the question of present work. The disadvantages of the TLTS is its in�nite lo
alsensitivity, hen
e we modify the estimator by adding some 
ontinuous weighting fun
tionand multiply the distan
es by a weights from 〈0, 1〉.Total Least Weighted Squares
β̂(TLWS,w,n) = arg min

β∈Rp

n
∑

i=1

w

(

i − 1

n

)

d2
(i)(β) = arg min

β∈Rp

n
∑

i=1

w

(

π(β, i) − 1

n

)

d2
i (β),where weights wi are de�ned by the weight fun
tion w : 〈0, 1〉 → 〈0, 1〉, whi
h is absolutely
ontinuous, w(0) = 1 and non-in
reasing with the derivative w′(t) bounded from belowby a 
onstant (−L), where L ≥ 0 and π(β, i) is the random rank of the i-th residual aspreviously. The evaluation of this estimator, algorithms and the large sample propertiesare under resear
h.5 Mixed Ordinary Least Squares Total Least SquaresSometimes the linear modeling problem Y ≈ Xβ 
ontains the inter
ept (i.e. Xi1 =

1, i = 1, . . . n) or some 
olumns of X may be known exa
tly. In this 
ases the TLSsolution 
annot give the a

urate estimation of parameters β. It is natural to requirethat the 
orresponding 
olumns of the data matrix X be unperturbed sin
e they areknown exa
tly. The generalization of the TLS approa
h is 
alled mixed least squares -total least squares problem (mixed LS-TLS). Let us suppose the overdetermined systemof n linear equations
Y ≈ Xβ, Y ∈ R

n, X ∈ R
n×p, n > p,
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[

X(1),X(2)
]

X(1) ∈ R
n×p1, X(2) ∈ R

n×p2

βT =
[

β(1)T , β(2)T
]

β(1) ∈ R
p1, β(2) ∈ R

p2and assume that the 
olumns of X(1) are error free and p1 + p2 = p. Then the mixedLS-TLS problem seeks to
β̂(LS−TLS,n) = min

β∈Rp,[ε,Θ]∈Rn×(p2+1)
‖[ε,Θ]‖F subje
t to Y+ε = X(1)β(1)+(X(2)+Θ)β(2).(16)

β̂(LS−TLS,n) is 
alled a mixed LS-TLS solution to the problem (16) and [ε,Θ] is the 
orre-sponding LS-TLS 
orre
tion. By varying p1 from zero to p, the mixed LS-TLS problem
an handle also with any ordinary LS or ordinary TLS problem. To solve the mixedLS-TLS problem, due to Golub, we us QR fa
torization, solve ordinary TLS problem ofredu
ed dimension and after that we 
ompute the �rst p1 
omponents of β̂(LS−TLS,n). Leta matrix [

X(1),X(2)
] be given, have full 
olumn rank and 
olumns of X(1) are error free.Suppose that 0 < p1 < p then 
ompute the QR fa
torization

[

X(1),X(2),Y
]

= Q

[

R11 R12 RY1

0 R22 RY2

]

,where Q is orthogonal, R11 ∈ R
p1×p1 and R22 ∈ R

n−p1×p2+1 are upper triangular. Then
ompute the ordinary TLS solution β̂(TLS,n−p1) of RY2
≈ R22β whi
h gives us the thelast p2 
omponents of β̂(LS−TLS,n). The �rst p1 
omponents we obtain from the solutionof following equation

R11β̂
(LS,p1) = RY1

−R12β̂
(TLS,n−p1).The mixed LS-TLS solution is β̂(LS−TLS,n) =

[

β̂(LS,p1), β̂(TLS,n−p1)
]. Unfortunately thisuniversal estimator is not robust and gives misleading results when outliers o

ur.6 Robusti�ed Mixed Least Squares Total Least SquaresThe robusti�
ation of mixed LS-TLS estimator is not straightforward as in ordinarytotal least squares. Let denote by ρ1 the p1 + 1 dimensional hyperplane given by thenormal ve
tor ν1 =

[

β̂
(LS−TLS,n)
1 , . . . , β̂

(LS−TLS,n)
p1 ,−1

]T and by ρ2 the p2 + 1 dimensionalhyperplane given by the normal ve
tor ν2 =
[

β̂
(LS−TLS,n)
p1+1 , . . . , β̂

(LS−TLS,n)
p ,−1

]T . Then we
an 
ompute the squared verti
al distan
e of ea
h data point [Xi1, . . . , Xip1, Yi] from thehyperplane ρ1 and the orthogonal distan
e of ea
h data point [Xip1+1, . . . , Xip, Yi] from thehyperplane ρ2. Now we need to take some reasonable 
ombination of these two distan
es,identify the in�uential points and downweight them. Another possibility is to identifythe in�uential points separately and instead of dis
arding s outermost points from the
p+1 dimensional hyperplane ρ given by the normal ve
tor [

β̂(LS−TLS,n),−1
]T we dis
ard

s/2 points from the �rst part by the help of LTS and s/2 points from the se
ond partby the help of TLTS. However, algorithms and properties of robusti�ed mixed LS-TLSestimator are still under resear
h and large simulation study is under preparation.
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7 Con
lusionsIn this paper we reviewed the development and extensions of estimation of parametersin linear regression model when outliers o

ur and the orthogonality 
ondition fails. Themost frequent example of this problem is a 
ase when the explanatory variables are mea-sured with a random errors. In algebrai
 point of view is the problem of overdeterminedsystem Y ≈ Xβ. We propose and des
ribed two approa
hes how to solve this kind ofproblem. The �rst approa
h is based on theory of instrumental variables and the se
ondone on theory of total least squares. We des
ribed how to determine the solution tothe basi
 TLS problem from the SVD. We propose the robusti�ed versions of IV and ofTLS with outlines of the algorithms for 
omputations of the solutions of the instrumentalweighted variables or total least trimmed squares. Furthermore we generalized the TLSto mixed LS-TLS method and propose the robusti�ed version. To all mentioned estima-tors and methods we ran small simulation study and both results and MATLAB 
odes ofalgorithms are available on the request. Sin
e the error-in-variables model 
orresponds toTLS, this �eld of mathemati
s 
onne
ts the algebrai
 and numeri
al mathemati
s withstatisti
s. For further reading we 
an re
ommend [1℄ or [8℄.Referen
es[1℄ Van Hu�el, S. and Vandewalle, J. The Total Least Squares Problem: ComputationalAspe
ts and Analysis. SIAM Philadelphia (1991).[2℄ Fran
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hni
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anStatisti
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y of the instrumental weighted variables. Annals of the Insti-tute of Statisti
al Mathemati
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t. Point estimators based on minimization of information-theoreti
 divergen
es be-tween empiri
al and hypotheti
al distribution indu
e a problem when working with 
ontinuousfamilies whi
h are measure-theoreti
ally orthogonal with the family of empiri
al distributions.In this 
ase the φ-divergen
e is always equal to its upper bound and the minimum φ-divergen
eestimates are trivial. Broniatowski and Vajda in [2℄ proposed several modi�
ations of the mini-mum divergen
e rule to provide a solution to the above mentioned problem. We examine thesemodi�
ations in pra
ti
al use.Keywords: divergen
es, minimum φ-divergen
e estimation, maximum subdivergen
e estimators,minimum superdivergen
e estimators, simulationsAbstrakt. Bodové odhady zaloºené na minimaliza
i φ-divergen
í mezi empiri
kou a hypotet-i
kou distribu
í p°iná²í problém, pokud pra
ujeme se spojitými rodinami hustot, které jsou orto-gonální (vzhledem k dominují
í σ-kone£né mí°e) s rodinami empiri
ký
h distribu
í. V takovémp°ípad¥ je φ-divergen
e vºdy rovna své horní mezi a odhad s minimální φ-divergen
í je tudíºtriviální. Broniatowski a Vajda v [2℄ navrhli n¥kolik modi�ka
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e1 Introdu
tionAs was already mentioned in many publi
ations, the well known information-theoreti
measures of divergen
e of probability measures introdu
ed in the 60ties by A. Renyi and I.Csiszar 
annot be dire
tly applied in statisti
al estimation, sin
e the divergen
e betweenthe theoreti
al absolutely 
ontinuous probability measure and the dis
rete empiri
al prob-ability measure is always equal to its upper bound and often takes on in�nite values. In2008 - 2009 Broniatowski & Vajda ([2℄) studied and extended two di�erent modi�
ationsof divergen
es proposed independently in 2006 ([5℄, [1℄). They altered the traditional
φ-divergen
es into subdivergen
es and superdivergen
es and de�ned maximum subdiver-gen
e estimators with es
ort parameter θ and minimum superdivergen
e estimators. We
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60 I. Frýdlováshall present the key results of extensive simulation study of these types of point esti-mators. The main interest of our resear
h ([4℄) was to examine these modi�
ations inpra
ti
al use as to the 
onsisten
y, robustness and e�
ien
y of the estimators. We fo
uson the well known family of power divergen
es parametrized by α in the normal distri-bution model. We run a 
omparative 
omputer simulation for several randomly sele
ted
ontaminated and un
ontaminated data sets, and we study the behavior of estimatorsfor di�erent sample sizes and di�erent φ-divergen
e parameters.2 φ-divergen
es and Minimum φ-divergen
e EstimatorsThis 
hapter introdu
es the φ-divergen
es, their basi
 
hara
teristi
s, and the 
on
ept ofminimum divergen
e estimation. We mention several problems en
ountered when workingwith these estimators, and we suggest some possiblilities to bypass them.Let (X ,A) be a measurable spa
e and let P be a set of all probability measures on
(X ,A). If P ∈ P is dominated by a σ-�nite measure λ on (X ,A), then p = dP/dλ is aRadon-Nikodym density of P with respe
t to measure λ.De�nition 1.. Let P, Q ∈ P, {P, Q} ≪ λ, p = dP/dλ and q = dQ/dλ. A φ-divergen
eof distributions P a Q is a fun
tion Dφ : P × P → [0,∞] de�ned by

Dφ(P, Q) =

∫

X

φ

(
p

q

)
dQ =

∫

X

q φ

(
p

q

)
dλ , (1)where φ : (0,∞) → R is a 
onvex fun
tion.For this formula to be well de�ned, we put

q φ

(
p

q

)
=

{
q φ(0) if p = 0
p φ(∞)/∞ if q = 0,where φ(0) := limt→0+

φ(t) and φ(∞)/∞ := limt→∞

φ(t)
t
, while "0 · ∞ = 0".For φ-divergen
es it holds the following theorem.Theorem 1.. For ea
h generating fun
tion φ it holds φ(1) ≤ Dφ(P, Q) ≤ φ(0)+φ(∞)/∞for every P, Q ∈ P, where the left equality takes pla
e if P = Q and the right equalitytakes pla
e if P⊥Q, i.e. P, Q are singular.From now on, we shall 
onsider only φ whi
h are twi
e di�erentiable, stri
tly 
onvexgenerating fun
tions with φ(1) = 0 and 
ontinuous extension to t = 0+ denoted by

φ(0). We let Φ be the 
lass of all su
h fun
tions. As to the probability measures, wewill deal with P and Q whi
h are either measure-theoreti
ally equivalent, P ≡ Q (i.e.
pq > 0 λ-a.s.), or measure-theoreti
ally orthogonal, P ⊥ Q (i.e. pq = 0 λ-a.s.).In the sequel, we shall use the power divergen
es

Dα(P, Q) := Dφα
(P, Q), α ∈ R, (2)where

φα(t) =
tα − α(t − 1) − 1

α(α − 1)
α 6= 0, α 6= 1 (3)
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ases
φ0(t) = − ln t + t − 1 and φ1(t) = t ln t − t + 1. (4)For these fun
tions it holds as a result of Theorem 1

0 ≤ Dα(P, Q) ≤

{ 1
α(1−α)

if 0 < α < 1

∞ otherwise. (5)The left equality takes pla
e if and only if P = Q. If 0 < α < 1 then the right equalitytakes pla
e if and only if P ⊥ Q. Otherwise it takes pla
e if α ≤ 0 and Q 6≪ P , i.e.
Q(X − S(P )) > 0, or if α ≥ 1 and P 6≪ Q, i.e. P (X − S(Q)) > 0.Now, let X1, X2, ..., Xn be independent and identi
ally distributed observations gov-erned by Pθ0

∈ P, where P = {Pθ : θ ∈ Θ} is a family of probability measures on (X ,A),
Θ ⊂ R

d is a parameter spa
e, and we assume that for every θ, θ0 ∈ Θ, θ 6= θ0 holds
Pθ 6= Pθ0

and Pθ ≡ Pθ0
. Moreover, we assume the family P to be nonatomi
 (
ontinous),i.e. for all θ ∈ Θ and x ∈ X we require Pθ({x}) = 0. We also let the data X1, X2, ..., Xnto be represented by an empiri
al probability measure Pn = 1

n

∑n

i=1 PXi
, where Px is theDira
 probability measure with all mass 
on
enrated at the point x ∈ X .De�nition 2.. Let φ ∈ Φ. We say that an estimator θ̂n : X n → Θ of a true parameter

θ0 ∈ Θ is a minimum φ-divergen
e estimator if for the 
orresponding Dφ it holds that
θ̂n = argminθDφ(Pθ, Pn).The problem we en
ounter with these estimators is that the 
ontinuous family Pand the family of empiri
al distributions Pemp are measure-theoreti
ally orthogonal, i.e.

Pθ ⊥ Pn for every Pθ ∈ P and Pn ∈ Pemp. This implies that for every Pθ ∈ P and
Pn ∈ Pemp

Dφ(Pθ, Pn) = φα(0) + φα(∞)/∞and the above de�ned estimates are trivial. To fa
e this problem, it is possible to usesome prior smoothing of the data or another nonparametri
 density estimation like we didby implementing histogram in [3℄, but these methods bring another unpleasant obstru
-tions su
h as bandwidth sele
tion. In the next se
tion, we present several modi�
ationsof the minimum divergen
e rule studied by Broniatowski & Vajda ([2℄) avoiding these
ompli
ations as well.3 Power subdivergen
e and superdivergen
e estimatorsWe shall regard the probability measures P ∈ P and Q ∈ Q for Q = P ∪ Pemp.Consider the family of �nite expe
tationsD	 φ,θ̃ (Pθ, Q) =

∫
φ′(pθ/pθ̃) dPθ +

∫
φ#(pθ/pθ̃) dQ, (Pθ, Q) ∈ P ⊗Q (6)parametrized by (φ, θ̃) ∈ Φ ⊗Θ, where

φ#(t) = φ(t) − tφ′(t) for every φ ∈ Φand φ′ denotes the derivative of φ. For (6) to be 
orre
tly de�ned, we assume that theintegrals exist and have a �nite value.



62 I. FrýdlováNow, the maximum subdivergen
e estimators with es
ort parameter θ ∈ Θ (brie�y,the maxD	φ-estimators) are de�ned as
θ̃φ,θ,n = argmaxθ̃ D	 φ,θ̃(Pθ, Pn) = argmaxθ̃

[∫
φ′

(
pθ

pθ̃

)
dPθ +

1

n

n∑

i=1

φ#

(
pθ(Xi)

pθ̃(Xi)

)]and the minimum superdivergen
e estimators (brie�y, the min 	Dφ-estimators) as
θφ,n = argminθ supθ̃ D	 φ,θ̃(Pθ, Pn) = argminθ supθ̃

[∫
φ′

(
pθ

pθ̃

)
dPθ +

1

n

n∑

i=1

φ#

(
pθ(Xi)

pθ̃(Xi)

)]
.If we restri
t ourselves to a sub
lass of these estimators determined by the powerdivergen
es given in (2), by employing the power fun
tions φα from (3) and (4) we re
eivefor α > 0 formulas

θ̃α,θ,n = argminθ̃ Mα,θ(Pn, θ̃) (7)and
θα,n = argmaxθinf θ̃ Mα,θ(Pn, θ̃) or θα,n = argmaxθ Mα,θ(Pn, θ̃α,θ,n) (8)where

Mα,θ(Pn, θ̃) =
1

1 − α

∫ (
pθ

pθ̃

)α

dPθ̃ +
1

αn

n∑

i=1

(
pθ(Xi)

pθ̃(Xi)

)α if α > 0, α 6= 1 (9)
= −

∫
ln

pθ

pθ̃

dPθ +
1

n

n∑

i=1

pθ(Xi)

pθ̃(Xi)
if α = 1for all Q ∈ Q = P ∪Q and

θ̃0,θ,n = argmaxθ̃ Σn
i=1 ln pθ̃(Xi) and θ0,n = argmaxθ Σn

i=1 ln pθ(Xi) (10)for α = 0. It is obvious that in this 
ase the estimators 
oin
ide with MLE's, hen
e the
lasses of maxD	φ -estimators and of min	Dφ-estimators are extensions of the MLE.3.1 Power subdivergen
e estimators and power superdivergen
eestimators in the normal distribution modelLet the observation spa
e (X ,A) be (R,B) and P = {Pµ,σ : µ ∈ R, σ > 0} be the normalfamily with parameters of lo
ation µ and s
ale σ (i.e. varian
es σ2). We are interested inthe min	Dα-estimates (µα,n, σα,n) and the maxD	α-estimates (µ̃α,µ,σ,n, σ̃α,µ,σ,n) with powerparameters α ≥ 0 and es
ort parameters (µ, σ) ∈ R ⊗ (0,∞).If α = 0 then these estimators redu
e to
(µ0,n, σ0,n) = (µ̃0,µ,σ,n, σ̃0,µ,σ,n) =



 1

n

n∑

i=1

Xi,

√√√√ 1

n

n∑

i=1

(Xi − µ̃0,µ,σ,n)2



 (11)whi
h is a maximum likelihood estimate in the family of normal distributions.For α > 0, α 6= 1 the fun
tion (9) be
omes
Mα,µ,σ(Pn, µ̃, σ̃) =

1

1 − α

∫ (
pµ,σ

pµ̃,σ̃

)α

dPµ̃,σ̃ +
1

αn

n∑

i=1

(
pµ,σ(Xi)

pµ̃,σ̃(Xi)

)α (12)
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pµ,σ(x)

pµ̃,σ̃(x)

)α

=

(
σ̃

σ

)α

exp

{
α (x − µ̃)2

2σ̃2
−

α (x − µ)2

2σ2

}
,and

∫ (
pµ,σ

pµ̃,σ̃

)α

dPµ̃,σ̃ = exp

{
−α(1 − α)(µ − µ̃)2

2[ασ̃2 + (1 − α)σ2]
− ln

√
ασ̃2 + (1 − α)σ2

σ̃ασ1−α

}
.For α = 1

M1,µ,σ(Pn, µ̃, σ̃) = lim
α→1

Mα,µ,σ(Pn, µ̃, σ̃)

=
−(µ − µ̃)2

2σ̃2
−

1

2

[
− ln

(σ

σ̃

)2

+
(σ

σ̃

)2

− 1

]

+
1

n

n∑

i=1

(
σ̃

σ

)
exp

{
(Xi − µ̃)2

2σ̃2
−

(Xi − µ)2

2σ2

}
. (13)In [2℄, Vajda shows that the maxD	α-estimators of lo
ation are Fisher 
onsistent inthe normal family Pσ = {Pµ,σ = N(µ, σ2) : µ ∈ R} with σ > 0 �xed if and only if

σ = 1, whi
h suggests an easy loss of 
onsisten
y of these estimators. We shall inspe
tthis property by simulations in the next 
hapter. We shall also examine whether themaxD	α-estimators es
orted by MLE τn = µ̃0,µ,n, i.e. µ̃α,τn,n, are Fis
her 
onsistent underall hypotheti
al models Pµ,σ = N(µ, σ2), σ > 0, and possibly 
onsistent and robust underthe 
ontaminated versions of these models.4 Computer SimulationsThis 
hapter is to present the results obtained by applying the methods of Broniatowski& Vajda introdu
ed in the previous 
hapters. We target the study at the power subdi-vergen
e and power superdivergen
e estimators of lo
ation given by
µ0,n = µ̃0,µ,n = X̄n =

1

n

n∑

i=1

Xiand µα,n = argmaxµinfµ̃ Mα,µ(Pn, µ̃) µ̃α,µ,n = argminµ̃ Mα,µ(Pn, µ̃)for α > 0 with Mα,µ(Pn, µ̃) given by (12) with parameter σ = 1, and the power subdiver-gen
e and power superdivergen
e estimators of s
ale given by
σ0,n = σ̃0,σ,n = Sn =

1

n

n∑

i=1

X2
iand σα,n = argmaxσinfσ̃ Mα,σ(Pn, σ̃) σ̃α,σ,n = argminσ̃ Mα,σ(Pn, σ̃)for α > 0 with Mα,σ(Pn, σ̃) given by (12) with parameter µ = 0. Here X1, ..., Xn areobservations on the 
onvex mixtures Pε = (1 − ε)P + εQ, P is a standard normal modelwith lo
ation µ = 0 and s
ale σ = 1, further denoted by N(0, 1), and Q is su

essivelynormal (N(0, 9), N(0, 100)), logisti
 (Lo(0, 1)), and Cau
hy (C(0, 1)) distribution. The
ontamination we use is 0, 1, 5, 10, 20, 30 per
ent respe
tively, i.e. ε takes on the values
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0, 0.01, 0.05, 0.1, 0.2, and 0.3. The sample size n is 
onsidered su

essively 20, 50, 100,200, 500.In 
ase of min	Dα-estimators µα,n, σα,n we take into a

ount only power parameters 0,
0.01, 0.05, 0.1, 0.2, and 0.5. In the 
ase of maxD	α-estimators µ̃α,µ,n we 
onsider the samevalues of power parameter and in addition to that we sele
t the es
ort parameters µ =
0, 0.1, 0.2, 0.5, 1 and �nally µ = X̄n (MLE). For maxD	α-estimators σ̃α,σ,n we 
onsiderthe same values of power parameter and the es
ort parameters σ = 0.5, 1, 1.2, 1.5, 2 and�nally σ = Sn (MLE) and σ = 1.483 medj(|Xj |) (MAD estimate of s
ale for knownlo
ation parameter equal to 0, otherwise MAD = 1.483 medj(|Xj −medi(Xi)|)).To evaluate the behavior of power superdivergen
e (or power subdivergen
e) esti-mators we generate K di�erent data samples (K=100 or K=1000) to gain K di�erentestimates (further indexed by (k)) and we 
ompute means and standard deviations

m(µ) =
1

K

K∑

k=1

µ(k)
α,n s(µ) =

√√√√ 1

K

K∑

k=1

(µ
(k)
α,n − m(µ))2

m(σ) =
1

K

K∑

k=1

σ(k)
α,n s(σ) =

√√√√ 1

K

K∑

k=1

(σ
(k)
α,n − m(σ))2of the min	Dα-estimators (or maxD	α-estimators) and maximum likelihood estimators X̄

(k)
nand S

(k)
n . Making use of these we re
eive the relative empiri
al e�
ien
ies

eref(µ) =
1
K

∑K

k=1(X̄
(k)
n )2

1
K

∑K

k=1(µ
(k)
α,n)2

eref(σ) =
1
K

∑K

k=1(S
(k)
n − 1)2

1
K

∑K

k=1(σ
(k)
α,n − 1)2

.4.1 Results for power subdivergen
e estimators of lo
ationFirst we inspe
t the development of 
onsisten
y, e�
ien
y and robustness in 
ase ofmixture (1−ε)N(0, 1)+ εN(0, 9) for moving value of es
orting parameter µ = 0, 0.1, 0.2,
0.5, 1 and 
ontamination parameter ε = 0, 0.01, 0.05, 0.1, 0.2, and 0.3.For power parameter α = 0 we 
an 
on
lude that the estimates 
oin
ide with MLE,i.e. eref(µ̃) = 1, as was expe
ted. In 
ase of es
ort parameter µ = 0, the maxD	α-estimators for the un
ontaminated data still more or less 
opy the behavior of MLEeven for values of α > 0, but as the 
ontamination grows, we observe that the mean andstandard deviation of maxD	α-estimator move apart fromMLE taking on lower values thanmaximum likelihood estimate of the 
ontaminated data. In 
ase of m(µ̃) the di�eren
e isonly slight (yet favourable), but in 
ase of s(µ̃) is the di�eren
e apparent (
f. Figure 1) and
auses a fair in
rease in empiri
al relative e�
ien
y. Figure 2 displays the development of
eref(µ̃) for di�erent values of power parameter α showing us that the robustness tenden
yis growing stronger with α in
reasing. Sin
e the dependen
e on sample size n is almost
onstant for n > 50, we present in Figure 3 the value of eref(µ̃) only for n = 500as a fun
tion of 
ontamination parameter ε for di�erent levels of α. This shows therising e�
ien
y of maxD	α-estimator (
ompared to MLE with α = 0) with in
reasing
ontamination.All that was stated above holds for µ = 0. However, the situation 
hanges to theworse for the parameter µ moving to 1. The 
onsisten
y, e�
ien
y, even the robustness
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ies slowly vanish, and we see that apart from the 
ase of µ = 0 the maxD	α-estimators do not possess the useful properties we would desire.The previously des
ribed behavior 
an be seen also for the other mixtures, i.e. 
on-tamination by N(0, 100), Lo(0, 1) and C(0, 1). It was only observed to grow strongeras the outliers get farther away, as is the 
ase of 
ontamination by Cau
hy distribution.Espe
ially the robustness of the estimator es
orted by µ = 0 is rather stunning 
omparedto MLE. Unfortunately also the loss of 
onsisten
y for µ moving to 1 is faster.

Figure 1 : Dependen
y of standard deviation of the maxD	α-estimators with es
ort pa-rameter µ = 0 on sample size n for data distributed by (1 − ε)N(0, 1) + εN(0, 9)

Figure 2 : Dependen
y of empiri
al relative e�
ien
y of the maxD	α-estimators withes
ort parameter µ = 0 on sample size n for data distributed by 0.7N(0, 1) + 0.3N(0, 9)

Figure 3 : Dependen
y of empiri
al relative e�
ien
y of the maxD	α-estimators with es
ortparameter µ = 0 on 
ontam. parameter ε for data distributed by (1−ε)N(0, 1)+εN(0, 9)



66 I. FrýdlováIn a

ordan
e with the fa
t that the best results we obtained were for µ = 0 whi
h isthe true parameter of the estimated data, some very good results were re
eived for thevalue of the es
ort parameter µ = X̄n as was already indi
ated by theory in [2℄.For 
ontamination by N(0, 9), N(0, 100) and Lo(0, 1) we re
eived perfe
t mat
h withMLE for all values of ε. Nevertheless, an outstanding behavior was noti
ed in 
ase of
ontamination by Cau
hy distribution, where the power subdivergen
e estimator showsa signi�
ant resistan
e to distant outliers ( 
f. Figure 4). In this situation, the standarddeviation s(µ̃) of the maximum likelihood estimator with great volatility 
opies the o
-
urren
e of extreme outliers, while the standard deviation of MLE-es
orted subdivergen
eestimator retains low values and steady 
onvergen
e to 0. This, 
learly, results also inhuge empiri
al relative e�
ien
y.

Figure 4 : Dependen
y of standard deviation of the maxD	α-estimators with es
ort pa-rameter µ = X̄n on sample size n for data distributed by (1 − ε)N(0, 1) + εC(0, 1)4.2 Results for power subdivergen
e estimators of s
aleLets again �rst inspe
t the development of 
onsisten
y, e�
ien
y and robustness in 
aseof mixture (1− ε)N(0, 1)+ εN(0, 9) for the values of es
orting parameter σ = 0.5, 1, 1.2,
1.5, 2 and 
ontamination parameter ε = 0, 0.01, 0.05, 0.1, 0.2, and 0.3.As expe
ted, for α = 0 we get the exa
t MLE, hen
e eref(σ̃) is always equal to 1.For ε = 0, i.e. the un
ontaminated data, the subdivergen
e estimators more or less
orrespond with the maximum likelihood estimators, but they do not outperform them.With rising value of parameter α also the standard deviation s(σ̃) rises a little, whi
h
auses a 
ertain loss of e�
ien
y. For ε > 0 and es
ort parameters σ = 1, 1.2, 1.5, and
2 we observe a loss of 
onsisten
y, however the MLE loses its 
onsisten
y too, and withrising 
ontamination we see that the maxD	α-estimators possess lower values of means andstandard deviations then MLE and their performan
e is therefore better. The best resultswere re
eived for es
ort parameter σ = 0.5. Here, the estimates retained the 
onsisten
yeven for highly 
ontaminated data, showed substantially lower values of m(σ̃) and s(σ̃),whi
h resulted in high empiri
al relative e�
ien
y (
f. Table 1).The maxD	α-estimators for the other mixtures behave very mu
h the same, the de-s
ribed behavior only gets stronger with 
ontamination by distant outliers. For data
ontaminated by N(0, 100) and C(0, 1), the subdivergen
e estimators perform betterthen MLE even for very small level of 
ontamination ε = 0.01 and all values of es
ortparameter σ.



Performan
es of Modi�ed Power Divergen
e Estimators in Normal Models 67As in the lo
ation 
ase, we tried to es
ort the subdivergen
e estimator with the MLE
σ = Sn. However, we re
eived only a perfe
t mat
h with maximum likelihood estimator,showing no robusness whatsoever. This motivated us to plug in a simple and robustestimate of s
ale 
alled median absolute deviation (MAD), whi
h showed up to be abetter 
hoi
e. For this type of estimators we observe that while the power parameter αmoves away from 0, the values of m(σ̃) de
rease and the values of s(σ̃) in
rease. This
auses the e�
ien
y to rise at �rst and than fall down slowly (
f. Table 2). However, bydire
t 
omparison with Table 1 we see that the performan
es of these estimators are notas good as those of the estimators es
orted by σ = 0.5.

α/n 50 100 200 500

m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃)

0.00 1.336 0.256 1.000 1.326 0.175 1.000 1.336 0.125 1.000 1.336 0.079 1.000

0.01 1.297 0.214 1.326 1.291 0.147 1.288 1.296 0.104 1.301 1.297 0.065 1.288

0.05 1.207 0.147 2.757 1.206 0.103 2.580 1.205 0.073 2.705 1.207 0.044 2.671

0.10 1.156 0.125 4.450 1.155 0.088 4.321 1.152 0.062 4.749 1.153 0.038 4.789

0.20 1.114 0.121 6.446 1.110 0.083 7.210 1.105 0.059 8.763 1.106 0.036 9.454

0.50 1.089 0.143 6.302 1.079 0.097 8.780 1.072 0.069 12.97 1.072 0.043 16.94Table 1: The evaluation 
hara
teristi
s of maxD	α-estimators for mixture 0.9N(0, 1) +
0.1N(0, 9) and es
ort parameter σ = 0.5

α/n 50 100 200 500

m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃) m(σ̃) s(σ̃) eref(σ̃)

0.00 1.336 0.256 1.000 1.326 0.175 1.000 1.336 0.125 1.000 1.336 0.079 1.000

0.01 1.176 0.204 2.464 1.132 0.140 3.711 1.106 0.103 5.911 1.085 0.073 9.559

0.05 1.108 0.191 3.688 1.082 0.147 4.806 1.072 0.113 7.093 1.072 0.091 8.853

0.10 1.088 0.199 3.776 1.071 0.162 4.381 1.067 0.130 6.005 1.071 0.106 7.283

0.20 1.073 0.215 3.450 1.062 0.180 3.761 1.065 0.154 4.618 1.070 0.126 5.750

0.50 1.064 0.252 2.638 1.053 0.211 2.895 1.062 0.191 3.181 1.070 0.158 3.992Table 2: The evaluation 
hara
teristi
s of maxD	α-estimators for mixture 0.9N(0, 1) +
0.1N(0, 9) and es
ort parameter σ = MAD4.3 Results for power superdivergen
e estimatorsFor the power superdivergen
e estimators of lo
ation, as well as in 
ase of maxD	α-estimators of lo
ation es
orted by µ = X̄n, we re
eived a perfe
t mat
h with maximumlikelihood estimatior for all mixtures ex
ept for the mixture (1− ε)N(0, 1) + εC(0, 1). Inthis 
ase again, with higher 
ontamination the min	Dα-estimators show favourable robus-ness and rising e�
ien
y. Yet, these robustness tenden
ies are not as strong as withpower subdivergen
e estimators es
orted by µ = 0 or µ = X̄n.When estimating the s
ale parameter, we also re
eived estimates that very well 
oin-
ided with the MLE, even in the 
ase of 
ontamination with Cau
hy distribution. Theseestimates showed no robustness at all.Another demotivating feature of superdivergen
e estimators 
omputation is extremelyhigh 
omputing time 
aused by double optimization. This pri
e is too high to pay for theabove mentioned robustness, and it strongly dis
ourages the users from further utilization.



68 I. Frýdlová5 Con
lusionTo resume, the power subdivergen
e estimators of lo
ation do not possess the requiredproperties ex
ept for the 
ase with es
orting parameter µ = 0 or µ = X̄n. These estimatesshow 
onsisten
y 
opying maximum likelihood estimates, and they exhibit high empiri
alrelative e�
ien
y and 
onsiderable robustness. This resistan
e to distant outliers togetherwith 
onsisten
y and e�
ien
y is a key result of our simulation, and it motivates us toexplore the maxD	α-estimators further.The power subdivergen
e estimators of s
ale also su�er by the loss of 
onsisten
ybut their performan
e is usually better than that of the maximum likelihood estimator,espe
ially when the data are 
ontaminated by distant outliers. The best results werere
eived for the 
ases with es
orting parameter σ = 0.5 where the 
onsisten
y was retainedand the e�
ien
y was high due to the de
rease of means and standard deviations of thesubdivergen
e estimators. Some very good results were obtained also for es
ort parameterequal to median absolute deviation, but the performan
es surprisingly were not betterthose of the subdivergen
e estimators es
orted by σ = 0.5. This also brings up manyquestions and inspires us for the future resear
h.The power superdivergen
e estimators of lo
ation are equivalent to standard maxi-mum likelihood estimator, apart from the 
ases of high 
ontamination by heavy-taileddistribution. Here it displays 
ertain robustness whi
h, however, does not overly impressand whi
h does not 
ompensate the extraordinary 
omputational demands. The powersuperdivergen
e estimators of s
ale also very well 
orrespond with the standard maximumlikelihood estimator.Referen
es[1℄ M. Broniatowski and A. Keziou. Minimization of φ-divergen
es on sets of signedmeasures. Studia S
ientiarum Mathemati
a Hungari
a, vol. 43, (2006), 403�442.[2℄ M. Broniatowski and I. Vajda. Several Appli
ations of Divegen
e Criteria in Con-tinuous Families. Resear
h Report No. 2257, Institute of Information Theory andAutomation, Prague, (2009).[3℄ I. Frýdlová.Minimum Kolmogorov distan
e estimators. Thesis, Cze
h Te
hni
al Uni-versity, Prague, 2004.[4℄ I. Frýdlová. Modi�ed Power Divergen
e Estimators: Performan
es in Lo
ation Mod-els. Resear
h Report No. 2258, Institute of Information Theory and Automation,Prague, (2009).[5℄ F. Liese and I. Vajda. On divergen
es and informations in statisti
s and informationtheory. IEEE Transa
tions on Information Theory, vol. 52, No. 10, (2006), 4394�4412.
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s, Fa
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t. Minimum distan
e density estimates (MDE) are 
onsidered. Via numeri
al simula-tion, robustness and 
onsisten
y of many types of MDE are examined. We 
onsider Kolmogorov,Lévy, dis
repan
y, and Cramer�von Misses distan
es. For all but last distan
es we have proven
onsisten
y of the order n−1/2 in L1�norm if the sample is non�
ontaminated. Graphs for 
on-taminated 
ase are presented and dis
ussed. Further, new type of MDE are introdu
ed, namely,with generalized Cramer�von Mises (GCM) and Kolmogorov-Cramer (KCα,m) distan
e. Vari-ous types of GCM estimates are simulated and results are presented and dis
ussed. As resultsof simulation show, the new de�ned estimates possess some robustness and 
onsisten
y even forheavily 
ontaminated distributions (35% 
ontamination).Keywords: minimum distan
e estimate, 
onsisten
y, Cramer-von Mises estimateAbstrakt. Zkoumáme odhady s minimální vzdáleností (MDE). Pomo
í numeri
ké simula
eje zkoumána konzisten
e a robustnost t¥
hto odhad �u. Uvaºujeme odhady s minimální Kol-mogorovskou, Lévyho, diskrepan£ní a Cramer-von Mises vzdáleností. Pro v²e
hny aº na poslednízmín¥ný máme teoreti
ky dokázanou konzisten
i a °ád konzisten
e n−1/2 v L1�norm¥ a st°edníhodnot¥ L1�normy pro nezne£i²t¥nou distribu
i. Grafy pro zne£i²t¥ný p°ípad jsou prezentovány adiskutovány. Dále jsou zavedeny dva nové odhady s minimální vzdaleností, jmenovit¥ se zobe
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e, Cramer-von Mises odhad1 Introdu
tionThis paper fo
uses on the minimum distan
e density estimates. Consisten
y and robust-ness of many type of the minimum distan
e estimates are explored. For non 
ontami-nated 
ase K �us [10℄ has proven 
onditions for 
onsisten
y of the order n−1/2 in (expe
ted)L1-norm for Kolmogorov estimate. Hanousková [8℄ has weakened this 
onditions and ex-tended them on Lévy and dis
repan
y estimate. Further, Cramer-von Mises and newlyde�ned generalized Cramer-von Mises and Kolmogorov-Cramer estimates are explored viasimulation. We 
onsider non 
ontaminated and 
ontaminated distributions and explore
onsisten
y and robustness of all above mentioned estimates.
∗This work has been supported by the grant SGS OHK4�007/10.69



70 J. Hanousková2 Basi
 Con
eptsWe introdu
e the notation used in the following text. Let λ be a σ-�nite measure on
(R,B), where B is a borel σ-�eld on R. Let Fλ be the set of distributions on (R,B) whi
hare absolutely 
ontinuous with respe
t to the measure λ. Let us denote by Dλ the set inBana
h spa
e L1(R, dλ) 
ontaining densities 
orresponding to distribution fun
tions in
Fλ, by D arbitrary nonvoid subset of Dλ, and by F a respe
tive subset of Fλ. Further,
Xn = (X1, . . . , Xn) denotes a random ve
tor with independent 
omponents distributedby a density f . Next, Fn(x) represents the empiri
al distribution fun
tion based on Xn,similarly νn(B) stands for the empiri
al measure

Fn(x) =
1

n

n∑

j=1

I{Xj≤x} , x ∈ R, νn(B) =
1

n

n∑

j=1

I{Xj∈B} , B ∈ B , (1)where I{Xj≤x} and I{Xj∈B} stand for indi
ators of the 
orresponding events.De�nition 1. Let d be a distan
e on a given set of probability measures P. An estimate
P̂n of a measure P ∈ P (for nonparametri
 model), or an estimate θ̂n ∈ Θ of a parameter
θ (for parametri
 model) is 
alled minimum d-distan
e estimate if it holds that

P̂n = arg min
P∈P

d(P, νn) a. s. , (2)
θ̂n = arg min

θ∈Θ
d(Pθ, νn) a. s. , (3)and P̂n, θ̂n exist. If the measures from P are absolutely 
ontinuous with respe
t to themeasure λ, then the density f̂n 
orresponding to the measure P̂n (f̂n = dP̂n/dλ) providesthe minimum d distan
e estimate of probability density f 
orresponding to the measure

P. In the following text ρd denotes a distan
e between two probability densities f, g ∈
Dλ de�ned by ρd(f, g) = d(P, Q), where P, Q ∈ P are the 
orresponding probabilitymeasures. If the distan
e d is a metri
, ρd need not be a metri
. We use the 
on
ept ofequivalen
e 
lasses (f ∼ g i� ρd(f, g) = 0) in order to 
onvert ρd into a metri
.We deal with Kolmogorov (ρK), total variation (ρV ), dis
repan
y (ρD), Cramer-vonMises (ρC−M), and Lévy (ρL) distan
es. And further, we de�ne generalized Cramer-von



Minimum Distan
e Estimate 71Mises distan
e (ρGCM ).
ρK(f, g) = sup

x∈R

|F (x) − G(x)|, (4)
ρV (f, g) =

∫

R

|f − g|dλ, (5)
ρD(f, g) = sup

B∈B

|P (B) − Q(B)|, (6)
ρC−M(f, g) =

∫

R

(F (x) − G(x))2dF (x), (7)
ρL(f, g) = inf{ε > 0 : G(x − ε) − ε ≤ F (x) ≤ G(x + ε) + ε}, (8)
ρGCM(f, g) =

∫

R

|F (x) − G(x)|αdF (x), (9)where B is the set of all 
losed balls, and P, Q are probability measures with distributionfun
tions F, G 
orresponding to the densities f, g. And α is a non-negative real parameterof generalized Cramer-von Mises distan
e. Obviously, for the 
hoi
e of parametr α = 2the generalized Cramer-von Mises distan
e 
onverts to the original Cramer-von Misesdistan
e.Further, we de�ne new type of minimum distan
e estimator. We de�ne so 
alledKolmogorov-Cramer distan
e with parameter α, m (dKCα,m
) between empiri
al distribu-tion fun
tion and arbitrary distribution fun
tion in the following wayDe�nition 2. Let (x1, ..., xn) be a realization of random ve
tor Xn, α real parameter,and F arbitrary distribution fun
tion then a sequen
e (Gi)
2n
1 is de�ned as

Gi = |Fn(xi) − F (xi)|
α pro i = 1, ..., n (10)

G2n+1−i = |Fn−(xi) − F−(xi)|
α pro i = 1, ..., n . (11)Where Fn−(xi) = lim

x→xi−
Fn−(x) and simillar F−(xi) = lim

x→xi−
F−(x). Then Kolmogorov-Cramer distan
e is de�ned

dKCα,m
(Fn, F ) =

1

m

m∑

i=1

G(i) , (12)where G(i) denotes arranging in order of size.In other words, we 
an say that the Kolmogorov-Cramer distan
e is one over m timessum of m largest of the Gi, i = 1, ..., 2n. We 
all the distan
e Kolmogorov-Cramer,be
ause for m = 1 it 
onverts to Kolmogorov distan
e to the pover α and the shape isinspired by Cramer-von Mises distan
e.De�nition 3. We say that an estimate f̂n of a density f is 
onsistent in the given ρddistan
e (in the expe
ted ρd distan
e) i� ρd(f̂n, f) → 0 a.s. ( Eρd(f̂n, f) → 0). We saythat the estimate f̂n is 
onsistent of the order rn → 0 in the distan
e ρd, (in the expe
ted
ρd distan
e) i� ρd(f̂n, f) = Op(rn), (Eρd(f̂n, f) = O(rn)).



72 J. Hanousková3 Consisten
y in L1�normK �us [10℄ presents 
onditions for 
onsisten
y and for 
onsisten
y of the order n−1/2 of Kol-mogorov estimates. Conditions are based on domination relation between Kolmogorovdistan
e and total variation distan
e. Furthermore su�
ient 
ondition for the domina-tion relation is proven ibid. All previous results 
ould be summarized in the followingway. If the degree of variation of family D is �nite, then all Kolmogorov estimates ofdensities from D are 
onsistent of the order n−1/2 in the (expe
ted) L1�norm. Further,generalization of this theory is given in Hanousková [8℄. Namely, new (weaker) 
ondi-tions for 
onsisten
y and for 
onsisten
y of the order n−1/2 of Kolmogorov estimates areproven. For this aim an asymptoti
 domination and a partial degree of variation werede�ned. The main result 
ould be summarized by following statement. If the partialdegree of variation of family D is �nite, then all Kolmogorov estimates of densities from
D are 
onsistent in the (expe
ted) L1�norm. And if, moreover, some additional, but notas restri
tive as �niteness of the degree of variation, assumptions hold, then we gain theorder n−1/2 of 
onsisten
y in the L1�norm and in the expe
ted L1�norm. For details seeHanousková [8℄.Now we explore the 
onsisten
y and the order of 
onsisten
y of our minimum distan
eestimates for the 
ase of distan
es di�ering from the Kolmogorov distan
e. Let us supposethat the asymptoti
 domination is ful�lled for a family D ⊂ Dλ. Further, assume that fora given distan
e d it holds both inequalities ρd ≤ h1(ρK) and ρK ≤ h2(ρd) with two realfun
tions h1, h2 
ontinuous at zero point with zero value in zero argument. If there existpositive 
onstants Ki su
h that hi(x) ≤ Kix, i = 1, 2, in a neighborhood of zero, thenthe minimum d distan
e estimates of densities from D are 
onsistent of the order n−1/2 in
L1�norm and the expe
ted L1�norm. (See Hanousková [8℄ for details). The above stated
onditions are satis�ed for example for Lévy and dis
repan
y distan
es, i.e.

ρK(f, g) ≤ ρD(f, g) ≤ 2ρK(f, g) , (13)
ρL(f, g) ≤ ρK(f, g) ≤ (1 + sup |G′|)ρL(f, g) . (14)For spe
i�
 inequalities derived in spa
es of probability densities, see Gibbs & Su [5℄.Moreover, we were able to prove 
onsisten
y and n−1/2 order of 
onsisten
y forKolmogorov-Cramer estimate even though the upper mentioned inequalities do not hold.For Cramer-von Mises and generalized Cramer- von Mises distan
es we failed to show thedesired inequalities leading to n−1/2 
onsisten
y. Nevertheless, we hoped for 
onsisten
yof this two estimates, so we produ
ed numeri
al simulation to as
ertain. Via simulationwe study robustness of all upper mentioned estimates.4 Numeri
al simulationFurther, we 
onsidered normal distribution N(0, 1) 
ontaminated by the normal distribu-tion N(0, 100) and explore 
onsisten
y of all above mentioned minimum distan
e estima-tors. For 
ontaminated 
ase we have not theoreti
al results guaranteeing the 
onsisten
y.Thus, this 
ase is explored only via simulation. Normal distributions with 5%, 10%,15% 
ontamination were 
onsidered and the 
onsisten
y results (and related robustness



Minimum Distan
e Estimate 73as well) are presented in Figure 1 for Kolmogorov, Lévy, dis
repan
y, and Cramer-vonMises estimate and Figures 2, 3 present 
onsisten
y results for generalized Cramer-vonMises estimates with parameter α = 0.25, 0.5, 0.75, 1.0, 1.2, 1.4, 1.6, 1.8.The 
onsisten
y is now getting worse with in
reasing 
ontamination for the Kol-mogorov, Lévy, and dis
repan
y metri
s. Under 10% and 15% 
ontamination all esti-mates, ex
ept for Cramer�von Mises and generalized Cramer-von Mises, a
hieve the bestL1�error for n = 50 or n = 100 observations and for greater sample sizes the L1�normslightly in
reases possibly to a limiting value. Nevertheless, it 
an be seen from Figure 1that the Cramer�von Mises and all examined types of generalized Cramer-von Mises es-timates seem to preserve good 
onsisten
y even under 5%,10%, and 15% 
ontamination.Thus, Cramer�von Mises and generalized Cramer-von Mises estimates show some robustbehavior.
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Figure 1: L1�error of MD estimates for Normal distribution with parameters µ0 = 0,
σ2

0 = 1 
ontaminated by Normal distribution with parameters µ = 0, σ2 = 100.Regarding the robustness, it 
an be seen dire
tly from the Figures 1, 2, 3 that Cramer�von Mises type of estimate has the most robust behavior of all for sample sizes greaterthan 200. Further, we want to determine whi
h 
hoi
e of parameter α is the best (in sen
eof robustness and 
onsisten
y, too). However, the shapes of graphs for Cramer-von Misestype of estimates are very similar and it is not easy to determine whi
h 
hoi
e of α is thebest. Therefor Figure 4 presents average absolute error of estimated parameter (σ) withrespe
t to the true value of parameter (σ0) for 5%,10%, 15%, and 35% 
ontamination.As it 
an be seen the best result for 5% 
ontamination is a
hieved for parameter α =
0.5, 0.75, 1.0, for 10%,15%, and 35% 
ontamination is the best result a
hieved for α =
0.25. For the 5% 
ontamination 
ase the trend is not monotoni
. The line is serratedwith lo
al extremes (minims). For 10% 
ontamination 
ase the average absolute erroris monotoni
ally de
reasing for α ≤ 1. For all but 5% and 10% 
ontamination 
ases
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Figure 2: L1�error of generalized Cramer-von Mises estimates for Normal distributionwith parameters µ0 = 0, σ2
0 = 1 
ontaminated by Normal distribution with parameters

µ = 0, σ2 = 100.
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Figure 3: L1�error of generalized Cramer-von Mises estimates for Normal distributionwith parameters µ0 = 0, σ2
0 = 1 
ontaminated by Normal distribution with parameters

µ = 0, σ2 = 100.de
reases the average absolute error monotoni
ally if the α tends to zero. It 
ould leadus to the idea that the smaller parameter α we 
hoose the more robust estimator we
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Figure 4: Average absolute error of estimated parameter with respe
t to the true valueof parameter |σ0 − σ| of various types of generalized Cramer-von Mises estimates.gain. However, parameter α 
ould not be taken as small as possible. Naturally, there isa threat of loosing e�
ien
y due to gaining robustness. For more a

urately determiningof the best 
hoi
e of parameter α to obtain robust and e�
ient estimate a 
omprehensivesimulation study would be bene�
ial.
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76 J. HanouskováFurther we examine the robustness property for newly de�ned Kolmogorov-Cramerestimate. Theoreti
al proof guarantee us the 
onsisten
y and order of 
onsisten
y of thisestimate. For robustness we have no theoreti
al results; our investigation is based onsimulation. Figure 5 presents average absolute error of estimated parameter (σ) withrespe
t to the true value of parameter (σ0) for 15% 
ontamination and various samplesizes (n = 200, 350, 500). As 
an be seen from the Figure 5 the bigger the parameter
m is the smaller absolute error we gain for all examined sample sizes. And as 
an beseen from the last graph in Figure 5 the Kolmogorov estimate has the biggest absoluteerror, and the smallest absolute error has the Cramer-von Mises estimate with param-eter α. The Kolmogorov-Cramer estimate's absolute errors lie between absolut error ofKolmogorov and Cramer-von Mises estimate. The result of this simulation study is follow-ing, the bigger parametr m we 
hoose the smaller absolute error we gain. It means thatthe Kolmogorov estimate is the less robust and Cramer-von Mises is the most robust ofour examined estimator. Newly de�ned Kolmogorov-Cramer estimator 
reate transitionfrom Kolmogorov to Cramer-von Mises estimate. However, for Cramer-vonmises estimatewe have not proven the 
onsisten
y (and order of 
onsisten
y) and for Kolmogorov andKolmogorov-Cramer estimate we have theoreti
al results for non 
ontaminated distribu-tion.5 Con
lusionVia numeri
al simulation we explored 
onsisten
y of Cramer-von Mises and generalizedCramer-von Mises estimates. Further, 
onsisten
y on 
ontaminated distribution wasexplored. Kolmogorov, Lévy, and dis
repan
y estimate loosed their 
onsisten
y on 
on-taminated sample. On the other hand Cramer-von Mises type of estimate preserve some
onsisten
y even under heavier 
ontamination. Moreover, we determine the best 
hoi
eof parameter α of generalized Cramer-von Mises estimate in sense of robustness and 
on-sisten
y too. As the best 
hoi
e was determined 
ase α = 0.25, the smallest of explored
hoi
es (Choi
e of parameter α inside interval < 0.25, 2 >) were explored). However thepossible 
hange of e�
ien
y was not explored. Thus, more detail simulation study willbe bene�
ial. In the end the robustness of newly de�ned Kolmogorov-Cramer estimatewas explored via simulation with this results. The bigger parameter m we 
hoose themore robust the estimate is, i.e. the most robust of Kolmogorov-Cramer estimate isthe Cramer-von Mises estimate. However, for Cramer-von Mises estimate we have notheoreti
al results about 
onsisten
y for non 
ontaminated distribution. More detailednumeri
al study and would be bene�
ial. Moreover, there is a 
han
e to extend the proofof the order of 
onsisten
y of Kolmogorov-Cramer estimate to 
ase when the parametr
m depends on sample size n.Referen
es[1℄ L. Devroye, L. Györ�. Nonparametri
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sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Mi
hal Bene², Department of Mathemati
s, Fa
ulty of Nu
lear S
ien
esand Physi
al Engineering, CTU in PragueAbstra
t. The phase-�eld method has appeared in the 
ontext of di�use interfa
es. It has beenapplied to the three major materials pro
esses: solidi�
ation, solid-state phase transformation,and grain growth and 
oarsening. Very re
ently, a number of new phase-�eld models have beendeveloped for modelling thin �lms and surfa
es (see [4℄). The �rst part of this 
ontributionis 
on
erned with the phase-�eld model of spiral 
rystal growth [7℄ des
ribed by the Burton-Cabrera-Frank theory [2℄. Here, we investigate the in�uen
e of numeri
al parameters on thegrowth patterns. We then present 
omputational studies related to the pattern formation andto the dependen
e on model parameters. The se
ond part is 
on
erned with the phase-�eldmodel [9, 10℄ of heteroepitaxial growth. Finally, we present our latest results.Keywords: phase-�eld method, spiral growth, heteroepitaxial growth, ATG instability, FDM,FEMAbstrakt. Metoda phase-�eld se objevila v souvislosti s difuzními rozhraními a byla aplikovánana t°i hlavní pro
esy v materiále
h: tuhnutí, fázový p°e
hod pevné látky a r·st zrn. V sou£asnédob¥ °ada nový
h model· phase-�eld byla vyvinuta pro modelování povr
h· a tenký
h vrstev(viz [4℄). První £ást tohoto p°ísp¥vku se týká modelu phase-�eld pro spirálový r·st krystal· [7℄,popsaný Burton-Cabrera-Frankovou teorií [2℄. Zde zkoumáme vliv numeri
ký
h parametr· nar·st krystal·, výsledky jsou pak prezentovány. Druhá £ást se zabývá modelem phase-�eld proheteroepitaxní r·st, zaloºeným na [9℄ a [10℄. Nakone
 prezentujeme na²e nejnov¥j²í výsledky.Klí£ová slova: metoda phase-�eld, spirálový r·st, heteroepitaxní r·st, ATG nestabilita, metodasítí, metoda kone£ný
h prvk·1 Spiral Crystal Growth1.1 The ModelCrystallization is the pro
ess where solid 
rystals are formed from melt, solution, orvapour phase. There are two major stages involved in the 
rystallization pro
ess � nu-
leation and 
rystal growth. Nu
leation is the stage where 
rystal forming units (atoms,ions or mole
ules) gather into 
lusters whi
h are unstable until they rea
h a 
riti
al size.Stable 
lusters are 
alled nu
lei. After nu
lei are 
reated, 
rystal growth begins. It is thestage where new 
rystal forming units are in
orporated into the 
rystal latti
e.Real 
rystals 
ontain dislo
ations whi
h are 
rystallographi
 defe
ts in the stru
tureof the 
rystal latti
e. The presen
e of dislo
ations in�uen
es the me
hanism of 
rystalgrowth. If a s
rew dislo
ation is present in the 
rystal latti
e of the substrate, a step with79



80 D.H. Hoanga zero height at the dislo
ation 
ore is 
reated. This step winds around the dislo
ationand produ
e a spiral.Classi
ally epitaxial 
rystal growth is modelled using Burton-Cabrera-Frank (BCF)theory (see [2℄). A

ording to that theory, atoms are �rst adsorbed to the 
rystallinesurfa
e. Su
h atoms are 
alled adatoms. They then di�use freely along the surfa
e andthey 
an either desorb from the surfa
e with a probability 1/τS per unit time, or they arein
orporated into the 
rystal at one of the three sites: ledge site, step site or kink site.In
orporation at a kink site will be the most energeti
ally favourable.
diffusion

deposition

Figure 1: Burton-Cabrera-Frank model.The basi
 equations in the phase-�eld formulation [7℄ of BCF model are
∂tc = D∆c −

c

τS
+ F − Ω−1∂tΦ, (1)

α∂tΦ = ξ2∆Φ + sin(2π(Φ − ΦS)) + λc(1 + cos(2π(Φ − ΦS))), (2)where c is the adatom density, D is the surfa
e di�usion 
oe�
ient, τS is the mean timefor the desorption of adatoms from the surfa
e, F is the deposition rate, Φ is the surfa
eheight in units of atoms, α is the time relaxation parameter, ξ is the width of stepsbetween terra
es, ΦS is the height of the initial substrate surfa
e and λ is the 
oupling
onstant.The boundary 
onditions are given by
∂c

∂n
(t,x) =

∂Φ

∂n
(t,x) = 0, t ∈ (0, T ). (3)The initial 
onditions are given by

c(0,x) = 0, (4)
Φ(0,x) = ΦS(x). (5)1.2 Numeri
al s
hemeWe use an expli
it s
heme of the �nite di�eren
e method to solve the free boundaryproblem of spiral 
rystal growth. The �rst step in the dis
retization is to divide the
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omputational domain into a two-dimensional grid and then derivatives are repla
edwith equivalent �nite di�eren
es.We 
onsider the 
omputational domain S to be a re
tangle (0, L1) × (0, L2) whi
his to be dis
retized. We partition the domain S using a grid of internal nodes ωh =
{(ih1, jh2)|i = 1, ..., N1 − 1, j = 1, ..., N2 − 1}, where h1 = L1

N1
, h2 = L2

N2
are the mesh sizesin S. We dis
retize the time interval using a mesh [0, T ] : Tτ = {kτ |k = 0, ..., NT}, where

τ = T
NT

is a time step. Then we 
an 
onsider a grid fun
tion u : Tτ × ωh → R for whi
h
uk

ij = u(ih1, jh2, kτ).The time derivative is approximated by forward di�eren
e
∂tu

k
ij ≈

uk+1
ij −uk

ij

τ
,and the spa
e derivatives are approximated by se
ond-order 
entral di�eren
es:

∂2
xu

k
ij ≈

uk
i+1,j−2uk

ij+uk
i−1,j

h2
1

,
∂2

yu
k
ij ≈

uk
i,j+1−2uk

ij+uk
i,j−1

h2
2

.Then the Lapla
e operator in two dimensions is given by ∆hu
k
ij = ∂2

xu
k
ij + ∂2

yu
k
ij.The expli
it s
heme has the form

α
Φk+1

ij − Φk
ij

τ
= ξ2∆hΦ

k
ij + sin(2π(Φk

ij − Φk
Sij

))

+ λck
ij(1 + cos(2π(Φk

ij − Φk
Sij

))) (6)
ck+1
ij − ck

ij

τ
= D∆hc

k
ij −

ck
ij

τS
+ F − Ω−1

Φk+1
ij − Φk

ij

τ
(7)for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT .Dis
retization of the epitaxial 
rystal growth problem leads to a system of equations

Φk+1
ij = Φk

ij +
τξ2

α

Φk
i+1,j + Φk

i,j+1 − 4Φk
ij + Φk

i,j−1 + Φk
i−1,j

h2

+
τ

α
sin(2π(Φk

ij − Φk
Sij

))

+
τλ

α
ck
ij(1 + cos(2π(Φk

ij − Φk
Sij

))) (8)
ck+1
ij = ck

ij + τD
ck
i+1,j + ck

i,j+1 − 4ck
ij + ck

i,j−1 + ck
i−1,j

h2

−
τ

τS

ck
ij + τF −

Φk+1
ij − Φk

ij

Ω
(9)for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT . That means we 
an obtain the valuesat time k + 1 from the 
orresponding ones at time k.For h = h1 = h2 this expli
it method is known to be numeri
ally stable and 
onvergentwhenever ξ2τ

αh2 ≤ 1
4
and τ(4DS

h2 + 1
τS

) ≤ 1.The boundary 
onditions are treated by mirroring the values in the inner nodes a
rossthe boundary.
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Figure 2: Comparison of transient dynami
s for di�erent desorption times. Green (bot-tom) line: τS = 0.1, the surfa
e width qui
kly levels o� and remains 
onstant. Red (top)line: large τS, the surfa
e width 
hanges slowly in time.1.3 Numeri
al ResultsIn the numeri
al experiments, we investigated the in�uen
e of the parameter τS to thespiral growth. First, transient dynami
s is quanti�ed by de�ning the so 
alled surfa
ewidth w(t) whi
h represents the mean �u
tuation of the surfa
e height
w(t) =

1

2
〈Φ(x, t)2 − 〈Φ(x, t)〉2〉1/2,where 〈f〉 = L−2

∫

S
fdx. (L = h(N − 1) = 50) (see Fig. 2).Then, the parameters are set up as follows: Ω = 2.0, α = 1.0, ξ = 1.0, λ = 10.0,

DS = 2.0, F = 3.0, τ = 0.00025, NT = 100000, so that T = 25. The dimensions of ωhare 100× 100 and the spatial step size is set to 50/99. The initial height of the substrate
ΦS is formed by arctan(y/x)

2π
for the dislo
ation. We observed two distinguished growthregimes. As 
an be seen in Fig. 3 for small τS, the spiral �nds its �nal step spa
ing lessentially after a single rotation. In 
ontrast, for very large τS the transient spiral ridgeevolves slowly towards a spiral with a 
onstant l. This surfa
e evolution is demonstratedin Fig. 4.From these numeri
al simulations we 
on
lude that step spa
ing is dependent ondesorption time. The larger desorption time is, the smaller the step spa
ing is.2 Heteroepitaxial GrowthEpitaxy refers to the oriented growth of 
rystalline material onto the single 
rystal surfa
e.The orientation is determined by the underlying 
rystal. In general, we distinguish two
ases:

• Homoepitaxy � the growth layers of the material and the substrate are of the same
hemi
al 
omposition.
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(a) (b)

(
) (d)Figure 3: Spiral ridge at di�erent times t for τS = 0.1. Colour palette represents thesurfa
e height.
• Heteroepitaxy � the growth layers of the material and the substrate are of thedi�erent 
hemi
al 
ompositions.Our aim is to study heteroepitaxial growth whi
h is under mis�t stress. This leads tomorphologi
al instability (known as Asaro-Tiller-Grinfeld instability).We 
onsider a system Ω 
onsisting of two regions � a solid epitaxial �lm Ωe(t) andvapour phase Ωv(t). The solid-vapour interfa
e is denoted Γ(t), whi
h is a fun
tion of
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(a) (b)

(
) (d)Figure 4: Spiral ridge at di�erent times t for large τS. Colour palette represents thesurfa
e height.time t (see Fig. 5
). We introdu
e a non-
onserved order parameter
Φ(t,x) =

{

0 x ∈ Ωv

1 x ∈ Ωe .Here, the linear elasti
 theory is used. The stress tensor σ
(v)
ij in the vapour is givenby Hooke's law

σ
(v)
ij = 2µ(v)ǫij + λ(v)ǫkkδij,where einstein summation 
onvention is implied.
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(a) Relaxed state. (b) Strainedstate.

V apour

Epitaxial layer

Rigid substrate(
) Model des
ription.Figure 5: Heteroepitaxial growth.Following [14℄ the stress tensor σ
(e)
ij in the epitaxial �lm is given by

σ
(e)
ij = 2µ(e)ǫij + λ(e)ǫkkδij − ǫm{ 1+ν(e)

1−2ν(e) }δij ,where µ(∗), λ(∗) are Lamé 
onstants, ν(∗) is Poisson's ratio, where ∗ ∈ {e, v}. ǫm = ae−as

as
isthe mis�t strain, where ae, as are latti
e 
onstants of epitaxial �lm or substrate. The straintensor is given by ǫij = 1

2

(

∂ui

∂xj
+

∂uj

∂xi

), where ui is the ith 
omponent of the displa
ementve
tor.The stress tensor in the system is determined from
0 =

∂

∂xj
{h(Φ)σ

(e)
ij − [1 − h(Φ)]σ

(v)
ij }, (10)where h(Φ) = Φ2(3 − 2Φ) is the weight fun
tion for the epitaxial layer.The equation of motion is

ξ∂tΦ = Aξ∆Φ +
B

ξ
g′(Φ)

+ Ch′(Φ){(µ(e) − µ(v))ǫijǫij +
λ(e) − λ(v)

2
(ǫii)

2 (11)
−

1 + ν(e)

1 − 2ν(e)
(ǫm)2},where Φ = 1 represents the solid phase, Φ = 0 represents the liquid phase, 0 < Φ <

1 represents the di�use interfa
e, ξ is the width of the transition region, A, B, C are
onstants, g′(Φ) = 2Φ(1 − Φ)(1 − 2Φ), and h′(Φ) = 6Φ(1 − Φ).2.1 Numeri
al resultsWe implemented the model using the expli
it s
heme based on FDM for the phase-�eldequation (11). For the elasti
 problem, we used FreeFem++ based on FEM. Computa-tions of stress �eld were very time 
onsuming.In the numeri
al experiments, we set up initial surfa
e of heteroepitaxial �lm to bere
tangular and material parameters of sili
on are taken. We observed that both topsand valleys of the surfa
e pro�le deepen but the valleys deepen at higher velo
ity (see



86 D.H. HoangFig. 6). It is not obvious from the experiments whether this 
an lead to fra
ture. Wefound that numeri
al noise avoid us to simulate the problem in longer time. Therefore,our aim in the future is to develop better numeri
al s
hemes suitable for the model ofheteroepitaxial growth.
(a) (b)
(
) (d)Figure 6: Evolution of heteroepitaxy at di�erent times.
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h NoSQL DBMS z hlediska²kálovatelnostiFranti²ek Jahoda1. ro£ník PGS, email: jahoda�
s.
as.
zKatedra matematikyFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Július �tuller, Ústav informatiky, AV�RAbstra
t. In re
ent years, the so 
alled NoSQL DBMS starts pro�ling against a widely usedand proven relational DBMS. These database systems are 
hara
terized by an e�ort to improves
alability at the expense of features of the database system. They are designed for spe
i�
appli
ations and thus are di�erent from ea
h other. The arti
le 
ompares the three most popularCou
hDB, MongoDB and Google Bigtable with emphasis on s
alability.Keywords: s
alability, noSQL, MongoDB, Cou
hDB, Google BigTableAbstrakt. V poslední dob¥ se v·£i ²iro
e pouºívaným a osv¥d£eným rela£ním DBMS za£ínajípro�lovat tzv. NoSQL DBMS. Tyto databázové systémy se vyzna£ují snahou o lep²í ²kálova-telnost za 
enu sníºení poºadavk· kladený
h na databázový systém. Tyto systémy jsou kon-struovány pro spe
i�
ké oblasti pouºití a jsou tedy od sebe odli²né. V £lánku srovnávám t°inejpopulárn¥j²í Cou
hDB, MongoDB a Google BigTable s d·razem na ²kálovatelnost.Klí£ová slova: ²kálovatelnost, noSQL, MongoDB, Cou
hDB, Google BigTable1 NoSQL DBMS (Stru
tured data storages)je souhrný název pro r·zné databázové systémy (DBMS ), jeº se snaºí umoºnit ²kálova-telnost aplika
í na ni
h postavený
h. Mezi p°edstavitele t¥
hto systému pat°í Cou
heDB,MongoDB, Google BigTable a dal²í. Tyto systémy nemají jednotnou funk£nost stanove-nou standardem. V zásad¥ je lze rozd¥lit na systémy reprezentují
í data jako dokumenty,grafy, provázané objekty, slovníky (hash tabulky) a XML databáze. Cílen¥ relaxují n¥-které podmínky ACID (atomi£nost transak
í, konzisten
i, izola
i zm¥n v rám
i transak
ía trvanlivost dat). Dotazování t¥
hto systému je téº omezené, £asto neexistuje podporapro podobné opera
e jako mají rela£ní databázové systémy: nap°. opera
e databázovéhospojení (join), agrega£ní funk
e. V t¥
hto systéme
h se po£ítá s nasazením na 
lusteru aje tedy kladen d·raz na efektivitu sí´ové komunika
e mezi uzly 
lusteru. Tyto DBMS senedotazují pomo
í SQL, ale v¥t²inou pomo
í vlastního proprietárního jazyka s omezenoufunk£ností.Spole£ným rysem t¥
hto systém· je, ºe nevyºadují de�novat s
héma databáze a umoº-¬ují vloºit tzv. °ídká data. Kaºdý záznam tedy m·ºe mít nap°. vypln¥né jiné sloup
e. Ne-výhodou tohoto p°ístupu je, ºe konzisten
i databáze si musí hlídat uºivatel sám. Výhodounaopak je, ºe zm¥ny poºadavku na databázi nevedou ke zm¥n¥ databázového s
hématu,která m·ºe být £asov¥ náro£ná a v produk£ním prost°edí lze tedy nap°. omezit odstávky89



90 F. Jahodadatabáze. V databázi totiº mohou existovat záznamy se starým i novým formátem vedlesebe.2 �kálovatelnost�kálovatelnost je v softwarovém inºenýrství ºádaná vlastnost, která vyjad°uje s
hopnostzvládat p°ijatelným zp·sobem zv¥t²ují
í se mnoºství prá
e. �kálovatelností v kontextudistribuovaný
h databází rozumíme s
hopnost systému vyhovovat zadaným poºadavk·mp°i zm¥n¥ následují
h prom¥nný
h: mnoºství dat, mnoºství opera
í zápisu a mnoºstvíopera
í £tení. V praxi se ov²em jen z°ídka setkáme p°i r·stu aplika
e pouze s jedním dru-hem ²kálovatelnosti a tak má smysl °e²it reak
i na v²e
hny p°ed
hozí druhy ²kálovatelnostizárove¬.Hrub¥ °e£eno, aby
hom ozna£ili systém za dob°e ²kálovatelný, o£ekáváme, ºe reak
edatabáze by se nem¥la prodluºovat p°i r·stu p°ed
hozí
h prom¥nný
h. Toho samoz°ejm¥nelze dosáhnout na stejném po£íta£ovém vybavení a tak se p°edpokládá, ºe nar·st jed-notlivý
h prom¥nný
h je úm¥rn¥ kompenzován nár·stem po£tu stroj·, které jsou s
hopnypoºadavky paraleln¥ zpra
ovávat.Ukazuje se, ºe velkou p°ekáºkou ²kálovatelnosti bývají náro£né opera
e, které komer£nírela£ní databáze b¥ºn¥ zaji²´ují: syn
hroniza
e transak
í p°i prá
i na spole£ný
h date
h,replika
e databáze a zaji²t¥ní konzisten
e databáze v sí´ovém prost°edí.Správa zámk· m·ºe tvo°it podstatnou £ást reºije DBMS. Reºie plánování transak
í,tak aby nebyla ohroºena integrita databáze, m·ºe p°i vzr·stají
ím zatíºení vést k prud-kému propadu výkonu.Dal²í podstatnou £ástí reºije DBMS se stává sí´ová komunika
e mezi jednotlivýmistroji a me
hanismus udrºování aktuální verze dat na v²e
h strojí
h. To je £asto realizo-váno pomo
í £asov¥ náro£ného dvoufázového potvrzení (two phase 
ommit).NoSQL DBMS se problém·m s r·stem zát¥ºe snaºí £elit omezením délky transak
ína jeden záznam, rozd¥lením souvisejí
í
h dat na stejný stroj (shardování), duplika
ídat (replika
e) a omezením podmínky na konzisten
i databáze p°i zát¥ºi. Replika
e se£asto pouºívá i k zaji²t¥ní v¥t²í spolehlivosti databáze uloºené na ví
e strojí
h v sí´ovémprost°edí. Ne v²e
hny noSQL DBMS v²ak tento problém °e²í stejn¥ a proto má smyslprozkoumat v £em se v této oblasti li²í a tím poten
iálním uºivatel·m umoºnit vybratDBMS, jeº se jim pro jeji
h aplika
i bude hodit nejlépe.3 Google BigTableGoogle BigTable [5℄ je pouºívána pro Google App Engine Datastore [2℄. Jedná se o DBMSkomer£ní, který spole£nost Google navrhla pro své 
loud sluºby. Je siln¥ konzistentní,tedy kaºdé £tení vrá
í výsledek po poslední opera
i zápisu. Toho je do
íleno tím, ºe prokaºdý záznam je stanoveno, kdo drºí jeho hlavní verzi. Silnou konzisten
i lze relaxovatna eventuální konzisten
i. P°i eventuální konzisten
i mohou být vrá
ena star²í data zezáloºní kopie. Dotazování tohoto DMBS je zám¥rn¥ omezeno a nap°. opera
i databázovéspojení je t°eba implementovat v aplika£ní vrstv¥.
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í
h NoSQL DBMS z hlediska ²kálovatelnosti 91Databáze je organizovaná a srovnaná podle klí£·, ke kaºdému klí£i náleºí jeden doku-ment, který se skládá z n¥kolika sloup
· s hodnotami. Kaºdá hodnota má £asovou zna£kua v jedné bu¬
e (ur£ené klí£em a sloup
em) m·ºe tedy být n¥kolika hodnot. Konzisten
ese tedy zaji²´uje pomo
í Multiversion Con
uren
y Control (MVCC ), tento systém kon-troly konzisten
e zaji²´uje, ºe kaºdá opera
e £tení pra
uje nad obrazem databáze, jakdatabáze vypadala p°i spu²t¥ní této opera
e. Zárove¬ lze nastavit, kolik verzí hodnot sev daném sloup
i má u
hovávat. Databázový stroj pak star²í verze automati
ky uvol¬uje.Dokumenty databáze jsou seskupeny do blok· tzv. tablets. Tyto bloky jsou vytvá-°eny dynami
ky a r·zné bloky mohou být umíst¥ny na r·zný
h strojí
h 
lusteru. (Celádatabáze je navrºena pro provoz v 
lusteru).I kdyº je v API moºné opera
e nad databází seskupovat, atomi
ita opera
e je zaru£enapouze v rám
i zm¥ny jediného dokumentu. Kontrola konzisten
e databáze je zane
hánana uºivateli a v databázi neexistuje me
hanismus integritní
h podmínek jako jsou 
izíkli£e nebo unikátní hodnoty. Rozhraní Google app engine umoº¬uje de�novat transak
enad ví
e dokumenty, ale je nutné spe
i�kovat, ºe se tyto dokumenty mohou ú£astnitspole£né transak
e uº v dob¥ jeji
h vytvo°ení. Konzisten
e databáze je zaji²t¥na v·£iselhání uzlu 
lusteru i výpadku spojení mezi 
lustery.S popisu je tedy z°ejmé, ºe vysoké ²kálovatelnosti je dosaºeno pomo
í rozd¥lení data-báze do ví
e blok· a zamezením vazeb mezi jednotlivými bloky.4 Cou
hDBCou
hDB [1℄[4℄ je open sour
e DBMS s Apa
he li
en
í, který je postaven na jazyku Erlanga jehoº rozhraní je realizováno pomo
í HTTP protokolu s vyuºitím pravidel REST a JSONformátu záznam·. Stejn¥ jako Google BigTable se pro zaji²t¥ní konzisten
e databázepouºívá MVCC model pro zm¥nu hodnot. Pokud v pr·b¥hu zm¥ny záznamu dojde kezm¥n¥ jiným pro
esem, DBMS ohlásí kon�ikt p°i zápisu a aplika
e se m·ºe pokusit o novýzápis. Databáze je bezs
hémová, kaºdý záznam se skládá z klí£·, které jsou typované.Je moºné provozovat paraleln¥ n¥kolik instan
í databáze s tím, ºe zm¥ny si instan
eposílají mezi sebou. V této situa
i se m·ºe stát, ºe dojde k zápisu do stejného záznamudo obou instan
í zárove¬ a tedy ke kon�iktu. Tento kon�ikt je vy°e²en automati
ky tak,ºe za aktuální verzi se zvolí posledn¥ uloºený zápis instan
e a star²í verze se uloºí propozd¥j²í °e²ení kon�iktu. �e²ení kon�iktu je zane
háno na aplika
i, která by si m¥la zvolitmoºnost °e²ení, která je pro daný záznam vhodná (ni
 nem¥nit, vrátit se ke star²í verzi,nebo n¥jakým zp·sobem záznamy sjednotit).5 MongoDBMongoDB [3℄[6℄ je téº open sour
e DBMS s AGPL li
en
í (li
en
e podobná GPL 3.0),která se ale vztahuje jen na samotný DBMS a ne jiº na aplika
e jej vyuºívají
í. DBMS jepostaven na jazyku C++. P°estoºe je v mnohém podobný Cou
hDB v n¥který
h ohlede
hse li²í. Místo MVCC modelu pro updatování záznam· pouºívá "in pla
e update", a protose nedoporu£uje pouºívat v kon�gura
i master-master. DBMS je v kon�gura
i master-slave siln¥ konzistentní. Opera
í "in pla
e update" je my²lena zám¥na záznamu p°ímo na



92 F. JahodaGoogle BigTable Cou
hDB MongoDBhorizontální rozd¥lení ano ano anoreplika
e tablet servers master-master master-slaveatomi
ita nutno ur£it p°i zadávání dat jeden dokument jeden dokumentkontrola soub¥hu MVCC MVCC update in pla
emodel konzisten
e silná i eventuální silná i eventuální eventuálníTabulka 1: Srovnání vlastností NoSQL databázídisku. Toto se provede jen pokud se délka záznamu o mo
 nezv¥t²í, v opa£ném p°ípad¥je nutno záznam uloºit jinde na disku. Jelikoº pro kaºdý záznam není u
hovávána jehohistorie a spe
i�
ky kon�ikty p°i m¥n¥ní záznam·, není moºné °e²it kon�ikty p°i even-tuální konzisten
i. Tato nevýhoda je v²ak vyváºena lep²ím vyuºitím opera£ní pam¥ti adiskového místa.MongoDB se od Cou
hDB li²í i v¥t²ím d·razem na velikost p°ená²ený
h dat a sDBMS není nutné komunikovat jen pomo
í REST rozhraní, ale je tak moºno £init ipomo
í proprietární
h konektor·.6 Celkové srovnáníV porovnání databází jsem se zám¥rn¥ zam¥°il na vlastnosti spojené s ACID 
harakte-ristikami transak
í a provozem v síti a vyne
hal jsem jiné rozdíly, které v²ak p°i výb¥rudatabáze mohou téº hrát významnou roli. Celkové srovnání je shrnuto v tabul
e 1.7 Záv¥rNoSQL databáze jsou s
hopné ²kálování i v situa
í
h, kdy toho b¥ºné komer£ní rela£nídatabáze s
hopné nejsou. Zárove¬ díky omezení povolený
h opera
í vedou k aplika
ím,které nevyuºívají ²patn¥ ²kálovatelný
h vlastností a umoº¬ují snadn¥ji p°edvídat, jakýmzp·sobem porostou nároky systému. NoSQL DBMS vytvá°í alternativu pro aplika
e, ukterý
h lze o£ekávat výrazný nár·st poºadavk· a pot°ebu provozovat databázi v 
lusteru,za 
enu podstatného omezení z funk
ionality poskytované klasi
kými rela£ními DBMS.Literatura[1℄ Cou
hdb online des
ription.http://
ou
hdb.apa
he.org/do
s/overview.html.[2℄ Google app engine online do
umentation.http://
ode.google.
om/appengine/arti
les/storage_breakdown.html.[3℄ Mongodb homepage.http://www.mongodb.org.[4℄ J. C. Anderson, J. Lehnardt, and N. Slater. Cou
hDB: The De�nitive Guide.
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ien
es and Physi
al Engineering, CTU in Pragueadvisor: Miroslav Virius, Departement of Software Engineering in E
onomy,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. Modern experiments in the parti
le physi
s depend on 
omputer systems whi
h areused to store and analyze large quantities of data. This paper des
ribes the data a
quisitionsystem of the COMPASS experiment at CERN and fo
uses on the role of databases in thissystem. At �rst, the existing database ar
hite
ture is analyzed, then the new ar
hite
ture isproposed. The proposal in
ludes repli
ation, monitoring, and ba
k ups to a
hieve high reliabilityand availability of the database servi
e. Finally, implementation of the proposal is reviewed.This paper also brie�y 
overs several database optimization te
hniques whi
h were required toredu
e the server load. Some possible future improvements are also dis
ussed.Keywords: data a
quisition, database, high availability, COMPASSAbstrakt. Moderní experimenty ve fyzi
e elementární
h £ásti
 pouºívají po£íta£e pro simu-la
e, pro °ízení a pro sb¥r a analýzu dat. Tento £lánek popisuje systém pro sb¥r dat pouºí-vaný experimentem COMPASS v Evropské organiza
i pro jaderný výzkum (CERN) a zam¥°ujese na roli databází v tomto systému. Nejprve je popsána stávají
í databázová ar
hitektura,poté je p°edstaven návrh nové ar
hitektury. Pro zaji²t¥ní vysoké dostupnosti a spolehlivostidatabázové sluºby se v návrhu po£ítá s replika
í, s pravidelným zálohováním a s dohledovýmsystémem. Následn¥ £lánek popisuje °e²ení n¥kolika problém·, které se vyskytly b¥hem imple-menta
e návrhu. �lánek také stru£n¥ zmi¬uje prost°edky optimaliza
e databázové struktury adatabázový
h dotaz·, které byly pouºity pro sníºení zát¥ºe server·. V záv¥ru jsou vyjmenovánadal²í moºná vylep²ení aktualizované ar
hitektury.Klí£ová slova: sb¥r dat, databáze, vysoká dostupnost, COMPASS1 Introdu
tionToday, 
omputers parti
ipate in every phase of experiments in the parti
le physi
s: Theyare used for dete
tor simulations, for the experiment 
ontrol, for the data a
quisition,and for the data analysis. In this paper, the database system used by the COMPASSexperiment is des
ribed. At �rst, the experiment is brie�y introdu
ed and the dataa
quisition system is presented in extent that is ne
essary for the following dis
ussion. Inthe following se
tion, the existing database ar
hite
ture is reviewed and our proposal ofthe upgrade is presented. In the last se
tion, we analyze the solution of several problemsthat o

urred during the upgrade. 95



96 V. Jarý2 The COMPASS experimentCOMPASS, whi
h is an abbreviation for the Common Muon and Proton Apparatus forStru
ture and Spe
tros
opy, is a �xed target experiment operating on the SPS (Super Pro-ton Syn
hrotron) parti
le a

elerator at CERN [1℄. S
ienti�
 program of the COMPASSexperiment was approved by CERN in 1997; it 
onsists of the muon and hadron programs.Data taking started in 2002. Today, the proposal of the se
ond phase (COMPASS�II )has been submitted to the CERN s
ienti�
 
oun
il [2℄; this proposal in
ludes 3 programswhi
h would run at least until 2015, if approved by CERN.2.1 Data a
quisition systemThe beam of the a

elerated parti
les (muons or hadrons, depending on the program)provided by the SPS a

elerator hits the polarized target. When the beam parti
lesintera
t with the target, se
ondary parti
les are produ
ed. The parti
les passing throughthe spe
trometer are registered by the system of dete
tors. The beam is not 
ontinuous,it 
onsists of the 
o 
alled spills. Typi
al spill 
ontains 108 parti
les. The �ight and de
ayof a parti
le in the spe
trometer is known as an event. Ea
h event 
an be des
ribed byroughly 35 kB of data. Total year produ
tion atta
ks the value of 500TB (508078GB in2004, [5℄).

Figure 1: Layers of the DAQ system a

ording to [4℄System for the data a
quisition (DAQ) 
onsists of several layers (see Fig. 1). First,the front-end ele
troni
s, whi
h is part of dete
tors, digitizes the analog signal generatedby the dete
ted parti
le. Front-end ele
troni
s also handle the delay 
aused by the timeof �ight of the parti
le (the length of the spe
trometer is about 50m). The raw data
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ed by front-end ele
troni
s is 
olle
ted by the front-end boards 
alled CATCHand GeSiCA. In this layer, event header is appended to data. This header will be usedby the following layers to re
onstru
t events from blo
ks of data 
oming from di�erentdete
tors. Data �les are transferred to the following layer � the ROB 
omputers � bythe S-LINK interfa
e. S-LINK is a high speed bus developed in CERN for the ATLASexperiment. ROB (Read out bu�er) 
omputers a
t as a 
a
he for data. Data pa
ketsare re
eived during spill and are send to the last layer, to the event builder 
omputers(EVB). As their name suggests, EVB 
omputers are used to re
onstru
t events. Data�les representing events are sent using the CDR (Central data re
ording) fa
ility into thepermanent storage CASTOR (CERN Advan
ed storage) after some delay.Software for the DAQ is based on the DATE system whi
h has been developed forthe ALICE experiment at the Large Hadron Collider experiment. The COMPASS DAQsystem 
ombines industry standard equipment (su
h as Gigabit Ethernet) with prototypes(e.g., the CATCH front-end board was developed in Freiburg). There is 
urrently aproposal to repla
e ROB and EVB 
omputers by the ar
hite
ture based on FPGA (Field-programmable gate array) 
ir
uits and to reuse existing read out bu�ers and event buildersfor online �ltering and analysis. More information about the COMPASS DAQ 
an befound in [8℄.3 Existing database ar
hite
tureIt was previously stated that the year data produ
tion ex
eeds 500TB. These data are notstored in the database, they are saved on tapes in the CASTOR. Databases in COMPASSmanage meta-information about the run of the experiment. These meta-informationin
lude dete
tor 
on�guration, beam parameters, or software logs.

Figure 2: Existing database ar
hite
tureCOMPASS uses two physi
al database servers named p

odb01 and p

odb02. Theseservers are powered by 32-bit operating system S
ienti�
 Linux CERN whi
h is rebrandedRed Hat Enterprise Linux. As a database software, the MySQL server has been sele
tedbe
ause of its performan
e. Two physi
al servers are syn
hronized by the master�masterrepli
ation [10℄. Server p

odb01 a
ts as a master of slave server p

odb02. At the sametime, server p

odb02 a
ts as a master of slave server p

odb01. This means that bothservers 
ontain the same data. This me
hanism helps to a
hieve high availability of
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e. Furthermore, during the repli
ation, all queries are written to thebinary log. This log 
an be 
onsidered as an in
remental ba
k up. Clients 
onne
t todatabase through the virtual address p

odb00 whi
h normally points to p

odb01. In 
asethe p

odb01 experien
es problems (
rash, overload), the virtual address is re
on�guredto point to p

odb02. This pro
ess is transparent to 
lients. When the p

odb01 re
overs,it resyn
hronizes itself with the p

odb02 by means of the repli
ation.Ea
h MySQL server 
ontains roughly 20 logi
al databases. Two largest databasesbeamdb2009 and DATE2009_log hold about 15GB of data. The beamdb2009 storesinformation about beam parameters, the DATE2009_log stores error logs of the DATEsoftware. Another large database runlb stores logbook entries provided by shift 
rew,database DATE2009 stores 
on�guration of event builders and read out bu�ers.4 Proposal of database upgradeThe existing ar
hite
ture be
ame overloaded several times during last year. For the 2010run, it was expe
ted that the load would in
rease as a 
onsequen
e of higher intensityof the beam. We were asked to design a new database ar
hite
ture that would sustainin
reased load.

Figure 3: Proposed upgrade of the database ar
hite
tureThe main idea of the new ar
hite
ture lies in splitting two of the largest databases onseparate servers. The proposal also 
ounts with master�master repli
ation to guaranteehigh availability. Thus, the �rst pair of physi
al servers manages the DATE2009_logdatabase, the se
ond pair manages the beamdb2009 database. Remaining smaller data-bases are distributed evenly among the pairs of servers. Fifth (physi
al) server a
ts as aproxy server. It 
onne
ts 
lients to the 
orresponding server a

ording to the requesteddatabase. This server is also used for additional tasks: monitoring, ba
k ups, and HTTP
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onne
t to the proxy through virtual address p

odb00. This meansthat migration to the new ar
hite
ture should be transparent.The proposal has been presented on the meeting of the front-end ele
troni
s groupand with some modi�
ation it has been approved. Unfortunately, only three physi
alservers were provided. On the other hand, the hardware 
on�guration of new servers ismu
h better in 
omparison to the old servers (see table 1). Thus, the new ar
hite
ture
ombines features of the old ar
hite
ture with features of the proposal.As in the original ar
hite
ture, all databases are stored on two servers (named p

odb11and p

odb12 ) whi
h are syn
hronized using the repli
ation. Third server (p

odb10 ) isused as a proxy whi
h is a

essible via virtual address p

odb00, so there is no need tore
on�gure 
lients. These servers are part of the COMPASS internal network and arelo
ated dire
tly in the experimental hall. To in
rease safety of the data, server p

odb11is repli
ated to the server 
ompass02 whi
h runs in the CERN 
omputing 
enter and a
tsas a gateway to the Internet. The 
ompass02 is repli
ated into the 
omputer 
enters ofparti
ipating institutes. This 
on�guration is known as a 
hain repli
ation.Old server New serverMemory 3GB 16GBPro
essor 2 
ores at 3GHz (Xeon) 8 
ores at 2.5GHz (Xeon)OS 32b SLC 4.7 64b SLC 5.4Linux 2.6.9 2.6.18Server MySQL 4.1.22 MySQL 5.1.45Table 1: Con�guration of old and new serversA

ording to the proposal, the proxy server is also running the HTTP servi
e. Thisservi
e in
ludes database management tool phpMyAdmin, run logbook appli
ation, andweb interfa
e of the monitoring software Nagios. Nagios has been sele
ted be
ause of itsmodular design: it is relatively easy to 
on�gure it to meet spe
i�
 needs. Its fun
tiona-lity 
an be extended by plug-ins, there are many plug-ins available in the standard Nagiosinstallation. In addition, we developed a 
ustom plug-in whi
h monitors a temperatureof CPU 
ores. It was de
ided to monitor at least the following quantities: the uptime andload average of servers, the state of MySQL pro
esses, the state of repli
ation, the stateof the 
ron daemon, and the 
ore temperatures. The Nagios Remote Plug-in Exe
utor(NRPE) agent is installed on database servers to intermediate 
ommuni
ation betweenNagios and plug-ins. NRPE re
eives requests sent by Nagios, exe
utes them, and sendsba
k the result. Nagios displays the state of the monitored servers using the web inter-fa
e. If the Nagios dete
ts a problem, it noti�es administrator by an e-mail. In 
ertain
ir
umstan
es, it 
an also attempt to �x the problem. For example, the proxy servernormally 
onne
ts all 
lients to the p

odb11 server. If the Nagios dete
ts that this serveris down, it re
on�gures the proxy to redire
t all 
lients to the p

odb12 server.4.1 Implementing the proposalThe migration started with the installation of the operating system (OS) on the newservers. The support of the S
ienti�
 Linux CERN release 4 ends later this year, thus it
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ided to use newer release (5.4) of this OS. At the same time, the ar
hite
turehas been swit
hed from 32b to 64b. The �rst problem appeared during the installation:The servers did not 
ontain opti
al drive, so bootable �ash disk had to be prepared. Therest of the installation was 
ompleted without any other issues; we have 
hosen the ext3as a �le system for MySQL data dire
tory.Also the MySQL server software was upgraded to the latest stable version (5.1.45).Pre
ompiled pa
kage for the SLC 5 was not available, the installation was done by 
ompil-ing the sour
e 
odes. In the 
on�gure stage of installation, several features were enabled(e.g. support for very large tables, storage engine InnoDB). In the next step, addi-tional 
ustomization was a
hieved by editing the server 
on�guration �le. As a base, themy.
nf.huge template was used. This template is designed for heavily loaded databaseservers, yet it appeared that some parameters were not su�
ient: The limit on the num-ber of simultaneously opened �les had to be in
reased. Moreover, binary logging wasturned on to enable repli
ation. We also enabled logging of slow queries. Knowledge ofproblemati
 queries is very important for optimization.

Figure 4: New database ar
hite
tureThe migration 
ontinued by dumping all data from old servers. The tool mysqldumpwas used for this purpose. It saves dumps as a s
ript with SQL 
ommands (CREATETABLE followed by INSERT statements) whi
h restore dumped data. The s
ripts were
opied using the s
p tool to the new servers. The data was imported into the p

odb11server and the p

odb12 was automati
ally syn
hronized due to the repli
ation. It isimperative to verify that data were imported 
orre
tly. The idea was to dump data fromnew server and 
ompare the dumped �les with dumps from old server. Due to the sizeof dumps (several gigabytes for largest databases), fast method of the �le 
omparisonwas ne
essary. The 
omparison method is based on the md5sum tool whi
h 
al
ulatesmd5 hash of given �le [7℄. If the hashes of dumps from old and new servers di�er, itindi
ates that there was problem with migration. The md5 is not an inje
tive fun
tion,i.e. di�erent dumps 
an have the same hash but the probability of the hash 
ollision isvery small and 
an be ignored.This method proved that the majority of databases was imported su

essfully. Only3 databases had produ
ed di�erent hashes. It was required to determine the 
ause of the
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tion 
an only de
ide whether the dumps di�er or not. On the otherhand, another tool di� 
ompares �les line by line and writes the di�eren
es. However,it needs more time and resour
es (CPU, memory) to do its job. The output of the di�helped with identi�
ation of the problem: The de�nition of the data type DECIMAL(m,n) has 
hanged in re
ent version of the MySQL server [11℄. This type stores rationalnumbers, the M parameter represents the signi�
ant digits, the N parameter representsthe number of the digits following the de
imal point. Old version of MySQL storedthis data type as a 
hara
ter string, ea
h digit was saved as a 
hara
ter as well as thesign. In this representation, the range of the positive numbers 
ould be extended byone magnitude. E.g., the type DECIMAL(5, 2) represented the rational numbers fromthe interval [−999.99, 9999.99]. In the version 5.0.3 of the MySQL server, the de�nition
hanged in order to 
omply with the SQL standard. A

ording to the standard, the datatype DECIMAL(M, N) represents rational numbers with up to M −N digits before thede
imal point and up to N digits after the de
imal point. Thus, the type DECIMAL(5,2) represents interval [−999.99, 999.99]. To �x the problem, it was ne
essary to modifythe CREATE TABLE SQL 
ommand in dumps from old server before importing it intonew server.Another problem appeared at the end of the migration, after the old servers had beendis
onne
ted. Some 
lients were not allowed to 
onne
t to new servers. Inspe
tion ofthe system table with privileges (`mysql`.`user` ) revealed that the a�e
ted 
lients werepermitted to login only from address p

odb00. This was not problem on the old ar
hite
-ture, be
ause the virtual address pointed dire
tly on the database server. On the otherhand, in new ar
hite
ture, the virtual address points to the proxy server p

odb10 (seeFig. 4). The problem was solved by 
hanging the address in system table from p

odb00to p

odb10.To enhan
e safety of the data, regular ba
k ups were s
heduled. There are threetypes of ba
k ups: daily, hourly, and in
remental. Daily ba
k ups 
ontain all data fromall databases, hourly ba
k ups 
ontain all data from only smaller databases (i.e. alldatabases ex
ept beamdb2009 and DATE2009_log). Ba
k ups are 
reated by shell s
riptthat is automati
ally invoked by the s
heduler 
ron. S
ript uses mysqldump program toretrieve data and gzip to 
ompress dumps; it takes approximately 30 minutes to dumpall data. Ba
k ups are purged after two days to save disk spa
e. During the repli
ation,all queries that modify data are written into binary log whi
h is read by repli
ation slave.This log 
an be also used as an in
remental ba
k up. In 
ase of a

ident (disk failure,dropped database), it is possible to re
over all data.4.2 Database optimizationsWhen working with larger tables, it is important to optimize table stru
ture and queries.As already mentioned, we have enabled logging of slow queries, i.e. queries that take longtime to exe
ute. MySQL provides useful 
ommand 
alled EXPLAIN whi
h explains howis the query evaluated. The 
ommand informs whi
h table indi
es are used (if any), howmany rows must be examined, whether temporary tables need to be 
reated, or if thequery 
an be split into subqueries. This output should be used to improve both s
hema(by adding indi
es) and query (by splitting it to subqueries, using LIMIT keyword to



102 V. Jarýredu
e number of returned re
ords, et
).Additional improvements 
an be a
hieved by redu
ing amount of data in tables, thusless demanding data types should be used wherever possible. MySQL server in version
5.1 brings support for a new feature: the partitioned tables. Su
h a table is divided intoseveral partitions a

ording to some fun
tion de�ned over a set of table 
olumns. Ea
hpartition 
an be treated as a separate table. Exe
ution of some queries 
an be greatlyimproved by using partitioning. In these 
ases, only partition whi
h 
an 
ontain thedesired rows are sear
hed. This te
hnique is known as a partition pruning. In addition,ea
h partition 
an be stored on di�erent disk. This 
an improve speed of the SUMoperation by parallel pro
essing of multiple partitions.Finally, it is also possible to improve performan
e of the database by 
hoosing ap-propriate storage engine for tables. In [3℄, we have 
ompared two most popular engines:MyISAM and InnoDB. MyISAM is mu
h faster than InnoDB when 
omparing speed ofrow insertion. On the other hand, MyISAM engine has stri
ter limitation on length ofindex. If longer index is needed, InnoDB should be used. InnoDB also supports fullyACID1 
ompliant transa
tions. COMPASS uses the MyISAM engine. Table in the My-ISAM engine 
an be pa
ked by the myisampa
k utility. This tool redu
es table size to
40% − 70% depending on 
ontained data but also makes it read-only [11℄. This feature
ould be used to 
ompress old databases (e.g. beamdb2006, DATE2006_log).Currently, MySQL Proxy running on the p

odb10 redire
ts all queries to one databaseserver (usually to the p

odb11 ). But the proxy has mu
h greater potential: For example,it 
an be used to implement load balan
ing. In the load balan
ing mode, all queriesthat modify the data (INSERT, UPDATE, DELETE ) are sent to one server, queriesthat retrieve data (SELECT ) are distributed a
ross multiple servers. The proxy server
ontains a s
ript written in the Lua language that 
he
ks availability of database servers,their load, and the repli
ation lag to de
ide whi
h server exe
utes the query. At the endof the year, the load balan
ing will be tested in the 
urrent database ar
hite
ture. If thetests su

eed, the load balan
ing will be implemented before the start of the 2011 run.5 Con
lusionData a
quisition system of the COMPASS experiment has been des
ribed. We haveanalyzed existing database ar
hite
ture of the experiment and prepared proposal of newar
hite
ture. This proposal has been approved with some modi�
ations and implementedbefore the start of the 2010 data taking. New databases servers are now running withoutproblems for several months, old servers have already been used as additional eventbuilders.For the near future, there are plans to use some advan
ed MySQL features to improveperforman
e of servers. These plans in
lude the partitioning of large tables, the 
hange ofthe storage engine of several older tables, and also using MySQL proxy as a load balan
er.We have been also asked to use Nagios to monitor other ma
hines that parti
ipate in datataking (event builders, read out bu�ers).1Atomi
ity, Consisten
y, Isolation, Durability
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Výskyt makroskopi
ký
h fenomén·v modi�kovaném termodynami
kémdopravním modeluKatarína Kittanová2. ro£ník PGS, email: kittakat�fjfi.
vut.
zKatedra matematikyFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Milan Krbálek, Katedra matematiky, Fakulta jaderná a fyzikáln¥inºenýrská, �VUTAbstra
t. This arti
le deals with tra�
 modeling. Introdu
tion shows the di�eren
e betweenanalyzing tra�
 on mi
ros
opi
 and ma
ros
opi
 level. Then, a possible way to gain an universalmodel, powerful in both analysis, is introdu
ed. It is based on thermodynami
al tra�
 model,whi
h is proper for exploring the mi
ros
opi
al stru
ture. After modi�
ation, some simulationshave been made and the ma
ros
opi
 phenomena have been observed. Also the mi
ros
opi
stru
ture in new model has been 
on�rmed.Keywords: tra�
 modeling, tra�
 
ongestion, modi�ed metropolis algorithm, thermodynami
algas modelAbstrakt. Tento £lánek se zaobírá modelováním dopravy. V úvodu je krát
e vysv¥tlen rozdílmezi mikroskopi
kou a makroskopi
kou analýzou dopravy. Pak je nastín¥n moºný postup zís-kání univerzálního modelu. Vý
hodiskem je termodynami
ký dopravní model, pouºívaný prozkoumání mikroskopi
ké struktury, v kterém je provedena modi�ka
e. V upraveném modelujsou provedeny první simula
e indikují
í výskyt makroskopi
ký
h jev· a porovnání ov¥°ují
íza
hování mikroskopi
ké struktury.Klí£ová slova: modelování dopravy, dopravní zá
pa, modo�kovaný metropolis·v algortimus, mo-del termodynami
kého plynu1 ÚvodZájem o zkoumání a modelování dopravy v poslední
h desetiletí
h neustále rostl. Bylopouºito mnoho p°ístup· a analýz dopravní
h vzork· na makroskopi
ké a mikroskopi
kéúrovni. Jedním z nejvýznamn¥j²í
h 
ílu dopravního modelování je p°edstavení universál-ního modelu generují
ího mikroskopi
kou strukturu zodpovídají
í skute£nosti, ve kterémse naví
 p°i volb¥ vhodný
h parametr· vyskytují makroskopi
ké jevy.1.1 Ma
ros
opi
ká strukturaMakroskopi
ký p°ístup zkoumá dopravu na globální úrovni. Mezi nejvýznamn¥j²í veli£inypopisují
í makroskopi
kou strukturu dopravního systému pat°í dopravní tok a hustota105



106 K. Kittanováprovozu. Dopravní tok udává po£et vozidel zaznamenaný
h na pevn¥ ur£eném úsekuvozovky za jednotku £asu.
Φ =

N

t
.Hustota provozu zas p°edstavuje po£et vozidel na
házejí
í
h se v jednom okamihu najednot
e délky vozovky.

ρ =
N

l
.P°i zkoumání dopravy je zájem kladen p°edev²ím na vztah uvedený
h veli£in Φ =

Φ(ρ). Gra�
ká reprezenta
e téhle závislosti se nazývá fundamentální diagram.Aktuální pozi
e dopravní vzorky ve fundamentálním diagramu udává dopravní reºim,ve kterém se tenhle vzorek na
hází. Rozli²ují se dva resp. t°i hlavní dopravní reºimy.Reºim volné dopravy je 
harakterizován relativn¥ vysokou ry
hlostí, kterou m·ºou vozi-dla dosáhnout a nízkou mírou vlivu ostatní
h vozidel na trajektorii. Takové stavy jsouzaznamenány v levé £ásti fundamentálního diagramu, kde je závislost dopravního tokuna hustot¥ provozu tém¥° lineární. V reálné doprav¥ zodpovídá reºim volné dopravynap°. pohybu na dálni
i vysokou ry
hlostí. P°íkladem syn
hronizované dopravy je nao-pak dopravní zá
pa, kdy je °idi£ nu
en pohybovat se v závislosti na okolní
h vozidle
h,aby p°ede²el nárazu. Ve fundamentálním diagramu jsou tyhle p°ípady za
hy
eny v pravé£ásti, kde do
hází ke zvy²ování hustoty provozu, ale dopravní tok klesá. N¥kdy je pakextrémní p°ípad dopravní zá
py, kdy vozidla st°ídav¥ stojí a pohybují se ve vlná
h, bránjako samostatný reºim.1.2 Mi
ros
opi
ká strukturaMikroskopi
ká analýza dopravní vzorky zkoumá jednotlivé vozidla. Detektory za
hytávajíry
hlost itého vozidla vi a £asové okamihy ti a τi kdy p°ední resp. zadní nárazník vozidlamine detektor. Ze získaný
h údaj· se dopo£ítává délka vozidla li a vzdálenost od (i+1)níhovozidla ri pomo
í vztah·
li = vi(τi − ti),

ri = vi(ti − τi−1).Pro analýzu dopravního vzorku jsou pak d·leºité p°edev²ím pravd¥podobnostní roz-d¥lení ry
hlostí q(v) a vzdáleností mezi sousedními vozidly p(r).2 Termodynami
ký bun¥£ný dopravní modelHlavním 
ílem je pokusit se nastínit univerzální model pouºitelný na analýzu mikrosko-pi
ké i makroskopi
ké struktury dopravního vzorku. Jako inspira
e nám poslouºí Nagel·v-S
hre
kenberg·v bun¥£ný model, který dokáºe produkovat makroskopi
ké jevy, a do-pravní modely zaloºené na termodynami
e plynu, ve který
h se tyhle jevy nevyskytují.Termodynami
ký p°ístup v²ak narozdíl od prvního zmi¬ovaného modelu p°iná²í mikro-skopi
kou strukturu odpovídají
í struktu°e reální
h dopravný
h dat. Nový model by m¥l



Modi�ka
e termodynami
kého dopravního modelu 107tedy ideáln¥ kombinovat výhody obou.Vý
hodiskem pro n¥j bude model zaloºen na jednodimenzionálním krátkodosahovém ter-modynami
kém plynu, kterého £ásti
e se budou pohybovat pouze v diskrétní
h oblaste
h,jak tomu je u Nag.-S
hre
k. modelu. N £ásti
 uvaºovaného plynu je umístn¥no na kruº-ni
i s obvodem délky N rozd¥lené na m bun¥k stejné velikosti N
m
. Aby m¥l model smysl,musí platit m > N . �ásti
e se pohybují pouze skokov¥ mezi bu¬kami. Pozi
e lté £ásti
ese bude zna£it xl a hodnota této veli£iny bude udávat po°adové £íslo bu¬ky, ve které se

ltá £ásti
e aktuáln¥ na
hází. Vzdálenost dvou následují
í
h £ásti
e se bude zna£it rl adopo£ítávat vztahem
rl = (xl+1 − xl)(

N

m
).S ohledem na rovnost

N
∑

l=1

rl = Nbude její st°ední hodnota rovna 1, 
o se dá brát taky jako m
N
bun¥k. Ry
hlost £ásti
e je
harakterizována délkou skoku. Omezení maximální ry
hlostí se tedy promítne do omezenímaximální délky skoku, udávané v po£tu bun¥k, která se bude zna£it w.Uvaºovaný soubor £ásti
 je naví
 umístn¥n v teplotní lázni s termodynami
kou teplotou

T . Z prakti
ký
h d·vod· se bude místo T pouºívat inverzní termodynami
ká teplota βzavedená vztahem
β =

1

kT
,kde k reprezentuje Boltzmannovu konstantu.Jako vý
hozí kon�gura
i £ásti
 se m·ºe pouºít ekvidistantní nebo náhodné rozmístn¥ní.Pro oba p°ípady systém sm¥ruje k termální rovnováze nezávislé od po£áte£ní kon�gura
ea závislé od hodnoty β. Termální rovnováha je 
harakterizována stabilní hodnotou po-ten
iální energie U , hodnota které se pro konkrétní kon�gura
i £ásti
 vypo£ítá pomo
ívztahu

U =

N
∑

l=1

1

rl

. (1)Tedy dosaºení termální rovnováhy odpovídá stabiliza
i hodnoty této veli£iny. Inverznítermodynami
ká teplota β ovliv¬uje hodnotu U po dosaºení uvedené rovnováhy. β m·ºebýt v dopravním modelu prezentována jako parametr udávají
í stres °idi£e. Ten je za-p°í£in¥n hlavn¥ snahou p°edejít kolizi s vozidlem p°ed ním, dále dopravními p°edpisya zna£kami, stavem silni
e, pov¥trnostními podmínkami a taky aktuálním psy
hi
kýmstavem °idi£e. Hodnotu parametru β v reální doprav¥ nelze zm¥°it. Víme v²ak, ºe veli-kost tohohle dopravního stresu roste s rostou
í hustotou provozu a maximum dosahujev zá
pá
h. Závisí tedy na aktuálním dopravním reºimu a poloze dopravního vzorku vefundamentálním diagramu.Modely vyuºívají
í termodynami
ký p°ístup v¥t²inou simulují dopravnou situa
i s kon-stantní hodnotou β. Tedy pro vysoké hodnoty tohohle parametru, kdy se p°edpokládá
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pa, se berou v potaz pouze vozidla vytvá°ejí
í tuhle zá
pu. Pro syn
hroni-zovaný dopravní reºim jsou 
harakteristi
ké krátké a tém¥° stejné rozestupy. V termody-nami
kém modelu se v²ak vzdálenosti p°e²kálují, aby jeji
h st°ední hodnota byla rovna1. Proto nedo
hází ke tvorb¥ dopravní
h zá
ep jak je známe z Nag.-S
hre
k. modelu afakt, ºe se jedná o vozidla v syn
hronizovaném dopravním reºimu m·ºe být zji²t¥n jenomanalyzováním pravd¥podobnostního rozd¥lení vzdáleností. K pozorování zá
py je pot°ebarozli²ovat dv¥ oblasti: oblast samotné dopravní zá
py a oblast, kde k zá
p¥ nedo
hází.Ty logi
ky musí mít odli²nou hodnotu parametru β.Proto bude kruºni
e v uvaºovaném modelu rozd¥lena na dv¥ £ásti, p°i£emº kaºdé £ástibude p°i°azena jiná hodnota inverzní termodynami
ké teploty β1 resp. β2. Tahle modi�-ka
e by p°i vhodném nastavení m¥la vynutit vznik zá
py. Je²t¥ zbývá vy°e²it jak oblastivymezit. Jelikoº jsou disjunktní a souhrnn¥ pokrývají 
elou kruºni
i, spokojíme se s vy-mezením jedné z ni
h. Nejjednodu²²ím °e²ením je pevn¥ ji de�novat jako £ást kruºni
e.To ale p°íli² neodpovídá reální situa
i, kde m·ºeme pozorovat pohyb zá
py, proto sep°istoupilo k de�ni
i pomo
í £ásti
. Pro pot°eby tohoto £lánku byl poºit model, kde jejedna oblast de�nována jako okolí pevn¥ zvolené £ásti
e. Konkrétn¥ ²lo o osminu délkykruhu kolem sté £ásti
e. Nalezení ideální varianty rozmístn¥ní obou oblastí v²ak z·stáváotev°enou otázkou a m·ºe slouºit jako motiva
e pro dal²í výzkum.Pro simula
i pro
esu ustalování termodynami
ké rovnováhy byl pouºit modi�kovaný me-tropolis·v algoritmus obsahují
í následují
í kroky:
• Je vypo£ítána hodnota poten
iální energie pro aktuální kon�gura
i £ásti
 pomo
ívztahu (1)
• Náhodn¥ je vybrán index l £ásti
e která se pokusí o skok.
• Je vygenerováno £íslo δ jako realiza
e náhodné veli£iny rovnom¥rn¥ rozd¥lené naintervalu (0, 1) reprezentují
í náhodný faktor v dél
e skoku.
• Délka skoku je získána pomo
í vztahu w = wδ a následné diskretiza
e w̃ = ⌈wδ⌉.Horní 
elá £ást je pouºita pro zaji²t¥ní nenulového výsledku.
• Nová p°edpokládaná pozi
e x́l lté £ásti
e je dána vztahem x́l = xl + w̃. V uvaºo-vaném modelu není povolena zm¥na po°adí £ásti
, proto m·ºe být nová pozi
e x́lak
eptována pouze v p°ípad¥, ºe je spln¥na nerovnost x́l < xl+1.
• Je vypo£ítána nová hodnota poten
iální energie Ú pro kon�gura
i obsahují
í x́l.
• Ob¥ hodnoty poten
iální energie se porovnají. V p°ípad¥, ºe Ú < U0, skok z xl do

x́l je p°ijat a kon�gura
e zm¥n¥na. Jinak je vypo£ten Boltzmann·v faktor q jako
q = exp−βl∆U = exp−(Ú−U0)resp.
q = exp−β2∆U = exp−(Ú−U0),p°i£emº je vybrána hodnota βl resp. β2 v závislosti na tom, ve které oblasti se ltá£ásti
e aktuáln¥ na
hází. Pak je vybráno náhodné £íslo g rovnom¥rn¥ rozd¥leno
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Obrázek 1: P°íklad trajektorií £ásti
 pro konstantní hodnotu parametru βna intervalu (0, 1) a porovnáno s Boltzmannovým faktorem. P°i spln¥ní nerovnosti
q > g je skok p°ijat, jinak z·stává kon�gura
e nezm¥n¥na.3 Výsledky3.1 Trajektorie £ásti
Aplikováním p°ed
hozího algoritmu získáváme simula
i pohybu vozidel. Sledování zm¥nv pozi
i konkrétní £ásti
e udává její trajektorii. Ty lze po vykonání dostate£ného po£tukrok· metropolisova algoritmu zobrazit formou diagramu a tak získat p°edstavu o roz-místn¥ní £ásti
 za daný
h podmínek. Tahle simula
e se m·ºe provád¥t pro rozli£né na-stavení hodnot parametr· βl a β2. Nejprve se v²ak zam¥°íme na triviální p°ípad βl = β2.Model s konstantní hodnotou inverzní termodynami
ké teploty pro 
elou kruºni
i je jiºdob°e znám. Pro názornost si zobrazíme trajektorie £ásti
 na grafu (1). Jediné pozorova-telné zhu²t¥ní je zp·sobeno po£áte£ní náhodnou kon�gura
í a je brzy rozpu²t¥no.Nyní jiº p°istoupíme k simula
i pro r·zné hodnoty βl a β2. Jeden z výsledk· danésimula
e je zobrazen na grafu (2). Odli²ná barva p°edstavuje oblast s jinou hodnotouparametru β, men²í £ervená oblast ji má vy²²í neº modrý zbytek. Lze si pov²imnout,ºe na spodním okraji £ervené oblasti vzniká zhu²t¥ní, které se proti sm¥ru pohybu ²í°ímodrou oblastí. Naopak na druhé stran¥ se zá
pa rozpou²tí a v horní £ásti modré oblastise jiº £ásti
e pohybují voln¥, bez zhu²t¥ní. Porovnáním graf· (1) a (2) lze dojít k záv¥ru,
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Obrázek 2: P°íklad trajektorií £ásti
 pro dv¥ rozdílne hodnoty β1 a β2ºe p°edpokládané zá
py jako zástup
i makroskopi
ký
h jev· se vyskytují pouze na grafu(2). A tedy modi�ka
e uvedená v p°ed
hozí kapitole pravd¥podobn¥ vyvolává jeji
h vznik.Je²t¥ zbývá ov¥°it jestli se za
hovala mikroskopi
ká struktura, která u model· zaloºený
hna termodynami
kém plynu koresponduje se strukturou reálný
h dopravný
h vzork·.3.2 Rozd¥lení vzdálenostíPro analyzování mikroskopi
ké struktury bude d·leºitý p°edev²ím tvar pravd¥podob-nostního rozd¥lení vzdáleností dvou následují
í
h £ásti
. Ten byl v termodynami
kémdopravním modelu odvozen [1℄ z Hamiltoniánu daného systému
H =

m

2

N
∑

i=1

(vi − v)2 − C

N
∑

i=1

1

ri

,kde m ozna£uje hmotnost £ásti
e a v pr·m¥rnou ry
hlost v souboru. Výsledkem jepak funk
e
P (r) = Θ(r)Aexp[−

β

r
− Br], (2)kde Θ(r) ozna£uje Heavisidovu funk
i, β p°edstavuje jiº zmín¥nou inverzní termody-nami
kou teplotu a A a B jsou normaliza£ní konstanty. Jeji
h hodnoty se získávají z dvounormaliza£ní
h rovni
.
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∫ ∞

0

Aexp[−
β

r
− Br]dr = 1,

〈r〉 =

∫ ∞

0

rAexp[−
β

r
− Br]dr = 1.První vztah popisuje vlastnost kaºdé hustoty pravd¥podobnosti, druhý zaji²´uje st°edníhodnotu r rovnou 1. Jeji
h aproximativní vyjád°ení v závislosti na hodnot¥ parametru βje následují
í

B = β +
3 − exp[sqrtβ]

2
,

A−1 = 2

√

β

B
K1(2

√
βB),kde K1(x) ozna£uje modi�kovanou Besselovou funk
i druhého druhu.Získaný tvar pravd¥podobnostního rozd¥lení vzdáleností odpovídá struktu°e reálný
h do-pravný
h dat, jak jiº bylo dokázáno. Tato funk
e je vhodnou aproxima
í jak u vzork· vreºimu volné dopravy, tak u t¥
h, kde do
hází ke zhu²t¥ní, rozdíl je v hodnot¥ parame-tru β. P°ibliºn¥ platí, ºe reºim volné dopravy koresponduje s niº²ími hodnotami inverznítermodynami
ké teploty, zatím
o p°i zá
pá
h hodnota tohohle parametru stoupá. Proextrémní p°ípad β = 0 jde o Poissonovo rozd¥lení, které se pouºívá pro nezávisle se po-hybují
í £ásti
e.Pro získání pravd¥podobnostního rozd¥lení ve zkoumaném modelu se pouºijí data zesimula
í. Aby se zamezilo vlivu po£áte£ního rozmístn¥ní, budou se analyzovat pouze ko-ne£né kon�gura
e po ustálení rovnováhy. Taky je pot°eba provést ví
e b¥h· metropolisovaalgoritmu se stejnými parametry pro dostatek dat. Kruºni
e v modelu byla rozd¥lena nadv¥ £ásti s rozdílnými hodnotami parametru β, £emu odpovídají také odli²né hustotypravd¥podobnosti vzdáleností. Proto musí být i £ásti
e získané ze simula
e rozd¥lené dodvou soubor· podle toho, ve které oblasti se na
házejí. Uváºíme-li fakt, ºe na okrají
hobou oblastí do
hází k deforma
ím, musíme je²t¥ ze soubor· vylou£it £ásti
e z okraj·oblastí. Tím ale z·stane dost dat pro analýzu poskytují
í smysluplné výsledky pouze vev¥t²í z oblastí a proto dále pra
ujeme jenom s ní. Samotnou funk
i hustoty pravd¥po-dobnosti vzdáleností získáme jako histogram vzdáleností £ásti
 z analyzovaný
h údaj·.Protoºe hodnota inverzní termodynami
ké teploty β pro analyzovaný soubor je známá,je dán i poºadovaný tvar pravd¥podobnostního rozd¥lení a to (2)
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Histogram znázor¬uje funk
i hustoty pravd¥podobnosti získanou ze simula
í a k°ivka reprezentuje jejípoºadovaný tvar.Na obráz
í
h (3.2) jsou zobrazeny porovnání hustoty pravd¥podobnosti ze zkouma-ného modelu oproti p°edpokládanému tvaru pro r·zné hodnoty parametru β. Vizuálnímsrovnáním je potvrzeno, ºe výsledné histogramy zodpovídají poºadovanému tvaru funk
e.Drobné od
hylky m·ºou být zp·sobené nedostatkem dat v soubore
h.4 Záv¥rVýsledky simula
í a první
h analýz nazna£ují, ºe model p°edstaven v tomhle £lánkum·ºe být krokem správným sm¥rem k vyvinutí univerzálního dopravního modelu spojují
ílokální a globální pohled na dopravu. Ten by pak kvantitativn¥ i kvalitativn¥ vysv¥tlilv²e
hny jevy a zákonitosti známe ze silni
 a dálni
. Prvním pozitivním impulzem je výskytdopravní zá
py jako makroskopi
kého fenoménu v modelu, který za
hovává poºadovanoumikroskopi
kou strukturu. M¥lo by to slouºit jako motiva
e pro podrobn¥j²í analýzupráv¥ p°edstaveného modelu, jako i zkoumání dal²í
h moºností modi�ka
e. Klí£em keglobáln¥j²ímu pohledu na dopravu je jak se zdá upu²t¥ní od p°edpokladu konstantníinverzní termodynami
ké teploty β v 
elém zkoumaném vzorku.Literatura[1℄ M. Krbálek. Equilibrum distributions in thermodynami
al tra�
 gas. J. Phys. A:Math. Theor 40 (2007).[2℄ Nagel, K. and M. S
gre
kenberg. A 
ellular automaton model for freeway tra�
.Journal de Physique I, Fran
e, 2 (1992).[3℄ Krbálek, M. and D. Helbing Determination of intera
tion potentials in freeway tra�
from steady-state statisti
s. Physi
a A, 333 (2004).
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ek4th year of PGS, email: karel.ma
ek�fjfi.
vut.
zDepartment of Software Engineering in E
onomyFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in E
onomi
s,FNSPE, CTU in PragueAbstra
t. This paper provides a novel method for predi
tive 
ontrol of a sto
hasti
 dynami
system. The predi
tion is implemented by lo
al regression whi
h makes no assumptions about themodel's stru
ture and parameters. The method works on the prin
iple of dynami
 programmingform the horizon to a
tual time instant. The paper fo
uses on risk-averse optimization relatedto the distribution of total loss. Hen
e, the un
ertainity is sustained by additional data points.Keywords: lo
al regression, dynami
 de
ision making, risk management, sto
hasti
 programmingAbstrakt. Tento p°ísp¥vek p°edkládá novou metodu prediktivního °ízení pro sto
hasti
ké dy-nami
ké systémy. Predik
e je realizována pomo
í lokální regrese, která neklade ºádné p°edpok-lady na strukturu modelu a jeho parametry. Metoda pra
uje na prin
ipu dynami
kého pro-gramování. P°íp¥vek v¥nuje optimaliza
í za averze v·£i riziku. Proto je informa
e o neur£itostiudrºována pomo
í p°ídatný
h datový
h bod·.Klí£ová slova: lokální regrese, dynami
ké rozhodování, °ízení rizik, sto
hasti
ká programování1 Introdu
tionTwo dire
tions have been distinguished in advan
ed 
ontrol, namely model oriented anddata oriented [7℄ approa
hes. Model oriented systems require some expli
it prior knowl-edge based on �rst prin
iples. However, for some systems, no expli
it parameterizedmodel is known sin
e (i) the s
ien
e have not already provided relevant �rst-prin
iples,(ii) modeling of the system by �rst prin
iples would be extremely 
ompli
ated, or (iii)the pro
ess is very non-sta
ionary and it is impossible to 
apture it by one parameterizedmodel, even the parameters would be addaptive. This situation o

urs typi
ally whenthe operation of the system is impa
ted by human fa
tors, e.g. in Internet a
tivities,sto
k ex
hange or also HVAC systems, espe
ially in buildings large 
omplexes.Absen
e of an expli
it model make eventual 
ontrol di�
ult. Some authors solve theproblem by some approximation, very often by neural networks [2, 10℄, speaking aboutmodel free 
ontrol. In fa
t, they use a model, even it is a bla
k box model.This paper provides a novel 
ombination of data-
entri
 regression and sto
hasti
optimization for risk-dirigible predi
itve 
ontrol. It is organized as follows: Se
tion 2provides used building blo
ks, i.e. lazy learning and sto
hasti
 optimization. Next,Se
tion 3 formulates the 
ontrol algorithm and dis
usses some of its properties. Then,115
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ekSe
tion 4 demonstrates the fun
tion of the algorithm on a simple examples. Finally,Se
tion 5 summarizes the paper.2 Building Blo
ks2.1 Value at risk optimizationBefore we will introdu
e the system and its 
ontrol, it is ne
esarry to de�ne the optimiza-tion paradigm as su
h. Sin
e we are going to optimize a sto
hasti
 fun
tion in terms ofvalue at risk, we have to de�ne these terms:De�nition 1 (Value At Risk). Let Z be a random variable with 
df HZ and let α ∈ [0, 1],value of Z at risk α is then de�ned as:
V@Rα(Z) = H−1

Z (1 − α) (1)
= inf{t : P (Z ≤ t) ≥ 1 − α} (2)
= inf{t : P (Z > t) ≤ α} (3)De�nition 2 (Random mapping). R

m → R
n is a mapping where to ea
h x ∈ R

m isassigned only one distribution over R
m. We will use the notation (Y |X = x) for thiswhere x is 
alled de
ision.Note that if we 
onsider X to be a random ve
tor and a 
onditioned random ve
toris given Y |X. Random mapping, in this 
ase assinges to the distributions X and Y |Xthe marginalization Y : f(y) =

∫
f(y|x)f(x)dx.The radnom mapping is therefore de�ned for both point and probabilisti
 de
isionswhi
h is more general and enables eventual fully probabilisti
 design. It has to be men-tioned that in both 
ases the de
ision returns a probability distribution of Y .Now, we are able to formulateDe�nition 3 (Value At Risk Optimization Problem). Let1. Y |X be the obje
tive fun
tion with the risk level αo2. E|X be equality 
onstraints with the risk levels α(e)3. G|X be unequality 
onstraints with the risk levels α(g)The goal of the value-at-risk optimization problem is to �nd su
h (random) ve
tor X0 soit holds:

• ∀i : P (Ei 6= 0|X0) ≤ αe and
• ∀i : P (Gi ≥ 0|X0) ≤ αe and
• V@Rαo

(Y |X0) is minimal.
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Figure 1: System dynami
s for predi
tive horizon tmax where dashed boxes are not 
on-sidered for the optimal 
ontrol.where α = 0.05, typi
ally.It have to be mentioned here that this problem may have no solution. The reason
an be that the 
onstraints are in 
on�i
t. This is a typi
al situation for all 
onstrainedoptimization problems. However, there might be also an issue with the probabilities. Letus 
onsider E1 = x − 1 + ǫ where ǫ ∼ N (0, σ2). Even the σ2 > 0 is arbitrary smalland x = 1, the P (E1 = 0) = 0 almost surely sin
e the distribution is 
ontinuous. Hen
e,the 
onstraints in form of equation require a tie at zero or they have to be repla
ed byintervals around zero.
2.2 V @R 
ontrolWe will 
onsider a Markovian system of order one (the generalization to higher orders isstraightforward) with a
tion and observation models as probability distribution fun
tions:

F (X(t)|X(t − 1), U(t − 1)) (4)
G(Y (t)|X(t), U(t)) (5)The system dynami
s is presented in Figure 1 where the arrows 
orrespond to the sto
has-ti
 mappings F, G. Mention that we use G(Y (t)|X(t) instead of G(Y (t)|X(t), U(t)) sin
ethe loss depending on U(t) 
an be 
onsidered as a part of the state U(t + 1). Let Fand G have densities fun
tions f and g. The loss fun
tion is de�ned as a sum of partiallosses z =

∑tmax

t=1 z(t). All state variables are measured, this approa
h does not use anyunobserved variables. Consider random mapping Z|U0, U1 . . . , Utmax−1, X0 with following
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df:
∫∫∫

︸ ︷︷ ︸

tmax

tmax∏

t=2







∫∫∫

︸ ︷︷ ︸

t−1

f(z(t)|x(t))

t∏

i=0

g(x(t)|x(t − 1), u(t− 1))dx(tmax − 1) . . . dx(1)







·

· f(s −
tmax∑

t=2

zt|x(1))dz(1) . . . dz(tmax)Then the problem is to minimize z via 
hanging the 
ontrol strategy u(0), u(1) . . . u(tmax−
1) so the expression equals given α ∈ [0, 1]. We make no assumption on g and f , we onlyassume a data set of (x, u, z) measurements from the past. Note that

t∏

i=1

g(x(t)|x(t − 1), u(t − 1)) (6)is appli
ation of the 
hain rule.There is already intensive work on risk-averse 
ontrol of sto
hasti
 systems. The riskaversion 
an be expressed in form of the utility fun
tion [12℄. In this 
ase, usual appli-
ation of mean value operator for ea
h step of the dynami
 programming is possible, formore detail on favorable properties of the mean value in sto
hasti
 dynami
 programmingsee [14℄.Usage of true risk measures requires alternative approa
h. The risk measures areadjusted so they 
an be pushed ba
k in the dynami
 programming pro
ess. This 
laimrequires more assumptions like 
onvexity, subadditivity and homogenity of the risk mea-sures [1, 13℄ whi
h do not hold for V @R. and are fo
used mostly no dis
rete systems.This paper however provides a method whi
h is able to work with wider 
lass of riskmeasures, in
luding the V @R.2.3 Lo
al Regresion and Con�
en
e SetsLo
al regression is an essen
ial topi
 in nonparametri
 statisti
s. Let us 
onsider followingdependen
y:
Y = f(x) + ǫ(x) (7)where Y ∈ R and x ∈ M , M is a metri
 spa
e with metri
 d : M × M and ǫ(x) is arandom variable with zero mean.Lo
al regression based on kernels provide methods to 
onstru
t the estimate of r̂ ≈ rand provide eventually some information about the error ǫ(x).The estimator is de�ned as follows:
r̂(x) =

n∑

i=1

li(x)Yi (8)where
li(x) =

K
(

x−xi

h

)

∑n

j=1 K
(

x−xj

h

) (9)
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tion1.The lo
al regression makes no assumptions on model if su�
ient amount of datais available. The lo
al regression is also appli
able in the dynami
 systems and thenonsta
ionarity 
an be 
overed easily [8℄. For our purpose of risk-dirigible 
ontrol, wehave to treat the risk. There are some alternatives where the most re
ent is based dire
tlyon 
onsidered quantile regression [4℄. In this work we will nevertheless assume the errors
ǫ(x) to be distributed normally. In this 
ase we 
an adopt the 
on
ept of 
on�den
ebands [18℄. First of all, the varian
e have to be estimated:1. Estimate the r̂2. De�ne Zi = log(Yi − r̂(xi))

23. Estimate the q̂ as lo
al regression of the Zi depending on xi4. Obtain σ̂2(x) = eq̂(x)This holds only for points from the training set while for the other the distan
e has someimpa
t on the varian
e. The adjustement is perfomred as follows:
s(x) =

√
√
√
√

n∑

i=1

σ̂2(x)l2i (x) (10)The 
on�den
e band 
an be expressed in form [r̂(x)−cs(x), r̂(x)−cs(x)]. The 
onstant c >

0 
an be �nd for one dimensional in an expli
it sophisti
ated way [16℄. For our purposeswe adopted - however - dire
t quantile predi
tion [3℄ whi
h 
onsist in minimization:
K(x − xi)

h
ρ (Yi − θ) (11)where ρα(x) = |x| + (2α − 1)x and θ the desired α-per
entile.2.4 Sto
hasti
 OptimizationIn this work, we have to minimize the V@Rα(Y |x) with respe
t to x. Using �xed α,the problem be
omes deterministi
. The obje
tive fun
tion is - however - very generaland usual suitable properties like linearity or 
onvexity 
annot be ensured. Therefore,methods of sto
hasti
 optimization 
an be applied. Both population based or single pointmethods 
an be used, e.g. the di�erential evolution [15℄, parti
le swarm optimization [5℄,threshold a

epting [19℄, simulated annealing et
. Furthemore, it is possible to use somekind of advan
ed metaheuristi
s like memeti
 algorithms [6℄, DEBR18 [17℄ or OSOOM[11℄.If we want to treat 
onstraints, it is possible to adopt lexi
ographi
 
omparison me
h-anism [9℄:1In multidimensional 
ase, the it is possible to use usuall kernell fun
tion with a metri
, e.g Eu
idian[18℄. Alternatively, 
ontributions in dimensions 
an be multiplied.



120 K. Ma
ek
• If x1 and x2 satisfy both the sto
hasti
 
onstraints at least at required level α1 then,they are 
ompared by their V@Rα2

(x1) and V@Rα2
(x1) values.

• Otherwise, x1 and x2 are 
ompared by their probabilities they will both satisfy the
onstraints.Finally, it have to be added that deterministi
 
onstraints are a spe
ial 
ase of the sto
has-ti
 ones.3 Proposed Algorithm of Predi
tive ControlPredi
tive 
ontrol attempts to �nd a 
ontrol strategy for a predi
tive horizon. Proposedalgorithm works on prin
iple of dynami
 programming:1. Initialization: t = tmax + 1, Ct = 02. Update: Ct−1 = zi(X) + Ct3. Regression: Having data (X, U, Ct), regress intented per
entil α of Ct|U, X. How-ever for the next step, it is ne
essary to regress also other representative per
entilesor parameters of Ct|U, X4. Optimization: For allX from the original set �nd U∗ = arg maxU V@Rα(Ct|U, X).For the step t, related data should be used with higher weights, e.g. for t = tmax,last training data will be prefered. This might help to avoid the impa
t of potentialnonsta
ionarity. These weights 
an be used as additional input for weighting in thelo
al regression.5. Parti
le Filtering: For all pairs (X, U) optimizing the V@Rα(Ct) sample somevalues from Ct|X, U and use it as a data set for the next iteration.6. Next step Go to 2)4 Appli
ationThis work is intended to be applied in two applied problems where the risk aversion playsan important role and parameterized models are not available. The �rst appli
ation isin supervisory 
ontrol of HVAC2 systems. The goal is to ensure required 
omfort andminimize operational 
osts. Nevertheless, the demands of zones in a building 
omplex onheat and fresh air is impa
ted by human fa
tor, 
hanging operation. Some dynami
s 
anbe 
overed by �rst-prin
iple modeling like heat a

umulation in internal mass, air �owset
. However, there are usualy not enough sensors required for this approa
h.The other appli
ation area is the portfolio management where the risk is an importanttopi
. Also in this 
ase, parameterized models are missing. Hen
e, the data-
entri
 riskaverse 
ontrol seems to be a promising.2Heating, ventilation, air 
onditioning.
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tive Control via Lazy Learning and Sto
hasti
 Optimization 121Finally, this topi
 relates to author's PhD thesis whi
h attempts to 
ontrol a opti-mization pro
edure 
omposed of various optimization methods. The author adopts inthe thesis proposal also the risk averse approa
h that should lead to reliable results inthe optimization.5 Con
lustionProposed approa
h has proved high level �exibility and generi
ity. The major disad-vantages 
onsists however in the 
omputational 
omplexity sin
e ea
h evaluation of theobje
tive fun
tion has to pro
ess the whole data set and this makes the optimization veryslow. This is also a key point of possible improvements. The data set 
ould be redu
ed toa reasonable referen
e data set (like in 
ase of Support Ve
tor Ma
hines), nevetheless, thisredu
tion might worsen the estimates of the 
on�den
e bands. Alternatively, the pro
essof query for the obje
tive fun
tion 
al
ulation 
ould be speeded up by an advan
ed datastru
ture.Other topi
 to be improved is the 
on�den
e interval estimation whi
h are typi
allydependent, at least for several subsequenting steps.Referen
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Vyuºití hexagonální topologie 2D obrazuk diagnosti
e Alzheimerovy demen
eJakub Nerad1. ro£ník PGS, email: jakubnerad�gmail.
omKatedra softwarového inºenýrství v ekonomiiFakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Jaromír Kukal, Katedra softwarové inºenýrství v ekonomii, Fakultajaderná a fyzikáln¥ inºenýrská, �VUT v PrazeAbstra
t. This paper deals with image pro
essing methods in the hexagonal topology. The�rst part des
ribes the implementation of the hexagonal grid. In the se
ond and third partdeals with the various operations of the hexagonal image (noise redu
tion, edge dete
tion andmorphologi
al operations). The last se
tion is devoted to the use of hexagonal topology in realbiomedi
al data for diagnosing Alzheimer's disease.Keywords: image pro
essing, hexagonal topology, Alzheimer's DiseaseAbstrakt. V této prá
i se zabývám metodami zpra
ování obrazu v hexagonální topologii.V první £ásti prá
e se v¥nuji implementa
i hexagonální m°íºky. Ve druhé a t°etí £ásti se v¥nujijednotlivým opera
ím nad hexagonálním obrazem (odstran¥ní ²umu, detek
e hran a morfologi
kéopera
e). V poslední £ásti se v¥nuji vyuºití hexagonální topologie na reálný
h biomedi
ínský
hdate
h k diagnosti
e Alzheimerovy 
horoby.Klí£ová slova: zpra
ování obrazu, hexagonální topologie, Alzheimerova nemo
1 ÚvodV oblasti zpra
ování obrazu je £asto zmi¬ováno vyuºití hexagonální m°íºky jako alter-nativa ke konven£ní £tver
ové. Ov²em nebývá toto téma p°íli² rozvinuto. Cílem tohototextu je tuto problematiku popsat podrobn¥ji a ukázat její výhody na reálný
h date
h.Hexagonální zpra
ování obrazu se od tetragonálního se li²í nej£ast¥ji v tvaru konvolu£-ní
h masek, které musí odpovídat návrhu vzorkova
í m°íºky. Tu je vhodné tedy imple-mentovat tak, aby p°evod známý
h konvolu£ní
h masek byl 
o nejsnaz²í a nejp°esn¥j²í.Vytvo°ení hexgonální m°íºky je st¥ºejní bod, od kterého se odvíjí dal²í postupy p°i zpra-
ování obrazu.2 Výhody hexagonálního zpra
ování obrazuHexagonální obraz vznikne vzorkováním signálu do m°íºky, která je tvo°ená pravidelnými²estiúhelníky. Z geometri
ký
h vlastností ²estiúhelníku vyplývají základní vlastnosti tétotopologie: 123
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• �estiúhelník zahrnuje ví
e prostoru neº £tvere
, £ímº lépe aproximuje kruh. Toznamená, ºe hustota vzorkování hexagonální m°íºkou je v¥t²í neº u £tver
ové m°íºky.
• Kaºdý obrazový element má ²est stejn¥ vzdálený
h soused·, kte°í sdílí hranu. Z tohovyplývá, ºe k°ivky mohou být v hexagonální m°íº
e mnohem lépe zastoupeny neºve £tver
ové.
• Existuje jednozna£né okolí bodu, na rozdíl od £tver
ové m°íºky, kde okolí bodum·ºe být de�nováno jako 4-sousedství (sousedé jsou jen ti, kte°í sdílí hranu) nebo8-sousedství (sousedé jsou i ti, kte°í sdílí roh).

Obrázek 1: Okolí bodu ve £tver
ové m°íº
e (8-sousedství a 4-sousedství) a hexagonálním°íº
e.3 Implementa
e hexagonální m°íºkyNení mi známo, ºe by se v praxi vyskytovaly p°ístroje, které zaznamenávají obraz p°ímodo hexagonální m°íºky. K dispozi
i mám pouze b¥ºné obrazy za
hy
ené do £tver
ovém°íºky, které se musí do hexagonální interpolovat.

Obrázek 2: Konverze mezi £tver
ovou a hexagonální topologií.Rozm¥ry vstupního obrazu I ozna£íme M a N , dal²í známou hodnotou pro výpo£etje polom¥r kruºni
e h opsané ²estiúhelníku, který volíme. Tyto údaje sta£í k výpo£turozm¥r· m, n mati
e H . Dále pot°ebujeme zjistit po£áte£ní body x0 a y0.
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e 125Pro sou°adni
e levého dolního rohu platí x ≥ N a y ≥ 1 a pro pravý horní roh x ≤ 1a y ≥ M . Z toho vyplývají následují
í vztahy:
x0 + h(m − 1) +

h

2
(m − m) ≥ N ⇒ x0 ≥ N − h(n − 1) (1)

y0 +
h

2

√
3(m − m) ≥ 1 ⇒ y0 ≥ 1 (2)

x0 + h(1 − 1) +
h

2
(m − 1) ≥ 1 (3)

1 +
h

2

√
3(m − 1) ≥ M ⇒ 1 (4)Z výraz· plyne

m =

⌈

2(M − 1)

h
√

3

⌉

+ 1, n =

⌈

(m − 1)

2
+

(N − 1)

h

⌉

+ 1 . (5)Hodnoty sou°adni
 obrazový
h element· jsou
xi,j = x0 + h(j − 1) +

h

2
(m − i), yi,j = y0 +

h

2

√
3(m − i),kde i = 1, . . . , m; j = 1, . . . , n. (6)4 Zpra
ování obrazuD·leºitou opera
í p°i zpra
ování obrazu je konvolu
e. Konvolu
e dvourozm¥rný
h funk
í

f a h je de�nována integrálemf(x, y) ∗ h(x, y) =

∫

∞

−∞

∫

∞

−∞

f(x − a, y − b)h(a, b)dadb ,kde h(x, y) je konvolu£ní jádro.V digitální zpra
ování obrazu se vyuºívá diskrétní konvolu
e, diskretiza
e p°ed
hozíhointegrálu zní I(x, y) ∗ h(x, y) =
k

∑

j=−k

k
∑

j=−k

I(x − i, y − j)h(i, j) ,kde I je diskrétní obraz a h(x, y) jádro konvolu
e.4.1 Nízkofrekven£ní �ltryNízkofrekven£ní �ltry slouºí k vyhlazování obrazu, jeji
h 
ílem je odstran¥ní neºádou
ího²umu, který se v obraze na
hází.Pokud máme ví
e obraz· stejné p°edlohy, m·ºeme pouºít k odstran¥ní ²umu postup,kdy zpr·m¥rujeme hodnoty obrazový
h bod· o stejný
h sou°adni
í
h. Výhodou tohotopostupu je, ºe nedo
hází k rozmazání obrazu. Ov²em ve v¥t²in¥ p°ípad· p°i zpra
ováníobrazu máme k dispozi
i pouze jednu p°edlohu a musíme tedy pouºít jiné metody.
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Obrázek 3: Ukázka konvolu
e v hexagonálním obrazu.Metody pra
ují
í pouze s jedním obrazem spoléhají na nadbyte£né informa
e v ob-raze. Sousední obrazové body mívají v¥t²inou stejnou nebo velmi podobnou úrove¬ jasu.Za²um¥né obrazy lze tak na základn¥ provedení analýzy okolní
h bod· opravit. Hodnotavybraného bodu je nahrazena hodnotou typi
kou v jeho okolí. Typi
kou hodnotou mámna mysli nap°. pr·m¥r, výb¥rový pr·m¥r nebo medián.Základní metodou vyhlazování obrazu je pr·m¥rování. Jedná se o lineární vyhlazování.Kaºdému bodu je p°i°azen nový jas, který je aritmeti
kým pr·m¥rem p·vodní
h jas· vezvoleném okolí. Obraz je zpra
ován konvolu£ní maskou, která popisuje 
hování funk
eh(i, j) s tím, ºe st°ed masky má sou°adni
e (0, 0). M·ºe mít nap°íklad tvar

h =
1

7





1 1 ∗
1 1 1
∗ 1 1



 . (7)Tento neobvyklý tvar masky (mati
e) je dán implementa
í hexagonální m°íºky. Hv¥z-di£ky p°edstavují prázdnou (neexistují
í) hodnotu. Nap°íklad v programova
ím prost°edíMatlab jsou implementovány jako NaN (Not-a-Number).M·ºeme samoz°ejm¥ volit i masky jiné velikosti, dokon
e masky o rozm¥ru 5 × 5 sev hexagonální topologii osv¥d£ily. Ve své prakti
ké £ásti pouºívám i zajímavé masky dvou�polom¥r·�. Vn¥j²í polom¥r R udává 
elkovou velikost masky a vnit°ní r je polom¥r okolí,na které nebude p°i zpra
ování brán z°etel. Platí, ºe R > r ≥ 0.P°íkladem m·ºe být maska
h =

1

12













1 1 1 ∗ ∗
1 0 0 1 ∗
1 0 0 0 1
∗ 1 0 0 1
∗ ∗ 1 1 1













, (8)kde R = 2 a r = 1.Ovlivnit pro
es zpra
ování lze i zvýhodn¥ním respektive znevýhodn¥ním, n¥které ob-lasti v konvolu£ní mas
e. Typi
ky to m·ºe být zv¥t²ením váhy bod· blízký
h st°edumasky. Nap°íklad jako
h =

1

10





1 1 ∗
1 4 1
∗ 1 1



 nebo h =
1

27













1 1 1 ∗ ∗
1 2 2 1 ∗
1 2 3 2 1
∗ 1 2 2 1
∗ ∗ 1 1 1













. (9)
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e 127U t¥
hto masek m·ºeme místo oby£ejného pr·m¥ru volit i váºený pr·m¥r.Pro odstran¥ní ²umu lze vyuºít i masky, její
hº váhy odpovídají hodnotám Gaussovyfunk
e.Gaussovo rozd¥lení pro 2D je de�nováno jakoG(x, y) =
1√
2πσ

e−x
2
+y

2

2σ2 .Diskrétní aproxima
í získáme konvolu£ní masku.Hlavní nevýhodou lineární
h metod vyhlazování je rozmazávání hran. Toto lze °e²itvyuºít nelineární
h metod jako je pouºití mediánu nebo rotují
í masky.5 Vysokofrekven£ní �ltryMezi typi
ké aplika
e vysokofrekven£ní �ltru pat°í zejména detek
e hran.Detek
e hran je d·leºitá opera
e v biologi
kém i v po£íta£ovém vid¥ní. Podle hran£lov¥k dokáºe rozli²ovat objekty. K základním p°edpoklad·m nalezení hrany v obraze jenáhle se m¥ní
í hodnota jasu.V po£íta£ovém zpra
ování obrazu pat°í detek
e hran k základní opera
i, na kterounavazují dal²í aplika
e (nap°. rozpoznání objekt·).Hrana je ur£ena tím, jak náhle se zm¥ní obrazová funk
e f(x, y). Nástrojem na za
hy-
ení zm¥n funk
e dvou prom¥nný
h jsou par
iální deriva
e � zm¥nu udává její gradient,ur£ují
í sm¥r nejv¥t²ího r·stu a strmost. Obrazové body s nejv¥t²ím gradientem se nazý-vají hranami.Jednou z metod nalezení hrany je vyuºití tzv. operátor·. T¥
h je n¥kolik a li²í se podletoho zda jsou závislé na rota
i £i nikoliv. P°edstavitel operátoru, který je nezávislý narota
i a udává pouze sílu hrany, je Lapla
e·v operátor.Ukázka masky Lapla
eova operátoru
h =





1 1 ∗
1 −6 1
∗ 1 1



 . (10)P°i prakti
ký
h teste
h se ukázalo, ºe u Lapla
eova operátoru a hexagonální topologiifunguje lépe v¥t²í maska, nap°.
h =













1 1 1 ∗ ∗
1 0 0 1 ∗
1 0 −12 0 1
∗ 1 0 0 1
∗ ∗ 1 1 1













. (11)Dal²ím z operátor· je operátor Prewittové, který je závislý na rota
i. Vyuºívá ví
emasek a jeji
h po£et je závislý na po£tu moºný
h rota
í. Pro masku 3×3 je t¥
hto sm¥r·²est, ukázka 12.
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h1 =





1 1 ∗
0 0 0
∗ −1 −1



 , h2 =





0 1 ∗
−1 0 1
∗ −1 0



 , h3 =





−1 0 ∗
−1 0 1
∗ 0 1



 ,

h4 =





−1 −1 ∗
0 0 0
∗ 1 1



 , h5 =





−1 −1 ∗
0 0 0
∗ 1 1



 , h6 =





0 −1 ∗
1 0 −1
∗ 1 0



 (12)Po zpra
ování obrazu v²emi maskami je vybrána nap°íklad hodnota s nejv¥t²í hodno-tou gradientu.6 Morfologi
ké opera
eMorfologi
ké opera
e pat°í mezi nelineární operátory, vyuºívají
í masky, která se zdenazývá strukturní element.Morfologi
ké opera
e pat°í mezi nelineární operátory, vyuºívají
í masky, která se zdenazývá strukturní element. Nejd°íve neº se dostanu k jednotlivým opera
ím, je pot°ebazavést pojmy vr²ek a stín mnoºiny a Minkowského opera
e.6.1 Minkowského opera
e, vr²ek mnoºiny a stín mnoºinyV [2℄ jsou pojmy vr²ek a stín de�novány následovn¥. Vr²ek mnoºiny A je funk
e de�no-vaná na (n − 1)�rozm¥rném de�ni£ním oboru. Pro kaºdou (n − 1)-ti
i je vr²ek nejvy²²íhodnota zbylé poslední sou°adni
e mnoºiny A. Pro euklidovský prostor má nejvy²²í hod-nota význam suprema.Ne
 A ⊆ En a ne
h´ de�ni£ní obor
F = {x ∈ En−1 pro n¥která y ∈ E , (x, y) ∈ A } .Vr²ek mnoºiny A, ozna£ovaný T[A], je zobrazením F → E de�novaným jako

T[A](x) = max{y, (x, y) ∈ A }.Stínem funk
e f je mnoºina sestávají
í se z vr²ku f a 
elého prostoru pod ním.Ne
h´ F ⊆ En−1 a f : F → E . Stín funk
e f se ozna£uje U[f], U [f] ⊆ F× E
U[f] = {(x, y) ∈ F × E , y ⊆ f(x)}.De�ni
e. Ne
h´ M je základní mnoºina a A, B jsou objekty na M . Minkowského sou£eta rozdíl de�nujeme pomo
í základní
h opera
í

• sou£et
A ⊕ B =

⋃

β∈B

(A + β)

• rozdíl
A ⊖ B =

⋂

β∈B

(A + β),kde A + β p°edstavuje posun mnoºiny A ve sm¥ru vektoru β .
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Obrázek 4: Dilata
e6.2 Dilata
eJelikoº ²edotónová morfologie je zobe
n¥ní morfologie binární, p°ed zavedením p°íslu²néde�ni
e dilata
e (pozd¥ji i eroze) pro ²edotónový obraz uvedu nejprve de�ni
i této opera
epro binární morfologii.De�ni
e. Dilata
e D je v binární morfologii de�nována pomo
í Minkowského sou£tu jako

D(A,B) = A⊕B B =
⋃

β∈B

(A + β).De�ni
e. Ne
h´ F,K ⊆ En−1, f : F → E , k : K ⊆ E .�edotónová dilata
e ⊕ funk
e f s funk
í k, de�nována jakof⊕ k = T{U[f ] ⊕B U[k]} .Tato de�ni
e není p°íli² vhodná pro algoritmiza
i, proto se zavádí postup p°es maxi-mum sou£t· v mnoºin¥
(f⊕ k)(x) = max{f(x − z) + k(z), z ∈ K, x − z ∈ F}.

Obrázek 5: Eroze6.3 ErozeTak jako v p°ed
hozí sek
i v¥nované dilata
i je nutné nejd°íve za£ít de�ni
í eroze binárníhoobrazu.De�ni
e. Eroze E je v binární morfologii de�nována pomo
í Minkowského rozdílu jako
E(A,B) = A ⊖B B =

⋂

β∈B

(A + β).nyní je moºno p°ejít k de�ni
i eroze v ²edotónovém obrazu.
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e. Ne
h´ F,K ⊆ En−1, f : F → E , k : K ⊆ E . �edotónová eroze ⊖ mnoºiny fmnoºinou k, de�nována jako f⊖ k = T{U[f] ⊖B U[k]}.(Poznámka: ⊖ na pravé stran¥ je erozí binární
h obraz·)Op¥t skute£ný výpo£et eroze v praxi probíhá jinak
(f⊖ k)(x) = min

z∈K

{f(x + z) − k(z)}.Dal²í z morfologi
ký
h opera
í jsou opera
e tref £i mi¬, otev°ení, uzav°ení £i zten£o-vání. V²e
hny tyto opera
e vyuºívají kombina
e dilata
e a eroze.7 Vyuºití hexagonální topologie k diagnosti
e Alzhei-merovy 
horobyObsahem této kapitoly je zjistit, zda znalosti uvedené v p°ed
hozí
h kapitolá
h povedouk odhalení Alzheimerovy demen
e (AD).8 Alzheimerova demen
eAlzheimerova demen
e (n¥kdy ozna£ována i jako Alzheimerova 
horoba) je neurodegene-rativní onemo
n¥ní mozku, p°i kterém do
hází k postupné demen
i [4℄. Nemo
 se proje-vuje poru
hou tzv. kognitivní
h funk
í - my²lení, pam¥ti a úsudku.Choroba je v sou£asné dob¥ nevylé£itelná. V ro
e 2008 trp¥lov touto nemo
í v �eskérepubli
e p°ibliºn¥ 120 tisí
 lidí [4℄.8.1 P°edzpra
ovnání datNejd°íve je nutné snímky p°edzpra
ovat (tzv. prepro
essing). Jelikoº data jsem m¥l veform¥ trojrozm¥rné mati
e [m, n, h] = [79, 95, 69], bylo nejd°íve nutné provést °ez v ur£itéhladin¥. Rozhodl jsem se °ez provést na hladin¥ h = 30, která subjektivn¥ poskytujenejv¥t²í mnoºství informa
í.Poté následovalo zbavení obrazu neºádou
ího ²umu pomo
í nízkofrekven£ní
h �ltr·,detekovat hrany, p°evést obraz do binární podoby a najít hrani
e.Aº poté byly provedeny statiti
ké opera
e a rozhodnutí zda uvedený postup vedek detek
i AD.8.2 Vytvo°ení etalonu zdravého pa
ientaP°i pozorování zpra
ovaný
h obraz· jsem si v²iml, ºe obrazy zdravý
h pa
ient· jsou sivelmi podobné, na rozdíl od nemo
ný
h pa
ient·, kde struktura snímk· byla odli²ná.Demonstrováno na obr. 6.Tohoto poznatku jsem vyuºil k vytvo°ení etalonu zdravého pa
ienta, který slouºík rozli²ení zdravého pa
ienta od nemo
ného.
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e 131Etalony jsem vytvo°il dva E1 a E2. Základem prvního byla Gaussova �ltra
e a druhéhodilata
e.
Obrázek 6: V horní °ad¥ jsou zpra
ované obrazy zdravý
h pa
ient·. V dolní °ad¥ pa
ientitrpí
í AD.
8.3 Samotná detek
e ADP°edzpra
ované obrazy podle postupu v 8.1 jsou nyní porovnány s vytvo°enými etalony.Kritériem pro rozpoznání snímk· zdravý
h a nemo
ný
h pa
ient· je po£et obrazový
helement· pa
ienta I leºí
í mimo etalon E. Tomu odpovídá veli£ina

c = ♯(I \ E) .Ze souboru nemo
ný
h byl sestaven vektor hodnot cAD = (c1, ..., c20). Analogi
ky bylze souboru zdravý
h sestaven vektor cCN = (c
′

1
, ..., c

′

26
). K testování hypotézy H0 o s
hod¥pr·m¥r· byl pouºit t-test na hladin¥ významnosti p = 0, 05. Cílem bylo prokázat, ºep°i vhodné volb¥ parametr· zpra
ování a etalonu je statisti
ky významný rozdíl mezihodnotami c pro nemo
né a zdravé pa
ienty.V tabulká
h 1 a 2 jsou výsledky testování s r·znými hodnotami parametr· R (polo-m¥r masky p°i vyhlazování), p (práh p°i detek
i hran) a pbin (práh p°i tvorb¥ binárníhoobrazu). Tabulka 1: Testování s E1Test £. 1 2 3 4

R 5 3 3 5
p 0,38 0,38 0,48 0,48
pbin 0,4 0,4 0,4 0,4
p − hodnota 0,0167 0,00035 0,0001 0,007Ve výsled
í
h lze vid¥t, ºe p°es r·zné nastavení parametr· se udrºuje hladina význam-nosti pod hodnotou 0, 05.



132 J. NeradTabulka 2: Testování s E2Test £. 1 2 3 4
R 5 3 3 5
p 0,38 0,38 0,48 0,48
pbin 0,4 0,4 0,4 0,4
p − hodnota 0,0155 0,00034 0.0135 0,00029 Záv¥rP°edstavil jsem základní moºnosti prá
e s hexagonálním obrazem a ukázku reálnéhopouºití p°i detek
i Alzheimerovy 
horoby. I kdyº výsledky ukazují dobré hodnoty, jsemopatrný v jeji
h prezenta
i, protoºe testova
í
h dat (snímky pa
ient·) nebylo mnoho.Ale byl ud¥lán první krok k potvrzení, ºe vyuºití hexagonální topologie je dobrá 
estaa má smysl se jí dále zabývat. V sou£asné dob¥ jiº mám k dispozi
i v¥t²í a kvalitn¥j²ísoubor dat a p°edpokládám, ºe pomo
í ni
h budu s
hopen lépe demonstrovat výhodytéto topologie.Literatura[1℄ MIDDLETON, Lee, SIVASWAMY, Jayanthi. Hexagonal Image Pro
essing :A Pra
ti
al Approa
h. London : Springer-Verlag, 2005. 259 s. ISBN 1-85233-914-4.[2℄ HLAVÁ�, Vá
lav. Zpra
ování signál· a obraz·. Praha : Vydavatelství �VUT, 2002.220 s. Skriptum. �VUT, Fakulta elektrote
hni
ká. ISBN 80-01-02114-9.[3℄ �EBEST, Miroslav. Digitálna morfológia v hexagonálnej mrieºke v Matlabe. Praha,2006. 68 s. �VUT, FJFI, Katedra softwarového inºenýrství v ekonomii. Vedou
ídimplové prá
e do
. Ing. Jaromír Kukal, Ph.D.[4℄ Wikipedie: Otev°ená en
yklopedie: Alzheimerova 
horoba [online℄. 
2010 [
itováno 3.5. 2010℄. Dostupný z WWW: http://
s.wikipedia.org/w/index.php?title=Alzheimerova_
horoba&oldid=5275102
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lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in E
onomy,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. This paper des
ribes the new method whi
h is based on non-linear one-step predi
tor,whi
h is designed as MLP neural network. It is a kind of low-pass non-linear �lter. Thedi�eren
e between raw EEG and the ANN output is then a subje
t of band spe
tral analysis.The di�eren
es in this power spe
trum between Alzheimer diseased and 
ontrol patient groupare statisti
ally signi�
ant.Keywords: EEG, Alzheimer's disease, ANN, model error, spe
tral analysisAbstrakt. Tento £lánek popisuje novou metodu, která je zaloºená na nelineárním jednokrokovémprediktoru, navrºeném jako neuronová sí´ MLP. Je to druh nízko-úrov¬ového nelineárního �ltru.Rozdíl mezi hrubým EEG a výstupem neuronové sít¥ je pak p°edm¥tem pásmové frekven£níanalýzy. Rozdíly ve výkonovém spektru mezi skupiny zdraý
h pa
ient· a pa
ient· trpí
í
hAlzheimerovou demen
i jsou statisti
ky významné.Klí£ová slova: EEG, Alzheimerova demen
e, neuronové sít¥, 
hyba predik
e, spektrální analýza1 Introdu
tionAlzheimer's disease (AD) is the most 
ommon dementia. This disease a�e
ts approx-imately 7 % of people older than 65 years and 40 % of people older than 80 years [7℄.Dementia is 
hara
terized by memory de
line and others neurophysiologi
al 
hanges thato

ur in the elderly and the risk of disease in
reases exponentially with age.EEG signals re�e
t the bioele
tri
al a
tivity of the brain. Ele
troen
ephalographi
re
ords are one of the tools for diagnosis of neurologi
al diseases. Traditional analysisrelies mainly on dete
tion of spe
tral 
hanges: performs the analysis of sele
ted frequen
ybands, then 
al
ulate the 
orresponding spe
tral powers, whose 
hanges may indi
atedysfun
tion of the nervous system.Analysis of the power spe
trum of a healthy a
tive brain suggests [2℄ that there arefour main frequen
y bands: δ (0.5− 4Hz), θ (5− 8Hz), α (9− 12Hz), β (13− 20Hz). Inthe frequen
y domain, there are established following di�eren
es in the EEG re
ords ofhealthy patients and patients with Alzheimer's dementia: an in
rease in theta and deltarhythms, de
line in beta rhythm and slowing of alpha rhythm.Many works [3℄, [4℄, [5℄ also show the possibility of using arti�
al intelligen
e to solvethe problem of identi�
ation of Alzheimer's disease. Among them those employing neuralnetwork to address this problem. Dominating amount of the works has many 
ommon133



134 O. Orlovafeatures: perform artefa
ts 
leaning of EEG re
ord, perform the analysis of time seriesde
omposition to frequen
y bands, perform further pro
essing of these bands. After allthese operations neural network is used for 
lassi�
ation purposes.The possibility of 
lassi�
ation of healthy people and people with Alzheimer's disease,in this study, is explored using the following assumptions:- don't use EEG signals adjusted with artefa
ts �ltering;- use neural network to dete
t patters in the EEG signal;- predi
tion error is used for 
lassi�
ation purposes, this predi
tion error was obtainedfrom the use of neural network, trained on human health and subsequently used fora person with Alzheimer's disease;- Don't use an arti�
al neural network for 
lassi�
ation purpose.2 Alzheimer's disease diagnosis via EEGEle
troen
efalography is a 
ontinuous multi-
hannel re
ording of ele
tri
al potential dif-feren
e. This re
ording was measured by ele
trodes pla
ed on the s
alp in some way.EEG was �rst introdu
ed and des
ribed by Berger [6℄ in 
onne
tion with the study ofsleep. Data whi
h are 
olle
ted from a typi
al EEG experiment are a sequen
e of timepoints sampled at 128 − 1024Hz in general.EEG re
ordings were obtained from 16 healthy people and 16 people with Alzheimer'sdisease. All patients sat in a 
hair in a darkened room, they were at a quiet state andhad their eyes 
losed. Measurements were performed using 21 a
tive ele
trodes pla
ed onthe surfa
e of the head in line with the international 10/20 system. Sampling frequen
ywas 200Hz.3 ANN as intelligent �lter of EEG3.1 Signal des
riptionOne of the main points of this work is to 
onstru
t a model that would allow to assessthe general patterns of EEG re
ording in healthy people and would 
reate pre
onditionsfor the de
ision rules required to 
lassify EEG re
ordings of healthy people and peoplewith Alzheimer's disease.Formulation of the problem is largely pro
edural in nature, taking into a

ount onlyone fa
tor, the one that EEG re
ord re�e
ts 
hanges in brain bioele
tri
al a
tivity, andamong these 
hanges are those that 
arry for us important informations.In the most general 
ase, the behavior of EEG signal 
an be des
ribed as a superpo-sition of a fun
tion z whi
h des
ribes important informations for us, and some random
omponent e. The estimation ẑ of the signal fun
tion z will be implemented by usingneural network, in this paper. Random 
omponent ê, whi
h arises as a result of thisassessment, will serve as the 
al
ulation of the noise 
omponent e.
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s 1353.2 Neural networkLet n ∈ N be number of inputs, N ∈ N be number of outputs and H ∈ N be numberof neurons in the hidden layer. Let x ∈ R
n be input ve
tor, y ∈ R

N be output ve
torand h ∈ R
H be signal ve
tor in the hidden layer. The three layer ANN − multi-layerper
eptron (MLP) operates a

ording to equations

h = f(Wx + w0) (1)
ẑ = Vh + v0 (2)where

W ∈ R
H×n, V ∈ R

N×H are weight matri
es, w0 ∈ R
H , v0 ∈ R

N are biases and f is anon-polynomial fun
tion. After the de
ompositions:
W =







w1...
wH






, V =







v1...
vN





We 
an establish the ve
tor of ANN parameters
p = (wT

0 , wT
1 , . . . , wT

H , vT
0 , vT

1 , . . . , vT
N)
onsisting of M = (n + 1)H + (H + 1)N real 
oordinates. The resulting MLP as ANN
an be formally rewritten as

y = ANN(x, p) (3)3.3 Learning strategyLet m ∈ N be number of patterns for ANN learning. The pattern set 
an be representedvia matri
es
X =







x1...
xm






∈ R

m×n, Y =







y1...
ym






∈ R

m×NThe method of least squares was used to ANN learning. Adequate obje
tive fun
tion
F(p) =

m
∑

k=1

‖yk − ANN(xk, p)‖2 (4)is thus subje
t of minimization.Due to multi-modality of F(p) we applied Fast Simulated Annealing (FSA) method.The algorithm of FSA produ
es a parameter sequen
e p0, p1, . . . , pk ∈ R
M beginning withinitial ve
tor p0 a

ording to the rule:

pk+1 = p∗

k when F(p∗

k) < F(pk) + Tk tan ρk

pk+1 = pk when F(p∗

k) ≥ F(pk) + Tk tan ρk (5)
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k = pk + gTk · tan rk, ρk, rk,j ∼ U(−π
2
, +π

2
) are independent uniformly distributedrandom variables, g > 0 is s
aling fa
tor and Tk > 0 is dimensionless temperature. Thestrategy of FSA 
ooling is

Tk =
T0

1 + ⌊k
r
⌋

(6)where r ∈ N is a repeating period.4 Spe
tral analysis of EEG signalPower spe
trum des
ribes the energy distribution of the frequen
ies of the dynami
 sys-tem. The dynami
 development of simple systems 
an usually be des
ribed by a 
ertainfrequen
y range. An opposite situation is typi
al for 
omplex systems: 
annot be sele
tedany parti
ular frequen
y band. Frequen
y 
omponents were pro
essed in ea
h of the fourfrequen
y bands using the following relationship.
rband =

∑

band |fft|2
∑

|fft|2
· 100 % (7)where fft is a result of appli
ation of the fast Fourier transform to analyse EEG signal,

band is one of the four main frequen
y bands: δ, θ, α or β. Due to the large non-linearityof EEG signal, Fourier transformation was applied not only to the data itself but also onthe resulting predi
tion error obtained by using neural networks. It is natural to expe
tthat the non-linearity error is smaller than the non-linearity of the original signal.5 ResultsTo eliminate noise in the EEG data, EEG signals of all patients were analysed in the rangeof indi
es from 20000 to 50000. Identify patterns in the EEG re
ording was performedby one-step predi
tion using MLP neural network. The used MLP network 
onsisted ofone hidden layer with four hidden neurons. Hyperboli
 tangent fun
tion was used as ana
tivation fun
tion of MLP network. As a standard healthy person has been 
hosen onepatient (pivot) whose EEG signal had the average statisti
al 
hara
teristi
s regarding theset of healthy people. The neural network was trained on the EEG signal of this patient,generalization abilities of used neural network were tested on the EEG signals of theremaining healthy patients. Subsequently, the neural network was applied to the EEGsignals of patients with Alzheimer's disease. All ele
trodes were used for the predi
tionof EEG signals using MLP network in the 
orresponding EEG signals of pivot patient.Training all neural network were performed by FSA algorithm, 
ontaining 300 interiorand 300 exterior 
y
les. Classi�
ation of healthy patients and patients with Alzheimer'sdisease was based on a review of one-step predi
tion error signal EEG using MLP neuralnetwork learning on EEG signal of a healthy pivot patient, and then used for predi
tionEEG signals others patients. In a

ordan
e with the above de�nitions, we have: n = 1,
H = 4, N = 1, T0 = 0.001, g = 1, r = 300, kmax = 300.Results of band spe
tral analysis of individual 
hannels for raw EEG data are 
olle
tedin the Tab. 1. Individual p-values are results of two-sample two-sided t-test of hypothesis
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H0 that relative power (for given frequen
y band and 
hannel) is the same for AD andCN group of patients. Adequate ROC diagram is depi
ted on the Fig. 1 for four bandsand �rst 
hannel. Tab. 2 shows results of the t-test of signi�
an
e for ea
h band, in thepower spe
trum of EEG signal, originating from the �rst 
hannel, at a signi�
an
e levelof 5 %.



138 O. OrlovaTable 1: P-values for signi�
ant di�eren
es (AD × CN) in the 
ase of raw EEG (t-test)
hannel δ θ α β
1 9, 4 × 10−2 1, 6 × 10−2 1, 1 × 10−1 2, 6 × 10−2

2 3, 2 × 10−1 1, 9 × 10−2 2, 4 × 10−2 1, 1 × 10−1

3 3, 6 × 10−1 3, 3 × 10−2
1, 6 × 10

−4 1, 4 × 10−1

4 1, 4 × 10−1
8, 1 × 10

−3
2, 4 × 10

−3 3, 8 × 10−1

5 2, 1 × 10−1
6, 8 × 10

−3 1, 7 × 10−2 8, 0 × 10−2

6 3, 7 × 10−1
5, 2 × 10

−3
7, 0 × 10

−3 1, 3 × 10−1

7 8, 8 × 10−1 8, 1 × 10−2
3, 9 × 10

−3 2, 7 × 10−1

8 5, 2 × 10−1 9, 7 × 10−2
3, 0 × 10

−5 6, 2 × 10−1

9 7, 8 × 10−1 3, 2 × 10−1
3, 9 × 10

−4 2, 9 × 10−2

10 9, 8 × 10−2
3, 2 × 10

−3
3, 5 × 10

−4 7, 2 × 10−2

11 3, 7 × 10−1 9, 2 × 10−2
9, 0 × 10

−4 1, 6 × 10−1

12 5, 8 × 10−1 6, 9 × 10−2
9, 8 × 10

−4 8, 0 × 10−1

13 6, 5 × 10−1 5, 4 × 10−1
2, 0 × 10

−4 6, 9 × 10−2

14 8, 4 × 10−1 2, 8 × 10−1
8, 0 × 10

−5 1, 2 × 10−2

15 3, 0 × 10−1 8, 3 × 10−1
7, 6 × 10

−4
7, 2 × 10

−4

16 2, 5 × 10−1 7, 2 × 10−2
3, 0 × 10

−5 1, 1 × 10−1

17 5, 5 × 10−1 3, 9 × 10−2
2, 0 × 10

−3 5, 0 × 10−2

18 7, 7 × 10−1 7, 0 × 10−1
9, 0 × 10

−3
1, 3 × 10

−3

19 7, 8 × 10−1 3, 0 × 10−1
9, 9 × 10

−4 3, 1 × 10−2
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Figure 1: ROC for the 1st 
hannel and δ, θ, α, β bands in the 
ase of raw EEG dataTable 2: The signi�
an
e of di�eren
es in the power spe
trum of EEG signal (t-test)
h p t df s

δ−band 0 0, 0944 −1, 7274 30 7, 4846
θ−band 1 0, 0164 −2, 5439 30 2, 8343
α−band 0 0, 1074 −1, 6596 30 1, 5903
β−band 1 0, 0261 2, 3399 30 2, 7321The di�eren
es between raw EEG and the output of ANN is 
alled here as predi
tionerror. The best are the results of band spe
tral analysis of the predi
tion error. Relativepower of predi
tion in given 
hannel and band was also subje
t of statisti
al testing.Results are involved in the Tab. 3. Adequate ROC diagram is depi
ted on the Fig. 2 forthe four bands and �rst 
hannel. Table 4 shows results of the t-test of signi�
an
e forea
h band, in the power spe
trum of predi
tion error, originating from the �rst 
hannel.



140 O. OrlovaTable 3: P-values for signi�
ant di�eren
es (AD × CN) in the 
ase of model error (t-test)
hannel δ θ α β
1 2, 4 × 10−2

6, 4 × 10
−3

7, 2 × 10
−3

1, 7 × 10
−3

2 3, 1 × 10−2 2, 3 × 10−2 2, 2 × 10−2
1, 7 × 10

−3

3 6, 7 × 10−1 4, 9 × 10−1
2, 8 × 10

−3 1, 7 × 10−2

4 4, 0 × 10−1 7, 7 × 10−2
4, 8 × 10

−3 2, 1 × 10−2

5 2, 1 × 10−1 5, 5 × 10−2 1, 8 × 10−2
5, 0 × 10

−3

6 6, 3 × 10−1 1, 9 × 10−1
7, 7 × 10

−3
6, 6 × 10

−3

7 7, 2 × 10−1 4, 4 × 10−1
3, 6 × 10

−3 2, 0 × 10−2

8 8, 1 × 10−1 9, 0 × 10−1
5, 1 × 10

−4 1, 9 × 10−1

9 5, 6 × 10−1 3, 0 × 10−1
1, 2 × 10

−3 2, 0 × 10−2

10 2, 1 × 10−1 5, 2 × 10−2
1, 7 × 10

−3
3, 6 × 10

−3

11 1, 6 × 10−1 7, 6 × 10−2
7, 1 × 10

−4 1, 6 × 10−2

12 9, 0 × 10−1 4, 0 × 10−1 2, 1 × 10−2 5, 8 × 10−2

13 2, 7 × 10−1 3, 7 × 10−1
2, 8 × 10

−3
2, 0 × 10

−3

14 7, 6 × 10−1 6, 1 × 10−1
4, 1 × 10

−4
1, 0 × 10

−3

15 9, 9 × 10−1 3, 9 × 10−1
9, 4 × 10

−4
6, 6 × 10

−4

16 4, 3 × 10−1 5, 6 × 10−1
4, 5 × 10

−4
1, 4 × 10

−3

17 6, 1 × 10−1 3, 9 × 10−1
1, 3 × 10

−3
1, 2 × 10

−3

18 9, 8 × 10−1 9, 1 × 10−1
9, 5 × 10

−3
1, 6 × 10

−4

19 3, 7 × 10−1 4, 4 × 10−1
5, 0 × 10

−3
3, 0 × 10

−4Table 4: The signi�
an
e of di�eren
es in the power spe
trum of the predi
tion error(t-test)
h p t df s

δ−band 1 0.0238 −2.3815 30 1.5916
θ−band 1 0, 0064 −2.9289 30 1.5619
α−band 1 0.0072 −2.8850 30 2.0161
β−band 1 0.0017 3.4542 30 3.9116

6 Con
lusionsBand-power spe
trum of raw EEG is e�
ient tools for the 
lassi�
ation of Alzheimerdiseased patients against 
ontrol normal patients. Bound-power spe
tral analysis of pre-di
tion error 
ome to statisti
ally signi�
ant results. Namely β-band relative power in the
ase 
hannels 1, 2, 5, 6, 10, 13−19 has p-value < 0.001 in the 
ase of two-sample two-sidedt-test. The relative power of ANN predi
tion error is signi�
antly lower in the 
ase ofAlzheimer's disease. It 
orresponds with hypothesis of diseased β-a
tivity in the rightfrontal domain of the human brain in the 
ase of given dementia. Classi�
ation purposes,as β-band well as α-band, enable more stable results in the 
ase of 
hannels 13 − 19.
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Figure 2: ROC for the 1st 
hannel and δ, θ, α, β bands in the 
ase of model errorReferen
es[1℄ C. Bishop. Neural Networks for Pattern Re
ognition, ISBN 0-19-853849-9, OxfordPress[2℄ K. Revett. On the use of rough sets for artefa
t extra
tion from EEG datasets, IEEE0-7695-2999-2/07[3℄ C. Castellaro, et. al.. An arti�
al intelligen
e approa
h to 
lassify and analyse EEGtra
e, Neurophysiol Clin 2002; 32:193-214, Elsevier, S0987705302003027/FLA[4℄ A. C. Tsoi, et. al.. Classi�
ation of Ele
troen
ephalogram using Arti�
al Neural Net-works, University of Queensland St. Lu
ia, Queensland 4072, Australia 1993[5℄ A. A. Petrosian, et. al.. Re
urrent neural network-based approa
h for early re
ognitionof Alzheimer's disease in EEG, S1388-2457(01)00579-X, Elsevier 2001[6℄ J. H. Siegel. The Neural Control of Sleep and Waking, ISBN 0387954929, Springer[7℄ C. Lehmann, et. al.. Appli
ation and 
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ation algorithms forre
ognition of Alzheimer's disease in ele
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al brain a
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ien
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vut.
zDepartment of Software Engineering in E
onomyFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Vojt¥
h Merunka, Department of Software Engineering in E
onomy,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. This paper dis
usses whether MDA and Agile, two software design and developmentapproa
hes, are ex
lusive or 
an be 
ombined. After a brief indtrodu
tion of both of them, thepaper de�nes a set of observed features and tra
es the presen
e in one or the other or both.We see a great potential in the 
ombination of these two approa
hes with a lot of supplementalfeatures in regard to ea
h other. However, model based evolution will still have to wait beforethe majority of developers together with tools vendors 
ome along to this approa
h as a newstandard.Keywords: MDA, Model Driven Ar
hite
ture, Agile, Software Development MethodologyAbstrakt. Tento £lánek se snaºí zhodnoti Agilní a MDA p°ístup k návrhu a vývoji software zpohledu jeji
h moºného zkombinovaní. Po stru£ném p°edstavení obou metodik následuje vlbapoºadovaný
h vlastností k porovnání a zmapování jeji
h p°ítomnsti v té £i oné. V kombina
iobou p°ístup· vidíme velký poten
iál, jak se mohou vzájemn¥ doplnit a p°isp¥t ke zvý²enívýsledné efektivity. Rozvoj modelova
ího p°ístupu bude muset ni
mén¥ je²t¥ po£kat neº majoritavývojá°· spolu s dodavateli vývojový
h nástroj· p°ijmou tento zp·sob za nový standard.Klí£ová slova: MDA, Modelem °ízená ar
hitektura, Agilní vývoj, Metodika vývoje software1 Introdu
tionDuring the last 9 years, there has been a lot of buzz around two 
at
h-phrases in thesoftware development world � Model Driven Ar
hite
ture[11℄ and Agile[4℄. Both of thesedes
ribe a di�erent way how to approa
h software development, fo
using, among others,on minimizing the failure rate of information systems. Over these years, many debatestook pla
e on whether the modelling (the foundation of MDA) should drive the wholedevelopment pro
ess or should be used rather informally only for temporary artifa
ts (theway Agile treats it).Model Driven Ar
hite
ture (MDA), or the modelling with UML itself, proposes anapproa
h to software engineering with most of the work being done at a higher level ofabstra
tion, working with platform-independent models and striving for reusability.Agile, on the other hand, draws attention by involving 
ustomer and appli
ationexperts in the overall development life-
y
le. Its main fo
us is primarily on the 
odeand the distin
tion between design and implementation tasks is put aside. Extremeprogramming [7℄, for example, en
ourages developers to sele
t the most simple solutionas opposed to designing for reusability. 143



144 M. RosaThe following two se
tions brie�y re-introdu
e both approa
hes, highlighting the keyattributes of ea
h one. In se
tion 4, individual attributes are evaluated for 
omparisonand inter
ompatibility and presented in the form of a table.2 Model Driven Development/Ar
hite
tureModel Driven Ar
hite
ture was introdu
ed as a set of guidelines for software spe
i�
ations,design, and development, de�ned by the Obje
t Management Group[3℄. These guidelinesdes
ribe the development life-
y
le whi
h is not all that di�erent from the traditionalapproa
hes. The di�eren
e is in the artifa
ts being 
reated during the pro
ess. In 
ase ofMDA, the main artifa
ts are models. Spe
i�
ally, a set of models whi
h 
omprises three
ore models on three di�erent levels of abstra
tion and distan
e from the target platform.Fully automati
 both-way transformations are de�ned between these three models[15℄.The �rst of the top-level models is a Platform Independent Model (PIM), independentof the te
hnology of implementation and target platform. This model is mostly used inthe analysis phase, but when following an iterative development methodology and thanksto the automated transformations, it 
an also be re�ned 
ontinuously.PIM transforms into a Platform Spe
i�
 Model (PSM) whi
h 
onsists of sub-modelsinterdependent with the spe
i�
 platform (e.g., EJB), see Figure 1.
language language

transformation
definition

transformation
definitionPIM PSM

is
written

in

is
written

in

is
used
by

Figure 1: The MDA Framework [15℄And �nally, the third model is the �nal, fully generated and exe
utable 
ode.As has been already said, MDA raises the levels of abstra
tion and reuse. This isa
hieved by 
ombining the phase of design and spe
i�
ation with the phase of manualimplementation following the outputs of design phase. History shows ni
e examples ofsimilarly signi�
ant paradigm shifts.In the 1980s, the software development �eld went through a shift from manuallyprodu
ing assembly 
ode to programming in high level programming languages and hav-ing the 
ompiler produ
ing assembly 
ode. No doubt that the level of abstra
tion andplatform independen
e has in
reased. As for the reuse, it was a long way through thede
ades of fun
tions, pro
edural paradigm, obje
t oriented paradigm, 
omponents andframeworks until the very present domain models [9℄.



MDA and Agile � Choose or Combine? 145Another advantage is the interoperability [11℄. Interoperability represents MDA fea-ture of making multiple PSMs generated from one PIM able to 
ommuni
ate with ea
hother. This is a
hieved by the 
on
ept of bridges � automati
ally generated 
onne
torsbetween individual PSMs. This feature 
an save a lot of time during development.It is also worth noting that the transformations used are often also a subje
t of thedevelopment be
ause the generi
 transformation is often not enough. At least not yet.This 
an lead to either prolonging the total delivery time or the need of utilizing additionalresour
es.
3 Agile Approa
hAgile movement started around 2001. It was a rea
tion to a mu
h-greater-than-ne
essarynumber of experien
e of slipping s
hedules, growing budgets, unsatis�ed 
ustomers, inef-fe
tive pra
ti
es, et
. Fear of failing again and again led to more and more 
onstrainingpro
esses demanding a growing number of do
uments and reports [7℄.By this motivation, the Agile Allian
e was formed and it outlined the basi
 values andprin
iples. Agile methods, formerly known as light-weight pro
esses, promote dis
iplinedbut �exible proje
t management pro
ess, run in short iterations and 
ontinuously re�ningthe estimates. Using a big-s
ale method like PERT whi
h does not �t smaller proje
ts(i.e., most of the software proje
ts, be
ause PERT does not s
ale well to the man-daylevel), or a method like CPM whi
h does not 
orrelate its 
on
urren
y in tasks with thereal-world developers' 
apabilities, is suppressed in favor of relative estimates based onthe nearest experien
e of the last iteration.Estimates expressed in virtual points represent amount or portion of tasks/featuresthat will be implemented in the iteration, �rst one is more or less guessed [6℄. Based onthese points is 
al
ulated the e�e
tivity, measured as a number of points delivered in thelast iteration. It is 
alled velo
ity.The approa
h draws high attention to the 
ustomer. He is involved as mu
h as possiblein the whole pro
ess, he is allowed and expe
ted to prioritize the features during planningsessions, even 
hange the requirements and 
ollaborate by all means.Developers need to adopt a set of engineering best pra
ti
es fo
used on quality, de-livery time, and maintainability. These in
lude: test-driven development, pair program-ming, 
ontinuous integration, et
. Working 
ode is at the 
ore of all and any developer
an work at any part of it at any time � a pra
ti
e 
alled 
olle
tive ownership. Andmost importantly, at the end of every iteration there has to be a working program.Changes to requirements are harnessed with 
on�den
e ba
ked up with automatedtest suite guarding regressions. A

eptan
e tests written in a s
ripting language verifythe expe
ted behaviour.Agile suppresses produ
tion of 
omprehensive do
uments unless really and immedi-ately needed. The design is evolved gradually rather than pres
ribed by big design upfront [13℄ � in
remental development.



146 M. Rosa4 Putting It TogetherThis se
tion will try to give an overview of the sele
ted features and properties of bothapproa
hes, thus mapping the presen
e in one or the other or both, every attributebeing 
ompleted with our statement. Some of the features are heavily dependent on thematurity and availability of the tools to support them; when this is the 
ase for at leastone of the subje
ts, the attribute is pre�xed with T:.Attribute Agile MDA Statement / CommentReuse By default, does notexpli
itly promotereuse. Starts with thesimplest thing that
ould possibly workand the design goesthrough the evolutionbefore the �nal state.
Support reuse byhaving main fo
uson the more abstra
tand general level -the model. Some ofthe MDA methodolo-gies even expli
itlypres
ribe te
hniquesto 
reate potentiallyreusable artifa
ts [1℄.

MDA's higher level ofabstra
tion, visual ar-tifa
ts and model ex-e
ution speaks for theadvantage of MDA info
us on reusability.
Risk Manage-ment Agile methods aredesigned to mitigaterisks like 
hangingrequirements ands
hedules [14℄. Existing methodolo-gies do not provide
overage for thea
tivity [1℄. It would seem thatAgile is better pre-pared for risk man-agement; however, thegeneral te
hniques ofrisk management 
anbe applied and usedwith both of the ap-proa
hes.Continued on next page



MDA and Agile � Choose or Combine? 147Attribute Agile MDA Statement / CommentAdoptionProspe
ts For agile developmentthere are quite maturetools supporting Agilepra
ti
es and existingmethodologies are alsoproved by time. Thetroubles with adop-tion are mainly in theshift of involving 
us-tomers, learning newpra
ti
es and habits,and bringing manage-ment and developerson the same page.

Broad adoption iswaiting for soundtools or integrationwith major tools be-ing used [12℄. It alsorequires developersand analysts to ex-tend their portfolio ofsoftware engineeringte
hniques with mod-elling skills [13℄. Oneof key impedimentsto adoption is thea priori assumptionthat model driven
ode 
annot possiblywork [10℄. Buildinga deliverable systemearly in Agile styleallays the fears andbrings team s
epti
son board.

Agile being de�nitelymore prevalent has abetter adoption start-ing point. How-ever, it is very likelythat MDA will beginto attra
t more andmore attention both ofthe developer and toolvendors.

Tools support The two most popularIDEs - E
lipse andVisual Studio - andmost of the toolsimprovements aredire
ted towards pro-gramming a
tivitiesand Agile pra
ti
essupport [12℄.
Neither of the twomost popular IDEs- E
lipse and VisualStudio - has yet paidenough attention toattra
t wider audien
eto the MDA approa
h,the �rst being ar-guably further.

As the most develop-ment tools fo
us onthe 
ode, it is Ag-ile pra
ti
es whi
h hasa better support atthis time, MDA toolsare either not matureenough or spe
i�
 fora 
ertain area (Net-silon [5℄, BridgePointfor the Shlaer-Mellormethod), or too ex-pensive.Continued on next page



148 M. RosaAttribute Agile MDA Statement / CommentT: Coping withlega
y systems It is usually di�
ultto apply Agile pra
-ti
es on the lega
y
ode whi
h was notdesigned in that man-ner. Espe
ially la
kof test suite in
reasesthe risk of defe
ts fromrefa
toring and 
hang-ing the original be-haviour.
MDA with a toolwith full round-tripengineering support
an easily re
on-stru
t the model fromlega
y 
ode and startrebuilding from there.

Lega
y systems are avery sound argumentfor MDA approa
h asthey are able (with ap-propriate tool) to im-port the old systemand modify it on themodel level.T: Prototyping Dire
tly aims at 
on-tinuously involving
ustomer and appli-
ation experts viafrequent prototypesand the �test �rst�paradigm.
With proper toolwith support of anexe
utable version ofUML and PSMs, themodel 
an be used forrapid prototyping.

Prototyping is animportant a
tivity innowadays businesssoftware developmentand it is a
hievablewith both approa
hes;however, MDA mightstill su�er fromimmature tools.T: Test Cover-ing Given the test-�rstparadigm, the proje
tstarted with agile ap-proa
h usually exhibita good test 
overage. Same as previousattribute, the exe-
utable UML wouldprovide supportfor the a
tivity [8℄.Another approa
hproposes usage ofvisual 
ontra
ts tode�ne test 
ases [2℄.
Basi
ally the samestatement as the oneabove applies herewith the notion ofthat model testingrequires di�erentte
hniques.Table 1: Features and Properties of MDA and Agile5 Con
lusionsBoth MDA and Agile 
laim an in
reased produ
tivity as one of the bene�ts they 
anprovide. For MDA, this 
omes out from high potential of the fa
t that the main artifa
t isthe model whi
h 
an be easier to understand for 
ustomers and stakeholders than the 
ode,test exe
ution outputs, or bare business logi
 prototypes. In Agile 
ontext, produ
tivityis a
hieved by short iterations with working software at the end of ea
h, automated testsuite 
reated with the test-�rst approa
h, working 
losely with the 
ustomer to reviewthe results and de
isions immediately.In that, there might be an opportunity for even further produ
tivity in
rease � hav-ing 
ustomer on site but working on the model level, while the model is the exe
utable
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an be at least automati
ally generated). Customer's presen
e and tasksprioritization (together with Agile promotion of simple design and solutions) might alsohelp preventing modeling a too-large system (horizontal s
ope 
reep) or too general (pre-mature generalization - verti
al s
ope 
reep) [10℄.There is a great potential in the 
ombination of these two approa
hes with a lot ofsupplemental features in regard to ea
h other. However, model based evolution will stillhave to wait before it is very well supported by the major tools being used [13℄.Referen
es[1℄ Mohsen Asadi and Raman Ramsin. Mda-based methodologies: An analyti
al sur-vey. In Ina S
hieferde
ker and Alan Hartman, editors, Model Driven Ar
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s, Fa
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ule et Cosmologie, Université Paris 7advisor: Miloslav Znojil, Nu
lear Physi
s Institute ASCRJean-Pierre Gazeau, Laboratoire Astroparti
ule et Cosmologie, UniversitéParis 7Abstra
t. We study 
ertain 
lasses of PT -symmetri
 extensions of symmetri
 se
ond deriva-tive operators. The operators are similar to self-adjoint ones ex
ept parti
ular irregular 
ases.Spe
tral properties of the latter are very far from those of self-adjoint extensions: operators withempty resolvent set and empty spe
trum are present.Keywords: PT -symmetry, point intera
tions, irregular boundary 
onditionsAbstrakt. Studujeme t°ídy PT -symmetri
ký
h roz²í°ení symetri
ký
h diferen
iální
h operá-tor· druhého °ádu. Roz²í°ení jsou podobná samosdruºeným operátor·m s výjimkou spe
iální
hp°ípad·, jeji
hº spektrální vlastnosti jsou velmi odli²né od samosdruºený
h roz²í°ení: existujíroz²í°ení s prázdnou resolventní mnoºinou a s prázdným spektrem.Klí£ová slova: PT -symetrie, bodové interak
e, iregulární okrajové podmínky1 Introdu
tion
PT -symmetri
 operators, a spe
ial 
ase of operators with antilinear symmetry, have beenintensively studied in both physi
al and mathemati
al 
ontext as a result of the obser-vation that the spe
trum of su
h operators may be real and dis
rete [5℄. Although itis known that some PT -symmetri
 operators are spe
ial 
ase of quasi-Hermitian ones[7℄, or equivalently, they 
an be mapped by similarity transformation to the self-adjointones, see e.g. [3, 11, 16℄ for examples, the spe
trum of PT -symmetri
 operators may bealso 
omplex, e.g. 
omplex 
onjugated eigenvalues may appear. The 
omplex 
onjugatedpairs of eigenvalues instead of the real ones are a
tually the simplest possible deviationof the spe
trum from the self-adjoint 
ase. In fa
t, the 
lass of operators with antilinearsymmetry is mu
h larger. The residual spe
trum of operators (even bounded) with an-tilinear symmetry may be non-empty and the point spe
trum of su
h operator may beun
ountable [17℄, i.e. operators may be non-spe
tral [8℄.We 
onsider PT -symmetri
 point intera
tions on a line des
ribed in general in [1℄.It has been established that the spe
trum of PT -symmetri
 point intera
tion on a line
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an in
lude up to two real or 
omplex 
onjugated eigenvalues in addition to the 
ontin-uous part [1℄. However, it has been noti
ed in a more re
ent work [3℄ that an irregular
ase having un
ountable point spe
trum is present among previously studied extensions.Starting from this observation we pro
eed with an analysis of the analogous models on a�nite interval showing that the spe
trum of the 
orresponding operators 
an be empty orentire 
omplex plane depending on boundary 
onditions imposed at the endpoints. Allthese examples show that PT -symmetry together with pseudo-Hermiti
ity and J-self-adjointness may be a very weak requirement allowing not only 
omplexi�
ation of some(or all) dis
rete eigenvalues.In the physi
al framework of PT -symmetri
 Quantum Me
hani
s [4, 15℄, the fa
tthat the point intera
tions 
an 
ompletely and dramati
ally 
hange the spe
trum wasnot expe
ted. Nonetheless, 
onsidering operators being not even similar to normal onesbrings expe
ted unusual spe
tral e�e
ts. We remark that these examples illustrate thene
essity of the non-empty residual set assumption in [10, III, Corollary 6.34℄, 
laimingthat the extension of a �nite order has a 
ompa
t resolvent if and only if some otherextension of the same operator has a 
ompa
t resolvent.We re
all a de�nition of PT -symmetri
 point intera
tions in the �rst se
tion and wealso formulate slightly more pre
isely the 
laim of [1℄ 
on
erning the PT -self-adjointnessof the operators. In the next se
tion, we 
onsider a parti
ular PT -symmetri
 pointintera
tion for the model de�ned on a line, we summarize results on the spe
trum andindi
ate a 
onne
tion to the 
ollapse of quasi-Hermiti
ity in the irregular 
ase. Modelsde�ned on the �nite interval (−l, l) are studied in the last se
tion. The dependen
e ofthe spe
trum on the boundary 
onditions at ±l is des
ribed in details.The interesting spe
tral e�e
ts 
aused by 
ertain PT -symmetri
 point intera
tions
an be expe
ted when 
onsidering general 
lassi�
ation of boundary 
onditions, 
f. [8℄,sin
e the studied extensions 
orrespond to irregular boundary 
onditions. The re
entwork [14℄ dealing with pseudo-Hermitian extensions with empty resolvent set shows thattheir presen
e is essential for existen
e of an additional fundamental symmetry that 
anbe used for expli
it 
onstru
tion of C operators.Operators P and T are de�ned in L2(R) spa
e in the following way, the parity Pa
ts as (Pψ)(x) = ψ(−x) and the time reversal symmetry T is the 
omplex 
onjugation
(T ψ)(x) = ψ(x). We say that an operator A is PT -symmetri
 if (PT )A ⊂ A(PT ).2 PT -symmetri
 point intera
tionsA family of PT -symmetri
 point intera
tion at the origin was determined in [1℄ by thetwo types of boundary 
onditions: 
onne
ted and separated. Di�erential operator L,
orresponding to the point intera
tion,

L = − d2

dx2
(1)is de�ned on the domain Dom(L) 
onsisting of fun
tions ψ from W 2,2(R \ {0}) satisfyingboundary 
onditions des
ribed by parameters b, c, ψ, θ, h0, h1 in the following way
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tions 153i) 
onne
ted 
ase:
(

ψ(0+)
ψ′(0+)

)

= B

(

ψ(0−)
ψ′(0−)

)

, (2)with the matrix B equal to
B = eiθ

(√
1 + bc eiφ b

c
√

1 + bc e−iφ

)

, (3)with real parameters b ≥ 0, c ≥ −1/b, θ, φ ∈ (−π, π].ii) separated 
ase:
h0ψ

′(0+) = h1e
iθψ(0+),

h0ψ
′(0−) = −h1e

−iθψ(0−), (4)with the real phase parameter θ ∈ [0, 2π) and with the parameter h = (h0, h1) takenfrom the real proje
tive spa
e P1.The operator L is an extension of a symmetri
 densely de�ned operator L0 = −d2/dx2with the domain Dom(L0) = C∞

0 (R \ {0}). L 
an be also viewed as a restri
tion of
Lmax = L∗

0 = −d2/dx2 with the domain Dom(Lmax) = W 2,2(R \ {0}).The separated PT -symmetri
 boundary 
onditions have been studied in several works[11, 6, 13, 12℄ and we will not 
onsider this 
ase further.We would like to remark that the 
laim of [1℄ that all operators L satisfy the property
L∗ = PLP is not entirely a

urate for the 
onne
ted 
ase. If we express expli
itlythe boundary 
onditions 
orresponding to the adjoint operator L∗, we 
on
lude that
L∗ = PLP holds if and only if θ = 0. Nevertheless, none of the other 
laims of [1℄ isa�e
ted by this fa
t be
ause of the unitary equivalen
e of the operators 
orresponding tothe di�erent 
hoi
es of θ. Further, we will 
onsider θ = 0 only.We summarize symmetry properties of L. The proof of the following proposition isstraightforward appli
ation of boundary 
onditions for L,L∗ and a
tions of operators Pand T .Proposition 1. Let L be the se
ond derivative operator 
orresponding to the 
onne
ted
PT -symmetri
 point intera
tion at the origin (1)�(3) with the 
hoi
e θ = 0 in the bound-ary 
onditions. Theni) L∗ = PLP,ii) (PT )L ⊂ L(PT ),iii) L∗ = T LT .The �rst symmetry is referred to as the P-pseudo-Hermiti
ity or PT -self-adjointness,the se
ond one is the PT -symmetry in its original sense and the third one is the T -self-adjointness, the spe
ial 
ase of J-self-adjointness, where J is an antilinear isometri
involution, i.e. J2 = I and 〈Jx, Jy〉 = 〈y, x〉 for all x, y ∈ H. The importan
e of T -self-adjointness for PT -symmetri
 models was stressed in [6℄, one of the reasons is that theresidual spe
trum of J-self-adjoint operators is empty [9, Lem. III.5.4℄.We remark that the property i) of the Proposition 1 guarantees that the operator Lis 
losed. To this end take into the 
onsideration 
losedness of every adjoint operator,the relation i), and P = P−1 ∈ B(H). The 
losedness of the 
onsidered extensions 
anbe alternatively shown with help of [10, III, Problem 5.11℄ as well.



154 P. Siegl3 Model on a lineThe spe
trum of this model has been investigated �rstly in [1, Thm.2, Prop.1℄, it basi
ally
onsists of the bran
h of 
ontinuous spe
trum [0,∞) and up to two real or 
omplex
onjugated eigenvalues. However, it was observed in [3℄ that there is one �ex
eptional�
ase for parti
ular 
hoi
e of parameters for whi
h the resolvent set of 
orrespondingoperator is empty. Our aim is to investigate this parti
ular operator into more details.Let us study the 
onne
ted 
ase with θ = b = c = 0, i.e. the boundary 
onditions for
Lφ read

ψ(0+) = eiφψ(0−), ψ′(0+) = e−iφψ′(0−), (5)where φ ∈ (−π, π]. The adjoint operator L∗

φ 
an be found expli
itly, L∗

φ = L−φ and the
ase φ = π 
orresponds to the self-adjoint operator.Spe
tral properties of Lφ for φ 6= ±π
2
are very simple, the spe
trum is 
ontinuouswithout any eigenvalues,

σ(Lφ) = σc(Lφ) = [0,∞), φ 6= ±π
2
. (6)It is possible to �nd an invertible positive bounded operator Θ with bounded inversesatisfying

L∗

φΘφ = ΘφLφ, φ 6= ±π
2
, (7)in other words, to show that Lφ is quasi-Hermitian [7℄ or, equivalently, that Lφ is similarto a self-adjoint operator. The expli
it formula for the operator Θ and its square rootwas obtained by di�erent approa
hes in [3, 16, 2℄,

Θφ = I − i sinφPsignP, (8)where the operator Psign a
ts as a multipli
ation by the fun
tion sign x. The spe
trum of
Θφ 
onsists of two eigenvalues 1 ± sin φ of in�nite multipli
ities,

σ(Θφ) = σp(Θφ) = {1 ± sin φ}. (9)We denote L±,Θ± the operators 
orresponding to φ = ±π
2
. The relation (7) is stillvalid for φ = ±π

2
, however, operators Θ± are no longer invertible. Moreover, we 
an seethat formula for the resolvent [1, eq.(17)℄ 
ollapses be
ause the expression [1, eq.(18)℄appearing in the denominator is identi
ally zero. These fa
ts are re�e
ted in unusualspe
tral properties of L± being far from those of self-adjoint operators.Proposition 2. Spe
tra of the operators L± in
lude all 
omplex numbers, interval [0,∞)is the 
ontinuous part and every λ ∈ C \ [0,∞) belongs to the point spe
trum.

σp(L±) = C \ [0,∞), σc(L±) = [0,∞). (10)Proof. The eigenfun
tions 
orresponding to eigenvalues from C \ [0,∞) 
an be foundexpli
itly, see [3℄ for the details.
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tions 1554 Models on a �nite intervalWe 
onsider a �nite interval (−l, l) and a se
ond derivative operator Lφ 
orrespondingto the PT -symmetri
 intera
tion at origin of the type (5). The domain of Lφ 
onsists offun
tions ψ belonging to the Sobolev spa
e W 2,2((−l, 0)∪ (0, l)) and satisfying boundary
onditions (5) at origin and some other boundary 
onditions at ±l being spe
i�ed later.Our aim is to study the spe
trum of su
h di�erential operators, parti
ularly if φ = ±π/2where the 
hoi
e of the boundary 
onditions at ±l plays an essential role.We distinguish two 
lasses of boundary 
onditions being imposed at ±l: symmet-ri
 and PT -symmetri
 ones. The symmetri
 boundary 
onditions are determined by aunitary matrix U entering well known relation
(U − I)Ψ(l) + i (U + I)Ψ′(l) = 0, (11)where

Ψ(l) =

(

ψ(l)
ψ(−l)

)

, Ψ′(l) =

(

ψ′(l)
−ψ′(−l)

)

. (12)The PT -symmetri
 boundary 
onditions are de�ned by relations (2)-(4).We summarize spe
tral properties of Lφ in following propositions. As we may expe
t,the 
ases φ = ±π/2 exhibit unusual features.Proposition 3. Let Lφ be the se
ond derivative operator in L2((−l, l)) 
orresponding tothe PT -symmetri
 point intera
tion (5) at origin with symmetri
 boundary 
onditions(11)�(12) at ±l.If φ 6= ±π/2, then the spe
trum of Lφ is dis
rete and its eigenvalues λ = k2 aresolutions of the equation
cosφ

(

P1(U) − 2ikP2(U) cos 2kl + k2P3(U) sin 2kl
)

+

+2ik
(

u12 + u21 + i(u11 − u22) sinφ
)

= 0, (13)where uij are elements of the unitary matrix U and
P1(U) = 1 − u11 − u12u21 − u22 + u11u22,

P2(U) = 1 + u12u21 − u11u22,

P3(U) = 1 + u11 − u12u21 + u22 + u11u22. (14)If φ = ±π/2, then the point spe
trum of L± is either empty or entire C. The latter 
aseo

urs if and only if
u12 + u21 ± i(u11 − u22) = 0. (15)If we take into 
onsideration usual Diri
hlet (U = −I) and Neumann (U = I) bound-ary 
onditions at ±l, then the 
ondition (15) is ful�lled, thus the spe
trum of L± is theentire 
omplex plane.Next, we apply both 
onne
ted and separated PT -symmetri
 boundary 
onditions at

±l. It may be expe
ted for 
onne
ted 
ase that the se
ond point intera
tion (parametersare denoted by the subs
ript 2) of the type b2 = 0, c2 = 0, φ2 = ±π/2 produ
es analogousinteresting spe
tral e�e
ts.



156 P. SieglProposition 4. Let Lφ be the se
ond derivative operator in L2((−l, l)) 
orresponding tothe PT -symmetri
 point intera
tion (5) at origin with 
onne
ted PT -symmetri
 boundary
onditions (2) at ±l.If φ 6= ±π/2, φ2 6= ±π/2 or φ 6= ±π/2, φ2 = ±π/2 and b2 6= 0 or c2 6= 0, then thespe
trum of Lφ is dis
rete and its eigenvalues λ = k2 are solutions of the equation
cosφ

(

(

b2k
2 − c2

)

sin 2kl + 2k
√

1 + b2c2 cos φ2 cos 2kl
)

+

+2k
(

√

1 + b2c2 sinφ sinφ2 − 1
)

= 0. (16)If φ = ±π/2, then the point spe
trum of L± is either empty or entire C. The latter 
aseo

urs if and only if
√

1 + b2c2 sinφ2 − 1 = 0. (17)If b2 = 0, c2 = 0, φ2 = ±π/2, then the point spe
trum of L± is either empty or entire C.The latter 
ase o

urs if and only if φ = ±π/2.Proposition 5. Let Lφ be se
ond derivative operator in L2((−l, l)) 
orresponding to the
PT -symmetri
 point intera
tion (5) at origin with separated PT -symmetri
 boundary
onditions (4) at ±l.If φ 6= ±π/2 and θ 6= 0, π, then the spe
trum of Lφ is dis
rete and its eigenvalues
λ = k2 are solutions of equation

cos φ
(

2h0h1k cos 2kl cos θ +
(

h2
0k

2 − h2
1

)

sin 2kl
)

− 2h0h1k sin θ sinφ = 0. (18)If φ = ±π/2, then the point spe
trum of L± is either empty or entire C. The latter 
aseo

urs if and only if θ = 0, π.Remark 1. The 
ase of empty point spe
trum a
tually means that the whole spe
trum isempty be
ause the resolvent is 
ompa
t in this 
ase.Proof. We solve the di�erential equation Lφψ = λψ together with both boundary 
ondi-tions. We sear
h for a non-zero eigenfun
tion and this yields the se
ular equations (13),(16), (18). If we insert φ = ±π/2 or other assumptions on the rest of the parametersinto the equations, we obtain the assertions 
on
erning the empty and entire C pointspe
trum.In order to prove the 
laim of the non-empty dis
rete spe
trum and of the remarkabove we show that the resolvent is 
ompa
t in these 
ases. We 
al
ulate the resolventexpli
itly for the operator L+ in Proposition 5. The remaining resolvents 
an be obtain byanalogous pro
edure. At �rst, using standard Green fun
tion approa
h, we 
al
ulate theresolvent 
orresponding to the L1 = −d2/dx2 on (−l, l) with separated PT -symmetri

onditions (4) at ±l.
(RL1

(λ)g) (x) =

∫ l

−l

G(x, y)g(y)dy, (19)where g ∈ L2(R), λ = k2, and
G(x, y) =

1

W (k)

{

u−(x)u+(y), x ≤ y
u−(y)u+(x), x ≥ y,

(20)
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W (k) = −k

((

k2 − h2
1

h2
0

)

sin 2kl + 2k
h2

1

h2
0

cos θ cos 2kl

)

,

u±(x) = A± cos kx+B± sin kx,

A− = −k cos kl + e−iθh1

h0

sin kl, B− = e−iθh1

h0

cos kl + k sin kl,

A+ = k cos kl − eiθ
h1

h0

sin kl, B+ = eiθ
h1

h0

cos kl + k sin kl. (21)We may easily 
he
k that fun
tions u± satisfy appropriate boundary 
ondition (4) at ±l.We de�ne operators Lmin and Lmax both a
ting as −d2/dx2, the domain of Lmin
onsists of ψ ∈W 2,2((−l, l)) satisfying ψ(0) = ψ′(0) = 0 and the separated PT -symmetri
boundary 
onditions (4) at ±l, while the domain of Lmax are ψ ∈ W 2,2((−l, 0) ∪ (0, l))satisfying the separated PT -symmetri
 boundary 
onditions (4) at ±l. Both L1 and Lφare extensions of Lmin and restri
tions of Lmax and therefore the resolvent of Lφ 
an bewritten in the form
(

RLφ
(k2)g

)

(x) =
(

RL1
(k2)g

)

(x) + C−(k)e−(x) + C+(k)e+(x), (22)with
e±(x) = ϑ(±x)u±(x), (23)where ϑ(x) is the Heaviside step fun
tion, and C±(k) are to be determine. We require

RLφ
(k2)g ∈ DomLφ, thus it must satisfy boundary 
onditions (5). This leads to thesystem of linear equations for C±(k)

(

eiφA+ −A−

−e−iφkB+ kB−

) (

C−(k)
C+(k)

)

=

( (

eiφ − 1
)

F1(0)
(

e−iφ − 1
)

F ′

1(0)

)

, (24)where
F1(x) =

(

RL1
(k2)g

)

(x), F ′

1(x) =
d

dx
F1(x). (25)The solution exists if determinant of the matrix on the l.h.s. of (25) denoted M furtheris non-zero. On the other hand the 
ondition detM = 0 yields eigenvalue equation (18).Solutions C±(k) have the following form:

C−(k) =
eiφ − 1

detM

(

B−F (0) − e−iφ

k
A−F

′(0)

)

,

C+(k) =
eiφ − 1

detM

(

e−iφB+F (0) − 1

k
A+F

′(0)

)

. (26)If we 
onsider k for whi
h detM 6= 0 and W (k) 6= 0, then C±(k) are bounded andestimates
|C±(k)| ≤ C(k)‖g‖ (27)are valid for a 
onstant C(k) depending on k. RL1

(k2) is a 
ompa
t operator and if weadd rank one, i.e. also 
ompa
t, operators C±(k)e± we get RLφ
(k2) whi
h is then also
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ompa
t for the �xed k. When
e, by the resolvent identity, RLφ
(k2) is 
ompa
t for all

k2 ∈ ̺(Lφ).This 
laim remains true also for φ = π/2 and θ 6= 0, π be
ause
detM = −2k2h1

h0

sin θ. (28)We 
an alternatively �nish the proof by using [10, III, Corollary 6.34℄. In order to provethat resolvent is 
ompa
t it su�
es to show that the resolvent set is non-empty, i.e. to�nd some k for whi
h RLφ
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Example of an In�nite Wordwith Spe
i�
 Properties∗�t¥pán Starosta2nd year of PGS, email: sstarosta�seznam.
zDepartment of Mathemati
sFa
ulty of Nu
lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Edita Pelantová, Department of Mathemati
s, Fa
ulty of Nu
learS
ien
es and Physi
al Engineering, CTU in PragueAbstra
t. We will exhibit an example of an in�nite word, whose language is 
losed underreversal, and the word itself is ri
h in palindromes and 
ontains in�nitely many non-palindromi
bispe
ial fa
tors. We will prove the mentioned properties. We will also mention the motivationfor su
h an example in the 
ontext of generalizations of Sturmian words.Keywords: palindrome, ri
h word, bispe
ial fa
torAbstrakt. Uvedeme p°íklad nekone£ného slova, které má jazyk uzav°ený na reverzi, je pln¥saturováno palindromy a obsahuje nekone£n¥ mnoho nepalindromi
ký
h bispe
iální
h faktor·.Zmín¥né vlastnosti dokáºeme a zmíníme i motiva
i pro hledání takového slova v kontextu zobe
-n¥ní Sturmovský
h slov.Klí£ová slova: palindrom, slovo bohaté na palindromy, bispe
iální faktor1 Introdu
tionCombinatori
s on words deals mainly with in�nite words - in�nite sequen
es of letters.It is a relatively new domain, it dates to the beginning of 20th 
entury. Sin
e then, itsgrowth is a

elerating until today. It is intimately 
onne
ted with other mathemati
aldomains. One of the 
losest 
onne
tion is to symboli
 dynami
s where the state of thesystem is represented by an in�nite word. A lot of 
ombinatorial properties of an in�niteword have their dynami
al equivalent in a symboli
 dynami
al system (see for instan
e[4℄ or [5℄).We will deal with some spe
i�
 
ombinatorial properties of in�nite words. The situ-ation is usually simpler on a binary alphabet. Some binary in�nite words are quite wellexplored and their properties have been generalized to larger alphabet. In [2℄ a well-known 
lass of binary words, Sturmian words, served as an inspiration for exploring thegeneralized properties and their relations. Sturmian words are an interesting obje
t asthey 
an be de�ned in many ways and they appear in very di�erent situations in theworld around us. Some of their 
ombinatorial 
hara
terizations rely on the notion of
∗This work has been supported by the Cze
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e Foundation grant no. 201/09/0584, by thegrant no. MSM6840770039 and LC06002 of the Ministry of Edu
ation, Youth, and Sports of the Cze
hRepubli
 and by the grant no. SGS10/085OHK4/1T/14 of the Grant Agen
y of the Cze
h Te
hni
alUniversity in Prague 161



162 �. Starostapalindrome - a word read the same from the left as from the right. One of the propertiesof Sturmian words is that they are fully saturated by palindromes, i.e., a Sturmian word
annot 
ontain more palindromes. Some of their generalizations also ful�ll that property(whi
h is referred to as ri
hness or fullness).In this report we will give one example of an in�nite word used in [2℄ in the 
ontextof generalizations of Sturmian words. We will require this example to be also saturatedby palindromes and 
ontain non-palindromi
 fa
tors (subwords that o

ur without gapsin the in�nite word) - see later for pre
ise de�nition. We will give proof of its properties.Se
tion 2 gives some ne
essary notions and de�nition from 
ombinatori
s on wordswhile Se
tion 3 
ontains the example and proofs.2 PreliminariesAn alphabet A is a �nite set of symbols 
alled letters. A �nite word is a �nite sequen
eof letters. By a language we mean a set of �nite words. The set of all �nite words overthe alphabet A is denoted by A∗ and in
ludes the empty word ε. When equipped withthe operation of 
on
atenation, A∗ is a monoid.An in�nite word is an in�nite sequen
e of letters. For an in�nite word u = (ui)
+∞

i=0 ,where ui ∈ A for all i, we say that a �nite word w is a fa
tor of u if there exists aninteger k ≥ 0 su
h that w = ukuk+1 . . . uk+n−1. The integer k is said to be an o

urren
eof w in u. The integer n is the length of the word w, denoted |w|.An in�nite word is re
urrent if every fa
tor o

urs in�nitely many times, i.e., has in-�nitely many o

urren
es. An in�nite word is uniformly re
urrent if the gaps between
onse
utive o

urren
es of every fa
tor are bounded.The set of all fa
tors of an in�nite word u, in
luding the empty word ε, is denoted
L(u). This set is said to be the language of u. We say that a fa
tor v ∈ L(u) is aright extension of a fa
tor w ∈ L(u) if there exists a letter x ∈ A su
h that v = wx.If a fa
tor w has more than one right extension, we say it is right spe
ial (RS). Notethat in a language of an in�nite word, every fa
tor has at least one right extension. Thede�nition of left extension and left spe
ial (LS) fa
tor is analogous. If an in�nite wordis re
urrent, then also every fa
tor has at least one left extension. If a fa
tor is right andleft spe
ial, we say it is bispe
ial BS.Fa
tor 
omplexity C(n) is a mapping asso
iated to an in�nite word u whi
h to aninteger n asso
iated the number of distin
t fa
tor of length n, i.e.,

C(n) = # {w ∈ L(u) | |w| = n} .The bilateral order of a fa
tor w ∈ L(u) was introdu
ed in [3℄ as the number
b(w) = #{awb | awb ∈ L(u), a, b ∈ A} − #{aw | aw ∈ L(u), a ∈ A} − #{wb | wb ∈
L(u), b ∈ A}+1. Fa
tors 
an be 
lassi�ed a

ording to their bilateral order. If b(w) = 0,we say the fa
tor is ordinary. If b(w) > 0, it is said to be strong. Otherwise thefa
tor is weak. It 
an be readily seen from the de�nitions that if w is not BS, thenit is ordinary. The importan
e of bilateral orders stems from the fa
t that the se
onddi�eren
e of the fa
tor 
omplexity 
an be expressed in terms of bilateral orders of fa
tors.Sin
e only bispe
ial fa
tors 
an have non-zero bilateral order, they play important rolewhile studying the language of an in�nite word.
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i�
 Properties 163The mirror image or reversal of a word w = w0w1 . . . wn is de�ned as
w̃ = wnwn−1 . . . w0.If a language 
ontains with every fa
tor w also its reversal w̃, we say it is 
losed underreversal.A �nite word su
h that w = w̃ is a palindrome. Given a palindrome w ∈ L(u), wesay that xwx, x ∈ A, is a palindromi
 extension of w if xwx ∈ L(u).More basi
 notions and theorems 
an be found for instan
e in [6℄ or [4℄.In [2℄ more properties of in�nite words and relations between them are given. We willmention some of them. We say that an in�nite word u satis�es

• Property C if its fa
tor 
omplexity is C(n) = (#A− 1)n+ 1 for all n ≥ 0;
• Property PE if every its palindrome of L(u) has a unique palindromi
 extension;
• Property BO if every its fa
tor is ordinary.Note that most of the mentioned de�nitions 
an be rewritten in a more general wayfor any language. As we will deal only with languages of in�nite words, we keep thenotions for the language of an in�nite word L(u).We will use the following relation taken from [2℄.Theorem 1 ([2℄ Theorem 22). Let u be an in�nite word with language 
losed underreversal satisfying Property C. Then Properties PE and BO are equivalent.This is an example of a relation between generalized properties of Sturmian words. Ona binary alphabet, if we add aperiodi
ity to the Property BO, the 3 mentioned Propertiesare equivalent even if we relax to 
ondition of being 
losed under reversal on the languageto be 
losed under reversal.The next 
laim is a reformulation of Corollary 27 from the same paper. It refers toan interesting 
lass of words 
alled ri
h words. A �nite word w is ri
h if it 
ontains

|w|+ 1 palindromi
 fa
tors (in
luding the empty word). It 
an be shown that this is themaximum number of palindromi
 fa
tors that a word 
an 
ontain, thus the name ri
h.An in�nite word is ri
h if all its fa
tors are ri
h. In other words, ri
h in�nite words arefully saturated by palindromi
 fa
tors.Claim 2. Let u be an in�nite word with language 
losed under reversal satisfying Property
C. If the property PE is satis�ed, then the word is ri
h.We will need another theorem.Theorem 3 (folklore). If u is a uniformly re
urrent word that 
ontains in�nitely manydistin
t palindromes, then its language L(u) is 
losed under reversal.Proof. Suppose for 
ontradi
tion that there exists a fa
tor w ∈ L(u) su
h that w̃ 6∈ L(u).Sin
e u is uniformly re
urrent, there exists an integer K, su
h that every fa
tor of lengthat least K 
ontains every fa
tor of length |w|. As there is in�nitely many palindromes,we 
an �nd a palindrome p ∈ L(u) su
h that |p| ≥ K. As w o

urs in p, w̃ o

urs alsoin p and therefore in L(u) � 
ontradi
tion.



164 �. Starosta3 Example of an in�nite word with desired propertiesThe goal is to 
onstru
t a ri
h in�nite word having its language 
losed reversal and 
on-taining non-palindromi
 BS fa
tors. The motivation is that all known examples 
ontainonly palindromi
 BS fa
tors and su
h example would serve as a 
ounterexample. Forlarger 
ontext see [2℄.Example 4. A ternary word with su
h properties is v = π(u), where u = ϕ2(u) (i.e.,
u is a �xed point of a morphism ϕ2) and ϕ : {A,B,C,D}∗ → {A,B,C,D}∗ and π :
{A,B,C,D}∗ → {a, b, c}∗ are the following morphisms

ϕ : A→ CAC, B → CACBD, C → BDBCA, D → BDB,

π : A→ ba, B → b, C → a, D → abc.The idea of the 
onstru
tion is very di�erent from the a
tual proof and is inspiredby [7℄. To prove its properties we will use notions and 
laims from the previous se
tion.However the proof is rather te
hni
al and is separated into 5 lemmas.The �rst two lemmas 
on
ern the word u.Lemma 5. Let x ∈ {A,B,C,D} and n ≥ 1. Then the word ϕ2n(x) equals py0y1 where pis a palindrome and y0 and y1 are letters.Proof. The proof will be done by indu
tion on n. We will prove the following. For anyletter x and any integer n, ϕ2n(x) without last two letters is a palindrome and words
ϕ2n(CA) and ϕ2n(DB) di�er only on their last two letters.Before pro
eeding, note that the su�x of length 2 of ϕ2n(x) 
an be determined forany n. They are enumerated in Table 1.

x su�x of ϕ2n(x)
A CA

B DB

C AC

D BDTable 1: Su�xes of length 2 of words ϕ2n(x)For n = 1, the 
laim 
an be dire
tly veri�ed.Suppose now the 
laim is true for n. Let �rst x = A. We want to prove that
ϕ2n+2(A) = ϕ2n (BDBCACACBDBCA)without last two letters is a palindrome. Let py denote the palindrome su
h that ϕ2n(y) =

pyy0y1 with y0 and y1 being letters. Using this notation, we 
an rewrite ϕ2n+2(A) as
pBDBpDBDpBDBpCACpACApCACpACApCACpBDBpDBDpBDBpCACpACA.The fa
t that ϕ2n(CA) and ϕ2n(DB) di�er only on their last two letters 
an be denotedas

pCACpA = pDBDpB. (1)
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i�
 Properties 165Putting these two equalities together we get ϕ2n+2(A) =

pBDBpDBDpBDBpDBDpBCApCACpACApCACpBDBpDBDpBDBpDBDpBCA.It is easy to verify that if we 
ut the su�x CA, we get a palindrome.For x = B the proof is analogous.For the remaining two letters C and D we 
an 
onsider a morphism ex
hangingthe letters σ: A ↔ D and B ↔ C. It is 
lear that ϕ2n+2(C) = σ(ϕ2n+2(B)) and
ϕ2n+2(D) = σ(ϕ2n+2(A)). The �rst part of the 
laim is proved.To prove the remaining relation, one 
an see that
ϕ2n+2(CA) = ϕ2n(BDBCACAC) = pBDBpDBDpBDBpCACpACApCACpACApCACand
ϕ2n+2(DB) = ϕ2n(BDBCACBD) = pBDBpDBDpBDBpCACpACApCACpBDBpDCA.Comparing the two words, one 
an see that only their su�x di�ers and we in fa
twant to prove that the word pACApC equals pBDBpD. This is true sin
e we 
an apply
σ to the relation (1). On the left-hand side we get

σ(pCACpA) = pBDBpDand on the right-hand we have
σ(pDBDpB) = pACApC .The equality σ(px) = pσ(x) for any letter x is due to the fa
t that σ(ϕ(x)) = ϕ(σ(x)).The last lemma implies that L(u) 
ontains in�nitely many palindromes. Theorem 3then implies that L(u) is 
losed under reversal.Lemma 6. Every LS fa
tor of u is a pre�x of ϕ2n(B) or ϕ2n(C) for some n ∈ N.Proof. It is readily seen that B is LS fa
tor, with DB and CB its left extensions. Thesame holds for C, whose left extensions are AC and BC.>From the de�nition of ϕ2, we 
an see that all short left spe
ial fa
tors are pre�xesof ϕ2(B) or ϕ2(B).On the other hand, one 
an see that both ϕ2n(B) and ϕ2n(C) are left spe
ial for all

n. Suppose now that w ∈ L(u), |w| > |ϕ2(B)|, is left spe
ial. Su
h fa
tor w must be afa
tor of an image by ϕ2 of a shorter LS fa
tor v. Sin
e for any letter x, the word ϕ2(x)ends by x, we 
an easily identify the preimage v to be a pre�x of ϕ2n(B) or ϕ2n(C) forsome n big enough.The following lemmas 
on
ern the in�nite word v.



166 �. StarostaLemma 7. Let p ∈ L(u) be a non-empty palindrome di�erent from B and C. Then
π(p) = xyp′ where x and y are letters and p′ is a palindrome.Proof. The proof is done by indu
tion on |p|. For short palindromes, the 
laim 
an beveri�ed easily.Suppose the 
laim holds for a palindrome p, |p| > 3. Let π(p) = xyp′ where p′ is apalindrome.We will now deal apart with the four possible 
ases ApA, BpB, CpC and DpD -palindromes of length |p| + 2. Let us re
all the fa
tors of u of length 2

L2(u) = {AC,CA,CB,BC,CD,DB} .It will serve us to determine xy in ea
h 
ase.1. ApA: Sin
e ApA ∈ L(v), it is 
lear that either CA or CB is a pre�x of p. In both
ases this implies that xy = ab. Altogether we have π(ApA) = baabp′ba.2. BpB : All 3 possible pre�xes of p, namely D, CA and CB, imply that xy = ab.One 
an see that π(BpB) = babp′b.3. CpC : 3 possible pre�xes of p are BD, BC and A. Thus xy = ba. Therefore
π(CpC) = abap′a.4. DpD : 2 possible pre�xes of p are BD and BC. As xy = ba, we have π(DpD) =
abcbap′abc.Lemma 8. Every LS fa
tor of v is a pre�x of π(ϕ2n(B)) or π(ϕ2n(C)) for some n ∈ N.Proof. Let w ∈ L(v) be a LS fa
tor. Let xw and yw, where x and y are letters, be its leftextensions. It is 
lear that there exists a left spe
ial fa
tor W ∈ L(u) su
h that xw is afa
tor of XW , where X is a letter. Analogously, there exists an extension Y W . Sin
e thepair (X, Y ) is either (A,B) or (C,D), and words in pairs (π(A), π(B)) and (π(C), π(D))end in di�erent letters, one 
an see that w is a pre�x of π(W ). The 
laim then followsfrom Lemma 6.Lemma 9. The in�nite word v 
ontains in�nitely many non-palindromi
 BS fa
tors.Proof. Consider r ∈ L(u) to a BS fa
tor starting by the letter B and ending by the letter

C. We will �rstly show that π(r)ba is a non-palindromi
 BS fa
tor of L(v). In the se
ondpart we will show that su
h a fa
tor r exists and there are in�nitely many fa
tors withsu
h properties.It is 
lear that r is extended in L(u) by the letters B and C to the left and tothe right. Sin
e π(B) and π(C) end in di�erent letter, we 
an see that π(r) is LS.Sin
e the last letter of r is C, the fa
tor r 
an be extended to the right by one ofthe following words: {BD,BCA,BCB,AC}. The longest 
ommon pre�x of the words
{π(BD), π(BCA), π(BCB), π(AC)} is ba and is not equal to neither of them. Therefore,
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π(r)ba is right spe
ial. As the �rst letter of r is B, the �rst letter of π(r)ba is b. Thus
π(r)ba is a non-palindromi
 BS fa
tor of v.It remains to show that L(u) 
ontains in�nitely many BS fa
tors starting by theletter B and ending by the letter C. To prove that take an arbitrary integer n and anon-empty pre�x w of the word ϕ2n(B). A

ording to Lemma 6 w is a LS fa
tor. As uis uniformly re
urrent, we 
an extend w to the right in a unique manner until we have afa
tor s ∈ L(u) whi
h is also right spe
ial.Sin
e u is 
losed under reversal, there are two possibilities for the last letter of s. Itis either B or C.If the last letter is C, then s is followed by one of 3 fa
tors: AC, BD or BC. Thelongest 
ommon pre�x of fa
tors {ϕ2(AC), ϕ2(BD), ϕ2(BC)} is the word ϕ2(B). More-over, the longest 
ommon pre�x is shorter than any of these 3 words. Thus the word
ϕ2(s)ϕ2(B) is right spe
ial with two right extending letters - B and C. Note that ϕ2(sB)ends by the letter B. A

ording to Lemma 6, ϕ2(sB) is also left spe
ial sin
e it is animage by ϕ2 of a LS fa
tor.If the last letter of s is B, the situation is analogous. We 
an 
onstru
t a longer BSfa
tor ϕ2(sC), this time ending by the letter C.Altogether we 
an �nd an in�nite sequen
e of non-palindromi
 BS fa
tors of L(u)starting by B and ending by C.Proof of properties of v. As v 
ontains in�nitely many distin
t palindromes (Lemma 7)and is a morphi
 image of a uniformly re
urrent word, thus uniformly re
urrent, a

ordingto Theorem 3 the language L(v) is 
losed under reversal. Using Lemma 8 we see that
L(v) has 2 LS fa
tors of ea
h positive length. This implies that for n ≥ 0 we have

C(n + 1) − C(n) = 2as any other non-spe
ial fa
tor has only one left extension. Therefore, v has 
omplexity
C(n) = 2n + 1, i.e., Property C holds. Sin
e there are two in�nite words whose pre�xesare exa
tly LS fa
tors, with 2 left extensions ea
h time, it 
an be dedu
ed from thede�nition of the bilateral order and the fa
t that the language is 
losed under reversalthat v 
ontains only ordinary BS fa
tors. Applying Theorem 1, Property PE holds aswell. Finally, as Lemma 9 states, L(v) 
ontains in�nitely many non-palindromi
 BSfa
tors.The word u is ternary. One might ask if there exists a binary word with su
h prop-erties. The answer is positive, we 
an use v to 
onstru
t su
h word. Let us de�ne amorphism ψ as follows:

ψ : a→ 01, b→ 010, c→ 01011.In fa
t, this morphism is from a 
lass denoted Pret treated in [1℄. We will not give detailsof this 
lass, however the form of ψ, Property PE and ri
hness of v imply that ψ(v) isri
h and has language 
losed under reversal.In the proof of Lemma 9, it is in fa
t stated that v 
ontains in�nitely many BS fa
torsstarting by b, ending by a, whose right and left extending letters are a and b. Take r tobe a su
h BS fa
tor. It is readily seen that ψ(r)010 is a BS fa
tor of ψ(v). Sin
e r startsby b and ends by a, it follows that ψ(r)010 has a pre�x 0100 and a su�x 1010, thus it is



168 �. Starostanot a palindrome. Thus, ψ(u) is a binary word having the same properties as the word
u.4 Final remarkIn the proof of the properties of u we have used a 
ommon te
hnique used to analyse alanguage of an in�nite word whi
h is produ
ed by morphisms. Su
h te
hnique may notbe su�
ient for some spe
ial 
ases of morphisms.Referen
es[1℄ L. Balková, E. Pelantová, and �. Starosta. In�nite words with �nite defe
t.http://arxiv.org/abs/1009.5105[2℄ L. Balková, E. Pelantová, and �. Starosta. Sturmian jungle (or garden?) on mul-tiliteral alphabets. http://arxiv.org/abs/1003.1224, to appear in RAIRO-Theor. Inf.Appl.[3℄ J. Cassaigne. Complexity and spe
ial fa
tors. Bull. Belg. Math. So
. Simon Stevin 41 (1997), 67�88.[4℄ N. P. Fogg. Substitutions in Arithmeti
s, Dynami
s and Combinatori
s. Springer, 1stedition, (2002).[5℄ P. K·rka. Topologi
al and Symboli
 Dynami
s. So
ieté Mathématique de Fran
e,(2004).[6℄ M.Lothaire. Algebrai
 
ombinatori
s on words. Number 90 in En
y
lopedia of Math-emati
s and its Appli
ations. Cambridge University Press, (2002).[7℄ G. Rote. Sequen
es with subword 
omplexity 2n. J. Number Th. 46 (1993), 196�213.
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ontribution des
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edure is appliedto several numeri
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e1 Introdu
tionThe Allen-Cahn equation having its origin in phase modeling in physi
s [1℄ has sin
e foundits appli
ation in other �elds, in
luding image pro
essing and mathemati
al visualization[2, 9℄. In parti
ular, in order to visualize the streamlines of a given tensor �eld in 3D, aninitial boundary value problem for the modi�ed Allen-Cahn equation with in
orporatedanisotropy 
an be used (see [9, 11℄ and [7℄), giving similar results to the LIC method[3, 5℄.We begin with the problem formulation and des
ribe its numeri
al solution using several�ux approximation s
hemes on a re
tangular grid. The s
hemes su�er from an undesirednumeri
al dissipation e�e
t whi
h demonstrates itself as an additional isotropi
 di�usionof the solution. Hen
e, we pro
eed with the development of a measurement te
hniquethat would provide for assessing the amount of the numeri
al di�usion produ
ed by thes
hemes. A quantitative s
heme 
omparison 
riterion is thereby 
reated.169



170 P. Stra
hota2 Problem for the Allen-Cahn equation with anisotropyFormulation. Assume there is a symmetri
 positive de�nite tensor �eld D : Ω̄ 7→ R
3×3where Ω ⊂ R

3 is a blo
k shaped domain. On the time interval J = (0, T ), the initialboundary value problem for the anisotropi
 Allen-Cahn equation reads
ξ
∂p

∂t
= ξ∇ · D∇p +

1

ξ
f0(p) in J × Ω, (2.1)

∂p

∂n

∣

∣

∣

∣

∂Ω

= 0 on J̄ × ∂Ω, (2.2)
p|t=0

= I in Ω (2.3)where
f0(p) = p(1 − p)

(

p −
1

2

)

.Let x ∈ Ω. Thanks to D (x) in the di�usion term on the right hand side of (2.1), thedi�usion of p at x is fo
used into the dire
tion of the prin
ipal eigenve
tor of D (x), ormore pre
isely, with the dire
tional distribution des
ribed by the ellipsoid
{

η ∈ R
3
∣

∣ ηTD (x)−1
η = 1

}

.In terms of tensor �eld visualization, we 
hoose the initial 
ondition I in (2.3) as a noisytexture, preferably an impulse noise. Due to the anisotropi
 di�usion pro
ess 
arried outby solving (2.1-2.3), the solution p 
hanges in time from noise to an organized stru
ture.Streamlines of the �eld of prin
ipal eigenve
tors of D 
an be re
ognized there as partswith lo
ally similar value of p. The term f0 e�
iently in
reases 
ontrast of the resulting3D image provided that the parameter ξ and the �nal time T are 
hosen appropriately(in our 
ase by experiment). In order to a
tually view the resulting 3D image p (·, T ), 2Dsli
es through Ω 
an be helpful.Numeri
al solution. For numeri
al solution, the method of lines [8℄ is utilized. Apply-ing a �nite volume dis
retization s
heme in spa
e, the problem (2.1-2.3) is 
onverted toa system of ODE in the general form
dp

dt
= f(t, p). (2.4)Thereafter, we employ the 4th order Runge-Kutta-Merson solver with adaptive timestepping to solve (2.4).Des
ribing the �nite volume s
heme, (2.4) 
an also be referred to as the semidis
retes
heme and written in the form

ξ
d

dt
pK (t) = ξ

∑

σ∈EK

FK,σ (t) +
1

ξ
f0,K (t) ∀K ∈ T (2.5)where T is an admissible �nite volume mesh [4℄, K ∈ T is one parti
ular 
ontrol volume(
ell) and EK is the set of all fa
es of the 
ell K. FK,σ (t) represent the respe
tive numeri
al
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h 
ontain di�eren
e quotients approximating the derivatives ∂xp,
∂yp, ∂zp at the 
enter of the fa
e σ.Arti�
ial dissipation and �nite volume s
heme design. As indi
ated in the in-trodu
tion, all s
hemes introdu
e a 
ertain amount of arti�
ial (numeri
al) isotropi
di�usion in the solution. However, its strength depends on the exa
t form of FK,σ. Thisphenomenon needs to be suppressed as mu
h as possible as it may signi�
antly deterio-rate the visual quality of the result due to blurring. Its 
ause lies in the o

urren
e of highfrequen
y stru
tures in the solution: both the initial noise and the forming streamlines.To be treated 
orre
tly, they require the di�eren
e operators used in FK,σ to be of anappropriate order [10, 6℄.We have assembled and investigated numeri
al s
hemes using the following approxi-mations of the derivatives in the �ux term:

• se
ond order 
entral di�eren
e approximation with linear interpolation of the miss-ing points in the di�eren
e sten
il;
• fourth order multipoint �ux approximation (MPFA) 
entral di�eren
e s
heme withlinear interpolation;
• fourth order MPFA 
entral di�eren
e s
heme with 
ubi
 interpolation.Thereto, a 
lassi
al forward-ba
kward �rst order �nite di�eren
e (FD) s
heme has beenadded. For more details on the design of the MPFA di�eren
es, see [11℄.3 Arti�
ial di�usion measurementHaving the results available obtained by using di�erent s
hemes but based on identi
alinput settings, one 
an try to 
ompare them visually to de
ide on the s
heme with theleast arti�
ial di�usion. In Figure 3.1, an example of su
h 
omparison is demonstratedon a real-data MR-DTI neural tra
t visualization. In the 
enter part of the images, amajor neural tra
t in the shape of U is displayed in the form of streamlines. It 
an beobserved that the FD s
heme produ
es undesired isotropi
 di�usion greatly dependent onthe pres
ribed dire
tion of di�usion. This is related to the asymmetry of the di�eren
esten
il. The 2nd order 
entral di�eren
e �ux approximation used in the FV s
heme isalready symmetri
. However, it is 
learly outperformed by the s
heme based on MPFAwhi
h 
auses signi�
antly weaker blurring.S
heme assessment by total variation. In this part we introdu
e a quantitativemeasure of the arti�
ial di�usion in the s
hemes. For this purpose, the total variation ofthe numeri
al solution ph = ph (t) �nds its rather unusual appli
ation. It is de�ned as

TV
(

ph
)

=
∑

K∈T

∣

∣∇hp
h
K

∣

∣ m (K) (3.1)where ∇hph
K represents the dis
rete approximation of the gradient and m (K) is themeasure of the 
ell K. From the image pro
essing point of view, the value of TV is
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FD FV 2nd order MPFA 
ubi
 4th orderFigure 3.1: Arti�
ial di�usion in di�erent numeri
al s
hemes. Crops from 
olorized MR-DTI visualizations based on real data, transverse plane sli
e.proportional to both the number of edges in the image ph and its 
ontrast. Both thesequantities assume their maxima for the noisy initial 
ondition and 
hange in time alongwith the di�use evolution of the numeri
al solution. Performing two 
omputations withidenti
al settings ex
ept for the 
hoi
e of the numeri
al s
heme, it is possible to dire
tly
ompare the TV values of the results. The s
heme produ
ing an image with a greatervalue of TV exhibits less arti�
ial di�usion as it maintains more edges, more 
ontrast, orboth.S
heme 
omparison methodology. We have performed extensive testing with phan-tom input tensor �elds to investigate the behavior of the s
hemes depending on thepres
ribed dire
tion of di�usion. For ea
h triple of spheri
al 
oordinates (r = 1, ϕ, θ)where ϕ ∈ [0, 360◦], θ ∈ [−90◦, 90◦], let a unit ve
tor

v1 (ϕ, θ) = (cos ϕ cos θ, sin ϕ cos θ, sin θ)represent the prin
ipal eigenve
tor of a uniform tensor �eld D (ϕ, θ), 
orresponding tothe eigenvalue λ1 = 100. The remaining eigenvalues are λ2 = λ3 = 1 and the eigenve
-tors v2, v3 
omplete the orthonormal basis of R3. Afterwards, a 
omputation is 
arriedout using D (ϕ, θ) as input data and subsequently, TV is evaluated from the resultingdatasets. The TV values alone are not of parti
ular interest sin
e they depend on boththe grid dimensions and the size of the domain Ω. However, the relative di�eren
es of
TV between s
hemes provide the desired information.The results of the pro
edure des
ribed above performed for all the four s
hemes inseveral time levels are shown in Figures 3.2-3.6. In all the graphs, TV is normalized sothat the maximum in ea
h 
hart is 1. Settings of all important 
omputation parameters
an be found in the �gure 
aptions. In Figure 3.2, the latitude θ is �xed to 0 and thelongitude ϕ traverses the angles from 0◦ to 350◦ with the step 10◦. The same is true forFigure 3.3 whi
h only di�ers from Figure 3.2 in the setting of parameter ξ. Figure 3.4depi
ts the �diagonal� 
ut through the spa
e (ϕ, θ) in the range from 0◦ to 90◦, in
ludingthe worst situation for all s
hemes where ϕ = θ = 45◦. Finally, Figures 3.5 and 3.6
ontain surfa
e plots of all measured 
ombinations of ϕ, θ for the FD s
heme and theMPFA FV s
heme with 
ubi
 interpolation, respe
tively.Observations from Figures 3.2-3.6 
an be summed up as follows:

• Arti�
ial di�usion 
learly depends on v1 and o

urs least when the dire
tion v1 isaligned with 
oordinate axes. For the FD s
heme, a straightforward explanation
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al s
hemes based on TV, ξ = 5 × 10−3, θ = 0, ϕ ∈
[0◦, 350◦].
an be given: In the degenerate 
ase λ2 = λ3 → 0, the equation systems for di�erentrows of grid nodes along v1 be
ome independent.

• The performan
e of all s
hemes improves (i.e. TV rises) with growing time. Thisis obvious as the ongoing di�usion gradually limits the frequen
y spe
trum of thesolution. At the beginning, the in�nite spe
trum of the initial 
ondition 
an not behandled properly by any di�eren
e operator.
• The performan
e of the s
hemes improves with de
reasing ξ (
ompare Figures 3.2and 3.3).
• The FD s
heme exhibits a highly asymmetri
 behavior (see Figures 3.3 and 3.5).
• All FV s
hemes are symmetri
.
• The FV s
heme with MPFA and 
ubi
 interpolation outperforms all other s
hemesin the 
omparison ex
ept for the FD s
heme when v1 is aligned with some 
oordinateaxis.4 Con
lusionWe have developed an approa
h for measuring the amount of arti�
ial isotropi
 di�usionin numeri
al s
hemes. Thorough 
omputational studies based on phantom input data
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al s
hemes based on TV, ξ = 10−2, θ = 0, ϕ ∈
[0◦, 350◦].
on�rm that this te
hnique ful�lls the given obje
tive and produ
es results in agreementwith an intuitive notion of blurring observable in images obtained by solving (2.5). Intro-du
ing a suitable threshold in (3.1), the measurement 
an also be applied to 
omputationswith real MR-DTI input data.A
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s, Fa
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ien
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t. Spe
tral properties of semi-in�nite symmetri
 Ja
obi matri
es with diagonal 
reatedby a real and stri
tly in
reasing sequen
e su
h that the re
ipro
al sequen
e belongs to ℓ
2 isstudied. Parallels to the diagonal are 
omposed of a positive and bounded sequen
e. It is shownthe spe
trum of these matri
es is simple and dis
rete. Further fun
tions E and F with simpleand ni
e algebrai
 properties are de�ned on a subset of the spa
e of 
omplex sequen
es. Somespe
ial fun
tions are expressible in terms of these fun
tions, �rst of all the Bessel fun
tions of�rst kind. The main result of this work is �nding a fun
tion whi
h is expressed with the aidof F applied to a 
ertain sequen
e with a property that zeros of this fun
tion 
oin
ide witheigenvalues of the Ja
obi matrix under investigation. At the end general results are appliedto a simple example. It is demonstrated the spe
trum of the semi-in�nite Ja
obi matrix withlinear diagonal and 
onstant parallels 
oin
ides with zeros of the Bessel fun
tion of the �rst kind
onsidered as the fun
tion of its order.Keywords: tridiagonal matrix, Ja
obi matrix, eigenvalue problem, 
hara
teristi
 fun
tionAbstrakt. V tomto p°ísp¥vku jsou studovány vlastnosti spektra polo-nekone£ný
h symetri
ký
hJa
obiho mati
, jeji
hº diagonála je tvo°ena reálnou a ryze rostou
í posloupností s p°evrá
enouhodnotou v ℓ

2. Vedlej²í diagonály tvo°í pozitivní a omezená posloupnost. Je ukázáno, ºe spek-trum t¥
hto mati
 je jednodu
hé a diskrétní. Dále jsou zevedeny funk
e E a F na podmnoºin¥prostoru komplexní
h posloupností. Tyto funk
e mají jendodu
hé a p¥kné algebrai
ké vlast-nosti. N¥které spe
iální funk
e lze vyjád°it pomo
í funk
í E a F, nap°íklad Besselovy funk
eprvního druhu. Hlavním výsledkem prá
e je nalezení funk
e vyjád°ené pomo
í F aplikovanéna ur£itou posloupnost, která má tu vlastnost, ºe její nuly odpovídají vlastním hodnotám stu-dované Ja
obiho mati
e. Na p°íkladu je ukázáno, ºe spektrum polo-nekone£né Ja
obiho mati
e,jejíº diagonála závisí lineárn¥ na indexu a vedlej²í diagonály tvo°í kladný parametr, se shodujes mnoºinou v²e
h nul Besselovy funk
e prvního druhu jako funk
e jejího °ádu.Klí£ová slova: tridiagonální mati
e, Ja
obiho mati
e, vlastní £ísla, 
harakteristi
ká funk
e1 Introdu
tionIn the whole paper I assume real stri
tly insreasing sequen
e {λn}
∞
n=1 satisfying 
ondition

∞
∑

n=1

1

λ2
n

< ∞, (1)179
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hand positive and bounded sequen
e {wn}
∞
n=1 to be given. Note the assumptions imply

lim
n→∞

λn = +∞.Next let me denote J a semin�nite symmetri
 Ja
obi matrix whose diagonal is 
reatedby sequen
e {λn}
∞
n=1 and parallels to the diagonal are 
onsist of sequen
e {wn}

∞
n=1, i.e.

J :=











λ1 w1

w1 λ2 w2

w2 λ3 w3. . . . . . . . . . (2)Further Jn denotes the trun
ation of J , i.e.
Jn =















λ1 w1

w1 λ2 w2. . . . . . . . .
wn−2 λn−1 wn−1

wn−1 λn















. (3)
There exists a sequen
e of polynomials qk(ξ), k = 1, 2, . . . , su
h that the degree of

qk(ξ) equals to k − 1, the 
oe�
ients of qk(ξ) are rational fun
tions of λ1, . . . , λk−1 and
w1, . . . , wk−1, and whenever the sequen
e {xk}

∞
k=1 solves the eigenvalue equation

λ1x1 + w1x2 = ξx1,

wk−1xk−1 + λkxk + wkxk+1 = ξxk, k = 2, 3, . . .with an eigenvalue ξ ∈ C then it holds
xk = qk(ξ)x1, k = 1, 2, . . .A
tually, one sets q1(ξ) := 1 and the sequen
e of polynomials is unambiguously de�nedby the re

urent relation

qk+1(ξ) =
ξ − λk

wk

qk(ξ) −
wk−1

wk

qk−1(ξ), k = 1, 2, . . .(where one has to set w0 := 0).Corollary 1. Any eigenvalue of J regarded as an operator in ℓ2(N) is simple.Proposition 2. The spe
trum of J is dis
rete.Proof. Operator J 
an be de
omposed as
J = Λ + W + W ∗
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es 181where Λ := diag(λ1, λ2, . . . ) and
W :=











0 w1 0 0
0 0 w2 0
0 0 0 w3. . . . . . . . . .Sin
e sequen
e {wn}

∞
n=1 is bounded W is bounded, ‖W‖ =

√

‖WW ∗‖ = sup wn. Ob-viously the essential spe
trum of Λ is empty, hen
e Λ has a 
ompa
t resolvent. Conse-quently, W +W ∗ is Λ-
ompa
t self-adjoint perturbation ((W +W ∗)(Λ− i)−1 is 
ompa
t)and, by the Weyl 
riterion, the essential spe
trum of J is empty.2 Fun
tion E and fun
tion FDe�nition 3. De�ne E : D → C, F : D → C,

E(x) = 1 +

∞
∑

m=1

∞
∑

k1=1

∞
∑

k2=k1+2

. . .

∞
∑

km=km−1+2

xk1
xk1+1xk2

xk2+1 . . . xkm
xkm+1and

F(x) = 1 +
∞
∑

m=1

(−1)m

∞
∑

k1=1

∞
∑

k2=k1+2

. . .
∞
∑

km=km−1+2

xk1
xk1+1xk2

xk2+1 . . . xkm
xkm+1where

D =

{

{xk}
∞
k=1 ⊂ C;

∞
∑

k=1

|xkxk+1| < ∞

}

.For a �nite number of 
omplex variables we identify F(x1, x2, . . . , xn) with F(x) where
x = (x1, x2, . . . , xn, 0, 0, 0, . . . ) and similarly for E. By 
onvention, we also put E(∅) =
F(∅) = 1 where ∅ is the empty sequen
e.Remark 4. Note that the domain D is not a linear spa
e. One has, however, ℓ2(N) ⊂ D.The fun
tion F is 
ontinuous fun
tional on ℓ2(N) whi
h satis�es the following identi-ties. First, the re
urrent relation

F(x) = F(Tx) − x1x2 F(T 2x) (4)holds for all x ∈ D (T stands for the shift operator). This identity admits a generalization
F(x) = F(x1, . . . , xk) F(T kx) − F(x1, . . . , xk−1)xkxk+1F(T k+1x), k = 1, 2, . . . . (5)Next, the Bessel fun
tion of the �rst kind 
an be expressed with the aid of F. Morepre
isely, for ν /∈ −N, one has

Jν(2w) =
wν

Γ(ν + 1)
F

({

w

ν + k

}∞

k=1

)

. (6)
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hThe respe
tive proofs of these identitites are work out in [4℄.The fun
tion E has very similar properties as F. E is 
ontinuous fun
tional on ℓ2(N)and it holds
E(x) = E(Tx) + x1x2 E(T 2x), (7)

E(x) = E(x1, . . . , xk) E(T kx) + E(x1, . . . , xk−1)xkxk+1E(T k+1x), k = 1, 2, . . . , (8)and
Iν(2w) =

wν

Γ(ν + 1)
E

({

w

ν + k

}∞

k=1

) (9)where x ∈ D, ν /∈ −N and I stands for the modi�ed Bessel fun
tion of the �rst kind. Allthe proofs of (7), (8) and (9) 
an be done by the same way as the proofs of (4), (5) and(6) with only slight modi�
ations.Finnaly, an obvious inequality
|F(x)| ≤ E(|x|) (10)holds for any x ∈ D, |x| = (|x1|, |x2|, . . . ).Appli
ation of F to a �nite 
omplex sequen
e 
an be unambiguously de�ned with theaid of a determinant of a Ja
obi matrix.Proposition 5. For d ∈ N and {xj}
d
j=1 ⊂ C, one has

F(x1, x2, . . . , xd) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣



















1 x1

x2 1 x2. . . . . . . . .. . . . . . . . .
xd−1 1 xd−1

xd 1



















∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (11)
Proof. The 
ase d = 1, 2 is easy to verify. Denote the RHS of (11) by D(x1, x2, . . . , xd).By expanding D(x1, x2, . . . , xd) along the �rst row one �nds out the re
urren
e rule

D(x1, x2, . . . , xd) = D(x2, x3, . . . , xd) − x1x2D(x3, x4, . . . , xd)holds. Now, it su�
es to apply the indu
tion hypothesis and (4).Remark 6. The Ja
obi matrix Jn 
an be de
omposed into the produ
t
Jn = GnJ̃nGn (12)where Gn = diag(γ1, γ2, . . . , γn) is a diagonal matrix and J̃n is a Ja
obi matrix with allunits on the neighboring parallels to the diagonal,

J̃n =





















λ̃1 1

1 λ̃2 1. . . . . . . . .. . . . . . . . .
1 λ̃n−1 1

1 λ̃n





















.
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es 183One 
an put
γ2k−1 =

k−1
∏

j=1

w2j

w2j−1

, γ2k = w1

k−1
∏

j=1

w2j+1

w2j

, k = 1, 2, 3, . . . . (13)Alternatively, the sequen
e {γk}
n
k=1 is de�ned re
ursively by γ1 = 1, γk+1 = wk/γk.Furthermore, λ̃k = λk/γ

2
k . With this 
hoi
e, (12) is 
learly true.Consequently, the 
hara
teristi
 fun
tion of �nite symmetri
 Ja
obi matrix Jn 
an beexpressed with the aid of F.Proposition 7. Let d ∈ N and {γk}

d
k=1 be the sequen
e de�ned in (13). Then it holds

det(Jd − zId) =

(

d
∏

k=1

(λk − z)

)

F

(

γ2
1

λ1 − z
,

γ2
2

λ2 − z
, . . . ,

γ2
d

λd − z

) (14)for all z ∈ C.Proof. In view of Remark 6 and Proposition 5, one �nds out det(Jd − zId) is equal to
det(Gd) det



















λ1−z

γ2
1

1

1 λ2−z

γ2
2

1. . . . . . . . .
1 λd−1−z

γ2
d−1

1

1 λd−z

γ2
d



















det(Gd)

=

(

d
∏

k=1

(λk − z)

)

F

(

γ2
1

λ1 − z
,

γ2
2

λ2 − z
, . . . ,

γ2
d

λd − z

)

.

3 PreliminariesIn this se
tion I introdu
e several preliminary propositions whi
h are ne
essary for de-riving main results of this paper. Respe
tive proofs of these propositions are omittedbe
ause they are too extensive and/or too te
hni
al.First, sequen
e of fun
tions
F

({

γ2
k

λk − z

}n

k=1

)
onverges to fun
tion
F

({

γ2
k

λk − z

}∞

k=1

)
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hlo

aly uniformly in z ∈ C \ {λk}
∞
k=1 with n → ∞. However, one 
an 
laim more. Thesame proposition holds for the �rst derivative of these fun
tions with respe
t to z. Hen
e,it holds

lim
n→∞

d

dz
F

({

γ2
k

λk − z

}n

k=1

)

=
d

dz
F

({

γ2
k

λk − z

}∞

k=1

)and the 
onvergen
e is lo
al uniform in z ∈ C \ {λk}
∞
k=1.Sin
e

F

({

γ2
k

λk − z

}n

k=1

)is the analyti
 fun
tion in z on set C \ {λk}
n
k=1 the limit fun
tion

F

({

γ2
k

λk − z

}∞

k=1

)is also the analyti
 fun
tion in z on set C\{λk}
∞
k=1. This proposition is based on Theorem8.8 stated in [5℄ (where the assumption of uniform 
onvergen
e is repla
ed by lo
al uniform
onvergen
e). In other words the limit fun
tion is meromorphi
 on C with poles in thepoints of {λk}

∞
k=1. Moreover these poles are of order 1.De�nition 8. Let me denote

f
(n)
s,k (z) :=







(z − λs)F
(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . . , γ2

n

λn−z

)

, if z ∈ Hǫ(λs) \ {λs}

limz→λs
(z − λs)F

(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . . , γ2

n

λn−z

)

, if z = λs

(15)and
fs,k(z) :=







(z − λs)F
(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . .

)

, if z ∈ Hǫ(λs) \ {λs}

limz→λs
(z − λs)F

(

γ2
k

λk−z
,

γ2
k+1

λk+1−z
, . . .

)

, if z = λs

(16)where s, k, n ∈ N, k ≤ n + 1 and Hǫ(λs) = {z ∈ C : |z − λs| < ǫ}.Remark 9. First, it is not important how small ǫ in the previous de�nition is. One 
antake for instan
e ǫ = min{λs − λs−1, λs+1 − λs} if s > 1 and ǫ = λ2 − λ1 if s = 1. I needthe fun
tions to be de�ned only lo
ally. Se
ond, the limit in the previous de�nition existsand it is �nite (use (5) and stri
t in
rease of sequen
e {λk}).Let s, k ∈ N then sequen
e of fun
tions f
(n)
s,k (z) 
onverges to fs,k(z) uniformly ona neighbourhood of λs with n → ∞. However, the same proposition holds for the �rstderivative with respe
t to z. Hen
e, sequen
e of fun
tions d

dz
f

(n)
s,k (z) 
onverges to d

dz
fs,k(z)uniformly on a neighbourhood of λs with n → ∞.3.1 Christo�el-Darboux-like identitiesIdentities derived below for the fun
tion F are analogies of the Christo�el-Darboux for-mula (see [1, Chp. 1℄ for details).
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es 185De�nition 10. Let me denote
R

(n)
k (z) ≡ Rk(z) :=

n
∏

l=k+1

(

z − λl

wl−1

)

F

({

γ2
l

λl − z

}n

l=k+1

) (17)where k, n ∈ N, 0 ≤ k ≤ n (set w0 := 1). Note R
(n)
k is a polynomial in z of degree n − k.Re
urren
e rule (4) rewritten in terms of Rk has a form

wk−1Rk−1(z) + (λk − z)Rk(z) + wkRk+1(z) = 0 (18)whi
h holds for 1 ≤ k ≤ n − 1. Further the identity
(µ − λ)

n
∑

k=l

Rk(µ)Rk(λ) = wl−1(Rl(λ)Rl−1(µ) − Rl(µ)Rl−1(λ)) (19)holds for all n ∈ N, l ∈ {1, 2, . . . , n} and λ, µ ∈ C. To prove (19) one 
an pro
eed byindu
tion in l = n, n − 1, . . . , 1. By putting l = 1 in (19) and makeing limit µ → λ onearrives at the identity
n
∑

k=1

(Rk(λ))2 = R1(λ)R′
0(λ) − R0(λ)R′

1(λ) (20)whi
h holds for all n ∈ N and λ ∈ C. Finnaly one 
an use de�nititon relation (17) andidentity (20) to �nd out the equation
∑n

k=1

(

∏k

l=2

(

z−λl

wl−1

)

F

(

{

γ2
l

λl−z

}n

l=k+1

))2

= F

({

γ2
l

λl−z

}n

l=1

)

F

({

γ2
l

λl−z

}n

l=2

)

+(z − λ1)
[

F

({

γ2
l

λl−z

}n

l=2

)

d
dz

F

({

γ2
l

λl−z

}n

l=1

)

− F

({

γ2
l

λl−z

}n

l=1

)

d
dz

F

({

γ2
l

λl−z

}n

l=2

)](21)holds for all n ∈ N and z ∈ C \ {λk}
n
k=1. A similar formula 
an be derived for fun
tions

f
(n)
s,k . Thus the identity

n
∑

k=1

(

k
∏

l=2

(

z − λl

wl−1

)

f
(n)
s,k+1(z)

)2

= f
(n)
s,1 (z)f

(n)
s,2 (z)

+(z − λ1)

[

f
(n)
s,2 (z)

d

dz
f

(n)
s,1 (z) − f

(n)
s,1 (z)

d

dz
f

(n)
s,2 (z)

] (22)holds for all s, n ∈ N and z from a neighbourhood of λs.3.2 Simple zerosThe identities derived in the previous subse
tion let me prove a proposition 
on
erning amultipli
ity of zeros of the fun
tion
F

({

γ2
k

λk − z

}∞

k=1

)
onsidered as a fun
tion of variable z. The assumption of stri
t in
rease of sequen
e
{λn}

∞
n=1 is essential. Proofs are only indi
ated in this subse
tion.
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hProposition 11. Let z0 ∈ C \ {λk} su
h that
F

({

γ2
k

λk − z0

}∞

k=1

)

= 0then z0 is a simple zero.Proof. One 
an prove the statement by 
ontradi
tion. If z0 ∈ C \ {λk} is a multiple zeroone 
an send n to in�nity in (21) and put z = z0. Consequently, by swit
hing limn→∞and d
dz

(
orre
t due to lo
al uniform 
onvergen
e dis
ussed at the beginning of se
tion3), the RHS of (21) vanishes. Then one 
an arrive at a 
ontradi
tion.A similar property holds for fun
tion fs,1.Proposition 12. Let s ∈ N and fs,1(λs) = 0 then λs is a simple zero.Proof. Similarly as in the previous proof one 
an prove the statement by 
ontradi
tionusing (22) instead of (21).4 Main resultsIn this se
tion it will be shown the eigenvalues of J 
oin
ides with zeroes of a fun
tionwhi
h will be expressed with the aid of the fun
tion F.At the beginning let me re
all the main result demonstated in [2℄ where it is proovedthe spe
trum of J is equal to the set of all limit points of sequen
es of eigenvalues oftrun
ated �nite-dimensional matri
es Jn. Thus the equivalen
e
λ ∈ spec(J) ⇔ (∃{kn} ⊂ N, kn < kn+1)(∃{λ̃n} ⊂ R, λ̃n ∈ spec(Jkn

))( lim
n→∞

λ̃n = λ) (23)holds.Proposition 13. The impli
ation
(λ ∈ spec(J) ∧ λ /∈ {λk}

∞
k=1) =⇒ F

({

γ2
k

λk − λ

}∞

k=1

)

= 0holds.Proof. Let λ ∈ spec(J) and λ /∈ {λk}
∞
k=1. A

ording to (23) one has a real sequen
e {λ̃n}su
h that limn→∞ λ̃n = λ and, by equality (14), it holds

det(Jkn
− λ̃nIkn

) =

kn
∏

k=1

(λk − λ̃n)F

(

{

γ2
k

λk − λ̃n

}kn

k=1

)

= 0for all n ∈ N. Without loss of generality one 
an assume λk 6= λ̃n for all k, n ∈ N. Hen
eone gets
F

(

{

γ2
k

λk − λ̃n

}kn

k=1

)

= 0, for all n ∈ N.
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es 187Finnaly, the last equality together with the argument 
on
ernig lo
al uniform 
onvergen
eand analiti
ity dis
ussed at the beginning of se
tion 3 imply
F

({

γ2
k

λk − λ

}∞

k=1

)

= 0.Proposition 14. Let z0 ∈ C \ {λk} su
h that
F

({

γ2
l

λl − z0

}∞

l=1

)

= 0then z0 ∈ spec(J).Proof. Sin
e, a

ording to Proposition 11, z0 is a simple zero, F({ γ2
l

λl−z

}∞

l=1

) is 
ontinuousin z0 and F

({

γ2
l

λl−z

}∞

l=1

) is lo
ally uniformly aproximated by sequen
e F

({

γ2
l

λl−z

}n

l=1

) in
z = z0 there exists a real sequen
e {zn} su
h that limn→∞ zn = z0 and

F

({

γ2
l

λl − zn

}n

l=1

)

= 0for all n (su�
iently large). Hen
e zn ∈ spec(Jn) due to identity (14). Finally, equivalen
e(23) implies z0 ∈ spec(J).Thus, it was shown that
spec(J) \ {λk} =

{

z ∈ C; F

({

γ2
l

λl − z

}∞

l=1

)

= 0

}

.But what about the points of sequen
e {λk}
∞
k=1? These points 
an be also in the spe
trumof J . Further it will be derived a similar 
ondition for them to be in the spe
trum.Proposition 15. Let s ∈ N and λs ∈ spec(J) then fs,1(λs) = 0.Proof. A

ording (23) there exists a real sequen
e {λs

n}
∞
n=1 su
h that limn→∞ λs

n = λsand λs
n ∈ spec(Jkn

). Without loss of generality one 
an assume λs
n 6= λk for all n, k ∈ N,

k 6= s. By using (14) one has
0 = det(Jkn

− λs
nIkn

) =

kn
∏

k=1,k 6=s

(λk − λs
n)f

(kn)
s,1 (λs

n)for all n ∈ N. Hen
e
f

(kn)
s,1 (λs

n) = 0, for all n ∈ N.Finnaly, by taking into a

ount the lo
al uniform 
onvergen
e of sequen
e f
(n)
s,1 (dis
ussedat the beginning of se
tion 3), it su�
es to send n to in�nity in the last equation to get

fs,1(λs) = 0.
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hProposition 16. Let s ∈ N and fs,1(λs) = 0 then λs ∈ spec(J).Proof. Sin
e, a

ording to Proposition 12, λs is a simple zero, fs,1 is 
ontinuous in λs and
fs,1 is lo
ally uniformly aproximated by sequen
e f

(n)
s,1 in λs there exists a real sequen
e

{z
(s)
n } su
h that limn→∞ z

(s)
n = λs and

f
(n)
s,1 (z(s)

n ) = 0for all n (su�
iently large). Then z
(s)
n ∈ spec(Jn) be
ause, by identity (14), one has

det(Jn − z(s)
n In) =

n
∏

k=1,k 6=s

(λk − z(s)
n )f

(n)
s,1 (z(s)

n ) = 0.Finally, equivalen
e (23) implies λs ∈ spec(J).5 Summary and exampleLet me summarize the main results.Let {wn}
∞
n=1 be positive and bouded sequen
e and {λn}

∞
n=1 be real and stri
tly in-
reasing sequen
e satisfying the 
ondition

∞
∑

n=1

1

λ2
n

< ∞.Then it holds
z ∈ spec(J) \ {λn}

∞
n=1 ⇐⇒ F

({

γ2
k

λk − z

}∞

k=1

)

= 0 (24)and
λs ∈ spec(J) ⇐⇒ lim

z→λs

(λs − z)F

({

γ2
k

λk − z

}∞

k=1

)

= 0. (25)Example 17. Let λn = nλ, λ > 0 and wn = w > 0 for all n ∈ N. Then
J(λ, w) =











λ w
w 2λ w

w 3λ w. . . . . . . . . .Sin
e J(λ, w) = λJ(1, w/λ) it is su�
ient to investigate spe
trum of J ≡ J(1, w) withoutloss of generality. With this 
hoi
e it holds
γn =

{

1, if n is odd
w, if n is even.Next, it is easy to 
he
k

F

({

γ2
k

k − z

}∞

k=1

)

= F

({

w

k − z

}∞

k=1

)

.
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ording to (6) one has
F

({

w

k − z

}∞

k=1

)

= wzΓ(1 − z)J−z(2w).Sin
e term wzΓ(1 − z) does not e�e
t the zeros of fun
tion F

(

{

w
k−z

}∞

k=1

) and moreoverthe term Γ(1 − z) 
auses the singularities in z = 1, 2, . . . of fun
tion F

(

{

w
k−z

}∞

k=1

) one
an put (24) and (25) together and one arrives at the statement
z ∈ spec(J) ⇐⇒ J−z(2w) = 0 (26)or equivalently

spec(J) = {z ∈ C; J−z(2w) = 0}. (27)Finnaly one has
spec(J(λ, w)) =

{

λz ∈ C; J−z

(

2w

λ

)

= 0

}

. (28)Referen
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Clustering via the Distribution MixturesJan Tláskal2nd year of PGS, email: tlaskjan�fjfi.
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sFa
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lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Vá
lav K·s, Department of Mathemati
s, Fa
ulty of Nu
lear S
ien
esand Physi
al Engineering, CTU in PragueAbstra
t. The �nite distribution mixtures present a wide 
lass of probability distributions.Apart from the obvious appli
ation as the distribution estimator of the population with morethan one underlying independent phenomena, the mixtures are su

essfully applied in the modelbased 
lustering. If we 
onstraint the members of the mixture to arise from one spe
i�
 family ortype of parametri
 distributions, ea
h 
luster would refer to one 
omponent of the mixture. Themembership of the observed sample to a 
luster is given simply as the maximum probability onthe 
omponents of the mixture, i.e. by the Mahalanobis distan
e, and weighted by the weightsof the mixture. This approa
h is feasible even for overlapping 
lusters and strongly unevennumbers of the members of the 
lusters, where standard methods of 
luster analysis fall short.We provide with an introdu
tion to the distribution mixtures, fo
using on the problem of �ttingthe mixture to observed sample using the maximum likelihood approa
h and the EM algorithm,as well as the assessment of the optimal number of 
omponents.Keywords: distribution mixtures, model based 
luster analysis, order of a parametri
 modelAbstrakt. Distribu£ní sm¥si p°edstavují nesmírn¥ ²irokou t°ídu distribu£ní
h funk
í. Pouºitídistribu£ní sm¥si pro odhad neznámý
h multimodální
h rozd¥lení pravd¥podobnosti je p°irozené,sm¥si ale mohou být vyuºity i ve shlukové analýze. Omezímeli komponenty sm¥si na jeden typparametri
kého rozd¥lení pravd¥podobnosti, kaºdý shluk v nam¥°ený
h date
h bude odpoví-dat jedné komponent¥ sm¥si. P°íslu²nost nam¥°ený
h hodnot ke komponent¥ sm¥si získámep°es maximální v¥rohodný odhad. Distribu£ní sm¥s je vhodný model i tam, kde b¥ºné metodyshlukové analýzy selhávají, pro p°ekrývají
í se shluky a pro shluky s významn¥ r·znými po£typrvk·.Klí£ová slova: distribu£ní sm¥s, shluková analýza, °ád parametri
kého modelu1 Introdu
tionWe understand under the term (�nite) distribution mixture a 
onvex 
ombination ofdistribution fun
tions. This seems like a trivial 
on
ept. Nevertheless, if we 
onstraint
omponents of the mixture to be from parametri
 families of distributions we get a quitegeneral set of distribution fun
tions whi
h retain some of the 
onvenient properties of theparametri
 models, e.g. that the mixture is fully des
ribed with set of s
alar parameters.The distribution mixture is usually employed whenever there is strong eviden
e ofmultimodality in the data. Our s
ope will be the possible use of the distribution mixtureas a model based method in 
luster analysis, where the 
lusters are 
onsidered to begenerated from the distribution mixture 
omponents with normal densities. Sin
e ea
h191
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omponent of the distribution mixture should ideally refer to one 
luster in the data,the problem of 
hoosing an optimal number of 
omponents of the mixture be
omes quiteurgent. As we will see later, there is no de�nite answer to the problem of optimalnumber of 
omponents and the approa
h taken depends strongly on the judgement of theexperimenter.2 Clustering via the distribution mixtureIn our narrowed s
ope, we denote the distribution mixture any 
onvex 
ombination in aform of
p(x) =

M∑

j=1

αjpj(x),
M∑

j=1

αj = 1, αj ≥ 0, (1)where pj(x) are probability density fun
tions on RD, αj are the weight fa
tors, x ∈ RD,
M is the number of the 
omponents. Further, if the 
omponents are from the sameparametri
 density family, we denote

p(x|Θ) =

M∑

j=1

αjpj(x|θj),

M∑

j=1

αj = 1, (2)where θj ∈ Rs is the ve
tor denoting the j-th 
omponent of the mixture.Let x = (x1, . . . , xN) be sequen
e of i.i.d. observation of a random variable X whi
hhas the density p(x|Θ). We expe
t the data to form M 
lusters a

ording to the 
om-ponents of the mixture. Then, we pres
ribe to whi
h 
omponent of the mixture theobservation xi belongs with ve
tor ti

(ti)k =
αkpk(xi|θk)

M∑

m=1

αmpm(xi|θm)

, k ∈ (1, . . . , M). (3)The k-th element of ti evaluates the probability of xi belonging to the k-th 
omponent ofthe distribution mixture. If we prefer having only a s
alar indi
ator, we de�ne ti simplyas
ti = arg max

k∈M
αkpk(xi|θk). (4)3 Fitting the distribution mixtureLet there be a i.i.d. sequen
e x = (x1, . . . , xN) drawn from range of a random variable

X having the distribution mixture density p(x|Θ), Θ = (α1, . . . , αM−1, θ1, . . . , θM). Asthe distribution mixture is fully des
ribed by the ve
tor of parameters Θ, �tting thedistribution mixture to the data x means �nding an estimate Θ∗ of the real parameter
Θ. Our preferred method is the maximum likelihood method.



Clustering via the Distribution Mixtures 193We denote the log-likelihood fun
tion as l(Θ|x) = ln p(x|Θ). The maximum likelihoodestimate is then a ve
tor Θ∗ that satis�es
Θ∗ = arg max

Θ∈∆
l(Θ|x), (5)where ∆ is a domain from whi
h we take the possible 
andidates for Θ∗. In the 
ase ofthe same types of 
omponents we have

l(Θ|x) = ln p(x|Θ)
iid
= ln

N∏

i=1

p(xi|Θ) =
N∑

i=1

ln
M∑

j=1

αjpj(xi|θj). (6)In most pra
ti
al appli
ations, the probability density of the mixture is a di�erentiablefun
tion. To get he 
andidates for Θ∗ we take the partial derivatives of l(Θ|x) with respe
tto all elements of Θ and solve the system of equations.The maximum likelihood method applied on the distribution mixture bear some spe-
i�
 problems:
• The mixture is not identi�able. The identi�ability property means that for everydistin
t Θ1, Θ2 ∈ ∆, p(x|Θ1) 6= p(x|Θ2) a.s. Sin
e the identi�ability propertydoes not hold for the distribution mixture, the sequen
e of ML estimators doesnot have to be 
onsistent. Some identi�ability problems 
an be resolved easily, e.g.the 
omponent permutation invarian
e 
an be solved by as
ending sorting of the
omponents, but some 
annot be resolved at all. The [2℄ presents examples whenthe estimator is stu
k within a 
onne
ted subset of ∆, where the singular Fisher'sinformation matrix is singular.
• The loglikelihood fun
tion is not bounded even for the simplest mixture, sin
e everyobservation xi gives rise to a singularity of the loglikelihood fun
tion. Considera mixture of two heteros
edasti
 normal densities. If we pres
ribe the mean ofthe se
ond 
omponent to be exa
tly equal to the i-th observation and we for
e thevariation of the se
ond 
omponent to go to zero, the loglikelihood fun
tion will growbeyond all bounds. In the 
ontext of the 
luster analysis, the unwel
ome behaviorof the mixture implies that one 
omponent �ts to a single observation. Thesesolutions are the so 
alled �spurious 
lusters" solutions and they are disregarded.However, the presen
e of spurious 
lusters mean that that the global maximizerof the loglikelihood fun
tion does not exist, we have to 
ope with lo
al maximumsolutions. The pra
titioner usually looks for a sequen
e of solutions of (5) thatseems to be 
onsistent with growing number of observations.
• The analyti
al work with the term (6) proves to be di�
ult. Fortunately, there isa simple iterative algorithm whi
h provides the lo
al maximizers of the likelihoodfun
tion whi
h is 
alled the Expe
tation Maximization algorithm.4 EM algorithmBefore we 
an pro
eed to the de�nition of the steps of the EM algorithm we need totake one step ba
k and formulate the problem (3), i.e. from whi
h 
omponent of the



194 J. Tláskalmixture the i-th observation origins, via the missing information prin
iple. We introdu
ethe random variable Z =
(

X
Y

), where X are the in the experiment observable data , Y isan unobservable random variable that provides the information from whi
h 
omponentof the mixture was the observed X drawn. We refer to Z as to the 
omplete data, Xas the observed data, and Y as the missing data. Let x = (x1, . . . , xN) a i.i.d. randomsequen
e drawn from X, whi
h was observed, and sequen
e y = (y1, . . . , yN) from Ywhi
h is missing. If x is i.i.d. then y is i.i.d. We denote
z =

(
(x1, y1)

T , . . . , (xN , yN)T
)
, (7)the 
omplete data. The joint distribution density P (x|Θ) and the loglikelihood fun
tionof the 
omplete data lc(Θ|z) 
an be then expressed in the form

P (x|Θ) = P (z|Θ)/P (y|x, Θ) (8)
l(Θ|x) = lc(Θ|z) − ln P (y|x, Θ) (9)By taking the 
onditional expe
tation of lc(Θ|z) with respe
t to x, Φ ∈ ∆ we get

E[l(Θ|x)|x, Φ] = E[lc(Θ|z)|x, Φ] − E[ln P (y|x, Θ)|x, Φ], (10)
l(Θ|x) = E[lc(Θ|z)|x, Φ] − E[ln P (y|x, Θ)|x, Φ]. (11)We denote the 
onditional expe
tation of the 
omplete data loglikelihood fun
tion as

q(Θ, Φ) = E[lc(Θ|z)|x, Φ]. (12)The k-th interation of the EM algorithm 
onsist of two steps, the expe
tation and themaximization step:E-step: Cal
ulate q(Θ, Θk).M-step: Maximize q(Θ, Θk) with respe
t to �rst argument Θ,
Θk+1 = arg max

Θ∈∆
q(Θ, Θk). (13)The iteration of EM algorithm is repeated until 
onvergen
e. It 
an be proved [4℄ thatthe iteration of the EM algorithm either in
reases the value of the loglikelihood fun
tion

l(Θk|x) or Θk is already a stationary point Θ̂ of l(Θ|x), albeit it does not have to be alo
al minimum.The advantage of the EM algorithm is that for a few distributions, among whi
hbelongs the mixture of normal 
omponents, the iteration of the EM algorithm 
an wassolved analyti
ally and the formula to 
al
ulate Θk+1 was derived in 
losed form.



Clustering via the Distribution Mixtures 195We skip the lengthy derivation of both steps of the EM algorithm for the mixture ofnormal 
omponents and provide only with the �nal formula to illustrate the how simplethe iteration of EM algorithm gets (detailed derivation 
an be found in [3℄). For k-th iteration, Θk = (αk
1, . . . , α

k
M−1, θ

k
1 , . . . , θ

k
M ), Θk+1 = (αk+1

1 , . . . , αk+1

M−1, θ
k+1
1 , . . . , θk+1

M ),
θk

j = (µl, Cl), l = 1, . . . , M , we obtain
αk+1

l = 1/N

N∑

i=1

p(l|xi, Θ
k), (14)

µk+1

l =

N∑

i=1

p(l|xi, Θ
k)xi

N∑

i=1

p(l|xi, Θ
k)

(15)
C

k+1

l =
1

N∑

i=1

p(l|xi, Θ
k)

N∑

i=1

p(l|xi, Θ
k)Bi,l (16)where,

pl(xi|θl) =
1

(2π)D/2|Cl|1/2
e
−

1

2
(xi − µl)

T
C

−1

l (xi − µl)
,

Bi,l = (xi − µk+1

l )(xi − µk+1

l )T .We now list the most important properties of the EM algorithm:1. The EM algorithm 
onverges to a stationary point Θ̂ of the loglikelihood l(Θ|x).2. The EM algorithm naturally suppresses super�uous 
omponents by for
ing theirweights to zero.3. The lo
al maximum found by the EM algorithm strongly depends on the initialpoint of the algorithm Θ0, sin
e the EM algorithm 
annot es
ape a stationary pointon
e it is rea
hed. We usually initialize the EM algorithm either randomly or withsome traditional 
luster analysis method and run the EM algorithm several times.4. The 
onvergen
e rate gets slow in the later iterations whi
h are 
lose the to lo
almaximum. We usually stop the iterations on
e l(Θk+1|x)/l(Θk|x) − 1 des
endsunder 
ertain ε > 0.5 The number of 
omponents of the mixtureUp until now, we did silently assume that the number M of the 
omponents of thedistribution mixture is �xed and known, although in many pra
ti
al problems the numberof 
lusters in the data is unknown. The assessment of the optimal number of 
omponents



196 J. Tláskalof the distribution mixture pertains to a more general problem 
alled the optimal orderof a parametri
 model.There is a wide variety of di�erent methods and 
riteria available in the literature,be
ause there is no de�nite answer what number of parameters of the model is optimal.The opinions vary in di�erent experiment setups and from author to author. Further,in the 
ontext of 
luster analysis with the distribution mixture, the optimal numberof 
omponents that will explain the observed data with su�
ient level of pre
ision willprobably di�er from the optimal number of 
omponents needed for dis
erning the 
lusters.Out of all possible methods we 
onsider the penalization 
riteria of the loglikelihoodfun
tion the most feasible. All loglikelihood penalization 
riteria share the same stru
ture.For ea
h possible number of 
omponents M , the maximum likelihood estimate Θ∗

M (MLE)is 
al
ulated, and then the loglikelihood l(Θ∗

M |x) is penalized for the 
omplexity of themodel. The penalization term is ne
essary, sin
e the loglikelihood at MLE will rise within
reasing M as we maximize over a larger parametri
 spa
e ∆M . The optimal numberof 
omponents M0 is 
hosen so it would minimize the loglikelihood at the MLE minusthe penalization term, whi
h 
an be written as
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + 2ξ(N, M, Θ∗

M , dM(Θ∗

M)], (17)where M is the number of 
omponents, N is the number of observations, ξ is the penal-ization term, dM is the number of free parameters in the mixture des
ribed by Θ∗

M .A di�erent 
hoi
e of a penalization term ξ yields a di�erent penalization 
riteria.We will dis
uss the four most important 
riteria used in 
lustering appli
ations.1. Akaike's information 
riterion (AIK)2. Bayes information 
riterion (BIC)3. Entropy 
riterion (ENC)4. Integrated 
lassi�
ation likelihood (ICL)Akaike's information 
riterion (AIC)The AIC, originally named Another information 
riterion has be
ome widely used in theregression analysis. The optimal number of parameters of the model, in our 
ase thenumber of 
omponents M0 is 
hosen as
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + dM(Θ∗

M)]. (18)Bayes information 
riterion (BIC)The BIC was published by professor S
hwartz in 1979, [5℄. The optimum number of
omponents is 
hosen as
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + dM(Θ∗

M) lnN ]. (19)The derivation of the BIC is done by Bayes methods. The proof of 
onsisten
y ofthe 
riterion provided in [5℄, i.e. that with N → ∞ the BIC 
hooses asymptoti
ally



Clustering via the Distribution Mixtures 197the true number of parameters in the model, holds only for the regular exponentialfamily of distributions. Some of the ne
essary assumptions are broken by the distributionmixtures, thus the BIC is not guaranteed to be a 
onsistent estimator of the true numberof 
omponents of the mixture. We note that this did not stop the pra
titioners to use theBIC frequently and the BIC is now a standard 
riterion applied on distribution mixturesand other 
riteria are frequently ben
hmarked to the BIC.The Entropy 
riterion (ENC)As both AIC, BIC 
riterions are theoreti
al 
riteria for assessment of the optimal numberof model parameters, the other two we mention, the ENC and ICL are both 
riteria thatwas derived with the sole purpose of �nding the optimal number of 
omponents of themixture applied in 
luster analysis.We re
all the notation (7) of the 
omplete data z = ((x1, y1)
T , . . . , (xN , yN)T ). The
omponent indi
ators yi are assumed to be ve
tors from RM with k-th element equal to1 if the observation xi 
omes from the k-th 
omponent of the mixture, 0 otherwise. Wemay write the loglikelihood of the 
omplete data in the form analogi
al to (9)

ln k(z|x, ΘM) = lc(ΘM |z) − l(ΘM |x), (20)
l(ΘM |x) =

N∑

i=1

ln

M∑

k=1

αkpk(xi|θk), (21)
lc(ΘM |z) =

N∑

i=1

M∑

k=1

yi,k ln αkpk(xi|θk). (22)Further, we get from (21) and z (22)
ln k(z|x, ΘM) =

N∑

i=1

ln
M∑

k=1

yi,k ln ti,k, (23)
ti,k =

αkpk(xi|θk)
M∑

j=1

αjpk(xi|θj)

. (24)The value of ln k(z|x, ΘM) is unknown, but we 
an 
al
ulate its negatively taken expe
-tation with respe
t to the observation x, whi
h we denote EN(ΘM ,x),
EN(ΘM ,x) = −E[ln k(z|x, ΘM)|x, ΘM ] = −

N∑

i=1

M∑

k=1

ti,k ln ti,k. (25)The term EN(ΘM ,x) 
an be interpreted as the entropy of the fuzzy 
lassi�
ation matrixwith elements ti,k, hen
e the name of the 
riteria.Finally we approximate (21) with its expe
tation and use the MLE Θ∗

M for ΘM ,
lc(Θ

∗

M |z) ≈ l(Θ∗

M |x) − EN(Θ∗

M ,x). (26)



198 J. TláskalThe EN 
riterion is de�ned to maximize the 
omplete likelihood lc(Θ
∗

M |x),
M0 = argmin

M∈N

[−2l(Θ∗

M |x) + 2EN(Θ∗

M ,x)]. (27)The entropy EN(Θ∗

M ,x) serves as measure of 
luster separation. If the 
lusters arewell separated, the terms ti,k would have one element almost equal 1 and the other wouldbe 0, whi
h leads to almost zero value of EN(Θ∗

M ,x). On the other hand, the entropyrea
hes a high value for strongly overlapping 
lusters.Integrated 
lassi�
ation likelihood (ICL)Although the ENC 
riterion 
an be used as it is, it has one signi�
ant short
oming, sin
eit does not penalize the model for 
omplexity. The ICL 
riterion attempts to over
omethe la
k of penalization terms, the optimal number of 
omponents M0 satis�es
M0 = argmin

M∈N

[ICL(Θ∗

M ,x)], (28)
ICL(Θ∗

M ,x) = −2l(Θ∗

M |x) + 2EN(Θ∗

M ,x) + d̃M ln N

+ 2N
M∑

k=1

α∗

k ln α∗

k − 2
M∑

k=1

ln Γ(nk +
1

2
)

+ 2M ln Γ(
1

2
) + 2 lnΓ(N +

M

2
) − 2 lnΓ(

M

2
), (29)where d̃M = dM − M + 1 , nk =

∑N
i=1

yi,k, Γ is the gamma fun
tion. Naturally, weapproximate the gamma fun
tion with Stirling formula
ln Γ(u) = (u −

1

2
) lnu − u +

1

2
ln 2π. (30)The main idea behind the ICL 
riterion is straightforward, the ICL is taken as theposterior mode of the 
omplete loglikelihood lc(Θ

∗

M |x), where the prior p(ΘM) is assumedto be from the Diri
hlet distribution family. The derivation itself is quite 
omplex andbeyond the s
ope of this paper, the reader is referred to [6℄ for the detailed derivation.6 Dis
ussionThe distribution mixtures are a powerful tool in statisti
s but seemingly underused. Theyare employed the most su

essfully whenever there is a strong eviden
e that the observeddata have multiple modes, where the parametri
 models are bound to fall short. They are
onsidered a 
ompromise between simple parametri
 and general nonparametri
 methods.For more appli
ations of the distribution mixture see [1℄.The estimate of the optimal number number of 
omponents of the mixture is 
ru
ialin the 
luster analysis. We provided four likelihood penalization based 
riteria, the AIC,BIC, NEC and ICL. Our experiments with the data from the a
ousti
 emission 
on�rmthe general opinion within the model based 
lustering 
ommunity that the AIC and BIC
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lusters, whereas the ICL usually 
hooses the bestmodel.There are other methods frequently used to assess the right number of the 
omponentsof the mixture, for example the likelihood ratio test (LRT) between ea
h two possible
andidates for M0. The LRT is generally appli
able, sin
e the 
ompared models arenested, i.e. that if M0 < M̃0, the 
orresponding parametri
 spa
es satisfy ∆M ⊂ ∆fM .The problem we see with the LRT is that sin
e we do not have the asymptoti
 normalityof the MLE for the mixtures, therefore the asymptoti
 distribution of likelihood ratio isnot guaranteed to be 
hi-squared and it has to be sampled via bootstrapping methods.Referen
es[1℄ G. M
La
hlan, D. Peel. Finite Mixture Models. J. Wiley, New York (2000).[2℄ G. M
La
hlan, T. Krishnan. The EM algorithm and Extensions. J. Wiley, New York(1997).[3℄ J. Tláskal. Statisti
al Classi�
ation Methods in A

ousti
 Emission. Diploma thesis(MS
) at FNSPE CTU in Prague, (2009).[4℄ A.P. Dempster, N.M. Laird, D.B. Rubin. Maximum likelihood from in
omplete datavia the EM algorithm (with dis
ussion). Journal of the Royal Statisti
al So
iety, B39 (1995), 1-38.[5℄ G. S
hwartz. Estimating the dimension of a model. Annals of statisti
s, 6 (1978),461-466.[6℄ C. Bierna
ki, G. Celeux, G. Covaert. Assesing a mixture model for 
lustering with theintegrated 
lassi�
ation likelihood. Te
hni
al Report No 3521. Rh�ne-Alpes: INRIA,(1998).





Vyuºití neuronový
h sítí k modelováníúrokový
h m¥r stanovený
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Abstra
t. Knowledgeability about interest rates set by a 
entral bank is very important forall parti
ipants in an e
onomy. In this paper we have used publi
ly available data to model thebehavior of Cze
h National Bank in terms of how they manipulated interest rates when 
ondu
tedthe monetary poli
y re
ently. Using arti�
ial neural networks with di�erent ar
hite
ture, namelythe multilayer per
eptron and radial basis fun
tion types, and with the di�erent number of hiddenneurons, we modeled the dis
ount rates of CNB on a set of ma
roe
onomi
 variables in
ludingin�ation rate (CPI), ex
hange rate of CZK to Euro, interest rate PRIBOR 3M, unemploymentrate, the e
onomi
 growth rate, the growth rate of money aggregate M2 and interest rate setby European Central Bank. Having also 
ompared the results obtained from modeling by thesearti�
ial neural networks with the results from a linear model run on the same set of regressors,we found that in terms of predi
ted errors, the neural network modeling gives superior resultsover the ones from the linear model.Keywords: linear model, arti�
ial neural network, MLP and RBF networks, CNB short-terminterest rateAbstrakt. Znalost úrokový
h m¥r stanovený
h 
entrální bankou je velmi d·leºitá pro v²e
hnyú£astníky dané ekonomiky. V tomto p°ísp¥vku jsem pouºíval ve°ejn¥ dostupná data k mode-lování 
hování �eské národní banky p°i výkonu m¥nové politiky prost°edni
tvím diskontní
húrokový
h sazeb. Byly pouºity neuronové sít¥ s r·znou ar
hitekturou, konkrétn¥ ví
evrstvé sít¥per
eptron (MLP) a sít¥ s radiální bází (RBF), a s r·zným po£tem skrytý
h neuron· a diskontnísazby �NB byly modelovány jako funk
e makroekonomi
ký
h prom¥nný
h jako míry in�a
e, m¥-nového kurzu £eské koruny v·£i Euru, úrokové míry PRIBOR 3M, míry nezam¥stnanosti tempar·stu HDP, míry r·stu pen¥ºního agregátu M2 a úrokové míry stanovené Evropské 
entrálníbanky. Výsledky modelování úrokový
h m¥r �NB neuronovými sít¥mi byly potom porovnány svýsledky získanými lineárním modelem. Ukázalo se, ºe neuronové sít¥ poskytují mnohem p°es-n¥j²í výsledky m¥°ené st°ední 
hybou modelu.Klí£ová slova: lineární model, um¥lé neuronové sít¥, MLP a RBF sít¥, diskontní sazba �NB
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202 V.Q. Tran1 ÚvodV poslední
h n¥kolika desetiletí
h se objevil nový nástroj pro zpra
ování dat zvaný um¥láneuronová sí´. Jak uº jeho názvu vyplývá, neuronové sít¥ se snaºí napodobovat 
hovánískute£ný
h biologi
ký
h neuron· v lidském mozku a skládají se ze sítí neuron· propo-jený
h synapsemi p°edávají
ími výstupy z jednoho neuronu na druhý s výjimkou vstup-ní
h a výstupní
h neuron·. Díky své struktu°e jsou neuronové sít¥ velmi �exibilní a jsous
hopné za
hytit i sloºité nelineární závislosti mezi vysv¥tlují
ími a vysv¥tlovanými pro-m¥nnými, 
oº jedna z p°edností neuronový
h sítí p°i modelování dat. Dal²í výhodou oprotitradi£ním model·m je to, ºe výsledky model· zaloºený
h na um¥lý
h neuronový
h sítí
h(ANN) jsou ovlivn¥ny hierar
hi
kou strukturou t¥
hto sítí. Proto je zajímavé studovatvliv typu neuronové sít¥, po£tu skrytý
h neuron· a po£tu identi�kovaný
h parametr·(vah ANN) na dosaºenou p°esnost modelování. Tyto p°ednosti neuronový
h sítí budouov¥°eny p°i modelování 
hování �eské národní banky.Centrální banky ve vysp¥lý
h trºní
h ekonomiká
h v poslední dob¥ stále nej£ast¥ji pou-ºívají krátkodobou úrokovou sazbu pro realiza
i m¥nové politiky. Snaºí se prokázat svoud·v¥ruhodnost transparentností, svoje rozhodnutí o úrokový
h sazbá
h zakládá na objek-tivní
h indikátore
h, jeji
hº vliv na ekonomi
ké prost°edí je vnímán r·znými subjekty vekonomi
e. Protoºe zm¥ny úrokový
h sazeb ovliv¬ují v²e
hny aktivity domá
ího bankov-ního sektoru a stejn¥ tak i ve²keré opera
e na kapitálovém trhu v£etn¥ toku kapitálu zezahrani£í, zmín¥né subjekty se snaºí odhadnout s p°edstihem, jak bude 
entrální bankaza
házet se svými úrokovými nástroji. Znalost vý²e úrokový
h m¥r stanovený
h 
entrálníbankou je velmi d·leºitá pro v²e
hny subjekty v dané ekonomi
e.Uvedená skute£nost je dostate£n¥ silný motiv k modelování 
hování �eské národní banky(�NB) na základ¥ ve°ejn¥ p°ístupný
h informa
í. K tomu ú£elu slouºí r·zné typy neuro-nový
h sítí, jeji
h výstupy lze následn¥ vyuºít k jednokrokové predik
i její zm¥ny úrokovésazby. Jde tedy o externí modelování 
hování �NB v diskrétním £ase, jehoº výstupemje m¥sí£ní relativní zm¥na úrokové sazby. Dále bude zkoumán vliv ar
hitektury námizvolený
h neuronový
h sítí na p°esnost na²eho modelu. Tento p°ísp¥vek je strukturovánnásledovn¥: v následují
í £ásti budu 
harakterizovat, jak �NB provádí svou m¥novou po-litiku. Pak vymezím modely, které budou pouºity pro modelování 
hování �NB. V dal²í£ásti podrobn¥ analyzuji kritéria pro hodno
ení kvality jednotlivý
h model·. Výsledkymodelování 
hování �NB budou uvedeny v navazují
í £ásti £lánku a v záv¥ru bude 
elkovévyhodno
ení.2 Um¥lá neuronová sí´ jako nástroj modelováníUm¥lá neuronová sí´ (ANN) je jedním z nástroj· um¥lé inteligen
e (AI), o kterém lze rov-n¥º tvrdit, ºe je z pohledu matemati
ké statistiky téº modelem, jehoº parametry je t°ebaodhadnout nap°íklad metodami nelineární regrese (Haykin, 1999, �norek a Ji°ina, 1997).Z hlediska teorie systém· ve stejné souvislosti hovo°íme op¥t o modelu, jehoº parametryse adaptují, jsou p°edm¥tem optimaliza
e nebo je t°eba je identi�kovat. V analogii s li-neárním modelem je vhodné problematiku ANN zúºit pouze na neuronové sít¥ s jednímvýstupem (predikovaná relativní zm¥na) n¥kolika vstupy (relativní zm¥ny ekonomi
ký
hukazatel·) a s dop°edným ²í°ením signál·. Tím se vyhneme rekurentním výpo£t·m a
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ykl·m v topologii sít¥. Kaºdá taková ANN je reprezentována a
ykli
kým orientovanýmgrafem, jehoº vr
holy lze formáln¥ o£íslovat tak, aby signál postupoval ve sm¥ru vzr·sta-jí
ího indexu vr
holu. V p°ípad¥ ANN vr
hol nazýváme um¥lým neuronem, 
oº není ni
jiného neº pro
esor pro zpra
ování informa
e z do n¥j vstupují
í
h hran. Kaºdá vstupníhrana nese dv¥ zásadní informa
e: svou váhu a hodnotu signálu z p°ed
hozího vr
holu(neuronu). Vr
holy, do který
h nevede ºádná hrana, nazýváme vstupní neurony nebolivstupy systému. Vr
holy, ze který
h nevede ºádná hrana, nazýváme výstupní neuronyneboli výstupy systému. V na²em p°ípad¥ máme pouze jeden výstupní neuron. Zbylévr
holy slouºí jako mezi£lánky p°enosu informa
e a nazýváme je skrytými neurony. Ktransforma
i hodnot signál· do
hází tedy pouze ve skrytý
h as výstupní
h neurone
h.Kaºdý takový um¥lý neuron má sv·j model, tj. funk
i, která zpra
uje hodnoty v²e
h vaha signál· do n¥j vstupují
í
h a vytvo°í z ni
h nový signál. Problematika ANN se tedy týkápouze t°í aspekt·: topologie grafu sít¥, model· jednotlivý
h neuron· a nastavení (ur£ení,u£ení, odhad, adapta
e, optimaliza
e, identi�ka
e) vah jednotlivý
h hran orientovanéhografu.Nej£ast¥j²í je hierar
hi
ké uspo°ádání ANN do jednotlivý
h vrstev. Vrstva ANN je sku-pina neuron· (vr
hol·), které spolu p°ímo ani nep°ímo nekomunikují. Komunika
e je dáleomezena tak, ºe do neuron· dané vrstvy vedou signály pouze z p°ed
hozí vrstvy. Z tohookamºit¥ plyne, ºe po°adí vrstev, které musí být respektováno. Pak hovo°íme o první(vstupní) vrstv¥ tvo°ené v²emi vstupními neurony, druhé, t°etí skryté vrstv¥ a kone£n¥ oposlední (výstupní) vrstv¥) obsahují
í v²e
hny výstupní neurony. Jednodu
hé úlohy lze°e²it pomo
í dvouvrstvé topologie ANN, kdy z
ela 
hybí skryté vrstvy. V¥t²inu aplika
ílze zvládnout pomo
í t°ívrstvé topologie s optimálním po£tem skrytý
h neuron· v jedinéskryté vrstv¥. Z hlediska model· jednotlivý
h um¥lý
h neuron· jiº dávno nejde o napo-dobování 
hování jednotlivý
h nervový
h bun¥k ºivý
h organizm·. Jde o modely, kterése v oblasti AI pragmati
ky osv¥d£ily p°i konstruk
i univerzální
h aproxima
í spojitý
hfunk
í. Do první skupiny pat°í modely zaloºené na skalárním sou£inu vektoru vah a vek-toru vstupují
í
h hodnot. Takto vzniklý váºený sou£et (lineární kombina
e signál·) jev¥t²inou modi�kován vhodnou nelinearitou. Oblíbená nelinearita tohoto typu má tvarsigmoidální funk
e (hyperboli
ké tangenty). Do druhé skupiny pat°í modely zaloºené narozdílu vektoru vah a vektoru vstupují
í
h hodnot a jeho norm¥ (délka rozdílového vek-toru). Pokud vektor vah 
hápeme jako popis etalonu (vzorové situa
e), pak tímto postu-pem ur£íme vzdálenost vstupují
ího vektoru (reality) od etalonu (prototypu). Výslednávzdálenost je pak op¥t zpra
ována vhodnou nelinearitou. Výstupní signál takového neu-ronu obvykle 
hápeme jako informa
i o podobnosti reality a etalonu. Vzdálenost v¥t²inoum¥°íme euklidovskou normou a nelinearita má obvykle tvar Gaussovy zvonovité funk
e.Do t°etí skupiny obvykle °adíme modely um¥lého neuronu produkované s vyuºitím ope-rátor· fuzzy logiky. V této souvislosti se vyskytuje pojem fuzzy-neuronová sí´, 
oº neníni
 jiného, neº ANN, ve které existuje neuron z uvedené t°etí skupiny.V drtivé v¥t²in¥ reálný
h aplika
í se setkáváme s ANN obsahují
í pouze jednu homogennískrytou vrstvu a jednu homogenní výstupní vrstvu. Pokud jsou ve výstupní vrstv¥ pouzelineární modely neuronu, pak to má výhody p°i nastavování vah mezi skrytou a výstupnívrstvou metodami lineární algebry. Pokud jsou ve skryté vrstv¥ pouze neurony prvníhotypu se sigmoidální 
harakteristikou, pak hovo°íme o t°ívrstvém £i obe
n¥ ví
evrstvémper
eptronu (MLP). Pokud jsou ve skryté vrstv¥ pouze neurony druhého typu s eukli-



204 V.Q. Trandovskou normou a výstupní vrstva je lineární, pak hovo°íme o síti s radiální bází (RBF).Samostatnou kapitolu tvo°í metody u£ení ANN, 
oº z hlediska matemati
ké statistikynení ni
 jiného neº ur£ení bodového odhadu parametr· 
elého modelu ANN na základ¥reálný
h dat. Nej£ast¥ji se setkáváme s u£ením MLP £i RBF gradientními metodami(metoda konjugovaný
h gradient·, sto
hasti
ká gradientní metoda, zp¥tné ²í°ení neboliba
kpropagation. P°i n¥m vy
házíme z náhodného odhadu vah modelu a itera£n¥ získámejeden z lokální
h extrém· sou£tu £tver
· od
hylek 
hování modelu ANN od poºadovaný
hhodnot. K tomuto ú£elu slouºí známá gradientní metoda vy
házeji
í z r·zný
h po£áte£-ní
h hodnot vah ANN. Alternativou k takovému postupu je vyuºití heuristik pro hledáníglobálního minima sou£tu £tver
· od
hylek, nap°. simulované ºíhání (SA, FSA, ASA),modely 
hování kolonií (ACO), modely migra
e jedin
· (SOMA), modely 
hování hejn(PSO), geneti
ké algoritmy optimaliza
e (GO), evolu£ní vyhledávání (ES) a diferen
iálníevolu
e (DE).3 Pouºité modely ANNV tomto p°ísp¥vku jsou vyuºity dva modely s jednou skrytou vrstvou a jedním výstup-ním neuronem (t°ívrstvá ANN). První z ni
h je t°ívrstvá per
eptronová sí´ s lineárnímvýstupním neuronem, o které je známo, ºe je univerzálním aproximátorem na t°íd¥ spoji-tý
h omezený
h funk
í. To znamená, ºe s rostou
ím po£tem skrytý
h neuron· klesá 
hybaaproxima
e k nule, nikoli v²ak ve statisti
kém slova smyslu. Výstup uvedené sít¥ je dánvztahem
y = v0 +

H
∑

k=1

vk tanh(wk,0 +
n

∑

j=1

wk,jxj) (1)kde H je zadaný po£et skrytý
h neuron·, w1,0, ..., wH,n jsou neznámé váhy jednotlivý
hvstup· a w0, ..., wH jsou neznámé výstupní váhy. Celkový po£et parametr· uvedenéhonelineárního modelu je roven np = H(n+2)+1. Pokud preferujeme sít¥ s radiální bází, pakdáme p°ednost t°ívrstvé neuronové síti RBF, která je rovn¥º univerzálním aproximátoremspojitý
h ohrani£ený
h funk
í. Výstup uvedené sít¥ je dán vztahem
y = v0 +

H
∑

k=1

vk exp(−

∑n

j=1
(xj − wj,k)

2

2w2
k,0

) (2)Celkový po£et parametr· uvedeného nelineárního modelu je op¥t roven np = H(n+2)+1.Kritéria hodno
ení kvality modeluCh
eme-li vzájemn¥ porovnávat lineární model a nelineární modely ANN, musíme sta-novit srovnatelné podmínky pro oba typy model·. Vzhledem k tomu, ºe lineární regreseje standardním nástrojem odhady parametr· lineárního modelu, je p°irozené odhadovatváhy (neznámé parametry) sítí MLP a RBF stejnou metodou, tedy minimaliza
í sou£tu£tver
· od
hylek, 
oº je mnohem náro£n¥j²í úloha vzhledem k nelinearit¥ p°íslu²ný
hmodel·. P°íslu²ná ú£elová funk
e, jejíº minimum je hledáno, je
SSQrel =

m
∑

i=1

(ρi − ρANN
i )2 (3)
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ANN
i je relativní p°ír·stek úrokové sazby a jeho predik
e na výstupu ANN. Vp°ípad¥ lineární ANN je známo expli
itní °e²ení s vyuºitím lineární algebry. Pokud jeúloha nelineární, osv¥d£ily se k jejímu °e²ení kompetitivní heuristiky diferen
iální evolu
e.V tom p°ípad¥ je t°eba si uv¥domit, ºe není zaji²t¥no nalezení globálního optima SSQrel,nebo´ u£ení ANN je NP-úplný problém, takºe se nezávisle na metod¥ hledání neznámý
hvah je nutné u
hýlit k opakovaným numeri
kým experiment·m s danou heuristikou a takzískatjistotu p°esn¥j²í
h výsledk·. Jednotí
ím kritériem kvality modelu pro lineární modeli ANN je st°ední 
hyba predik
e relativní diferen
e úrokové sazby �NB daná vztahem

S.E. =

√

SSQrel

m − np
(4)Vzhledem k moºnosti permuta
e neuron· ve skryté vrstv¥ ANN není moºné posuzovatstatisti
kou významnost jednotlivý
h vah ANN respektive stanovovat jeji
h sm¥rodatnouod
hylku.4 M¥nová politika �eské národní bankyV trºním hospodá°ství hraje 
entrální banka nezastupitelnou úlohu v bankovním sys-tému. Krom¥ jiný
h funk
í se jí výhradn¥ sv¥°uje výkon m¥nové politiky státu. M¥novápolitika je pro
es, kdy 
entrální banka vyuºívá r·zné nástroje k dosaºení ur£itý
h 
íl·,jeji
h realiza
e p°ispívá k stabiliza
i a r·stu národní ekonomiky. Tyto 
íle jsou 
enová sta-bilita, vysoká zam¥stnanost, ekonomi
ký r·st, stabilita úrokové míry a m¥nového kurzua v neposlední °ad¥ i stabilita �nan£ního trhu. Je patrné, ºe tyto 
íle nejsou od sebe d¥li-telné a dosaºení jednoho z ni
h m·ºe být realizováno na úkor druhý
h. K dosaºení t¥
hto
íl· má 
entrální banka n¥kolik nástroj·, které jsou trºní i netrºní, tedy regulatorní po-vahy. Protoºe regula£ní podmínky a opat°ení ve vysp¥lý
h ekonomiká
h jsou standardní,v sou£asné dob¥ 
entrální banky ve vysp¥lý
h trºní
h ekonomiká
h inklinují k pouºitítrºní
h nástroj· jako opera
e na volném trhu nebo úrokový
h nástroj· k dosaºení 
íl·své m¥nové politiky. �eská národní banka (�NB) podle Ústavy �eské republiky a zákonao �eské národní ban
e (zákon £. 6/1993 Sb.) je 
entrální bankou �eské republiky. Krom¥emisní
h pravomo
í a dohledu nad �nan£ním sektorem operují
ím na £eském území �eskánárodní banka vykonává m¥novou politiku, jejímº hlavním 
ílem je zabezpe£it 
enovoustabilitu v �eské republi
e. �NB také podporuje jiné 
íle hospodá°ské politiky vlády�eské republiky jako ekonomi
ký r·st, nízkou nezam¥stnanost a vnit°ní a vn¥j²í stabilituekonomiky, pokud tyto 
íle nejsou v kon�iktu s hlavním 
ílem �NB. Jako 
enová stabilitase rozumí stabilitou spot°ebitelský
h 
en m¥°enou indexem spot°ebitelský
h 
en (CPI)poskytovaným �eským statisti
kým ú°adem. Je t°eba podotknout, ºe jako 
enovou sta-bilitu �NB nepo£ítá s absolutní stabilitou, tedy nulovou in�a
i, nýbrº kalkuluje s mírn¥kladnou in�a
í, jeº mimo jiné zohled¬uje pozitivní zm¥ny v kvalit¥ nový
h zboºí a sluºebposkytovaný
h spot°ebitel·m, které do
házejí pr·b¥ºn¥ v ekonomi
ké realit¥. K dosaºenísvý
h 
íl· pouºívá �NB v sou£asné dob¥ tzv. reºim 
ílování in�a
e, který 
entrální bankyvysp¥lý
h trºní
h ekonomik za£aly roz²í°en¥ aplikovat od kon
e devadesátý
h let minu-lého století (Mandel a Tom²ík, 2008). Cílování in�a
e je takový pro
es, p°i n¥mº 
entrálníbanka odhaduje a zve°ej¬uje 
ílované hodnoty míry in�a
e v budou
nu a provádí takovou



206 V.Q. Tranm¥novou politiku prost°edni
tvím zm¥n úrokový
h sazeb a jiný
h m¥nový
h nástroj·,aby se skute£ná in�a
e v budou
nu 
o nejví
e p°iblíºila k 
ílované hodnot¥. Nap°. 
ent-rální banka si stanovuje 
íl, ºe in�a
e v ekonomi
e bude 2% v budou
nu. P°i pln¥ní svého
íle 
entrální banka v tuto 
hvíli pozoruje r·zné, které mohou poten
iáln¥ vyvinout silnýtlak na zvý²ení in�a
e v budou
nu, a to jak ze strany nabídky, tak i ze strany poptávky.Ch
e-li 
entrální banka toto nebezpe£í eliminovat a sv·j in�a£ní 
íl splnit, tak musí zvý-²it nominální úrokovou míru. Ni
mén¥ zvý²ení úrokové míry vede ke zdraºení pen¥z vekonomi
e, 
oº negativn¥ ovliv¬uje ekonomi
kou aktivitu r·zný
h subjekt· v ekonomi
ev podob¥ zpomalení ekonomi
kého r·stu nebo zvý²ení nezam¥stnanosti. Výhoda m¥novépolitiky v reºimu 
ílování in�a
e spo£ívá v tom, ºe pokud 
entrální banka (v na²em p°í-pad¥ �NB) je dostate£n¥ kredibilní a dovede si sv·j in�a£ní 
íl splnit správnou m¥noupolitikou, získá tím d·v¥ru ve°ejnosti. Ta na oplátku zabuduje do svého o£ekávání 
ílo-vanou hodnotu in�a
e deklarovanou 
entrální bankou a tím se vytvo°í in�a£n¥ stabilníprost°edí v ekonomi
e. Podmínkou k prosazení takové m¥nové politiky je nezávislost 
en-trální banky na vlád¥ a �NB ze zákona tuto nezávislost má. V tuto 
hvíli �NB vyhla²ujein�a£ní 
íl ve vý²i 2% s tím, ºe se skute£ná in�a
e nebude li²it od této hodnoty ví
e neº1%.5 Modely 
hování �NBChování �NB je zkoumána v diskrétním £ase. Naví
 pro modelování a predik
e není jet°eba vhodná selek
e ukazatel· a a jeji
h transforma
e. Z tohoto d·vodu je modelovánarelativní zm¥na úrokové sazby pomo
í relativní
h zm¥n makroekonomi
ký
h ukazatel· vp°ed
hozím období. Jelikoº �eská národní banka m¥ní úrokové sazby nepravideln¥, bylotaké nutné tyto nepravidelné zm¥ny p°evedeny na data s m¥sí£ní periodou. Ostatní makro-ekonomi
ké ukazatele je dostupné jiº v m¥sí£ní
h periodá
h. Pouze data o ekonomi
kémr·stu jsou p°epo£ítány na tuto periodu lineární interpola
í. Pro v²e
hny studované ve-li£iny jsou tak k dispozi
i £asové °ady s periodou jeden m¥sí
. Pokud budeme studovat£asovou °adu {ξ}n
k=1

tvo°enou kladnými hodnotami, pak p°i modelování m·ºeme vyuºítabsolutní diferen
e δk = ξk−1 − ξk nebo relativní diferen
e ρk = 100
ξk−1−ξk

ξk

. Absolutnídiferen
e se uºívají v souvislosti s lineárními modely. Pro snadnou aplika
i ANN je t°ebapouºít relativní zm¥ny (v %) s tím, ºe n¥které makroekonomi
ké ukazatele jiº uvedenýrelativní tvar mají. Úlohu o jednokrokové predik
i v £asové °ad¥ relativní
h diferen
í úro-kové sazby je t°eba konvertovat na úlohu o lineární nebo nelineární regresi. Zavedeme-lidv¥ úrovn¥ indexování relativní
h diferen
í tak, ºe první index odpovídá £asovému krokua druhý index sledované veli£in¥ (úroková sazba �NB má index roven jedné), pak jedno-kroková predik
e je dána vztahem ρk+1,1 = f(ρk,1, ρk,n), kde n je po£et sledovaný
h veli£ina y = f(x) je p°íslu²ný model. Z £asový
h °ad délky M tak dostaneme °ady relativní
hdiferen
í délky M � 1, které umoºní realiza
i statisti
kého výb¥ru o rozsahu m = M � 2.Nyní se m·ºeme v¥novat jednotlivým model·m. V prvé °ad¥ byl studován lineární modelve tvaru
y = w0 +

n
∑

k=1

wkxk (5)
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h �NB 207kde jsou neznámé váhy jednotlivý
h vstup·. S vyuºitím metodiky lineární regrese snadnour£íme nejen bodové odhady parametr· (vah) a 
hybu modelu, ale téº jeji
h sm¥rodatnéod
hylky parametr· a p°íslu²né p-hodnoty (testování hypotéz o nulovosti parametr·).Uvedený lineární model m·ºeme 
hápat jako referen£ní ANN bez skryté vrstvy s jednímlineárním neuronem ve výstupní vrstv¥. Celkový po£et parametr· uvedeného modeluje roven np = n + 1. Cílem studie je porovnat 
hování takového lineárního systému snelineárními modely reprezentovanými rovn¥º ANN.6 Pouºitá data a výsledky odhad· parametr· model·Pro modelování 
hování �eské národní banky jsou vybrány tyto °ady: jako úroková sazbaje zvolena diskontní sazba �NB. M¥°ítkem in�a
e je index spot°ebitelské 
eny. Indikáto-rem vn¥j²í stability £eské m¥ny je pr·m¥rný m¥sí£ní kurz koruny v·£i spole£né evropském¥n¥ Euru. Dále jsou to pr·m¥rná m¥sí£ní úroková sazba na mezibankovním trhu nadobu t°í m¥sí
· Pribor3M, m¥sí£ní tempo r·stu pen¥ºního agregátu M2, m¥sí£ní míranezam¥stnanosti, £tvrtletní tempo r·stu HDP v �eské republi
e a diskontní sazba Ev-ropské 
entrální banky, a to v období od 1.1.1999 do 1.9.2008. Zdrojem údaj· o diskontnísazb¥, kurzu £eské koruny v·£i euru, mezibankovní úrokové sazby a m¥sí£ního tempar·stu pen¥ºního agregátu M2 je statistika �eské národní banky. Údaje o in�a
i a tempur·stu HDP jsou získány ze statistiky Statisti
kého ú°adu �R. Údaje o nezam¥stnanostijsou získány ze statistiky Ministerstva prá
e a so
iální
h v¥
í. Údaje o diskontní sazb¥ECB jsou z její statistiky. Protoºe v²e
hny prom¥nné zahrnuté v modelu nemají stejnéhom¥°ítko ani stejnou povahu, je t°eba p°istoupit k transforma
i n¥který
h z ni
h. Údajeo in�a
i (CPI), tempu r·stu HDP a tempu r·stu m¥nového agregátu M2 mají jiº po-ºadovaný 
harakter, mohou vstoupit do modelu beze zm¥ny. Ostatní prom¥nné, i kdyºn¥které z ni
h jsou udávané v pro
ente
h jako úrokové sazby nebo míra nezam¥stnanosti,jsou p°evedeny na nejd°íve na p°ír·stkovou formu, pak i na relativn¥ p°ír·stkový tvar.Je patrné, ºe nejlep²í transforma
e je ta, která p°evádí v²e
hny prom¥nné jsou ve stej-ný
h m¥°ítká
h a stejné povahy, které naví
 jsou symetri
ké kolem jeji
h pr·m¥r·. Toutoúpravou se po£et pozorování sniºuje z 117 na 116. Relativní p°ír·stky diskontní úrokovésazby �NB jsou pak modelovány na hodnotá
h vybraný
h prom¥nný
h zpoºd¥ný
h ojedno období v£etn¥ samotný
h relativní
h p°ír·stk· diskontní úrokové sazby. Závislostrelativní
h p°ír·stk· diskontní úrokové míry �eské národní banky na vybraný
h pro-m¥nný
h je nejd°íve modelována metodou nejmen²í
h £tver
· a výsledné odhady vliv·jednotlivý
h prom¥nný
h jsou uvedeny v tabul
e 1, kde krom¥ samotný
h odhad· jsouuvedeny také standardní 
hyby jednotlivý
h odhad· a jeji
h p-value, tj. hladina, od kterése zamítá nulová hypotéza, ºe hodnota odhadovaného parametru je nula. Podle p-valuejsou statisti
ky významné odhady zpoºd¥né diskontní úrokové sazby �NB, zpoºd¥né úro-kové sazby na mezibankovním trhu Pribor 3M a zpoºd¥né úrokové sazby Evropské 
ent-rální banky. Významnost t¥
hto prom¥nný
h je od·vodnitelná, protoºe rozhodnutí �NBo zm¥n¥ úrokové sazby musí vy
házet z její
h minulý
h uzáv¥r· a mezibankovní úro-ková sazba je odvozena od úrokové sazby stanovené �NB a �NB p°i svém rozhodovánímusí brát v úvahu situa
i v nejbliº²ím a také nejd·leºit¥j²ím okolí jejího m¥nového pro-storu. Odhady parametr· ostatní
h prom¥nný
h obsaºený
h v modelu jsou statisti
kynevýznamné a nelze tedy odmítnout nulovou hypotézu, ºe hodnoty t¥
hto parametr·



208 V.Q. TranTabulka 1: Výsledky odhadu lineárního modelu 
hování �NBregresor w S.E. p-valueKonstanta -4,2310 2,4901 0,0922Úroková sazba �NB -0,3359 0,1105 0,0030In�a
e �R (CPI) 0,0274 0,4548 0,9521Pr·m¥rný m¥sí£ní kurz EUR/CZ -0,0660 0,6275 0,9165IR Pribor 3M 1,0911 0,2116 0,0000Tempo r·stu M2 0,2815 0,2594 0,2804M¥sí£ní míra nezam¥stnanosti 0,0646 0,2181 0,7676Úroková sazba ECB 0,2706 0,0944 0,0050Tempo r·stu HDP �R (£tvrtletní) 0,2277 0,4573 0,6197Tabulka 2: Vliv po£tu neuron· na 
hybu MPL a RBF modelupo£et neuron· 2 3 4 5MPL 6,60162 5,85499 6,34161 6,71695RBF 6,56605 6,06271 5,34662 5,68335mohou být nulové. Tato skute£nost m·ºe být zp·sobena tím, ºe tyto prom¥nné mohoubýt siln¥ korelované. Nap°íklad míra nezam¥stnanosti m·ºe být ovlivn¥na tempem r·stuHDP a naopak p°i poklesu tempa r·stu HDP m·ºe dojít k r·stu nezam¥stnanosti. Chybalineárního modelu je se = 7,4206. Porovnáváme-li ji se standardní od
hylkou °ady rela-tivní
h p°ír·stk· diskontní úrokové míry �eské národní banky (s = 8,6550), je patrné, ºejen pom¥rn¥ malá £ást její variability je vysv¥tlena tímto modelem. Závislost relativní
hp°ír·stk· diskontní úrokové míry �NB na vybraný
h prom¥nný
h je také modelovánaví
evrstvou neuronovou sítí (MLP � multilayer per
eptron). Tato sí´ se skládá z jednévrstvy vstupní
h neuron·, pak ji následuje skrytá vrstva a na kon
i této sít¥ je výstupnívrstva, ze které vy
hází výstup jako lineární kombina
e výstup· ze skryté vrstvy. Námizkoumaná závislost je modelována s r·zným po£tem neuron· ve skryté vrstv¥. V tabul
e 2jsou uvedeny výsledky modelování závislosti relativní
h p°ír·stk· diskontní úrokové míry�eské národní banky na vybraný
h prom¥nný
h prezentované 
hybami modelu v závis-losti na po£tu skrytý
h neuron·. Po£et neuron· v poslední vrstv¥ je vºdy o jeden neuronví
e neº ve skryté vrstv¥. Je vid¥t, ºe nejmen²í 
hybu (5,855) poskytuje neuronová sí´ set°emi skrytými neurony. Pro tuto sí´ jsou uvedeny optimální váhy jednotlivý
h vstupní
hprom¥nný
h ve skryté vrstv¥ (tabulka 3) a váhy výstup· ze skrytý
h neuron· do lineárnívýstupní vrstvy (tabulka 4). Porovnáváme-li 
hybu modelu neuronové sít¥ s 
hybou line-árního modelu, zjistíme, ºe variabilita relativní
h p°ír·stk· diskontní úrokové míry �eskénárodní banky na vybraný
h prom¥nný
h je vysv¥tlena mnohem ví
e prost°edni
tvím ví-
evrstvé neuronové sít¥ neº lineárním modelem. Závislost relativní
h p°ír·stk· diskontníúrokové míry �eské národní banky na vybraný
h prom¥nný
h je dále modelována sítíRBF neuron·. Typologie této sít¥ je podobná ví
evrstvé síti. Skládá se z vrstvy vstup-ní
h neuron·, dále je vrstva RBF neuron· a poslední je výstupní vrstva, ze které vy
házívýstup jako lineární kombina
e výstup· ze skryté vrstvy. Závislost je také modelovánas r·zným po£tem RBF neuron· ve skryté vrstv¥. V tabul
e 2 jsou uvedeny výsledky
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h �NB 209Tabulka 3: Optimální váhy jednotlivý
h vstup· ve skryté vrstv¥ MLP sít¥váha 1 2 3Konstanta 0,927236 -0,787776 -0,937465Sazba �NB -0,095104 0,082983 0,096009In�a
e �R (CPI) -0,058158 0,020444 0,061885Pr·m¥rný m¥sí£ní kurz EUR/CZ -0,050555 -0,099868 0,069388IR Pribor 3M 0,026756 -0,074350 -0,018224Tempo r·stu M2 -0,080787 0,096671 0,078897M¥sí£ní míra nezam¥stnanosti -0,084985 0,046552 0,089975Sazba ECB 0,068586 -0,050390 -0,070029Tempo r·stu HDP �R (£tvrtletní) -0,075676 -0,028200 0,087045Tabulka 4: Váhy ve výstupní vrstv¥ optimální MLP a RBF sít¥váha£. neuron· MPL RBF0 -0,00180 0,0000000000021 7,49334 -0,0000000001812 0,75171 -0,0000000717413 6,79324 1,6068866173774 - 0,000000000002modelování závislosti relativní
h p°ír·stk· diskontní úrokové míry �eské národní bankyna vybraný
h prom¥nný
h prezentované 
hybami modelu v závislosti na po£tu skrytý
hRBF neuron·. Je vid¥t, ºe nejmen²í 
hybu (5,347) poskytuje RBF neuronová sí´ se £ty°miskrytými neurony. Pro tuto sí´ jsou také uvedeny optimální váhy jednotlivý
h vstupní
hprom¥nný
h ve skryté vrstv¥ (tabulka 5) a váhy výstup· ze skrytý
h neuron· do line-ární výstupní vrstvy (tabulka 4). Porovnáváme-li 
hybu modelu neuronové sít¥ s 
hyboulineárního modelu, zjistíme, ºe variabilita relativní
h p°ír·stk· diskontní úrokové míry�eské národní banky na vybraný
h prom¥nný
h je také lépe vysv¥tlena RBF neuronovousítí neº lineárním modelem. Porovnáváme-li nejmen²í 
hybu modelu RBF sít¥ s nejmen²í
hybou modelu MLP sít¥, zjistíme, ºe optimální RBF sí´ poskytuje men²í 
hybu neºoptimální MLP sí´. V obou p°ípade
h je v²ak variabilita relativní
h p°ír·stk· diskontníúrokové sazby �NB vysv¥tlena mén¥ neº na 50 %.7 Záv¥rV této prá
i byly pouºity dva typy neuronový
h sítí k modelování 
hování �eské národníbanky na základ¥ ve°ejn¥ dostupný
h makroekonomi
ký
h dat. Byla modelována je re-lativní zm¥na diskontní úrokové sazby �NB. Za p°edpokladu, ºe �eská národní bankapra
uje s adaptivním o£ekáváním, byly pouºity zpoºd¥né makroekonomi
ké veli£iny jakoprediktory pro modelování 
hování �NB s výjimkou diskontní sazby, kdy se spí²e neºadaptivní o£ekávání p°edpokládá ur£itá kontinuita v 
hování 
entrální banky. Bylo pro-kázáno, ºe n¥které makroekonomi
ké veli£iny umoº¬ují jednokrokovou predik
i relativní



210 V.Q. TranTabulka 5: Optimální váhy jednotlivý
h prom¥nný
h ve skryté vrstv¥ RBF sít¥váha 1 2 3 4Polom¥r RBF 4,676286 6,485502 1,711815 3,842197Sazba �NB 0,428009 -22,757768 -6,064228 -22,639839In�a
e �R (CPI) 5,514883 -0,253952 5,934267 1,515577Pr·m¥rný m¥sí£ní kurz EUR/CZ -3,288189 3,502609 -0,155341 -2,069613IR Pribor 3M -12,000000 15,148288 11,658247 12,575753Tempo r·stu M2 7,086276 3,202215 5,404994 12,754242M¥sí£ní míra nezam¥stnanosti 0,067192 -3,156935 0,884224 -0,845098Sazba ECB 5,634724 -14,858715 5,975916 16,641846Tempo r·stu HDP �R (£tvrtletní) 2,854650 5,297753 4,822723 2,301018zm¥ny diskontní úrokové sazby �NB. V p°ípad¥ lineárního modelu jsou statisti
ky vý-znamné vlivy zpoºd¥né diskontní úrokové sazby �NB, zpoºd¥né úrokové sazby na mezi-bankovním trhu Pribor 3M a zpoºd¥né úrokové sazby Evropské 
entrální banky. Stan-dardní od
hylka °ady relativní
h p°ír·stk· diskontní úrokové míry �eské národní bankyje 8,655 % a 
hyba predik
e lineárním modelem je 7,421 %. Tento malý rozdíl vypovídáo obtíºné predikovatelnosti 
hování �NB lineárním modelem.Jako nelineární alternativa k lineárnímu modelu byly vybrány um¥lé neuronové sít¥ typuMLP a RBF sít¥ a ve snaze najít optimální po£et skrytý
h neuron· zaji²tují
í 
o nejniº²í
hybu predik
e bylo zji²t¥no, ºe pro neuronovou sí´ typu MLP se pro t°i skryté neuronypoda°ilo sníºit 
hybu predik
e na 5,855 % p°i topologii ANN 8-3-1. Neuronová sí´ typuRBF do
ílila pro £ty°i skryté neurony 
hybu predik
e 5,347 % s topologií ANN 8-4-1,
oº je nejlep²í dosaºený výsledek. Rozdíl v 
hyb¥ jednotlivý
h model· si
e není °ádový,ale modely neuronový
h sítí mohou v oblasti predik
e 
hování �NB p°inést podstatnézlep²ení v porovnání s lineárním modelem. Je t°eba si pov²imnout i °ádový
h rozdíl·v hodnotá
h vah mezi skrytou a výstupní vrstvou. V síti MLP se p°eváºn¥ uplat¬ujepouze první a t°etí neuron, av²ak druhý neuron nelze z
ela eliminovat, nebo´ model sedv¥ma skrytými neurony má v¥t²í 
hybu predik
e. Obdobná situa
e je u sít¥ RBF, kdese nejví
e uplatnil pouze t°etí neuron a zbylé t°i neurony hrají symboli
kou roli. A£kolivoba nelineární prediktory neumoº¬ují jednozna£nou interpreta
i vah ANN, £ímº je jeji
hanalyti
ký význam mírn¥ sníºen, modelování úrokový
h m¥r s vyuºitím neuronový
h sítíje uºite£ná alternativa ve srovnání s tradi£ním lineárním modelem.Literatura[1℄ S. Haykin. Neural Networks: A 
omprehensive foundations, 2nd edition. Upper Sad-dle River, New Jersey, (1999).[2℄ I. K°ivý, J. Tvrdík, R. Krpe
. Sto
hasti
 Algorithms in Nonlinear Regression. In'Computational Statisti
s and Data Analysis'. 33(3), (2000) 277-290.[3℄ M. Mandel, V. Tom²ík. Monetární ekonomie v malé otev°ené ekonomi
e. Manage-ment Press, Praha, (2008).
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z, D. B. Fogel. How to Solve It: Modern Heuristi
s, 2nd edition. Sprin-ger,(2004).[5℄ M. �norek, M. Ji°ina. Neuronové sít¥ a neuropo£íta£e. Skripta �VUT, Praha, (1997).[6℄ J. Tvrdík, I. K°ivý. Simple Evolutionary Heuristi
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lear S
ien
es and Physi
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t. Business pro
ess modeling is one of the essential parts of system development andserved as foundation for subsequent a
tivities like analysis, design and implementation. BPMte
hniques should be 
lear and easy that everybody who plays a role for des
ription of the system,
ould understand it and it should use di�erent artifa
ts to provide essential properties of thesystem at high abstra
tion level that later development e�orts 
ould use these models e�e
tively.It also plays an important role for 
ommuni
ation between all stakeholders and requirementanalysis. However, semanti
 gap between business pro
ess modeling and subsequent informationsystem development a
tivities is the main problem. In this paper, di�erent business pro
essmodeling te
hniques and their 
ontribution to 
orresponding information system developmentare dis
ussed.Keywords: business pro
ess modeling, 
on
eptual gap, BORM, model driven engineering, infor-mation system developmentAbstrakt. Business modelování je jedna ze základní
h £ástí pro
esu vývoje a slouºí jako základposloupnosti aktivit jako jsou analýza, návrh a implementa
e. Te
hniky business modelováníby m¥ly být jasné a snadno po
hopitelné pro kaºdého, kdo se podílí na popisu systému, p°í-padn¥ kdo by m¥l tento popsi po
hopit a kdo by m¥l poskytnout základní parametr systému navysoké úrovni abstrak
e tak, aby p°i pozd¥j²ím vývoji bylo moºno tyto modely efektivn¥ pouºít.Hrají také významnou roli p°i komunika
i v²e
h ú£astník· pro
esu vývoje a analytikem poºa-davk·. Bohuºel, velkým problémem je sméanti
ká mezera mezi pro
esem business modelovánía návaznými aktivitami vývoje systém·. V tomto £lánku jsou diskutovány te
hniky byznysmodelování a jeji
h konsekven
e vzhledem k dal²ím korespondují
ím aktivitám.Klí£ová slova: modelování business pro
es·, kon
ep£ní rozdíly, Borm, model °ízeného inºenýrství,informa£ní systém vývoje1 Introdu
tionA business pro
ess model is an abstra
tion of the real world 
omplex business systems.Main purpose of a business model is to 
reate a medium where all stakeholders in
ludingdomain experts, 
ustomers, end-users, system analyst and software system developers
ommuni
ate. In addition to that, business pro
ess models are also the foundation ofsubsequent system modeling a
tivities. That is the reason that business pro
ess modelsshould be transformed to the IT world without loss of information in a 
onsistent manner213



214 B. Unalwhi
h enables 
omplete and satisfa
tory end-user produ
ts. Main question of systemdevelopment 
omes from the semanti
 gap between business pro
ess des
ription and the
orresponding information system built on that business spe
i�
ations. Even thoughthere are so many system development pro
esses, this 
on
eptual di�eren
e is still main
on
ern among these approa
hes. In this paper, di�erent BPM te
hniques and their wayof bridging this 
on
eptual gap are illustrated.Sin
e full system development pro
ess life 
y
le is 
omprehensive and 
omprises var-ious aspe
ts and artifa
ts, the s
ope of this paper is delimited with di�erent BPM te
h-niques with the main 
on
ern of semanti
 gap between business domain and system IT.In the following se
tions, with the ex
ursion into di�erent BPM te
hniques, requiredproperties, whi
h should be satis�ed to minimize 
on
eptual gap, are dis
ussed. As akind of BPM te
hniques, BORM [9℄and its way of handling this problem are emphasized.2 Main Problem - Business Domain to IT Transforma-tionAs mentioned in the pre
eding se
tion, main sour
e of in
oheren
y between business andIT world, 
ould be spe
i�ed as 
on
eptual gap. More formally Goldberg [1℄ uses di�erentterms to de�ne this problem. Con
ept spa
e des
ribes the system under developmentfrom the user/expert view point. The arti
ulation spa
e is used to de�ne 
ommuni
ationmedium between user/expert and system analyst. The 
onstru
ted model as a feedba
kto that user/ expert's expe
tation is 
alled as analyst spa
e. Basi
ally, di�eren
e betweenthis 
on
ept and 
orresponding analyst's spa
e is 
alled as the 
on
eptual gap, whi
h isaddressed in this paper.The 
ost of any kinds of requirements mis
on
eption among parti
ipants of systemdevelopment in
reases exponentially as it gets dete
ted later on the following phases ofdevelopment, espe
ially after produ
t delivery to end-user. The 
ost of bugs whi
h aredete
ted later in the development pro
ess, is mu
h more than the 
ost of any bugs dete
tedearlier during initial phases. So, it gives a big responsibility to the business pro
essmodeling in order to get an unambiguous, exa
t, 
on
rete and 
onsistent representationof the system under development. The se
ond step is to transform this business modelsinto 
orresponding software system development environments without loss of informationand in a 
onsistent manner. BPM and software development are di�erent dis
iplines andhave their own artifa
ts. Moreover, users and domain experts have totally di�erentexpertise and knowledge level with respe
t to software developers who deal with system'ste
hni
al and implementation aspe
ts. BPM te
hniques should provide parti
ipants ofboth worlds with a 
ommon ground for easy 
ommuni
ation to 
reate 
on
rete softwaresystem spe
i�
ations through business to IT transformation.3 Business Pro
ess Modeling Approa
hesEven though there are lots of system development pro
esses in the literature, problemof business to IT transformation is still problem. Menes et al.[8℄ de�ne two dimensionsfor transformation. A horizontal transformation is a transformation at the same level of
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tion whereas a verti
al transformation renders an input into more detailed outputthrough re�nements. Stein et al.[14℄ propose a framework for business to IT transfor-mation. In this framework, it is stated that business pro
ess models should be platformindependent and the platform spe
i�
 IT solution, nevertheless must be derived fromthese pro
ess models through verti
al transformation, not horizontal. A

ording to [14℄,horizontal transformation guarantees totally independent business and IT environments,however, verti
al transformation requires a business pro
ess model whi
h should have ITrelated perspe
tives to be 
on�gured by domain experts at high level abstra
tion. Verti-
al transformation is a

epted as a more reasonable approa
h 
ompared to the horizontaltransformation to bridge the gap between business and IT.In this se
tion, as a spe
ial and important dis
ipline of system development pro
esses,BPM te
hniques are illustrated with the 
on
entration on their support for subsequentsoftware system development e�orts in order to bridge the 
ultural gap.3.1 RUP and BPMBusiness pro
ess modeling is one of the Rational Uni�ed Pro
ess dis
iplines. [4℄ It is per-formed during in
eption phase of system development life-
y
le. Similar approa
hes andartifa
ts as in software development are suggested for BPM in RUP to 
reate an stronginter-dependen
y between BPM and rest of the system development. As in subsequentsoftware development e�ort, use 
ase modeling te
hnique and business obje
t model withsystem a
tors are used during this phase. UML (Uni�ed Modeling Language) is usedfor des
ription language as in the rest of software engineering dis
iplines like require-ment, analysis and design. Although UML is rea
h enough for software engineering andprovides di�erent modeling te
hniques from di�erent points of view of the system underdevelopment, it is 
laimed that using the same te
hniques for business des
ription mightnot be 
omprehensible and appropriate for domain experts and users of the system, whodo not have te
hni
al knowledge as system and software engineers have. Domain expertsand users, nevertheless should 
ontribute to the system des
ription a
tively, espe
ially inthe early and during maintenan
e phases.As dis
ussed in the following se
tions, more user 
entri
 methodologies with di�erentspe
i�
ation te
hniques behind them, like EPC, Petri Nets or FSM (Fine State Ma
hines)have been developed. In stead of using RUP's own business pro
ess modeling te
hniques,business pro
ess des
riptions spe
i�ed by these methodologies 
ould be transformed intothe RUP software development environment to exploit UML for subsequent softwareengineering dis
iplines.3.2 ARISARIS (Ar
hite
ture of Integrated Information Systems) framework is one of methodolo-gies for modeling of business pro
esses [11℄. Today, this methodology is widely used in theworld of business modeling. The author of this framework is Professor August-WilhelmS
heer; its resear
h has started in 1990s. Today ARIS is 
omplex methodology whi
ho�ers for analyzing pro
esses and it takes a holisti
 view of pro
ess design, management,work �ow, and appli
ation pro
essing with a powerful tool for modeling. The main mod-eling te
hnique used in ARIS is Event-driven pro
ess 
hain (EPC). This tool is dire
ted



216 B. Unalgraph whi
h follows the pro
ess from begin to end. The basi
 of idea lies in the fa
t thatpro
esses 
onsist of events and our rea
tions. In other words � our a
tivities are a�e
tedby events. EPC diagram is the sub-sequen
e of events and fun
tions, where two eventsare linked by a fun
tion. Then a fun
tion represents our rea
tion on some events. This
on
ept expe
ts that every event has some rea
tion and every rea
tion is 
onditioned bysome event. We never do something without reason and without suggestion and no eventis without response. But the basi
 version of EPC is not able to express more di�
ultand 
omplex pro
esses. So it has been extended, whi
h is 
alled Extended EPC(eEPC).eEPC 
hart is able to show not only events and fun
tions, but also inputs, outputs, rolesand organization units. The most important property in eEPC is the possibility of �ow
ontrol. Now we 
an use logi
al 
onne
tors whi
h allow analyst to model bran
hes and
onditions. So this is the way how we 
an model business pro
ess in language, whi
h isnatural to workers in business. They feel pro
ess in the way of a
tivities that they have toa

omplish as a result of some events. Analyst has to de�ne (in 
ooperation with stake-holders from the business where pro
esses are analyzed) the initial event, whi
h startswhole pro
ess and then he has to �nd sub-sequen
e of rea
tions and events. The 
hartas result is understandable for analyst as well as for a
tive parti
ipants from business.3.3 BPMN(Business Pro
ess Modeling Notation)Business Pro
ess Modeling Notation (BPMN) is a graphi
al notation (the set of graphi
alobje
ts and rules, whi
h determine the possibility of 
onne
tions of obje
ts) that systemanalyst 
an use for business pro
ess modeling [15℄. The primary goal of the resear
ha
tivity is the same as the goal of this paper � bridge the semanti
 gap between businessmodeling and subsequent a
tivities. Now this method is one of the standards for businesspro
ess modeling and it is widely used (with many of modeling tools). The se
ond goal isto make the method easy as well as usable for modeling of 
omplex pro
esses. Importantaspe
t is the way how to 
onvert model to IT implementation for running pro
esses.Mostly, BPMN is used for automati
 model transformation towards IT domain. (BPMNhas so many features that it is not easy to make full automati
 
onversion. Some toolsrestri
t some features and then they 
an do this automati
 
onversion. For detailedte
hniques for model transformation using BPMN, you 
an 
he
k.[10℄) The result ofmodeling is one diagram, Business Pro
ess Diagram (BPD), whi
h is network of graphi
alobje
ts and �ows between them. Graph 
an also 
ontain lanes, whi
h 
an represent roles,departments et
. For details of notation, you 
an �nd in [15℄. As an advantage, resear
hof this notation is oriented to 
ooperation between analyst and parti
ipants from business.3.4 XMDD (Extreme Model Driven Design)In XMDD [5℄, an holisti
 approa
h is proposed to bridge the gap between business drivenrequirement and IT-based realization. A well de�ned (jABC) framework[6℄ is spe
i�edto support business pro
ess modeling and model transformation to IT system.XMDD 
ombines di�erent system and software development paradigms to providean agile pro
ess. The 
ombination of eXtreme programming, model driven design andpro
ess modeling forms the basi
s of XMDD pro
ess. In addition to that, servi
e orientedparadigm is followed during pro
ess modeling. It is stated in [12℄that



Business Pro
ess Modeling and Business to IT Transformation Revisited 217

Figure 1: OTA of XMDD applied to heterogeneous lands
ape of the Rational Uni�edPro
ess�A very highlevel kind of programming, in terms of or
hestration, 
oordinatesand harmonizes appli
ation-level �things� that are provided as servi
es.�Implementation of servi
es is regarded as a distin
t task and any kind of programmingparadigm 
ould be used for servi
e implementation, whi
h is beyond the s
ope of thispaper.Most important philosophy used by XMDD is �One-Thing Approa
h� (OTA). It isa 
ooperative and hierar
hi
al development pro
ess, whi
h is organized by building andre�ning �one thing artifa
t� during whole pro
ess, whi
h is 
alled �Servi
e Logi
 Model�.Model re�nements 
ould o

ur in di�erent forms like adding details, de�ning roles, re-sponsibilities, any kind of 
onstraints or performan
e requirements along the way downto the implementation in both verti
al and horizontal dimensions. One thing approa
hguarantees 
onsisten
y between model re�nement e�orts while keeping the loss of in-formation minimum between 
onse
utive pro
ess stages 
ompared to other �many thingapproa
hes�. Model re�nement 
ontinues until a su�
ient level of detail is rea
hed, whereuser and appli
ation fun
tions 
ould be implemented as elementary servi
es by IT domainexperts. So, 
ultural gap between business and IT domain just be
omes servi
e-orientedrealization of requirements.As shown in �gure 1, business pro
ess and use 
ase spe
i�
ations in UML are 
ombinedtogether to build 
onsistent one thing in XMDD for further re�nements. Appli
ation ofOTA for a proje
t whi
h was �rst implemented by RUP within IKEA IT group, is detailedin [2℄.Moreover, domain experts and users take the 
ontrol during pro
ess modeling. Theyparti
ipate a
tively in system analysis, model veri�
ation and re�nement. They alsoexperien
e and monitor the developed system at any phase by do
ument browsing, sim-ulation, full exe
ution, or mixtures of them. So XMDD 
ould also be 
alled as �UserCentri
�.Brie�y, one thing philosophy with empowering domain experts during business de-s
ription, model re�nements and veri�
ation provides an agile, 
onsistent and 
ompre-hensible pro
ess in order to bridge the 
ultural gap between business and IT.For further information about XMDD, you 
ould also 
he
k referen
es[2, 7, 13℄.



218 B. UnalIn the next se
tion, BORM methodology regarding business pro
ess modeling aspe
twith its properties mentioned in pre
eding se
tions is dis
ussed.4 BORM - Our Approa
hIn this se
tion, as another business pro
ess modeling methodology, Business Obje
t Rela-tion Modeling[9℄ is dis
ussed. In 
ontrast with XMDD dis
ussed in the pre
eding se
tion,it uses obje
t oriented modeling paradigm for all phases of system development.BORM is a end-to-end, full life 
y
le supporting system development methodology,whi
h has been progressed sin
e 1993. It has been used to 
apture knowledge of typi
albusiness systems, like business pro
esses, business data and all related problems asso-
iated with business systems. BORM methodology has been used in development ofdi�erent systems with variable sizes. Details of re
ent proje
ts with BORM 
ould beseen in [9℄.With these examples, BORM has proved to be e�e
tive in pro
ess of des
rib-ing business systems and introdu
tion of new requirements. The e�e
tiveness of BORM
omes from its simpli
ity and usage of uni�ed method to model systems in di�erentabstra
tion levels.One of the main problems addressed in BORM is business to IT transformation.As dis
ussed in the previous se
tions, a
tive parti
ipation of stakeholders is ne
essaryfor requirement spe
i�
ation and 
reation of 
on
eptual model of the systems to ensurethat systems under development are veri�ed easily. This requirement is only a
hievablethrough an understandable and easy modeling te
hnique as the primary 
on
erns forbusiness pro
ess representation. It is widely a

epted that �use 
ase� modeling for theinitial stages of development is not enough to 
apture all ne
essary aspe
ts of the systems,and it should be supported by other modeling te
hniques like sequen
e and a
tivitydiagrams in UML.In BORM, single diagram shows all ne
essary aspe
t of the systems at 
ertain ab-stra
tion levels, in stead of using multiple diagrams for di�erent views. Any 
hange inbusiness des
ription is re�e
ted apparently down to the implementation to guarantee 
on-sistent model generations. So we 
ould say that BORM uses �one thing approa
h� like inXMDD dis
ussed in the pre
eding se
tion. Diagrams in BORM re�e
t the nature of obje
toriented paradigm, in
luding business pro
ess des
ription. It is fully obje
t-oriented de-velopment pro
ess. BORM has several 
on
epts asso
iated with di�erent stages of systemdevelopment and some rules 
onsidering model transformation between these 
on
epts.In business pro
ess diagram, main 
on
epts are business obje
ts, their behaviors (fun
-tions), data links and 
ommuni
ation between obje
ts. Every obje
t is represented as�nite state ma
hine(FSM), where transitions between obje
t's states are initiated byevents. Three dimensions of obje
t oriented paradigm, whi
h are data, behavior andhistory of obje
ts are represented in this model. It 
ombines three diagrams of UMLtogether, state, 
ommuni
ation and sequen
e diagrams. In �gure 2, an invoi
e businesspro
ess modeled in BORM is shown as an example.As it 
ould be seen, re
tangles and ovals represent obje
ts states and behaviors (fun
-tion) respe
tively. Arrows between obje
ts are used to model 
ommuni
ation and datatransfer between them. Con
epts used for business pro
ess des
ription is simple, under-standable and 
omprehensive, whi
h is ne
essary to minimize 
on
eptual gap. It allows
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Figure 2: Invoi
e Business Pro
ess in BORMdomain experts and users of the system to parti
ipate in business pro
ess des
riptiona
tively to spe
ify system requirements 
on
retely and unambiguously. Domain expertsand users 
ould also test, verify and validate the system under development withoutany relation to software realization. So it 
ould be said that BORM borrows �test �rst�paradigm with a
tive parti
ipation of domain experts and end-users at the modeling level.BORM is a user 
entri
 approa
h.Business pro
ess model built by all stakeholders is step-by-step transformed towardsto the �nal model of the system for software implementation. BORM uses spe
i�
 rulesfor model transformation to keep 
onsistent set of models. Models in BORM are orga-nized hierar
hi
ally via model de
omposition. An obje
t or behavior of a model must belinked to another obje
t or behavior in an upper or lower level of hierar
hy. Two new
on
epts for verti
al and horizontal transformations as mentioned in se
tion 3, are used tode�ne this hierar
hy me
hanism. Model aggregation/re�nement uses IS-A or HAS-A rela-tion to add details to models a
ross di�erent abstra
tion layers whereas model �ltration isused for simpli�
ation, en
apsulation or hiding unne
essary parts of models at the sameaggregation/re�nement levels. Model aggregation/re�nement and �ltration me
hanismis shown in �gure 3. In this example, a library pro
ess model is transformed by modelaggregation/re�nement and �ltration me
hanism. This me
hanism allows model trans-formation both in verti
al and horizontal dimensions. Any 
hange in a model at some
ertain level of hierar
hy is re�e
ted through model hierar
hy in a 
onsistent manner.Moreover, BORM exploits fast prototyping through use of totally dynami
 and pureobje
t oriented implementation in Smalltalk, whi
h is ne
essary to validate and verifysystem under development at early stages.For the detailed des
ription of all 
on
epts, models and transformation rules used inBORM, you 
ould see [3, 9℄.



220 B. Unal

Figure 3: Model aggregation/re�nement and �ltration5 Con
lusionAs a 
on
lusion, business pro
ess modeling 
onstitutes initial stages of system develop-ment and its main purpose should provide a medium for 
ommuni
ation between allstakeholders in a proje
t to bridge the gap between business and IT. Throughout thepaper, it has been emphasized that any approa
h to build 
ommon understanding of thebusiness derived requirements should have 
ertain 
hara
teristi
s.Business pro
ess models must be simple, understandable and 
omprehensive enoughto represent requirements of the system under development 
on
retely and unambigu-ously. By doing so, domain experts and users who do not have te
hni
al knowledge andexperien
e, 
ould be empowered and have dire
t 
ontrol on the pro
ess during early stagesof development. We 
all it �user 
entri
� approa
h. To keep the model hierar
hy 
on-sistent and simple, one artifa
t whi
h 
ombines di�erent aspe
ts of the pro
ess togetherin one model, should be built and transformation toward to realization of �nal produ
tshould be based on step by step re�nements of this unique model, whi
h is 
alled �onething approa
h�.In addition to 
hara
teristi
s summarized above, in order to minimize the mis
on
ep-tions among stakeholders, business pro
ess approa
hes must provides tools to test, verifyand experien
e the system whenever it is ne
essary during development pro
ess.Regarding the business pro
ess modeling 
hara
teristi
s dis
ussed so far, we 
ouldsay that BORM provides an obje
t oriented and agile methodology through use of �user
entri
� and OTA with veri�
ation and validation supports during development pro
ess.Moreover, model aggregation/re�nement and �ltration 
on
epts are de�ned to build a
onsistent model hierar
hy in BORM. By doing so, step by step transformation towardssoftware implementation is a
hieved. From the pra
ti
al perspe
tive, BORM has beenused in di�erent proje
ts for 10 years. This experien
e proves that our 
lients prefer to un-derstand and simulate ea
h important relationship between materials, �nan
e, resour
es,
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on
rete model, like in BORM business pro
ess model,whi
h shows the importan
e and power of user 
entri
, OTA in pra
ti
e as dis
ussed sofar.Referen
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Built-up Stru
ture Criti
ality∗Daniel Va²ata4th year of PGS, email: daniel.vasata�gmail.
omDepartment of Physi
sFa
ulty of Nu
lear S
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es and Physi
al Engineering, CTU in Pragueadvisor: Petr �eba, University of Hrade
 Králové & Doppler Institute forMathemati
al Physi
s and Applied Mathemati
s, Fa
ulty of Nu
lear S
ien
esand Physi
al Engineering, CTU in PragueAbstra
t. We analyse the stru
ture of built-up land in the 
entre of big 
ities in the Cze
hRepubli
 using the framework of statisti
al physi
s. To do this, both the varian
e of the built-uparea and the number varian
e of built-up landed plots in spheres are 
al
ulated. In both 
asesthe varian
e as a fun
tion of a 
ir
le radius follows a power law. The obtained value of theexponents are 
omparable to values typi
al for 
riti
al systems. The study is based on 
adastraldata from the Cze
h Republi
.Keywords: urban stru
ture, 
riti
al systems, self-organized 
riti
alityAbstrakt. V na²í prá
i se zabýváme studiem struktury zastav¥ný
h plo
h z pohledu statisti
kéfyziky v 
entre
h velký
h m¥st v �eské republi
e. Za tímto ú£elem po£ítáme rozptyl zastav¥néplo
hy a rozptyl po£tu zastav¥ný
h pozemk· ve sférá
h. V obou p°ípade
h vykazuje tentorozptyl jako funk
e polom¥ru mo
ninnou závislost. Získané hodnoty exponent· jsou srovnatelnés hodnotamy pro kriti
ké systémy. Studie je zaloºena na date
h z katastru nemovitostí �eskérepubliky.Klí£ová slova: struktura m¥stské zástavby, kriti
ké systémy, samo-organizovaná kritikalita1 Introdu
tionUrban land represents an important part of overall lands
ape where most of people live.The stru
ture of 
ities is in�uen
e by 
ultural, so
iologi
al e
onomi
, politi
al and otherpro
esses.As was shown, despite the apparent 
omplexity, some simple universal properties andrules 
an be found. The 
lassi
al work dis
uss the size distribution of the 
ities [11℄. If the
ities are ranked by their number of inhabitants, then the rank-size distribution follows apower law. From physi
al point of view, it is interesting to study the spatial properties ofurban pattern. Complex spatial features asso
iated with urban systems are often beingdes
ribed within fra
tal self-similarity 
on
ept [1, 2, 8, 9℄.Our aim is to study the prin
iples of the urban stru
ture on smaller s
ales. The maintopi
 of this arti
le is the analysis of the built-up pattern in the inner urban area basedon the data from Cze
h Cadastre. The use of land par
els allows us to study the built-upstru
ture over the smallest possible s
ale. We are going to show the 
onne
tion of urban
∗This work has been supported by the grant No. 202/08/H072 of the Grant Agen
y of the Cze
hRepubli
 and by the grant No. SGS10/211/OHK4/2T/14 of the Cze
h Te
hni
al University in Prague.223



224 D. Va²ataland to so 
alled 
riti
al systems from thermodynami
s. Parti
ularly that some spatialproperties of built-up land pattern are the same as for 
riti
al systems.Built-up land in the 
entre of 
ities is 
hosen, be
ause one 
an there expe
t the uniformdensity of built-up land. By uniform, we mean the same probability for a point to bebuilt-up thorough the history or possible future of the 
ity, not the present state (
on
reterealization). Together with the previously mentioned fra
tal properties of urban systemsand the fa
t that from e
onomi
 point of view, the built-up land represents the new phasebetween other types of land, the e�ort to study 
riti
al properties seems natural.2 Criti
al phenomenaLet us now re
all some spe
i�
 features of this so 
alled 
riti
al systems [5, 6, 7℄. Phasetransitions within thermodynami
 des
ription of a system o

urs in points where ther-modynami
 potential be
omes non-analyti
. Su
h non-analyti
ity may be dis
ontinuous(�rst order phase transition) or 
ontinuous (se
ond order). Properties of di�erent ther-modynami
 systems near the 
ontinuous phase transition show spe
i�
 universalities forwhi
h the term 
riti
al phenomena is used. In the past de
ades similar behaviour wasalso found in various systems from natural and so
ial s
ien
es.If one is interested in the stati
 spa
ial stru
ture then 
ertainly the most importantproperty is the s
aling invarian
e 
onne
ted with the 
hange of quantities under a 
hangeof length s
ale. In simple terms, if a part of a system is magni�ed to the same size asthe original system, it is not possible to distinguish between the magni�ed part and theoriginal system. In other words, near the 
riti
al point there exists only one 
hara
teris-ti
 length of the system, the 
orrelation length ξ, whi
h is solely responsible for singular
ontributions to thermodynami
 quantities. At the 
riti
al point 
orrelation length di-verges thus no 
hara
teristi
 length is presented and the system is invariant under s
aletransformations.In order to expli
itly des
ribe these features one needs to de�ne an order parameter Mas a thermodynami
 quantity that distinguish between the two phases and approa
heszero at the 
riti
al point as the phases be
ome identi
al there. Well studied exam-ples of order parameter are density di�eren
e between gas and liquid phase near 
riti
alpoint, shear modulus in liquid-solid phase transition or magnetization in ferromagnet-paramagnet transition. The 
onjugate �eld H is de�ned by the relation
dW = −HdM, (1)where dW denotes the work done on the system when the order parameter 
hanges by

dM . Canoni
al partition fun
tion 
an be written in the form
Z(T, H) =

∑

e−β(H −HM̃), β =
1

kBT
, (2)where H and M̃ are values of the Hamiltonian and the order parameter, respe
tively,for a 
on
rete realization. The sum is as usual taken over the whole ensemble. Orderparameter 
an be from the partition sum obtained through Gibbs free energy given by
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G(T, H) = −kBT lnZ:

M = −

(

∂G

∂H

)

T

=
1

Z

∑

M̃e−β(H−HM̃ ). (3)It is also useful to de�ne a lo
al order parameter value m(r) by the relation
M =

∫

V

〈m(r)〉dr, V ⊂ Rd, (4)where d is the dimension of the spa
e and 〈...〉 stands for ensemble average. If the systemis homogeneous and isotropi
 then
〈m(r)〉 = 〈m(0)〉 = m =

M

V
, ∀r ∈ V. (5)The sus
eptibility is given by the derivative of the order parameter density withrespe
t to its 
onjugate �eld

χ(T, H) =

(

∂m

∂H

)

T

=
β

V

[

1

Z

∑

M̃2e−β(H−HM̃) −

(

1

Z

∑

M̃e−β(H−HM̃)

)2
]

. (6)Together with the de�nition of the order parameter density one gets
χ =

1

kBTV

∫

V

∫

V

G(r1, r2, T )dr1dr2, (7)where G(r1, r2, T ) stands for two-point 
orrelation fun
tion
G(r1, r2) = 〈(m(r1) − 〈m(r1)〉)(m(r2) − 〈m(r2)〉)〉 . (8)The 
orrelation fun
tion G(r1, r2) des
ribes the �u
tuations of the order parameter andunder homogeneity and isotropy 
an be simpli�ed to

G(r) = 〈m(r)m(0)〉 − m2, (9)where r = |r|. Thus the �nal relation for sus
eptibility known as the �u
tuation-dissipation theorem is
χ(T ) =

1

kBT

∫

V

G(r, T )dr. (10)As we stated before, the 
orrelation length diverge when approa
hing the 
riti
alpoint. Suppose the 
riti
al point o

urs at the point Tc, Hc in the parameter spa
e andthe spa
ial size is in�nite i.e. thermodynami
 limit V → +∞. Introdu
ing the redu
edtemperature t = (T − Tc)/Tc the 
orrelation length ξ is assumed to diverge as
ξ(t) ∝ |t|−ν , ν > 0. (11)The s
aling assumption for 
orrelation fun
tion 
an be written in the following form:

G(r) =
Ψ±(r/ξ)

rd−2+η
, (12)
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ripts ± denotes two di�erent fun
tions Ψ+(x) for t > 0, and Ψ−(x) for t < 0as these dire
tions 
an be generally di�erent. Index η appearing in the exponent of powerlaw part of G(r) is 
alled the anomalous dimension. Inserting this relation into equation(10) leads to
χ =

1

kBT

∫

Ψ±(r/ξ)

rd−2+η
dr. (13)The �nal s
aling form for sus
eptibility is

χ =
ξ2−η

kBT

∫

Ψ±(x)

xd−2+η
dx = Kξ2−η ∝ |t|ν(2−η) . (14)Similar relations hold also for parti
le density in the grand 
anoni
al ensemble [7, 4℄.To obtain them we should repla
e the order parameter by the mean total number ofparti
les M → 〈N〉, 
onjugate �eld by the 
hemi
al potential H → µ, 
anoni
al partitionfun
tion by the grand 
anoni
al one Z(T, H) → Ξ(T, µ, V ) and the Gibbs free energy bythe Grand potential G → Ω. Lo
al order parameter is then just the density of parti
les

〈ρ(r)〉 = ρ0 = 〈N〉/V . The role of sus
eptibility takes here the isothermal 
ompressibility
κT . Under su
h repla
ement it is easy to see the following relations:

〈N〉 = −

(

∂Ω

∂µ

)

T,V

= kBT

(

∂ ln Ξ

∂µ

)

T,V

, (15)where Ξ(T, µ, V ) =
∑

e−β(H −µN) and
〈N2〉 =

1

β2Ξ

(

∂2 ln Ξ

∂µ2

)

T,V

= −
1

β

(

∂2Ω

∂µ2

)

T,V

+ 〈N〉2 (16)Flu
tuations of the number of parti
les are thus given by
〈N2〉 − 〈N〉2 = kBT

(

∂〈N〉

∂µ

)

T,V

. (17)After a little play with Ja
obians, Maxwell relation, the fa
t that Gibbs free energy islinear in N and the de�nition of 
ompressibility
κT = −

1

V

(

∂V

∂p

)

T

, (18)one obtains
〈N2〉 − 〈N〉2 = kBTρ2

0V κT . (19)De�ning the two-point 
orrelation fun
tionG(r) for ρ(r) analogously to (8), the �u
tuation-dissipation theorem 
an be written in the form
κT =

1

kBTρ2
0

∫

G(r)dr. (20)S
aling forms for 
orrelation length and 
orrelation fun
tion are again des
ribed bythe fun
tional forms (11) and (12), respe
tively. The �u
tuation-dissipation theoremgives analogously to (14)
κT = Kξ2−η ∝ |t|ν(2−η) . (21)
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ture Criti
ality 227The only qualitative di�eren
e between order parameter and parti
le density is in thesingular stru
ture of a 
on
rete realization. Density fun
tion for point parti
les lo
atedat points r1, r2, r3, r4, ... ∈ Rd is given by
ρ(r) =

∞
∑

i=1

δ(r − ri). (22)The 
orrelation fun
tion 
an be written [7℄ in the form
G(r2 − r1) = ρ0δ(r2 − r1) + G(r2 − r1), (23)where G(r2 − r1) is the non-diagonal part meaningful only for r = |r2 − r1| > 0. Thusthe di�eren
e of 
orrelation of the order parameter and parti
le density is only in thediagonal δ therm whi
h of 
ourse doesn't in�uen
e the 
hara
ter of the divergen
e nearthe 
riti
al point.2.1 General parameterFrom s
aling laws it is analogously possible to show that the 
hara
ter of �u
tuations givenby the power-law divergen
e of two-point 
orrelation fun
tion and general sus
eptibilityholds also for the extensive thermodynami
 variables that do not approa
h zero at the
riti
al point. One su
h example is the density dis
ussed above. The reason for workingwith the order parameter near the 
riti
al point lies in the possibility to expand thefree energy in the powers of m and its derivatives and use this expansion in analyti
alderivation of the properties (with or without renormalization theory).Sin
e our attention now is not in the s
ale �eld modelling we are not limited to theassumption of the respe
tive parameter be 0 at the 
riti
al point. In the next we will thuswork with general parameter of the system. Under this parameter we also understandthe density of parti
les if needed. In the previous se
tion we showed that in su
h 
ase theonly di�eren
e is the presen
e of the diagonal part in the relation for 
orrelation fun
tion(23).2.2 Parameter varian
e in spheresThe useful tool to analyse experimental data is the varian
e of the parameter in spheres.For the parameter m(r) with homogeneous and isotropi
 distribution 〈m(r)〉 = m the
umulative value of the parameter in the sphere of radius R is given by

M(R) =

∫

S(R)

m(r)dr, (24)where the sphere is the set S(R) ≡ {r ∈ Rd| |r| < R} with a volume |S(R)|. The
entres of the spheres are not important be
ause of the homogeneity of the parameterdistribution. The parameter varian
e is de�ned [3℄ as
σ2(R) = 〈M(R)2〉 − 〈M(R)〉2, (25)



228 D. Va²atawhere
〈M(R)〉 =

∫

S(R)

〈m(r)〉dr = m |S(R)| , (26)and
〈M(R)2〉 =

∫

S(R)

∫

S(R)

〈m(r1)m(r2)〉dr1dr2. (27)Using the de�nition (8) of the two-point 
orrelation fun
tion, σ2(R) 
an be expressed by
σ2(R) =

∫

S(R)

∫

S(R)

G(r1 − r2)dr1dr2. (28)It is reasonable to 
hange the variables and obtain the relation
σ2(R) = |S(R)|

∫

S(2R)

G(r)dr. (29)If we 
ompare this relation with the �u
tuation dissipation theorem (10) then in thethermodynami
 limit V → +∞ outside the 
riti
al point, where the sus
eptibility is�nite, the following limit holds
lim

R→+∞
σ2(R) = kBTχ(T ) lim

R→+∞
|S(R)| . (30)This leads to

σ2(R) ∝ Rd ∼ 〈M(R)〉, R ≫ 1. (31)Outside the 
riti
al point is the parameter distribution sometimes 
alled substantiallyPoissonian, sin
e for the Poissonian point pro
ess (parti
le distribution in the ideal gas)is the last equation valid for all R. That 
an be easily derived from the fa
t, that theparti
les are non-intera
ting and therefore independent. The 
orrelation fun
tion fordensity (23) has only the diagonal part
G(r) = ρ0δ(r). (32)The density varian
e is therefore

σ2(R) = ρ0 |S(R)| = 〈M(R)〉. (33)Di�erent situation arise when the system is approa
hing the 
riti
al point. There boththe sus
eptibility (
ompressibility) and 
orrelation length ξ diverge. Spatial 
orrelationsin this region are long-ranged and the 
orrelation fun
tion is dominated by the power-lawde
ay (12). In the region R ≫ 1 and R ≪ ξ we obtain
σ2(R) ∝ |S(R)|

∫

S(2R)

1

rd−2+η
dr = C |S(R)|

∫ R

0

rd−1

rd−2+η
dr = C |S(R)|R2−η. (34)Hen
e the �u
tuations are proportional to

σ2(R) ∝ Rd+2−η ∼ 〈M(R)〉
d+2−η

d . (35)
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ture Criti
ality 2293 Data analysisIn this se
tion we show that built-up land patterns have the same �u
tuation propertiesas 
riti
al systems. As we work with the surfa
e data, the dimension of the spa
e inprevious formulas is now d = 2.Our data 
ontain all 
adastral re
ords form the Cze
h Republi
. Every landed plot i is
hara
terised by its de�nition point ri, size (a
reage) λi, type of land and the ownershipdata. Sin
e our interest is in the built-up stru
ture we restri
t our attention only to built-up landed plots. We don't know the exa
t par
el shape, thus the most straightforwardanalysis of 
adastral data is to use the point pattern given by de�nition points ri of thepar
els. This is in the latter text 
alled "point" representation. For this representationthe order parameter is represented by the singular point density (22). Parameter varian
e
σ2(R) is than the number varian
e in sphere.Another possibility is to approximate unknown par
el shapes by 
ir
les with the samea
reage. The built-up land is represented as a subset Z of two dimensional surfa
e R2.Order parameter in this 
ase is just the indi
ator of su
h subset: m(r) = 1 if there isa building at r, m(r) = 0 otherwise. Su
h approximation leads to errors. Fortunatelythe approa
h of estimating parameter varian
e in spheres is mu
h less sensitive to themthan dire
t estimation of 
orrelation fun
tion. During the estimation of built-up area
ontained inside one 
on
rete sphere S(R) the interse
tion area of the sphere with everypar
el represented by 
ir
le is added to 
umulative result:

˜M(R) =
∑

i∈I

λ
(

Si

⋂

S(R)
)

, (36)where λ(.) denotes the Lebesgue measure on R2, I is the set of all built-up par
els and
Si is the 
ir
le positioned at the de�nition point of the i-th par
el having the same size
λ(Si) = λi. For R mu
h larger than typi
al par
el perimeter this approa
h produ
e errorsonly in the vi
inity of the sphere boundary. The e�e
tive error will therefore de
rease as

M(R) − ˜M(R)

M(R)
∼ R−1. (37)For "set" representation the built-up area varian
e in spheres is 
al
ulated.All estimations are based on the assumption of self-averaging property [10℄. It meansthat su�
iently large sample is a good representative of the whole ensemble. In our 
asehowever, the size of sample is limited to the area around the 
ity 
entre where we 
anexpe
ted uniform density. For typi
al large Cze
h 
ity the perimeter of su
h area is about4 km. This size puts limitation on the perimeter of spheres in order to obtain reasonablestatisti
s. Together with the fa
t that the power law dependen
e, if presented, is valid for

R >> 1, one is usually restri
ted to work in the region 400 km . R . 1000 km. Relatedto this, mean values in formula (25) for �xed perimeter R are estimated in the followingway. Inside the studied part of the 
ity A ⊂ R2 
entres oj of N spheres are uniformlyrandomly 
hosen so that every sphere is inherited in A, S(oj , R) ⊂ A. For every sphere
S(oj , R) the 
umulative parameter value (number of points or built-up area) Mj(R) insideis 
al
ulated. The mean value is than estimated by

〈M(R)〉 =
1

N

∑

j

Mj(R) (38)



230 D. Va²ataand the varian
e by
σ2(R) =

1

N − 1

∑

j

(Mj(R) − 〈M(R)〉)2 . (39)Note the same notation for the de�nition (25) and for the estimator (39). It is always
lear from 
ontext what does the symbol mean.3.1 ResultsWe analysed 6 largest 
ities in the Cze
h Republi
. For ea
h 
ity we 
al
ulate both num-ber varian
e in spheres (point representation) and built-up area varian
e in spheres (setrepresentation). The dependen
es of σ2(R) on 〈M(R)〉 in the 
ase of set representationare plot in the log-log s
ale in �gure 1.
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Figure 1: Dependen
ies of σ2(R) on 〈M(R)〉 in log-log s
ale for di�erent 
ities.It is 
learly visible that the dependen
e for all the 
ities follows a power law. It 
anbe therefore �t by the strait line (in log-log s
ale). From this �t we 
an easily determinethe exponent of power-law. The summary of resulting exponents α for studied 
itiesa

ording to the relation
σ2(R) ∝ 〈M(R)〉α (40)is presented in table 1.
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ture Criti
ality 231As was shown by (31), exponent α = 1 express the system that is outside of the
riti
al region, e.g. randomly positioned parti
les. One 
an see that this is not the 
aseof built-up pattern.Table 1: Exponents α a

ording to power law dependen
e (40) of σ2(R) on 〈M(R)〉.City Point representation Set representationPraha 1.47 1.64Plze¬ 1.61 1.69Libere
 1.54 1.65Brno 1.40 1.65�eské Bud¥jovi
e 1.50 1.58Ostrava 1.54 1.62
4 Con
lusionWe study the built-up land pattern in the 
entres of 6 largest 
ities in the Cze
h Republi
.Our analysis is based on 
adastral data. For every par
el we know the lo
ation of thede�nition point, size, type of land, that uniquely determines the built-up land and otherproperties. For the purpose of analysis the built-up land is represented in 2 di�erent ways- points and subset.Be
ause the data do not 
ontain information about exa
t shape of par
els, it is usefulto study the �u
tuations of built-up area in spheres (
ir
les). This leads, espe
ially forset representation, to e�e
tive error that de
reases with in
reasing perimeter R of thespheres.The 
omputations show, that for both representations the dependen
e of �u
tuationson the mean value of the parameter follows a power law. Moreover the set representation,as 
an be expe
ted, seems to be more universal. The values of exponent α in the relation
σ2(R) ∼ 〈M(R)〉α, for di�erent 
ities in the Cze
h Republi
 are very 
lose to the value
α = 1.64.We 
an 
on
lude that the inner urban area stru
ture is 
orrelated with a long rangedpower-law dependen
e. This shows the 
onne
tion between 
riti
al systems and the urbansystem. The power-law exponent seems to be independent of the 
on
rete 
ity, beingtherefore determined only by the fa
t that it represents an inner urban stru
ture. Su
hobservation is very interesting and the 
onne
tion between urban area and 
riti
al systemsmay be useful to development and veri�
ation of further urban models. The probableexplanation may be inherited in the 
onne
tion of built-up land to various networks, e.g.transportation, water supply, sewerage, ele
tri
ity.
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zDepartment of Mathemati
sFa
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lear S
ien
es and Physi
al Engineering, CTU in Pragueadvisor: Miloslav Vo²vrda, Institute of Information Theory and Automation,ASCRAbstra
t. In this arti
le, we introdu
e the 
on
ept of Ba
kward Sto
hasti
 Di�erential Equa-tions (BSDE), provide fundamental theorems of existen
e and uniqueness of the solution forsome essential 
ases and we show by example its important 
onne
tions to �nan
ial mathe-mati
s. Finally, we fo
us on vast appli
ations of BSDE to sto
hasti
 
ontrol via Pontryagin'smaximum prin
iple.Keywords: ba
kward sto
hasti
 di�erential equations, sto
hasti
 
ontrol, sto
hasti
 maximumprin
ipleAbstrakt. V tomto £lánku p°edstavíme kon
ept zp¥tný
h sto
hasti
ký
h diferen
iální
h rovni
(BSDE) a vyslovíme zásadní v¥ty o existen
i a jednozna£nosti °e²ení takový
h rovni
 v obe
némp°ípad¥. Na p°íkladu dále ilustrujeme jedno z jeji
h moºný
h vyuºití v oblasti °ízení �nan£níhoportfolia. Poslední £ást je v¥nována uplatn¥ní zp¥tný
h rovni
 v teorii sto
hasti
kého °ízeníuºitím Pontrjaginova prin
ipu maxima.Klí£ová slova: zp¥tné sto
hasti
ké diferen
iální rovni
e, sto
hasti
ké °ízení, sto
hasti
ký prin
ipmaxima1 Introdu
tionThe domain of BSDE, in its full generality, was �rst studied in 1990 by Pardoux and Pengwho formulated the general problem of BSDE and proved some fundamental theoremsin
luding the 
entral one - the existen
e and uniqueness of the solution, see [3℄. Sin
ethen, BSDE have found a variety of appli
ations in �nan
e, in physi
s but also in evenmore theoreti
al �elds su
h as sto
hasti
 
ontrol, theory of random pro
esses probabil-ity distributions, probabilisti
 representation of ellipti
 and paraboli
-type deterministi
PDE's, numeri
al methods for PDE's and many other.The �rst se
tion of the arti
le gives an introdu
tion to BSDE - we start by the theoremof Pardoux and Peng for �nite time horizon BSDE and then we pro
eed to in�nite timehorizon 
ase 
onsidering, in addition, Lévy driven sto
hasti
 noise. We refer to [5℄, [7℄and [9℄ for an overview on generalizations of this type. Further, to present an exampleof a pra
ti
al model using the BDSE theory. We show how the theory 
an be applied to
∗This work has been supported by grants no. 402/09/H045 and no. P402/10/1610 of the Cze
hS
ien
e Foundation. 233



234 P. Veverkathe European Call Option hedging problem. In the se
ond se
tion, we formulate the taskof sto
hasti
 
ontrol and asso
iated maximum sto
hasti
 maximum prin
iple and dis
usssome other extension of the model.2 Ba
kward sto
hasti
 di�erential equations (BSDE)2.1 Finite time horizon 
aseThe main motivation for introdu
ing the BSDE is the need for solving problems withterminal 
ondition of the following type
−dYt = f(t, Yt, Zt)dt− ZtdWt, ∀t ∈ [0, T ), a.s. (1)
YT = ξ, a.s.,where 0 < T < +∞ is a �nite time horizon, (

Ω,F ,P
) is a standard probability spa
eequipped by a standard R

d-valued Wiener pro
ess (

Wt

)

t∈[0,T ]
. Let (

FW
t

)

t∈[0,T ]
be the
anoni
al �ltration of Wt, i.e. FW

t = σ
(

Ws; s ≤ t
) and (

Ft

)

t∈[0,T ]
be its 
ompletion. Thefun
tion f (
alled drift) and the random variable ξ (terminal 
ondition) are, in fa
t, theonly inputs of the equation.De�nition 1: The 
ouple (f, ξ) is 
alled standard parameters of the equation (1) if itholds

• ξ ∈ L
2(FT ; Rn), i.e. ξ is an FT -measurable r.v., R

n-valued, satisfying E||ξ||2 < +∞

• f : Ω × [0, T ] × R
n × R

n×d → R, i.e. (ω, t, y, z) 7→ f(ω, t, y, z) ∈ R

• f is an appli
ation F ⊗ B(R) ⊗ B(Rn) - progressively measurable
• ∀t ∈ [0, T ] : f(·, t, 0, 0) ∈ H2(R), i.e. f(·, t, 0, 0) is Ft -progressive with

E
∫ T

0
f 2(·, t, 0, 0)dt < +∞

• f is uniformly Lips
hitz in y and z, i.e. ∃C > 0 that
|f(ω, t, y1, z1) − f(ω, t, y2, z2)| ≤ C(|y1 − y2| + |z1 − z2|)
∀y1, y2 ∈ R, ∀z1, z2 ∈ R

n, dP⊗ dt a.s.Generally, we denote as H2(X ) the set of sto
hasti
 pro
esses (ϕt)t∈[0,T ], Ft - progres-sive, with values in Bana
h spa
e X , satisfying E
∫ T

0
||ϕt||

2
Xdt < +∞.The properties of standard parameters are su�
ient 
onditions for the existen
e anduniqueness of the solution whi
h is an assertion of the following theorem proved byPardoux and Peng in [3℄.Theorem 1: Let (f, ξ) be standard parameters. Then the BSDE (1) has a uniquesolution (Yt, Zt)t∈[0,T ] ∈ H2(Rn) ×H2(Rn×d).



Ba
kward Sto
hasti
 Di�erential Equations in Sto
hasti
 Control 235Idea of the proof: We de�ne an appli
ation Φ : H2(Rn) ×H2(Rn×d) → H2(Rn) ×
H2(Rn×d) so that Φ(U, V ) = (Y, Z) where

−dYt = f(t, Ut, Vt)dt− ZtdWt, ∀t ∈ [0, T ) a.s. (2)
YT = ξ, a.s.To have Φ de�ned 
orre
tly, one must show that there exists a unique solution to (2)belonging to the produ
t spa
e H2(Rn) ×H2(Rn×d). Note that in (2), the driver f doesnot depend on Yt and Zt.Further, we realize that (Y, Z) solves (1) i� Φ(Y, Z) = (Y, Z) therefore, (Y, Z) is a�xed point of Φ (on a Bana
h spa
e H2(Rn)×H2(Rn×d)). It is possible to show that Φ isa 
ontra
tion on H2(Rn) ×H2(Rn×d) for the norm || · ||β where β > 0 is 
hosen properlyand

||(Y, Z)||2β = E

∫ T

0

eβs||Ys||
2ds+ E

∫ T

0

eβs||Zs||
2ds.Then the solution to BSDE (1) exists uniquely by the �xed point theorem.Remark 1: 1) The pro
ess (Zt)t∈[0,T ], introdu
ed by Theorem 1, ensures the adapt-ability of the pro
ess (Yt)t∈[0,T ].2) The uniqueness of the solution means that if (Yt, Zt) and (Ỹt, Z̃t) are two solutionsto (1) then E

∫ T

0
||Yt − Ỹt||

2dt = E
∫ T

0
||Zt − Z̃t||

2dt = 0.3) Sin
e the pro
ess (Yt)t∈[0,T ] has 
ontinuous traje
tories a.s., the spa
e H2(Rn) inDe�nition 1 
an be repla
ed with the spa
e S2(Rn) whi
h is a set of Ft-adapted pro
esses
(Yt)t∈[0,T ] with E

[

sup
0≤t≤T

||Yt||
2
]

< +∞.Theorem 1, in general, says nothing about the form of the solution even if it exists.Nevertheless, it is possible to express and 
ompute it in some spe
ial 
ases. One su
h a
ase is a linear model, i.e. f(t, Yt, Zt) = βtYt + γ′tZt + ϕt where (βt)t∈[0,T ] and (γt)t∈[0,T ]are two pro
esses Ft - progressively measurable, bounded, with values in R and R
n,respe
tively. (ϕt)t∈[0,T ] is a Ft - progressively measurable, R-valued pro
ess, square-integrable. We suppose that Yt and Zt have 
orresponding dimensions, i.e. they are Rand R

n - valued, respe
tively. Then we have, due to Pardoux and Peng [3℄,Theorem 2:The linear BSDE
−dYt = (βtYt + γ′tZt + ϕt)dt− Z ′

tdWt, ∀t ∈ [0, T ) a.s.

YT = ξ a.s. (3)has a unique solution Yt = E
[

HT ξ +
∫ T

t
Hsϕsds|Ft

], ∀t ∈ [0, T ] a.s.,where the pro
ess (Ht)t∈[0,T ] is a solution to the following SDE
dHt = Ht(βtdt+ γ′tdWt);H0 = 1.



236 P. VeverkaRemark 2: 1) The se
ond solution pro
ess (Zt)t∈[0,T ] is obtained by applying theintegral representation theorem for square-integrable 
ontinuous martingales (see e.g.[1℄) to the martingale Mt = Yt +
∫ t

0
Hsϕsds.2.2 ExampleTo see one possible appli
ation of BSDE, we give a 
lassi
al example. It 
on
erns thehedging task for a European Call Option in a 
omplete market.We 
onsider a �nan
ial market model with n + 1 assets (S0, S1, ..., Sn) whose pri
edynami
s is given by the following SDE's

• dS0
t = S0

t rtdt (one non-risky asset)
• dSi

t = Si
t

(

bitdt+ σi
tdWt

)

, i = 1, ..., n (n risky assets) where
(rt)t∈[0,T ], (bt)t∈[0,T ] and (σt)t∈[0,T ] are R, R

n, R
n,n - valued bounded pro
esses, Ft -progressive. Moreover, we assume that there is a bounded pro
ess (θt)t∈[0,T ] with valuesin R

n. (θt)t∈[0,T ] is 
alled market pri
e of risk and it ensures the absen
e of arbitrage inthe market.The portfolio pro
ess π is an R
n - valued pro
ess, Ft - progressive whose ith 
omponent

πi
t represents the amount invested into the ith asset in time t. Moreover, we assume that

E
∫ T

0
||σ′

tπt||
2dt < +∞.The wealth pro
ess Y y0,π, asso
iated to the initial amount y0 and the portfolio pro
ess

π, is given as a solution to the following (forward) SDE
dY

y0,π
t = rtY

y0,π
t dt+ π′

t[bt − rt1]dt+ π′
tσtdWt, t ∈ (0, T ]

Y
y0,π
0 = y0, a.s. (4)This approa
h is very intuitive for the wealth pro
ess simply expresses our wealthgained by applying our investment strategy π starting with an initial deposit y0. Whatis, nevertheless, more interesting is a task of hedging a �nan
ial instrument, 
on
retely aEuropean Call option (EC), i.e. we look for an investment strategy π so that the terminalvalue Y π

T of the 
orresponding wealth pro
ess would be equal to the EC pay-o� whi
hmeans Y π
T = (ST −K)+ where K is an exer
ise pri
e of the EC and ST is the pri
e of anunderlying asset at time T . Less formally said, we 
an imagine EC pay-o� as a randomamount (
ontingent 
laim) whi
h we will have to pay (
over) in the future (at time T ).Our goal is to invest now (at t0 < T ) so that our wealth at time T is equal to thatrandom amount. Formally, it means that we need to �nd a solution (Y, Z) = (Y, σ′π) tothe following BSDE

dY π
t = rtY

π
t dt+ π′

t[bt − rt1]dt+ π′
tσtdWt, t ∈ [0, T )

Y π
T = (ST −K)+, a.s. (5)
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kward Sto
hasti
 Di�erential Equations in Sto
hasti
 Control 237Then, if we assume,in addition, that the matrix σ is invertible, we 
an express ourinvestment strategy as π = σ−1Z.2.3 In�nite time horizon and Lévy driven BSDESin
e the end of 1990's, there has been a huge progress in introdu
ing jumps into BSDEmodels. First, just by 
onsidering an additional Poisson pro
ess but gradually, the theorywas built up for general Lévy pro
esses. The reason was, beside some spe
i�
 physi
altasks, that it was more and more 
lear that real �nan
ial asset pri
es do not follow nor-mal (or better log-normal) distribution naturally obtained by using geometri
al Brownianmotion. Lévy-driven sto
hasti
 models were 
apable to improve (yet not to solve 
om-pletely) the problem of heavy tails and to in
orporate intuitively expe
ted (and observed)jumps, see [4℄. In this subse
tion we work only with R- valued Lévy pro
esses and weadopt the notation from [2℄.De�nition 2: An adapted pro
ess X =
(

Xt

)

t≥0
with X0 = 0 a.s. is a Lévy pro
ess if1. X has in
rements independent of the past, i.e. Xt −Xs is independent of Fs for

0 ≤ s < t < +∞; and2. X has stationary in
rements, i.e. Xt −Xs has the same distribution as Xt−s for
0 ≤ s < t < +∞; and3. X is 
ontinuous in probability, that is P − lim

s→t
Xs = Xt.Remark 3: Sin
e every Lévy pro
ess Y has a 
àdlàg modi�
ation X (i.e. right
ontinuous with left limit) whi
h is again Lévy pro
ess (see [2℄, Theorem 30), we willalways work with this 
àdlàg pro
ess X.When 
onsidering Lévy pro
ess in the model, one must spe
ify what �ltration is heor she using. In our 
ase, we take a natural �ltration of X, i.e. FX

t = σ(Xs, s ≤ t) andwe pro
eed to 
ompletion and augmentation (

Ft

)

t≥0
of the natural �ltration. We lay

F∞ =
∨

t≥0 Ft
def
= σ

(
⋃

t≥0 Ft

).Before pronoun
ing the existen
e and uniqueness theorem for in�nite time horizonBSDE, we remind a 
ru
ial lemma due to Nualart and S
houtens in [8℄. First, we denoteas l2 the spa
e of real-valued sequen
es (xi)i≥1 su
h that ∑+∞
i=1 |xi|

2 < +∞ and as H2(l2)we denote the spa
e of l2- valued predi
table pro
esses ψ =
(

ψt

)

t≥0
su
h that

||ψ||2H2(l2) = E

∫ +∞

0

+∞
∑

i=1

|ψ
(i)
t |2dt, (6)Lemma 1: Let X be a Lévy pro
ess whose asso
iated Lévy measure ν ful�lls1. ∫

R
(1 ∧ z2)ν(dz) < +∞,2. ∫

(−ε,ε)c
eλ|z|ν(dz) < +∞ for every ε > 0 and for some λ > 0.



238 P. VeverkaThen every square-integrable random variable F ∈ L2(F∞) has a representation of theform
F = E[F ] +

∫ +∞

0

+∞
∑

i=1

ψ
(i)
t dH

(i)
t , (7)where {

(

H
(i)
t

)

t≥0

}+∞

i=1
are strongly orthogonal martingales su
h that ea
h H(i) is alinear 
ombination of the Teugels martingales Y (j), j = 1, ..., i asso
iated to the Lévypro
ess X.Remark 4: See [8℄ and [2℄ for more details on this orthogonalization.Using this representation result, it is su�
ient to 
onsider in�nite time horizon BSDEof the following type

Yt = ξ +

∫ +∞

t

g(s, Ys
−

, Zs)ds−

∫ +∞

t

+∞
∑

i=1

Z
(i)
t dH

(i)
t , ∀t ∈ [0,+∞], (8)where the ξ ∈ L2(F∞) and the fun
tion g : Ω × [0,+∞] × R × l2 → R ful�lls(A1): There exist two positive non-random fun
tions u(t) ∈ L1([0,+∞]) and v(t) ∈

L2([0,+∞]) su
h that
|g(t, y1, z1) − g(t, y2, z2)| ≤ v(t)|y1 − y2| + u(t)|z1 − z2| a.s., (9)

∀t ∈ [0,+∞], (yi, zi) ∈ R × l2, i = 1, 2(A2): (

g(t, y, z)
)

t≥0
is Ft-progressively measurable ∀(y, z) ∈ R × l2 with

E

(

∫ +∞

0

|g(t, 0, 0)|dt
)2

< +∞.De�nition 3: A solution to BSDE (8) is a pair of pro
esses (Y, Z) ∈ S2(R)×H2(l2)and satisfying (8).For de�nition of S2(R) see Remark 1. Now we have all the tools to pronoun
e theexisten
e and uniqueness theorem whi
h is due to Zheng [7℄.Theorem 3: Let ξ ∈ L2(F∞) and let g satisfy the assumptions (A1) and (A2). ThenBSDE (8) has a unique solution.In the next se
tion we show how BSDE naturally arise in the domain of optimal 
ontrolhaving the meaning of 
onjugate variables (�generalized Lagrange multipli
ators�).3 Sto
hasti
 
ontrol3.1 Finite horizon 
ontrol problemLet X t,x
t be a 
ontrolled di�usion pro
ess in R

n, i.e. X t,x
t is a solution to the (forward)SDE
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dX t,x

s = b(X t,x
s , αs)ds+ σ(X t,x

s , αs)dWs, ∀s ∈ (t, T ] a.s. (10)
X

t,x
t = x,where 0 < T < +∞, t ∈ [0, T ), x ∈ R

n, α = (αs)t≤s≤T is an Fs-progressivelymeasurable A-valued 
ontrol pro
ess, A ⊂ R
m, (

Ws

)

s∈[t,T ]
is an R

d-valued standardWiener pro
ess, b : R
n × A → R

n and σ : R
n × A → R

n×d are two measurable fun
tionssatisfying a uniform Lips
hitz 
ondition in A, that means that there is a positive 
onstant
K so that

||b(x, a) − b(y, a)|| + ||σ(x, a) − σ(y, a)|| ≤ K||x− y||, ∀x, y ∈ R
n, ∀a ∈ A (11)Let us denote as A(t, x) the set of all admissible 
ontrols α su
h that

E

[

∫ T

t

||b(0, αs)|| + ||σ(0, αs)||
2ds

]

< +∞ (12)whi
h ensures strong existen
e of the di�usion pro
ess X from (10).Furthermore, let f ∈ C([0, T ] × R
n ×A) and g ∈ C1(Rn) be two fun
tions so that thefollowing fun
tional is meaningful (i.e. it 
onverges)

J(t, x, α) = E

[

∫ T

t

f(s,X t,x
s , αs)ds+ g(X t,x

T )
]

, (13)and we de�ne 
ost fun
tion v(t, x) by
v(t, x) = sup

α∈A(t,x)

J(t, x, α). (14)Our goal is to �nd su
h a strategy α∗ ∈ A(t, x) so that
v(t, x) = J(t, x, α∗).Let us de�ne generalized Hamiltonian of the problemH : [0, T ]×R

n×A×R
n×R

n×d →
R by

H(t, x, a, y, z) = b(x, a)′y + trace(σ(x, a)′z) + f(t, x, a).We suppose that H is di�erentiable in x (with the gradient denoted as ∇xH) and we
onsider the following BSDE
−dYs = ∇xH(s,X t,x

s , αs, Ys, Zs)ds− ZsdWs, ∀s ∈ [t, T ) a.s.

YT = ∇xg(X
t,x
T ) a.s. (15)Then we 
an formulate sto
hasti
 Pontryagin's maximum prin
iple providing 
ondi-tions on the optimal strategy α∗. The proof 
an be found in [6℄.Theorem 4 (Sto
hasti
 Pontryagin's maximum prin
iple): Let α̂ ∈ A(t, x)and X̂ be the asso
iated 
ontrolled di�usion pro
ess. Further, let us suppose that thereexists a solution (Ŷ , Ẑ) to asso
iated BSDE (15) su
h that



240 P. Veverka1. H(t, X̂t, α̂, Ŷ , Ẑ) = max
a∈A

H(t, X̂t, a, Ŷ , Ẑ), ∀t ∈ [0, T ] a.s.2. (x, a) → H(t, x, a, Ŷ , Ẑ) is a 
on
ave fun
tion for all t.Then α̂ = α∗, i.e. α̂ is optimal 
ontrol strategy to the sto
hasti
 
ontrol problem (14)whi
h means v(t, x) = J(t, x, α̂).3.2 Lévy-driven sto
hasti
 
ontrol problemThe question now is if we are able to generalize the previous result to Lévy-driven sto
has-ti
 
ontrol problems - both for �nite and in�nite time horizon. A positive answer to the�rst part of the question gives us the paper [5℄. We note that in 
ase of Lévy di�usionthe model is
dX t,x

s = b(s,X t,x
s , αs)ds+ σ(s,X t,x

s , αs)dWs +

∫

Rn

η(s,X t,x
s
−

, αs
−

, z)N̄(ds, dz), ∀s ∈ (t, T ] a.s.

X
t,x
t = x. (16)The new term is an integral with respe
t to Poisson random measure

N̄(ds, dz) =
(

N̄1(ds, dz), ..., N̄l(ds, dz)
)′ (17)

=
(

N1(ds, dz) − χ1(z)dν1(z), ..., Nl(ds, dz) − χl(z)dνl(z)
)′
,where Ni(ds, dz), i = 1, ..., l are independent Poisson random measures with Lévymeasures νi respe
tively, on a �ltered probability spa
e (

Ω,F , (Ft)t≥0,P
) satisfying theusual 
onditions. The indi
ator fun
tions χi, i = 1, ..., l trun
ate the domain of �smalland big jumps�. Moreover, we assume that the 
ontrol pro
ess α is predi
table, left
ontinuous with right limits. Hand in hand with these 
orre
tions, one must 
hange theform of the generalized Hamiltonian to H : [0, T ]×R

n ×A×R
n ×R

n×d ×R → R so that
H(t, x,a, y, z, r) = b′(t, x, a)y + trace(σ′(t, x, a)z) + f(t, x, a) (18)

+

∫

Rn

trace
(

η′(t, x, a, z)r(t, z) · diag(dλ(z))
)

+

∫

Rn

[

(

η′(t, x, a, z)p+ x′r(t, z)
)(

I − diag(χ)
)

]

dλ(z),where R is the set of fun
tions r : R
n+1 → R

n×l su
h that the integral in (18)
onverges. Again, we suppose that H is di�erentiable w.r.t. x.Then the 
orresponding BSDE is of the form
−dYt = ∇xH(t, Xt, αt, Yt, Zt, r(t, ·))dt+ ZtdWt +

∫

Rn

r(t−, z)N̄(dt, dz)

YT = ∇xg(XT ). (19)The assertion of the sto
hasti
 Pontryagin's maximum prin
iple for this Lévy 
ase isanalogous to Theorem 4, see [5℄.
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hasti
 
ontrol problemWhen 
onsidering in�nite time sto
hasti
 
ontrol problem, it is useful to stress that, infa
t, we are looking for a stationary optimal 
ontrol α∗, that is we do not 
onsider timedependen
e of fun
tions b, σ and f .Then the fun
tional to maximize is
J(x, α) = E

[

∫ +∞

0

e−βsf(Xx
s , αs)ds

] (20)with the asso
iated 
ost fun
tion
v(x) = sup

α∈A(x)

J(x, α). (21)Again, the set of admissible 
ontrols A(x) is su
h that for all α ∈ A(x) there exist aunique solution to (10) and the integral in (20) 
onverges.The question is, how the generalized Hamiltonian will look like when introdu
ing alsojumps in the model (by using Lévy pro
esses) and what assumptions are needed to provethe asso
iated Pontryagin's maximum prin
iple. This is the goal of my 
urrent resear
h.The author wishes to thank to prof. Maslowski, prof. Vo²vrda and to Dr. �míd fortheir help, guidan
e and en
ouragement.Referen
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hasti
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h enables to 
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e1 Introdu
tionQuasi-stationarity of EEG signal 
an 
ause di�
ulties in any signal pro
essing of longsequen
es. If we dis
onne
t the original series to short segments of 
onstant length, we 
anuse traditional methods of statisti
al analysis within any individual segment. Thus, thestatisti
al properties of individual segments 
an be estimated 
orre
tly when the segmentlength is less then two se
onds (in the 
ase of EEG). But the statisti
al properties ofsegments vary in time due to the quasi-stationarity of EEG signal. The paper is orientedto statisti
al analysis of these �u
tuations and its robust ranges.2 Signal des
riptionThe multi
hannel EEG is a traditional tool for the investigation of human brain a
tiv-ity. The ele
trode signal was s
rupled with 
onstant frequen
y fs = 200 Hz and thendigitalized to the raw EEG time series Xk for k = 1, 2, ..., L.The signal was partitioned to nonoverlapping segments of 
onstant length N ≪ L.Ideal signal should have stationarity property in the meaning that the statisti
al prop-243



244 D. Za
hováerties [6℄ of short segments don't vary in time. From the biomedi
al point of view, thestationarity of EEG is observable only for short sequen
es up to 2 se
onds, thus for
N ≪ L < 2fs. When the EEG s
an is too long then the stationarity hypothesis falls.In this 
ase, the EEG quasi-stationarity was subje
t of investigation. We used N ≪ 2fsto guarantee interval stationarity of individual segments. Then the robust predi
tive�lter was applied to every segment. The di�eren
e between the original data and thepredi
tion was subje
t of statisti
al analysis. Various statisti
s of segment error sam-ple were used and their values 
hanged from segment to segment. Thus, the new timeseries of length M = ⌊L/N⌋ of segment 
hara
teristi
s arisen and its members are Rkfor k = 1, 2, ..., M . Statisti
al analysis of �u
tuations is based on various statisti
al
hara
teristi
s of Rk series. The pro
ess of EEG signal analysis 
onsists of four steps:

• segmentation with Xk as result;
• within segment predi
tion with ek as result;
• within segment error analysis with Rk as result;
• �u
tuation analysis with Qk as result.3 Robust predi
tive modelWe 
onsider a basi
 linear model [4℄ in the form

Yk+S =

H∑

j=1

βjϕj(Yk, . . . , Yk−H+1) + εk+S (1)where
• N is the length of the time series segment (the number of observations);
• H is the history length of time series;
• S is the predi
tion step length;
• Y1, Y2, . . . , YN are observations within given segment;
• β1, β2, . . . , βH are unknown 
oe�
ients (parameters) of the model;
• ϕ1(Yk, . . . , Yk−H+1), ϕ2(Yk, . . . , Yk−H+1), . . . , ϕH(Yk, . . . , Yk−H+1) are polynomialfun
tions;
• εk+S is the random noise.



EEG Classi�
ation of Alzheimer's Disease Using Linear Predi
tive Model 245When we trans
ribe (1), we obtain an equation system that 
ould be des
ribed in matrixform as



YH+S

YH+1+S

.

.

.
YN




=




ϕ1,2,...,H(YH , . . . , Y1)
ϕ1,2,...,H(YH+1, . . . , Y2)

.

.

.
ϕ1,2,...,H(YN−S, . . . , YN−S−H+1)







β1

β2

.

.

.
βH




+




εH+S

εH+1+S

.

.

.
εN



, (2)

in other words
y = Φβ + ε. (3)It is signi�
ant that the number of equations (degrees of freedom) must be higher thanthe number of estimated 
oe�
ients, i.e. N − H − S + 1 > H . Further, supposed thatE(ε) = 0̄, where symbol E indi
ates the expe
ted value. Providing this we 
an expressestimated values Yk+S (for k = H, H + 1, . . . , N − S) through the following formulaE(Yk+S) =

H∑

j=1

βjϕj(Yk, . . . , Yk−H+1). (4)These estimated values are equal to fun
tional values of sele
tive regression fun
tion
Ŷk+S =

H∑

j=1

bjϕj(Yk, . . . , Yk−H+1) (5)where
• bj is the s
atter estimate of unknown parameter βj (for j = 1, 2, ..., H);
• Ŷk+S is the predi
ted value Yk+S (for k = H, H + 1, . . . , N − S).Equation system (5) 
an be des
ribed in matrix form as




ŶH+S

ŶH+1+S

.

.

.

ŶN




=




ϕ1,2,...,H(YH , . . . , Y1)
ϕ1,2,...,H(YH+1, . . . , Y2)

.

.

.
ϕ1,2,...,H(YN−S, . . . , YN−S−H+1)







b1
b2
.
.
.
bH



, (6)in other words

ŷ = Φb. (7)We 
an use robust methods for the 
oe�
ient estimating of model (3), i.e. for ve
tor
b spe
i�
ation (see 3.1).
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hováThe di�eren
e between observed and predi
ted value is 
alled residue and denoted asve
tor e. The residue in given point is equal to ei = Ŷi − Yi, therefore for the model (1)the residual ve
tor has the form of
e =




eH+S

eH+1+S

.

.

.
eN



. (8)

3.1 Robust identi�
ation te
hniquesRobust te
hniques of parameter estimating represent the alternative to 
lassi
al statisti
methods that are very sensitive to outliers in input data. We know several types of robustestimates, namely: L-estimates, R-estimates and M-estimates. It is most suitable to applyM-estimates, the pioneer of whi
h was Huber [2℄. M-estimate of model 
oe�
ients β isde�ned via fun
tion minimization (with respe
t to b)
ψ(b) =

N−S∑

i=H

ρ
(ei+S

σ

)
=

N−S∑

i=H

ρ

(
Yi+S − Φ

T
i−H+1b

σ

) (9)where
• T is transposition symbol;
• ρ is a penalty fun
tion (see Tab. 1);
• σ is standard deviation;
• Φi is i-th row of the matrix Φ.When implementing the weight fun
tion de�ned as w(ξ) = d ρ(ξ)d ξ

1
ξ
(see Tab. 1), satisfyingw(0) = 1 and substituting to the Taylor series of (9) we obtain a method of weightedleast squares (WLS) [4℄

N−S∑

i=H w(ei+S

SN

)
Yi+SΦ(i−H+1)j =

N−S∑

i=H

H∑

k=1

w(ei+S

SN

)
Φ(i−H+1)jΦ(i−H+1)kbkwhere j = 1, . . . , H . The method of WLS 
onsists in implementation of the followingoperations:1. initial estimate of b by means of method of least squares, iteration 
ounter set to

l = 1.2. residue spe
i�
ation e in lth iteration;3. 
al
ulation of weights and then l = l + 1;
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i�
ation of parameters b(l) (estimate of ve
tor b in lth iteration) and residuespe
i�
ation.If the estimates b(l) a b(l−1) are not 
lose enough, we repeat the steps 3 and 4. It isimportant when 
al
ulating the balan
e in step 3 that the robust estimate of standarddeviation σ is not re
al
ulated, i.e. it's spe
i�ed on the basis of error residue e after theleast squares method appli
ation. Su
h a b, by whi
h the penalty fun
tion rea
hed thelowest value, is 
onsidered as the best estimate of parameter β.The question is how to get the robust estimate of standard deviation σ. There isstatisti
s σ∗ = MADE/0.6745 most frequently used in pra
ti
e, where MADE stands formedian of E1, E2, ..., EN and Ei =
∣∣∣ei − Ẽ

∣∣∣, Ẽ is median of e1, e2, ..., eN .Table 1: Robust approa
hesmethod ρ(ξ) w (ξ) range 
onstantTukey B2

(
1 −

(
1 − (ξ/B)2

)3
)

/6
(
1 − (ξ/B)2

)2

|ξ| ≤ B B=4.865
B2/6 0 |ξ| > BHuber ξ2/2 1 |ξ| ≤ k k=1.345

k|ξ| − k2/2 k/ |ξ| |ξ| > kAndrews A2 (1 − 
os(ξ/A)) (A/ξ)sin(ξ/A) |ξ| ≤ Aπ A=1.339
2A2 0 |ξ| > AπWels
h W 2

(
1 − exp(− (ξ/W )

2

))
/2 exp(− (ξ/W )

2

) � W = 2.985Talwar ξ2/2 1 |ξ| ≤ k k = 2.795

k2/2 0 |ξ| > k3.2 Statisti
al analysis of predi
tion error and time �u
tuationLet us have signal of length L, divided into segments of �xed length N and values H , Sbeing set. Afterwards, we e�e
t suitable robust identi�
ation of model (1), 
oe�
ient andindi
ate residue ve
tor e = (e1, e2, . . . , ep)
T. Now, it's time to think of how to 
hara
terizeerror predi
tion in one segment and how best to 
hara
terize variability of error predi
tionof the whole signal in time. In kind of 
riterion featuring as total error predi
tion in onesegment the following two 
hara
teristi
s 
an be used. The �rst one 
an be des
ribedthrough the relation

R = (E |e|q)
1/q

=

(
1

p

p∑

k=1

|ek|
q

)1/q (10)where q ∈ 〈0,∞) a p = N −H − S + 1. Let's identify this method as a method of rootof expe
ted value of residues (MREVR(q)).In order to make des
ription of the se
ond 
hara
teristi
 easier let us set ak = |ek|and let us arrange ak in su
h a way that a(1) ≤ a(2) ≤ . . . ≤ a(p). Afterwards, the totalsignal error predi
tion in one segment will be 
al
ulated as
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R = a(⌊qp⌋) (11)where parameter q ∈ (0, 1〉 and p = N −H − S + 1. This approa
h we 
all the methodof quantiles of the residues (MQR(q)).Thus, we get for ea
h 
hannel time series predi
tion errors {R1, R2, . . . , RM}, re-spe
tively stru
tured sele
tion {R(1), R(2), . . . , R(M)

} where M = ⌊L/N⌋. For assess thevariability of the predi
tion errors EEG signal in time 
an be used su
h as one of thefollowing sample (segment) 
hara
teristi
s :
• maximum Rmax = max {R1, R2, . . . , RM};
• minimum Rmin = min {R1, R2, . . . , RM};
• range RR = Rmax −Rmin;
• mean R̄ = 1

M

∑M
k=1Rk;

• standard deviation σ =
√

1
M−1

∑M
k=1 (Rk − R̄

)2;
• median R̃ = 1

2
(R(M/2) + R(M/2+1)) for the even M , respe
tively R̃ = R((M+1)/2) forthe odd M ;

• median absolute deviationMADZ = Z̃ where Z̃ stands for median of Z1, Z2, ..., ZMand Zi =
∣∣∣Ri − R̃

∣∣∣ for i = 1, 2, ..., M ;
• 1st quartile (lower quartile) R0.25 = R(⌊0.25M⌋);
• 3rd quartile (upper quartile) R0.75 = R(⌊0.75M⌋);
• interquartile range IQR = R0.75 − R0.25.These aggregating 
hara
teristi
s will be denoted as Q in the next text.
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Figure 1: Flu
tuation of MREVR in time for a healthy person (IQR = R0.75 −R0.25)
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Figure 2: Flu
tuation of MREVR in time for a patient with Alzheimer's disease (IQR =
R0.75 − R0.25)3.3 Quality of 
lassi�
ationThere is a dire
t relationship between the quality of parameter setting and the qual-ity of 
lassi�
ation. In our 
ase, the optimal parameter setting has greatest di�er-en
es in Q between groups AD and CN. The quality of parameter setting was drivenby the apparatus of statisti
al hypothesis testing. Variability of the predi
tion errorwe 
al
ulated for ea
h 
hannel and ea
h person. Thus, there are two samples QAD :={
QAD

1 , QAD
2 , . . . , QAD

n

} and QCN :=
{
QCN

1 , QCN
2 , . . . , QCN

m

} where n and m indi
ate thenumber of individuals in AD and CN groups. The null and the alternative hypothesiswere 
onstru
ted as follows:
H0: expe
ted value of random variables QAD, QCN are not di�erent, i.e. µAD = µCN ;
H1 : expe
ted value of random variables are di�erent, i.e. µAD 6= µCN .Assuming equal varian
es in both groups, we 
an use the two-sample two-sided t-test[4℄, where the test 
riterion is 
al
ulated as

T =
QAD −QCN√

(n− 1)σ2
AD + (m− 1)σ2

CN

√
mn(n +m− 2)

n+m
. (12)

QAD and QCN denote the sample means, σ2
AD a σ2

CN are sample varian
es.The 
riterion (12) has Student's t-distribution with df = n+m−2 degrees of freedom.We 
al
ulated adequate p-value for given T and df .Another possible tool for assessing the quality of 
lassi�ers is the sensitivity andspe
i�
ity. Sensitivity re�e
ts the probability of 
orre
t 
lassi�
ation of positive sample(AD) and spe
i�
ity re�e
ts the probability of 
orre
t 
lassi�
ation of negative sample(CN).Let TP (true positive) be number of samples that the 
lassi�er 
orre
tly 
lassi�ed intoAD, let FP (false positive) be number of samples that the 
lassi�er in
orre
tly 
lassi�edinto AD, let TN (true negative) be number of samples that the 
lassi�er 
orre
tly 
lassi�edinto CN and let FN (false negative) be number of samples that the 
lassi�er in
orre
tly
lassi�ed into CN. The sensitivity and the spe
i�
ity 
an be estimated as follows:
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• sensitivity (true positive fra
tion) TPF= TP

TP+FN
;

• spe
i�
ity (true negative fra
tion) TNF= TN
FP+TN

.The optimum, threshold for AD / CN 
lassi�
ation is obtainable from ROC 
urve [1℄as 
ompromise between maximum values of TPF and TNF. We prefer to maximizemin(TPF, TNF ) a

ording to minimax de
ision prin
iple.4 ResultsThere were 32 EEG re
ords in
luded in our study. The groups of AD and CD 
onsistof 16 and 16 patients. We used international 10-20 ele
trode system [5℄. During themeasurement of ele
tri
al a
tivity, our testers were in the bed having with 
losed eyesand without any stimulus. EEG data were approximately 300 se
onds long with samplingfrequen
y of 200 Hz. Ele
tri
 potential was measured in millivolts.During 
omputer experiments, whi
h we aimed to optimum parameter setting, we usedmodel (1) with �xed fun
tional base ϕj(Yk, . . . , Yk−H+1) = Yk−j+1 for j ∈ {1, 2, ..., H}.The following pro
edure was used:
• signal was divided into segments (N = 100);
• standardization of ea
h segment was performed Y ∗

i = Yi−Y
σ

;
• default values of model parameter were used (H = 10, S = 1);
• Tukey's method was used as default robust method;
• default value for MREVR was q = 2;
• default value for MQR was q = 1/2;
• two most suitable 
hannels were 
hosen on the basis of two-sample two-sided t-testat signi�
an
e level of 0.05;
• with the help of p-value, optimal values for parameters N , H , S and q were found,and most suitable robust method was 
hosen.Results of numeri
al 
al
ulations are in
luded in the Tab. 2 using default parameters.Bold font was used for p-value below 
riti
al probability (0.05). The best in AD / CNresolution are 
hannel 2 and 6, whi
h were subje
t 
onsequential analysis. The se
ondaim was to study the in�uen
e of pro
essing parameters (N, H, S) to p-value. Followingparameter values were involved in the 
ombination with Tukey's method:
• length of the segment N=100, 125, 150, 200;
• history length of time series H=6, 8, 10;
• length of the predi
tion step S=1, 2, 3.
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ation of Alzheimer's Disease Using Linear Predi
tive Model 251The results of testing are summarized in the Tabs. 4, 5. The best results were obtainedfor N = 150, H = 8 or 10, S = 1 or 2 in the 
ase of Turkey's method and 
hannels 2 and6. The parameter setting was then used for the other methods and 
hannels. As seenin the Tab. 3, the p-values of robust methods are lower than in the squares approa
h(LSQ) in the 
ase of 
hannel 6. Similar result (ex
ept Andrew's and Huber's method) isvalid in the 
ase of 
hannel 2 (see Tab. 3). The method MREVR is re
ommended for thesegment error evaluation. The methods MAD and IQR are the best for the �u
tuationanalysis. Table 2: Minimum p-values for the default setting
hannel p-value 
hara
teristi
 method (q)1 0.003301 IQR MQR(1/2)2 0.000201 IQR MREVR(2)3 0.070778 Rmin MQR(1/2)4 0.077238 IQR MREVR(2)5 0.013298 IQR MREVR(2)6 0.001757 IQR MREVR(2)7 0.002733 MAD MQR(1/2)8 0.182820 Rmin MQR(1/2)9 0.081693 Rmin MREVR(2)10 0.118012 IQR MREVR(2)11 0.113751 IQR MQR(1/2)12 0.045587 IQR MKR(1/2)13 0.012805 RR MREVR(2)14 0.047399 Rmin MREVR(2)15 0.052538 Rmin MKR(1/2)16 0.378503 Rmin MREVR(2)17 0.231664 Rmin MREVR(2)18 0.101802 σ MREVR(2)19 0.137812 Rmin MREVR(2)
Table 3: Minimum p-values for the 6th 
hannel and di�erent robust methodsrobust method p-value q method N − H − S 
hara
teristi
LSQ 0.000339 3/2 MREVR 150 - 8 - 2 IQRTukey 0.000326 2 MREVR 150 - 8 - 2 IQRAndrews 0.000315 2 MREVR 150 - 8 - 2 IQRHuber 0.000212 9/4 MREVR 150 - 8 - 2 IQRWels
h 0.000299 2 MREVR 150 - 8 - 2 IQRTalwar 0.000337 5/4 MREVR 150 - 8 - 2 IQR
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Table 4: Minimum p-values for the 2nd 
hannel and Tukey's method

N p-value H S 
hara
teristi
 method(q)100 0.000236 10 2 Rmin MREVR(2)0.000320 8 1 IQR MQR(1/2)125 0.000261 10 1 IQR MREVR(2)0.000283 10 2 σ MQR(1/2)150 0.000071 10 1 IQR MREVR(2)0.000225 8 1 IQR MQR(1/2)175 0.000127 10 1 IQR MREVR(2)0.000427 10 1 IQR MQR(1/2)200 0.000171 10 1 MAD MREVR(2)0.000495 8 1 IQR MQR(1/2)
Table 5: Minimum p-values for the 6th 
hannel and Tukey's method

N p-value H S 
hara
teristi
 method (q)100 0.000683 8 1 IQR MREVR(2)0.001112 8 1 IQR MQR(1/2)125 0.001047 8 1 IQR MREVR(2)0.002533 10 1 σ MQR(1/2)150 0.000326 8 2 IQR MREVR(2)0.000764 8 1 IQR MQR(1/2)175 0.000591 8 2 MAD MREVR(2)0.002549 8 1 IQR MQR(1/2)200 0.001146 6 3 R0.25 MREVR(2)0.004374 8 1 IQR MQR(1/2)
Table 6: Minimum p-values for the 2nd 
hannel and di�erent robust methodsrobust method p-value q method N − H − S 
hara
teristi
LSQ 6.59 X 10−5 7/8 MQR 150 - 8 - 1 IQRTukey 6.32 X 10−5 9/4 MREVR 150 - 10 - 1 IQRAndrews 6.74 X 10−5 9/4 MREVR 150 - 10 - 1 IQRHuber 6.66 X 10−5 9/4 MREVR 150 - 10 - 1 IQRWels
h 6.11 X 10−5 9/4 MREVR 150 - 10 - 1 IQRTalwar 6.47 X 10−5 7/8 MQR 150 - 8 - 1 IQR



EEG Classi�
ation of Alzheimer's Disease Using Linear Predi
tive Model 2535 Con
lusionRobust linear predi
tive �lter was used for the 
hara
terization of signal variability withinindividual segments. The quasi-stationarity analysis is re
ommended as a tool for the
lassi�
ation of Alzheimer's disease against 
ontrols. The best results were obtained onEEG 
hannel 2 with sampling period 200 Hz, segment length N = 150, history depth
H = 10, step of predi
tion S = 1, Wels
h's method, MREVR (method of root of expe
tedvalue of residues) 
hara
teristi
s of EEG �u
tuations. Then, the adequate optimum valuesare:

• p-value p-value=6.11 X 10−5;
• sensitivity TPF = 81.3;
• spe
i�
ity TNF = 87.5.From the biomedi
al point of view the novel method is 
omparable with the other
omplex methods of Alzheimer's disease diagnosis.Referen
es[1℄ T. Faw
ett. An Introdu
tion to ROC analysis. In 'Pattern Re
ognition Letters (Am-sterdam, 2006)', volume 27, Elsevier S
ien
e, pp.861-876.[2℄ P. J. Huber, E. M. Ron
hetti Robust Statisti
. John Wiley & Sons, Hoboken, (2009).[3℄ R. G. Lehr, A. Pong ROC Curve. In 'En
y
lopedia of Biopharma
euti
al Statisti
s(New York, 2003)', Mar
el Dekker, pp.884-891.[4℄ M. Meloun, J. Militský Statisti
ká analýza experimentální
h dat. A
ademia, Praha,(1998).[5℄ E. Niedermeyer, F. Lopes da Silva Ele
troen
ephalography: Basi
 Prin
iples, Clini-
al Appli
ations, and Related Fields. Lippin
ott Williams & Wilkins, Philadelphia,(2004).[6℄ M. B. Priestley Non-linear and Non-stationary Time Series Analysis. A
ademi
Press, London, (1988).
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sFa
ulty of Nu
lear S
ien
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al Engineering, CTU in Pragueadvisor: T. V. Guy, Institute of Information Theory and Automation, ASCRAbstra
t. The paper 
ontinues the previous resear
h aimed at design the automati
 tradingsystem. The paper 
on
erns rating the quality of designed approa
hes. It reviews both generalmethods and methods spe
ialized to trading. The proposed method is a 
ombination of them.Keywords: approaximative dynami
 programming, Bellman fun
tionAbstrakt. �lánek navazuje na p°ed
hozí výzkum týkají
í se ob
odování s futures. Téma jezam¥°eno na hodno
ení d°íve navrºený
h algoritm·. �lánek reviduje hodnotí
í metody jakobe
né tak zam¥°ené na problematiku ob
hodvání. Výsledkem je kombinovaná metoda, která jetestována a hodno
ena v záv¥re£né £ásti.Klí£ová slova: p°ibliºné dynami
ké programování, Belllmanova funk
e1 Introdu
tionThe paper towards automati
 trading system for the futures 
ontra
ts. The previousresear
h 
on
erns the task de�nition and basi
 solution [3, 4℄. The previous work proposedmany approa
hes and we have to 
ompare them in order to sele
t the most suitable one.Two subtask are 
onsidered: First is how to re
ognize the good approa
h standalone, andse
ond deals with 
omparison of two approa
hes and sele
ting the better one.To re
ognize a good approa
h, a �nal pro�t 
an be used as the measure of a su

ess.However in trading appli
ations, the 
ontinuous development of the 
umulative pro�t hashigher impa
t than the �nal pro�t. The analyzing the 
umulative is more 
omplex dueto working with the whole sequen
e, but 
an bring better insight to approa
h quality.The 
omparison of two approa
hes seems to be easy, when the approa
hes are testedon 
ommon data set. When even more data sets are available, the 
omparison be
omes
omplex, be
ause ea
h data set produ
es one dimension in results, then the 
omparisonof multidimensional results is needed. The typi
al problem is: Approa
h A makes a totalpro�t at �ve data sets $ 100000 USD, but pro�t was positive at only two data sets.Approa
h B makes a total pro�t only $ 50000 USD, but it makes positive pro�t at four of�ve data sets. Whi
h approa
h is better? Both approa
hes 
an win, but the best shouldbe 
hosen a

ording to the preferen
e of trader.The paper proposes a small review of the 
omparison methods and applies the methodsto one of the solved problems.The paper 
ontains two main parts. Se
tion 2 introdu
es the problemati
s and de�nesthe task (Se
. 2.1), de�nes a 
oe�
ient 
hara
terizing the quality of approa
h using the
∗This work has been supported by the grant M�MT 1M0572.255
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umulative gain (Se
. 2.2) and introdu
es methods for multi-dimension 
omparing (Se
.2.3). Se
tion 3 introdu
es futures trading (Se
. 3.1) and 
oe�
ients used in trading (Se
.3.2), de�nes algorithm of approa
hes rating (Se
. 3.3). The algorithm is applied and
ommented in Se
. 3.4.2 Comparing methodsThe se
tion deals with de�nition of the solved task and given assumptions.2.1 Task of interestWe assume a de
ision maker and system. De
ision maker is human or ma
hine with aimsrelated to the system. The de
ision maker obtains a data yt at the system, and designthe de
ision ut to rea
h his aims. The pro
ess is repeated ea
h dis
rete time instant
t ∈ {1, . . . , T}. The aims of de
ision maker are 
hara
terized by a gain fun
tion G, whi
hmaps the system output and de
isions to a real number. Higher value indi
ates highersu

ess. The de
ision maker tries to maximize the gain fun
tion.We fo
us on quality evaluation of designed de
isions, hen
e we assume the knowledgeof a whole data y1, . . . , yT and de
ision sequen
e u1, . . . , uT . Moreover, we assume theknowledge of the gain fun
tion:

G : (y1, . . . , yT , u1, . . . , uT ) → R (1)and its additive shape
G =

T∑

i=1

gi, where gi : (y1, . . . , yi, u1, . . . , ui) → R, (2)and gi is 
alled a one-step gain.Let us de�ne 
umulative gain via:
Gt =

t∑

i=1

gi. (3)The gain is a sum over all time instants {1, . . . , T}, whereas 
umulative gain is sum overthe �rst t time steps {1, . . . , t}, t ≤ T . Hen
e, we use the term �nal gain for the gain fromhere onward. Moreover, the 
umulative gain 
an be viewed as a sequen
e G1, . . . , GT and
hara
terizes the approa
h behavior.We assume that there are M di�erent approa
hes trying to maximize the gain (2) and
N testing data sets or experiment data available to 
ompare the su

ess of the approa
hes.In summary, we have M ×N �nal gains to de
ide, whi
h approa
h is the best. Moreover,we 
an obtain M ×N ×T values, in order to analyze the approa
hes using the 
umulativegains.
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omparisonIt is disputable, whether the �nal gain is a good 
riterion for rating of the approa
hes. Insome tasks, the good �nal gain 
an be rea
hed only by a few last steps, hen
e the analysisof the 
umulative gain is required. But working with a whole sequen
e of 
umulativegain 
ontaining T values is di�
ult. Hen
e, it is needed to 
hara
terize the quality of
umulative gain by one 
oe�
ient, and this se
tion de�nes su
h a 
oe�
ient.The ideal 
umulative gain in
reases, therefore the knowledge of a trend is important.To rea
h this knowledge, the sequen
e 
an be �tted by a linear fun
tion y(t) = at + b,where a, b are parameters. We assume a sequen
e of values G1, G2, . . . , GT , and we sear
hthe best values of 
oe�
ients a, b to minimize squared error mina,b

∑T

t=1
(Gt − y(t))2.The obtained 
oe�
ients amin, bmin 
hara
terize the nearest linear approximation of theoriginal sequen
e. Hen
e, the values of amin, bmin 
an be used to evaluate the su

ess ofthe approa
h.The 
oe�
ient amin re�e
ts a trend of 
umulative gain. The positive value 
hara
-terizes an in
rease, the negative one a de
rease. The value of 
oe�
ient a is related tostrength of the in
rease, higher value means sharper in
rease. Thus, it 
an be used as arelatively good 
riterion of the approa
h quality.On the other hand, the linear approximation is not suitable, when the di�eren
ebetween original sequen
e and approximation (Gt−amint−bmin) is not normal distributed.This property 
annot be warranted by any 
umulative gain. Hen
e, the 
redibility of the
oe�
ient amin is lowered. The 
redibility of 
oe�
ient amin is given by value of errorsquares s =

∑T

t=1
(Gt −amint− bmin)2, the less value of s brings better 
redibility of amin.To obtain one 
hara
teristi
 
oe�
ient, let us de�ne in
rease 
oe�
ient cI as follows:

cI =
a

log
10

(s)
, with s =

T∑

t=1

(Gt − at − b)2, (4)where amin, bmin are 
oe�
ients of the best linear approximation of the 
umulative gainsequen
e. The logarithm is used due to big di�eren
es in values of s for the trading task.The higher value of cI is rated as better result of an approa
h. The positive valueof 
oe�
ient cI 
hara
terizes the in
rease of 
umulative gain, the weighting by di�eren
e
s lowers the value of 
oe�
ient for bad �tted sequen
es. The 
oe�
ient cI 
overs ourrequirements for working with 
umulative gain, hen
e the further se
tions deals with
omparing results obtained on more data sets.2.3 Multi-dimension 
omparingAs was introdu
ed, the 
omparison of two approa
h is simply, when they are testedat one data set, but when more data set is available, the de
ision be
ome 
omplex.The 
omplexity originates from fa
t that the 
omparison has nature of multidimensionaltask, where ea
h data set forms one dimension of 
ompared ve
tors. Following twosubse
tions deals with this task. Se
tion 2.3.1 try to transform the multidimensionaltask to one-dimensional by weighted summing. Whereas, the Se
tion 2.3.2 let the taskmultidimensional and de�nes 
omparison of ve
tors.Analogi
al with Se
. 2.1, we assume M approa
hes and N testing data sets. The aimis sele
t the best approa
h, hen
e we form M ve
tors R1, . . . , RM 
ontaining the results,
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h are quality measures related to ea
h data sets. The quality measures 
an be �nalgain, in
rease 
oe�
ient, or other variable 
hara
terizing the approa
h quality. Thus,ea
h ve
tor 
ontains N values Ri = (ri
1
, . . . , ri

N). Our aim is to 
hose the best approa
husing only this ve
tors.2.3.1 Weighted sumThe �rst simply solution is to summarize the results and evaluate
Sm =

N∑

n=1

rm
nfor ea
h approa
h m ∈ {1, . . . , M}. Then ea
h approa
h is 
hara
terized by one realnumber and it is simple to 
ompare them.Summing the results is simply and e�e
tive, but has a lot of disadvantages. When oneof data sets produ
es outstanding results, the total sum is in�uen
ed by this outlayer andthe results are not 
orre
t. Moreover, the maximal obtainable results must be 
omparablefor all data sets, be
ause the higher potential gives higher weight to given data set. Themaximal and minimal possible value of results 
an be 
al
ulated for some spe
ial tasksand using them the following 
oe�
ient 
an be de�ned:

FP m
n =

rm
n − Gmin

n

Gmax
n − Gmin

n

× 100%, (5)where Gmin
n and Gmax

n are minimal and maximal result values obtainable at nth data set.Let the 
oe�
ient is 
alled �nal per
entage. The �nal per
entage express the per
ent-age of su

ess rea
hed by approa
h a

ording to maximal and minimal potential resultsrea
hable on the given data set. Summing FP m
n over n ∈ {1, . . . , N} brings the equiv-alent results, where ea
h experiment has the same weight independent on its potential.Instead of summing, it is better to 
al
ulate the mean value:

MFP m =
1

N

N∑

n=1

FP m
n (6)the results 
an be interpreted as mean potential per
entage of the approa
h m. Let
oe�
ient MFP m is 
alled mean �nal per
entage. The 
oe�
ient (6) is generalizedweighted sum. When the minimal results potential equals zero (Gmin

n = 0), then it isequivalent to weighted sum with weights: wn = 1/Gmax
n .The 
oe�
ient MFP assigns ea
h approa
h one number and the sear
hing the bestapproa
h is transformed to sorting the number.2.3.2 E�
ient solutionAnother way to 
ompare the ve
tors R1, . . . , RM is by de�ning dominating and e�
ientsolution.The ve
tor Ri = (ri

1
, . . . , ri

N) is dominated by ve
tor Rj = (rj
1
, . . . , rj

N) even if followinginequalities are valid:
∀n ∈ {1, . . . , N} ri

n ≤ rj
n,
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∃n ∈ {1, . . . , N} ri

n < rj
n.E�
ient solution is su
h a ve
tor from the set {R1, . . . , RM}, whi
h is not domi-nated by any other ve
tor. The term of e�
ient solution is taken from multiobje
tiveoptimization [1℄.Taking only e�
ient solutions, the set of outstanding solutions 
an be found. Thee�
ien
y does not mix results rea
hed on di�erent data sets, i.e. the outstanding resultson one data set 
annot help the approa
h rating su
h as in poor summing the gains.On the other hand, the e�
ient solutions typi
ally forms a subset of {R1, . . . , RM}.Hen
e, the method does not lead to one best approa
h, but it ex
ludes a small set ofoutstanding approa
hes. The method 
annot prefer one of e�
ient solutions, until theadditional information about preferen
es is not added.3 Example: 
ommodity futures tradingThe 
ommodity futures trading is 
hallenging task related to trading on sto
k ex
hangesand pri
es spe
ulation. The 
ommodity futures means an 
ontra
t for delivering the
ommodity to given date in future. The pri
e of 
ontra
t is often obje
t of spe
ulation.The spe
ulator 
an spe
ulate for following situations:Pri
e in
rease, the spe
ulator buys the 
ontra
t, it is said to open the long position.Then, he waits, until the pri
e in
reases, and sells the 
ontra
t (it is said to 
losethe long position).The pro�t is the di�eren
e of buy/sell 
ontra
t pri
e. The di�eren
e, whetherspe
ulator makes pro�t or loss, depends, whether the pri
e follows his expe
tation.Hen
e, the pro�t from the long position is made, when the pri
e in
reases, whereasthe spe
ulator loses the same value, when the pri
e de
reases.Pri
e de
rease, the spe
ulator sells the 
onta
t, it is said to open the short position.The fa
t, that he 
an sell not-owned 
ontra
t, is related to prin
iples of givenex
hange, the spe
ulator 
an lend the 
ontra
t for this operation. Then, he willbuy the 
ontra
t ba
k, it is said to 
lose the short position.Inde�nite, the spe
ulator has no opened position. He is in so 
alled �at position, orout of market. Spe
ulator neither pro�ts nor loses by this operation.A transa
tion 
ost must be paid for ea
h 
ontra
t, whi
h 
hanges the position.The period from entering the non-�at position at market to leaving the position is
alled trade. The trade is very important, be
ause the pro�t in 
umulative gain is onlyhypotheti
al. But at the end of the trade, the 
umulative gain 
orresponds with the realrealized pro�t.3.1 Task de�nitionLet denote the pri
e in time t by yt and position held in time t by ut. The stru
ture of

ut is following: the absolute value |ut| sets the number of 
ontra
ts in an open position;



260 J. Zemanand the signum of ut sets the kind of position, minus for short and plus for long position.The �at position is 
hara
terized by ut = 0.For this notation the gain fun
tion is de�ned as:
G =

T∑

t=1

gt =
T∑

t=1

(yt − yt−1)ut−1 − C|ut − ut−1|
︸ ︷︷ ︸

gt

, (7)where C is the normalized transa
tion 
ost. For o�ine experiments, the transa
tion 
ost isarti�
ially in
reased by so-
alled slippages. Slippages are required due to delay betweenprompting the market 
ommand and its realization, during this short time period thepri
e 
an 
hange. Se
ond reason for slippages is that the a
tion on market 
hanges thepri
e itself and this is often not in
luded in o�-line experiments. Both reasons 
ausesthat the pri
e in real trading 
ould be di�erent from the value stored in data sets. Toavoid this di�eren
e, the transa
tion 
ost has two parts C = c + s for our task, where
c is transa
tion 
ost payed to ex
hange provider for ea
h 
ontra
t in position, and s areslippages, whi
h arti�
ially make the transa
tion 
ost higher.The slippages are estimated by an e
onomi
 spe
ialist. We use values obtained fromColosseum a.s. due our 
ooperation. Although the slippages makes the task more di�
ult,the trading system pro�table at o�-line data with slippages has big 
han
e to be pro�tablein real trading.3.2 Requirements to appli
abilityThe e
onomist have designed a lot of additional 
riteria to rate, whether the approa
h isgood or bad. This 
riteria are 
losely related to the trading task. Moreover, the e
onomistwill de
ide, whether the approa
h will be applied in pra
ti
e, hen
e is important totake this 
oe�
ients and 
riteria into a 
onsideration. This se
tion overview the main
oe�
ients and introdu
es the 
riteria required to appli
ation of the approa
hes.3.2.1 Main 
oe�
ientsNet pro�t is the same variable as the �nal gain (7).Gross pro�t is the net pro�t 
al
ulated only over the pro�table trades. The pro�tabletrade is trade whi
h starts with lower value of 
umulative gain than �nishes.Gross loss is analogy with gross pro�t, but for non-pro�table trades. The Gross pro�tis positive number, gross loss is negative number and net pro�t is sum of them.Total 
ost is total amount of transa
tion 
ost c payed for realization of de
ision as wasintrodu
ed in Se
. 3.1. The total 
ost is 
al
ulated via: (−1)

∑T

t=1
c|ut − ut−1|.Total slippages is total amount of slippages s, 
al
ulated in analogy with transa
tion
ost (−1)

∑T

t=1
s|ut − ut−1|. The slippages 
an be used for analyzing the results,be
ause in the trading task is typi
al that slippages make the result negative (see[2℄).
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ount of trades done during the experiment.Winning/Losing trades is 
ount of trades with positive/negative pro�t.Days long/short/�at is 
ount of time instants, when a 
ontra
t was held in long/short/�atposition. (The word 'days' is related to fa
t that we work with a day-data.)Maximal drawdown is the biggest negative di�eren
e in 
umulative gain sequen
e.This variable 
hara
terizes the risk related to given approa
h. The drawdown ofbad approa
h is relatively same value as the �nal gain.Length of drawdown 
hara
terizes the length of the maximal drawdown, i.e. howmany time instants was the drawdown realized. Again, the bad approa
h hasdrawdown with 
omparable length as the data sequen
e.3.2.2 Combinations of 
oe�
ientsThe previous 
oe�
ient are raw 
oe�
ient obtainable from result. Following 
oe�
ients
an be 
omputed from the raw 
oe�
ients and give us 
riteria for identifying the goodapproa
h.Per
ent pro�t gives per
entage of winning trades:Per
ent pro�t =
Winning tradesWinning trades + Losing trades .Pro�t fa
tor is ratio of earned and lost money:Pro�t fa
tor = −
Gross pro�tLoss .Pro�t per trade is average pro�t obtained in tradePro�t per trade =
Net pro�tTrades .3.2.3 Criteria on good approa
hThere is a di�eren
e between theoreti
al design of approa
hes and its appli
ability inpra
ti
e. Whereas, the theoreti
al su

ess is ea
h small bettering of an approa
h, thepra
ti
al appli
ation demands signi�
antly good results. The 
riteria to appli
ation of thetested approa
h for futures trading were designed by e
onomi
 spe
ialist from Colosseuma.s. The 
riteria are presented in Table 1.3.3 Algorithm of ratingThe de
ision, whi
h approa
h is best, should be done using following rules:1. The non-e�
ient approa
hes are ex
luded, the �nal gain is taken as measure ofapproa
h quality. This step 
hooses a subset of the original approa
hes.



262 J. ZemanCoe�
ient Relation ValueNet pro�t greater than 0Maximal drawdown less than 1/10 net pro�tLength of drawdown less than 250 daysPer
ent pro�t greater than 0.4Pro�t fa
tor greater than 1.5Pro�t per trade greater than $100 USDTable 1: Requirements on approa
h to appli
ability in pra
ti
e.Ti
ker Commodity Ex
hangeCC Co
oa CSCECL Petroleum-Crude Oil Light NMXFV2 5-Year U.S. Treasury Note CBTJY Japanese Yen CMEW Wheat CBTTable 2: Referen
e markets, their ti
kers and ex
hanges.2. The non-e�
ient approa
hes are ex
luded, the 
oe�
ient cI is taken as measure ofapproa
h quality. This step 
hooses a subset of the original approa
hes.3. The approa
hes are sorted by their MFP - the highest value as �rst.4. The approa
hes are tested 
onsequently, whether su�
e the requirements on appli-
able approa
h. The proving is done over all data sets, hen
e ea
h approa
h mustsatisfy 6×N 
onditions. The �rst, su�
ient is rated as the best approa
h, be
auseis e�
ient and has highest MFP.3.4 Tuning the parametersWe have available pri
e history from �ve market (see Tab. 2) and approa
h presented in[4℄, where are 2 parameters the length of regressor l ∈ {1, 2, . . . , 10} and the forgettingfa
tor λ ∈ {1, 0.999, 0.99, 0.9}. (The explanation of the parameters is not important.)Thus, we have 40 
ouples of parameters and our aim is to estimate, whi
h 
ouple is thebest. Due to availability of �ve data sets, the 
ount of experiments is 200.Table 3 reviews the results obtained by presented method (see Se
. 3.3). The valuesin the table were 
onstru
ted by ordering the MFP 
oe�
ients (see Se
. 2.3.1), where thehighest value of MFP was denoted by 1, se
ond highest by 2 et
. And the highlightedapproa
hes were marked as e�
ient in both steps 1 and 2 of algorithm from Se
. 3.3.For last step of the algorithm, there is no approa
h satisfying all requirements forappli
ability. The nearest is the approa
h with the parameters l = 1 and λ = 1, whereare satis�ed 20 
onditions from 30.For the further resear
h, the parameters 
ouple l = 1 and λ = 1 will be used, althoughthe non-appli
ability. The reason for this 
hoi
e is that the given approa
h is the most
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essful and moreover the analysis with respe
t to cI 
oe�
ient de�ne in Se
. 2.2rea
hes also the best results (see Tab. 4).The testing of cI 
oe�
ient showed that approa
hes with value cI > 1.5 have in
reasing
umulative gain without big drawdowns. Hen
e, the 
oe�
ient cI 
an be used for ratingthe best approa
h in further resear
h.4 Con
lusionThe paper 
on
erns with the 
riteria of 
omparing approa
hes testing on data sets. Thealgorithm of the best approa
h 
hoosing is designed. The algorithm is applied on theresults obtained in tuning approa
h for futures trading task, and it 
hooses the bestapproa
h.The main advantage of the designed algorithm lies in possibility to 
ompare theapproa
hes tested on more data sets. The algorithm 
ombines the simply method ofweighted sum with e�
ients solutions and appli
ability of approa
h. This 
ombinationis also great advantage.The disadvantage of given algorithm is that the algorithm 
an ex
lude all approa
hesdue to appli
ability 
onditions. And opposite, the e�
ient solution often sele
ts bigsubset.The algorithm will be tested in further resear
h, but it make the ground idea forfurther algorithms in rating the approa
hes.Referen
es[1℄ M. Ehrgott. Multi
riteria optimization. Le
ture Notes in E
onomi
s and Mathemat-i
al Systems. Springer-Verlag, (2000).[2℄ M. Kárný, J. �indelá°, �. Pírko, and J. Zeman. Adaptively optimized trading withfutures. Te
hni
al report, (2010).[3℄ J. Zeman. Futures trading: Design of a strategy. In 'Pro
eedings of the InternationalConferen
e on Operations Resear
h and Finan
ial Engineering 2009'. WASET, (2009).[4℄ J. Zeman. A new approa
h to estimating the bellman fun
tion. In 'Pro
eedings ofthe 10th International PhD Workshop on Systems and Control', P. L. Hofman Radek,�mídl Vá
lav, (ed.). ÚTIA, AV �R, (2009).



264 J. Zeman
l λ = 1 λ = 0.999 λ = 0.99 λ = 0.91 1 21 26 282 13 17 23 303 8 15 25 274 6 19 18 335 2 11 20 356 3 12 22 367 5 14 31 378 4 16 29 389 10 24 34 3910 9 7 32 40Table 3: Comparison of 40 approa
hes for Bellman fun
tion estimation, ea
h approa
his de�ned by 
ouple l and λ, the e�
ient solutions are highlighted and the numbers intable are order of approa
hes by MFP.
l λ = 1 λ = 0.999 λ = 0.99 λ = 0.91 1.0551 -0.3355 -1.2594 -1.75222 0.2444 -0.1365 -0.3234 -1.68073 0.6385 0.3818 -0.5466 -1.71644 0.4861 -0.0215 0.1084 -1.87195 0.6014 0.2383 -0.2796 -2.35046 0.6046 0.0992 -0.4663 -2.81337 0.5481 0.1318 -1.6669 -3.49248 0.5002 -0.0869 -1.2192 -3.76829 0.3632 -0.7274 -1.9563 -4.334610 0.2865 0.4667 -1.7901 -5.0938Table 4: The mean value in
rease 
oe�
ient cI 
al
ulated over available data sets.
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t. Distributed 
omputing, heavily relying on the presen
e of data at the proper pla
eand time, have further raised demands for 
oordination of data movement on the road towardsa
hieving high performan
e. Although there exist several sophisti
ated and e�
ient point-to-point data transfer tools, the la
k of global planners and de
ision makers, answering questionssu
h as �How and from whi
h sour
es to bring the required dataset to the user?�, is for most partla
king. We present our work and status of the development of an automated data planning,ensuring fairness and e�
ien
y of data movement by fo
using on the minimal time to realizedata movement (delegating the data transfer itself to existing transfer tools). Its prin
ipalkeystones are self-adaptation to the network/servi
e alteration, optimal sele
tion of transfer
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ks avoidan
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hniques, allowing to re�e
t therestri
tions from reality by mathemati
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onstraints. In this paper, we will 
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larifying the overall system from a software engineering point of view and present the generalar
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h as well as a use 
ase in pra
ti
e made with multiple
hoi
e for sour
es will be presented.Keywords: planning, data transfers, distributing 
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erý
h zdrojov.K©ú£ové slová: plánovanie, dátové prenosy, distribuované po£ítanie265
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Figure 1: General view of the automated planning system. The goal is to a
hieve 
on-trolled and e�
ient utilization of the network and data servi
es with a proper use ofexisting point-to-point transfer tools. At the highest level of abstra
tion, the plannershould appear as a �box� between the user's requests and the resour
es.1 Introdu
tionAs it is widely known, distributed 
omputing o�ers large harvesting potential for 
om-puting power and brings other bene�ts as far as it is properly exploited. On the otherhand it introdu
es several pitfalls in
luding 
on
urrent a

ess, syn
hronization, 
ommu-ni
ations s
alability as well as spe
i�
 
hallenges su
h as answering key questions like�how to parallelize a task?� knowing where my data and CPU power are lo
ated. Indata intensive experiments, like the one from HENP 
ommunity and the STAR 1 [1℄ ex-periment, the problem is even more signi�
ant sin
e the task usually involves pro
essingand/or manipulation of large datasets.This massive data pro
essing will be hardly �fair� to users and hardly using networkbandwidth e�
iently unless we address and deal with planning and reasoning related todata movement and pla
ement. In this paper we present and fo
us on the implementationand software engineering part of our ongoing work, while we refer to our previously pub-lished papers explaining in more depth the underlying model and theoreti
al ba
kground.The purpose of our resear
h and work is to design and develop an automated plan-ning system a
ting in a multi-user and multi-servi
e environment as shown in Fig. 1.The system a
ts as a �
entralized� de
ision making 
omponent with the emphasis onoptimization, 
oordination and load-balan
ing. The optimization guarantees theresour
es are not wasted and 
ould be shared and re-used a
ross users and sour
es. Co-ordination ensures multiple resour
es do not a
t independently so starvation or 
loggingdo not o

ur, while load-balan
ing avoids 
reating bottle-ne
ks on the resour
es. Theintent is not to 
reate another point-to-point data transfer point-to-point tool, but to use1Solenoidal Tra
ker at Relativisti
 Heavy Ion Collider is an experiment lo
ated at the BrookhavenNational Laboratory (USA). See http://www.star.bnl.gov for more information.
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Figure 2: Optimization of the transfer paths with regards to the network stru
ture andlink bandwidth. Some network path may be re-used to satisfy multiple requests for thesame data.
Figure 3: Optimization of the transfer paths with regards to the di�erent data servi
eperforman
e/laten
y. Multiple sour
es for the same data may be naturally 
ombinedalternatively to avoid overload and servi
e 
logging.available and pra
ti
al ones in the e�
ient manner.We des
ribe the most important optimization 
hara
teristi
 with the help of �guresFig. 2 and 3. Let us suppose there are requests for the same (or overlapping) datasetfrom two users, while ea
h of them needs the dataset to be pro
essed at his/her spe
i�
lo
ation. The system has to reason about the possible repositories for the dataset, sele
tthe proper ones for every �le (the granularity is spe
i�ed by the �les in our 
ase) and pro-du
e the transfer paths for ea
h �le. The output plan should be optimal with an obje
tiveto the overall 
ompletion time of all transfers. Thus, this optimization 
hara
teristi
 isfo
using on the network stru
ture and respe
tive link bandwidth. As illustrated in Figure2, it is 
on
eivable in our example that optimization will 
ause data movement to o

uron
e on some network links while datasets will be moved to two di�erent destinations.Moreover, the �les are usually served by several data servi
es (su
h as Xrootd [6℄, Posix�le systems, Tape systems [8℄, ...) with di�erent performan
e and laten
ies. Therefore,the optimization and reasoning on where to take the �les available from multiple sour
es
hoi
e will allow making the proper sele
tion for a �le repository, respe
ting their in-trinsi
 
hara
teristi
 (
ommuni
ation and transfer speed) and s
alability (Fig. 3). Inother words, as soon as multiple servi
es and sour
es are available, load balan
ing wouldimmediately be taken into a

ount by our planner.
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Figure 4: Ar
hite
ture of the system.2 Ar
hite
tureIn this se
tion, we will des
ribe the ar
hite
ture of the system, explaining brie�y ea
h
omponent following the work-�ow (see Fig. 4 for illustration). End users (or stand-aloneservi
es) generate requests using the web interfa
e, written in PHP following the MVCdesign pattern. A request is an en
apsulation of the meta-data query (as understoodby STAR's File and Repli
a Catalogue) and the destination. The request is stored in aSQL database (system supports MySQL and PostgreSQL) in a Catalog agnosti
 manner(any Catalog should work as far as they have a LFN/PFN 
on
ept our approa
h relieson) with the additional information like user name, group or date of the request. Later,the 
omponent 
alled File Feeder 
onta
ts the File and Repli
a Catalogue and makesthe query for the requested meta-data. The output information is stored ba
k to thedatabase, in
luding all possible lo
ations for every �le in a request.The brain of the system, a 
omponent 
alled the Planner, takes a subset of all requestsfor �les to be transferred a

ording to the preferred fair-share fun
tion. It 
reates theplan (transfer paths) for the sele
ted requests and stores the plan ba
k to the database.The individual �le transfers are handled by the separate distributed 
omponent 
alledData Mover. The role of these workers is to perform a point-to-point data transfer ona parti
ular link following the 
omputed plan. The results and intermediate status is
ontinuously re
orded in the database and user 
an 
he
k the progress at any time.We 
an see that the whole me
hanism is a 
ombination of deliberative (assuringoptimality) and rea
tive planning (assuring adaptability to the 
hanging environment).Sin
e this is 
ru
ial to the argument, in the next se
tion we will des
ribe the respe
tivetwo 
omponents (Planner and Data Mover) serving up as a �reasoner� and a �worker�.2.1 PlannerThe Planner (Fig. 5-left), the brain of the system, is built on the 
onstraint-based math-emati
al model. The theoreti
al ba
kground and our 
ontinuous progress were publishedin several papers ([11℄, [10℄, [12℄). Therefore, we will not go into details in this pa-



Building E�
ient Data Planner for Peta-s
ale S
ien
e 269

Figure 5: Left: Planner as a bla
k box. Right: Data Mover 
omponent.per, but only sket
h out the main prin
iples. Constraint based approa
h ([7℄) bringsa fundamental advantage in a straight forward mapping of the reality restri
tions intothe mathemati
al model. The solver uses methods from Constraint Programming andMixed Integer Programming and the logi
 tries to minimize the makespan 
onsideringall possible 
ombinations. The tree of possibilities may very well 
ontain solutions wheretransferring data on
e on a given link lead to a minima or balan
ing between servi
es leadto the fastest transfers. In all 
ases, the optimal solution will only be determined by theinput parameters. The input 
onsists of three parts: 
urrent 
hara
teristi
 of the link ornetwork, requests to be planned (size, logi
al �les) and information from a File (repli
a)Catalogue about possible repositories. Having all these information the solver starts a
omputation and stores the results dire
tly into the database. The result is a 
omputedtransfer path (repository and oriented path to the destination) for ea
h request. Notethat multiple requests for the same �les would be treated and a

ounted for in the plan.Our planning is also in
remental - we have previously demonstrated ([9℄) that a full planor in
remental planning would not make a large di�eren
e on the make span overall -the gain of an in
remental approa
h is the ability to self-adapt based on the Mover'sfeedba
k.For implementation of the solver we use Cho
o ([2℄), a Java based library for 
on-straint programming and GLPK ([4℄, [5℄), a library for Mixed Integer Programming.The Java based platform allows us an easier integration with already existing tools in theSTAR environment.2.2 Data MoverThe Data Mover is the distributed 
omponent responsible for performing data transfersin a rea
tive way. Ea
h instan
e is 
ontrolling data servi
es within a given 
omputing siteand also the wide-area network 
onne
tions from/to the site. It relies on the underlyingdata transfer tools and uses them for data movement. In our implementation, we didnot address interoperability of data transfer tools (whi
h is not the obje
t of this work)but settled in using by the Fast Data Transfer tool (FDT [3℄). The way data moversoperate is rea
tive that is, as soon as a �le appears at the sour
e node (either at a dataservi
e or in a 
a
he spa
e before WAN transfer) it is marked as �ready for transfer�
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e realizes the �le is available and initiates the next move (along the 
omputed pathfrom the solver). Our approa
h is also adaptive: from the initial transfer and 
onsequentmonitoring, the real speed 
an be inferred and re-inje
ted as a parameter for the nextin
remental plan, helping the system to 
onverge toward realisti
 transfer rates ratherthan relying on theoreti
al optimum alone.The Data Mover is written in Python language and 
on
urrent link/servi
e 
ontrol isa
hieved by separate threads (Fig. 5-right).3 Show 
aseTo prove the validity of our planning strategy, a use 
ase was designed and implemented.The purpose of the test was to a�rm the software 
omponents work and 
ommuni
atein the expe
ted way and the quality of the 
omputed plan is 
on�dent. The environmentwas for simpli
ity formed by two 
omputing sites, the 
entral BNL and remote Prague.The available data servi
es at BNL were: Xrootd, NFS and HPSS, while in Prague onlyNFS was available. The wide area network (WAN) transfer was 
ontrolled by FDT. The
on�guration is shown in Fig. 6-left. The test hen
e 
hallenges the planner in makingproper de
isions when multiple sour
es are available at the same site.The request 
onsisted of �les available at all data servi
es at BNL at the same timeand the task was to bring them to the Prague NFS servi
e. The test was 
omposed offour di�erent 
on�gurations. The planner 
onse
utively 
onsidered:
• only Xrootd repository
• only NFS repository
• only HPSS repositories
• a 
ombination of Xrootd, NFS and HPSS repository 
on
urrentlyThe results of ea
h 
on�guration are shown in Fig. 6-right. As expe
ted, while all�les are lo
ated on mass storage in STAR, transfers from HPSS (in green) are the longestto a

omplish and hen
e, lead to the longest delays in delivery. In our setup, the greenand blue 
urves are near equivalent (NFS dire
t transfers are slightly faster) but it isto be noted that not all �les are held on NFS (
entral storage) in STAR and pulling all�les from Xrootd may 
ause signi�
ant load on a system in use primarily for bat
h baseduser analysis (hen
e, an additional load is not desirable). When we 
ombined all storagesour
es, the makespan was equivalent to the one from Xrootd while the relative ratioof �les transfers from the diverse sour
es was 19%, 38% and 43% for HPSS, NFS andXrootd respe
tively with no load 
aused on any of the servi
es. At the end, the overallbottlene
k was only the WAN transfer speed - we infer our test proved the plannerworks as expe
ted, sin
e the full reasoning 
onsidering all possible repositories led to theoptimum makespan. Additionally, the utilization of all servi
es brings the advantage inthe form of load-balan
ing and automati
 use of repli
as.
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Figure 6: Left: The network and servi
e 
on�guration for the tests. Right: Theperforman
e of the system using 4 di�erent 
on�gurations. On the X axis, we representthe time of transfers while Y is the per
entage 
ompletion. The x-range of ea
h 
urve ishen
e representative of the makespan.4 Con
lusionsWhen multiple sour
es for �les or datasets are available along with many CPU resour
esin a distributed 
omputing environment, planning is needed to ensure load balan
ing,e�
ient and fair data movement and best use of the resour
es. Random a

ess to �lesand datasets by users 
ould easily destroy e�
ien
y or render sites inoperative and withthis in mind, we have ta
kled the 
hallenge of 
oordination of data transfers.In this work, we spe
i�
ally presented the ar
hite
ture 
omponents and implementa-tion of a framework, in test mode in the STAR experiment, whi
h goal is to address theplanning 
hallenges of transfers over widely distributed resour
es. Based on 
onstraintand mixed integer programming te
hniques, the tool was designed to in
orporate elementsto a
hieve optimization, 
oordination and load-balan
ing. Its simple yet robust ar
hite
-ture allows users to express their requests for �les via a Web interfa
e while a ba
k-endplanner and a set of data movers take 
are of the movement on the user's behalf. Withinour test example of moving �les to a single destination 
onsidering a dataset availablefrom multiple-sour
es, we have showed that our approa
h lead to an optimal plan thatis, produ
ing the shortest possible makespan while 
ausing no load on any of the storagesystems by automati
ally load-balan
ing. With our model (showed to work in simulatedmode [10℄) and this proof of prin
iples, we are equipped with a 
orner stone fun
tionalar
hite
ture and we will pursue as next steps multi-users and multi-sites transfers.
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