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Předmluva

Workshop Doktorandské dny 2009 je již čtvrtým v řadě setkání doktorandů oboru Ma-
tematické inženýrství doktorského studijního programu Aplikace přírodních věd, který je
akreditovaný na katedrách matematiky a fyziky FJFI. Pro mnohé z doktorandů je tento
workshop první příležitostí referovat o své vědecké práci před odborným fórem. Nácvik
prezentačních dovedností je pro postgraduální studenty nezbytný, stejně jako zkušenost
s psaním odborných textů. I z tohoto důvodu jsou příspěvky doktorandů shromážděny
v psané formě v tomto sborníku. Sborníky Doktorandských dnů pak slouží i ke sledování
postupu práce jednotlivých doktorandů. Otištěné práce mají obvykle vysokou úroveň a
nezřídka bývají výsledky našich doktorandů později publikovány v recenzovaných odbor-
ných časopisech. .
Za přispění ke zdárnému konání workshopu děkujeme katedře matematiky FJFI, kde

se setkání koná, i Dopplerovu ústavu pro matematickou fyziku a aplikovanou matematiku
při FJFI, který konání finančně podpořil.

Editoři





Paralelní algoritmy pro numeriké °e²eníhydrodynamiky laserového plazmatu�ubo² Bednárik2. ro£ník PGS, email: Lbs�entrum.skKatedra matematiky, Fakulta jadrová a fyzikálne inºinierska, �VUT v Praze²kolite©: Rihard Liska∗, Katedra fyzikální elektroniky, Fakulta jadernáa fyzikáln¥ inºenýrská, �VUTAbstrat. For solution of laser plasma hydrodynami we introdue model of Lagrangian equ-ations, whih inludes heat ondutivity and laser absorption. We show us the disretization ofhydrodynamial equations and desribe one step of the di�erene shema. With ahieved resultswe hek the orretness of our solution.Abstrakt. Pre rie²enie hydrodynamiky laserovej plazmy sa v úvode zoznámime s modelomLagrangeovskýh rovní, ktorý v sebe zah¯¬a aj tepelnú vodivos´ a laserovú absorpiu. Ukáºemesi diskretizáiu hydrodynamikýh rovní a popí²eme jeden yklus diferen£nej shémy. Získanýmivýsledkami overíme korektnos´ ná²ho rie²enia.1 Formuláia úlohyLaserová plazma, ktorá vzniká pri interakii laserového ºiarenia s hmotou, je typiky mo-delovaná ako stla£itelná kvapalina prostrednítvom Eulerovýh rovní s tepelnou vodi-vos´ou a laserovou absorpiou. Simuláiou vznikajú oblasti, ktoré sa vyzna£ujú vysokouexpanziou resp. kompresiou. Popis systému v Lagrangeovskýh súradniiah je pretovhodnej²í neº klasiký Eulerovský popis, ktorý nie je vhodný pre problémy, kde nastá-vajú ve©ké zmeny vo výpo£tovej doméne (podrobný popis transformáie m�ºeme nájs´ v[6, 7℄). Budeme sa teda venova´ problému, ktorý v Lagrangeovskýh súradniiah (S, t)má tvar
dη

dt
= vS (1)

dv

dt
= −pS (2)

dε

dt
= −pvS − WS − LS (3)kde η = 1/ρ, ρ je hustota, v rýhlos´, p tlak, ε vnútorná energia, W je tepelný tok a Lje hustota toku energie (intenzita) laserového ºiarenia. Jednotlivé rovnie vyjadrujú po-stupne zákon zahovania hmotnosti (1), zákon zahovania hybnosti (2) a zákon zahovaniaenergie (3). Systém dopl¬ujeme ¤alej e²te o stavové rovnie p = p(ε, ρ), T = T (ε, ρ),
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2 �. Bednárikktoré pre ideálny plyn uvaºujeme v tvare:
p = ερ(γ − 1) (4)
T =

A

Z + 1

p

cpρ
, cp =

kB

mu
(5)kde γ = 5/3 je plynová kon²tanta, Z stupe¬ ionizáie, A atómové £íslo, kB Boltzmanovakon²tanta a mu = 1, 6605.10−24g atómová hmotnostná jednotka.Systém rovní (1), (2), (3) rie²ime v dvoh krokoh. V prvom kroku rie²ime samos-tatne systém hydrodynamikýh rovní

dη

dt
= vS (6)

dv

dt
= −pS (7)

dε

dt
= −pvS (8)V druhom kroku rie²ime samostatne rovniu vedenia tepla so zahrnutým £lenom prelaserove ºiarenie

dε

dt
= −WS − LS (9)2 DiskretizáiaSystém rie²ime numeriky diskretizáiou v £ase aj v priestore, pri£om uvaºujeme obd¨º-nikovú doménu 〈Ax, Bx〉 × 〈Ay, By〉. Táto oblas´ je ©ubovo©ne rozdelená bodmi n11 aº

nmx+1my+1 na mxmy buniek, kde n11 = (Ax, Ay) a nmx+1my+1 = (Bx, By). Tieto bunkytvoria takzvanú primárnu sie´ku. Primárne body de�nujeme ako stredy týhto buniek azna£íme postupne n1/2,1/2 aº nmx+1/2,my+1/2 resp. c11 aº cmxmy , kde cij = ni+1/2,j+1/2 jestred bunky de�novanej vrholmi nij ,ni+1j ,ni+1j+1,nij+1. Vrholy primárnej sie´ky tvoriatzv. duálne body a duálna sie´ka bude obsahova´ duálne body vnútri svojih buniek, ateda jej vrholmi sú primárne body.Bunky a uzly na okraji domény nazývame okrajové bunky a okrajové uzly. Po okrajielej domény navy²e pridávame e²te jednu vrstvu uzlov, tzv. ghost uzly, ktoré spolu sokrajovými uzlami vytvárajú ghost bunky. Polohy ghost uzlov sú rovnaké ako polohyokrajovýh uzlov, z £oho vyplýva, ºe ghost bunky majú nulový objem. Pri zmene polohyokrajovýh uzlov sa analogiky zmení poloha ghost uzlov tak, aby sa udrºala nulovos´objemov ghost buniek. Význam ghost buniek a ghost uzlov sa uplat¬uje pri de�níii aaplikáii okrajovej podmienky.Na obrázku (1) m�ºme vidie´ zobrazenú ij-tu bunku tvorenú 4 vrholmi primárnejsie´ky. V jej strede sa nahádza 1 bod duálnej sie´ky. Stredy hrán sú ozna£ené písme-namy exc a eyc pod©a toho, £i ide o horizontálnu hranu orientovanú v smere osi x alebovertikálnu hranu orientovanú v smere osi y. Spojniu stredu hrany a stredu bunky nazý-vame separátor. Kaºdá bunka má teda 4 separátory, dva horizontálne sxc0
ij ,sxc1

ij a dvavertikálne syc0
ij, syc1

ij.Kaºdá hrana je navy²e svojím stredom rozdelená na dve subhrany, ktoré zna£íme
axc0

ij ,axc1
ij a ayc0

ij,ayc1
ij. Tým je elá bunka rozdelená na ²tvoriu subzón, kde kaºda
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Obrázok 1: �truktúra ij-tej bunky.je tvorená dvojíou príslu²nýh subhrán a dvojíou príslu²nýh separátorov. Indexáiasubzón je v poradí z©ava zdola 00, 10, 11, 01 proti smeru hodinovýh ru£i£iek.�alej potrebujeme ur£i´ objem bunky, prípadne jednotlivýh subzón, ktorý závisí napouºitom type geometrii. Budeme uvaºova´ karteziánsku a ylindrikú geometriu, ktorési ¤alej podrobnej²ie rozoberieme. Budeme pritom potrebova´ znalos´ greenovej vety
ˆ

V

∂A

∂x
dxdy −

∂B

∂y
dxdy =

ˆ

∂V

Adx + Qdy (10)2.1 Tlakové sily v karteziánskej geometriaV prípade karteziánskej geometrie uvaºujeme nasledujúi vz´ah pre vypo£et objemu bun-ky
Vc =

ˆ

c

1dxdy. (11)S pouºitím Greenovej vety objemový integrál sa zmení na krivkový integrál po hranii
Vc =

ˆ

∂Vc

xdy =

ni+1j
ˆ

nij

xdy +

ni+1j+1
ˆ

ni+1j

xdy +

nij+1
ˆ

ni+1j+1

xdy +

nij
ˆ

nij+1

xdy,a v prípade, ºe ozna£íme vrholy bunky postupne £íslami od 1 do 4 dostávame
Vc =

4∑

l=1

(yl+1 − yl) (xl + xl+1) .Analogiky dokáºeme spo£íta´ objem subzóny a následne spolu s hustotou subzónyzískavame hmotnos´ subzóny
ml

c = ρl
cV

l
c .



4 �. BednárikPre elkovú hmotnos´ a elkový objem bunky pritom prirodzene platí
mc =

4∑

l=1

ml
c, Vc =

4∑

l=1

V l
c .Hmotnos´ uzlu ako aj objem uzlu de�nujeme opä´ prirodzeným sp�sobom ako sú£ethmotností resp. objemov subzón okolo daného uzlu.Integráiou rovnie pre zákon zahovania hybnosti dostávame

ρ
dwx

dt
= −

∂p

∂x

/
.

ˆ

Vn

dxdy ⇒

ˆ

Vn

ρ
dwx

dt
dxdy = mn

(
dwx

dt

)

n

= −

ˆ

Vn

∂p

∂x
dxdy = F x

pn(12)
ρ
dwy

dt
= −

∂p

∂y

/
.

ˆ

Vn

dxdy ⇒

ˆ

Vn

ρ
dwy

dt
dxdy = mn

(
dwy

dt

)

n

= −

ˆ

Vn

∂p

∂y
dxdy = F y

pn(13)kde horným indexom x resp. y máme na mysli príslu²nu zloºku danej veli£iny a symbolom
Fpn ozna£ujeme tlakovú silu p�sobiau na uzol n. Následne s pouºitím Greenovej vetydostaneme

F x
pn

(10)
= −

ˆ

∂Vn

pdy (14)
F y

pn

(10)
= +

ˆ

∂Vn

pdx (15)Hrania uzlového objemu je tvorená �smimi separatormi v okolí daného uzlu n, ktoréozna£íme ykliky £íslami od 0 do 7 z©ava zdola spodným separátorom po£ínajú protismeru hodinovýh ru£i£iek. Separátor £íslo sedem je zárove¬ mínus prvým separátorom.M�ºme tak napísa´ vz´ah
∂Vn =

7∑

l=0

s(n, l) =

6∑

l=−1

s(n, l) =

3∑

l=0

1∑

k=0

s(n, 2l + k − 1) (16)Na²e separátory sú vºdy orientované v smere doprava a nahor, preto zavádzame tzv.znamienkový integrál po separátore
˜ˆ

s(n,l)

dy = Sgn (s(n, l))

ˆ

s(n,l)

dy (17)
˜ˆ

s(n,l)

dx = Sgn (s(n, l))

ˆ

s(n,l)

dx (18)ktorý v prípade, ºe budeme integrova´ po danom separátore v smere proti jeho orientáiimá opa£né znamienko ako integrál po tomto separátore. V opa£nom prípade má zna-mienko rovnaké. Tým doielime istú kompaktnos´ �nálnyh vz´ahv pre výpo£et tlakovejsily p�sobiaej na daný uzol.Pod©a zade�novaného zna£enia teda platí
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F x

pn

(16)+(17)
= −

6∑

l=−1

ps(n,l)

˜ˆ

s(n,l)

dy = −

3∑

l=0

1∑

k=0

ps(n,2l+k−1)

˜ˆ

s(n,2l+k−1)

dy (19)
F y

pn

(16)+(18)
= +

6∑

l=−1

ps(n,l)

˜ˆ

s(n,l)

dx = +

3∑

l=0

1∑

k=0

ps(n,2l+k−1)

˜ˆ

s(n,2l+k−1)

dx (20)Tlakom na separátore rozumieme priemer tlakov subzón susediaih s týmto separá-torom. Ak uvaºujeme, ºe subzóny v bunke máme o£íslované z©ava zdola £íslami 0 aº 3 apodobne aj bunky v okolí uzlu n máme o£íslované z©ava zdola £íslami od 0 do 3, potomozna£ením pm
c(n,l) rozumieme tlak v m-tej subzóne l-tej bunky pri uzle n. Následne tedatlak na 2l+k−1-tom separátore (£íslovanie separátorov zo vz´ahu 16) sa dá vyjadri´ ako

ps(n,2l+k−1) =
1

2

(
pl+2−k

c(n,l) + pl+2−k+1
c(n,l)

)
=

1

2

(
pl−k+2

c(n,l) + pl−k+3
c(n,l)

) (21)Pre zloºky tlakovýh síl potom platí
F x

pn

(21)
= −

3,1∑

l,k=0

pl−k+2
c(n,l) + pl−k+3

c(n,l)

2

˜ˆ

s(n,2l+k−1)

dy (22)
F y

pn

(21)
= +

3,1∑

l,k=0

pl−k+2
c(n,l) + pl−k+3

c(n,l)

2

˜ˆ

s(n,2l+k−1)

dx (23)S týmito vz´ahmi by sme v podstate mohli aj skon£i´, av²ak aby sme dosiahli podob-nos´ so vz´ahmi pre ylindriku geometriu, vykonáme e²te nieko©ko formálnyh úprav. Ktomu si potrebujeme vyjadri´ orientovanú hraniu subzonálneho objemu
∂V l+2

c(n,l) = s(n, 2l−1)+s(n, 2l)+a(n, l)−a(n, l−1) =

1∑

k=0

(
s(n, 2l + k − 1) + (−1)ka(n, l − k)

)(24)kde písmenom a ozna£ujeme príslu²né subhrany. Inými slovami orientovaná hrania
l + 2-tej subzóny l-tej bunky pri uzle n je tvorená 2l − 1-tým a 2l-tým separátorom priuzle n a l-tou a l− 1-tou subhranou pri uzle n. Mínus pred l− 1-tou hranou nám hovorí,ºe táto hrana je opa£ne orientovaná neº je orientáia hranie na tomto úseku. �íslovaniesubhrán v okolí uzlu n za£ína dolnou subhranou od 0 do 3. Podobne ako sme zaviedliznamienkový integrál po separátore, zavádzame aj znamienkový integrál po subhrane

˜ˆ

a(n,l)

dy = Sgn (a(n, l))

ˆ

a(n,l)

dy (25)
˜ˆ

a(n,l)

dx = Sgn (a(n, l))

ˆ

a(n,l)

dx (26)Ke¤ºe hranie subzón sú uzavreté krivky, platí:
0 =

ˆ

∂V l+2
c(n,l)

dy = pl+2
c(n,l)

ˆ

∂V l+2
c(n,l)

dy
(24)+(25)

= pl+2
c(n,l)

1∑

k=0

˜ˆ

s(n,2l+k−1)

dy + pl+2
c(n,l)

1∑

k=0

(−1)k
˜ˆ

a(n,l−k)

dy(27)
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0 =

ˆ

∂V l+2
c(n,l)

dx = pl+2
c(n,l)

ˆ

∂V l+2
c(n,l)

dx
(24)+(26)

= pl+2
c(n,l)

1∑

k=0

˜ˆ

s(n,2l+k−1)

dx + pl+2
c(n,l)

1∑

k=0

(−1)k
˜ˆ

a(n,l−k)

dx(28)a po pridaní do vz´ahov pre tlakove sily získame:
F x

pn

(27)
= −

3,1∑

l,k=0

pl−k+2
c(n,l) + pl−k+3

c(n,l)

2

˜ˆ

s(n,2l+k−1)

dy+

3,1∑

l,k=0

pl+2
c(n,l)

˜ˆ

s(n,2l+k−1)

dy+

3,1∑

l,k=0

pl+2
c(n,l)(−1)k

˜ˆ

a(n,l−k)

dy(29)
F y

pn

(28)
= +

3,1∑

l,k=0

pl−k+2
c(n,l) + pl−k+3

c(n,l)

2

˜ˆ

s(n,2l+k−1)

dx−

3,1∑

l,k=0

pl+2
c(n,l)

˜ˆ

s(n,2l+k−1)

dx−

3,1∑

l,k=0

pl+2
c(n,l)(−1)k

˜ˆ

a(n,l−k)

dx(30)2.2 Tlakové sily v ylindrikej geometriiV prípade ylindrikej geometrie vz´ah pre vypo£et objemu bunky vyzerá nasledujúo:
Vc =

ˆ

c

1rdrdz. (31)S pouºitím Greenovej vety sa nám objemový integrál opä´ zredukuje na krivkový integrál
Vc =

∑

e∈∂c

ˆ

e

r2

2
dz =

1

6

4∑

l=1

(zl+1 − z)
(
r2
l + r2

l+1 + rlrl+1

)
.Integráiou rovnie pre zákon zahovania hybnosti dostaneme v ylindrikej geometriivz´ahy pre zloºky tlakovýh síl

ρ
dwr

dt
= −

∂p

∂r

/
.

ˆ

Vn

rdrdz ⇒

ˆ

Vn

ρ
dwr

dt
rdrdz = mn

(
dwr

dt

)

n

= −

ˆ

Vn

∂p

∂r
rdrdz = F r

pn(32)
ρ
dwz

dt
= −

∂p

∂z

/
.

ˆ

Vn

rdrdz ⇒

ˆ

Vn

ρ
dwz

dt
rdrdz = mn

(
dwz

dt

)

n

= −

ˆ

Vn

∂p

∂z
rdrdz = F z

pn(33)Pre deriváie tlaku odvodíme
∂ (pr)

∂r
=

∂p

∂r
r + p

∂r

∂r
=

∂p

∂r
r + p ⇒

∂p

∂r
r =

∂ (pr)

∂r
− p

∂r

∂r
=

∂ (pr)

∂r
− p (34)

∂ (pr)

∂z
=

∂p

∂z
r + p

∂r

∂z
=

∂p

∂z
r + 0 ⇒

∂p

∂z
r =

∂ (pr)

∂z
− p

∂r

∂z
=

∂ (pr)

∂z
− 0 (35)Po dosadení do vz´ahov pre r-ovú a z-ovú zloºku tlakovej sily dostávame tieto vpodobe

F r
pn

(34)
= −

ˆ

Vn

∂ (pr)

∂r
drdz +

ˆ

Vn

p
∂r

∂r
drdz = −

ˆ

Vn

∂ (pr)

∂r
drdz +

3∑

l=0

pl+2
c(n,l)

ˆ

V l+2
c(n,l)

∂r

∂r
drdz (36)
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F z

pn

(35)
= −

ˆ

Vn

∂ (pr)

∂z
drdz +

ˆ

Vn

p
∂r

∂z
drdz = −

ˆ

Vn

∂ (pr)

∂z
drdz +

3∑

l=0

pl+2
c(n,l)

ˆ

V l+2
c(n,l)

∂r

∂z
drdz (37)£o spolu s Greenovou vetou dáva

F r
pn

(10)
= −

ˆ

∂Vn

prdz +
3∑

l=0

pl+2
c(n,l)

ˆ

∂V l+2
c(n,l)

rdz (38)
F z

pn

(10)
= +

ˆ

∂Vn

prdr −
3∑

l=0

pl+2
c(n,l)

ˆ

∂V l+2
c(n,l)

rdr (39)Tu je vhodné poznamena´, ºe zatia© £o druhý £len v (38) je nulový, v (39) moºe by´druhý £len nenulový. V tom sa rozhádza analógia s karteziánskou geometriou, a právemoºná nenulovos´ druhého £lenu v (39) bola d�vodom dodato£nýh úprav v kartezián-skom prípade, aby sme zahovali kompaktnos´ kone£nýh vz´ahov pre tlakové sily.�alej teda po zavedení znamienkovýh integrálov po separatore a subhrane v ylin-drikom prípade
˜ˆ

s(n,l)

rdz = Sgn (s(n, l))

ˆ

s(n,l)

rdz (40)
˜ˆ

s(n,l)

rdr = Sgn (s(n, l))

ˆ

s(n,l)

rdr (41)
˜ˆ

a(n,l)

rdz = Sgn (a(n, l))

ˆ

a(n,l)

rdz (42)
˜ˆ

a(n,l)

rdr = Sgn (a(n, l))

ˆ

a(n,l)

rdr (43)a po následnýh úpraváh získavame
F r

pn

(21)
= −

3,1∑

l,k=0

pl−k+2
c(n,l) + pl−k+3

c(n,l)

2

˜ˆ

s(n,2l+k−1)

rdz+

3,1∑

l,k=0

pl+2
c(n,l)

˜ˆ

s(n,2l+k−1)

rdz+

3,1∑

l,k=0

pl+2
c(n,l)(−1)k

˜ˆ

a(n,l−k)

rdz(44)
F z

pn

(21)
= +

3,1∑

l,k=0

pl−k+2
c(n,l) + pl−k+3

c(n,l)

2

˜ˆ

s(n,2l+k−1)

rdr−

3,1∑

l,k=0

pl+2
c(n,l)

˜ˆ

s(n,2l+k−1)

rdr−

3,1∑

l,k=0

pl+2
c(n,l)(−1)k

˜ˆ

a(n,l−k)

rdr(45)Zavedením zov²eobeneného zna£enia súradní
Q = (q0, q1, q2, q3) = (x, y, r, z) (46)a perzna£ením v²etkýh integrálov nasledujúim sp�sobom
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Iq0

s(n,l) = Ix
s(n,l) =

˜ˆ

s(n,l)

dy Iq0

a(n,l) = Ix
a(n,l) =

˜ˆ

a(n,l)

dy (47)
Iq1

s(n,l) = Iy
s(n,l) =

˜ˆ

s(n,l)

dx Iq1

a(n,l) = Iy
a(n,l) =

˜ˆ

a(n,l)

dx (48)
Iq2

s(n,l) = Ir
s(n,l) =

˜ˆ

s(n,l)

rdz Iq2

a(n,l) = Ir
a(n,l) =

˜ˆ

a(n,l)

rdz (49)
Iq3

s(n,l) = Iz
s(n,l) =

˜ˆ

s(n,l)

rdr Iq3

a(n,l) = Iz
a(n,l) =

˜ˆ

a(n,l)

rdr (50)získavame zov²eobenenú zloºku tlakovej sily v tvare
F qi

pn = −(−1)i

3,1∑

l,k=0

1

2

(
pl−k+2

c(n,l) + pl−k+3
c(n,l)

)
Iqi

s(n,2l+k−1)+

+ (−1)i

3,1∑

l,k=0

pl+2
c(n,l)I

qi

s(n,2l+k−1) + (−1)i

3,1∑

l,k=0

pl+2
c(n,l)(−1)kIqi

a(n,l−k) (51)kde i = {0, 1, 2, 3}.2.3 Viskózna silaViskózna sila je ve©mi d�leºitou £as´ou elkovej sily p�sobiaej na uzol. Bez nej nie jeLagrangeovský rie²i£ shopný simulova´ problémy, v ktorýh dohádza k rázovým vlnáma kontakným diskontinuitám. Existuje mnoho sp�sobov ako zahrnú´ viskoznu silu dorie²enia. My vyuºívame jeden z jednoduh²íh sp�sobov, kde na výpo£et viskóznej si-ly pouºijeme vz´ahy získané pre tlakové sily, pri£om miesto tlaku dosadíme do týhtovz´ahov umelú viskozitu. Tú uvaºujeme v tvare (Kuropatenková viskozita):
qKur
c = ρc


C2

γ + 1

2
|∆w| +

√

C2
2

(
γ + 1

4

)2

(∆w)2 + C2
1 (cc)

2


 |∆w| , (52)kde C1,C2 sú kon²tantý vä£²inou rovné 1 a cc je rýhlos´ zvuku v bunke.Ke¤ºe viskozitu de�nujeme len pre bunku, a teda v kaºdej jej subzóne je rovnaká,bude ma´ viskózna sila po následnej úprave tvar

F qi
qn = +(−1)i

3,1∑

l,k=0

ql+2
c(n,l)I

qi

s(n,2l+k−1) = +(−1)i

3,1∑

l,k=0

ql+2
c(n,l)(−1)kIqi

a(n,l−k) (53)
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Fn = Fpn + FqnPo nahradení £asovej deriváie v rovnii pre zákon zahovania hybnosti entrálnoudifereniou potom máme

Fn=mn

(
∂w

∂t

)

n

= mn

(
wk+1

n − wk
n

∆t

) (54)Odkia© získavame výsledný vz´ah pre rýhlos´ pohybu uzlov
wnk+1 = wk

n +
∆t

mn
Fn2.4 Vnútorná energiaPre odvodenie vz´ahu pre vnutornu energiu vyhádzame z rovnie pre zákon zahovaniaenergie. De�nujme, elkovú energiu v bunke ako

Ec = mcǫc +
4∑

l=1

1

2
ml

c

((
wx

n(c,l)

)2
+
(
wy

n(c,l)

)2
)Ke¤ºe zákon zahovania energie platí v kaºdej bunke, je £asová deriváia elkovejenergie v bunke rovná 0. M�ºeme potom napísa´

0 =
∂Ec

∂t
= mc

∂ǫc

∂t
+

4∑

l=1

1

2
ml

c

(
2wx

n(c,l)

∂wx
n(c,l)

∂t
+ 2wy

n(c,l)

∂wy
n(c,l)

∂t

)£o spolu s (54) nám dáva
0 = mc

∂ǫc

∂t
+

4∑

l=1

(
wx

n(c,l)F
xl
c + wy

n(c,l)F
yl
c

)De�nujme teraz elkovú prau vykonanú v bunke silami Fc vz´ahom
Ework

c = −

4∑

l=1

wn(c,l)F
l
cPotom máme

mc
∂ǫc

∂t
= Ework

cNahradením £asovej deriváie entrálnou difereniou získavame výsledný vz´ah prenovú ²pei�kú vnútornú energiu
ǫk+1
c = ǫk

c +
∆t

mc
Ework

c



10 �. Bednárik2.5 Kompletný krok Lagrangeovej metódyNa za£iatku jednoho Lagrangeovho kroku poznáme nasledujúe veli£iny bu¤ z predhá-dzajúeho kroku alebo z po£iato£nej iniializáie: £asový krok ∆t, rýhlosti uzlov wn,bunkové a subzonálne objemy Vc, V l
c , bunkové a subzonálne hustoty ρc, ρl

c, tlak v bunke
pc, vnútornú energiu bunky ǫc. Potom elý krok sa dá popísa´ nasledujúim sp�sobom1. Pre kaºdú subzónu spo£ítame tlakové a viskózne sily Fpl

c
, Fql

c
.2. Spo£ítame elkové sile p�sobiae na subzóny a elkové sily p�sobiae na uzly F l

c =
Fpl

c
+ Fql

c
, Fn =

∑4
l=1 F l

c(n,l).3. Vzh©adom k získaným silám ur£íme nové rýhlosti uzlov wnk+1 = wk
n + ∆t

mn
Fn, apli-kujeme na ne okrajové podmienky a ur£íme rýhlosti v polovi£nom £ase w

k+1/2
n =

1
2

(
wk

n + wk+1
n

).4. Posunieme uzly na ih nové polohy zk+1
n = zk

n+∆tw
k+1/2
n a prepo£ítame elú geomet-riu sie´ky (stredy buniek, polohy hrán, separátorov, subhrán, bunkové a subzonálneobjemy).5. Ur£íme elkovú práu v bunke vykonanú sílami p�sobiaimi na jej uzly Ework

c =
−
∑4

l=1 wn(c,l)F
l
c a spo£ítame novú vnútornú energiu bunky ǫk+1

c = ǫk
c + ∆t

mc
Ework

c .6. Dopo£ítame nové bunkové a subzonálne hustoty ρc = mc/Vc, ρl
c = ml

c/V
l
c .7. �alej dopo£ítame nové tlaky pod©a stavovej rovnie a aplikujeme tlakovú okrajovúpodmienku.8. Dopo£ítame ostatné stavové veli£iny.9. Priradíme novej sie´ke spo£ítané nové rýhlosti wn = wk+1

nPopísaný postup vyuºíva Eulerovu metódu diskretizáie v £ase, ktorá je jednoduhá,rýhla av²ak s presnos´ou prvého rádu. Zlep²enie sa dá dosiahnú´ pouºitím presnej-²ej metódy napríklad Runge-Kutovej metódy druhého rádu, alebo niektorou metótouprediktor-korektor.3 VýsledkyKorektnos´ ná²ho algoritmu sme overovali na viaerýh úloháh, pre ktoré je známe ihrie²enie. Ak nebude napísané inak, na nasledujúih obrázkoh bude vºdy zobrazenáhustota materiálu s príslu²nou legendou, kde studen²ie (modrej²ie) miesta budu znamena´oblas´ s men²ou hustotou neº teplej²ie miesta (£ervenej²ie) s vy²²ou hustotou. Podobne,ak nebude napísane inak, uvaºujeme ekvidi²tantné rozdelenie sie´ky a hmotnos´ kaºdejbunky mc = 1. Venujme sa teda ¤alej jednotlivým problémom.



Paralelní algoritmy pro numeriké °e²ení hydrodynamiky laserového plazmatu 113.1 Sodov problémJedným z prvýh testovaíh problémov bol takzvaný Sodov problém. Jedná sa o Riema-nov problém, kde uvaºujeme oblas´ rozdelenú na dve podoblasti, £i uº horizontálne alebovertikálne. V jednej podoblasti s nahádza materiál s men²ou hustotou a men²ím tlakom,v druhej podoblasti je materiál s vý²²ou hustotou a vy²²ím tlakom. Zvolili sme vertikálnerozdelenie, a to z d�vodu porovnania kartézskej geometrie a ylindrikej geometrie.Na obrázku (2) m�ºme vidie´ priebeh rie²enia ako aj graf závislosti hustoty od polohyna ose y. Výsledky jak v karteziánskej geometriji tak aj v ylindrikej geometrii bolirelatívne podobné, a tak na obrázkoh vidíme len rie²enie v karteziánskej geometrii.

Obrázok 2: Rie²enie Sodovho problému s p1 = 1, ρ1 = 1, p2 = 0, 125, ρ2 = 0, 1. Na prvýh4 obrázkoh m�ºme vidie´ rie²enie postupne v £asovýh hladináh t0 = 0, t1 = 0, 02,
t5 = 0, 1 a t10 = 0, 2. Na poslednom obrázku graf závislosti hustoty od polohy na ose y.3.2 Problém p�sobiaeho piestuUvaºujme ¤alej piest p�sobiai na materiál. Neh teda hustota a tlak sú v elej doménerovnaké. Odli²nos´ nastáva v rýhlostiah, kde okrajovým uzlom harakterizujúim piestudelíme nenulovú po£iato£nu rýhlos´ orientovanú súbeºne pre kaºdý uzol smerom dodomény. Inými slovami, ak piest p�sobý zhora na doménu, udelíme okrajovým uzlomrovnakú vertikálnu rýhlos´ smerom nadol.Priebeh rie²enia spolu s grafom závislosti hustoty na polohe na ose y vidíme na obrázku(3). Opätovne boli výsledky v karteziánskej a ylindrikej geometrii relatívne podobné,a tak uvádzame iba rie²enie v karteziánskej geometrii.
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Obrázok 3: Rie²enie problému p�sobiaeho piestu. Piest p�sobí v zvislom smere s vekto-rom rýhlosti w = (0,−1). Hustota bola v kaºdej bunke ρ = 1, tlak p = 10−6. Na prvýh4 obrázkoh vidíme priebeh rie²enia postupne v £asovýh hladináh t0 = 0, t1 = 0, 06,
t5 = 0, 36, t10 = 0, 6. Na poslednom obrázku graf závislosti hustoty od polohy na ose y.3.3 Sedov problémV tomto prípade sú opä´ hustota a tlak v elej doméne rovnaké aº na jednu bunku, tzv.�peak� (a v jednorozmernom karteziánskom resp. dvojrozmernom ylindrikom problémesme pohopite©ne nastavili elý pás buniek), vä£²inou umiestnenú v strede domény, alez d�vodov symetrie problému m�ºme umiestni´ takúto bunku aj do rohu a spresni´ takrie²enie, v ktorej nastavíme po£iato£u energiu relatívne vysokú a podobne aj tlak buderelatívne vy²²i neº v okolí. To sp�sobí tzv. rázovú vlnu, ktorá sa bude ²íri´ od stredusymetriky smerom k okrajom.Vhodným nastavením po£iato£nej podmienky sme dokázali simulova´ 1D Sedov prob-lém v karteziánskej geometrii (vi¤. obrázok 4), 2D Sedov problém v karteziánskej geomet-rii (obrázok 5), 2D Sedov problém v ylindrikej geometrii (6) a 3D Sedov problém vylindrikej geometrii (7). Po£iato£ná hustota v elej oblasti bola ρambient = ρpeak = 1,tlak v okolí pambient = 10−6, a v tzv. peaku sme de�novali elkovú energiu E = 0.244816.3.4 Nohov problémNohov problem je de�novaný opä´ pre doménu, kde je tlak a hustota v²ade rovnaká,pri£om kaºdému uzlu udelíme rýhlos´ rovnakej velkosti orientovanu vºdy do jednoho atoho istého bodu (tzv. blak hole point). Normu rýhlosti sme volili |w| = 1, po£iato£núhustotu ρ = 1, tlak p = 10−6. Priebehy jednotlivýh rie²ení splolu s grafmi závislostí
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Obrázok 4: Rie²enie 1D Sedovho problému v karteziánskej geometrii.
Obrázok 5: Rie²enie 2D Sedovho problému v karteziánskej geometrii.hustoty na polohe na osi x sú zobrazené postupne na obrázkoh (8), (9), (10) a (11).

Obrázok 8: Rie²enie 1D Nohovho problému v karteziánskej geometrii.

Obrázok 9: Rie²enie 2D Nohovho problému v karteziánskej geometrii.
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Obrázok 6: Rie²enie 2D Sedovho problému v ylindrikej geometrii.
Obrázok 7: Rie²enie 3D Sedovho problému v ylindrikej geometrii.
Obrázok 10: Rie²enie 2D Nohovho problému v ylindrikej geometrii.

Obrázok 11: Rie²enie 3D Nohovho problému v ylindrikej geometrii.4 ZáverZoznámili sme sa s modelom Lagrangeovskýh rovní pre rie²enie hydrodynamiky lasero-vej plazmy. �alej sme sme si ukázali diskretizáiu ná²ho modelu, a to jak v karteziánskejgeometrii tak aj v ylindrikej, pri£om sme sa zamerali na získanie kompaktnýh vzorovpre oba typy geometrie. Popis ná²ho algoritmu sme zhrnuli popísaním elého jednoho



Paralelní algoritmy pro numeriké °e²ení hydrodynamiky laserového plazmatu 15Lagrangeovského kroku. Na základe získanýh výsledkov zo simuláii vybranýh problé-mov sme overili korektnos´ na²íh výpo£tov.Literatúra[1℄ E.J. Caramana, D.E. Burton, M.J. Shashkov., P.P. Whalen. The Constrution ofCompatible Hydrodynamis Algorithms Utilizing Conservation of Total Energy, J. ofCom. Phys. (1998), 146: 227-262.[2℄ T. Kapin, M. Kuha°ík, J. Limpouh, R. Liska, P. Váhal. Arbitrary LagrangianEulerian method for laser plasma simulations. Int. J. Numer. Meth. Fluids (2008),56: 1337-1342.[3℄ T. Kapin, M. Kuha°ík, J. Limpouh, R. Liska. Hydrodynami simulations of la-ser interations with low-density foams. Czehoslovak Journal of Physis (2006), 56:B493-B499.[4℄ R. Liska, M. Kuha°ík. Arbitrary Lagrangian Eulerian Method for Compressible Plas-ma Simulations, Proeedings of Equadi�-11, (2005), pp. 1-10.[5℄ P. Havlík. Diferen£ní shémata pro hydrodynamiku na nerovnom¥rýh a Lagrangeov-skýh sítíh. Výzkumní úkol, �eské vysoké u£ení tehnike v Praze, (2004).[6℄ M. Shashkov. Conservative Finite-Di�erene Methods on General Grids. CRC Press,Boa Raton, (1996).[7℄ M. Shashkov, B. Wendro�. A Composite Sheme for Gas Dynamis in LagrangianCoordinates, J. of Comp. Phys. (1999), 150: 502-517.





Transport of Colloids Through Porous MediaPavel Bene²2nd year of PGS, email: benespa1�fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Ji°í Miky²ka, Department of Mathematis, Faulty of NulearSienes and Physial Engineering, CTU in PragueAbstrat. The goal of this ontribution is to desribe the transport of olloids in porous media.This work inludes equations desribing the �ow �eld, transport of olloids, and deposition ofolloids in porous media. Then we desribe a numerial disretization of the system of equationsdesribing the olloid transport with known �ow �eld by means of the upwind sheme. Wepresent some numerial results at the end of the ontribution.Abstrakt. Hlavním ílem tohto p°ísp¥vku je popis transportu koloid· v porézním prost°edí.Tato práe obsahuje rovnie popisujíí proudové pole, transport koloid· a jejih ukládání vporézním prost°edí. Dále je v prái obsaºena numeriká diskretizae tohoto systému rovnipopisujíího transport koloid· p°i známém proudovém poli za pouºití upwindového shématu.Na záv¥r p°ísp¥vku jsou uvedeny n¥které dosaºené výsledky.1 IntrodutionColloids are small partiles with at least one dimension smaller than 100 nm. Beause oftheir size, olloid partiles are strongly attrated to the pore surfaes. On the other hand,olloids, like nanoiron partiles, an be strongly reative and an be used in remediationof ontamined sites. To plan a suitable remediation strategy, one has to understand meh-anisms of olloid transport and their deposition in the subsurfae. This understandingan be obtained by means of numerial models. This paper ontains equations desribingolloidal transport in porous media. Then introdue expliit and semi-expliit shemesand present some results of numerial experiments.2 The Physial ModelThis setion presents equations desribing the olloidal transport in porous media [1℄.2.1 Colloid Transport EquationThe olloid transport equation an be derived from the mass balane of olloids overthe REV (representative element volume). There are three main mehanisms ontrollingthe olloidal transport: hydrodynami dispersion, advetion and olloid deposition andrelease. This an be desribed by the generalized advetion dispersion equation, where17



18 P. Bene²the unknown is the partile number onentration n

∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − f

πa2
p

∂θ

∂t
, (1)where θ is the spei� surfae overage, de�ned as

θ =
total ross-setion area of deposited olloidsinterstitial surfae area of the porous media solid matrix,

f is spei� surfae area
f =

interstitial surfae areaporous medium pore volume ,
ap is radius of olloidal partiles, D is partile hydrodynami dispersion tensor and V isthe partile veloity vetor. It is possible to write the partile hydrodynami dispersiontensor as

Dij = αT V̄ δij + (αL − αT )
V̄iV̄j

V̄
+ DdTδij ,where Dd is the Stokes-Einstein di�usivity, V̄i, V̄j are omponents of the interstitial ve-loity, αL is the longitudinal dispersivity, αT is the transverse dispersivity and T is thetortuosity of the porous medium.2.2 Colloid Deposition and ReleaseLet λ be the perentage part of the solid matrix with favorable onditions for olloiddeposition. This an be for example areas with iron oxides on its surfae. These surfaesare typially positively harged and olloids are typially negatively harged. Depositionon the surfaes is usually irreversible. On the rest (1− λ) of the solid matrix surfae areunfavorable onditions for the olloidal deposition. Deposition takes plae on both parts,but di�erene in rates an be huge. For partile surfae overage rate we an adopt thispathwise model

∂θ

∂t
= λ

∂θf

∂t
+ (1 − λ)

∂θu

∂t
, (2)where θf is favorable surfae fration and θu is unfavorable surfae fration. These ratesare desribed by the following partial di�erential equations

∂θf

∂t
= πa2

pkdep,fnB(θf ) − kdet,fθfR(θf ), (3)
∂θu

∂t
= πa2

pkdep,unB(θu) − kdet,uθuR(θu), (4)where kdep is the olloid deposition rate onstant, kdet is the olloid release rate onstant,
B(θ) is the dynami bloking funtion and R(θ) is the dynami release funtion. Theolloid deposition rate oe�ient kdep an be expressed by means of a single olletore�ieny η

kdep =
ηεV

4
=

αη0εV

4
, (5)where V is the �uid advetion veloity, ε is porosity and η0 is the favorable single olletorremoval e�ieny.



Transport of Colloids Through Porous Media 192.3 Dynami Bloking and Release Funtions B(θ), R(θ)Dynami bloking funtions haraterize the partile deposition [4℄. When the olletoris partile free at the beginning, bloking funtion has value B(θ) = 1. As the depositedpartiles blok the surfae more and more, B(θ) dereases. At the maximum attainablesurfae overage θ = θmax (jamming limit), B(θ) = 0.2.3.1 RSA Dynami Bloking FuntionFor olloidal partiles depositing on the oppositely harged olletor surfae, these on-ditions for use of RSA model are valid:
• attahment is irreversible as long as onditions do not hange
• surfae di�usion is negligible
• partile-partile ontat is prohibitedFor low and moderate surfae overage the funtion B(θ) has this form

B(θ) = 1 − 4θ∞
θ

θmax

+
6
√

3

π

(

θ∞
θ

θmax

)2

+

(

40√
3π

− 176

3π2

)(

θ∞
θ

θmax

)3

,where θ∞ is the hard sphere jamming limit.2.3.2 Dynami Release FuntionThe dynami release funtion desribes the probability of olloid release from the porousmedia surfae overed by retained olloids [1℄. This funtion should in general dependon the olloid residene time and the retained olloid onentration. Beause the olloidrelease is not well understood, we will use R(θ) = 1.3 Mathematial ModelThis setion shows solved equations, initial and boundary onditions. By substitutingequations desribing the olloid deposition and release (2), (3) and (4) into (1), we obtainthe following expression
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − f

πa2
p

((λπa2
pkdep,fB(θf ) + (1 − λ)πa2

pkdep,uB(θu))n −

((λπkdet,fθfR(θf) + (1 − λ)kdep,uθuR(θu)). (6)We assume that K(θ) = 1 (�rst-order kinetis release mehanism) and use the follow-ing notations
γ = f

πa2
p
,

Ka(θf , θu) = πa2
p[λkdep,fB(θf ) + (1 − λ)kdep,uB(θu)],

Kr(θf , θu) = λπkdet,fθf + (1 − λ)kdep,uθu.

(7)
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Figure 1: The domain Ω.
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Figure 2: The exlusive subdomain for node
i.Under these assumptions, the following equation is obtained

∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
. (8)In (8), V is a known veloity �eld given by a �ow model. We omplete this equation with(3) and (4)

∂θf

∂t
= πa2

pkdep,fnB(θf ) − kdet,fθf , (9)
∂θu

∂t
= πa2

pkdep,unB(θu) − kdet,uθu. (10)To solve this system, we will need boundary onditions for equation (8) and initialonditions for eah equation (8), (9) and (10). Let us have retangular domain Ω withboundary Γ, where lower boundary is denoted Γ1, right Γ2, upper Γ3 and left Γ4 (Fig. 1).For onentration equation (8) will have an initial ondition
n(x, 0) = n0(x) for x ∈ Ω, (11)and boundary onditions desribing onentration of olloids on Γ

n(x, t) = ni(x, t) for x ∈ Γi, i ∈ 1, . . . , 4 . (12)For equations (9) and (10) we need to presribe initial onditions for θf and θu. As thereare initially no deposited olloids,
θf (x, 0) = θu(x, 0) = 0 for x ∈ Ω. (13)



Transport of Colloids Through Porous Media 214 Numerial SolutionWe disuss the disretization methods for solving (8), (9) and (10). Although our numer-ial solution is omputed on a retangular grid, we develop the sheme for a more generalase of an unstrutured mesh in two dimensions omposed of triangles and quadranglesof the domain Ω, whih is alled the primary mesh. We onstrut a dual mesh by on-neting baryentres of eah element with midpoints of all its sides in eah element fromthe primary grid. In this way we obtain a polygon around eah node from the primarymesh (on the boundary of the domain ∂Ω, polygons are inomplete). For a primary meshnode i, we all this polygon Bi, the exlusive subdomain of node i. ∂Bi onsists of severalabsissae and eah of absissa belongs to one absissa onneting node i with his neighbor
m. For eah ouple i, m, there are two absissae, we denote them ∂Bl

i,m. The midpointof the absissa ∂Bl
i,m is denoted γ∂Bl

i,m
(Fig. 2). The time level is denoted by supersript

k. The length of abissa ∂Bl
i,m is denoted |∂Bl

i,m|.4.1 Expliit ShemeEquation (8) is disretizated using the �nite volume method. First we integrate thisequation over an element Bi

∫

Bi

[

∂n

∂t
+

Ka(θf , θu)

γ
n − Kr(θf , θu)

γ

] dS =

∫

Bi

[∇ · (D∇n) −∇ · (V · n)] dS. (14)Now we use Gauss formula on the right hand side of equation (14)
∫

Bi

[∇ · (D∇n) −∇ · (V · n)]dS =

∫

∂Bi

(D∇n) · n∂Bi
dl − ∫

∂Bi

(V · n) · n∂Bi
dl, (15)where ∂Bi is boundary of Bi and n∂Bi

is the normal vetor to ∂Bi.Equations (14) and (15) give together
∫

Bi

[

∂n

∂t
+

Ka(θf , θu)

γ
n − Kr(θf , θu)

γ

] dS =

∫

∂Bi

(D∇n)·n∂Bi
dl−∫

∂Bi

(V·n)·n∂Bi
dl. (16)The left hand side of (16) is approximated as

∫

Bi

[

∂n

∂t
+

Ka(θf , θu)

γ
n −Kr(θf , θu)

γ

] dS ≈
[

nk+1
i − nk

i

∆t
+

Ka(θ
k
f,i, θ

k
u,i)

γ
nk

i −
Kr(θ

k
f,i, θ

k
u,i)

γ

]

|Bi|. (17)The �rst term on the right hand side of (16) an be approximated as
∫

∂Bi

(D∇n) · n∂Bi
dl =

∑

m,l

∫

∂Bl
i,m

(D∇n) · n∂Bl
i,m

dl
≈

∑

m,l

[

(D(γ∂Bl
i,m

)(∇n)k(γ∂Bl
i,m

)) · n∂Bl
i,m

|∂Bl
i,m|
]

, (18)



22 P. Bene²where (∇n)k
i is the approximation of ∇n from onentration values from time level k.The seond term on the right hand side of (16) is approximated as
∫

∂Bi

(V · n) · n∂Bi
dl =

∑

m,l

∫

∂Bl
i,m

(V(γ∂Bl
i,m

) · n⋆
i,m,l) · n∂Bl

i,m
|∂Bl

i,m|, (19)where upwind value reads as
n⋆

i,m,l =

{

nk
i for n∂Bl

i,m
· V(γ∂Bl

i,m
) > 0,

nk
m for n∂Bl

i,m
·V(γ∂Bl

i,m
) ≤ 0.

(20)The approximation (19) is alled the �rst-order upwind sheme and helps us to avoidosillations in the solution, but su�ers from the numerial di�usion. To obtain smallernumerial di�usion without osillations, higher-order upwind sheme with limiters an beused.Values of nk
i on the boundary ∂Ω are taken from the boundary onditions (11). θfand θu for the �rst time step an be θf and θu taken from the initial ondition (13). Theexpliit sheme for solving (8) is

nk+1
i = nk

i −
∆t

|Bi|

[

|Bi|
(

Ka(θ
k
f,i, θ

k
u,i)

γ
nk

i −
Kr(θ

k
f,i, θ

k
u,i)

γ

)

+

−
∑

m,l

[

(D(γ∂Bl
i,m

)(∇n)k(γ∂Bl
i,m

)) · n∂Bl
i,m

|∂Bl
i,m|
]

+

∑

m,l

∫

∂Bl
i,m

(V(γ∂Bl
i,m

) · n⋆
i,m,l) · n∂Bl

i,m
|∂Bl

i,m|
]

. (21)We use the forward Euler sheme to disretize equations (9) and (10) to omputepartile overage: θk+1
l for favorable ase l = f and unfavorable ase l = u

θk+1
l,i = θk

l,i + ∆t
(

πapkdep,l,in
k+1
i B(θk

l,i) − kdet,l,iθ
k
l,i

)

l ∈ {f,u}, (22)where θk
l,i, kdep,l,i, kdet,l,i are values of θk

l , kdep,l, kdet,l in the node i. In equation (22), weuse nk+1
i that has been omputed previously by (21).The oupled system of equations is solved as follows. We denote by ∆t the time step.

• 1. Initial onditions are initialized, k = 1

• 2. The number onentration nk, based on the number onentration and overageat time level k − 1, in time tk = k∆t is omputed by the sheme (21)
• 3. New surfae overages θk

f and θk
f are omputed from (22) using values of nkobtained from 2. and surfae overages from time level k − 1

• 4. If k∆t < (Final time) inrease k by 1 and go to 2; else end.



Transport of Colloids Through Porous Media 234.2 Semi-impliit Numerial ShemeExpliit sheme has the disadvantage that the time steps has to be limited due to CFLondition [6℄. For this reason we implemented semi-impliit numerial sheme [5℄, whihwill enable us to use larger time steps ompared to the expliit sheme.Equation (8)
∂n

∂t
= ∇ · (D∇n) −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
. (23)is solved using the operator splitting tehnique. At �rst we solve expliitly onvetionand reation parts of the equation

∂n

∂t
= −∇ · (V · n) − Ka(θf , θu)

γ
n +

Kr(θf , θu)

γ
(24)obtained from (8) by setting D = 0. We disretize (23) as follows

[

n
k+ 1

2

i − nk
i

∆t
+

Ka(θ
k
f,i, θ

k
u,i)

γ
nk

i −
Kr(θ

k
f,i, θ

k
u,i)

γ

]

|Bi| +

∑

m,l

∫

∂Bl
i,m

(V(γ∂Bl
i,m

) · n⋆
i,m,l) · n∂Bl

i,m
|∂Bl

i,m| = 0, (25)where the upwind value is given as (20). The value of n
k+ 1

2

i is used as an initial onditionand (12) as boundary onditions for solving the di�usion equation
∂n

∂t
= ∇ · (D∇n), (26)whih is solved using the bakward Euler sheme

[

nk+1
i − n

k+ 1

2

i

∆t

]

|Bi| =
∑

m,l

[

(D(γ∂Bl
i,m

)(∇n)k+1(γ∂Bl
i,m

)) · n∂Bl
i,m

|∂Bl
i,m|
]

. (27)We denote number of nodes in one row of our numerial grid nr. On a retangular gridwith grid sizes ∆x, ∆y, equation (27) reads as
[

nk+1
i − n

k+ 1

2

i

∆t

]

|Bi| − ∆xDyy(γ∂Bi,i+nr
)

(

nk+1
i+nr

− nk+1
i

∆y

)

+

∆yDxx(γ∂Bi,i−1
)

(

nk+1
i − nk+1

i−1

∆x

)

+ ∆xDyy(γ∂Bi,i−nr
)

(

nk+1
i − nk+1

i−nr

∆y

)

−

∆yDxx(γ∂Bi,i+1
)

(

nk+1
i+1 − nk+1

i

∆x

)

= 0. (28)



24 P. Bene²In equation (28) the terms ontaining boundary values an be eliminated into right handside. In every time step we need to solve the system Ank+1 = b, where
Ai,i−nr

= −∆xDyy(γ∂Bi,i−nr
)

∆y

Ai,i−1 = −∆yDxx(γ∂Bi,i−1
)

∆x

Ai,i = |Bi|
∆t

+
∆xDyy(γ∂Bi,i+nr

)

∆y
+

∆yDxx(γ∂Bi,i−1
)

∆x
+

∆xDyy(γ∂Bi,i−nr
)

∆y
+

∆yDxx(γ∂Bi,i+1
)

∆x

Ai,i+1 = −∆yDxx(γ∂Bi,i+1
)

∆x

Ai,i+nr
= −∆xDyy(γ∂Bi,i+nr

)

∆yand Ai,j = 0 elsewhere. The right hand side of the solved system b reads as
bi =

|Bi|
∆t

nk
i , (29)where index i goes through all nodes. The boundary terms an be eliminated into the bi.5 ResultsIn this setion we present results using data set from [1℄ of a two dimensional experiment.In [1℄ dependene of solution on physial parameters perentage part with favorable on-ditions λ and olloid partile diameter ap was investigated.We are given a stationary �ow �eld parallel to the x-axis on a square domain Ω of size

3 × 3m. In the beginning no olloidal partiles are present in the area. We presribe aboundary ondition
n(x, t) =

{

2.8 · 1014[m−3] for t ≤ 0.5day
0 for 1.0 ≥ t > 0.5day (30)on Γ4 and n(x, t) = 0 for x ∈ Γ1, Γ2, Γ3 and t ∈ [0, 1day] We are interested in thedistribution of olloids in domain Ω in time of one day. Our results are showing thenumber onentration of olloidal partiles ontained in water in pores n divided by

2.8 · 1014, so that the resulting values are resaled between 0 and 1. The numerial gridwith 100 × 100 nodes was used for omputations. Using semi-impliit sheme instead ofexpliit sheme enabled us to use about six times longer time steps. For expliit shemewe used time step 1
420

day and for semi-impliit 1
70

day.Results omputed by the expliit and semi-impliit numerial shemes on a retangularmesh are shown in Figures 3 and 4. These �gures show a ut of the two dimensionalsolution along the x-axis and show the dependene of number onentration on physialparameters:perentage part with favorable onditions λ and olloid partile diameter ap.Figures 3 and 4 are depiting that results for both expliit and semi-impliit shemes arelose to eah other. Figures desribing the dependene of the number onentration n onthe perentage part with favorable deposition onditions λ show that the onentrationof olloids whih do not deposit and stay in water dereases quite fast with inreasing
λ. The onentration of olloids whih do not deposit and stay in water dereases withdereasing radius of olloidal partiles.
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Figure 3: Number onentration n dividedby 1014 for di�erent values of λ and ap intime 1 day ; expliit numerial sheme. Figure 4: Number onentration n dividedby 1014 for di�erent values of λ and ap intime 1 day; semi-impliit sheme.6 ConlusionIn this ontribution a summary of equations desribing the olloid transport was pre-sented. The equations were disretized by means of
• the expliit numerial sheme
• the semi-impliit sheme based on the operator splitting tehniqueboth using �rst order upwind (20) for approximation of the onvetion term. Numeri-al results show that by using semi-impliit sheme, we an use approximately six-timeslonger time steps. Both numerial shemes are in good omparison. We were able toreprodue some of the numerial results from [1℄. The dependene of the number on-entration of olloids is in good agreement with [1℄ but there are some disrepanies inthe dependene on partile radius (Figures 3 and 4). These disrepanies will be one ofsubjets of future researh. The future work will be foused on a behavior of olloids andnanoolloids in porous media, espeially in heterogeneous porous media.7 AknowledgmentThis work was supported by grants:
• Mathematial Modeling of Multi-Phase Porous Media Flow, projet No. 201/08/P567of the Grant Ageny of the Czeh Republi, 2008-2010 (prinipal investigator J.Miky²ka)
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Abstract. In order to investigate effects of the dynamic capillary pressure-saturation relation-
ship used in the modelling of flow in porous medium, a one-dimensional fully implicit numerical
scheme is proposed. The numerical scheme is used to simulate experimental procedure using
the measured dataset for the sand and fluid properties. Results of the simulation using different
models for dynamic effect term in capillary pressure – saturation relationship are presented and
discussed.

Abstrakt. V článku je prezentován jednorozměrný model dvoufázového nemı́sivého a nestlači-
telného prouděńı, který je použit na zkoumáńı vlivu dynamického efektu pro model kapilárńıho
tlaku v závislosti na saturaci v porézńım prosťred́ı. Numerický model je použit k simulaci
laboratorńıch experiment̊u s ćılem posoudit vliv r̊uzných model̊u pro koeficient dynamického
efektu na řešeńı jednorozměrné úlohy.

1 Introduction

In the description of the behaviour of immiscible and incompressible fluids within porous
media, a rigorous definition and a reliable model of the capillarity are crucial. In the past
decades, various capillary pressure – saturation models were correlated from laboratory
experiments under equilibrium conditions. These static capillary pressure models such as
[4] or [25] have been used in most of the mathematical studies on modelling of multiphase
flow in porous medium. However, it was found out hat the laboratory measured capillary
pressure does not correspond to the capillary pressure in the case of large velocities. As
a result of the empirical approach in [24], new two-phase flow theories appeared in [12],
[13], [15], [14], [7], or [3]. The most important result is that the static capillary pressure
– saturation relationship cannot be used in the modelling of capillarity when the fluid
content is in motion and, therefore, a new model of the capillary pressure – saturation
relationship is proposed and referred to as the dynamic capillary pressure [12], [13], [15],
[14].

The two-phase flow system can be simplified to the Richards problem, in which the
pressure of the non-wetting phase (air or oil) is assumed to be constant. This is the case
in [18], where the dynamic effects are not found to be relevant for the given structure of
heterogeneous porous medium. Other numerical approaches using the dynamic capillary
pressure have been studied in [20], [19], or [22]. However, the relevance of using the
dynamic capillary pressure in the full two-phase flow system of equations has not been
fully answered yet. For instance, in [17], the authors present a semi-implicit numerical

27
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scheme based on the first-order upwind finite volume method, where the material inter-
faces are treated by the Lagrange multiplier. However, in that paper, only the constant
dynamic effect coefficient was considered whereas other researchers suggest more general
functional models for the dynamic effect coefficient as in [23]. A fully implicit numerical
scheme is proposed that can be used for a detailed investigation of the saturation and
capillary pressure behaviour when dynamic capillary pressure is used instead of the static
capillary pressure in the full two-phase flow system. The aim is to investigate behaviour
of different functional models of the dynamic capillary pressure coefficient. Moreover,
the material interface condition for the dynamic capillary pressure is treated in a new,
modified way based on the standard extended capillary pressure condition as in [16].

2 Mathematical model

In this section, we present the mathematical model describing two-phase flow in a one-
dimensional porous medium. In this paper, two phases - a wetting phase (indexed w)
and a non-wetting phase (indexed n) - are considered to be present within the pores
of a porous medium and both fluids are assumed to be incompressible and immiscible.
Under these assumptions, the following one-dimensional pw −Sn formulation in a domain
Ω = [0, L] (see [1]) is given by

Φ
∂Sα

∂t
+

∂uα

∂x
= 0, (1)

uα = −
krα

µα
K

(
∂

∂x
(pw + δαnpc) − ρα g

)

, (2)

where Sw + Sn = 1, δαn is the Kronecker symbol, and α ∈ {w, n}. Sα denotes the
saturation, pα si the pressure, ρα is the volumetric density, µα is the dynamic viscosity,
krα is the relative permeability of the phase α, where α ∈ {w, n}. The Darcy velocities
are denoted by uα. Symbols Φ, K, and g stand for porosity, permeability of the soil
matrix and gravitational acceleration, respectively.

Governing equations (1) and (2) are subject to an initial condition

Sα = S0
α, in Ω, (3)

and boundary conditions

uα · n = uN
α , on ΓN

uα
, (4)

Sα = SD
α , on ΓD

S , (5)

pα = pD
α , on ΓD

pα
, (6)

where n denotes the outer normal vector to the boundary. Generally, ΓN
uα

ΓD
S , and ΓD

pα

denote subsets of the boundary Γ of the domain Ω, here, Γ = {0, L}.
Following the standard definitions in literature, the capillary pressure pc on the pore

scale is defined as the difference between the non-wetting phase pressure pn and the
wetting phase pressure pw, i.e.,

pc = pn − pw. (7)



Numerical Simulation of Dynamic Capillary Pressure 29

On the macroscale, the capillary pressure has been commonly considered as a function
of the wetting phase saturation only [16], [2], [11], [8], [9], or [10]. The following Brooks
and Corey [4] capillary pressure - effective wetting phase saturation parameterization is
used in the presented two-phase flow model 1

peq
c = pd(S

e
w)−

1

λ , (8)

where pd is the entry pressure, λ is the pore size distribution index, and Se
w is the effective

saturation of the wetting phase defined as

Se
α =

Sα − Srα

1 −
∑

β

Srβ
, (9)

where Srα is the α-phase irreducible saturation.
The Brooks and Corey relationship (8) is suitable for modelling of flow in heteroge-

neous porous media because the difference in the entry pressure coefficients pd in different
porous materials captures the barrier effect that has been observed in various experiments
[21], [16], [1]. Together with the Brooks and Corey model of pc given in (8), the Burdine
model [5] for the relative permeability functions krα is given as

krw = (Se
w)3+ 2

λ , krn = (1 − Se
w)2

(

1 − (Se
w)1+ 2

λ

)

. (10)

The dynamic capillary pressure – saturation relationship is proposed in the following
form [13]:

pc := pn − pw = peq
c − τ

∂Sw

∂t
, (11)

where peq
c is the capillary pressure – saturation relationship in the thermodynamic equi-

librium of the system and τ , the dynamic effect coefficient, is a material property of the
system.

Early in 1978, before the thermodynamic definition of the capillary pressure (11) in
[13], Stauffer [24] observed the dynamic effect in laboratory experiments and proposed a
linear dependence in (11) with the following definition of τ

τS = αS
µwΦ

Kλ

(
pd

ρwg

)2

, (12)

where αS = 0.1 denotes a scaling parameter. Both λ and pd are the Brooks and Corey
parameters [4] that can be experimentally estimated.

The Stauffer model for the dynamic effect coefficient τS was obtained by correlating
experimental data for fine sands. The values of τS vary between τS = 2.7 · 104 Pa s and
τS = 7.7 · 104 Pa s, see [19, page 27]. Other researchers suggest that the magnitude of τ

should be smaller, i.e., in the order of 102 − 103 Pa s according to [6], or, on the other
hand, it should be higher, i.e., in the order of 104 − 108 Pa s as estimated in [14].

1A superscript eq is used in the definition (8) with respect to the latter and it indicates the model of
the capillary pressure for the system in the state of thermodynamic equilibrium.
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In this paper, the authors rely on laboratory data, where a more general nonlinear
dependence τ = τ(Sw) is assumed and the order of magnitude of τ is about 106 Pa s,
see Table 3. As a result of the laboratory data, different functional models of τ(Sw) were
correlated and used in the numerical simulations in order to investigate their influence
on the two-phase flow. The laboratory experiment is described briefly in Section 4 and
in detail in [23].

3 Numerical model

We propose a standard finite volume discretization technique in order to determine
approximate discrete solutions Sk

n,i and pk
w,i of the problem (1), generally denoted by

fk
i = f(k∆t, i∆x), where i = 0, 1, . . . , m, m∆x = L, k = 0, 1, . . . , n, and n∆t = T . L

denotes the length of the domain and T is the final time of the simulation.
The fully implicit numerical scheme reads

Φ
Sk+1

α,i − Sk
α,i

∆t
= −

uk+1

α,i+1/2
− uk+1

α,i−1/2

∆x
, (13)

where α ∈ {w, n}. The discrete Darcy velocities uα introduced by (2) are given by

uk+1

α,i+1/2
= −

K

µα
krα(Sk+1

α,upw)
( pk+1

w,i+1 − pk+1
w,i

∆x
+ δαn

pk+1
c,i+1 − pk+1

c,i

∆x
− ρα g

︸ ︷︷ ︸

∆Φα

)

, (14)

and the discrete capillary pressure by

pk+1
c,i = pc

(

1 − Sk+1
n,i ,−

Sk+1
n,i − Sk

n,i

∆t

)

= peq
c (1 − Sk+1

n,i ) + τ(1 − Sk+1
n,i )

Sk+1
n,i − Sk

n,i

∆t
. (15)

where Sk+1
α,upw is the saturation taken in the upstream direction with respect to the gradient

of the phase potential Φα, i.e.

Sk+1
α,upw =







Sk+1
α,i+1 if ∆Φα ≥ 0.

Sk+1
α,i if ∆Φα < 0.

The fully implicit numerical scheme is solved using the Newton-Raphson iteration
method. The Jacobi matrix is block tridiagonal and therefore solved by the Thomas
algorithm. In each iteration, a new guess of discrete saturation Sk+1

n,i is given (in the
current time step k + 1) and the upstream saturation in (14) are recomputed.

4 Numerical experiments

In this section, we use the numerical scheme (13) to simulate the laboratory experiment
that was carried out in the Center for Experimental Study of Subsurface Environmental
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Figure 1: Discretization of the saturation jump at material discontinuity.

Processes, Colorado School of Mines. As a result of this experiment, three functional
models of the dynamic effect coefficient τ = τ(Sw) were correlated.

Models of the dynamic effect coefficient τ = τ(Sw) were estimated as a result of the
laboratory experiment, which consisted of a single, vertically placed, 10 cm long tube
uniformly filled with a homogeneous sand. Initially, the column is flushed with water
such that no air phase is present inside. A series of slow drainage steps was carried
out in order to determine the capillary pressure – saturation relationship in equilibrium
peq

c . The measured Brooks and Corey model parameters are shown in Table 2. Then,
a series of fast drainage and imbibition experiments was performed and values of the
capillary pressure and the air saturation are measured by probes in the middle of the
column. Based on these measurements, three models of the dynamic effect coefficient τ

were correlated, (see Table 3).

We simulate the experiment as a one-dimensional problem with different models of
τ(Sw). The parameters of the discrete problem (13) are summarized in Table 1. The
resulting temporal profiles of the air saturation Sn and the capillary pressure pc are
shown in Figure 2. In these numerical simulations, the measured outflow of water is used
as a Neumann boundary condition at the bottom of the column (x = L).

The non-smooth shapes of the numerical solutions in Figure 2 are caused solely by
the non-smoothness of the prescribed flux of water. Since the temporal derivative of the
air saturation is directly influenced by the given flux, the non-smoothness is magnified
in the values of the dynamic capillary pressure given by (11). That is why the bumps do
not appear in the case of the static capillary pressure .

The influence of different models of the dynamic effect coefficient τ on the numerical
solution of the air saturation Sn is negligible (see Figure 2). On the other hand, their
influence on the capillary pressure pc is important in cases, where there is a temporal
change in the saturation Sn because the temporal derivative of Sn is multiplied by the
dynamic effect coefficient τ in (11). The constant model for τ does not seem to be a
good model for the appropriate approximation because its numerical solution of pc differs
substantially from the measured capillary pressure (see Figure 2). Therefore, the constant
model requires further investigation of its validity.
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Initial condition Sn(x, 0) = 0 ∀x ∈ (0, L)
Boundary conditions un(0, t) = 0 ∀t ∈ [0, T ]

pn(0, t) = const = 0 ∀t ∈ [0, T ]
uw(L, t) = measured outflow ∀t ∈ [0, T ]
un(L, t) = 0 ∀t ∈ [0, T ]

Problem setup T = 5000 s, L = 10 cm, g = 9.81 ms−2

Capillary pressure Dynamic capillary pressure pc, various models for τ(Sw)
Sand Ohji sand, Table 2
Fluids Air and water, Table 4

Table 1: Parameters of the simulation of the laboratory experiment

5 Conclusions

A one-dimensional numerical scheme of two-phase incompressible and immiscible flow is
presented that enables simulation of two-phase flow in homogeneous porous media under
dynamic capillary pressure conditions.

Laboratory measured parameters were used in the numerical simulation of the dy-
namic capillary pressure including three models of the dynamic effect coefficient τ =
τ(Sw). The numerical solutions for the non-static capillary pressure show that the dy-
namic effect has a significant impact on the magnitude of the capillary pressure while
the change in the saturation profiles may be considered negligible in some cases. The
constant model of τ showed rather unrealistic profile of the numerical approximation of
the capillary pressure when compared to the laboratory measured data.

Results of the simulation indicate that the dynamic effect may not be so important
in drainage problems in a homogeneous porous medium. However, it may be of a great
importance in highly heterogeneous media where the capillarity governs flow through
material interfaces.

Parameter Ohji sand
Porosity Φ [−] 0.448
Intrinsic permeability K [m2] 1.63·10−11

Residual water saturation Swr [−] 0.265
Brooks-Corey entry pressure pd [Pa] 3450
Brooks-Corey pore size dist. index λ [−] 4.66

Table 2: Properties of porous media used in the numerical simulation.
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Model of τ [Pa s] Ohji sand
Stauffer model τ(Sw) = τS,Ohji = 3.3 · 105

Constant model τOhji(Sw) = 1.1 · 106

Linear model τOhji(Sw) = 3.2 · 106(1 − Sw)
Loglinear model τOhji(Sw) = 108 exp(−7.7Sw)

Table 3: Experimentally determined models of the dynamic effect coefficient τ for the
Ohji sand.

Parameter Water Air
Density ρ [kg m−3] 997.8 1.205
Dyn. viscosity µ [kg m−1s−1] 9.77 · 10−4 1.82 · 10−5

Table 4: Fluid properties used in the simulations.
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Figure 2: Numerical solutions and laboratory measured Sn and pc in the middle of the
column for various models of τ = τ(Sw)
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[21] J. Mikyška, M. Beneš, and T. Illangasekare. Numerical investigation of NAPL be-

havior at heterogeneous sand layers using VODA multiphase flow code. to appear in
Journal of Porous Media (2008).
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Vizualizae BTF textur v BlenderuMartin Hatka4. ro£ník PGS, email: hatka�utia.as.zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Mihal Haindl, ÚTIA, AV �RAbstrat. Bidiretional texture funtion, also known as BTF texture, is 7D funtion of planaroordinates, spetral oordinate, and viewing and ilumination angles. In omparison with smoothtextures, visual appearane of the BTF texture depends on viewing and illumination onditions.BTF textures are aquired by omplex measurements of the real materials and subsequent imageproessing. Tehniques from measurement to BTF texture rendering have been desribed well.On the other hand, there is no environment involving support to the BTF texture rendering.This paper desribes novel Blender texture plugin for purpose of BTF texture mapping andrendering. Our previously developed BTF Roller algorithm is also implemented in the plugin.Desribed plugin allows to reate realisti omputer animations with additional BTF texturesof desired size mapped onto an objet surfaes while the other funtionality of Blender retains.Abstrakt. Bidiretional texture funtion, známá téº jako BTF textura, je sedmirozm¥rná funkeplanárníh sou°adni, spektrální sou°adnie, úhl· pohledu a osv¥tlení. Oproti hladkým texturámzahyuje závislost vzhledu reálnýh materiál· na sv¥telnýh a pozorovaíh podmínkáh. BTFtextury jsou získávány sloºitým m¥°ením reálnýh materiál· a následným zpraováním nam¥°e-nýh dat. Tehniky od m¥°ení po renderování BTF textur jsou jiº popsány v odborné literatu°e.Na druhou stranu v²ak hybí dostupné prost°edí, ve kterém by byla implementována podporapro tento typ textur. Tento £lánek prezentuje roz²í°ení 3D gra�kého editoru Blender o podporuBTF textur pomoí texturního modulu, v£etn¥ implementovaného algoritmu BTF Roller prosyntézu BTF textur. Popsaná implementae umoº¬uje tvorbu realistikýh po£íta£ovýh ani-maí s vyuºitím BTF textur libovolnýh rozm¥r· mapovanýh na povrhy objekt· a sou£asn¥zahovává plnou funkionalitu Blenderu.1 Úvod1.1 BTFTextura reprezentuje vizuální vlastnosti materiálu jako funke planárníh sou°adni (x, y),p°ípadn¥ 3D textura jako funke prostorovýh sou°adni (x, y, z). BTF textura [2℄ je zá-vislá na sv¥telnýh a pozorovaíh podmínkáh, jde o 7D funki planárníh a spektrálníhsou°adni a úhl· osv¥tlení a pohledu, BTF(x, y, r, θl, φl, θv, φv). Existuje n¥kolik systém·pro m¥°ení BTF textur [2, 8℄ a od nih se odvíjí zp·sob jejih reprezentae a mnoºstvíuloºenýh dat. Jednou z moºností je reprezentae BTF textury jako mnoºiny n¥kolika ti-sí· vzájemn¥ registrovanýh planárníh textur, dal²í moºností je uloºení takové texturyve formátu HDR.V tomto £lánku jsou vyuºívány BTF textury z m¥°íího za°ízení na Univerzit¥ v Bonnu(obr. 1), které v sou£asnosti p°edstavuje nejlep²í m¥°íí za°ízení na sv¥t¥. Taková BTFtextura se pak skládá z 6561 barevnýh obrázk·, oº je kombinaí 81 pozi kamery a 81pozi sv¥telného zdroje (obr. 2). 37
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Obrázek 1: Robot pro m¥°ení BTF texturna Univerzit¥ v Bonnu. Vzorek materiáluse naklápí, sv¥telný zdroj i kamera se po-hybuje, zm¥°í se 6561 kombinaí. Obrázek 2: Znázorn¥no je 81 pozi pro sv¥-telný zdroj i pro kameru. B¥hem m¥°eníBTF textury je m¥°eno 6561 (81×81) kom-binaí polohy sv¥telného zdroje a kamery.Existují také zp·soby pro reprezentai BTF prostoru pomoí matematikýh model·[3, 7, 4, 6℄, ov²em ty jsou nad ráme tohoto £lánku.1.2 Vizualizae BTFVe sv¥t¥ zatím neexistuje ºádný profesionální nebo ve°ejný software pro vizualizai BTFtextur. Na druhou stranu naprogramování elého nezbytného gra�kého prost°edí by bylovelmi náro£né a s nejv¥t²í pravd¥podobností by nebylo dosaºeno takovýh moºností, jakénabízí sou£asné nástroje pro tvorbu 3D gra�ky a animaí. Proto bylo pot°eba najít apli-kai, která by ²la vhodn¥ roz²í°it o vizualizai BTF. Jako ideální volbou pro implementaivizualizae BTF se ukázal Blender, který je v sou£asné dob¥ aktivn¥ vyvíjen sdruºenímBlender Foundation a je voln¥ dostupný v£etn¥ zdrojovýh kód·.1.3 BlenderBlender je open-soure software pro modelování a vykreslování 3D po£íta£ové gra�kya animaí s vyuºitím r·znýh tehnik, jako nap°. raytraing, radiosita, sanline rendering.Vlastní uºivatelské rozhraní je vykreslováno pomoí knihovny OpenGL. OpenGL umoº-¬uje nejen hardwarovou akelerai vykreslování 2D a 3D objekt·, ale p°edev²ím snadnoup°enositelnost na v²ehny podporované platformy, nap°. FreeBSD, IRIX, GNU/Linux,Mirosoft Windows, Ma OS X a Solaris.Modelovaí shopnosti jsou zam¥°eny p°edev²ím na prái s plo²kovou reprezentaít¥les. Blender umoº¬uje praovat s takzvanými subsurf plohami, dále pak podporujev omezen¥j²í form¥ prái s parametrikými plohami a k°ivkami (Bezier, NURBS) a im-pliitními plohami (MetaBalls).Anima£ní moºnosti nejsou omezeny pouze na jednoduhé klí£ování objekt· a jejihtvar·, ale Blender umoº¬uje animovat objekty i pomoí armatur a inverzní kinematiky.



Vizualizae BTF textur v Blenderu 39Dále má implementovánu podporu pro �uidní dynamiku, softbodies, r·zné deformátory,£ástiové sytémy, apod.1.4 Texturní moduly v BlenderuBlender má v sob¥ zabudovánu podporu pro n¥kolik typ· textur, z nihº d·leºitá je pod-pora rastrovýh obrázk·, které lze následn¥ mapovat na libovolné objekty jako textury.Zde je moºné vyuºít standardníh formát· BMP, PNG, JPEG a mnoho dal²íh. Nejd·leºi-t¥j²í moºností pro renderování BTF jsou texturní moduly (pluginy). Texturním modulemje zde dynamiky linkovaná knihovna, v níº jsou obsaºeny funke s pevn¥ de�novanýmihlavi£kami, zejména pak funke, která vraí barvu poºadovaného pixelu s danými textur-ními sou°adniemi. Kdyº je t°eba znát barvu takového pixelu, zavolá Blender p°íslu²noufunki z modulu, jíº jsou texturní sou°adnie p°edávány jako parametry. Tato funke pakvrátí barvu pixelu.2 BTF texturní modulVzhledem k tomu, ºe BTF textura je mnoºina n¥kolika tisí barevnýh obrázk·, byloby velmi komplikované implementovat podporu pro BTF textury p°ímo do Blenderu.Práv¥ moºnosti texturního modulu se ukázaly jako nejvýhodn¥j²í. Navrºený BTF modulkomunikuje s Blenderem pomoí standardního rozhraní, které bylo t°eba roz²í°it pouzeo p°edávání úhl· pohledu a osv¥tlení modulu. Ve²keré dal²í výpo£ty a operae s BTFtexturami jsou £ist¥ v reºii modulu.Tento zp·sob vyuºití BTF v Blenderu má n¥kolik dal²íh zásadníh výhod. Hlavníz nih je moºnost implementae r·znýh algoritm· pro syntézu textur a BTF texturp°ímo v 3D gra�kém editoru, zejména pak d°íve vyvinutého algoritmu BTF Roller [5℄.Dal²í výhodou je mnohem snaº²í následná optimalizae výkonu modulu bez nutnostizásahu do rendereru Blenderu.2.1 Rozhraní pro texturní modulyVstupem pro texturní modul jsou prostorové texturní sou°adnie (u, v, w), výstupem jepak vektor (i, YR, YG, YB, Nu, Nv, Nw), kde i je intenzita (v p°ípad¥ monohromatikétextury), YR, YG a YB jsou sloºky RGB a Nu, Nv a Nw jsou sloºky vektoru normályv texturníh sou°adniíh.Vyuºití v²eh sloºek vstupního i výstupního vektoru je nepovinné, pro texturní mo-dul pro BTF textury byla vyuºita pouze dvojie texturníh sou°adni (u, v) na vstupua trojie (YR, YG, YB) na výstupu.Automatikým generování texturníh sou°adni s vyuºitím pomonýh t¥les (kryhle,vále, koule) nelze pro sloºité povrhy objekt· dosáhnout kvalitníh výsledk·. Blenderv²ak nabízí propraované nástroje pro ru£ní mapování textur tehnikou nazývanou UV-mapování nebo UV-mapping. UV-mapování p°i°azuje libovolnému bodu povrhu objektutexturní sou°adnie, jde tedy o mapovaí funki TUV , (u, v) = TUV (x, y, z). Sou£asn¥ sejedná o nejp°esn¥j²í zp·sob mapování.
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Obrázek 4: Interpolae motivovaná sféri-kými baryentrikými sou°adniemi. P°í-sp¥vky od P1, P2, P3 k P odpovídají ob-jem·m prot¥j²íh £ty°st¥n·.Jak bylo uvedeno vý²e, BTF textura je 7D funkí planárníh sou°adni, spektrálnísou°adnie a úhlu pohledu a osv¥tlení, BTF(x, y, r, θl, φl, θv, φv). Vstupní rozhraní modulutedy muselo být roz²í°eno o p°edávání úhlu pohledu a úhlu osv¥tlení, vstupní vektor
(u, v, w) byl nahrazen vstupním vektorem (u, v, w, θl, φl, θv, φv), kde sloºka w není vyuºita.Sou£ástí rozhraní je moºnost de�novat pomoí standardníh ovládaíh prvk· uºiva-telského rozhraní Blenderu ovládaí panel modulu, který je k dispozii p°i jeho pouºitía umoº¬uje modulu p°edávat dal²í parametry pro jeho ovládání. Konkrétní parametryp°edávané BTF modulu budou popsány pozd¥ji.2.2 Podpora Blenderu pro BTF texturyBlender neuvaºuje ve svém rendereru závislost textury na úhlu pohledu a úhlu osv¥tlení.Implementováno je sie n¥kolik typ· difúzníh a spekulárníh shader·, které praují snormálou povrhu, vektorem pohledu a vektorem osv¥tlení, nimén¥ texturování probíhád°íve a mimo shadery a jejih vyuºití ztráí pro pot°eby BTF význam.Pro mapování BTF textur na povrhy objekt· a jejih renderování nejsou shadery veskute£nosti pot°eba, protoºe efekty vznikajíí osv¥tlením jsou zahyeny v nam¥°enýhBTF dateh.Jedinou nutnou úpravou bylo roz²í°ení rendereru o podporu výpo£tu úhl· elevaí θvresp. θl a azimut· φv resp. φl pro pohled resp. osv¥tlení (obr. 3).Renderer Blenderu vykresluje danou sénu bod po bodu a p°i vykreslování konkrétníhobodu, kterému odpovídá bod n¥jakého objektu, prauje s vektorem pohledu a s vektoryp°íhozího osv¥tlení. Vektor· pro osv¥tlení je tolik, kolik je sv¥telnýh zdroj·. Výslednéosv¥tlení bodu sény je dáno sou£tem p°ísp¥vk· od jednotlivýh sv¥telnýh zdroj·. Prokaºdý vektor osv¥tlení je tedy nutné ur£it úhly θl, φl, θv a φv, na nihº závisí p°ísp¥vkybarvy renderovaného pixelu od jednotlivýh sv¥telnýh zdroj·.



Vizualizae BTF textur v Blenderu 412.2.1 Výpo£et úhl· pohledu a osv¥tlení v rendereruKaºdý renderovaný pixel náleºí renderovanému trojúhelníku. Uvaºujme vykreslovaný bodsény, kterému odpovídá bod V na povrhu ur£itého objektu (obr. 3). Tento objekt jereprezentován mnoºinou trojúhelníkovýh plo²ek, z nih ozna£me △V1V2V3 trojúhelníko-vou plo²ku, která obsahuje bod V . Ozna£me (V1)S = (vx
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T = (~u,~v, ~w) je ortonormální bází t°írozm¥rného prostoru texturníh sou°adni. Pozna-menejme, ºe plo²ka△V1V2V3 leºí v rovin¥ dané osami ~u a ~v a její normála ~n je rovnob¥ºnás osou ~w. Ze znalosti vztah· mezi prostorovými a texturními sou°adniemi se vyjád°í osytexturníh sou°adni v sou°adniíh prostorovýh, tj. ~tx = (~u)S , ~ty = (~v)S a ~tz = (~w)S .Ozna£me vektory ~dv resp. ~dl pro sm¥r pohledu resp. osv¥tlení vyjád°ené v prostoro-výh sou°adniíh. Projekí vektoru ~d• na osy ~tx, ~ty, ~tz texturníh sou°adni vyjád°enýhv prostorovýh sou°adniíh pak získáme vyjád°ení vektoru ~d• v texturníh sou°adniíh
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• ) = (~d•)T . Kone£n¥ z vyjád°ení vektoru ~s• = (~d•)T v texturníh sou-°adniíh vypo£teme pot°ebné úhly θ•, φ• pomoí vztah· mezi kartézskými a sférikýmisou°adniemi
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.2.3 Implementae BTF moduluTexturní modul je dynamiky linkovaná knihovna obsahujíí funki s hlavi£kou de�no-vanou dle rozhraní pro texturní moduly, která je opakovan¥ volána b¥hem renderovánísény. Jako parametry jsou ji p°edávány texturní sou°adnie a úhly pohledu a osv¥tlení,funke vraí barvu pixelu pro zadané vstupní parametry.BTF textura je m¥°ena pro 81 r·znýh pozi kamery v kombinai s 81 poziemisv¥telného zdroje. V praxi je ale pot°eba vypo£ítat barvu pixelu pro jiné neº nam¥°enékombinae úhl·. Pro néznámé úhly je barva pixelu iterpolována z nejbliº²íh známýhpozi prinipem, který je motivován sférikými baryentrikými sou°adniemi [9℄.Protoºe se jedna BTF textura skládá z 6561 barevnýh obrázk·, nebylo by efektivníelou texturu na£ítat do pam¥ti. Jako dosta£ujíí se ukázalo implementovat zásobníkna£tenýh obrázk· pro pot°ebné kombinae úhl· pohledu a osv¥tlení, p°i£emº uºivatelmodulu má moºnost ovlivnit velikost zásobníku.Posledním d·leºitým krokem p°i návrhu modulu byla implementae algoritmu BTFRoller [5℄ pro syntézu BTF textur. Vstupní data pro modul musí být ve form¥ vzájemn¥zam¥nitelnýh texturníh dlaºdi, které jsou nalezeny b¥hem analytiké £ásti algoritmu.2.3.1 Interpolae baryentrikými vahamiBTF textura je m¥°ena pouze pro dané kombinae úhl· pohledu a osv¥tlení, naví 81pozi sv¥telného zdroje i kamery, vytvá°ejíí polokouli nad m¥°eným vzorkem, sou£asn¥de�nuje triangulai polokoule.



42 M. HatkaV praxi je p°i renderování BTF povrh· objekt· nutné znát barvu pixelu pro libovol-nou kombinai pohledu a osv¥tlení. Vzhledem ke známé triangulai se p°irozen¥ nabízíinterpolae, která vyhází z prinipu sférikýh baryentrikýh sou°adni [9℄. Interpolaes vyuºitím sférikýh baryentrikýh sou°adni by byla nejp°esn¥j²í, na druhou stranuale výpo£etn¥ náro£ná. Následujíí aproximae se v²ak ukázala jako dostate£ná.P°edpokládejme nyní polokouli (obr. 4) se st°edem O, na ní bod P odpovídajíí po-ºadovanému azimutu a elevai pro pohled nebo osv¥tlení, dále ozna£me P1, P2 a P3 t°inejbliº²í známe body s nam¥°enými hodnotami YP1
, YP2

a YP3
a w1, w2 a w3 jejih p°í-sp¥vky pro YP , tj. YP = w1YP1

+ w2YP2
+ w3YP3

, w1 + w2 + w3 = 1. S vyuºitím sférikýhbaryentrikýh sou°adni by byly váhy w1 resp. w2 resp. w3 rovny obsahu sférikéhotrojúhelníku △PP2P3 resp. △PP3P1 resp. △PP1P2 d¥lené obsahem sférikého trojúhel-níku △P1P2P3. Upu²t¥ním od sférikýh baryentrikýh sou°adni lze váhy w1, w2 a w3de�novat následovn¥:
w1 =
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, w2 =

V2

V
, w3 =

V3

V
, V = V1 + V2 + V3,kde V1 je objem £ty°st¥nu PP2P3O, V2 objem PP3P1O, V3 objem PP1P2O. Naví kdyº

O = (0, 0, 0), je V1 = 1
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|det(P, P2, P3)|, V2 = 1

6
|det(P, P3, P1)|, V3 = 1

6
|det(P, P1, P2)|.2.3.2 Zásobník pro BTF dataTexturní modul je navrºen a implementován tak, ºe kaºdá jeho instane pouºívá vlastnísadu parametr· a obrazová data. Aby nebylo b¥hem renderování zbyte£n¥ plýtváno ope-ra£ní pam¥tí po£íta£e, jsou na£tená obrazová data, kde kaºdá kombinae úhlu pohledua osv¥tlení má unikátní index, uloºena v zásobníku. Zásobník je implementován jako dvoj-sm¥rný seznamu o velikosti de�nované uºivatelem (obr. 5). Naví po£et obraz· v BTFtextu°e je 6561, proto je sou£ástí zásobníku pole ukazatel· na prvky seznamu indexovanéindexy jednotlivýh obraz·. Díky tomu lze velmi efektivn¥, bez proházení seznamu, zjis-tit, zda je poºadovaný obraz v seznamu.V okamºiku, kdy texturní modul pot°ebuje obraz s daným indexem, zjistí, zda jeaktuáln¥ v pam¥ti. Pokud ne, na£te obrazová data. Aby bylo na£ítání resp. odstra¬ováníobraz· do resp. z pam¥ti efektivní, je aktuáln¥ pouºitý obraz s daným indexem p°esunutna za£átek seznamu. Nejdéle nepouºitý obraz je vºdy na koni seznamu. Je-li seznamnapln¥n, je p°ed vloºením dal²ího obrazu nejprve odstran¥n obraz z jeho kone.2.3.3 Syntéza BTF texturAby syntetiká výstupní textura modulu mohla mít libovolné poºadované rozm¥ry a abyvypadala stále realistiky jako p·vodní textura, byl do modulu implementován algorit-mus BTF Roller [5℄ pro syntézu textur v reálném £ase. P°esn¥ji, byla implementovánapouze £ást syntézy, vstupní data pro modul jsou výstupem analytiké £ásti algoritmu.Pro rozhodnutí, která texturní dlaºdie se má pro renderovaný pixel pouºít, byl vyuºitprinip Wangovýh dlaºdi [1℄.Pouºitím Wangovýh dlaºdi lze získat deterministiký p°edpis pro aperiodiké vy-dláºd¥ní libovoln¥ velké plohy kone£nou mnoºinou malýh dlaºdi. Pro pot°eby textur-ního modulu byla vyuºita iterativní varianta publikovaná v [10℄. P°i iniializai modulu



Vizualizae BTF textur v Blenderu 431 2 3 4 N-1 NNULL pA pC NULL pB NULL
A B C
I2 IN−1 I3Obrázek 5: Implementae zásobníku prona£ítání obrázk· s BTF daty. Dole dvoj-sm¥rný seznam obsahujíí obrazová data,naho°e pole ukazatel· na prvky seznamu.

Obrázek 6: Rozhraní BTF texturního mo-dulu. Pro správnou funki je t°eba nastavitvelikost a po£et dlaºdi, velikost vyrovná-vaí pam¥ti, poºadovanou velikost synte-tiké textury a adresá° s umíst¥ním texturyna disku.je vypo£ten po£et pot°ebnýh iteraí (v °ádu jednotek), p°i syntéze je pak pro kaºdýrenderovaný pixel ur£ena dlaºdie, která má být pouºita.2.3.4 Parametry moduluPro poºadovaný vzhled BTF textury je t°eba nastavit n¥kolik základníh parametr·(obr. 6), zejména po£et dlaºdi a poºadovanou velikost syntetiké textury.3 VýsledkyTexturní modul spolu s úpravou jádra rendereru Blenderu umoº¬uje pouºití BTF texturp°ímo v prost°edí Blenderu. Pouºitím zde rozumíme jejih UV-mapování na 3D modelya následné fyzikáln¥ správné, realistiké zobrazení povrh· objekt· s BTF materiály.Obrázek 7 ilustruje pouºití vyvinutého texturního modulu p°i mapování a zobrazeníBTF textur v interiéru modelu automobilu. Pro srovnání lze srovnat s obrázkem 8 sestejnou sénou, ve které byly místo BTF textur pouºity hladké textury. Na první pohled jepatrné, ºe pomoí hladkýh textur nelze, na rozdíl od BTF textur, modelovat efekty jakoodlesky a zm¥nu barvy materiálu v závislosti na pozorovaíh a sv¥telnýh podmínkáh.Na obrázku 8 si lze v²imnout nereálnýh odlesk· na sedadleh, která jsou potaºena látkou.Je²t¥ lépe je rozdíl mezi mapováním a renderováním hladkýh a BTF textur patrný nadetailn¥j²ím obrázku 10, kde bylo pro srovnání pouºito víe materiál·.Pro vy²²í ryhlost p°i manipulai s BTF texturami byl do texturního modulu imple-mentován algoritmus BTF Roller [5℄, který v sou£asnosti p°edstavuje nejryhlej²í zp·sobsyntézy BTF textur.Pouºití BTF textur v prost°edí Blenderu nijak výrazn¥ nezpomaluje proes rendero-vání. Nejvíe £asu spot°ebuje texturní modul pro na£ítání jednotlivýh kombinaí pohledua osv¥tlení BTF textury z pevného disku po£íta£e. V první verzi, bez optimalizae zá-sobníkem popsaným v kapitole 2.3.2, byla manipulae s texturními daty £asov¥ velmináro£ná. Po optimalizai se £as na vykreslení sény zkrátil na 10% p·vodního £asu.
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Obrázek 7: Model automobilu s BTF texturami pouºitými v interieru. Díky BTF textu-rám lze dosáhnout realistikého vzhledu modelovanýh objekt·.

Obrázek 8: Model automobilu s hladkými texturami pouºitými v interieru. Mapovánímhladkýh textur nelze dosáhnout realistikého vzhledu jako v p°ípad¥ BTF textur.
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Obrázek 9: Porovnání aplikae BTF textur a hladkýh textur. Zobrazeny jsou výsledkyvizualizae testovaí sény v£etn¥ umíst¥ní sv¥telného zdroje. V horní °ad¥ jsou mapoványBTF materiály, v dolní °ad¥ pak odpovídajíí hladké textury. Je z°ejmé, ºe v p°ípad¥ BTFtextur vypadají materiály skute£n¥ realistiky. Dal²í komplikaí je v p°ípad¥ hladkýhtextur správné nastavení shader· pro jednotlivé materiály, v p°ípad¥ BTF pouºití shader·odpadá.

Obrázek 10: Porovnání výsledk· aplikae BTF textur a hladkýh textur. V horní °ad¥zobrazena op¥rka a £ást sedadla s namapovanými BTF texturami, v dolní °ad¥ odpoví-dajíí planární textura. Zleva postupn¥ pouºity materiály man²estr, látka a £erná k·ºe.



46 M. Hatka4 Záv¥rTexturní modul pro podporu BTF textur je významným p°ínosem pro oblast po£íta£ovégra�ky zabývajíí se zpraováním a vizualizaí BTF textur. Díky n¥mu se roz²i°ují moº-nosti vyuºití a prezentae výsledk· r·znýh metod modelujíí a zpraovávajííh BTFtextury.Implementae texturního modulu je prvním krokem pro praktiké vyuºívání BTFtextur v libovolnýh jiº existujííh 3D modeleh a 3D sénáh. V dal²í prái je plánovánoroz²í°ení BTF texturního modulu i na UNIXové a linuxové platformy, dále roz²í°ení opodporu víejádrovýh proesor· a p°edev²ím zoben¥ní modulu i pro dal²í metody prosyntézu BTF textur a dal²í BTF modely vyvinuté v ÚTIA.Literatura[1℄ M. F. Cohen, J. Shade, S. Hiller, and O. Deussen. Wang tiles for image and texturegeneration. ACM Trans. Graph. 22 (July 2003), 287�294.[2℄ K. J. Dana, B. van Ginneken, S. K. Nayar, and J. J. Koenderink. Re�etane andtexture of real-world surfaes. ACM Transations on Graphis 18 (1999), 1�34.[3℄ J. Filip and M. Haindl. Bidiretional texture funtion modeling: A state of the artsurvey. IEEE Transations on Pattern Analysis and Mahine Intelligene 31 (2009),1921�1940.[4℄ J. Filip and M. Haindl. Non-linear re�etane model for bidiretional texture funtionsynthesis. Pattern Reognition, International Conferene on 1 (2004), 80�83.[5℄ M. Haindl and M. Hatka. BTF roller. In 'Texture 2005: Proeedings of 4th Interna-tinal Workshop on Texture Analysis and Synthesis', M. Chantler and O. Drbohlav,(eds.), 89�94, Edinburgh, (Otober 2005). Heriot-Watt University.[6℄ M. Haindl and J. Filip. Extreme ompression and modeling of bidiretional tex-ture funtion. IEEE Transations on Pattern Analysis and Mahine Intelligene 29(2007), 1859�1865.[7℄ M. Haindl, J. Filip, and M. Arnold. Btf image spae utmost ompression and model-ling method. Pattern Reognition, International Conferene on 3 (2004), 194�197.[8℄ D. Lyssi. A re�etometer setup for spetral btf measurement. In 'CESCG', (April2009).[9℄ K. Polthier, A. Belyaev, A. S. (editors, T. Langer, E. Belyaev, H. peter Seidel, andM. Informatik. Spherial baryentri oordinates, (2006).[10℄ J. Stam. Aperiodi texture mapping. Tehnial report, European Researh Consor-tium for Informatis and Mathematis (ERCIM), (1997).



Numerial Simulation of Spiral Growthby Phase-Field Method∗Hung Hoang Dieu2nd year of PGS, email: hoangdieu�fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Mihal Bene², Department of Mathematis, Faulty of NulearSienes and Physial Engineering, CTU in PragueAbstrat. In the paper we onsider the problem of spiral rystal growth. This problem isdesribed by a phase-�eld model based on the Burton-Cabrera-Frank theory (see Ref. [3℄). Fornumerial simulations performed in three dimensions, we develop a numerial sheme basedon the �nite di�erene method. We investigate the in�uene of numerial parameters on thegrowth patterns. We present omputational studies related to the pattern formation and to thedependene on model parameters.Abstrakt. P°ísp¥vek se zabývá problémem spirálového r·stu reálnýh krystal·. Tento problémje popsán modelem typu phase-�eld zaloºeným na Burtonov¥, Cabrerov¥ a Frankov¥ teorii (viz.[3℄). Pro numeriké simulae jsme vyvinuli numeriké shéma, které je zaloºené na metod¥kone£nýh diferení. Zkoumáme vliv numerikýh parametr· na mehanismus r·stu. Nakonejsou prezentovány získané výsledky.1 IntrodutionThere are two fundamental models of rystal growth mehanism: two-dimensional nule-ation and layer growth of perfet rystals or spiral growth of real rystals (see Ref. [12℄,Chapter 3).Real rystals ontain disloations whih are rystallographi defets in the strutureof the rystal lattie. The presene of disloations in�uenes the mehanism of rystalgrowth. If a srew disloation is present in the rystal lattie of the substrate, a step witha zero height at the disloation ore is reated. This step winds around the disloationand produe a spiral (see Fig. 1).Reently, rystal growth has been investigated from a mathematial point of view.For more details, we refer the reader to the works of Guo-Nakamura-Ogiwara-Tsai [5℄and Ohtsuka [9℄.
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Figure 1: Growth spiral on a ar-borundum fae. CrystallographiLaboratory, Geologial Institute,University of Ghent.2 The modelClassially epitaxial rystal growth is modeled using Burton-Cabrera-Frank (BCF) theory(see Ref. [1℄). Aording to that theory atoms are �rst adsorbed to the rystallinesurfae. Suh atoms are alled adatoms. Then they di�use freely along the surfaeand they an either desorb from the surfae with a probability 1/τS per unit time, orthey are inorporated into the rystal at one of the three sites: ledge site, step site orkink site. Inorporation at a kink site will be the most energetially favorable. Two-dimensional growth ours only at relatively higher super-saturation when random nuleiare generated on existing �at surfae.The BCF model onsists of a di�usion equation for the onentration of adatoms, aswell as two boundary onditions at the growing steps:
∂tc = D∆c −

1

τS
c + F, (1)in the domain S and

c = ceq(1 + κΩγ/kBT ), (2)
vn = DΩ[

∂c

∂n+
−

∂c

∂n−
], (3)on the interfae Γ(t). Here, c is the density of adatoms on the surfae S, D is thesurfae di�usion oe�ient, τS is the mean time for the desorption of adatoms from tothe solution, F is the deposition rate, ceq is the equilibrium onentration for a straightstep, κ is the urvature of step Γ(t), Ω is the area of a single atom, γ is the step sti�ness,

kBT desribes the thermal energy for a �xed temperature T and vn is the normal veloityof the step and ∂u
∂n±

is the normal onentration gradient on the lower (+) and upper (−)side of the step.Diret numerial simulations of the sharp-interfae problem (1) − (3) are di�ult,sine the position of the step has to be traked expliitly (see Ref. [3℄). The BCF modeldesribed above an be replaed by a phase �eld model where a higher-dimensional orderparameter funtion Φ(x, y, t) is introdued whose values indiates the phase at a given



Numerial Simulation of Spiral Growth by Phase-Field Method 49position. In our ase, the phase �eld Φ(x, y, t) desribes the height of the epitaxial solidby the number of monoatomar layers. The phase-�eld model was previously used by Liuand Metiu [7℄ for one-dimensional step train, then enhaned by Karma and Plapp [5℄.This model, whih represents a system of paraboli partial di�erential equations, has theform
∂tc = D∆c −

c

τS
+ F − Ω−1∂tΦ, (4)

α∂tΦ = ξ2∆Φ + sin(2π(Φ − ΦS)) + λc(1 + cos(2π(Φ − ΦS))), (5)in the domain S, where α is the time relaxation parameter, ξ is the width of steps betweenterraes, ΦS is the height of the initial substrate surfae and λ is the oupling onstant.The boundary onditions are given by
∂c

∂n
(t, x) =

∂Φ

∂n
(t, x) = 0, t ∈ (0, T ), x ∈ ∂S. (6)The initial onditions are given by

c(0, x) = 0, x ∈ S, (7)
Φ(0, x) = ΦS(x), x ∈ S. (8)3 Numerial shemeWe use an expliit sheme of the �nite di�erene method to solve the free boundaryproblem of epitaxial rystal growth. The �rst step in the disretization is to divide theproblem's domain into a two-dimensional grid and then derivatives are replaed withequivalent �nite di�erenes.We onsider the problem's domain S to be a retangular domain (0, L1) × (0, L2)whih is to be disretized. We partition the domain S using a grid of internal nodes

ωh = {(ih1, jh2)|i = 1, ..., N1 − 1, j = 1, ..., N2 − 1}, where h1 = L1

N1
, h2 = L2

N2
are the meshsizes in S. We disretize the time interval using a mesh [0, T ] : Tτ = {kτ |k = 0, ..., NT},where τ = T

NT
is a time step. Then we an onsider a grid funtion u : Tτ × ωh → R forwhih uk

ij = u(ih1, jh2, kτ).The time derivative is approximated by forward di�erene
∂tu

k
ij ≈

uk+1

ij −uk
ij

τ
,and the spae derivatives are approximated by seond-order entral di�erenes:

∂2
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h2
1

,
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yu
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2

.Then the Laplae operator in two dimensions is given by ∆hu
k
ij = ∂2

xu
k
ij + ∂2

yu
k
ij.The expliit sheme has the form



50 D.H. Hoang
α
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ij
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= ξ2∆hΦ

k
ij + sin(2π(Φk
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Sij

))
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ij(1 + cos(2π(Φk
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))) (9)
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ij

τ
= D∆hc
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ij −

ck
ij

τS

+ F − Ω−1
Φk+1

ij − Φk
ij

τ
(10)for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT .Disretization of the epitaxial rystal growth problem leads to a system of equations
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i,j−1 + ck
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h2

−
τ

τS
ck
ij + τF −

Φk+1
ij − Φk

ij

Ω
(12)for i = 1, ..., N1 − 1, j = 1, ..., N2 − 1, k = 0, ..., NT . That means we an obtain the valuesat time k + 1 from the orresponding ones at time k.For h = h1 = h2 this expliit method is known to be numerially stable and onvergentwhenever ξ2τ

αh2 ≤ 1
4
and τ(4DS

h2 + 1
τS

) ≤ 1.The boundary onditions are treated by mirroring the values in the inner nodes arossthe boundary.4 Numerial resultsIn the numerial experiments we investigated the in�uene of the parameter τS to thespiral growth. First, transient dynamis is quanti�ed by de�ning the so alled surfaewidth w(t) whih is the mean �utuation of the surfae height
w(t) =

1

2
〈Φ(x, t)2 − 〈Φ(x, t)〉2〉1/2,where 〈f〉 = L−2

∫
S

fdx. (L = h(N − 1) = 50) (see Fig. 3).Next, the parameters are set up as follows: Ω = 2.0, α = 1.0, ξ = 1.0, λ = 10.0,
DS = 2.0, F = 3.0, τ = 0.00025, NT = 100000, so that T = 25. The dimensions of ωhare 100× 100 and the spatial step size is set to 50/99. The initial height of the substrate
ΦS is formed by arctan(y/x)

2π
for the disloation. We observed two distinguished growthregimes. As an be seen in Fig. 3 for small τS, the spiral �nds its �nal step spaing lessentially after a single rotation. In ontrast, for very large τS the transient spiral ridge
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Figure 2: Comparison of transient dynamis for di�erent desorption times. Green line:
τS = 0.1, the surfae width quikly levels o� and remains onstant. Red line: τS = 10100,the surfae width hanges slowly in time.evolves slowly towards a spiral with a onstant l. This surfae evolution is demonstratedin Fig. 4.From these numerial simulations we onlude that step spaing is dependent ondesorption time. The larger desorption time is, the smaller the step spaing is. Finally,we would onsider elasti deformation of the solid generated by the mis�t strain betweenatoms in the epitaxial layer and the substrate and inlude it to the model.
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(a) (b)

() (d)Figure 3: Spiral ridge at di�erent times t for τS = 0.1. Colour palette represents thesurfae height.
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(a) (b)

() (d)Figure 4: Spiral ridge at di�erent times t for τS = 10100. Colour palette represents thesurfae height.
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Exploitation of Partile Filter in Early Phase ofa Reator Aident∗Radek Hofman3rd year of PGS, email: hofman�utia.as.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Ing. Petr Peha, CS., Institute of Information Theoryand Automation, ASCRAbstrat. Exploitation of the data assimilation methodology in the �eld of radiation protetionis studied. When radioative pollutants are released into the atmosphere, a radioative plume ispassing over the terrain. In order to ensure e�ieny of introdued ountermeasures, it is ne-essary to predit spatial and temporal distribution of the aerial pollution and material alreadydeposited on the ground. The preditions are made by the means of numerial dispersion modelswith many inputs. A group of the most signi�ant input parameters a�eting the dispersionproess was seleted using available sensitivity and unertainty studies performed on dispersionmodels. Exat values of these parameters are unertain due to the stohasti nature of atmo-spheri dispersion, hene the parameters are modeled as random quantities. Data assimilationis the optimal way how to exploit information from both the measured data and expert-seletedprior knowledge to obtain reliable estimates of the input parameters. Early identi�ation of theparameters is essential for redution of unertainty of the radiation situation preditions. In thispaper, sampling-importane-resampling algorithm (partile �lter) is used to evaluate posteriordistribution of estimated parameters and improve their estimates on-line as the plume is passingover the stationary measuring sites. The algorithm is tested on an arti�ial release senario.Abstrakt. P°ísp¥vek pojednává o vyuºití data asimilae v £asné fázi radia£ní nehody. V p°í-pad¥ vzdu²ného úniku radionuklid· se utvo°í mrak postupujíí nad terénem. V rámi zaji²t¥níohrany obyvatelstva formou vhodnýh protiopat°ení je nutná znalost p°edpov¥di £asového aprostorového rozloºení radionuklid·. Predike se po£ítají pomoí numerikýh disperzníh mod-el· s mnoha vstupy. Na základ¥ studie itlivosti a neur£itosti provedené na disperzníh modelehbyla vybrána podmnoºina nejd·leºit¥j²íh vstupníh parametr·. Jejih p°esná hodnota je kv·listohastiké povaze atmosfériké disperze neznámá a tak jsou tyto parametry modelovány jakonáhodné veli£iny. Data asimilae je optimální zp·sob vyuºití expertn¥ volené apriorní informaea dostupnýh me°enýh dat k získání zp°esn¥nýh odhad· vstupníh parametr· modelu. Jejihv£asná identi�kae je st¥ºejní pro reduki neur£itosti v p°edpov¥díh. V p°ísp¥vku je demon-strováno vyuºití sampling-importane-resampling algoritmu pro odhad posteriorní distribueodhadovanýh parametr· a vylep²ovnání jejih odhadu on-line v pr·b¥hu postupu mraku nadterénem. Algoritmus je testován na séná°i simulovaného úniku.1 IntrodutionDuring the operation of a nulear power plant, there is a potential for aidental releaseand dispersion of a nulear material into ambient atmosphere and exposure of population
∗This work has been supported by the grant GACR No. 102/07/1596 and the MSTM projet 1M0572.55



56 R. Hofmanto the ionizing radiation. The radiation dose reeived by the publi as a onsequeneof a release omes mostly from �ve soures: External γ-radiation from the plume (loudshine); external γ-radiation from radioative material deposited on the ground, trees,buildings (ground shine); inhalation of radioative material; external α, β and γ fromradioative material deposited on the skin and ingestion of ontaminated foodstu�.The time lapse of a nulear release an be split into two major phases. The �rstphase, the early phase, overs the �rst few hours or days and lasts until the radioativeloud has passed the area of interest. During this phase, the irradiation from loud shine,ground shine, skin ontamination and inhalation are most important. The seond phase,the late phase, lasts until the radiation levels resumes bak to levels of bakground. Inthis phase, dose from ground shine and ingestion beomes important. Negative impatson population health are averted by the means of ountermeasures introdued as soon aspossible after or even before the expeted release. These an be iodine prophylaxis, foodbans, sheltering or evauation.The unavoidable ondition for appliation of e�etive ountermeasures is knowledge ofspatial and temporal distribution of radioative pollutants. Former aidents on nulearfailities revealed unsatisfatory level of the deision support, both in hardware equip-ment (reliable ommuniation hannels, omputation tehniques) and also de�ienies insoftware deision support systems (DSS). Great attention to this topi is paid sine theChernobyl disaster. DSS is a software tool inluding a mathematial model for predi-tion of radionulide spreading in the environment [9℄. It an embody di�erent subsystemsfor evaluation of expeted onsequenes in terms of demographi or eonomi statistis.Output from the system should provide to responsible authorities a rational basis foroordination of ountermeasures [11℄, [7℄.Data assimilation is a way how to inrease reliability of suh preditions in both theearly and the late phase of an aident [13℄. Reent development in hardware allows us toimplement assimilation algorithms based on methods earlier omputationally prohibitedlike sequential Monte Carlo methods [3℄. Marginalized partile �lter [12℄ was used hereto estimate model error ovariane struture in a parametrized form. Data assimilationis the optimal way how to exploit information from both the measured data and expert-seleted prior knowledge to obtain reliable estimates. This paper studies exploitationof the data assimilation in the early phase of an aident when the radioative loud ispassing over the terrain.The outline of this paper is as follows. Problem statement is given in Setion 2. Atmo-spheri dispersion model and methodology of alulation of loud shine dose are desribedhere. Setion 3 brie�y disusses partile �lter and puts it in the sope of the Bayesian�ltering. Setion 4 presents a partiular assimilation senario and numerial experimentwith simulated measurements. Conlusion and future work is given in Setion 5.2 Problem statementAssume an aident in a nulear power plant followed by aerial release of radionulides.After the release, there is a radioative loud passing over the terrain. The spatio-temporal distribution of radionulides is modeled by the means of numerial dispersionmodels in order to determine appropriate ountermeasures. Output of suh a model is a



Exploitation of Partile Filter in Early Phase of a Reator Aident 57predition of radiation situation given in terms of radiologial quantities. Assume thatthe radiologial quantity of interest is the ontinuous ativity onentration in air C(s, t),where s = (s1, s2, s3) is a vetor of spatial oordinates and t = 1, . . . , tMAX is the timeindex. Conentration of ativity is important radiologial quantity whih an be usedfor alulation of some other quantities like deposition or doses from di�erent pathwaysof irradiation. The onentration itself is a di�ult quantity to measure, therefore themeasuring devies are designed to measure the γ-dose rate. It has well developed mea-suring methodology. These measurements an be provided by stationary measuring sitesor mobile groups [10℄.For omputational reasons, the ontinuous quantity C(s, t) is evaluated only in a setof M points of a omputational grid in time t. Values of C(s, t) in the grid points areaggregated in vetor Ct. The available measurements of time integrated γ-dose rate attime t are aggregated in vetor yt. We an employ data assimilation and use the sparsemeasurements to improve reliability of model preditions and thus allow for introdutionof e�etive ountermeasures in the atually a�eted areas.The evolution of C(s, t) is modeled by a dispersion model whih is parametrizedby a set of parameters Θt. These parameters re�et physial proesses involved in theatmospheri dispersion, atmospheri onditions and onditions of the aident in eahtime step t. Exat values of the parameters are unertain due to stohasti nature ofthe dispersion, lak of aurate information, et. Typially, the hoie of values of theseparameters is subjet to an expert opinion. The subjetive hoie of parameter valuesan introdue signi�ant errors into the preditions. To avoid this, we apply Bayesian ap-proah and treat the parameters as random quantities. We attempt to estimate parameterdistributions in onseutive time step from measurements. The number of parameters ispotentially large but a restrited subset θt ⊂ Θt of the most important parameters anbe found for spei� senario [8℄.Sine all unertainty is modeled by probability distributions, the appropriate dataassimilation methodology is the Bayesian �ltering. The introdued senario �ts intothe family of state-spae models. Realization of the proess at time t ontains all theinformation about the past, whih is neessary in order to alulate the predition offuture evolution. State vetor xt of the system omprises of the two omponents xt =
[Ct, θt]

T . The model of integrated γ-dose rate measurements yt is given by the probabilitydensity funtion (pdf) p(yt|xt).2.1 Evolution of stateEvolution of the state is given by the transition pdf p(xt|xt−1):
p(xt|xt−1) = p(Ct, θt|Ct−1, θt−1)

= p(Ct|Ct−1, θt, θt−1)p(θt|Ct−1, θt−1) (1)Under the hoie of atmospheri dispersion model CADM(θt) and its parameters θt, theevaluation of Ct is deterministi:
p(Ct|Ct−1, θt, θt−1) = δ(Ct − CADM(θt)) (2)



58 R. HofmanTime evolution of θt is given by the pdf p(θt|θt−1). Under the hoie of time invariantparameters (θt = θ), the transition pdf gets the form p(θt|θt−1) = δ(θt−θ). The proessis initialized with prior pdf p(θ0), typially overing wide range of possibilities.We hose the Gaussian pu� model (GPM) for the atmospheri dispersion model. Itis based on approximative solution of the three dimensional advetion-di�usion equation[1℄:
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, (3)where t is time index, Q is the total released ativity in Bq and u is the wind speed.Dispersion oe�ients {σsi
}|i=1, 2, 3 are funtions of distane from the soure. Fator

fD(t) stands for radioative deay, dry and wet deposition. The last term R(t) aountsfor homogenization of the vertial pro�le of onentration due to the re�etions from thetop of mixing layer and the ground. See [4℄ for more details.2.2 Measurement modelMeasurements are assumed to be normally distributed and mutually independent giventhe state xt. Errors of measurements are set proportional to the their values with an o�setterm modeling the bakground radiation superposed to the atual dose measurements
yt ∼ N (Dt, Σ(Dt)), (4)where N (a, Σ) is a multidimensional normal distribution with mean value a and a o-variane matrix Σ. Dt is a vetor of measurements of time integrated absorbed γ-dosein all the measuring sites available in time t. If the released nulide is a noble gas, thereis no deposition and we don't have to assume ground shine from deposited material. Inthis ase, the measured quantity is just the γ-dose from loud shine. The time integralof absorbed γ-dose rate in tissue from a mixture of radionulides emitting photons ondi�erent energy levels Eγ,j is

Di,t =

t
∫
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ρ
Φj(C(s(i), τ)) dτ, (5)where Kj , µa,j and Φj are onversion oe�ient, absorption oe�ient and e�etive �uxof gamma rays, respetively. Subsript j stands for the fat, that the partiular valuesdepend on the energy level Eγ,j . Summation is over assumed energy levels and ρ isthe mass density of air. Equation (5) de�nes the observation operator onverting theonentration in Bqm−3 to the time integrated γ-dose in Gy.The general expression for Φ at a reeptor loated at s̃ = (s̃1, s̃2, s̃3) from a soure ofenergy Eγ dispersed in air is

Φ(s̃1, s̃2, s̃3, Eγ) =

∫∫∫

f(Eγ)B(Eγ , µr)C(s1, s2, s3)

4π r2
ds1 ds2 ds3, (6)
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2 +(s̃2 − s2)

2 +(s̃3 − s3)
2, f(Eγ) is the branhing ratio to the spei�energy, µ is the attenuation oe�ient of air, B(Eγ, µr) is the dose build-up fator, C(s)is the radionulide onentration in Bqm−3 of isotope being onsidered. The build-upfator an be alulated from Bergers analytial expression

B(Eγ , µ r) = 1 + a µr exp(b µr), (7)where oe�ients µ, a and b depend on Eγ . Energy dependent absorption oe�ient µais alulated as
µa = µ/

[

1 +
a

(1 − b)2

]

. (8)The simpliity of used Gaussian pu� model (3) allows for numerial evaluation of integral(6) on a ompat support where the onentration is not negligible. If the radioativeplume is large ompared to the mean free path of the γ-rays, then the semi-in�nite loudapproximation of e�etive �ux an be suessfully used. See [5℄ for more details.3 Data assimilationBayesian approah to data assimilation is based on representing unertainty in the statevia probability distribution. When no measurements are available the probability distri-bution of the onsidered state (the prior) must be rather wide to over all possible realiza-tions of the state. Eah inoming measurement brings information about the �true� state,reduing the original unertainty. In e�et, with inreasing number of measurements, theposterior pdf is narrowing down around the best possible estimate.Formally, the prior distribution p(x0) is transformed into posterior pdf p(xt|y1:t) usingmeasurements y1:t = {y1, . . . , yt} by reursive repetition of the following steps:
p(xt|y1:t−1) =
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, (10)The proess is initialized by prior p(x0).Evaluation of (9) and (10) involves integration over omplex spaes and often it isomputationally infeasible. Suboptimal solution an be found by the means of sequen-tial Monte Carlo methods also known as partile �lters [2℄. Partile �lters numeriallyapproximate posterior pdf p(xt|y1:t) using a set of partiles x
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t are drawn from a proposal pdf

q(xt|y1:t), whih an be an arbitrary pdf the support of whih inludes the support of
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p(xt|y1:t). Under this approximation, the integral equations (9)�(10) redues to drawingnew partiles at eah time t and simple re-evaluation of the importane weights:
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. (12)Here, ∝ denotes equality up to multipliative onstant. This onstant an be easilyomputed to assure that ∑N
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t = 1. Equation (12) an be further simpli�ed to
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t ) by hoosing q(xt|y1:t) ≡ p(xt|xt−1).The approximation is easily extendable for predition. Predited pdf of the state attime t+ k is then approximated as
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t δ(xt+k − x
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t+k), (13)where partiles x

(i)
t+k are reursively generated from p(xt|x

(i)
t−1).4 Numerial experimentFor purposes of numerial experiment was hosen assimilation senario with an instanta-neous release of 41Ar. Numerial experiment is onduted as a twin experiment, wherethe measurements are simulated via a twin model and perturbed. Convergene of radi-ologial quantity of interest�41Ar ativity onentration in air�evaluated on basis ofestimated parameters to that produed by the twin model an be then assessed.Sine the argon is a noble gas, there is no deposition and onsequently no groundshine. The released ativity is propagated via Gaussian pu� model, (3). Half life of deayof 41Ar is 109.34 minutes. Aording to the TORI (Tables Of Radioative Isotopes)database, there are more energy levels of γ radiation produed by isotope 41Ar. Weassume just the energy level 1293.57keV with the branhing ratio 99.1%. The rest beinginluded in the 0.9% is negleted and the summation over energy levels in (5) an beomited.The topology of measuring sites is similar to that of the Early Warning Network of theCzeh Republi [10℄. The soure of simulated release is a nulear power plant surroundedby almost �fty stationary measuring sites apable to measure time integrated γ-dose (5).Measuring sites are loated more or less regularly in the area of radius 10km around thesoure. The time step of assimilation algorithmwas set to 10 minutes and the time horizon

tMAX=6 (60min). Measuring devies are assumed to integrate the γ-dose in 10 minuteintervals and then send measurements on-line to the quarters of risis management. Theheight or release is 50m and the magnitude of release Q=1.0E+10Bq of 41Ar. We assumeno vertial veloity or any signi�ant heat apaity of the e�uent and the e�etive heightremains 50m during the pu� propagation. The time horizon spans up to 1 hour after therelease start. It means, that we performed 6 assimilation yles onsisting of time anddata update steps.



Exploitation of Partile Filter in Early Phase of a Reator Aident 614.1 Parametrization of atmospheri dispersion modelA group of the most signi�ant variables a�eting the dispersion proess (inluding meteo-rologial inputs) was seleted using available sensitivity and unertainty studies performedon Gaussian dispersion models [8℄. Variables of the dispersion model CADM treated inthis numerial example as unertain are: magnitude of release Q, horizontal dispersionoe�ients σsi
|i=1, 2 and also two meteorologial inputs: wind speed u and wind dire-tion φ. Their parametrization via vetor of random parameters θt = (ωt, ξt, ψt, ζt) andloation parameters (Q0, u0, φ0, σsi0

|i=1,2) is listed in Table 1. The parametrization wasvariable physial e�et parametrization
Q magnitude of release Q = ωtQ0

u wind speed u = (1 + 0.1 ξt) u0 + 0.5 ξt
φ wind diretion φ = φ0 + ∆φ, ∆φ = ψt (2π/80) rad.

σsi
|i=1, 2 horizontal dispersion σsi

= ζt σsi0
|i=1, 2Table 1: Parametrization of seleted variables and inputs to the ADM.seleted aording to that in the UFOMOD ode [6℄. Loation parameters refer to theprior initialization of the variables. All the random parameters are treated as time on-stant: θt = θ, even the parameters ξt and ψt onerning unertainty in meteorologialforeast. In ase of time horizon of several hours, the assumption of stationarity of themeteorologial ondition vanishes. Parametrization of the meteorologial data has to befragmented into shorter time intervals (usually hourly intervals) where the assumption ofstationarity holds.The set of parameters θTWIN used for evaluation of the twin model simulating mea-surements is

θTWIN = (0.72, −0.17, −8.3, 1.3). (14)The omparison of initial CADM inputs with the initial setting and the twin model isin Table 2. The real release was smaller in magnitude, with the lower wind speed,direted by approximately 37deg antilokwise and the pu� dispersed more than wasapriori assumed. Horizontal dispersion parameters σs1
and σs2

are funtions of distanevariable physial e�et prior val. param. value true value
Q released ativity 1.0E+10Bq 0.72 7.2E+09Bq
u wind speed 3.10m/s -0.17 2.96m/s
φ wind diretion 310.0deg -8.3 272.7deg

σsi
|i=1, 2 horizontal disp. σsi

= σsi
(dist)|i=1, 2 1.3 σsi

= 1.3 σsi
|i=1, 2Table 2: Values of variables of the initial model setting and the twin model.the from soure. The total number of N = 1000 partiles was initialized with randomvetors {θ(i), i = 1, . . . , 1000} with elements generated aording to the pdfs in Table 3.



62 R. Hofmanparameter physial e�et pdf type mean value std. dev.
ωt magnitude of release log-normal 1.0 1.0 (3σ trunated )
ξt wind speed uniform 0.0 1.0
ψt wind diretion uniform 0.0 10.0
ζt horizontal dispersion log-normal 1.0 1.0 (3σ trunated )Table 3: Prior distributions of estimated parameters θt = (ωt, ξt, ψt, ζt).4.2 ResultsThe results are visualized in terms of the time integral of ground level onentration ofativity in air (TIC):

TIC(s) =

tMAX
∫

0

C(s, τ) dτ. (15)Computational grid is a retangular grid of dimension 41 × 41 grid points with the gridstep 1km. The soure of pollution is plaed in the enter of the grid.In Figure 1 left we an see the TIC evaluated by the atmospheri dispersion modelwithout the data assimilation and with initial setting of variables Q = Q0, u = u0,
φ = φ0 and σsi

|i=1, 2 = σsi0
|i=1, 2. This is done by setting θ = (1.0, 0.0, 0.0, 1.0, ), seeTable 1. In Figure 1 right is the TIC evaluated by the twin model used for simulationof measurements. In Figure 2 are visualized assimilation results. Assimilation results arepresented in the form of expeted value of TIC with respet to the preditive densitiesat di�erent time steps. Expeted value of predition of TIC displayed in Figure 2 topleft are based only on the measurements y1. Even at this stage, the wind diretion wasorretly reognized, however other parameters, suh as parametrization of Q, are stilltoo unertain and the predition di�ers from the twin model. With inreasing time themeasurements provide enough information and the expeted values of TIC are onvergingto the twin model.

Figure 1: Predited TIC based on initial values without the data assimilation (left) andthe twin model (right).
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Figure 2: Predited TIC based on assimilation at t = 1, 2, 3, 4, 5, 6, respetively.5 ConlusionRapid assessment of the situation in ase of an aerial release of radionulides is ruialfor planning of ountermeasures. Introdued Bayesian methodology has very interestingproperties suitable for this senario. Spei�ally, it allows joint estimation of spatio-temporal distribution of ativity and parameters of the dispersion model. Thus, we obtainassimilated estimate of the radiation situation on the terrain and a way how to easily ex-tend this estimates to preditions on an arbitrary horizon. The presented senario learlyillustrates the power of the method. However, a lot of work is required to inorporatethe method to the existing deision support systems. We foresee the ore of the work indevelopment of more realisti models of the state evolution and the measurements. Forexample, more realisti senarios should onsider a mixture of radionulides and extendedset of unertain variables. Suh extension of the model inevitably inreases omplexityof the implied algorithm whih may lead to omputational di�ulties. These may beoverome with exploitation of reent developments in the �led of sequential sampling,suh as adaptive resampling or problem spei� proposal densities.AknowledgementThis work is part of the grant projet GA�R No. 102/07/1596. This work is alsosupported by projets M�MT 1M0572.Referenes[1℄ R. Barrat. Atmospheri dispersion modelling. Earthsan, (2001).
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Vztaºení provenane pro ontologii k signatu°eFranti²ek Jahoda1. ro£ník PGS, email: jahoda�s.as.zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT v Praze²kolitel: Július �tuller, Institute of Computer Siene, ASCRAbstrat. In the Semanti web paradigm data are desribed by ontologies. The ontologies maybe subjet of hanges. The paper deals with storing information about hanges and queryingstored information. Spei�ally, it propose a method for binding information about hanges toa signature (set of symbols from the ontology).Abstrakt. V kontextu Sémantikého webu jsou data popsána ontologiemi. Tyto ontologie mohoupodléhat zm¥nám. �lánek se zaobírá zp·sobem jak uhovávat informae o t¥hto zm¥náh ajak je dotazovat. Konkrétn¥ji navrhuje postup, jak vztáhnout informae o zm¥náh k mnoºin¥symbol·m z ontologie (signatu°e).1 ÚvodMnoºství informaí na webu se stále zv¥t²uje. Jiº dávno se není moºné na webu oriento-vat bez pomoi speializovanýh aplikaí jako jsou vyhledáva£e. Nej£ast¥ji pouºívanýminástroji pro orientai na webu, fulltextové vyhledáva£e, indexují obsah podle slov ob-saºenýh v dokumenteh na webu. Tyto speializované nástroje mají problém rozli²itr·znou sémantiku slov vyplývajíí nap°. z kontextu. P°i zv¥t²ujíím se mnoºství infor-maí se mén¥ obvyklé významy vyhledávají h·°e. Integrae informaí z víe zdroj· je²t¥víe zd·raz¬uje hyby p°i ur£ování sémantiky dat na webu. Mnoºství dat na webu velmiryhle roste a stejn¥ tak se na web dostávají nové druhy informaí, proto se v budounubude problém s ur£ováním sémantiky dat a integraí dat zv¥t²ovat.Jiº dnes v²ak existuje °e²ení, které je shopno vý²e popsané problémy °e²it sou£asnýmiprost°edky. Toto °e²ení se nazývá Sémantiký web [1℄ a spo£ívá v poskytování dat v p°esn¥daném strojov¥ £itelném formátu. Samoz°ejm¥ formát dat je ur£en pouze rámov¥, abymohl pokrýt v¥t²inu informaí, jeº se na webu vyskytují a vyskytovat budou. P°esn¥j²íur£ení formátu dat se provádí pomoí jazyka RDFS nebo OWL a konkrétní zadání datpak pomoí jazyka RDF. Aplikae postavené na tehnologiíh sémantikého webu budoushopny provád¥t daleko lep²í hledání a integrai informaí dostupnýh na webu. Séman-tiký web tedy poskytuje jiº dnes dostupné °e²ení, jak p°ekonat vý²e zmín¥né problémywebu klasikého.Data na sémantikém webu lze popsat za pomoi ontologií [2℄ vyjád°enýh jazykemOWL. Ontologie umoº¬ují de�novat vztahy v dateh a zárove¬ z existujííh vztah·vytvá°et vztahy nové. Ontologie neslouºí jen k de�nii moºnýh vztah· v dateh, alehlavn¥ k integrai dat popsanými pomoí spole£né ontologie. V prost°edí sémantikéhowebu je tedy moºné integrovat data z rozli£nýh oblastí, pokud jsou popsány pomoípropojenýh ontologií. Zp·sobem jak vytvo°it spole£nou ontologii ur£enou k integraidat se zaobírá proes integrae ontologií. Protoºe integrae ontologií je pom¥rn¥ náro£ný65



66 F. Jahodaproes £asto s nutnou ú£astí doménového experta, je snaha se mu vyhnout pouºívánímrelativn¥ malého mnoºství ontologií. Tyto ontologie by m¥ly být vytvo°eny odborníkyv oboru (doménovými experty) a pouºívány pro velkou ²í°i aplikaí. Vývojá°i konkrétníaplikae £asto nemají dostatek znalostí k úpravám ontologie a musí se spoléhat na správeontologie.Existují oblasti, které lze p°esn¥ popsat ontologiemi, které nepodléhají zm¥nám nap°.genealogie. Ov²em mnoºství oblastí se vyvíjí a jejih ontologie nemohou z·stat nem¥nnénap°. výrobky v obhodeh mohou získat nové vlastnosti nebo mohou za£ít pat°it donov¥ vytvo°ené kategorie zboºí. Tyto zm¥ny £asto zavád¥né správem ontologie p°ímoovliv¬ují funki aplikaí, které tuto ontologii vyuºívají. Proto je d·leºité v¥d¥t jak bylyzm¥ny zd·vodn¥ny, kdo je provedl i kdy byly provedeny a dal²í údaje souhrnn¥ zvanéprovenane ontologie zaznamenávat.Tento £lánek se zabývá zp·sobem jak zm¥ny v ontologii zaznamenat a jakým zp·so-bem je lze dotazovat. Konkrétn¥ji se zabývá my²lenkou jak vztáhnout zm¥ny v ontologiik n¥jakému symbolu z ontologie.1.1 Provenane ontologieSlovo provenane pohází z franouzského slova provenir, které znamená poházet. Totoslovo se pouºívá k ozna£ení zdroje, p·vodu, nebo i p·vode n¥jakého objektu. Postu-pem £asu se, ale toto slovo za£alo pouºívat i pro informae o historii objektu a oben¥pro v²ehny události, které objekt v £ase provázely. Hlavními oblastmi, kde se sledováníprovenane pouºívá, jsou právní teorie (pro zabrán¥ní manipulae s d·kazy), um¥ní (ov¥-°ení pravosti díla), arhiválie (ov¥°ení, kdo m¥l k dokument·m p°ístup a jaké jsou jejihzdroje) i v¥da (itae, odkazy na prvotní p·vod my²lenky).Provenane se pouºívá i pro data. Nap°íklad v datovýh skladeh se vyzna£uje, kdy az jakého zdroje byla konkrétní data po°ízena. V roz²í°eném významu pak provenane prodata m·ºe ozna£ovat informae o zdrojíh dat, osobáh jeº m¥ly k dat·m p°ístup, apli-kované transformae a algoritmy na dateh, atd.. Data provenane tedy nap°. umoº¬ujep°ená²et d·v¥ru ve zdroje dat a algoritmy na výstupní data.Jak je jiº vý²e zmín¥no i ontologie podléhají ob£as zm¥nám, a proto je p°irozenéuhovávat provenani i pro n¥. Uhovávání informaí k ontologii nám umoº¬uje:
• Zkoumat historii zm¥n a pou£it se z ní. N¥které zm¥ny totiº mohou mít i neht¥nýdopad a m·ºe být d·leºité v¥d¥t, jak byly zd·vodn¥ny.
• Zjistit dopad konkrétníh zm¥n. Protoºe zm¥na jediného axiomu v ontologii m·ºezm¥nit význam mnoha dal²íh axiom·.
• Zkontrolovat, zda provedené zm¥ny jsou oprávn¥né.Samotná ontologie se skládá ze dvou £ástí. První £ást je mnoºina tvrzení TBOX,která de�nuje tvrzení o konepteh a relaíh. P°íkladem tvrzení v této mnoºin¥ m·ºebýt v¥ta, ºe v²ihni lidé jsou smrtelní.

MAN ⊑ MORTAL



Vztaºení provenane pro ontologii k signatu°e 67Druhou £ástí ontologie je mnoºina tvrzení ABOX, která p°i°azuje konkrétní prvkyontologie ke konept·m a relaím z TBOX. P°íkladem m·ºe být nap°íklad v¥ta, ºeAristoteles je £lov¥k.
Aristoteles ∈ MANTvrzení z obou mnoºin budu dále v £lánku nazývat axiomy ontologie.Jelikoº elá ontologie je v podstat¥ jen mnoºina axiom·, tak lze zm¥ny v ontologiizúºit na zm¥ny v axiomeh. P°i zm¥n¥ v ontologii m·ºe být jeden nebo víe axiom· sma-záno, p°idáno nebo p°epsáno. Komplexn¥j²í zm¥ny ontologie mohou být sloºeny ze dvouzákladníh operaí � smazání axiomu a vloºení nového axiomu. Zm¥nu axiomu lze totiºnahradit odebráním jeho staré verze a vloºením nové. Provenani k ontologii lze tedyvztáhnout ke konkrétním axiom·m. Jednotku provenane, která popisuje n¥jakou kon-krétní událost nazveme provenan£ní atom. Jelikoº s axiomy lze provést jen dv¥ operae,tak nám sta£í k jednomu axiomu navázat dva provenan£ní atomy (vyzna£ujíí událostp°idání axiomu a událost odebrání axiomu).1.2 OWL anotaePro ukládání provenane k axiom·m m·ºeme pouºít libovolnou databázi. Protoºe jsmev prost°edí sémantikého webu, tak se p°ímo nabízí vyuºit jeho existujíí tehnologie aprovenani ukládat do odd¥lené ontologie (tedy do RDF soubor· popsanýh spei�kouontologií). Ukládání provenane k ontologii do odd¥lené ontologie s vlastním datovýmmodelem je výhodné, nebo´ umoº¬uje pouºít pro vyhledávání a odvozování v t¥htoinformaíh logikého mehanismu ontologie.Propojení provenane s p·vodní ontologií lze realizovat dv¥ma zp·soby. Prvním znih je rei�kae (rei�ation) axiom·, která v nové ontologii vyjád°í syntaktikou podobup·vodního axiomu a k této popsané struktu°e pak p°idává nové vlastnosti.Z axiomu MAN ⊑ MORTAL se tedy stane sada axiom·

CLASS(mortal)

CLASS(man)

SUBCLASS_OF_AXIOM(axiom1)

SUBCLASS_OF_SUPERCLASS(axiom1, mortal)

SUBCLASS_OF_SUBCLASS(axiom1, man)

SUBCLASS_OF (man, mortal)Ke kterým pak lze navazovat jednodu²e vlastnosti
PROPERTY_NAME(axiom1, value)Jak lze snadno nahlédnout, tak tento p°ístup z jednoho axiomu vytvo°í mnoho dal²íhaxiom· a vede tak k výraznému zv¥t²ení dat o provenani a tedy i k výraznému zpomaleníprohledávání a uvozování o provenani.Druhým p°ístupem je vyuºít £ásti zatím je²t¥ neshváleného standardu OWL 2.0.V návrhu standardu je totiº zmín¥na moºnost p°i°adit axiom·m v originální ontologii



68 F. Jahodajednozna£né URI1. Tím se zbavíme nutnosti popsat syntaktikou strukturu axiomu am·ºeme provenani navázat p°ímo na URI axiomu v originální ontologii. Oba p°ístupypro ukládání provenane k ontologii jsou popsány v [7℄.Samotným formátem provenane pro ontologii se £lánek zabývat nebude. Jaké pro-venan£ní informae se mají ukládat je totiº velmi závislé na jejih plánovaném pouºití arozsah ukládanýh informaí se m·ºe velmi m¥nit. Jeden rozsáhlý datový model prove-nane je popsán v [5℄.2 Provenane vztaºená k signatu°ePokud uhováváme provenani k ontologii, je pom¥rn¥ jednoduhé se zeptat, jaké událostiovlivnili konkrétní axiom z ontologie. Nap°íklad je moºné se zeptat, kdo konkrétní axiomzapsal a kdy se tak stalo. Tato informae m·ºe být v ur£itém kontextu d·leºitá a jejínalezení je pouze dotazem na to, jaké provenan£ní atomy jsou svázané s URI axiomu.V tomto £lánku se v²ak snaºíme o vyhodnoení podstatn¥ sloºit¥j²í otázky a to, jakéudálosti m¥nily význam konkrétního symbolu z ontologie. P°íkladem takového dotazum·ºe být otázka na základ¥ jakýh zm¥n v právní ontologii �R byl m¥n¥n význam kon-eptu OSV� - osoba samostatn¥ výd¥le£n¥ £inná.Oben¥ lze tento dotaz formulovat, jak získat z provenane k ontologii provenanik signatu°e. Signaturou se uvaºuje mnoºina symbol· konept·, relaí a individuí. Dálebudeme uvaºovat, ºe provenani vztahujeme k axiom·m v ontologii a dané °e²ení tedyzískáme tak, ºe najdeme o nejmen²í po£et axiom·, které pln¥ ur£ují význam symbolu(nebo signatury).Jinou otázkou se zabývá práe [6℄, kde se °e²í jak navázat provenani k axiomu, kterýje z dané ontologie logiky odvoditelný. To se m·ºe hodit v p°ípad¥, ºe heme axiom zontologie nahradit jiným, bez zm¥ny významu ontologie.P°i °e²ení poloºené otázky narazíme na dva problémy. První je skute£nost, ºe významsymbolu m·ºe být závislý na axiomeh, které se v sou£asné ontologii uº nevyskytují. Protoje pot°eba uhovávat v²ehny historiky pouºívané verze ontologie. Druhým problémemje zp·soben tím, ºe význam symbolu m·ºe být ur£en víe axiomy a to i takovými, kde sedaný symbol nevyskytuje. Z tohoto d·vodu je pot°eba vzít v úvahu logikou sémantikuontologie.Ve snaze p°esn¥ji de�novat tvrzení �axiom nem¥ní význam symbolu� nám pom·ºede�nie p·vodem z oboru modularizae ontologií [4℄.De�nie 1 (Model konzervativní roz²í°ení). Neh´ O a O1 ⊆ O jsou dv¥ L-ontologie a
S je signatura nad L. �ekneme, ºe O je model S-konzervativní roz²í°ení O1, práv¥ kdyºpro kaºdý model I ontologie O1, existuje model J ontologie O takový, ºe se shoduje nainterpretai symbol· z S - formáln¥ji I|S = J |S.De�nie °íká, ºe ontologie jde roz²í°it p°idáním novýh axiom· na jinou ontologii, alenevede to k jiné interpretai symbol·. Lze tedy °íi, ºe nov¥ p°idané axiomy nenesou kdaným symbol·m nové informae a tedy nep°ispívají k jejih významu.1Uniform Resoure Identi�er - jednotný identi�kátor zdroje/objektu



Vztaºení provenane pro ontologii k signatu°e 69Pro danou ontologii O a signaturu S lze tedy najít minimální pod-ontologie, kteráje²t¥ spl¬ují model S-konzervativní roz²í°ení, a °íi, ºe axiomy v t¥hto ontologiíh de�-nují význam symbol· z S. Provenane pro signaturu by se tedy získala jako sjednoeníprovenan£níh atom· pro v²ehny tyto axiomy.Bohuºel ov¥°ení, zda ontologie je model S-konzervativní roz²í°ení jiné, je velmi ná-ro£né. Dokone i pro velmi jednoduhé ontologie typu ALC není rekurzivn¥ spo£etné.Vyuºijeme tedy vlastnost lokality z [4℄ a tvrzení z [3℄, abyhom p°edházejíí vlastnostalespo¬ p°ibliºn¥ odhadli. Lokalitu lze vyjád°it jako syntaktiké omezení na to jaké on-tologie v·be budeme posuzovat. Protoºe je de�nie lokality pom¥rn¥ rozsáhlá, není zdeuvedena. Zji²t¥ní vlastnosti lokality je také pom¥rn¥ obtíºné, ale p°esto nepom¥rn¥ snaz²í.Nap°íklad zji²t¥ní lokality pro pom¥rn¥ sloºité ontologie de�nované pomoí standarduOWL DL je NEXPTIME-úplné.Následujíí v¥ta dává do vztahu vlastnost lokality a model S-konzervativního roz²í°ení.
Sig(O) ozna£uje mnoºinu v²eh symbol· konept·, relaí a individuí, které jsou pouºityv axiomeh ontologie O.V¥ta 1. Neh´ O1, O2 jsou dv¥ ontologie a S je signatura, takové ºe O2 je lokální v·£i
S ∪ Sig(O1). Pak O1 ∪ O2 je S-model konzervativní roz²í°ení O1.Tato v¥ta tedy °íká, ºe pro danou ontologii O a signaturu S sta£í najít pod-ontologii
O2 ontologie O, která je lokální v·£i S. Protoºe O1 ∪O2 = O platí O \O2 ⊆ O1 a O \O2je spodním odhadem ontologie, jeº lze model konzervativn¥ roz²í°it na O.Z tohoto d·vodu nezískáme ve²keré provenan£ní informae, které mohou ovlivnit vý-znam symbolu. Je téº t°eba prozkoumat, jak je daný odhad p°esný a v jakém vztahu jeontologie získaná tímto zp·sobem k minimálním ontologiím, jeº lze model konzervativn¥roz²í°it na O.Prezentovaný postup zaloºený na model S-konzervativním roz²í°ení nebere v úvahu,ºe v pr·b¥hu ºivota ontologie se pouºívají r·zné verze ontologie a provenane je navázánake v²em t¥mto verzím. Prvn¥ de�nujeme následujíí termín.De�nie 2 (Historie verzí ontologie). Neh´ O1, O2 . . . ON je posloupnost ontologií v²ehpouºívanýh verzí ontologie O, set°íd¥né podle £asu vytvo°ení verze, kde O1 je první verzeontologie a ON poslední verze s tím, ºe ºádná verze ontologie mezi Oi and Oi+1 pro
i ∈ {1, 2, . . . , N − 1} nebyla vynehána. O1, O2 . . . ON nazveme historii verzí ontologie O.Vyºadujeme, aby ºádná pouºívaná verze nehyb¥la, protoºe v²ehny provenan£ní atomyvztaºené ke zm¥nám v dané verzi by ve výsledku následujíího algoritmu hyb¥ly.Algoritmus 1. Neh´ S je signatura nad jazykem L, (Oi)i∈{1...N} historie verzí ontologie
O nad L a Prov(axiom) je funke, která mapuje axiomy O na mnoºinu jim p°íslu²nýhprovenan£níh atom·.Pro kaºdou verzi ontologie Oi se nalezne (nebo pomoí lokality odhadne) sjednoeníaxiom· z mnoºiny ontologií O‘ takovýh, ºe O‘ je model S-konzervativníh roz²í°ení Oi.Toto sjednoení ozna£íme Ei.Jako E ozna£íme sjednoení takovýh mnoºin.

E =
⋃

i∈{1,...,N}

Ei



70 F. JahodaNakone, provenan£ní atomy p°íslu²ejíí k dané signatu°e S a historii verzí ontologie
O získáme jako sjednoení provenan£níh atom· pro v²ehny axiomy v E.

Prov(S) =
⋃

α∈E

Prov(α)3 Shrnutí�lánek prezentuje provenani k ontologii, postup jak ji ukládat a algoritmus, který umoº-¬uje vztáhnout ji k symbol·m z ontologie. Protoºe výpo£et provenane k signatu°e je zde�nie mnohdy nemoºný, je v £lánku navrºena moºnost odhadu výsledku pomoí vlast-nosti zvané lokalita.Dále byh se ht¥l zaobírat, postupem jak získat pomoí lokality o nejp°esn¥j²í odhada jak se bude na reálnýh dateh li²it od výsledku dle de�nie. Také byh se ht¥l zabývatmoºnostmi optimalizae algoritmu.Literatura[1℄ G. Antoniou and F. van Hamerlen. A Semanti Web Primer. The MIT Press, (2004).[2℄ F. Baader, D. Calvanese, D. L. MGuiness, D. Nardi, and P. F. Patel-Shneider. TheDesription Logi Handbook. Cambridge, (2007).[3℄ B. C. Grau, I. Horroks, Y. Kazakov, and U. Sattler. Just the right amount: Extratingmodules from ontologies. In 'Sixteenth International World Wide Web Conferene(WWW2007)', (2007).[4℄ B. C. Grau, I. Horroks, Y. Kazakov, and U. Sattler. Shool of omputer siene:Modular reuse of ontologies: Theory and pratie. Journal of Arti�al InteligeneResearh (2008).[5℄ S. Ram. The ative oneptual modelling of learning workshop. In 'Spae and NavalWarfare Systems Center, San Diego, May 9-12', (2006).[6℄ M. Vaura and V. Svátek. Pattern-based representation and propagation of prove-nane metadata in ontologies. In 'EKAW 2008 Poster and Demo Proeedings', 66�68,(2008).[7℄ D. Vrande£i¢, J. Völker, P. Haase, T. T. Du, and P. Cimiano. A metamodel forannotations of ontology elements in owl dl. In 'Proedings of the 2nd Workshop onOntologies and Meta-Modeling. GI Gesellshaft für Informatik, Karlsruhe, Germany',(10 2006).



Detetor simulation with Geant4∗Vladimír Jarý1st year of PGS, email: jaryvlad�kmlinux.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Miroslav Virius, Department of Software Engineering in Eonomis,Faulty of Nulear Sienes and Physial Engineering, CTUAbstrat. Monte Carlo simulations are today indispensable part of any experiment in the �eldof the high energy physis. This paper desribes one of the most omplex detetor simulationtoolkit alled Geant4. The paper overs the most important parts of this toolkit ranging frommaterial de�nition and geometry setup to primary partile generation. On the example of thetransport of a photon, Monte Carlo simulation is explained.Keywords: Geant4, simulation, Monte Carlo, C++Abstrakt. Simulae zaloºené na metod¥ Monte Carlo dnes tvo°í nedílnou sou£ást kaºdého ex-perimentu na poli fyziky vysokýh energií. Tento £lánek se zabývá rozsáhlou simula£ní knihovnouGeant4. �lánek popisuje nejd·leºit¥j²í £ásti této knihovny od de�nie materiálu a geometrie de-tektoru aº po generování primárníh £ásti. Na p°íkladu p°enosu fotonu je vysv¥tlena podstatasimulae metodou Monte Carlo.Klí£ová slova: Geant4, simulae, Monte Carlo, C++1 IntrodutionSimulations play an important role during the life yle of the experiment in the partilephysis. Simulations are used to design and �ne�tune the detetors, to develop and testsoftware for data analysis and aquisition, or to alulate doses of radiation.In the �rst part of this artile, the simulation of transport of a partile is desribed.The seond part ontains the general overview of the Geant4 simulation toolkit. Finally,the last part desribes the work with this toolkit.2 Geant4 overviewGeant4 (GEometry ANd Traking, version 4 ) is a software toolkit used for the detetorsimulation. Original version of the toolkit was developed in the FORTRAN language,but in 1993 the researhers in CERN and KEK1 independently proposed the idea torewrite the toolkit using modern programming tehniques suh as the objet orientedprogramming. These teams joined their e�ort in 1994 and reated the RD44 projet.After four years of researh and development, the �rst Geant version based on the C++
∗This work has been supported by the grant MSMT LA080151High Energy Aelerator Researh Organization71



72 V. Jarýlanguage appeared in Deember 1998. More information about the history of Geant anbe found in [6℄.Geant4 is a free software, it an be used under the terms of the ustom liense [8℄.The toolkit is distributed in a soure�arhive. Currently, Geant4 is o�ially supportedon the three platforms: on GNU/Linux with the g++ ompiler, on Ma OS X with g++,and on MS Windows XP with MS Visual Studio C++.Today, Geant4 is used as a simulation tool in many �elds inluding high energy physis,astrophysis, or mediine. Geant is used at all major experiments at the LHC ollider atCERN, at experiment BaBar at SLAC, or in X�ray Multi�Mirror Mission at ESA. Moreappliation are showased on the Geant4 website [12℄.2.1 Monte Carlo methodsSimulations in Geant4 use the Monte Carlo methods. These methods are based on therandom sampling of a variable with given probability distribution. Monte Carlo methodswere developed during the Manhattan projet by Stanislaw Ulam, John von Neumann,and Niholas Metropolis. The priniple of the method will be demonstrated on thetransport of a partile.Let us suppose that the partile, e. g. photon, is travelling through the in�nitehomogeneous medium. The mean free path of the partile is a random variable withexponential distribution. This result is known as the attenuation law [5℄. Thus theprobability density funtion of the free path an be written in the following form:
f(x) = µ · e−µ·x (1)where the onstant µ denotes the interation oe�ient dependant on the material. Theumulative distribution funtion F (x) =

∫ x

−∞
f(t) dt is random variable uniformly dis-tributed on the interval 〈0, 1〉 (∼ U(0, 1)) [10℄. Thus, to sample the free path, it issu�ient to generate γ ∼ U(0, 1) and invert the umulative distribution funtion, i.e.

xs = F−1(γ). For the exponential distribution we get
F (x) = 1 − exp(−µ · x) (2)and

xs = F−1(γ) = −
ln(1 − γ)

µ
= −

ln(γ̄)

µ
(3)

γ̄ is also sample of uniformly distributed random variable on the interval 〈0, 1〉 beausethis distribution is symmetrial about 1/2.Typial detetor onsists of several layers made of di�erent materials. In this ase,the photon an pass through several layers before interation. Aording to [11℄, let usde�ne the number of mean free path (or number of an interation length):
nµ = x1 · µ1 + x2 · µ2 + · · ·+ xl · µl (4)Here xi and µi orrespond to the step size and interation onstant in i − th layer. Thedimensionless number nµ is independent of materials. At the beginning of the simulation,



Detetor simulation with Geant4 73the value of nµ is initialized to − ln(γ) (γ ∼ U(0, 1)). After eah step, the amountof interation length spent in the step is subtrated from nµ. When nµ reahes zero,interation ours.In the next step of the simulation, the type of interation is hosen. Depending onits kineti energy, the photon an undergo one of the following proesses: the photoele-tri e�et, the Compton sattering, and the pair prodution. During the photoeletrie�et, the photon is absorbed by the atomi eletron whih is then emitted. Photo-e�et is dominant at lower energies. At higher energies, the Compton sattering beomesdominant. In this proess, the photon loses part of its energy and is de�eted from itsoriginal diretion. Photons with energy higher than 1, 022 MeV (1 eV = 1, 602 · 10−19 J)an partiipate in the eletron�positron pair prodution. The ratios of these proessesare known for given material and given energy; simulation program generates anotherrandom number γ ∼ U(0, 1) and aording to its value selets orresponding proess.The simulation would ontinue by alulating parameters (kineti energy, momentum,. . . ) of seondary partiles (i. e. produts of interations) and traking them. Again, thephysial parameters are alulated by sampling some random variable.2.2 Geant4 kernelGeant4 overs all aspets of the detetor simulation. This inlude geometry and materialsetup of the apparatus, de�nition of partiipating partiles and proesses, data analysis,and visualisation.Appliations written Geant4 an be desribed by a �nite state mahine with sevenstates. The appliation starts in the PreInit state in whih it initialize itself. In the fol-lowing state � Init � user initialization is exeuted. This proess is disussed more deeplyin the following setion; when it is �nished, the appliation swithes to the Idle state. Inthis state, the appliation waits to the Beam on ommand whih starts the simulation.The simulation is represented by two states: the GeomClosed and the EventPro. In theformer state, the geometry setup and physis proesses involved are loked and annotbe hanged. The latter orresponds to the proessing of event. These two states reatethe event loop and are also known as the run. When the simulation ends, the appliationreturns to the Idle state. New simulation may begin or the appliation swithes to theQuit state and terminates normally. In ase the exeption ours, the appliation movesto the Abort state.Basi unit of simulation in Geant4 is the event. The event begins by generatingprimary partile traks. These traks are pushed into the stak. Then the trak ispopped from the top of the stak and its life is simulated. Any seondary partile isalso stored in the stak. The proessing of event �nishes when the stak is emptied.Lifetime of partile an be desribed by four types of objets: Trak, Step, Step point,and Trajetory. Trak represents a snapshot of a partile and is updated by steps. Trakontains information about position, momentum, kineti energy, proper time (time in itsrest frame) of the partile, and its status. Step onsists of two step points - PreStep andPostStep - and delta information - step length, inrement in position, energy deposited,and others. After eah step, the status of trak is updated. The traking of the partileends when it loses its kineti energy (and there is no rest proess appliable), it leaves



74 V. Jarýthe area of interest, or it deays. Additionally, partile trak an be deleted by user. Itmust be mentioned that trak and step are not persistent, they are deleted at the end ofthe event. To store information about the lifetime of partile, one has to use Trajetoryand TrajetoryPoint objets. These objet opy some properties of the trak and of thestep. Default implementation represented by G4VTrajetory and G4VTrajetoryPointstores only few properties. By sublassing these lasses, it is possible to ahieve desiredbehaviour.Colletion of events whih share the same detetor setup and the same partiipatingpartiles and proesses is alled run.3 Working with Geant43.1 General remarksWorking with Geant4 requires a deent knowledge of the C++ language and at leastbasi onepts of the objet�oriented programming, espeially the inheritane and thepolymorphism. Geant4 is a large olletion of lasses. Many of these lasses are abstratand many methods ontain a dummy implementation - they do nothing. Appliationprogrammer must use the inheritane and provide his or her ustom implementation inderived lasses. Geant4 still does not o�er its namespae, instead lasses are pre�xed byG4 pre�x. To ensure portability aross platforms (GNU/Linux, MS Windows, Ma OS),Geant4 uses its own data types suh as G4int or G4double.Geant4 introdues several features provided by the CLHEP2 library. The most notableis probably the system of physial units. Eah numerial value must be aompanied byorresponding units. Additionally, Geant4 inludes the G4BestUnit lass whih printsthe value with the most suitable unit in given ategory (length, energy, density, et). Seethe following listings for example:G4double dens i ty = 11.35∗ g/m3 ; //PbG4double p r e s su r e = 1.0∗ atmosphere ; // atmospheri p re s sureG4out << "Step length : "<< G4BestUnit ( fStep−>GetStepLength ( ) , "Length" ) << G4endl ;Note that Geant4 replaes the output streams out and err from the C++ standardtemplate library by its own streams G4out and G4err. Random number generator inGeant4 is also taken from CLHEP. Several engines (James, Raneu) and several distri-butions (uniform, Gauss, Poisson) are supported.3.2 The main funtionGeant4 does not provide its main funtion, it is the appliation programmer's responsi-bility to write one. Several tasks must be implemented in the main funtion. At �rst,programmer should reate an instane of the G4RunManager lass. The run managerinitializes the simulation, starts the run, and manages the event loop. To omplete the2A Class Library for High Energy Physis, see http://www.ern.h/lhep



Detetor simulation with Geant4 75initialization, the programmer must de�ne the apparatus, the partiles and proessesinvolved in the simulation, and the soure of primary partiles.Detetor onstrution To onstrut a model of the detetor, it is neessary to sublassthe abstrat G4VUserDetetorConstrution lass. This lass ontains one pure virtualmethod alled Construt. This method must be implemented in the sublass. Detetoronstrution inludes at least de�nition of materials and geometry. Additionally, one ande�ne visualisation attributes, apply magneti �eld, and assign sensitive detetor.Materials in Geant4 are represented by three lass: G4Element, G4Isotope, and G4Ma-terial. New hemial element may be onstruted diretly by passing its name, symbol,atomi number, and molar mass to the onstrutor of G4Element lass. The other methodis based on mixing of isotopes. In this ase, one passes name, symbol, and number ofomponents to the onstrutor and then adds the isotopes by alling AddIsotope method.This method takes two parameters: the isotope to be added and its relative abundane.In the following example, two elements (oxygen and enrihed uranium) are reated:G4Element∗ O = new G4Element( "Oxygen" , "O" , 8 . , 16 .00∗ g/mole ) ;G4Isotope ∗ U235 = new G4Isotope ( "U235" , 92 , 235 , 235.01∗ g/mole ) ;G4Isotope ∗ U238 = new G4Isotope ( "U238" , 92 , 238 , 238.03∗ g/mole ) ;G4Element∗ U = new G4Element( "Enrihed uranium" , "U" , 2 ) ;U−>AddIsotope (U235 , 90 .∗ perCent ) ;U−>AddIsotope (U238 , 10 .∗ perCent ) ;By mixing hemial elements, it is possible to onstrut moleules. It is also de�nenew materials by mixing existing materials with elements or materials with materials.Geant4 also ontains table of elements and materials provided by the National Instituteof Standards and Tehnology [4℄. In order to aess this table, the G4NistManager lassmust be used; for information, see [7℄.
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G4CSGSolid

G4BoxG4SphereG4Tubs

G4LogicalVolume G4VPhysicalVolume

G4Material G4VSensitiveDetectorG4VisAtributes

G4PVPlacement G4PVReplica G4PVParameterisedG4BooleanSolid

G4BREPSolid

G4UnionSolid G4IntersectionSolid G4SubtractionSolidFigure 1: Simpli�ed UML lass diagramDetetor geometry onsists of several volumes. Eah of these volumes is desribedby a solid, a logial volume, and a physial volume. A solid de�nes a shape and size ofa volume. Geant4 ontains prede�ned lasses for the most used shapes suh as a sphere,a uboid, or a ylinder (see Figure 1 for orresponding Geant4 lasses). One an de�ne itsown solid by sublassing the G4CSGSolid. More ompliated shapes an be reated us-ing Boolean operation: union, intersetion, and subtration. Finally, lass G4BREPSolid



76 V. Jarýprovides the boundary represented shapes. Seond layer, the logial volume, adds infor-mation about material, visualisation attributes, sensitive detetor, magneti �eld, andposition of daughter physial volume. The sensitive detetor is used to obtain informa-tion about passing partile(s). When the step enters the logial volume with assoiatedsensitive detetor, the ProessHits method is alled. The physial volume ompletes thede�nition by adding information about position and rotation of a logial volume. Logialvolume an be plaed one (using the G4PVPlaement lass) or many times (G4PVRepli-a and G4PVParameterised lasses). Volumes are organised into the mother�daughterhierarhy. Eah volume, with the exeption of the root volume, must have mother volu-me, eah volume an have several daughters. Daughter volume must be fully ontainedwithin its mother volume. The root volume, also known as the World, de�nes the globaloordinate system with the origin in the enter. Position of a partile is given in thissystem. The above mentioned Construt method must return the pointer to the worldphysial volume. Beause of the mother�daughter hierarhy, information about wholegeometry is available through this pointer.The geometry an be desribed by the GDML3 whih is a dialet of the XML [3℄.GDML �le stores the information about geometry in a human�readable form and allowsexhanging geometry data among appliation; for example Java�based Graphial Geom-etry Editor (GGE) stores geometry in this format. Geant4 an import as well as exportGDML �les.Some very omplex geometries have been modeled in Geant4. For example, detetorfor the LHCb experiment onsists of roughly 5000 logial volumes, detetor for the CMSexperiment of even more � 15000 volumes [2℄.Partiles and proesses After onstruting the detetor, programmer must also on-strut list of partiles, range uts for the partile prodution, and physial proessesinvolved in the simulation. The base abstrat lass G4VUserPhysisList ontains purevirtual methods ConstrutPartile, ConstrutProess, and SetCuts. These methodsmust be implemented in derived sublass.Geant4 divides partiles into six ategories: baryons, bosons, ions, leptons, mesons,and short-lived partiles. Eah partile has its own lass derived from the G4Partile-Definition lass and eah of these lasses has a single objet aessible via a statimethod. When this method is alled for the �rst time, the orresponding single objet isreated. All required partiles must be reated in this way before the de�nition of pro-esses. There are also six auxiliary lasses that ontain a method ConstrutPartilethat onstruts all partiles in the respetive ategory. The following ode snippet demon-strates how to reate a proton and all mesons:G4Proton : : Pro tonDe f in i t i on ( ) ;G4MesonConstrutor ons t ru to r ;ons t ru to r . Cons t ru tPar t i  l e ( ) ;Geant4 o�ers a wide range of a physial proesses inluding transportation, eletro-magneti, hadroni, and optial proesses, deay, and others. Additional proesses an beadded by user by sublassing the G4VProess lass. Proess an our at any ombination3Geometry Desription Markup Language



Detetor simulation with Geant4 77of the following three states: AtRest (e.g. positron annihilation), AlongStep (ionisation),and PostStep (deay in �ight). Eah partile has a proess manager. It manages proessin whih the partile partiipates. New proess is added by the AddProess method. Thefollowing example registers three proesses for an eletron: multiple sattering, ionisation,and braking radiation:G4String partileName = pa r t i  l e−>GetPartileName ( ) ;i f ( parti leName == "e−" ){pmanager−>AddProess (new G4eMult ip leSatte r ing , −1, 1 , 1 ) ;pmanager−>AddProess (new G4eIonisat ion , −1, 2 , 2 ) ;pmanager−>AddProess (new G4eBremsstrahlung , −1, 3 , 3 ) ;} else i f ( parti leName == "gamma){ . . .The three integer parameters in the AddProess represent the ordering of the pro-esses. The �rst integer orresponds to the AtRest, the seond to the AlongStep, and thethird to the PostStep. Value −1 means that the proess is inative in respetive state.Appliation programmer must also set prodution thresholds for ertain eletromag-neti proesses. Bellow this threshold, no seondary trak will be produed. Geant4provides the SetsCutsWithDefault method that set the prodution threshold globallyto a default value (1 mm). However, it is also possible to set di�erent thresholds fordi�erent partiles and also for di�erent parts of the detetor.Prodution of primary partiles In the last obligatory step of Geant4 initialization,programmer de�nes the soure of primary traks. This step also involves sublassing:the G4VUserPrimaryGeneratorAtion serves as the base lass. In its sublass, program-mer must onstrut the primary generator objet and implement the GeneratePrimariesmethod. This method is alled at the beginning of eah event. The partile generator isrepresented by the G4PartileGun lass. Via the set methods of the partile gun, it ispossible to speify the number of primary partiles, their type, energy, momentum, andpolarisation. Partile gun does not randomize these parameters itself. The randomiza-tion, if neessary, must be implemented manually. The primary partiles are generatedby alling the GeneratePrimaryVertex of the partile gun.Alternatively, Geant4 provides another primary generator lass, the G4HEPEvtInter-fae. This generator reads and proesses an ASCII �le produed by some externalgenerators (e.g. Pythia). Thus, this lass works as an interfae to other generators. Theformat of the ASCII �le is desribed in [7℄.Optional user ation lasses Optionally, it is also possible to set up the user interfae,visualization manager, and additional user ation lasses. These ustom user lasses anbe used to extrat information about the run, event, or step. For example, the G4User-RunAtion lass ontains the BeginOfRunAtion method. It is alled at the beginningof eah run, its implementation in the G4UserRunAtion lass is empty. By overridingimplementation of this method in derived lass, programmer has the opportunity tomodify the start of the run. For example, one an instantiate some histograms. Similarly,to modify the end of run, one has to override the EndOfRun method. This is a suitable



78 V. Jarýplae to save the histograms to a �le. The other user ation lasses suh as the G4User-EventAtion or G4UserSteppingAtion are desribed in [7℄.The essential part of a typial main funtion an be found in the following ode listing:G4RunManager∗ runManager = new G4RunManager ;MyDetetorConstrution∗ de t e  to r = new MyDetetorConstrution ;runManager−>Se tU s e r I n i t i a l i z a t i o n ( de t e  to r ) ;runManager−>Se tU s e r I n i t i a l i z a t i o n (new MyPhysisList ) ;G4VUserPrimaryGeneratorAtion∗ gen_ation =new MyPrimaryGeneratorAtion ( de t e  to r ) ;runManager−>SetUserAt ion ( gen_ation )runManager−>SetUserAt ion (new MyRunAtion ) ;. . .runManager−>I n i t i a l i z e ( ) ;In the rest of the main funtion, it is possible to set up visualisation and/or userinterfae. Visualization may be useful for studying the geometry, deteting overlappingvolumes, or publiation purposes. Geant4 supports several visualisation drivers inludingthe industry standard OpenGL. To use visualization in the appliation, the G4VisManagerobjet must be onstruted and initialized in the main funtion.By default, the simulation proess is hard�oded in the appliation. This means that itis neessary to modify soure odes and reompile them to modify simulation parameters.This is not very �exible solution, so Geant4 o�ers to possibility to set up a bath mode.In this mode, the appliation reads and interprets a maro � a text �le with instrutions.Geant4 ontains many ommands, others an be easily implemented by user. Theseommands allow to start a new run, modify materials, visualisation attributes, or enableand disable ertain proesses. No reompilation is needed in this ase. The followinglistings demonstrate the way in whih maro �le is exeuted:G4UImanager∗ UI = G4UImanager : : GetUIpointer ( ) ;i f ( arg !=1){G4String ommand = "/ on t r o l / exeute " ;G4String f i leName = args [ 1 ℄ ;UI−>ApplyCommand(ommand+fi leName ) ;} The �rst ommand�line argument of program is taken as the loation of the marowhih will be exeuted using the ommand /ontrol/exeute. Moreover, Geant4 sup-ports reating interative appliations. In suh appliations, users ontrol the simulationdiretly from ommand interpreter or even from graphial user interfae. Simulation thusan be modi�ed by people who do not know the C++ language.4 Conlusion and outlookGeant4 is very omplex toolkit for the simulation of detetors and this paper overs onlythe most essential aspet of Geant4. More omplete desription an be found in [1℄, [7℄,or [12℄.
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Resonant Cylotron Aeleration of Partiles bya Time Periodi Singular Flux TubeTomá² Kalvoda∗3rd year of PGS, email: kalvotom�fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Pavel �´oví£ek, Department of Mathematis, Faulty of NulearSienes and Physial Engineering, CTUAbstrat. We study the dynamis of a lassial non-relativisti harged partile moving ona puntured plane under the in�uene of a homogeneous magneti �eld and driven by a periodi-ally time-dependent singular �ux tube through the hole. We exhibit the e�et of the resonaneof the �ux and ylotron frequenies. The partile is aelerated to arbitrarily high energieseven by a �ux of small �eld strength. The ylotron orbits blow up and the partile osillatesbetween the hole and in�nity. We support this observation by an analyti study of von Zeipel�rst order approximation.Abstrakt. Zabýváme se studiem klasiké nerelativistiké nabité £ástie pohybujíí se v propíhlérovin¥ pod vlivem homogenního magnetikého pole a periodiky £asov¥ závislým singulárnímtokem, který prohází otvorem v plo²e. Odhalujeme rezonantní efekt mezi frekvení singulárníhotoku a yklotronovou frekvení. Energie £ástie roste nad v²ehny meze i v p°ípad¥ ºe amplitudasingulárního toku je malá. B¥hem svého pohybu v rovin¥ se £ástie dostane libovoln¥ blízkok otvoru ale i libovoln¥ daleko od n¥j. Toto pozorování je zaloºeno na analýze p°ibliºnéhosystému získaného pomoí von Zeipelovy poruhové metody.1 IntrodutionConsider a lassial point partile of mass m and harge e moving on the puntured plane
R2r{0} in the presene of a homogeneous magneti �eld of magnitude b. Suppose furtherthat a singular �ux line whose strength Φ(t) is osillating with frequeny Ω pieres theorigin. This is a Hamiltonian system with time-dependent Hamilton funtion

H(q, p, t) =
1

2m

(

p− eA(q, t)
)2
,whih is de�ned on the phase spae P =

(

R2 r {0}
)

×R2, and where the vetor potential
A is given by

A(q, t) =
(

− b

2
+

Φ(t)

2π|q|2
)

q⊥, (q, t) ∈
(

R
2

r {0}
)

× R.We use a shorthand q⊥ = (−q2, q1).
∗The author wish to gratefully aknowledge support from the following grants: Grant No. LC06002of the Ministry of Eduation of the Czeh Republi and Grant No. 202/08/H072 of the Grant Agenyof the Czeh Republi. 81



82 T. KalvodaMotivated by the rotational symmetry of the system we pass to the polar oordinatesin the plane, q = r(cos θ, sin θ). The new Hamiltonian in these oordinates reads
H(r, θ, pr, pθ, t) =

1

2m

(

p2
r +

(

1

r

(

pθ −
eΦ(t)

2π

)

+
eb

2
r

)2
)Obviously, the angular momentum pθ is an integral of motion. Consequently the problemredues to the analysis of one-dimensional system. From now on we set

e = m = 1,and thus the ylotron frequeny equals just to b. Without loss of generality it an beassumed that b > 0. The radial Hamiltonian, whose dynamis is to be understood, is
H(r, pr, t) =

1

2

(

p2
r +

(

a(t)

r
+
b

2
r

)2
)

, a(t) = pθ −
1

2π
Φ(t).If the �ux funtion Φ is onstant, then the system is integrable. Motivated by thisobservation we onstrut a anonial transformation to the so alled ation-angle oordi-nates ϕ, I. The generating funtion of this anonial transformation is time dependent

S(r, I, t) =
1

4

√

8bIr2 − (br2 − 2|a(t)|)2 − I arctan

(

4I − br2 + 2|a(t)|
√

8bIr2 − (br2 − 2|a(t)|)2

)

− |a(t)|
2

arctan

(

(br2 + 2|a(t)|)
√

8bIr2 − (br2 − 2|a(t)|)2

b2r4 − 4bIr2 + 4|a(t)|2
)

.The anonial transformation of variables, from (r, pr) to antion-angle variables (ϕ, I),is then at eah instant of time t, given by
r =

2√
b

(

I +
|a(t)|

2
+
√

I(I + |a(t)|) sinϕ

)1/2

, pr =
2

r

√

I(I + |a(t)|) cosϕ,and, onversely,
ϕ = − arctan

(

1

bprr

(

p2
r +

a(t)2

r2
− b2r2

4

)

)

, I =
1

2b

(

p2
r +

( |a(t)|
r

− br

2

)2
)

.The new Hamiltonian reads
Hc(ϕ, I, t) = H

(

r(ϕ, I, t), pr(ϕ, I, t), t
)

+
∂S(u, I, t)

∂t

∣

∣

∣

∣

u=r(ϕ,I,t)

= bI − sign(a(t))a′(t) arctan

√
I cosϕ

√

I + |a(t)| +
√
I sinϕ

,and the Hamiltonian equations of motion take the form
ϕ = b− cosϕ

2
√

I(I + |a|
aa′

2I + |a| + 2
√

I(I + |a| sinϕ
,

I ′ = −sign(a)

2

(

a′ − |a|a′
2I + |a| + 2

√

I(I + |a|) sinϕ

)

.



Resonant Cylotron Aeleration 83Where we have suppressed the time dependene of a. We restrit ourselves to the asewhen a(t) is a stritly positive funtion. More preisely, the angular momentum pθ issupposed to be positive and muh greater then amplitudes of Φ.If we introdue
r± =

2√
b

(

I +
|a(t)|

2
±
√

I(I + |a(t)|)
)1/2

,then from the oordinate transformation we see that
r2 =

1

2

(

r2
+ + r2

−

)

+
1

2

(

r2
+ − r2

−

)

sinϕ.Thus if ϕ inreases then r osillates between r− and r+ (though r−, r+ themselves arealso time-dependent). Moreover, if a(t) is bounded and I → ∞ as t → ∞ then r+ → ∞and
r−(t) =

2|a(t)|
br+(t)

→ 0.Therefore in this ase the trajetory in the q-plane periodially returns to the origin andthen esapes far away from it. With the growing time, on one hand, the trajetory getsloser to the origin and, on the other hand, it approahes in�nity.2 The von Zeipel averaging methodLet us �rst introdue neessary notation. The symbol Td stands for the d-dimensionaltorus. For f ∈ C(Td) and k ∈ Z
d we denote the kth Fourier oe�ient of f by

F [f ]k =
1

(2π)d

∫

Td

f(ϕ)e−ık·ϕdϕ.We introdue suppF [f ] as the set of indies orresponding to nonzero Fourier oe�ientsof f . For f ∈ C(Td) and L ⊂ Z
d put
〈f(ϕ)〉L =

∑

k∈L

F [f ]ke
ık·ϕ.We assume the following form of the �ux funtion

Φ(t) = 2πεf(Ωt)where f is a 2π-periodi real funtion suh that
∞
∑

k=1

k
∣

∣F [f ]k
∣

∣ <∞.Hene f ∈ C1(T1). The oe�ient ε > 0 is regarded as a small parameter.We wish to study the model with the aid of the von Zeipel method whih is anaveraging method taking into aount possible resonanes (see [1℄ for the method, andalso [5℄ for a general onept of the mathematial averaging theory).



84 T. Kalvoda2.1 Summary of basi formulasConsider a ompletely integrable Hamiltonian in ation-angle oordinates, K0(I) = ω · I,with I ∈ B ⊂ Rd, ϕ ∈ Td, where B is a domain in Rd and ω ∈ Rd is a onstantvetor of frequenies. One is interested in a perturbed system with a small Hamiltonianperturbation so that the total Hamiltonian reads
K(ϕ, I, ε) = K0(I) + εK∗(ϕ, I, ε) = K0(I) + εK1(ϕ, I) + ε2K2(ϕ, I) + . . . .The funtion K∗(ϕ, I, ǫ) is assumed to be analyti in all variables. The orrespondingequations of motion represent a slow-fast system; the ation variables vary slowly whilethe angle variables ϕ rotate with frequenies lose to ω provided ε is small.Let K the lattie of indies in Zd orresponding to resonant frequenies and Kc be itsomplement,

K = {ω}⊥ ∩ Z
d, K

c = Z
d

r K.In the von Zeipel method one applies a formal anonial transformation of variables
(I, ϕ) 7→ (J, ψ), so that the Fourier series in the angle variables ψ of the resulting Hamilto-nian K(ψ, J, ε) has nonzero oe�ients only for indies from the lattie K. The anonialtransformation is generated by a funtion S(ϕ, J, ε) regarded as a formal power series,

S(ϕ, J, ε) = ϕ · J + εS1(ϕ, J) + ε2S2(ϕ, J) + . . . ,and the new Hamiltonian K(ψ, J, ε) is also sought in the form of a formal power series,
K(ψ, J, ε) = K0(J) + ǫK1(ψ, J) + ε2K2(ψ, J) + . . . .Thus one arrives at the system of equations

K0(J) = K0(J) = ω · J,

K1(ϕ, J) = ω · ∂S1(ϕ, J)

∂ϕ
+K1(ϕ, J),

Kj(ϕ, J) = ω · ∂Sj(ϕ, J)

∂ϕ
+ Pj(ϕ, J), j ≥ 2,where the terms Pj depend linearly on K1, . . . , Kj , K1, . . . ,Kj−1, and on derivatives ofthese funtions, and polynomially on ∂S1/∂J, . . . , ∂Sj−1/∂J , ∂S1/∂ϕ, . . . , ∂Sj−1/∂ϕ.The formal von Zeipel Hamiltonian K(ψ, J, ε) is de�ned by the equalities

K1(ψ, J) = 〈K1(ψ, J)〉K,

Kj(ψ, J) = 〈Pj(ψ, J)〉K, for j ≥ 2.Coe�ients Sj(ϕ, J) of the generating funtion S(ϕ, J, ε) are then solutions of the �rstorder di�erential equations
ω · ∂S1(ϕ, J)

∂ϕ
= −〈K1(ϕ, J)〉Kc,

ω · ∂Sj(ϕ, J)

∂ϕ
= −〈Pj(ϕ, J)〉Kc, for j ≥ 2.



Resonant Cylotron Aeleration 85In pratise one trunates K(ψ, J, ε) at some order m ≥ 1 of the parameter ε; thisde�nes the mth order averaged Hamiltonian
K(m)(ψ, J, ε) = K0(J) + εK1(ψ, J) + . . .+ εmKm(ψ, J).Similarly, let S(m)(ϕ, J, ε) be the trunated generating funtion. If (ψ(t), J(t)) is a solutionof the Hamiltonian equations for K(m)(ψ, J, ε), and if (ϕ(t), I(t)) is the same solutionafter the inverted anonial transformation generated by S(m)(ϕ, J, ε), then (ϕ(t), I(t))is expeted to approximate well the solution of the original system (governed by theHamiltonian K(ϕ, I, ε) for times of order 1/εm (see [1℄ for a detailed disussion).Suppose there exists a basis of the lattie K over Z formed by integer vetors r1, . . . , rs.An important fat is that the von Zeipel Hamiltonian K(m)(ψ, J, ε) (for any m) hasadditional d−s integrals of motion whih are linear ombinations with integer oe�ientsof the ation variables J1, . . . Jd. In fat, let R be a unimodular d × d matrix withinteger entries suh that its �rst s rows oinide with the vetors rj (suh a matrix isknown to exist, see [2℄). Consider yet another anonial transformation of oordinates,

(J, ψ) 7→ (L, χ), generated by the funtion S̃(ψ, L) = L · Rψ. Hene χ = Rψ, J = R
TL.The resulting Hamiltonian depends only on the �rst s angles χ1, . . . , χs, and so themomenta Ls+1, . . . , Ld are integrals of motion.3 Dynamis of the Averaged SystemIn order to apply the von Zeipel method to the problem at hand we �rst pass to theextend phase spae by introduing a new phase ϕ2 = Ωt and its onjugate momentum I2.The old variables ϕ, I are redenoted as ϕ1, I1. The Hamiltonian on the extended phasespae is de�ned as

K(ϕ1, ϕ2, I1, I2) = ΩI2 +Hc(ϕ1, I1, ϕ2/Ω).The systems of Hamiltonian equations for Hc and K are equivalent provided the ini-tial onditions are properly mathed (if ϕ(0) = ϕ0 on the original phase spae then
(ϕ1(0), ϕ2(0)) = (ϕ0, 0) on the extended phase spae). To adjust the notation to thegeneral sheme, as explained above, we also set

ω1 = b, ω2 = Ω.Thus one starts from the Hamiltonian on the extended phase spae
K(ϕ, I, ε) = ω1I1 + ω2I2 + εF (ϕ, I, ε)where

F (ϕ, I, ε) = ω2f
′(ϕ2) arctan

(
√
I1 cosϕ1

√

I1 + pθ − εf(ϕ2) +
√
I1 sinϕ1

)

.We assume that 0 < ε ≪ pθ.If the ratio ω2/ω1 is irrational then the lattie K is trivial, K = {0}, and the vonZeipel method redues to the ordinary averaging method in angle variables ϕ. The aver-aged Hamiltonian depends only on ation variables I and trajetories are then obviouslybounded. Instead we fous on the ase when
ν :=

ω2

ω1

=
p

q



86 T. Kalvodaand p, q ∈ N are oprime. As we shall see, a resonane is exhibited already in the �rstorder of the von Zeipel method to whih we restrit our disussion.We have
K(ϕ, I, ε) = ω1I1 + ω2I2 + εK1(ϕ, I) + ε2K̃(ϕ, I, ε)where K̃(ϕ, I, ε) is an analyti funtion in ε,

K1(ϕ, I) = ω2f
′(ϕ2)F1(ϕ1, I1),and

F1(ϕ1, I1) = arctan

(
√
I1 cosϕ1√

I1 + pθ +
√
I1 sinϕ1

)

.For |β| < 1,
F [F1(ϕ1, I1)]k =

ık−1

2k

(

I1
I1 + pθ

)|k|/2

, for k 6= 0, F [F1(ϕ1, I1)]0 = 0.Obviously, the Fourier image of K1(ϕ, I) takes nonzero values only for indies (k, l),
k ∈ Z r {0}, l ∈ suppF [f ] r {0}, and

F [K1(ϕ, I)](k,l) = ılω2F [f(ϕ2)]lF [F1(ϕ1, I1)]k.Next we proeed to the von Zeipel anonial transformation of the �rst order. Set
β = β(J1) =

√

J1

J1 + pθ
.The resonant lattie is given by K = Z(p,−q), and one has

K1(ψ, J) =
∑

m∈K

F [K1(ψ, J)]me
ım·ψ

= −ω2

2

∑

n∈Zr{0}

F [f ]−nqı
npβ(J1)

p|n|eın(pψ1−qψ2).

S1(ϕ, J) is a solution to the di�erential equation
ω · ∂S1(ϕ, J)

∂ϕ
= −K1(ϕ, J) + K1(ϕ, J).Seeking S1(ϕ, J) in the form

S1(ϕ, J) =

∞
∑

k=1

F [f ′]k

(

Gk(ϕ1, J1) +Gk(ϕ1, J1)e
−ıkϕ2

)one �nally arrives at the ountable system of equations
(

∂

∂ϕ1

+ ıkν

)

Gk(ϕ1, J1) = ν
∑

n∈Zr{0},n 6=−kν

ın+1

2n
β(J1)

|n|eınϕ1 .



Resonant Cylotron Aeleration 87For the solution we hoose
Gk(ϕ1, J1) = ν

∑

n∈Zr{0},n 6=−kν

ın

2n(n+ kν)
β(J1)

|n|eınϕ1 .Of ourse, if kν /∈ Z then the restrition n 6= −kν is void. On the other, if kν ∈ Z, andthis happens if and only if k ∈ Zq, then the solution Gk(ϕ1, J1) is not unique.Thus one �nds the von Zeipel Hamiltonian of the �rst order,
K(1)(ψ, J) =

ω1

q
(qJ1 + pJ2) + εK1(ψ, J).Sine p and q are oprime there exist r, s ∈ Z suh that sp+ rq = 1. Put

R =

(

p −q
r s

)and onsider the anonial transformation χ = Rψ, J = R
TL. In partiular,

χ1 = pψ1 − qψ2, L2 = qJ1 + pJ2, J1 = pL1 + rL2.The momentum L2 is an integral of motion for the Hamiltonian K(1)(ψ, J). Let us de�ne
Z(χ1, J1) = εpK1(R

−1χ, J).Then
χ′

1(t) =
∂Z(χ1, J1)

∂J1

,

J ′
1(t) = −∂Z(χ1, J1)

χ1Thus the evolution in oordinates χ1, J1 is governed by the Hamiltonian Z(χ1, J1).Set
h(z) = −εpω1

∞
∑

n=1

F [f ]−nqı
npznand

ρ(x) = β(x)p =

(

x

x+ pθ

)p/2

, x > 0.Then h(z) is holomorphi on the open unit disk B1 ⊂ C and aording to our assumptions
h ∈ C1(B1). One has Z(χ1, J1) = Re[h(ρ(J1)e

ıχ1)]. We will investigate the dynamisgenerated by suh a Hamiltonian in a more general setting.3.1 General resultsIn this subsetion we assume the following. Let ρ :]0,+∞[→]0, 1[ be ontinuously di�er-entiable funtion suh that ρ′(x) > 0 for all x > 0 and limx→+∞ ρ(x) = 1 and ρ(0+) = 0.



88 T. KalvodaOur aim is to investigate the dynamis of a Hamiltonian system with Hamilton funtionde�ned on R×]0,+∞[ by
Z(χ, J) = Re

[

h
(

ρ(J)eıχ
)]

, (1)where h is a nononstant holomorphi funtion on B1 and h ∈ C1(B1). The orrespondingHamiltonian equations of motion an be written in the following form
χ̇ =

∂Z
∂J

=
ρ′(J)

ρ(J)
Re
[

zh′(z)
]

,

J̇ = −∂Z
∂χ

= Im
[

zh′(z)
]

r, (2)where z = ρ(J)eıχ.Lemma 1. Let Ω ⊂ C be a domain and f holomorphi in Ω. If γ is a losed path in Ωand Ref is onstant along γ then f is onstant in ΩProof. Sine Ref is harmoni in the interior of γ, denoted int γ, Ref is onstant also inthe int γ. Aording to the Cauhy-Riemann equations Imf is onstant in int γ. Hene
f is onstant in int γ and onsequently in Ω.Theorem 1. Let h and ρ be as above and Z(χ, J) as in (1). Then for almost all initialdata (χ(0), J(0)) the orresponding Hamiltonian trajetory ful�ls

lim
t→+∞

χ(t) = χ(∞) ∈ R, lim
t→+∞

J(t) = +∞, (3)and
lim
t→+∞

J(t) = Im
[

eıχ(∞)h′
(

eıχ(∞)
)]

> 0. (4)Proof. Set R(z) = Re[h(z)] for z ∈ B1. Then DzR ≡
(

Re[h′[z]],−Im[h′[z]]
). Hene

DzR = 0 if and only if h′(z) = 0, and the set of ritial points of R in B1 is at mostountable and has no aumulation points in B1. By the Sard theorem, almost all y ∈ Rare regular values of R ↾ ∂B1. If y is a regular value both of R and R ↾ ∂B1 then the levelset R−1(y) is a ompat one-dimensional C1 submanifold with boundary of B1. Moreover,
∂
(

R−1(y)
)

= R−1(y) ∩ ∂B1,

R−1(y) is not tangent to ∂B1 at any point, and R−1(y)∩B1 is a smooth submanifold of B1(for more details see [4, 3℄). By the lassi�ation of ompat onneted one-dimensionalmanifolds [3℄, every omponent of R−1(y) is di�eomorphi either to a irle or to a losedinterval. But the �rst possibility is exluded by the Lemma 1. Thus every omponent
Γ of R−1(y) is di�eomorphi to a losed interval, ∂Γ = {a, b} = Γ ∩ ∂B1, and Γ is nottangent to ∂B1 neither at a nor at b.Let z ∈ B1 be suh that DzR 6= 0. By the loal submersion theorem [3℄, R is loallyequivalent at z to the anonial submersion

R
2 ∋ (x, y) 7→ x ∈ R.



Resonant Cylotron Aeleration 89Hene z possesses an open neighborhood U suh that R(U) is an open interval and almostevery y ∈ R(U) is a regular value both of R and R ↾ ∂B1. By the Fubini theorem1, foralmost every w ∈ U , R(w) is a regular value both of R and R ↾ ∂B1. The same laimis true for almost all w ∈ B1 beause the set of ritial points of R in B1 is at mostountable. It follows that for almost all (χ, J) ∈ R×]0,+∞[, R(ρ(J)eıχ) is a regularvalue both of R and R ↾ ∂B1.Suppose now that an initial ondition (χ(0), J(0)) has been hosen so that y =
R
(

ρ(J(0))eıχ(0)
) is a regular value both of R and R ↾ ∂B1. Let Γ be the omponentof R−1(y) ontaining the point ρ(J(0)

)

eıχ(0). Sine the Hamiltonian Z(χ, J) is an in-tegral of motion the Hamiltonian trajetory z(t) = ρ(J(t))eıχ(t) is onstrained to thesubmanifold Γ ⊂ B1. We have to show that z(t) reahes the boundary ∂B1 as t → +∞.The tangent vetor to the trajetory at the point z(t) equals
dz(t)

dt
= ıρ

(

J(t)
)

ρ′
(

J(t)
)

h′
(

z(t)
)

.Sine ρ′(J) > 0 for all J > 0 and h′(z) has no zeros on Γ (beause y is a regular value)it follows that z(t) leaves any ompat subset of B1 in a �nite time. It remains to showthat z(t) does not reah ∂B1 in �nite time. But by equation of motion (2)
|J ′(t)| ≤ max

z∈∂B1

|h′(z)|and so J(t) annot grow faster than linearly.This reasoning learly shows that (3) is valid. Using the equations of motion onemore one an dedue (4). Obviously the limit must be nonnegative. Denote ∂R = R ↾ B1.Then ∂R an be regarded as a funtion of the angle variable, ∂R(x) = Re[h(eıx)], andone has
∂R′(χ(∞)) = −Im

[

eıχ(∞)h′
(

eıχ(∞)
)]

6= 0beause y = ∂R(χ(∞)) is a regular value of ∂R.3.2 ConlusionIt is now straightforward to apply the results of the preeding subsetion to our problem.Remember �rst that one has to apply the inverted anonial transformation, from (ψ, J)to (ϕ, I),
ψ = ϕ+ ε

∂S1(ϕ, J)

∂J
, I = J + ε

∂S1(ϕ, J)

∂ϕ
.In the present ase, ω2/ω1 = p/q, p and q are oprime and q is suh that

suppF [f ] ∪
(

Zq r {0}
)

6= ∅,so h is nonzero and the averaged system is nontrivial, and we an use the results ofTheorem 1. By a tedious alulation it is possible to estimate the partial derivatives of1Let n = k + l, A be a losed subset of R
n = R

k ×R
l, and Pl the anonial submersion of R

n into R
l.If Pl(A ∩ ({c} × Rl)) has a measure zero in Rl for eah c ∈ Rk then A has measure zero in Rn.



90 T. Kalvoda
S1 and obtain the asymptoti behaviour of the original ation-angle oordinates. Morepreisely, in the resonant ase and for almost all initial onditions (ϕ1(0), I1(0)),

lim
t→+∞

(

ϕ1(t) − ω1t
)

= α ∈ R, lim
t→+∞

I1(t)

t
= C > 0.Therefore, in this ase the trajetory in the q-plane an be desribed exatly as at theend of Setion 1.Referenes[1℄ V. I. Arnold, V. V. Kozlov, and A. I. Neishtadt. Mathematial Aspets of Classial andCelestial Mehanis, Dynamial Systems III. Enylopaedia Math. Si. 3. Springer,Berlin, (1993).[2℄ J. W. S. Cassels. An Introdution to Diophantine Approximation. Cambridge Tratsin Mathematis and Mathematial Physis, no. 35. Cambridge University Press, NewYork, (1957).[3℄ V. Guillemin and A. Pollak. Di�erential topology. Prentie-Hall, Engleswood Cli�s,New Jersey, (1974).[4℄ M. W. Hirsh. Di�erential Topology. Springer, New York, (1994).[5℄ J. A. Sanders and F. Verhulst. Averaging Methods in Nonlinear Dynamial Systems.Springer, New York, (1985).



Non-standard representations of p-adi numbers∗Karel Klouda3rd year of PGS, email: karel�kloudak.euDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Edita Pelantová, Department of Mathematis, Faulty of NulearSienes and Physial Engineering, CTU in PragueChristiane Frougny, LIAFA, CNRS and Université Paris 8Abstrat. We study a non-standard numeration system for p-adi numbers whih is based onthe rational base system proposed by S. Akiyama, C. Frougny, and J. Sakarovith. We alsobrie�y introdue p-adi version of β-expansions.Abstrakt. Zkoumáme nestandardní numera£ní systém pro p-adiká £ísla, který je zaloºen nasystému navrºeném S. Akiyamou, C. Frougny, and J. Sakarovithem. Dále také zmíníme p-adikou obdobu β-rozvoj·.1 IntrodutionThe �eld of p-adi numbers, denoted by Qp, is an extension of the �eld Q of rationalnumbers in a way omplementary to the lassial extension: the �eld R of real numbers.The letter p refers to a prime number p and so there exist an in�nite number of p-adi�elds, eah orresponding to one prime number. The topologial struture of p-adi �eldsand of the �eld of real numbers are very di�erent; in fat, one an �nd the topology of
Qp very nonintuitive. Nevertheless, it is still reasonable to be onerned with suh anunusual onstrution sine, due to the elebrated Ostrowski's theorem from 1918, the
p-adi �elds and the �eld of real numbers are in some sense all possible ompletions of Q.Although the Ostrowski's theorem lari�ed the full signi�ane of p-adi numbers, theyhave been introdued and systematially studied earlier by Hensel; his �rst work [4℄ onthis topi is from the year 1897.Sine the onstrution of Qp is analogous to R, there exists a good reason to studynumber theory at all these ompletions simultaneously. The theory of p-adi numbersserves as a useful tool in solving many problems of number theory. Many objets fromreal analysis has its p-adi analogies. Furthermore, imitating the onstrution of C from
R, one an onstrut Cp, the p-adi analogue of the omplex numbers.There is a rih literature devoted to the p-adi analysis and number theory. Niehistorial review and further referenes an be found in [5℄, very friendly and aessibleintrodution to p-adi numbers is [3℄. Our aim is to propose new non-standard way how torepresent p-adi numbers; the standard way is a representation in base p with digits in thealphabet Ap = {0, 1, . . . , p−1}. Every p-adi number has then unique suh representationin the form of a left in�nite word over Ap. We will study a possibility of using rational base

∗This work has been suported by the Czeh Siene Foundation grant 201/09/0584 and by the grantLC06002 of the Ministry of Eduation, Youth, and Sports of the Czeh Republi.91



92 K. Kloudarepresentation. Our starting point will be the rational base number system introduedin [1℄. This system turns out to be natural generalization of the standard one. We will�nd answers to questions usually onneted with numeration systems:1. How many representations of a given number exist?2. Whih numbers have �nite representation?3. Whih numbers have (eventually or purely) periodi representation?1.1 Constrution of the �eld of p-adi numbers QpAs we said above, the onstrution of Qp is analogous to the onstrution of R; as well as
R is a ompletion of Q with respet to the lassial absolute value, the set Qp, p prime,is de�ned as a ompletion of Q with respet to the p-adi absolute value.De�nition 1. Let p be a prime number. The p-adi valuation on Z is the funtion
vp : Z \ {0} → R given by

n = pvp(n)n′ with p ∤ n′.The extension to the set of rational numbers is as follows: for x = a
b
∈ Q

vp(x) = vp(a) − vp(b).And, �nally, the p-adi absolute value on Q is de�ned by
|x|p = −pvp(x).One an say that the value vp(x) measures �divisibility� of x by p. To make this trikynotion a bit learer let us onsider several examples: vp(p

n) = n and so |pn| = p−n and pnonverges to 0; if q is a prime number di�erent from p, then vp(q
n) = 0 and |qn| = p−0 = 1;if x = pa1

1 · · · pak

k , where pi are prime fators of x, then |x|pi
= p−ai and |x|q = 0 for allother primes q.Realling that two absolute values are equivalent if they de�ne the same topology, wean say, by the following theorem, that we have found all the absolute values on Q.Theorem 2 (Ostrovski). Every non-trivial absolute value on Q is equivalent to the las-sial absolute value | | or to one of the absolute values | |p, where p is prime.For the proof and other details on p-adi numbers see [3℄.1.2 Standard representation of p-adi numbersStandard and well studied way how to represent p-adi numbers is the representation inthe form of a power series in p.Theorem 3. Every x ∈ Qp an be written in the form

x = b−k0
p−k0 + · · ·+ a0 + a1p + a2p

2 + · · ·+ akp
k + · · ·

=
∑

k≥−k0

akp
kwith ak ∈ Ap and −k0 = vp(x). This representation < x >p= · · ·a2a1a0 � a−1 · · ·a−k0

ofthe form of a left in�nite word over Ap is unique.



Non-standard representations of p-adi numbers 93Of ourse, the in�nite sum onverges to x only with respet to the p-adi absolutevalue. There are several ways how to alulate the word < x >p. The most onvenientfor our purposes is the following algorithm:Algorithm 4. Let1 x ∈ Z \ {0}, put s0 := x and for all i ∈ N de�ne si+1 by
si = psi+1 + ai, ai ∈ Ap.Hene we have for all n > 0

x = s0 = s1p + a0 = s2p
2 + a1p + p = · · · = snp

n +
n−1
∑

k=1

akp
k.It is easy to show that the sequene sn is bounded, i.e. eventually periodi (for positive

x it is even eventually zero), and so
∣

∣

∣

∣

∣

x −
n−1
∑

k=1

akp
k

∣

∣

∣

∣

∣

p

= |sn|p|pn|p = |sn|pp−n → 0 as n → ∞.Hene, we know how to obtain the representation of integers; however, the algorithm anbe easily modi�ed for rational x = s
t
, where s, t are the lowest terms:Algorithm 5. Let x = s

t
, p and t mutually prime. Put s0 := s and for all i ∈ N de�ne

si+1 by
si

t
= p

si+1

t
+ ai, ai ∈ Ap.If t and p are not mutually prime, i.e., vp(s/t) < 0, multiply x by p until x an be writ-ten as spℓ

t′
with t′ o-prime to p. Then apply the algorithm obtaining< xpℓ >p= · · ·a2a2a0.Then, learly, < x >p= · · ·aℓ+1aℓ � aℓ−1 · · ·a0. Thus there is no lost of generality.As in the ase of integral x, sn is eventually periodi (but not eventually zero!).Moreover, employing the fat that in Qp we have ∑

n≥0 pn = 1
1−p

, it an be proved thateah eventually periodi word represents some rational number. Putting all this together,we have answers to all three questions from the introdution:Theorem 6. Let x ∈ Qp. Then < x >p is1. uniquely given,2. �nite if, and only if, x ∈ N,3. eventually periodi if, and only if, x ∈ Q.1As usual, zero is represented by the empty word ε.



94 K. Klouda2 Representation of p-adi numbers in rational baseEvery real number x an be written as a power series in an integer b > 1 so that x =
∑

k≤k0
akb

k, where ai ∈ Ab = {0, 1, . . . , b − 1}. We say that x is represented by the rightin�nite word ak0
ak0−1 · · ·a0a−1 · · · . Regarding answers to our three questions for thisnumeration system, they are all very similar for all values of b. As we will see, it is notthe ase for p-adi numbers.There are several generalizations of this lassial integer base system. Very famousone arises if the integer b > 1 is replaed by a general real number β > 1 and the alphabetby A⌊β⌋; the result is o-alled β-expansion proposed by Rényi [6℄ (for details see, e.g, [2℄).The possibility of introduing an analogue of β-expansion for p-adi numbers is a subjetof the last setion. However, our main results apply to another generalization proposedin [1℄, whih we will now desribe.2.1 MD algorithmIn what follows we assume that p > q > 0 are o-prime positive integers. Let us onsiderthe following algorithm introdued in [1℄ and named modi�ed division (MD) algorithm2:Algorithm 7. Let s be a nonzero integer and t a positive integer o-prime to both p and

q. Put s0 := s and for all i ∈ N de�ne si+1 by
qsi

t
=

psi+1

t
+ ai, ai ∈ Ap. (1)The uniquely given word · · ·a2a1a0 is alled 1

q

p

q
-representation of x = s

t
and denotedby < x > 1

q

p

q
.Example 8. Let p = 3, q = 2, then:

< 5 > 1

q

p

q
= 2101 with (si)i≥0 = 5, 3, 2, 1, 0, 0, · · · ,

< −5 > 1

q

p

q
= · · ·2222102 with (si)i≥0 = −5,−3,−2,−2,−2, · · · ,

< 11/4 > 1

q

p

q
= 201 with (si)i≥0 = 11, 6, 4, 0, 0, · · · ,

< 11/8 > 1

q

p

q
= · · · 111111222 with (si)i≥0 = 11, 2,−4,−8,−8,−8, · · · ,

< 11/5 > 1

q

p

q
= · · · 020202022112 with (si)i≥0 = 11, 4, 1,−1,−4,−6,−4,−6, · · · .For eah n > 0 we have

s

t
=

p

q

s1

t
+

a0

q
= · · · =

(

p

q

)n
sn

t
+

n−1
∑

k=0

ak

q

(

p

q

)k

,thus
s

t
−

n−1
∑

k=0

ak

q

(

p

q

)k

=

(

p

q

)n
sn

t
.It means that the sum onverges in R (i.e., with respet to the lassial absolute value

| |) to s/t if and only if (si)i≥0 is eventually zero. But we have learned that there are2Atually, in the artile the MD algorithm is de�ned only for integers, i.e., only for t = 1.



Non-standard representations of p-adi numbers 95other absolute values de�nable on Q, namely the p-adi absolute values. In order for thesum onverges to s/t, the sequene (

p

q

)n must onverge to zero (note that (si)i≥0 is againbounded). But it happens only with respet to absolute values | |r, where r is a primefator of p (we did not assume p is prime!).2.2 1

q

p

q
-representation of integersThe ase of positive integers is well studied in [1℄: 1

q

p

q
-representation of a positive integer isalways �nite sine (si)i≥0 is eventually zero. On the other hand, if we start with negative

s0, then si is negative for all i and so < s0 > 1

q

p

q
is in�nite (= not ending in in�nitesequene of zeros). In fat, we an prove even more:Lemma 9. Let s ∈ N \ {0}. Then:(i) < s > 1

q

p

q
= an · · ·a1a0 is �nite and

s =
n

∑

k=0

ak

q

(

p

q

)k

,(ii) < −s > 1

q

p

q
= · · ·a2a1a0 is eventually periodi with period 1, i.e., an+k = b for some

n and all k ≥ 0 and
−s =

∞
∑

k=0

ak

q

(

p

q

)kin Qr if, and only if, r is a prime fator of p.Moreover, if s(p − q) ≤ p − 1, then b = s(p − q), otherwise b =
⌊

p−1
p−q

⌋

(p − q).2.3 Finite 1

q

p

q
-representationLet

x =

n
∑

k=0

ak

q

(

p

q

)k

,then, learly, x = m
qn+1 for some m ∈ N. Hene, if x has a �nite 1

q

p

q
-representation of length

n, then it is of the form m
qn+1 . But not all numbers of this form have a �nite representation,e.g., x = 11/8 from Example 8 has eventually periodi representation · · · 111111222. Tounderstand this better, we rewrite Equation (1) from the de�nition of the MD algorithmfor this speial ase when t = qn−1 as follows:

psi+1 = qsi − aiq
n+1.Now, employing the trivial fat that s0 is a multiple of q0, we an see that s1 is a multipleof q1. In this way we an prove that si is a multiple of qi if i < n + 1, and that si is amultiple of qn+1 otherwise. It implies that after at most n + 1 steps of the MD algorithmwe obtain a integer on the left side of (1). As we know from the previous subsetion, if



96 K. Kloudathis integer is nonnegative, the sequene ends in in�nitely many zeros, if it is negative,the sequene is eventually periodi with period 1. And this idea is a stepping stone forthe proof of this lemma:Lemma 10. Denote F (L) = {k ∈ N | k
qL has in�nite 1

q

p

q
-representation}. Then F (1) = ∅and

F (L + 1) =
{{

−kp + mqL | k > 1, m ∈ Ap

}

∩ N
}

∪
{

pk + mqL | k ∈ F (L), m ∈ Ap

}

.Sine the reursive relation for F (L) is a bit triky, let us onsider an example.Example 11. Let p = 3, q = 2. Then F (1) = ∅ and
F (2) = {−3 + 2 ∗ 2} = {1}, indeed 1

4
has an in�nite representation,

F (3) = {−6 + 2 ∗ 4,−3 + 1 ∗ 4,−3 + 2 ∗ 4} ∪ {1 ∗ 3 + 0 ∗ 4, 1 ∗ 3 + 1 ∗ 4, 1 ∗ 3 + 2 ∗ 4}
= {2, 1, 5, 3, 7, 11},

F (4) = {1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23, 25, 29, 31, 33, 37, 41, 49}.2.4 Representation of r-adi numbersIn this subsetion, we will onsider the general ase of 1
q

p

q
-representations of r-adi num-bers, r prime. We again do not assume that p is a prime number, only that p > q ≥ 1are o-prime. First question we will answer is the question on the number of suh repre-sentations of a given x ∈ Qr. To be able to do so, we need to know some simple fats,for proofs see again [3℄.Lemma 12. Let r be a prime, then | |r is ultrametri, i.e., for all x, y ∈ Qr it holds that

|x + y|r ≤ max{|x|r, |y|r}.Lemma 13. Let r be a prime, x ∈ Qr suh that |x|r ≤ 1, and n ∈ N. Then there existsa unique αn ∈ {0, 1, . . . , rn − 1} suh that
|x − αn|r ≤ r−n.It is a diret onsequene of the onstrution of the r-adi absolute value that thein�nite series of the form ∑

ai

q

(

p

q

)i onverges only in Qr where r is a prime fator of p.That is why we will restrit ourselves to this ase.Lemma 14. Let r be a prime fator of p with multipliity3 i and let x ∈ Qr. If a =
· · ·a1a0a−1 · · ·a−ℓ0 , ai ∈ Ap, suh that

x =
∞

∑

k=−ℓ0

ak

q

(

p

q

)k

,then we have for all integers n ≥ −ℓ0
∣

∣

∣

∣

∣

x −
n

∑

k=−ℓ0

ak

q

(

p

q

)k
∣

∣

∣

∣

∣

r

≤ r−(n+1)i.3It means that i is the maximal integer suh that ri divides p.



Non-standard representations of p-adi numbers 97Proof. We have
x −

n
∑

k=−ℓ0

ak

q

(

p

q

)k

=

∞
∑

k=n+1

ak

q

(

p

q

)k

.Denote
Bn,m =

n+m
∑

k=n+1

ak

q

(

p

q

)k

, with n ≥ ℓ0, m > 0.For all suh integers n and m we get by hypothesis on r and i and by the fat that r-adiabsolute value is ultrametri:
|Bn,m|r ≤ max

k=n+1,...,n+m

ak

q

(

p

q

)k

≤ r−(n+1)i.Sine it is true for all m, we are done.So we know that it is enough to onsider only those 1
q

p

q
-representation of x ∈ Qr whose�speed of onvergene� is proportional to r−i. All suh representations are desribed bythe following proposition.Proposition 15. Let r be a prime fator of p with multipliity i and let x ∈ Qr, |x|r ≤ 1.Then:(i) There exist unountably many 1

q

p

q
-representations a = · · ·a2a1a0, ai ∈ A, of x suhthat

∣

∣

∣

∣

∣

x −
n

∑

k=0

ak

q

(

p

q

)k
∣

∣

∣

∣

∣

r

≤ r−(n+1)i. (2)Eah of these representations is determined by an in�nite sequene (mj)j≥0, mj ∈
{0, 1, . . . , r̄ − 1}, where p = rir̄.(ii) If p is a prime number, thus r = p and i = 1, then x has a unique 1

q

p

q
-representationsatisfying (2).Proof. If |x|r ≤ 1, then |qx|r ≤ 1 as well. By Lemma 13 we know that there exits aunique u0 ∈ {0, 1, . . . , ri − 1} suh that

|qx − u0|r =≤ r−i.Sine the r-adi absolute value is ultrametri, we have for all m ∈ N

|qx − (u0 + mri)|r ≤ max{|qx − u0|r, |mri)|r} ≤ r−i.Put a0 = u0 + m0r
i, for some m0 ∈ {0, 1, . . . , r̄ − 1}, then

|qx − a0|r = |x − a0

q
| ≤ r−i with a0 ∈ Ap.The integers a0 of this form are the only integers of Ap satisfying this inequality.



98 K. KloudaNow, sine |1/p|r = ri, by multiplying the inequality by |1/p|r we get
∣

∣

∣

∣

x − a0

q

p

∣

∣

∣

∣

r

≤ 1and so, as above, we have unique u1 ∈ {0, 1, . . . , ri − 1}, arbitrary m1 ∈ {0, 1, . . . , r̄ − 1}and a1 = u1 + m1r
i suh that

∣

∣

∣

∣

q2
x − a0

q

p
− u1

∣

∣

∣

∣

r

≤ r−i.Multiplying by |p/q2|r = r−i yields
∣

∣

∣

∣

x − a0

q
− a1

q

p

q

∣

∣

∣

∣

r

≤ r−2i.In this way, after n steps we obtain
∣

∣

∣

∣

∣

x −
n

∑

k=0

ak

q

(

p

q

)k
∣

∣

∣

∣

∣

r

≤ r−(n+1)i.

This lemma an be even generalized using a bit more sophistiated notation andonsidering only rational x.De�nition 16. Let p = rℓ1
1 · · · rℓk

k be a prime fatorization of p, rj are prime numbers > 1and ℓj > 0. Let y = (y1, · · · , yk) ∈ {0, ℓ1}×· · ·×{0, ℓk}\(0, 0, . . . , 0), then ry = ry1

1 · · · ryk

k ,
I(y) = {j | yj = ℓj}, and ry is de�ned by p = ryry.Now, for all admissible y, if you onsequently replae r by all rj , j ∈ I(y), and r̄by ry, the lemma is still true, i.e., for any y, there exists 1

q

p

q
-representation of x ∈ Qwhih onverges to x with respet to | |rj

for all j ∈ I(y); moreover, the number of suhrepresentation is given by the number of sequenes (mj)j≥0 with mj ∈ {0, . . . , ry − 1}.Corollary 17. Let r be a prime number. Then x ∈ Qr has a 1
q

p

q
-representation if, andonly if, r is a prime fator of p.In partiular, there exists a unique 1

q

p

q
-representation over the alphabet {0, 1, . . . , ri −

1}, where i is a multipliity of r in p.After going through the proof of Proposition 15 (or better of its generalization men-tion below the proof) arefully, one an ome up with an algorithm returning all possible
1
q

p

q
-representations of a given rational number. As this algorithm is a straightforwardgeneralization of the MD algorithm, we all it generalized modi�ed division (GMD) algo-rithm.



Non-standard representations of p-adi numbers 99Algorithm 18. Let y be �xed but arbitrary for a given p (see De�nition 16) and x =
s
t
∈ Q suh that t is o-prime to rj for all j ∈ I(y). Put s0 = s, t0 = t. Further:

tj = tj−1ry = t0(ry)j

q
sj

tj
=

s′j+1

tj
ry +

ujtj
tj

with uj ∈ {0, 1, . . . , ry − 1},hoose mj ∈ {0, 1, . . . , ry − 1} at random and put
aj = uj + mjr

y

sj+1 = s′j+1 − mjtj.Denote the set of all possible outputs a = · · ·a2a1a0 by GMD(x).Lemma 19. Let y and s/t satisfy assumptions of the previous algorithm. Then a is 1
q

p

q
-representation of s/t onverging in all spaes Qrj

, j ∈ I(y), if, and only if, a ∈ GMD(x).Corollary 20. If t is o-prime to all prime fators of p, then there exists a unique
1
q

p

q
-representation of s/t whih represents s/t in all spaes Qrj

, j = 1, . . . , k. This repre-sentation is equal to < s/t > 1

q

p

q
the output of the original MD algorithm.Example 21. Let p = 12 = 22 ∗ 3, q = 7. Then GMD(1) for y = (2, 0) ontains:

· · · 0123331000321113313, · · ·6744645665754667767, these representations (aperiodi!) on-verges to 1 with respet to | |2.The �rst one is the unique representation over the alphabet
{0, 1, 2, 3 = 22 − 1}.The (�nite) representation < 1 > 1

q

p

q
orresponds to y = (2, 1) and is equal to 7(=

· · · 0007).Note that even positive integer an have in�nite aperiodi 1
q

p

q
-representation! In fat,the following holds:Lemma 22. Let x ∈ Qr, r a prime fator of p. Then a 1

q

p

q
-representation a of x iseventually periodi if, and only if, x ∈ Q and a =< x > 1

q

p

q
.3 β-expansions of r-adi numbersIn the present setion we brie�y summarize some onsequenes of what we have done sofar for β-expansions of r-adi numbers.De�nition 23. Let β ∈ Qr, r prime, suh that |β|r ≤ 1, i.e., |β|r = r−ℓ for some ℓ > 0.De�ne the alphabet Aβ = {a ∈ N | a < (|β|r)−1} = {0, 1, . . . , rℓ − 1} (an analogue to

A⌊β⌋ in the real ase). Then for a given x ∈ Qr any left in�nite word a over this alphabetsatisfying
x =

∞
∑

aiβ
iis alled a β-expansion of x in Qr.



100 K. KloudaAfter a slight modi�ation of the proof of Proposition 15 we an get the same state-ment for p

q
-representation. Hene, as its orollary, we have:Proposition 24. Let β ∈ Qr, r prime, suh that |β|r = r−ℓ for ℓ > 0. Then for every

x ∈ Qr, |x|r ≤ 1 there exists a unique word a = · · ·a1a0 over the alphabet Aβ suh that
x =

∞
∑

i=0

aiβ
i.Moreover, for all n ∈ N :

∣

∣

∣

∣

∣

x −
∞

∑

i=0

aiβ
i

∣

∣

∣

∣

∣

r

≤ r−(n+1)ℓ.Now, onsidering only rational β = p

q
, we an prove an analogue of Lemma 22 for

p

q
-representations. The main idea is to replae equality q si

t
= p si+1

t
+ ai in MD algorithmby q si

t
= p si+1

t
+ aiq. Then we have

s0

t
=

p

q

s1

t
+ a0 = · · · =

(

p

q

)n
sn

t
+

n−1
∑

k=0

ak

(

p

q

)k

,i.e., a representation of the form of p

q
-representation analogous to < s/t > 1

q

p

q
. It is possibleto prove that if p

q
-expansion of x ∈ Qr is eventually periodi, than x ∈ Q, but the reverseimpliation is not true (see GMD(1) in Example 21, analogous results an be proved for

p

q
-representations). It would be also interesting to study β-expansions for not-rational β,e.g., for r-adi analogue of √2 (the solution of x2 = 2 in Qr). So far, we have no ideahow to attak suh a problem.Referenes[1℄ S. Akiyama, C. Frougny, and J. Sakarovith. Powers of rationals modulo 1 and rationalbase number systems. Israel J. Math 168 (2008), 53�91.[2℄ P. Ambroº. Algebrai and ombinatorial properties of non-standard numeration sys-tems. PhD thesis, Université Paris VII and Czeh Tehnial University, (2006).[3℄ F. Q. Gouvêa. p-adi numbers: an introdution. Universitext. Springer, (1997).[4℄ K. Hensel. .ber eine neue Begr.ndung der Theorie der algebraishen Zahlen. Jahresber.Deutsh. Math. Verein 6 (1987), 83�88.[5℄ M. R. Murty. Introdution to p-adi analyti number theory. Amerian MathematialSoiety, (2002).[6℄ A. Rényi. Representations for real numbers and their ergodi properties. Ata Math.Aad. Si. Hungar. 8 (1957), 477�493.



Di�erent Approahes of Study DiretEquivalene Charaterization∗Válav Kratohvíl4th year of PGS, email: velorex�utia.as.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Radim Jirou²ek, Institute of Information Theory and Automation,ASCRAbstrat. Struture of eah Compositional model an be visualized by a tool alled persegram.Every persegram over a �nite non-empty set of variables N indues an independene modelover N , whih is a list of onditional independene statements over N . The equivalene problemis how to haraterize (in graphial terms) whether all independene statements in the modelindued by persegram P are in the model indued by a seond persegram P ′ and vie versa.This problem an be solved either by diret od indiret haraterization.In this paper we give the motivation and introdution for diret haraterization of equiv-alene. We have found some neessary invariant properties among equivalent persegrams thathave to be satis�ed. The opposite impliation (whether these properties are su�ient too) is stillmissing. However, a very powerful tool to reognize non-equivalent persegrams is introdued inthe paper.Abstrakt. Kaºdý kompoziionální model indukuje svoji strukturou mnoºinu nezávislostí - tzv.indukovaný nezávislostní model. Struktura kompoziionálního modelu se obvykle znázor¬ujepomoí persegramu. Proto °íkáme ºe nezávislostní model je indukován persegramem. Rozhod-nout, zda dané dva persegramy indukují stejný nezávislostní model není jednoduhé. Tentoproblém se ozna£uje jako problém ekvivalene. P°ípadné persegramy jako ekvivalentní. �e²enímje p°ímá nebo nep°ímá harakterizae.Tento £lánek se zabývá p°ímou harakterizaí. Jsou publikovány n¥které nutné podmínky(invariantní vlastnosti) ekvivalentníh persegram·. P°estoºe d·kaz zda jsou podmínky posta£u-jíí stále hybí, p°edstavují publikované invariantní podmínky silný nástroj na °e²ení problémuekvivalene.The ability to represent and proess multidimensional probability distributions is aneessary ondition for the appliation of probabilisti methods in Arti�ial Intelligene.Among the most popular approahes are the methods based on Graphial Markov Mod-els, e.g., Bayesian Networks. The Compositional models are an alternative approahto Graphial Markov Models. These models are generated by a sequene (generating se-quene) of low-dimensional distributions, whih, omposed together, reate a distribution- the so alled Compositional model. Moreover, while a model is omposed together, asystem of (un)onditional independenies is simultaneously introdued by the strutureof the generating sequene.
∗The researh was partially supported by Ministry of Eduation of the Czeh Republi under grant no.2C06019, 1M0572, and by Czeh Siene Foundation under grants no. ICC/08/E010 and 201/09/1891.101



102 V. KratohvílThe struture an be visualized by a tool alled persegram and one an read induedindependenies diretly using this tool. That is why we an say that every persegramover a �nite non-empty set of variables N indues an independene model over N - a listof onditional independene statements over N . The equivalene problem is how to har-aterize (in graphial terms) whether all independene statements in the model induedby persegram P are also in the independene model indued by a seond persegram P ′and vie versa.1 Notation and Basi PropertiesThroughout the paper the symbol N will denote a non-empty set of �nite-valued variables.From the next hapter on, variables will be represented by markers of a persegram.All probability distributions of this variables will be denoted by Greek letters (usually
π, κ); thus for K ⊂ N , we onsider a distribution (a probability measure over K) π(K)whih is de�ned for variables K. When several distributions will be onsidered, we shalldistinguish them by indies. For a probability distribution π(K) and U ⊂ K we willonsider a marginal distribution π(U).The following onventions will be used throughout the paper. Given sets K, L ⊂ Nthe juxtaposition KL will denote their union K ∪ L. The following symbols will bereserved for speial subsets of N : K, R, S. The symbol U, V, W, Z will be used for generalsubsets of N . The symbol |U | will be used to denote the number of elements of a �niteset U , that is, its ardinality. u, v, w, z denotes variables as well as singletons {u}, . . .Independene and dependene statements over N orrespond to speial disjoint triplesover N . The symbol 〈U, V |Z〉 denotes a triplet of pairwise disjoint subsets U, V, Z of N .This notations antiipates the intended meaning: the set of variables U is onditionallyindependent or dependent of the set of variables V given the set of variables Z. Thisis why the third set Z is separated by a straight line: it has a speial meaning of theonditioning set. The symbol T (N) will denote the lass of all disjoint triplets over N :

T (N) = {〈U, V |Z〉; U, V, Z ⊆ N U ∩ V = V ∩ Z = Z ∩ U = ∅}To desribe how to ompose low-dimensional distributions to get a distribution of ahigher dimension we use the following operator of omposition.De�nition 1.1. For arbitrary two distributions π(K) and κ(L) their omposition is givenby the formula
π(K) ⊲ κ(L) =

{

π(K)κ(L)
κ(K∩L)

if π↓K∩L ≪ κ↓K∩L,unde�ned otherwise,where the symbol π(M) ≪ κ(M) denotes that π(M) is dominated by κ(M), whih means(in the onsidered �nite setting)
∀x ∈ ×j∈MXj; (κ(x) = 0 =⇒ π(x) = 0).



Di�erent Approahes of Study Diret Equivalene Charaterization 103The result of the omposition (if de�ned) is a new distribution. We an iterativelyrepeat the proess of omposition to obtain a multidimensional distribution - a model ap-proximating the original distribution with orresponding marginals. That is why the mul-tidimensional distribution (and the whole theory as well) is alled Compositional model .To desribe suh a model it is su�ient to introdue an ordered system of low-dimensionaldistributions π1, π2, . . . , πn. If all ompositions are de�ned, we all this ordered system agenerating sequene.From now on, we onsider generating sequene π1(K1), π2(K2), . . . , πn(Kn) whih de-�nes a distribution (where the operator ⊲ is applied from left to right)
π1(K1) ⊲ π2(K2) ⊲ . . . ⊲ πn(Kn).Therefore, whenever distribution πi is used, we assume it is de�ned for variables Ki.In addition, eah set Ki an be divided into two disjoint parts. We denote them Ri and

Si with the following sense:
Ri = Ki\(K1 ∪ . . . ∪ Ki−1), Si = Ki ∩ (K1 ∪ . . . ∪ Ki−1).

Ri denotes variables from Ki with the �rst appeared with respet to the sequene(meaning from left to right). Si denotes the already used.1.1 Graphial oneptsIt is well-known that one an read onditional independene relations of a Bayesian net-work from its graph. A similar tehnique is used in ompositional models. An appropriatetool for this is a persegram. Persegram is used to visualize the struture of a ompositionalmodel and is de�ned bellow. The example of persegram an be found in the Example1.5.De�nition 1.2. Persegram P of a generating sequene is a table in whih rows orrespondto variables (in an arbitrary order) and olumns to low-dimensional distributions; orderingof the olumns orresponds to the generating sequene ordering. A position in the tableis marked if the respetive distribution is de�ned for the orresponding variable. Markersfor the �rst ourrene of eah variable (i.e., the leftmost markers in rows) are squares(we all them box-markers) and for other ourrenes there are bullets.Sine the markers in the i-th olumn represent variables Ki, we denote markers in
i-th olumn as Ki. Box-markers in i-th olumn of P are denoted like Ri and bullets like
Si. Ki = Ri ∪ Si. The symbol |P| will be used to denote the number of olumns of P,that is, its length. This notation is purposely in aordane with notation of variable setsin generating sequenes to simplify readability and luidity of the text.Persegrams are usually denoted by P and if it is not spei�ed otherwise, P orrespondsto the generating sequene π1(K1), . . . , πn(Kn) where K1 ∪ . . . ∪ Kn = N . We say that
P is de�ned over N . (i.e. P over N has n olumns with markers K1, . . . , Kn where
K1 ∪ . . . ∪ Kn = N .)To simplify the notation we will use the following symbol: Let P be a persegram over
N . We introdue a funtion ][P : N → N, whih for every variable u ∈ N returns the



104 V. Kratohvílindex of set Ki with the �rst appearane of u in the persegram P. Due to the previouslyestablished notation an be said that K]u[P is a olumn Ki where u ∈ Ri. In other words:
]u[P= i : u ∈ Ri.De�nition 1.3. Let P be a persegram over N and �P a binary relation. For arbitrary
u, v ∈ N we denote u �P v if ]u[P≤]v[P . Moreover we introdue the relation ≺P : u ≺P

v ⇔ u �P v AND v �P u.The following onvention will be used throughout the paper: Given variables u, v, w ∈
N and P over N , the term u, v ≺P w denotes that u ≺P w and v ≺P w. The symbol Pmay be omitted, if the ontent is lear.1.2 Conditional independeneConditional independene statements over N indued by the struture of Compositionalmodel an be read from its persegram. Suh independene is indiated by the absene ofa trail onneting or avoiding relevant markers. It is de�ned below.De�nition 1.4. Consider a persegram over N and a subset Z ⊂ N . A sequene ofmarkers m0, . . . , mt is alled a Z-avoiding trail that onnets m0 and mt if it meets thefollowing 4 onditions:1. for eah s = 1, . . . , t a ouple (ms−1, ms) is in the same row (i.e., horizontal on-netion) or in the same olumn (vertial onnetion);2. eah vertial onnetion must be adjaent to a box-marker (one of the markers is abox-marker);3. no horizontal onnetion orresponds to a variable from Z;4. vertial and horizontal onnetions regularly alternate with the following possibleexeption: two vertial onnetions may be in diret suession if their ommonadjaent marker is a box-marker of a variable from Z;If a Z-avoiding trail onnets two-box markers orresponding to variables u and v, we alsosay that these variables are onneted by a Z-avoiding trail. Suppose 〈U, V |Z〉 ∈ T (N)is a disjoint triplet over N . One says that U and V are onditionally dependent by Z,written U 6⊥⊥V |Z[P], if there exists a Z-avoiding trail between variable u ∈ U and variable
v ∈ V in P. In the opposite ase one says that U and V are onditionally independent by
Z in P, written U⊥⊥V |Z[P]. We also say that 〈U, V |Z〉 is represented in P. The induedindependene model I(P) and the indued dependene model D(P) are de�ned as follows:

I(P) = {〈U, V |Z〉 ∈ T (N); U⊥⊥V |Z[P]}

D(P) = {〈U, V |Z〉 ∈ T (N); U 6⊥⊥V |Z[P]}Example 1.5. Consider persegram from Figures 1 and 2.In Figure 1 a ∅-avoiding trail is depited. Therefore u 6⊥⊥z|∅. Moreover, one an replae
∅ by any subset of {v, w, x, y} whih is avoiding Z as well. In Figure 2, there is depitedanother trail onneting u and x. Therefore u 6⊥⊥x|z. On the ontrary to Figure 1, onean not replae z by any other variable exept v. Otherwise, the ondition 3. from theDe�nition 1.4 will be orrupted. (i.e. u⊥⊥x|y[P] for example)
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Figure 1: P : u 6⊥⊥z|∅, u 6⊥⊥z|v
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Figure 2: P : u 6⊥⊥x|zThe following spei� notation for ertain omposite dependene statements will beuseful. Given a persegram P over N , distint variables u, v ∈ N and disjoint set U ⊆
N \ {u, v} the symbol u 6⊥⊥v| + U [P] will be interpreted as the ondition

u 6⊥⊥v| + U [P] ≡ ∀W suh that U ⊆ W ⊆ N \ {u, v} one has u 6⊥⊥v|W [P].In words, u and v are (onditionally) dependent in P given any superset of U . If U isempty we write ∗ instead of +∅. I.e.
u 6⊥⊥v| ∗ [P] ≡ ∀W suh that W ⊆ N \ {u, v} u 6⊥⊥v|W [P].We give a ertain graphial haraterization of omposite dependene statements of thiskind below.2 Equivalene problemBy the equivalene problem we understand the problem how to reognize whether twogiven persegrams P,P ′ over N indue the same independene model (I(P) = I(P ′)). It isof speial importane to have an easy rule to reognize that two persegrams are equivalentin this sense and an easy way to onvert P into P ′ in terms of some elementary operationson persegrams. Another very important aspet is the ability to generate all persegramswhih are equivalent to a given persegram.De�nition 2.1. Persegrams P,P ′ (over the same variable set N) are alled independeneequivalent, if they indue the same independene model I(P) = I(P ′).Remark 2.2. One may easily see that the above mentioned de�nition ould be formulatedwith the term of dependene model. Persegrams P,P ′ (over the same variable set N)are independene equivalent, i� D(P) = D(P ′). This alternative is used in most proofsprimarily.2.1 Diret haraterizationThe solution of equivalene problem an be done in several ways. Some kind of diretharaterization of equivalene follows was done in the paper [5℄ where we introduedtwo invariant properties of equivalent persegrams. Let us remind these invariant togetherwith neessary de�nitions of onnetion and ordering ondition. Proofs an be found in[5℄ as well.



106 V. KratohvílDe�nition 2.3. Let P be a persegram over N and u, v ∈ N be two distint variables,and u �P v. u, v are onneted in P (u ↔P v) if u ∈ K]v[. The set of all pairs
E(P) = {〈u, v〉 : u, v ∈ N, u ↔P v} is alled a onnetion set of P.The following onvention will be used throughout the paper: Given variables u, v, w ∈
N and P over N , the term u, v ↔P w denotes that u ↔P w and v ↔P w. The symbol Pmay be omitted, if the ontent is lear.For the purpose of the following text one should realize the obvious parallel betweenrelation u ↔ v and olumns order and ontent. This parallel is summarized in thefollowing remark.Remark 2.4. Let u, v are two di�erent variables in P and u �P v. Then

u ↔P v ⇔ u ∈ K]v[.Lemma 2.5. Let P be a persegram over N and u, v ∈ N are distint variables. Then
u ↔P v ⇔ u 6⊥⊥v| ∗ [P].De�nition 2.6. Let P be a persegram over N . An Ordering ondition indued by P isa triplet of variables u, v, w ∈ N where u, v ≺ w; u, v ↔ w; and u = v in P. Suh anindued ordering ondition is denoted by [u, v] ≺ w[P].Lemma 2.7. Let P be a persegram over N , u, v, w ∈ N distint nodes. Then

[u, v] ≺ w[P] ⇔ u 6⊥⊥v| + w[P].The previous lemmata show two invariant properties of equivalent persegrams. Twopersegrams, if equivalent, have the same set of onnetions and indue the same set ofordering onditions.Corollary 2.8. Let P,P ′ be two persegrams over N . If I(P) = I(P ′) then E(P) = E(P ′)and they indue the same set of Ordering onditions.3 Column approahIn the previous setion two invariant properties were introdued. However, the onditionof the same Connetions set is not so simply veri�able on the ontrary to Bayesiannetworks. It will be nie to transform this ondition into some other ondition aboutolumns.The following lemma gives an interesting assertion about olumns with mutually on-neted set of variables. Basially, it is a generalization of the Remark 2.4.Lemma 3.1. Let P be a persegram over N , U ⊆ N be a set of mutually onnetedvariables in P(∀u, v ∈ U ; u ↔P v). Then ∃u ∈ U suh that U ⊆ K]u[.



Di�erent Approahes of Study Diret Equivalene Charaterization 107Proof. The proof is done by indution on |U |. The indution hypothesis for n ≥ 2 is thatthe lemma holds for any U with |U | ≤ n. It is evident for |U | = 2. It follows from theDe�nition 2.3 or from the Remark 2.4 as well.Assume n = |U | ≥ 2 and that the impliation holds for subsets with ardinalitysmaller than n. Choose u ∈ U suh that all other u′ ∈ U u �P u′. This hoie isalways possible and ensures that u ∈ K]u′[ by Remark 2.4 for all u′ ∈ U . Introdue U ′ as
U ′ ≡ U \ {u}. By the indution hypothesis, ∃u′′ ∈ U ′ suh that U ′ ⊆ K]u′[. By hoie of
u, it is easily veri�ed that U ⊆ K]u′′[.The above mentioned lemma an be further generalized.Lemma 3.2. Let P,P ′ be two equivalent persegrams over N , KP an arbitrary olumnof P, and an arbitrary subset U ⊆ KP with at least one box-marker U ∩ RP 6= ∅. Then
∃u ∈ U suh that U ⊆ KP ′

]u[ in P ′.Proof. One an easily divide U into two groups. Let R ≡ U ∩ RP be the part omposedfrom box-markers and S the rest. U = R ∪ S.If |S| < 2, then the lemma is a trivial orollary of the Lemma 3.1 (By de�nition,variables in R are mutually onneted, and every variable from S is onneted withall variables from R. Sine |S| = 1 then all variables from U ≡ R ∪ S are mutuallyonneted.) Suppose |S| >= 2 and M ≡ R is a set of mutually onneted variables.Then two possibilities exist for every s ∈ S.1. s ↔ s′ for all other s′ ∈ S. In that ase, s an be added into a set of mutuallyonneted variables M = M ∪ {s} and by the Lemma 3.1 there exists m ∈ M suhthat M ⊆ KP ′

]m[.2. ∃s′ ∈ S suh that s = s′. Then [s, s′] ≺ r; ∀r ∈ R. By Corollary 2.8 and Remark2.4 ∀r ∈ R; s, s′ ∈ KP ′

]r[ . It follows from the previous step that ∃m ∈ M suhthat R ⊆ KP ′

]m[ and therefore by Remark 2.4 R �P ′ m. Sine s, s′ ≺P ′ R �P ′ m.Therefore s, s′ ≺P ′ m. By de�nition of M s, s′ ↔ m. Then by Remark 2.4 s, s′ ∈
KP ′

]m[.One an expand the previous assertion by indution into the following orollary.Corollary 3.3. Let P,P ′ be two equivalent persegrams over N . Then every olumn Kof P with a square-marker either exists also in P ′, or it is a subset of some other olumnin P with at least one box-marker - out of K.Anyway there is one olumn whih de�nitely exists in an equivalent persegram. It isthe last olumn with a box-marker. It is obvious. The last olumn may not be a subsetof any other, sine there is no olumn after.This lemma an also be proved without the knowledge of the previous Lemma 3.2,only on the basis of independene invariants summarized in the Corollary 2.8.



108 V. KratohvílLemma 3.4. Let P,P ′ be two equivalent persegrams over N . If the last olumn of P -
KP

|P| ontains a box-marker, then this olumn is ontained in P ′ as well. (∃i ∈ 1..|P ′|suh that KP ′

i = KP
|P|)Proof. By the assumption the last olumn of P has to ontain at least one box-marker

t ∈ RP
|P|. Denote other variables from KP

|P| \ {t} by S. S ∪ {t} = KP
|P|.Sine both persegrams are de�ned over the same variables set, then KP ′

]t[ exists. Bythe Corollary 2.8 E(P) = E(P ′) and it implies that KP ′

]t[ ⊆ KP
|P|. Let C = KP

|P| \ KP ′

]t[ . If
C = ∅, then KP

|P| = KP ′

]t[ and the proof is done. Suppose C 6= ∅.By Remark 2.4 ∀c ∈ C; t ≺P ′ c.Choose c ∈ C and orresponding KP ′

]c[ suh that other c′ ∈ C; c′ �P ′ c. This hoie isalways possible and ensures that by remark 2.4 t ≺ c[P ′] and ∀s ∈ S; s �P ′ c.The next step is to observe that S ⊆ KP ′

]c[ . Indeed, suppose that s =P ′ c for some
s ∈ S. Then, s =P c by E(P) = E(P ′), and s ↔P t, c ↔P t by de�nition. Sine t is inlast olumn of P only, one has [s, c] ≺ t[P] and [s, c] ≺ t[P ′] by Lemma 2.7. This howeverontradits the hoie of c where t ≺P ′ c. Thus neessarily s ↔P ′ c.Another observation is that KP ′

c ⊆ S∪{t}. Indeed, suppose that there exists v ∈ N\S;
v 6= t suh that v ∈ KP ′

]c[ . Sine v 6∈ S one has v =P t and therefore v =P ′ t. It impliesthat v ∈ SP ′

]c[ and therefore v ≺P ′ c (otherwise, sine t ∈ KP ′

]c[ and v ∈ RP ′

]c[ then t ↔P ′ v).Thus [v, t] ≺ c[P ′] implies [v, t] ≺ c[P] by lemma 2.7. This ontradit the fat c �P t.Then KP ′

]c[ = KP
|P| neessarily.Remark 3.5. The box marker t was hosen randomly in the previous proof. Thene itfollows KP ′

]t[ ≡ KP
|P|, but also RP

|P| ⊆ RP ′

]t[ . I.e. Every variable with box-marker in KP
|P| hasa box-marker in KP ′

]t[ .In addition to this remark we would like to know whether KP ′

]t[ is the only olumn in
P ′ ontaining RP

|P|. Suppose that t ∈ KP ′

]x[ suh that x ≻P ′ t and therefore x ↔ t[P ′].This ontradits the fat x 6∈ KP
|P|.In the above paragraphs we supposed that the last olumn of P ontains at least onebox-marker.However, the ondition of the same Connetions set E(P) is a little bit di�ult toverify. In ase of graphs (e.g. in Bayesian networks) one simply put the graphs rissrossand the result is obvious. We will appreiate some rule onerning olumns in ase ofpersegrams.Let us extend the Lemma 3.2 and Corollary 3.3.Remark 3.6. Let KP

]u[ ⊂ KP
]v[, then ∀u′ ∈ KP

]u[ holds that u′ ≺P v.The assertion of the above mentioned remark is very simple. If even u ∈ K]v[ then
u ≺ v. Therefore ]u[<]v[ and all variables from K]u[ appear sooner than v.Let us thing about the problem more further.Let P,P ′ be equivalent persegrams over N . Suppose that there is a olumn K withbox-marker orresponding to r ∈ N (i.e. K ≡ K]r[) that has no orresponding olumn in
P ′. By the Lemma 3.2 ∃K ′ ∈ P ′ suh that K ⊇ K ′ and at least one of K is a box-marker



Di�erent Approahes of Study Diret Equivalene Charaterization 109in K ′. Let U = K ′ ∈ K \ K. |U | 6= 0 by the assumption. (See the areas of interest onFigures 3 and 4 in the Example 3.7.)Choose u ∈ U and the orresponding KP
]u[ suh that other u′ ∈ U u �P u′. This hoieis always possible and ensures that all other u ∈ U ∩ K]u[ are box-markers as well.The next step is to observe that K ⊂ KP

]u[. Indeed, sine {u} ∪ K belongs to K ′ andat least one of them is a box-marker then by the Lemma 3.2 there is a olumn ontaining
K ∪{u} and by the Remark 3.6 u is a box-marker. Then this olumn oinide with KP

]u[.Another observation is that SP
]u[ = KP

]r[. Indeed, Let V = SP
]u[ \ KP

]r[ and suppose
|V | 6= 0. Then there is some v ∈ V suh that v ∈ S]u[. By the Lemma 3.2 and theRemark 3.6 there is a olumn K ′

]v[ ontaining all marker from K]u[,i.e. {r, u, v} et. Itmeans that [r, v] ≺ u[P. This ontradits the fat v ≻P ′ u.Then V = ∅ neessarily.Example 3.7. This previous problem analysis is depited on the following Figures 3 and4. The following onvention is used in the onsequent �gures. The symbol × representsmarker of whih we are no sure whether it is a box-marker or a bullet. The meaning ofset of markers ⊠ in one olumn is that at least one of these markers is a box-marker butwe do not know whih one.
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u′Figure 3: P : [v, r] ≺ u[P]
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u′Figure 4: P ′ : v ≻P ′ uThe previous paragraph extends the Lemma 3.2 in a very interesting way.Corollary 3.8. Let P,P ′ be two equivalent persegrams over N . Then every ∀u ∈ N ,either there exists a orresponding olumn to KP
]u[ in P ′ or ∃v ∈ N suh that KP

]u[ = SP
]v[.De�nition 3.9. Let P be a persegram. Then P is redued if there is no pair i, j ∈ 1..|P|suh that Ki = Sj.Corollary 3.10. Let P,P ′ be two equivalent redued persegrams over N . Then thesepersegrams onsists from same olumns (regardless of the markers shape).4 ConlusionIn this paper a short introdution into equivalene problem was given. This probleminludes several sub-problems where one of them is how to reognize whether two given



110 V. Kratohvílpersegrams are equivalent "on the �rst sight". The partial solution to this problemis a diret haraterization involving some invariant properties that are neessary forequivalene. Two suh a properties were introdued: Connetions set and Orderingonditions.On the ontrary to probability models using ayli direted graphs (DAG) to visualizethe struture, the Connetions sets an not be so simply ompared. (In ase of DAGsone puts the graphs simply rissross.) That is why we introdued the other invariantproperty: the Columns set. However, the orresponding persegrams need to be in aspeial redued shape. Are these invariants are su�ient to deide whether two givenpersegrams are equivalent? Despite the promising reent researh, this question remainsopen.Referenes[1℄ R. Jirou²ek. Multidimensional Compositional Models. Preprint DAR - ÚTIA 2006/4,ÚTIA AV �R, Prague, (2006).[2℄ T. Ko£ka, R. R. Boukaert, M. Studený. On the Inlusion Problem. Researh report2010, ÚTIA AV �R, Prague (2001).[3℄ M. Studený. O strukturáh podmín¥né nezávislosti. Rukopis série p°edná²ek. Prague(2008).[4℄ V. Kratohvíl. Equivalene Problem in Compositional Models. Doktorandské dny 2008,Nakladatelství �VUT, Praha, p.125-134, 2008.[5℄ V. Kratohvíl. Equivalene problem in persegrams, The proeeding of 8th Workshopon Unertainty Proessing. In printing. (2009).



Multi-Agent Exploation in a Disrete DynamiEnvironment: Dynami Programming,Evolution Tehniques, and Reative RulesKarel Maek3rd year of PGS, email: karel.maek�fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Jaromír Kukal, Department of Software Engineering in Eonomis,FNSPE CTUAbstrat. This work formulates the problem of renewable resoures exploation in a disreteenvironment and provides methods that an be used for this problem. A partiular instaneof this problem has been examined in more detail: exat solution has been found by meansof dynami programming and ompared with solutions given by designed evolution tehnique,using simple reative rules.Abstrakt. Tato práe formuluje problém t¥ºby obnovitelnýh zdroj· v diskrétním prost°edí anabízí metody, které jej mohou °e²it. Zárove¬ je zkoumána konkrétní instane tohoto problémupodrobn¥ji: pomoí dynamikého programování je nalezeno exaktní °e²ení, které je porovnános navrºenou evolu£ní metodou vyuºívajíí jednoduhá reaktivní pravidla.1 IntrodutionThis paper deals with with renewable resoures. Renewable resoures are natural re-soures that tend - spontaneously or with some assistane - to the original state after anexternal ation. The modeling of renewable resoure dynamis has been assessed alreadyin several works [8℄ or [15℄ also the negotiation about them [6℄, [4℄, and other deisionmaking issues [14℄. The most important for this paper are - however - works fousingpossibly most e�ient usage of the resoure [1℄,[13℄, [18℄ and auses of over-exploitation[16℄. There also works addressing the ation of several agents in the resoures grabbing[9℄. Finally, some aspets of e�ient exploitation were treaten in [10℄.2 TerminologyWe onsider the time-line as a totally ordered set T with time instants t ∈ T . Theenvironment is represented by an arbitrary set of plaes P . In order to desribe theatual state of the environment, a tupple of properties will be used. In our ase, werequire only loal properties, i.e. properties related to a plae. Formally, we an speakabout a set of mappings {x1, x2 . . . xM} where xi : T × P → Li ∀i ∈ M̂ . The set Li isthe property range, usualy a set of numbers or strings.111



112 K. MaekIn the environment agents are plaed. In this moment, it is not neessary to de�ne anagent explitely. We an onsider agents just as an arbitrary set A. The atual positionof an agent is given by mapping y : T × A → P , i.e. given time instant and agent, theposition is unique. Agents are able to make deision. The set of possible deisions is D.Atual agent's deision an be represented by mapping a : T × A→ D.Values of mappings x1, . . . , xM , a, y are onstruted inrementally as system dynamisevolves. Let state in time t ∈ T be s(t) = (t, y(t, ·), x(t, ·), a(t, ·) and s∗ set of all possiblestates. Let s0 be initial state. Let history be h(t) =
⋂

τ<t S(τ) and h∗ set of all possiblehistories. Let trajetory be q =
⋂

τ∈T S(τ) and q∗ set of all possible trajetories. Thedynamis of the system is de�ned as triple of proedures (Evolve, Move, Decide):
xi(t, ·) ← Evolve(H(t), r(t)) ∀i ∈ M̂ (1)
y(t, ·) ← Move(H(t), r(t)) (2)

a(t) ← Decide(H(t), r(t)) (3)where r(t) is taken random from [0, 1]R(t) and R(t) is number of random values requiredfor time instant t.We will use following notation:1. a ∈ D|A|,|T | is a strategy, i.e. for all agents and all time instants.2. x(t) ∈ L
|P |
1 ×· · ·×L

|P |
M is the atual environment state, i.e. all loal values onsidered.3. y(t) ∈ P |A| are atual agents' positions.All these three proedures de�ne the system as suh. We will examine them in moredetail.Proedure Evolvemodels the behavior of the environment. It may given by di�erentialequations, eluar automata rules et. Proedure Evolve involves also impats of deisionmade before in the past. The result of this proedure may be stohasti, i.e. the historyand the proedure determine only a probability distribution of new loal states fromwhih new state is drawn. Proedure Move is very similar to the proedure Evolve.Proedure Decide determines next agents' ations. These ations re�ets the historyand both atual positions and loal states. Proedure Decide strives to solve a deisionmaking problem. The lass of possible problems is wide. However, all problems hasone or several riteria that are to be optimized. These riteria depend on the entiretrajetory in a given horizon h(tmax) that may be �nite or in�nite whih is less typial.All information about the history is not always in plae. Agents work under unertainity.Proedure Decide is not an ation. The result of deision is given by Move and Evolve.A part of deision may not impat the system, but only hange agent's inner state.Next, we will introdue the preferene and the objetive funtion The preferene ofagent i ∈ A is de�ned as a partial ordering ≺i on q∗. The objetive funtion objetivefuntion is a funtion f : A× q∗ → R suh that ∀q1, q2 ∈ q∗∀i ∈ A f(i, q1) > f(i, q2) ≡

q1 ≺i q2. Of ourse, there may be more objetive funtions in plae, e.g. for di�erentriteria, or for eah agent et. The ombination of them is an interesting branh ofdeision making. In our ase, we will work with a signle objetive funtion.



Multi-Agent Exploation in a Disrete Dynami Environment 113Finally, amulti-agent dynami system beMADS = (P, A, T, s(0), Evolve, Move, Decide, f), where P are plaes, A are agents, T is time, s0 an initial state, f is an objetive fun-tion and (Evolve, Move, Decide) are dynamis. Given a MADS, multi-agent dynamideision problem is task to design funtion Decide so the expeted value of f are maximal.Now, we will introdue a spei� MADS and a spei� problem that will be treatenin next parts of this work.TheDisrete exploation of renewable resoures system is a multi-agent dynami system
DERRS = (E, A, T, s0, Evolve, Move, f) where
• P is a �nite set
• A is a �nite set
• T = {1, 2, . . . , tmax}

• Evolve(H(t)) is de�ned by proedures NaturalEvolve and Exploitation so that
x(t, e) = NaturalEvolve(x(t − 1, ·)) − Exploation(t, e) where Exploation(t, e) =
NaturalEvolve(x(t−1, ·)) if ∃i ∈ A y(t, i) = e and Explotion(t, e) = 0 otherwise.
• a(t, ·) = Decide(H(t), r(t)) is restried by aessibility of plaes C ⊂ E × E, i.e.

a(t, i) ∈ {y′|(y(t, i), y′) ∈ C}

• y(t, ·)Move(H(t), r(t)) = Decide(t − 1), i.e. the agent moves to a plae for whihhe deided before.
• ∀i ∈ Af(i, Q) =

∑tmax

t=1

∑
e∈E Exploitation(t, e)3 Dynami programming and exat solutionAbove formulated problem may be interpreted as a problem of dynami programmingwhih stands for a well established reasearh �eld [5℄. The dynami programming solu-tion will provide exat optimal solution, but it requires muh omputational time. Thissolution has been designed and implemented so a omparison for heuristi methods isavailable.Basi idea of DP approah is to solve from the �nal time tmax. Sine deisions haveimpat always in the next time instant, for this time no deision is made. At the instantbefore, i.e. tmax − 1, the deision is made so the sum of exploation in the last instantis maximal et. Thus, all on�gurations are treaten for eah time horizon. The numberof on�gurations grows linearly (eah time horizon is solved individualy), but it is huge.In ase of a very simple example de�ned below, the number of possible on�gurations isgiant: 59 · 92 = 158, 203, 125 where 5 is number of possible values of x, 9 is ardiality ofx, and �nally 2 is number of agents. Therefore, we will onsider all ways from beginningtill the end. In this ase, however, we will probably evaluate one situation more timesand the solution will grow exponentially1.1Of ourse, an improvement an be done by saving so far known strategies. This will ensure the lineargrow. However, this was not implemented yet



114 K. MaekLet us desribe the algorithm formally. Algorithm (1) shows the pseudoode of pro-edure Evaluate that is alled reursively. This proedure alulates maximal gain forgiven x and y if there remain r time instants. First of all, proedure Evolve is alledwhih is divided into three subproedures NaturalEvolve, Exploited, and Exploation.The Exploited proedure returns gains. Afterwards, if there are some next steps to beonsidered, all possible deisions are tested: the optimal one is found reursivelly. TheAlgorithm 1 Dynami Programming Proedure1: proedure Evaluate(y(t), x(t), r) ⊲ Returns maximal f as sum of future gain vand atual gain g2: v ← −∞3: x(t + 1)← NaturalEvolve(x(t))4: g ← Exploited(x(t + 1), y(t))5: x(t + 1)← Exploition(x(t + 1), y(t))6: rnext ← r − 17: if rnext 6= 0 then8: for all ã(t) ∈ PossibleNextDeision(C, y(t)) do9: ỹ(t + 1)← ã(t)10: vnext = Evaluate(ỹ(t + 1), x(t + 1), rnext)11: ṽ ← vnext12: if ṽ > v then13: v ← ṽ14: a(t) = ã(t)15: end if16: end for17: else18: v ← 019: end if20: return v + g21: end proedureDP solution provides guaranteed optimal results, but the time omplexity is very high.If C would de�ne a k-regular graph, then there would be (k · na)
tmax possibilities to betested. This limits the appliability of the algorithm very signi�antly.Possible improvement an be reahed by: symetry, saving known alulations, ieMemory vs Speed.4 Reative SolutionsAlterantive way towards an satisfatory solution are simple rules. The disussion aboutthumb rules, usual for reative agents, and dynami programing in [7℄. Suh reativerules provide usualy a suboptimal solution, but somehow good in average. This solutionis provided in a moderate time and is robust, i.e. if the system is hanged unexpetly,e.g. a new agent omes, the result is yet relatively good. More about heuristi deisionsin dynami programming was threaten in [11℄.



Multi-Agent Exploation in a Disrete Dynami Environment 115This setion's aim is to formulate some simple approximative ways how to instrutagents in above de�ned DERRS.Random Walk - agents walk through the graph randomly. At eah moment, the agentdraws from neigbohrs one uniformly randomly and goes in this diretion.Greedy Crowd - agents strive to exploit maximum in the next time instant. At eahmoment, the agent tests loal properties of the neigborhood and does to the neighbohrwith the maximum.Greedy Lions and Hyenas If more neigbohrs have the same value, the agent prefersminimal index of the agent. Agents make their deisions sequentially. Therefore, if anagent is already deided to go somewhere, other greedy agents, not deided so far, wontgo to this plae if they have another possibility.Aroma Traking is a modi�ation of both greedy approahes. The aroma of a plae
e ∈ E equals to weighed average of material in its neighborhood. The agents selet nextposition in a greedy way.Global Pheromone Averse is also a modi�ation of both greedy approahes. If anagent enters a �eld, a pheromone trail is left (some amount of pheromone is added).However, eah time instant some pheromone evaporates (the amount of pheromone ismultiplied by a onstant from (01) interval). The agent hooses a neighbor with minimalpheromone.Friend's Pheromone Traking - agents leave individual pheromone trails in the waydesribed above. Eah agent i has one friend agent j that is traked, i.e. i selets theneighbor where the pheromone trail of j is maximal.Short Term Planning - agents will plan their ations so they are optimal in a shortterm horizon so the planning is possible. After eah ation, the planning is run again.For time horizon tmax = 0 we an all Greedy Commando.Of ourse, these simple approahes an be ombined in arbitrary way. Eah agentmay have more rules. These rules an be ombined, e.g. aroma and friend trakingwhere both imputs have own weights. Or, the atual rule an be hosen randomly. Thissampling must not neessarily from the uniform distribution. The distribution an bealso updated, e.g. by reinforement learning.If there are more agents in the system, eah of them an have other rules, e.g. oneagent A an ombine aroma and friend's pheromone trakings while another agent B -the friend of A - an ombine random walk with a greedy approah.5 Evolutionary SolutionsOther way to �nd optimal ontrol strategy is the evolutionary algorithms. They iterativeheuristis whih searh optimal solution in the input spae working with sereval points



116 K. Maek(population) in the input spae [3℄.Appliation of evolutionary algorithms in dynami deision problems is nothing new[19℄ sine disrete dynami programming stands for a ombinatorial problem [20℄.The most simple approah in this way is random shooting. Here, random strategyis generated and ompared with the so far best known strategy. For the random strate-gies, relation C is used so the orretness of generated strategies is ensured. Advanedtehniques work with usual evolutionary operations.Initialization - strategies are generated randomly (random walk).Seletion - ρtop ∈ [0, 1] perent of the best individuals are opied, ρsample ∈ [0, 1] perentof individuals are re-sampled randomly. The rest is used for evolutionary operation. Twoindividuals are seleted for the rossover. The population is ordered by the �tness, i.e.value how is whih strategy suessful. The probability of seletion is proportional to theranking. This ranking is used for the sampling instead of the �tness values beause theywill very probably tend to be similar. Thus, the loal minima problem an be avoided.New sub-strategies - at the beginning, the strategies are generated via random walk.For ross-over and mutation, however, more advaned approah is used. The strategyis generated pieewise. First, the generating method is hosen randomly (random walk,greedy lions and hyenas, short term planning) for the next part of strategy. Afterwards,the length of the part is determined randomly as well. Finally, the sub-strategy is gener-ated by given method and returns also �nal state x that is used for next generation.Cross-over - two strategies a1, a2 are merged. Usual ross-over is often not usefull inspei� problems [17℄. It is also in this ase beause two parts of two di�erent strategiesmay not be onneted in terms of the relation C. Therefore, the �rst part from the parenta1 is taken (the length of this part is random). If the part from the parent a2 followsrespeting C, the part is mergered. Otherwise, next deisions are generated as desribedabove from the last deision until they math the parent a2.Mutation - is pratially idential with the ross-over. First part is taken from theindividual, the rest is generated as a new substrategy desribed above.Resetting - sometimes, the population is infeted by a loal extreme and it is di�ultto move. Therefore, if the so far best known solution was not improved too long, theproess is reset. The ondition is tli/t > α where α ∈ (0, 1) and tli is the time withoutimprovement. Thus, the longer run of the algorithm, the longer trial is provided untilnext reset.6 Results of experimentsFor demonstrative and testing purposed, an instane of the above mentioned problemwas formulated:



Multi-Agent Exploation in a Disrete Dynami Environment 117
1 2 3

4 5 6

7 8 9Figure 1: Set of plaes P in the environment and aessibility relation C used for thedemonstration example.
tmax 1 2 3 4 5 6 7 8 9 10 11
fopt 4 10 18 28 37 45 54 61 70 78 87
fopt/tmax 4 5 6 7 7.4 7.5 7.714 7.625 7.777 7.8 7.909Table 1: Exat solution for di�erent horizon tmax

• P = {1, 2 . . . , 9}, in fat points on a small hess-board 3× 3

• A = {1, 2}

• NaturalEvolve(t, e) = max(x(t− 1, e) + 1, 5)

• C is given by neiborhood on the hess-board, e.g. (1, 2), (1, 4) or (5, 6) ∈ C.This problem an be solved for small tmax exatly. The graph given by C evidently doesnot ontain Hamiltonian yle whih an be shown by ontradition. Thus, there is nopossibility to go through the graph in a ylial way [12℄ whih would enable e�ientpatroling [2℄. The dynamis, i.e. linear grow up to 5 disables trivial solutions whereagent have always a vertex with maximal possible value available for next turn. Thisexample is therefore omplex enough for testing. Furthermore, it is demonstrative, so thesolution an be insighted easily.This experiment was tested. For tmax = 10, the exat dynami programming solutionrequired 14 hours and 21 minutes. Optimal values are given in Table 1. Markedly, forthese ases the average gain of one time instant grows, as the third line shows.6.1 Evolutionary solutionBeause of high time onsumption of the exat solution (growing exponentially), theabove proposed evolutionary algorithm was used. It was tested with respet to di�erentparameters and di�erent horizons tmax. The parameters were as follows:
• Maximal omputer time - how long may the method try to �nd the solution maxi-mally. Value: 10−52tmax in days.
• Population size - how many solutions are in the population. Tested values: {10, 50, 100, 1000}

• Copying ratio - how many of best solutions will be opied for the next generation.The absolute number is rounded up (eiled). Tested values: {0.01, 0.1, 0.3}

• Sampling ratio - how many of worst solutions will be replaed by random ones. Theabsolute number is rounded down (�oored). Tested values: {0, 0.1, 0.3}
• Resetting parameter - how many usuesfull iterations ause the reset (as a ratioof unsuessfull iterations to all iterations). Used value: 0.5.



118 K. MaekPopulation size Copying ratio Sampling ratio10.0000 0.3000 0.100010.0000 0.3000 0.300050.0000 0.3000 0.3000Table 2: Best parameters for tmax = 7

tmax systemati geneti1 9.03E-07 5.44E-092 0.00E+00 1.85E-093 1.74E-07 0.00E+004 2.35E-06 4.48E-075 1.81E-05 4.00E-066 1.58E-04 3.52E-057 1.20E-03 2.06E-048 1.01E-02 1.10E-049 7.44E-02 2.79E-0410 6.48E-01 1.15E-0311 4.76E+00 3.01E-03Table 3: Comparing results ahieved by evolution and diret solutionAll ombination of these parameters (in fat of the �rst three ones) were tested. Eahombination and tmax = 7 was tested 100 times sine the methods are stohasti sothe statistial omparison is possible. Comparing results by the t-test, the best resultswere ahieved in three ases shown in Table 2. For these parameters the funtion of thealgorithmwas tested up to tmax = 12. The results were signi�antly better as for the diretsolution, as shown in Table 3. If we �t the data by an exponential model f(tmax) = abtmax ,we obtain b = 7.28 for systemati solution, but b = 2.25 for the evolutionary solution.7 Further workIn next steps, I intend to address similar problem for ontinuous ases, i.e. P ⊂ Rn.The exat solution will be hardly deteted (maybe by variational alulus), but morepratial problems an be solved, e.g. wild-�re extinguishing, difussion models et. Theagents will beome more deliberated and independent. They will oordinate their ationsby sharing information and knowledge. They may onsider more objetives (egoisti,altruisti, eologial).Other, signi�antly di�erent improvement is to onsider the environment as a ognitivemap or neural network with swithing on and o�. But this idea is maybe too hallenging.Next, the algorithm ould be improved by storing so far best strategies and substrate-gies. If there is an evidene a substrategy is optimal, it an be used diretly and thealternatives has not to be evaluated. This may require advaned data strutures.Finally, optimal parameters for the optimiztion may be found by an external opti-mization method for global optimization.



Multi-Agent Exploation in a Disrete Dynami Environment 1198 ConlusionOne of the most important abilities that is disussed in the multi-agent systems, is theooperation. In the ase of evolutionary and dynami programming approahes, therewas a full oordination sine the agents were onsidered as only one agent with severaloutputs, in fat. On the other way, some reative solutions did not re�et other agentsompletely, e.g. the Random Walk, Greedy Crowd, or Aroma Traking. However, a kindof indiret oordination was in plae by the pheromomone methods and Greedy Lionsand Hyenas.In real system with renewable resoures, however the full oordination is not possibleand no oordination (or only impliit oordination) is not desirable. This open quite widespae for negotiation situations that are usualy very omplex and seems to be omplexalso in this �eld.Referenes[1℄ F. Boshetti and M. Brede. An information-based adaptive strategy for resoureexploitation in ompetitive senarios. Tehnologial Foreasting and Soial Change76 (2009), 525 � 532. Evolutionary Methodologies for Analyzing EnvironmentalInnovations and the Impliations for Environmental Poliy.[2℄ Y. Chevaleyre. Theoretial analysis of the multi-agent patrolling problem. IntelligentAgent Tehnology, IEEE / WIC / ACM International Conferene on 0 (2004), 302�308.[3℄ A. Colorni, M. Dorigo, F. Ma�oli, V. Maniezzo, G. Righini, and M. Trubian. Heuris-tis from nature for hard ombinatorial optimization problems. International Trans-ations in Operational Researh 3 (1996), 1�21.[4℄ R. Damania, R. Damania, R. Damania, E. Barbier, E. Barbier, and E. Barbier.Lobbying, trade and renewable resoure harvesting, (2001).[5℄ S. Dreyfus. Rihard bellman on the birth of dynami programming. OperationsResearh 50 (January 2002), 48�51.[6℄ U. Endriss, N. Maudet, F. Sadri, and F. Toni. Negotiating soially optimal alloationsof resoures. Journal of Arti�ial Intelligene Researh 25 (2006).[7℄ M. Lettau and H. Uhlig. Rules of thumb versus dynami programming. AMERICANECONOMIC REVIEW 89 (1999), 148�174.[8℄ P. Lilienthal, T. Lambert, and P. Gilman. Computer modeling of renewable powersystems. In 'Enylopedia of Energy', C. J. Cleveland, (ed.), Elsevier (2004), 633 �647.[9℄ N. V. Long and S. Wang. Resoure-grabbing by status-onsious agents. Journal ofDevelopment Eonomis 89 (2009), 39 � 50.
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Quantitative Analysis of Numerial Solution forthe Gray-Sott ModelJan Mah3rd year of PGS, email: jan.mah�fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Mihal Bene², Dept. of Mathematis, Faulty of Nulear Sienesand Physial Engineering, Czeh Tehnial University in PragueAbstrat. In this ontribution we study one partiular reation-di�usion system � the GraySott model. We foused on quantitative omparison of two numerial shemes whih solvethe model in 2D. One is based on FDM, the other is based on FEM and uses the mass-lumpingtehnique. Both shemes are expliit and uses strutured numerial grids. Modi�ed Runge-Kuttamethod with adaptiv time-stepping is used for time-integration. Our numerial simulationssuggest that for ertain ombinations of initial data and model parameter values we may notget an agreement of numerial results provided by these numerial shemes while re�nning thenumerial grid. Example results are given.Abstrakt. V p°ísp¥vku se zabýváme kvantitativním porovnáím dvou numerikýh shémat na°e²ení Grayova-Sottova modelu ve 2D. Jedno je zaloºeno na FDM, druhé na FEM s vyuºitímmetody mass-lumping. Ob¥ shémata jsou expliitní a vyuºívají strukturované sí´¥. K integraiv £ase vyuºíváme modi�kovanou Runge-Kuttovu metodu s adaptivní volbou £asového kroku.Na²e numeriké simulae ukazují, ºe existují kombinae po£áte£níh dat a parametr �u modelupro které porovnávaná numeriká shémata poskytují rozdílné výsledky.1 IntrodutionReation-di�usion systems are a lass of systems of partial di�erential equations ofparaboli type. It inludes mathematial models desribing various phenomena e.g. inthe �elds of physis, biology and hemistry. Gray-Sott model is one of these models.It was �rst introdued in 1984 by P. Gray and S. K. Sott [1℄. It is a mathematialdesription of the following autoatalyti hemial reation
U + 2V −−→ 3V, V −−→ P, (1)where U , V are reatants and P is produt of the reation. Chemial substane U is beingontinuously added into the reator and the produt P is being ontinuously removedfrom the reator during the reation. Later it has been extensively studied e.g. by Wei[2℄, Winter [3℄, Ueyama [5℄, Dkhil [6℄, Doelman [7℄. This model is well known to exhibitrih dynamis, see e.g. Nishiura [4℄. There exist hemial systems exhibiting featuressimilar to those of the Gray-Sott model, see e.g. [8℄ and referenes therein.121



122 J. Mah2 Problem formulationWe study the Gray-Sott in 2D. Assume that Ω ≡ (0, L) × (0, L) is an open squarerepresenting the square reator where the hemial reation (1) takes plae, ∂Ω is itsboundary and ν is its outer normal. Then initial-boundary value problem for the Gray-Sott model we solve is a system of two partial di�erential equations of paraboli type
∂u

∂t
= a∆u − uv2 + F (1 − u),

∂v

∂t
= b∆v + uv2 − (F + k)v in Ω×(0, T ) (2)with initial onditions u(·, 0) = uini, v(·, 0) = vini and zero Neumann boundary onditions

∂u
∂ν

|∂Ω= 0, ∂v
∂ν

|∂Ω= 0. The system of PDEs (2) modelling the reation (1) may be rewritenin several dimensionless forms. We use one whih is used also e.g. in [3, 8, 9℄. In thesystem (2) u, v are unknown funtions representing onentrations of hemial substanes
U , V . Parameter F denotes the rate at whih the hemial substane U is being addedduring the hemial reation, F + k is the rate of V → P transformation and a, b areonstants haraterizing the environment where the hemial reation takes plae.3 Numerial shemesComputational studies of the Gray-Sott model show di�ulties in onvergene. Weompare two numerial shemes for the initial-boundary value problem de�ned in Set. 2in order to dislose details of these problems. Both of them are based on the method oflines. For spatial disretization we used strutured numerial grids onsisting of squaresfor the �nite di�erene method (see Fig. 1a) and of triangles for the �nite elements method(see Fig. 1b). To solve resulting systems of ordinary di�erential equations Runge-Kutta-Merson method (see [11℄, [12℄ or [13℄) was used.

(a) (b)Figure 1: Strutured numerial grids for FDM based numerial sheme (a) and for FEMbased numerial sheme (b) we used for our numerial simulations.
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N−1

for some N ∈ N
+. We de�ne numerial grid as aset

ωh = {(ih, jh) | i = 1, . . . , N − 2, j = 1, . . . , N − 2} ,

ωh = {(ih, jh) | i = 0, . . . , N − 1, j = 0, . . . , N − 1} .For funtion u : R
2 → R we de�ne a projetion on ωh as uij = u (ih, jh). We introdue�nite di�erenes

ux1,ij =
ui+1,j − ui,j

h
, ux1,ij =

ui,j − ui−1,j

h

ux2,ij =
ui,j+1 − ui,j

h
, ux2,ij =

ui,j − ui,j−1

h
,and de�ne approximation ∆h of the Laplae operator ∆ as ∆huij = ux1x1,ij + ux2x2,ij.Then semi-disrete sheme has the following form

d

dt
uij(t) = a∆huij + F (1 − uij) − uijv

2
ij ,

d

dt
vij(t) = b∆hvij − (F + k)vij + uijv

2
ij, (3)plus disrete initial and boundary onditions.3.2 FEM based numerial shemeTo indue the semi-disrete sheme we begin with variational formulation of the problemin Set. 2. Let ϕ1(x), ϕ2(x) ∈ C∞

0 (Ω) be test funtions and denote f1(u, v) = F (1− u)−
uv2, f2(u, v) = −(F + k)v + uv2 denote right-hand sides of system (2). Using standardapproah (see [10℄) we indue weak formulation of the problem

d

dt
(u, ϕ1) + a(∇u,∇ϕ1) = (f1, ϕ1),

d

dt
(v, ϕ2) + b(∇v,∇ϕ2) = (f2, ϕ2),

u(·, 0) = uini,

v(·, 0) = vini, (4)with solution u, v from the Sobolev spae W
(1)
2 (Ω). We are looking for Galerkin ap-proximation uh(t) =

∑N

i=1 αi(t)Φi, vh(t) =
∑N

i=1 βi(t)Φi of this weak solution in the�nite dimensional spae Sh ⊂ W
(1)
2 (Ω), where Φ1, . . . , ΦN are its basis funtions. Fun-tions αi, βi are real funtions whih we get using ommon tehnique as solutions ofinitial value problems. Choosing basis funtions Φi in the form of pyramidal funtions

Φi(Pj) = δij for all grid nodes Pj, and using mass-lumping we an rewrite the problem



124 J. Mahfor �nding funtions αi, βi in the following form
d

dt
uij(t) =

2a

3h2
[ui+1,j + ui+1,j+1 + ui,j−1 + ui,j+1 + ui−1,j +

+ui−1,j+1 − 6uij] + F (1 − uij) − uijv
2
ij

d

dt
vij(t) =

2b

3h2
[vi+1,j + vi+1,j+1 + vi,j−1 + vi,j+1 + vi−1,j +

+vi−1,j+1 − 6vij ] − (F + k)vij + uijv
2
ij (5)plus orresponding initial and boundary onditions.4 Numerial simulationsWe performed a series of omputations to ompare our 2D numerial shemes. Aordingto our results the Gray-Sott model is sensitive on the mesh parameter size, whih means,the numerial solution may hange notably when re�ning the omputational grid.

(a), FDM, grid 400 ×400 (b), FEM, grid 400 ×462

(), FDM, grid 800 ×800 (d), FEM, grid 800 ×924Figure 2: Dependene of pattern in numerial solution on numerial sheme and grid sizefor given model parameters (a = 1 · 10−5, b = 1 · 10−5, F = 0.025, k = 0.05, L = 0.5) andinitial data (three pulses along minor diagonal) at �xed time t=3000.We met initial data and model parameter values ombinations for whih the followingsituations oured. First, we have results where FDM based numerial sheme is less
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(a), FDM, grid 350×350 (b), FEM, grid 350×404

(), FDM, grid 800×800 (d), FEM, grid 800×924Figure 3: Dependene of pattern in numerial solution on numerial sheme and grid sizefor given model parameters (a = 1 · 10−5, b = 1 · 10−6, F = 0.025, k = 0.05, L = 0.5) andinitial data (single pulse in upper left orner) at �xed time t=400.dependent on the spae stepping, that is, the numerial results are visually more similarin wider range of mesh parameter sizes then in ase of the FEM based numerial sheme.We have also results, where the FEM based numerial sheme is less dependent on thespae stepping. We were able to see agreement in numerial results obtained in both ofthese ases from ertain mesh parameter size. But we have also met ombinations wherewe were not able to see the solutions beoming visually more and more similar whilere�ning the numerial grid. Examples are given below.In our numerial simulations we use square domain Ω ≡ (0.0, 0.5)×(0.0, 0.5). Initialdata are onsidered suh that uini + vini = 1 hold within the omputational domain Ωand vini onsists of one or several spots.In [7℄ is suggested in agreement with our experiene that when one of the onentra-tions is large, then the seond one is small. That means that seeing the pattern in solutionfor one onentration we an have a rough idea how the pattern in the seond solutionomponent looks like. That is why we show in �gures below only spatial distribution ofonentration v in domain Ω. Dark blue implies almost zero onentration, lighter olormeans higher onentration.In Fig. 2 we demonstrate the ase, where FDM based numerial sheme produessolution less dependent on mesh parameter size. We hoosed solution at time t = 3000.It an be seen that the pattern in solution by the FDM based numerial sheme (leftolumn) do not hange notably between seleted oarser and �ner grid as apposed to
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(a), FDM, grid 800×800 (b), FEM, grid 800×924Figure 4: Dependene of pattern in numerial solution on numerial sheme and grid sizefor given model parameters (a = 2 ·10−5, b = 1 ·10−5, F = 0.0737, k = 0.061882, L = 0.5)and initial data (one spot in the middle of the domain) at �xed time t=8000.

(a), grid 800×800 (b), grid 800×800Figure 5: For the same model parameters as in Fig. 4 an agreement of numerial resultswas observed for di�erent initial data.the solutions provided by the seond numerial sheme (right olumn). Here we an seedi�erene in the upper left orner of the domain. From numerial grid of size 800×800and orresponding size of triangle grid above (mesh parameter h ≈ 6 · 10−4 and smaller)we were able to see agreement of numerial results in this ase.In Fig. 3 we demonstrate the ase, where FEM based numerial sheme produessolution less dependent on mesh parameter size for ertain model parameters and initialdata ombination. We hoosed solution at time t = 400. It an be seen that solution bythe FEM based numerial sheme (right olumn) do not hange notably between oarserand �ner grid as apposed to the solutions provided by the seond numerial sheme (leftolumn). Here we an see di�erene in the shape of interior objet. In the solution bythe FDM based sheme at oarser grid of 350×350 we an see the objet to be moresquare-like. It is hanging into perfet irle with �ner grid of 800×800. Re�ning thenumerial grid helped to obtain agreement of numerial results.In Fig. 4 we demonstrate the ase, where we were not able to obtain agreementof numerial results by the numerial shemes from Set. 3. Using the same model



Quantitative Analysis of Numerial Solution for the Gray-Sott Model 127parameters and initial data we ould see lines growing in ortogonal diretions. Depitedare solutions at time t = 8000. Eah of numerial shemes provided the same pattern inwide range of grid sizes. We tried to suesively re�ne the numerial grid up to 2000×2000and orresponding size of triangle grid. We also tried to perform simulations for the samemodel parameters (see Fig. 4) and di�erent initial data. When starting simulation withsingle pulse in upper left orner we ould see an agreement of numerial results. Thesolution at time t=15000 is depited in Fig. 5a. The same situation oured when usingthree pulse along minor diagonal. Solution at time t=4000 is depited in Fig. 5(b).AknowledgementThe work has been performed under the Projet HPC-EUROPA (RII3-CT-2003-506079),with the support of the European Community - Researh Infrastruture Ation under theFP6 "Struturing the European Researh Area" Programme.Partial support of the projet of "Neas Center for Mathematial modeling", No.LC06052 and of the projet "Applied Mathematis in Physis and Tehnial Sienes",No. MSN6840770010 of the Ministry of Eduation, Youth and Sports of the CzehRepubli is aknowledged.Referenes[1℄ Gray, P., Sott, S.K. Autoatalyti reations in the isothermal, ontinuous stirredtank reator: osillations and instabilities in the system A + 2B → 3B, B → C. InChem. Eng. Si. 39, pp. 1087-1097 (1984).[2℄ Wei, J. Pattern formation in two-dimensional Gray-Sott model: existene of single-spot solutions and their stability. In Physia D 148, pp. 20-48. (2001).[3℄ Wei, J., Winter, M. Asymmetri spotty patterns for the Gray-Sott model in R
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Abstract. This paper deals with the numerical simulation of dislocation dynamics. Disloca-
tions are described by means of the evolution of a family of closed and open smooth curves
Γ(t) : S1 → R

2, t ≧ 0. The curves are driven by the normal velocity v which is the func-
tion of curvature κ and the position vector x ∈ Γ(t). In this case the equation is defined this
way: v = −κ + F . The equation is solved using direct approach by two numerical schemes, ie.
semi-implicit and semi-discrete. Results of the dislocation dynamics simulation are presented.

Abstrakt. Tento článek se zabývá numerickou simulaćı dislokačńı dynamiky. Dislokace jsou
popsány pomoćı časového vývoje množiny uzavřených a otevřených hladkých křivek Γ(t) :
S1 → R

2, t ≧ 0. Vývoj křivek je ovlivňován normálovou rychlost́ı v, jenž je funkćı křivosti κ

a polohového vektoru x ∈ Γ(t). V tomto př́ıpadě má rovnice tvar v = −κ + F . Rovnice je
řešena př́ımou metodou pomoćı dvou r̊uzných numerických schémat, semi-implicitńım a semi-
diskrétńım. Výsledky simulace dislokačńı dynamiky jsou také uvedeny.

1 Introduction

Tthe dislocations are defined as irregularities or errors in crystal structure of the material.
The presence of dislocations strongly influences many of material properties. Plastic
deformation in crystalline solids is carried by dislocations. Theoretical description of
dislocations is widely provided in literature such as [17–19]. Dislocation is a line defect of
the crystalline lattice. Along the dislocation curve the regularity of the crystallographic
arrangement of atoms is disturbed. The dislocation can be represented by a curve closed
inside the crystal or by a curve ending on surface of the crystal. At low homologous
temperatures the dislocations can move only along crystallographic planes (gliding planes)
with the highest density of atoms. The motion results in mutual slipping of neighboring
parts of the crystal along the gliding planes.

This justifies the importance of developing suitable mathematical models [9–14]. From
the mathematical point of view, the dislocations are defined as smooth closed or open
plane curves which evolve in time. Their motion is two-dimensional. The evolving curves
can be mathematically described in several ways. One possibility is to use the level-set
method [1–3], where the curve is defined by the zero level of some surface function. One
can also use the phase-field method [4]. Finally, it is possible to use the direct (parametric)
method [6, 7] where the curve is parametrized in the usual way.

∗This work is supported by grant no. MSM 6840770010, project no. LC06052 of Nečas center for
mathematical modeling.
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2 Parametric description

When using the parametric approach, the planar curve Γ(t) is described by a smooth
time-dependent vector function

X : S × I → R
2,

where S = 〈0, 1〉 is a fixed interval for the curve parameter and I = 〈0, T 〉 is the time
interval. The curve Γ(t) is then given as the set

Γ(t) = {X(u, t) = (X1(u, t), X2(u, t)), u ∈ S}.

The family of curves satisfies the equation of motion

v = −κ + F, (1)

where v is the normal velocity of the curve evolution, κ is the curvature, and F is the
forcing term which can depend on position vector x and time t.

The evolution law (1) is transformed into the parametric form. The unit tangential

vector ~T is defined as ~T = ∂uX/|∂uX|. The unit normal vector ~N is perpendicular to the

tangential vector and ~N · ~T = 0 holds. In case of closed curve, ~N is the outer vector to
the interior of the curve. In case of open curve, ~N has a selected, pre-defined direction
(e.g., upwards). The orientation of the curve is clockwise. The curvature κ is expressed
as

−κ =
∂uX

⊥

|∂uX|
·

∂uuX

|∂uX|2
= ~N ·

∂uuX

|∂uX|2
,

where X⊥ is a vector perpendicular to X. The normal velocity v is defined as the time
derivative of X projected into the normal direction,

v = ∂tX ·
∂uX

⊥

|∂uX|
.

The equation (1) can now be written as

∂tX ·
∂uX

⊥

|∂uX|
=

∂uuX

|∂uX|2
·
∂uX

⊥

|∂uX|
+ F (X, t),

which holds provided

∂tX =
∂uuX

|∂uX|2
+ F (X, t)

∂uX
⊥

|∂uX|
. (2)

This equation is accompanied by the periodic boundary conditions for closed curves, or
by fixed-end boundary condition for open curves, and by the initial condition. These
conditions are considered similarly as in [6]. The solution of (2) exhibits a natural redis-
tribution property which is useful for short-time curve evolution [8,12]. The redistribution
of curve discretization points is operated by tangential forces discussed below.
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The term ∂uuX/|∂uX|2 in (2) contains a tangential component which makes the curve
points to move along the curve. To modify or cancel this tangential force, a term α in
the tangential direction can be considered as follows

∂tX =
∂uuX

|∂uX|2
− α

∂uX

|∂uX|
+ F (X, t)

∂uX
⊥

|∂uX|
. (3)

Hence the tangential term contained in equation (3) has the form

α =
∂uuX · ∂uX

|∂uX|3
. (4)

Then the equation without a tangential force has the following form:

∂tX =
∂uuX

|∂uX|2
−

∂uuX · ∂uX

|∂uX|4
∂uX + F (X, t)

∂uX
⊥

|∂uX|
. (5)

This equation is not suitable for numerical simulations because the curve points do not
move along the curve and can accumulate in some parts or move from each other in other
parts of the curve. This can cause a slow-down in computation. The equation (2) is
better for numerical simulations but still for long time simulations similar accumulation
of points can happen. Additional algorithm for tangential redistribution of points has to
be considered.

For long time computations with time and space variable external force F (X, t), the
algorithm for curvature adjusted tangential velocity is used. This algorithm moves points
along the curve according to the curvature, i.e., areas with higher curvature contain
more points than areas with lower curvature. This improves numerical stability and also
accuracy of computation. The term α is based on the relative local length between points.
Details are described in [16]. Another approach based on finite-element discretization
of equations for curve parametrization is in [21], where existing multiple junctions are
treated as well.

3 Numerical scheme

For numerical approximation we consider a regularized form of (3) which reads as

∂tX =
∂uuX

Q(∂uX)2
− α

∂uX

Q(∂uX)
+ F (X, t)

∂uX
⊥

Q(∂uX)
, (6)

where Q(x1, x2) =
√

x2
1 + x2

2 + ε2 with ε being a small parameter. Two numerical schemes
are used for numerical solution of the differential equation (3), i.e., backward Euler semi-
implicit and semi-discrete method of lines. With two numerical schemes it is possible to
compare the solution and error of computation.

In the semi-discrete scheme of method of lines, spatial derivatives are approximated
by fourth-order central differences. The first derivative is approximated as

∂uX|u=jh ≈

[

X1
j−2 − 8X1

j−1 + 8X1
j+1 − X1

j+2

12h
,
X2

j−2 − 8X2
j−1 + 8X2

j+1 − X2
j+2

12h

]

,
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and the second one as

∂uuX|u=jh ≈
[−X1

j−2 + 16X1
j−1 − 30X1

j + 16X1
j+1 − X1

j+2

12h2
,

−X2
j−2 + 16X2

j−1 − 30X2
j + 16X2

j+1 − X2
j+2

12h2

]

,

where X i
j denotes an approximation of X i(jh, ·), i ∈ {1, 2}, h = 1/m. Here m is a number

of intervals dividing S. The difference expressions above are denoted as Xu for the first
difference and Xuu for the second difference.

The equation (6) in the semi-discrete scheme of method of lines has the following
form:

dXj

dt
=

Xuu,j

Q2(Xu,j)
− αj

Xu,j

Q(Xu,j)
+ F (Xj , t)

X⊥

u,j

Q(Xu,j)
,

j = 1, · · · , m − 1, t ∈ (0, T ), (7)

where again Q(x1, x2) =
√

x2
1 + x2

2 + ε2, X⊥

u,j is a vector perpendicular to Xu,j, and
αj is the redistribution coeficient. The term with ε serves as a regularization to avoid
singularities when the curvature tends to infinity. This scheme is solved by the fourth
order Runge-Kutta method [5].

The second approach uses the backward Euler semi-implicit scheme. In this case lower
order differences are used. The first derivative is discretized by the backward difference
as follows

∂uX|u=jh ≈

[

X1
j − X1

j−1

h
,
X2

j − X2
j−1

h

]

,

and the second derivative as

∂uuX|u=jh ≈

[

X1
j+1 − 2X1

j + X1
j−1

h2
,
X2

j+1 − 2X2
j + X2

j−1

h2

]

.

The approximation of the first derivative is denoted as Xū,j and of the second derivative
as Xūu,j.

The semi-implicit scheme for equation (3) has the following form

Xk+1

j − τ
Xk+1

ūu,j

Q2(Xk
ū,j)

+ ταj

Xk+1

ū,j

Q(Xk
ū,j)

= Xk
j + τF (Xk

j , kτ)
X⊥k

ū,j

Q(Xk
ū,j)

,

j = 1, · · · , m − 1, k = 0, · · · , NT − 1, (8)

where Q(x1, x2), X⊥

ū,j, m, and αj have the same meaning as for semi-discrete scheme.
Xk

j ≈ X(jh, kτ), τ is a time step and NT is the number of time steps. The matrix of the
system (8) for each component of Xk+1 has the following tridiagonal structure:













1 + 2τ
h2Q2 −

τα
hQ

−τ
h2Q2 0 · · ·

−τ
h2Q2 + τα

hQ

. . .
. . .

. . .

0
. . .

...
. . .













.
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The scheme (8) is solved for each k by means of matrix factorization. Since there are
two components of X, two linear systems are solved in each timestep.

4 Topological changes

In curve dynamics in general, and in dislocation dynamics in particular, topological
changes may occur (e.g., connecting or splitting, closing of open curves, etc.). The para-
metric approach does not handle them intrinsically, and we therefore need an additional
algorithm allowing for such changes of discretized curves.

The algorithm we present is not supposed to be universal for every situation and
possibility. Main purpose is to simulate topological changes that can happen during
dislocation dynamics (see [13]), i.e., topological changes such as merging or splitting of
curves, closing of open curves, etc. As the initial condition, we consider only curves
which do not intersect itself and do not touch each other. The orientation of curves is
clockwise. The algorithm is designed for topological changes of curves which touch
only at one point. More complex changes can be treated by multiple application of the
algorithm in one timestep. The evolution after merging or splitting behaves as expected.
Normal vectors and evolution speed correspond to the situation captured by the level-set
method. The results of the algorithm were compared with the level-set method in [15].

Let us consider two closed or open curve parametrizations discretized as X =
{x1, x2, · · · , xn} and Y = {y1, y2, · · · , ym} in R

2. Curves evolve independently according
to the equation (3). The algorithm for merging two curves is as follows:

1. Compute the distance between X and Y and find one point from each curve where
the minimum is reached. Let us denote the distance as d, the point from X as xmax

and from Y as ymax.

2. Check if the distance d between curves is smaller than a given tolerance δ. If not,
compute new timestep and go to 1.

3. Create new empty curve Z. We must take into account the type of merged curves.
Merging two closed curves will produce one closed curve. Merging one open and
one closed curve will produce one open curve and merging two open curves will
produce two open curves.

4. Copy points from X from the begining (i.e., from x1) up to xmax to Z.

5. Copy points from Y from ymax up to the end (i.e., up to ym) to Z.

6. Copy points from Y from the begining (i.e., from y1) up to ymax to Z.

7. Copy points from X from xmax up to the end (i.e., up to xn) to Z.

8. Delete X and Y .

9. Compute a new timestep for Z and go to 1.
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We also consider that one curve can intersect itself and thus split itself into 2 parts.
Let us consider a closed or open curve discretized as X = {x1, x2, · · · , xn}. The curve
evolves independently according to the equation (3). The algorithm for splitting into two
curves is as follows:

1. Compute the distance between points in X and find two points where the minimum
was reached. Let us denote the distance as d, and the points as xmax1 and xmax2. We
do not consider several points in the neighbourhood of each point when measuring
the distance to avoid finding minimal distance for two neighbor points. The number
has to be computed according to the value of a given tolerance δ (see the next step).
We recommend to omit all points with the distance smaller than at least 4δ.

2. Check if the distance d between points is smaller than a given tolerance δ. If not,
compute new timestep and go to 1.

3. Create two new empty curves Xnew1 and Xnew2. If X is an open curve, Xnew1 will
be open and Xnew2 closed curve. If X is a closed curve then Xnew1 and Xnew2 will
be closed curves.

4. Copy points from X from the begining (i.e., from x1) up to xmax1 to Xnew1.

5. Copy points from X from xmax1 up to xmax2 to Xnew2.

6. Copy points from X from xmax2 up to the end (i.e., up to xn) to Xnew1.

7. Delete X.

8. Compute new timestep for Xnew1 and Xnew2 and go to 1.

The numerical simulation is shown in Figure 4.

5 Application in dislocation dynamics

Dislocation curves as defects in material evolve in time. The dislocation evolution history
contains shape changes of open curves, closing of open dislocation curves up to collision
of dipolar loops (see [17]). Interaction of dislocation curves and dipolar loops has been
studied, e.g., in [9–11].

Dislocations can interact with other defects through the stress field. In this case,
dislocation curve can be blocked by a potential barrier. Fig. 1 illustrates the evolution
of a dislocation curve through an obstacle in material. In the example, the obstacle
has a form of circle located at [0, 1] with a radius of 0.1. Due to external force, the
dislocation curve expands but the obstacle blocks the evolution. The curve surrounds
it. At a certain time, it touches itself and splits into two curves, an open curve and a
closed curve. Closed curve cannot evolve anymore because of the obstacle. Open curve
continues expansion. The simulation was performed with the following parameters. The
number of discretization points is M = 200, the external force applied to the dislocation
FD = −5.0, the force of the obstacle FO = 20.0, the time of simulation t ∈ (0, 1.2). The
initial condition was given as a half-circle with a radius of 0.5 located at [0, 0].
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(a) t = 0.24 (b) t = 1.05 (c) t = 1.2

Figure 1: Evolution through a strong obstacle, FO = 20.0, FD = −5.0, t ∈ (0, 1.2), curve
discretized by M = 200 nodes.

Fig. 2 illustrates the behavior of an open dislocation curve in an infinite channel.
The channel is created by a spatially variable external force FC = 20.0 for y < 0.0 and
y > 1.5. The curve expands upwards due to external force FD = −5.0 applied to the dis-
location. The upper channel wall restricts its movement. The curve can therefore evolve
aside only. The algorithm for curvature adjusted redistribution of points allows to rarify
number of discretization points along straight parts of the dislocation and accumulate
discretization points at parts with higher curvature. This results into more accurate and
faster computations. The parameters of simulation are t ∈ (0, 0.444), M = 128.

The simulation of cross-slip of two dislocations is shown in Fig. 5. The dislocations are
moving in the channel created by a spatially variable external force FC = 20.0 for y < −0.6
and y > 0.6. At a certain time, they touch each other and connect. In real material, each
dislocation can evolve in a different parallel plane. This case is not yet covered by the
described model. Parameters of the simulation are FD = −5.0, t ∈ (0, 0.164), M = 75.

The example in Fig. 4 shows the simulation of the Frank-Read mechanism (see [17,
19])which describes how new dislocation loops are created. An external force FD = −2.5
is applied to the dislocation line forcing the curve to expand until it touches itself. At this
moment, the curve splits into two parts, i.e., dipolar loop and dislocation line. The loop
continues in expansion. The dislocation line will again undergo the same process. The
initial condition was given as a half-circle with a radius of 1.0 located at [0, 0]. Parameters
of the simulation are t ∈ (0, 2.9), M = 200.

6 Conclusion

The simulation of dislocation dynamics is important in practice as dislocations affect
many material properties. Dislocation dynamics can be mathematically simulated by
the mean curvature flow. We presented a method based on a parametric approach and
two numerical schemes. We applied the model to situations similar to the real context
including a mechanism of creating new dislocations (i.e., Frank-Read source). The scheme
had to be improved by an algorithm for tangential redistribution of points and by an
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(a) t = 0.002

(b) t = 0.156

(c) t = 0.444

Figure 2: Single dislocation in an infinite channel, FC = 20.0, FD = −5.0, t ∈ (0, 0.444),
curve discretized by M = 128 nodes.

algorithm for topological changes for parametric model.
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A. The generalization is de�ned by property

PE : every palindrome of u has exatly one palindromi extension in u .We fous on in�nite words with the language losed under reversal and omplexity (#A−1)n+1.A su�ient and neessary ondition of property PE is shown.Abstrakt. Studujeme nekone£ná slova u, která zobe¬ují Sturmovská slova na víepísmennéabeed¥ A. Zoben¥ní je de�nováno vlastností
PE : kaºdý palindrom u má práv¥ jedno palindromiké roz²í°ení v u .V¥nujeme se nekone£ným slov·m s jazykem uzav°eným na reverzi a komplexitou (#A−1)n+1.Dokáºeme posta£ujíí a nutnou podmínku vlastnosti PE .1 IntrodutionCombinatoris on words is a relatively new researh domain. The �rst works date to thebeginning of the 20th entury. Sine then the domain has greatly developed and foundmany appliations in di�erent �elds. These �elds are for instane theoretial informat-is, symboli dynamis and musi theory. One of the most intensively studied topi areSturmian words whih appeared already in 1940. They were introdued by Morse andHedlund [8℄ as aperiodi words with the minimal possible omplexity, i.e., with the om-plexity C(n) = n+1 for any n ∈ N. (N stands for nonnegative integers.) The omplexityof a given in�nite word u is the funtion C : N 7→ N de�ned by

C(n) = number of fators of length n ourring in u ,where a fator stands for a subword of �nite length that an be read in the u withoutskipping any letters. The set of all fators ourring in u is alled the language of uand denoted throughout this paper by L(u). There exist many equivalent de�nitionsof Sturmian words. Already in [8℄, Sturmian words are haraterized by their balaneproperty. In the enter of our attention will be another haraterization of Sturmian
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140 �. Starostawords, proved in [5℄. This haraterization uses the palindromi omplexity of u, whihis the funtion P : N 7→ N de�ned by
P(n) = number of palindromi fators of length n ourring in u .A palindrome is a word read the same bakward and forward. Droubay and Pirillo provedthat an in�nite word u is Sturmian if and only if its palindromi omplexity is

P(n) =

{
1 if n is even,

2 if n is odd.Sine the empty word is the only palindrome of length 0 and the letters of the alphabet Aare the only palindromes of length 1 in u, the previous property an be rewritten ina ompat form for in�nite words over a 2-letter alphabet as
P(n) + P(n + 1) = 3 for any n ∈ N.Being inspired by Sturmian words, we generalize the previous property for in�nitewords over any alphabet A as

P : P(n) + P(n + 1) = 1 + #A for any n ∈ N.It is again readily seen that the property P is equivalent to the property
P(n) =

{
1 if n is even,

#A if n is odd.Examples of in�nite words over multiliteral alphabets satisfying the property P areArnoux-Rauzy words (also alled strit episturmian words, see [7℄) and nondegeneratewords oding the r-interval exhange transformation with the permutation π = (r, r −
1, r − 2, . . . , 2, 1) (see [1℄).When studying in details the proof of Droubay and Pirillo, we learn that a binaryword u is Sturmian if and only if u satis�es the following ondition

PE : any palindromi fator of u has a unique palindromi extension in u .In other words, for any palindrome p ∈ L(u) there exists a unique letter a ∈ A suh that
apa ∈ L(u). In fat, our two examples of words with the property P - namely Arnoux-Rauzy words (see [7℄) and words oding interval exhange - have even the property PE(see [1℄).In�nite words over a multiliteral alphabet satisfying the property P or PE may beunderstood as one of the possible generalizations of Sturmian words. It is evident that PEimplies P. The validity of P or PE guarantees that the language L(u) ontains in�nitelymany distint palindromi fators. Suh a language need not ontain the mirror image ofevery its element, i.e., be losed under reversal. Nevertheless in the sequel, we onentrateon the study of words whose language is losed under reversal. It is readily seen thatsuh words are reurrent and their Rauzy graphs have a non-trivial automorphism thatwill serve as a powerful tool in our onsideration.



Palindromes in In�nite Words 141For the desription of PE we will use a notion haraterizing how many di�erentextensions of a given fator w exist in L(u). The number denoted b(w) alled the bilateralorder of fator w is de�ned by
b(w) := #{xwy ∈ L(u) | x, y ∈ A}−#{xw ∈ L(u) | x ∈ A}−#{wy ∈ L(u) | y ∈ A}+1.Fators having their bilateral order 0 are alled ordinary. We will prove the followingtheorem:Theorem 1. Let u be an in�nite word over a k-letter alphabet whose set of fators L(u)is losed under reversal and whose fator omplexity is C(n) = (k − 1)n + 1. Then L(u)satis�es PE if and only if all fators from L(u) are ordinary.The property P is more di�ult to haraterize. However we know (see [2℄) a su�ientondition for a ternary alphabet.Theorem 2 ([2℄). An in�nite ternary word whose language is losed under reversal hasthe property P if its omplexity satis�es C(n) = 2n + 1.Let's reall another result from [2℄. Properties P and PE are in fat equivalent on abinary alphabet. However, they are no longer equivalent on a ternary alphabet as thereexists a word on a ternary alphabet that serves as a ounterexample.It is interesting to mention three orollaries of the previous theorems. Vuillon [9℄showed that a binary in�nite word is Sturmian if and only if eah of its fators hasexatly two return words, i.e., Sturmian words are preisely binary words satisfying theproperty

R : any fator of u has exatly #A return words.In the paper [3℄, it is shown that a uniformly reurrent (every fator ours with boundedgaps) word with all fators having nonnegative bilateral order has the property R if andonly if its omplexity satis�es C(n) = (#A − 1)n + 1. Using Theorem 1 we onlude asfollows.Corollary 3. Let u be a uniformly reurrent in�nite word over k-letter alphabet whoselanguage is losed under reversal and satis�es C(n) = (k − 1)n + 1. Then PE implies R.In the same paper [3℄, it is also shown that a ternary in�nite uniformly reurrent word
u has the property R if and only if its omplexity satis�es C(n) = 2n + 1 and u has nomaximal left speial fator. As the last two onditions imply that all fators are ordinary,this gives rise to the following orollary.Corollary 4. For ternary in�nite words with the language losed under reversal, R im-plies PE .Theorem 2 says that for in�nite words whose language is losed under reversal andwhose omplexity satis�es C(n) = 2n + 1, the following equation holds

P(n) + P(n + 1) = 2 + C(n + 1) − C(n) . (1)



142 �. StarostaIn�nite words ful�lling the above equation are in a ertain sense the rihest in palindromes,sine aording to [1℄, any in�nite word whose language is losed under reversal satis�es
P(n) + P(n + 1) ≤ 2 + C(n + 1) − C(n) .(In fat, the above relation is stated in [1℄ only for uniformly reurrent words, howeverthe proof requires only reurrent words.)In [6℄, it is shown that for in�nite words with the language losed under reversal, thewords de�ned by the equation (1) are exatly the so-alled rih words. Let us reall thatan in�nite word is alled rih if every its pre�x w ontains |w| + 1 distint palindromes.Consequently, we have the following orollary.Corollary 5. In�nite ternary words with the language losed under reversal and theomplexity C(n) = 2n + 1 are rih.In Setion 2, we reall basi notions from ombinatoris on words. Setion 3 ontainsthe proof of Theorem 1.2 PreliminariesBy A we denote a �nite set of symbols, usually alled letters; the set A is therefore alledan alphabet. A �nite string w = w0w1 . . . wn−1 of letters of A is said to be a �nite word,its length is denoted by |w| = n. Finite words over A together with the operation ofonatenation and the empty word ε as the neutral element form a free monoid A∗. Themap

w = w0w1 . . . wn−1 7→ w = wn−1wn−2 . . . w0is a bijetion on A∗, the word w is alled the reversal or the mirror image of w. A word
w whih oinides with its mirror image is a palindrome.Under an in�nite word u we understand an in�nite string u = u0u1u2 . . . of lettersfrom A. A �nite word w is a fator of a word v (�nite or in�nite) if there exist words
w(1) and w(2) suh that v = w(1)ww(2). If w(1) = ε, then w is said to be a pre�x of v, if
w(2) = ε, then w is a su�x of v. The language L(u) of an in�nite word u is the set ofall its fators. The fators of u of length n form the set denoted by Ln(u). Using thisnotation, we may write L(u) = ∪n∈NLn(u). We say that the language L(u) is losedunder reversal if L(u) ontains with every fator w also its reversal w.For any fator w ∈ L(u), there exists an index i suh that w is a pre�x of the in�niteword uiui+1ui+2 . . .. Suh an index i is alled an ourrene of w in u. If eah fator of uhas at least two ourrenes in u, the in�nite word u is said to be reurrent. It is easy tosee that if the language of u is losed under reversal, then u is reurrent.A omplete return word of a fator w is a word v ∈ L(u) whih has exatly twodistint ourrenes of w, one as a pre�x and one as a su�x.The omplexity of an in�nite word u is a map C : N 7→ N, de�ned by C(n) = #Ln(u).To determine the inrement of the omplexity, one has to ount the possible extensionsof fators of length n. A right extension of w ∈ L(u) is any letter a ∈ A suh that
wa ∈ L(u). The set of all right extensions of a fator w will be denoted by Rext(w). Ofourse, any fator of u has at least one right extension. A fator w is alled right speial



Palindromes in In�nite Words 143if w has at least two right extensions. Clearly, any su�x of a right speial fator is rightspeial as well. A right speial fator w whih is not a su�x of any longer right speialfator is alled a maximal right speial fator. Similarly, one an de�ne a left extension,a left speial fator and Lext(w). We will deal only with reurrent in�nite words u. Inthis ase, any fator of u has at least one left extension. If a ∈ A and p is a palindromeand apa ∈ L(u), then apa is said to be a palindromi extension of p. We say that wis a bispeial fator if it is right and left speial. The role of bispeial fators for theomputation of the omplexity an be niely illustrated on Rauzy graphs.Let u be an in�nite word and n ∈ N. The Rauzy graph Γn of u is a direted graphwhose set of verties is Ln(u) and set of edges is Ln+1(u). An edge e ∈ Ln+1(u) starts atthe vertex x and ends at the vertex y if x is a pre�x and y is a su�x of e.
t t-

x = w0w1 · · ·wn−1 y = w1 · · ·wn−1wn

e = w0w1 · · ·wn−1wn

Figure 1: Inidene relation between an edge and verties in a Rauzy graph.If the word u is reurrent, the graph Γn is strongly onneted for every n ∈ N, i.e.,there exists a direted path from every vertex x to every vertex y of the graph.The reversal mapping ats on a Rauzy graph by sending verties and edges to theirmirror images and hanging the orientation of edges.The outdegree (indegree) of a vertex x ∈ Ln(u) is the number of edges whih start(end) in x. Obviously the outdegree of x is equal to #Rext(x) and the indegree of x is
#Lext(x).A simple path is a path in Γn whih begins with a speial fator, ends with a speialfator and ontains no other speial fator. The redued Rauzy graph of order n, denoted
Γ′

n, is onstruted from Γn by onsidering only speial fators, i.e., verties with indegreeor outdegre grater than 1. There is an edge in Γ′
n going from a vertex v to a vertex w ifthere is a simple path in Γn beginning with v and ending with w.The sum of outdegrees over all verties is equal to the number of edges in everydireted graph. Similarly, it holds for indegrees. In partiular, for the Rauzy graph wehave ∑

x∈Ln(u)

#Rext(x) = C(n + 1) =
∑

x∈Ln(u)

#Lext(x) .The �rst di�erene of omplexity ∆C(n) = C(n + 1) − C(n) is thus given by
∆C(n) =

∑

x∈Ln(u)

(
#Rext(x) − 1

)
=

∑

x∈Ln(u)

(
#Lext(x) − 1

)
.Let us restrit our onsideration to reurrent words, then a non-zero ontribution to∆C(n)is given only by those fators x ∈ Ln(u), for whih #Rext(x) ≥ 2 or #Lext(x) ≥ 2, i.e.,for right or left speial fators. The last relation an be rewritten as

∆C(n) =
∑

x∈Ln(u), x right speial(
#Rext(x) − 1

)
=

∑

x∈Ln(u), x left speial(
#Lext(x) − 1

)
.



144 �. StarostaCassaigne [4℄ introdued the following formula for the seond di�erene of omplexity
∆2C(n). Sine every fator of length n + 2 an be written as xwy, where x, y ∈ A and
w ∈ L(u), it holds

C(n + 2) =
∑

w∈Ln(u)

#{xwy | xwy ∈ L(u)}.We will denote the set of both-sided extensions of w by Bext(w):
Bext(w) := {xwy | xwy ∈ L(u), x, y ∈ A}.Similarly,

C(n + 1) =
∑

w∈Ln(u)

#Lext(w) =
∑

w∈Ln(u)

#Rext(w).The seond di�erene of omplexity ∆2C(n) = ∆C(n + 1) − ∆C(n) = C(n + 2) − 2C(n +
1) + C(n) may be obtained as follows

∆2C(n) =
∑

w∈Ln(u)

(

#Bext(w) − #Lext(w) − #Rext(w) + 1
)

. (2)Denote by b(w) the quantity
b(w) := #Bext(w) − #Lext(w) − #Rext(w) + 1.The number b(w) is alled the bilateral order of the fator w. It is readily seen that if wis not a bispeial fator, then b(w) = 0. Bispeial fators will be distinguished aordingto their bilateral order in the following way

• if b(w) > 0, then we all w a strong bispeial fator,
• if b(w) < 0, then we all w a weak bispeial fator,
• if b(w) = 0 and w is bispeial, then we all it ordinary.Evidently, for the value of ∆2C(n), only strong and weak bispeial fators are of impor-tane.3 Proof of Theorem 1The proof is divided into following lemmas. First we prove the if part of the theorem.Lemma 6. Let u be an in�nite word whose language is losed under reversal. If abispeial fator w ∈ L(u) has its bilateral order b(w) even, then its number of palindromiextensions is odd.Proof. Let w be a bispeial fator of L(u) and its bilateral order b(w) is even. As thelanguage is losed under reversal, we have #Lext(w) = #Rext(w). From the de�nition ofbilateral order one an see that #Bext(w) has to be odd. Let x, y ∈ A. As xwy ∈ L(u)implies ywx ∈ L(u), it is lear that the number of palindromi extensions xwx hasdi�erent parity then b(w) and therefore is odd.



Palindromes in In�nite Words 145Lemma 7. Let u be an in�nite word whose language is losed under reversal and itsfator omplexity is C(n) = (#A− 1)n + 1. If all palindromi fators of L(u) have evenbilateral order, then PE is satis�ed.Proof. It is lear that the property PE an only be violated on a palindromi bispeialfator.We suppose that all palindromi fators have even bilateral order. Aording to theprevious lemma they have odd number of palindromi extensions.Sine the language is losed under reversal we have for all n

P(n) + P(n + 1) ≤ 2 + C(n + 1) − C(n). (3)Let w denote the shortest palindromi bispeial fator that doesn't have exatly onepalindromi extension. Denote N = |w|. Then we have for all n < N ,
P(n) + P(n + 1) = 2 + C(n + 1) − C(n),i.e., the maximum number of palindromes is attained.Sine w has to have at least 3 palindromi extensions, oen an see that P(N + 2) ≥

P(N) + 2. Thus, for n = N + 1 we have a ontradition with (3) as the right-hand sideis onstantly equal to 1+ #A and the inequality is no longer satis�ed. We onlude that
PE holds.The last lemma proves the if part of the proof. The following three lemmas will serveto prove the other diretion of the equivalene.Lemma 8. Let u be a rih in�nite word whose set of fators is losed under reversal.Then all its bispeial fators are palindromes.Proof. Let us denote by RS(n), LS(n) and BS(n) the number of right speial, left speialand bispeial fators in Ln(u).Let's �x n and onsider the redued Rauzy graph Γ′

n. We have
#{edges in Γ′

n} =
∑

w∈Ln(u)
#Rext(w)>1

#Rext(w) +
∑

w∈Ln(u)
#Lext(w)>1,#Rext(w)=1

1

=
∑

w∈Ln(u)
#Rext(w)>1

(#Rext(w) − 1)

︸ ︷︷ ︸

∆C(n)

+
∑

w∈Ln(u)
#Rext(w)>1

1

︸ ︷︷ ︸

RS(n)

+
∑

w∈Ln(u)
#Lext(w)>1,#Rext(w)=1

1

︸ ︷︷ ︸

LS(n)−BS(n)

.

On the other hand we have
#{edges in Γ′

n} =#{edges in Γ′
n invariant under reversal}

︸ ︷︷ ︸

P (n)+P (n+1)−#{speial palindromes of length n}

+ #{edges in Γ′
n not invariant under reversal}.



146 �. StarostaPutting both sides into one equation we �nd
∆C(n) + RS(n) + LS(n) − BS(n) = P (n) + P (n + 1)

−#{speial palindromes of length n} + #{edges in Γ̃n not invariant under reversal}.The last term an be estimated by the lowest number of edges that need to go to adi�erent vertex so that the graph is strongly onneted. As LS(n) = RS(n) we have
#{edges in Γ′

n not invariant under reversal} ≥ 2 (LS(n) − 1) .After simpli�ation we obtain
−BS(n) + #{speial palindromes of length n} ≥ P (n) + P (n + 1) − ∆C(n) − 2.Sine we assumed u rih, the right-hand side is equal to 0. Therefore we have

BS(n) ≤ #{speial palindromes of length n}.As the language is losed under reversal, speial palindromes are bispeial fators. Thelast inequality is in fat an equality, i.e., every bispeial fator is a palindrome.Lemma 9. Let u be an in�nite rih word whose set of fators losed under reversal.Then for a bispeial fator w ∈ L(u) we have
#Bext(w) ≥ 2 (#Rext(w) − 1) .Proof. As w is bispeial, aording to the previous lemma it is also a palindrome. Let

n denote its length. Let l denote the number of its right (or equally left) extensions
l := #Rext(w). Let x1, . . . , xl denote the l distint letters that extend w.We will look at the Rauzy graph Γn+1 where the extensions of w are verties. Figure ??shows all possible edges xiwxj onneting these verties. To evaluate the minimal valuefor #Bext(w), we need to know how many of these edges need to exist in Γn+1. Theminimum value is given by the fat that a Rauzy graph (of a reurrent word) is stronglyonneted.

x1w

x2w

xlw

wx1

wx2

wxl

... ...
x1wx1

x1wx2

x1wxl

Figure 2: Part of Γn+1: the verties ontaining w are drawn together with all possibleedges onneting them. Only edges going from x1w are labeled.



Palindromes in In�nite Words 147Let 1 ≥ i, j ≥ l be two indies. As the word u is rih, all omplete return word topalindromes are palindromes (see [6℄). The existene of suh return word implies thatthere is at least one path from wxi to xiw in Γn+1. Let us divide the set {x1, . . . , xl} intotwo non-empty disjoint sets X and Y . Let Xw denote the verties {xw | x ∈ X} and
wY the set {wy | y ∈ Y }. Assume there is no edge going from Xw to wY . As Γn+1 isstrongly onneted, there has to be a path from wX to Y w whih doesn't inlude anyother vertex from X or Y than at the beginning and at the end. This implies existeneof a word beginning with wx, x ∈ X, and ending with yw, y ∈ A, without any otherourrene of w. Suh word would be a non-palindromi return word of w whih is notpossible. Together with the independene of hoie of the sets X and Y , we an onludethat there is no path going from wxi to xjw, i 6= j, without passing any other vertexontaining w.Therefore the minimum number of edges xiwxj that need to be plaed is the minimumnumber of edges so that the graph is strongly onneted while taking into onsiderationthe previous onlusion. As the language is losed under reversal, one an see we need toplae at least l − 1 pairs xiwxj and xjwxi whih proves the laim.Corollary 10. Let u be an in�nite rih word whose set of fators is losed under reversal.Then all its fators have their bilateral order b(w) greater or equal to −1. Furthermore,if for a fator w we have b(w) = −1, then w has no palindromi extension.Proof. If a fator w is not bispeial, b(w) = 0. If w is bispeial, we apply the previouslemma to evaluate its bilateral order:

b(w) = #Bext(w) − 2#Rext(w) + 1 ≥ 2 (#Rext(w) − 1) − 2#Rext(w) + 1 = −1.If the bilateral order is equal to its minimum, b(w) = −1, we an see from the proof of theprevious lemma that there are no edges xiwxi, i.e. w has no palindromi extension.Lemma 11. Let u be an in�nite word over a k-letter alphabet whose set of fators islosed under reversal and omplexity satis�es C(n) = (k − 1)n + 1. If the property PE issatis�ed, we have ∀w ∈ L(u), b(w) = 0.Proof. The property PE and omplexity (k − 1)n + 1 imply
P(n) + P(n + 1) = ∆C(n) + 2, for all n.Therefore the word u is rih.Let w be a bispeial fator. As it has exatly one palindromi extension, using Corol-lary 10 we see that we need to add 1 to the minimal value of b(w). Therefore we have

b(w) ≥ 0. On the other hand
∑

w∈Ln(u)

b(w) = ∆2C(n) = 0, for all n.Sine all non-bispeial fators have their bilateral order 0, these two onditions imply
b(w) = 0 for all bispeial fators.The last lemma ompletes the proof:Proof of Theorem 1. The only if part is given exatly by the Lemma 11. The if partfollows from Lemma 7.
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MEGIDDO: Design and Study of the Di�usion-based MR-DTI Visualization AlgorithmPavel Strahota2nd year of PGS, email: pavel.strahota�fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Mihal Bene², Dept. of Mathematis, Faulty of Nulear Sienesand Physial Engineering, Czeh Tehnial University in PragueAbstrat. This ontribution desribes the proposed neural trat visualization tehnique basedon the MR-DTI data. The ornerstone of the algorithm is a texture di�usion proedure modeledmathematially by the problem for the Allen-Cahn equation with di�usion anisotropy ontrolledby a tensor �eld. Fous is put on the issues of the numerial solution of the given problem,using the �nite volume method for spatial domain disretization. Several numerial shemes areompared with the aim of reduing the arti�ial (numerial) isotropi di�usion. The remainingsteps of the algorithm are ommented on as well, inluding the aquisition of the tensor �eldbefore the atual omputation begins and the postproessing used to obtain the �nal images.Finally, the visualization results are presented.Abstrakt. P°ísp¥vek popisuje tehniku zobrazování nervovýh trakt· na základ¥ dat získanýhmetodou MR-DTI. Algortimus je zaloºen na difuzi ²umové textury modelované pomoí úlohypro Allenovu-Cahnovu rovnii s anizotropií difuzního £lenu °ízenou tenzorovým polem. Práese soust°edí na numeriké °e²ení úlohy a metodu kone£nýh objem· pouºitou p°i její prostorovédiskretizai. Je srovnáváno n¥kolik shémat s ílem omezit numerikou izotropní difuzi. Pro-brány jsou v²ak i ostatní kroky elé proedury. Nakone jsou prezentovány výsledky vizualizaí.1 IntrodutionThe MR-DTI (Magneti Resonane Di�usion Tensor Imaging, [4℄) tehnique belongs tothe family of noninvasive medial examination methods based on magneti resonanephenomenon and indiated in a wide variety of human health problems. In partiular,DTI is dediated to examining anisotropi strutures in tissues, suh as heart musle�bers or neural trats in human brain.Denote by Ω0 the examined volume of the brain. By means of DTI, the strengthand diretional distribution of water moleule di�usion in eah volume element (voxel)of Ω0 is measured and enoded into a symmetri positive de�nite di�usion tensor �eld
D : Ω0 7→ R

3×3. At a given point x ∈ Ω0, it an be interpreted by the di�usion ellipsoidde�ned as
Γ (x) =

{

η ∈ R
3
∣

∣ηT D (x)−1
η = 1

}

.The di�usion strength along the vetor v is proportional to the distane from the originto Γ (x) in the diretion of v and the eigenvalues of D (x) represent the lengths of theprinipal axes of Γ (x). 149
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Figure 2.1: MEGIDDO data proessing work�ow.It has been observed that di�usion prevails in the diretion parallel to the neural �bertrats [4℄. Hene, it is possible to perform MR tratography [9℄, i.e. to reover a modelof the �ber bundles by following the pathways of the strongest di�usion. However, someexpliit �ber reonstrution algorithms [6, 16℄ may experiene loal ambiguities e.g. at�ber rossings as the tensor representation only provides a seond order approximationof the general diretional distribution.2 Overview of the proposed visualization algorithmPriniple of the method. We have elaborated an algorithm based on globally imi-tating the di�usion proesses taking plae in the brain tissue, similar to the tehniqueintrodued in [15℄. The idea is to apply an anisotropi di�usion proess [12℄ to a noisy3D texture ontained in a region of interest (ROI) Ω ⊂ Ω0. The anisotropy of the di�u-sion is ontrolled by the tensor �eld D so that the distribution of the texture di�usionstrength orresponds to the physial proess measured in the brain. As a result, the ini-tial noisy image is smeared in suh a way that the streamlines of the tensor �eld beomedistinguishable. The 3D volume Ω an then be slied to produe human readable planarimages.The desribed steps have been implemented in the MEGIDDO (Medial Employmentof Generating Images by Degenerate Di�usion Operator) software kit. In the followingparagraphs, we will fous on the details of its data proessing work�ow (see Figure 2.1).Data aquisition. Raw DWI (Di�usion Weighted Image, [4℄) datasets are deliveredfrom the sanner either in a proprietary format used for the vendor supplied software orin the well doumented ANALYZE 7.5 or DICOM formats. Currently, the DTI moduleof MedINRIA (developed within the ASCLEPIOS projet at INRIA, Sophia Antipolis,Frane) is used to proess these images and to ompute the di�usion tensor �eld, whihmay also involve thresholding and smoothing to ope with noise in the input data [14℄.Frational anisotropy and di�usion ellipsoid strething. Denote by λ1 ≥ λ2 ≥ λ3the eigenvalues of D (x) for some x ∈ Ω and let vi represent the eigenvetor orrespondingto λi. The di�usion strength therefore assumes its maximum in the diretion of v1 and isproportional to λ1. Hene, v1 may also represent the tangential diretion of the possibleneural trat at the point x. The number of neural �bers atually present at this loation



MEGIDDO: MR-DTI Visualization Algorithm 151may be onsidered proportional to the anisotropy strength, whih is quanti�ed by thefrational anisotropy (FA, see e.g. [4℄) de�ned as
FA =

√

3
(

(λ1 − λ)2 + (λ2 − λ)2 + (λ3 − λ)2
)

√

2 (λ2
1 + λ2

2 + λ2
3)

, (2.1)where
λ =

1

3
(λ1 + λ2 + λ3) .It is easy to verify that FA ∈ [0, 1), where 0 indiates perfet isotropy (one should notexpet any anisotropi strutures, i.e. �bers, at the point x) and 1 would mean perfetanisotropy (λ2 = λ3 = 0, Γ degenerates to a line segment). Generally, the greater thevalue of FA, the more neural �bers are present. However, the onverse does not hold: Asthe di�usion ellipsoid is a quadri surfae, it annot represent the fousing of anisotropyto more than one main diretion (e.g. �ber bundle rossing). In suh a ase, FA wouldapproah zero.Even though the idea was to use the original tensor �eld D for the visualizationproess, the anisotropy strength desribed by D has proved to be too weak to produeobservable streamlines. To overome this di�ulty, a preproessing utility has been re-ated to modify D so that the orresponding di�usion ellipsoids are strethed along theirlargest prinipal axis. For eah voxel x, the positive eigenvalues λi are alulated by anexpliit formula for �nding the roots of the harateristi polynomial of D (x), operatingin R. Afterwards, the symmetry of D (x) is used with advantage to �nd an orthonormalset of eigenvetors vi. The frational anisotropy and the modi�ed tensor �eld D̃ are thenomputed and saved together to a single NetCDF dataset.Anisotropi di�usion by the Allen-Cahn equation. When the tensor �eld is ready,the atual visualization phase takes plae. Generally, the di�usion proess found invarious ontexts an be desribed by a mathematial model formulated as a problem fora partial di�erential equation with a di�usion term [3℄. For the purposes of the proposedalgorithm, the Allen-Cahn equation [2℄ has been hosen.Consider the time interval J = (0, T ), the domain Ω ⊂ R

3 in the form of a blokand the di�usion tensor �eld D̃ : Ω̄ 7→ R
3×3 representing the input data. The initialboundary value problem for the Allen-Cahn di�usion equation reads

ξ
∂p

∂t
= ξ∇ · D̃∇p +

1

ξ
f0(p) in J × Ω, (2.2)

∂p

∂n

∣

∣

∣

∣

∂Ω

= 0 on J × ∂Ω, (2.3)
p|t=0

= I in Ω, (2.4)where p is the unknown funtion p : J̄ × Ω̄ → R interpreted as the texture intensity,
I represents a noisy initial ondition and f0 (p) = p (1 − p)

(

p − 1

2

) ats e�iently as aontrast inreasing term provided that the small parameter ξ > 0 and the �nal time T arehosen appropriately (in our ase by experiment). For the original physial interpretationof f0 and ξ, see e.g. [1℄.



152 P. StrahotaThe problem (2.2-2.4) is solved numerially on a strutured retangular grid, whihwill be disussed in more detail in the next setion. In priniple, the proedure onsistsof the following steps:1. The tensor �eld is interpolated from the original voxel grid onto the omputationgrid, whih is �ner in order to ahieve greater resolution of the resulting streamlines.Trilinear elementwise interpolation is employed.2. The initial ondition ontaining random impulse noise is generated on the ompu-tational grid.3. The numerial solution of the given problem is found. The solution is a funtionof both spae and time and its value at some �nal time T > 0 is onsidered thevisualization result.Colorization and sliing. After the di�usion proess is ompleted, the postproessingphase begins, involving sliing and olorization. The 3D grid is divided into slies ut inone of the prinipal planes of the human body: transverse, sagittal, or oronal plane [7℄.These planar graysale images are then olorized by multiplying the brightness of eahpixel by the olor representation of FA at the orresponding voxel of the domain Ω0 (seeFigure 5.3). The olor is obtained by using a linear funtion mapping the interval
[

0, max
x∈Ω0

FA (x)

]onto the olor sale. The NetCDF dataset produed by performing the di�usion proessan be reused to generate several sets of slies.3 Numerial solution of the problem for the Allen-Cahn equationFor numerial solution, the method of lines [10℄ is utilized. Applying a �nite volumedisretization sheme in spae, the problem (2.2-2.4) is onverted to a system of ODE inthe form of a semidisrete sheme
ξ

d

dt
pK (t) = ξ

∑

σ∈EK

FK,σ (t) +
1

ξ
f0,K (t) ∀K ∈ T (3.1)where T is an admissible �nite volume mesh [5℄, K ∈ T is one partiular ontrol volume(ell) and EK is the set of all faes of the ell K. FK,σ (t) represent the respetive numerial�uxes at the time t, whih ontain di�erene quotients approximating the derivatives ∂xp,

∂yp, ∂zp at the enter of the fae σ. To solve (3.1), we employ the 4th order Runge-Kutta-Merson solver with adaptive time stepping.Arti�ial dissipation and �nite volume sheme design. One an assess the behav-ior of the numerial solution with respet to arti�ial (numerial) dissipation depend-ing on the exat form of FK,σ. This phenomenon demonstrating itself as an additional
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t = 0.0004

210 3 4

t = 0.002

t = 0.0004

210 3 4

t = 0.002

Shemes used:0. Initial ondition1. FV, MPFA(4th order),ubi interpolation2. FV, MPFA,(4th order),linear interpolation3. FV, 2nd order entraldi�erene4. Finite di�erene,1st orderforward-bakwardFigure 3.1: Arti�ial di�usion in di�erent numerial shemes. 2 time levels for 2 di�erentinitial onditions.isotropi di�usion may signi�antly deteriorate the visual quality of the result. Thisis beause the streamlines emerging in the solution are thin high frequeny strutures.To be treated orretly, they require the di�erene operators used in FK,σ to be of anappropriate order [13, 8℄.Having the results obtained using di�erent shemes available, one an deide on thebest of them by mere visual omparison. We have ompared �nite volume shemes basedon three di�erent disretizations of FK,σ together with a standard 1st order forward-bakward �nite di�erene sheme. The omparison performed in two di�erent settingswas restrited to R
2 and is shown in Figure 3.1. In both ases, the initial onditiondepited on the very left underwent a proess of anisotropi di�usion direted along theaxis y = x. Least arti�ial dissipation was produed by the multipoint �ux approximation(MPFA) sheme where the numerial �ux FK,σ was obtained using the rules below:

• The di�erene quotient approximating the derivative in the diretion perpendiularto the fae σ uses a non-equidistant point distribution in order to avoid redundantinterpolation (Figure 3.2a). Its 1-dimensional analog for a funtion u ∈ C1 (R) anbe represented by the formula
du

dx

∣

∣

∣

∣

x
i+1

2

≈
1

24h
(ui−1 − 27ui + 27ui+1 − ui+2)where xj = j · h, uj = u (xj) for j ∈ Z, h > 0.

• The remaining derivatives are approximated using a uniform 5-point stenil. Again,its 1D analog an be written as
du

dx

∣

∣

∣

∣

xi

≈
1

12h
(ui−2 − 8ui−1 + 8ui+1 − ui+2) .
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Figure 3.2: Point stenils of di�erene quotients for derivative approximations inthe MPFA �nite volume sheme.Moreover, the stenil points (the rosses along the dashed line in Figure 3.2b) areinterpolated from the neighboring grid nodes using 1-dimensional ubi interpola-tion.4 Convergene propertiesWe have been dealing with the derivation of the error estimate for a general �nite volumesheme with �rst order �ux approximation on a general mesh. For all K ∈ T , denoteby pn
K the value obtained by numerial solution of 3.1 approximating p (xK , nk) where

xK ∈ K. The pointwise error is then given by
en

K = p (xK , tn) − pn
K .The goal is to prove a �rst order error bound

√

∑

K∈T

(en
K)2

m(K) ≤ C (h + k) ∀n, nk < Tso far available for the isotropi ase and a speial entered di�erene sheme only (seealso [5℄). Here we only disuss the experimentally measured onvergene rates, suggestingthe limitations and possibilities of the theoretial error estimate.The experimental order of onvergene (EOC) is obtained by omputing the solutionon a sequene of gradually re�ning grids and is de�ned asEOCi = log

( ErroriErrori−1

)

/

log

(

hi

hi−1

)

,
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h L∞(J ; L2(Ω))error ×10−4

EOC in
L∞(J ; L2(Ω))

L∞(J ; L∞(Ω))error ×10−3

EOC in
L∞(J ; L∞(Ω))0.00990 2.5560 - 5.5110 -0.00497 0.6389 2.015 1.3560 2.0380.00332 0.2844 2.005 0.6097 1.9790.00249 0.1601 2.002 0.3431 2.004Table 4.1: EOC results for the standard entral di�erene sheme.

h L∞(J ; L2(Ω))error ×10−3

EOC in
L∞(J ; L2(Ω))

L∞(J ; L∞(Ω))error ×10−2

EOC in
L∞(J ; L∞(Ω))0.00971 3.2350 - 2.2190 -0.00493 1.6190 1.021 1.1140 1.0160.00330 1.0790 1.012 0.7440 1.0080.00248 0.8095 1.008 0.5585 1.005Table 4.2: EOC results for the MPFA sheme.where h = maxK diam(K) is the mesh size and Errori is the di�erene of the i-th solutionfrom the preise (analytial) solution measured in an appropriate norm. To be ableto alulate the analytial solution, we modify the right hand side of (2.2) to obtainan alternate problem with any presribed solution of lass C2

(

Ω̄ × J
). Of ourse, thepresribed solution must satisfy the initial and boundary ondition. For two of theshemes ompared in Figure 3.1, the results of the experimental onvergene analysis for

D onstant are summarized in Tables 4.1 and 4.2.5 Visualization resultsIn Figures 5.1 and 5.2, we demonstrate the funtion of the MEGIDDO visualization kiton two sample input datasets. The streamlines of the tensor �eld indiate the loationand diretion of the neural trats. Colorization by the value of frational anisotropy FAis obtained by performing the olor mapping proedure depited shematially in Figure5.3 and explained in detail in the last paragraph of Setion 2.Tratography in Figure 5.2 depits pathologial morphology in the patient's erebrum.The orresponding soure dataset has been obtained by a modern 3T sanner at IKEM,Prague.6 Conlusion and additional remarksWe present a fully funtional implementation of the DTI visualization proedure basedon anisotropi di�usion of a noisy texture. This approah may represent a suitableomplement to the established tratography tehniques utilizing expliit �ber trakingalgorithms. It provides a global overview of the �ber trat struture in the whole brain
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Coronal layer, slice 480 of 900

Sagittal layer, slice 265 of 751

Transverse layer, slice 200 of 445

FA 0 max

Figure 5.1: Slies of the DTI omplete brain visualization, examination of a healthy vol-unteer. Dimensions: 900 × 751 × 445 voxels.or in the spei�ed region. The proedure has signi�ant resoure demands in terms ofmemory and CPU time and therefore has been implemented as a parallel algorithm bymeans of the MPI interfae [11℄.Aknowledgments: This work was arried out under the HPC-EUROPA++ projet(projet number: 211437), with the support of the European Community - ResearhInfrastruture Ation of the FP7 �Coordination and support ation� Program. Partialsupport of the projet "Jind°ih Ne£as Center for Mathematial Modeling", No. LC06052.Speial thanks to the olleagues at the Institute for Clinial and Experimental Mediine(IKEM) in Prague for providing input datasets, onsultations, and support.Referenes[1℄ M. Bene². Mathematial analysis of phase-�eld equations with numerially e�ientoupling terms. Interfaes and Free Boundaries 3 (2001), 201�221.[2℄ M. Bene². Di�use-interfae treatment of the anisotropi mean-urvature �ow. Ap-pliations of Mathematis 48 (2003), 437�453.[3℄ M. Bene², V. Chalupeký, and K. Mikula. Geometrial image segmentation by theAllen-Cahn equation. Applied Numerial Mathematis 51 (2004), 187�205.
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max0FA

Coronal layer, slice 320 of 900Transverse layer, slice 156 of 397

Sagittal layer, slice 224 of 704

Figure 5.2: Slies of the DTI omplete brain visualization, examination of a patient.Dimensions: 900 × 704 × 397 voxels.
FA 0 max

Final colorized sliceFA image using color scaleRaw solution sliceFigure 5.3: Colorization of the raw result of the visualization proess.
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A New Approah to Estimating the BellmanFuntion∗Jan Zeman3rd year of PGS, email: janzeman3�seznam.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Tatiana Valentine Guy, Institute of Information Theoryand Automation, ASCRAbstrat. The paper onerns an approximate dynami programming. It deals with a lass oftasks, where the optimal strategy on a shorter horizon is lose to the global optimal strategy.This property leads to a new, spei�, design of the Bellman funtion estimation. The paperintrodues the proposed approah and provides an illustrative example performed on the futurestrading data.Abstrakt. �lánek se zabývá oblastí aproximoveného dynamikého programování, konkrétn¥úlohou, kde optimální strategie pro krat²í horizont je blízká nebo stejná jako optimální strategiepro elý horizont. Tato vlastnost vede k nové metod¥ výpo£tu Bellmanovy funke. �lánek pouzeuvádí první kroky v prái s daným typem úlohy a v²e demonstruje na p°íkladu obhodování sfutures kontrakty.1 IntrodutionThe motivation of the researh originates from the future trading, with the main aimto design a pro�table strategy of buying/selling of ommodities, betting on the in-rease/derease of the future prie [3℄.To this aim, the available historial prie-data overing 35 markets from the last 15years has been analyzed. Comparison of the trading strategies designed for di�erentvalues of time horizon has shown that an inrease of amount of data auses only partialhange of the strategy designed. Moreover the non-hanging part of the strategy is alwayssituated at the beginning and is similar to the best strategy designed for a muh largerhorizon. This property, spei� for futures trading data, has been exploited to designand implement the proposed approah on the approximate dynami programming.The paper introdues the mentioned property in more details as well as outlinespossible appliation to dynami programming.The dynami programming is an optimization method based on the idea presentedin [1℄. The dynami programming maximizes the gain G over a sequene of deisions
xt, . . . , xT :

max
xt,...,xT

G, (1)
∗This work has been supported by ooperation with Colosseum a.s., CNR-IMATI and grants GACR102/08/0567, M�MT 2C06001. 159



160 J. Zemanwhere t ∈ {1, . . . , T} is a disrete time and T is �nite, possibly large, horizon. The set
{1, . . . , T} is alled a deision period.While dynami programming searhes the argument maximizing argmaxxt,...,xT

G, themaximum the optimal value an be obtained by maximization Vt = maxxt,...,xT
G is har-aterized by the Bellman funtion Vt [1℄. The main drawbak of dynami programmingis the urse of dimensionality (see [5℄), therefore the approximate solutions should besearhed for.This paper ontributes at the approximation of Bellman funtion. The proposedapproah is useful for the tasks arising in eonomi analysis and trading and an be ofinterest for other appliations.The Setion 2.1 introdues the dynami programming and formulates the Bellman equa-tion. The Setion 2.2 deals with the method of a omparison of two strategies, whihleads to a design of a system of Bellman equations. The system an be used for an esti-mation of the Bellman funtion in a parametri shape (see 2.4). The paper is onludedby an example in Setion 3, where the proposed approah is applied to futures tradingdata.2 The Field of Interest2.1 Dynami programming taskA dynami programming is an method appliable to the problems when it is neessaryto �nd the best deision one after another. The deision making task assumes a deisionmaker and a system. The system is a part of the world, whih is of interest for thedeision maker. The system an be very omplex to be fully haraterized, moreover theknowledge about the system is usually partial.The deision maker has own aim related to the system. The aim are expressed in theform of a gain funtion GT

τ , whih quanti�es the degree of reahing the aim on (τ, T ).The deision maker applies a sequene of deisions (x1, . . . , xT ) to reah his aims, i.e.maximizing his gain funtion over the deision period:
max

x1,...,xT

GT
1 . (2)The deision maker observes a system output (y1, . . . , yT ). The information avail-able to the deision maker at time t to design a deision xt is alled knowledge. Theknowledge Pt ontains a history of the system output and previous deisions: Pt =

(y1, . . . , yt, x1, . . . , xt−1).The system and the deision maker form a losed loop. The deision maker enriheshis knowledge by system output yt and designs a deision xt. The deision an be realizedas a system input, whih in�uenes the further behavior of the system. This proess isrepeated at eah t up to the horizon T .At time t, the deision maker maximizes:
max

xt,...,xT

GT
t . (3)



A New Approah to Estimating the Bellman Funtion 161The gain funtionGT
t depends on the system output over the whole time horizon (yt, . . . , yT ).However the information available to the deision maker at time t is Pt. Therefore thedeision maker is fored to use the expeted value:

E(a|b) =

∫

a∈a∗
af(a|b)da,where E(a|b) is the expeted value of the variable a onditioned on the knowledge ofvariable b and f(a|b) is the probability density funtion of a de�ned at the set a∗ andonditioned on b.Thus, the deision maker maximizes the expeted value of the gain at time t:

V(Pt) = max
xt,...,xT

E(GT
t |Pt, xt, . . . , xT ),whih de�nes the Bellman funtion V(Pt).The assumption of an additive gain funtion

Gt2
t1

= Gt
t1

+ Gt2
t+1 for t1 < t < t2and the optimality priniple [2℄ allow us to rewrite the Bellman funtion in the reursiveshape:

V(Pt) = max
xt,...,xt+h

E(Gt+h
t + V(Pt+h+1)|Pt, xt, . . . , xt+h)), (4)where the maximum arguments xt, . . . , xt+h are the proposed deisions and h is onstant,whih allows the design of multi-step deision, its value is onneted with shape of gainfuntion or kind of task.The desribed formulation is too general for the lass of tasks onsidered in futurestrading area, therefore the following assumptions are aepted from here onward:2.1.1 Disrete deisionsthe deisions are hosen from a �nite, disrete and prede�ned set.2.1.2 Open loopthe deision has no in�uene on the system.2.2 Similarity indexesFor eah time t, there is a system output sequene (y1, . . . , yt) available. We design theoptimal strategy X t = (x1, . . . , xt), where we use the time t as horizon. The strategy isoptimal only on the time interval (1, . . . , t), and is denoted by the supersript t.Designing the strategy X t at eah time t, a sequene of enlarging strategies is obtained:

{y1} ⇒ {x1
1} = X1,

{y1, y2} ⇒ {x2
1, x

2
2} = X2,

{y1, y2, y3} ⇒ {x3
1, x

3
2, x

3
3} = X3,...

{y1, . . . . . . , yt} ⇒ {xt
1, . . . . . . , x

t
t} = X t.



162 J. ZemanLet ompare the designed strategies with the longest strategy XT for t = T . Thestrategy XT is alled the optimal strategy, beause it is optimal for the deision period, i.e. {1, . . . , T}. The other strategies are alled suboptimal strategies, beause they arenot optimal for the whole deision period, but only for the respetive sub-periods.Let us assume that the suboptimal strategies X t onverges to the optimal strategy
XT with the growing t and let take the �rst t elements of the strategy XT .Now we an ompare two sequenes: (xT

1 , . . . , xT
t ), whih is the beginning part of theoptimal strategy XT and (xt

1, . . . , x
t
t), whih is the suboptimal strategy designed at time

t. To ompare these sequenes, we used the following similarity indexes:
• Similarity index St :

St =

t
∑

i=1

δ(xt
i, x

T
i ), (5)where δ(x, y) = 1 for x = y and δ(x, y) = 0 for x 6= y.The similarity index St is a number of idential elements in the sequenes (xT

1 , . . . , xT
t )and (xt

1, . . . , x
t
t).

• Strit similarity index St :

st = max
i

{i; (∀j ∈ N )(j ≤ i ⇒ xt
j = xT

j )}. (6)The strit similarity index is the maximal length of the non-broken idential sub-sequene beginning by the �rst element.The de�nitions of St and st imply st ≤ St ≤ t.To illustrate the introdues notions, let us onsider the following suboptimal andoptimal strategies: X t = { 1 1 1 1 0 1 1 0 . . . 0 },
XT = { 1 1 1 1 1 1 1 1 . . . 1 },where the sequene XT is ut to have the same length as X t. Sequenes have 4 elementsidential, the �fth element di�ers, the sixth and seventh elements are idential and thensequenes di�er.There, the similarity index St = 6, beause there are 6 idential elements in thesequenes. The strit similarity index st = 4, beause the fourth element is the lastelement, before the �rst di�erene ours.2.3 Bellman equation and similarity indexesThe solution of Bellman equation (4) is the most important part of the dynami program-ming task. The term 'solution' means �nding the Bellman funtion, a task that an bevery omplex due to the bakward reursive shape of the equation. The optimal ationsare only by-produts of this solution.The use of similarity indexes st and St ould is useful, if they grow with the time

st ≈ t, St ≈ t.At eah time t, the sequene of optimal ations of length st is known and the set ofthe Bellman equations is:
V(Pk) = max

xk,...,xk+h

E(Gk+h
k + V(Pk+h+1)|Pk, xk, . . . xk+h)), (7)



A New Approah to Estimating the Bellman Funtion 163where k ∈ {1, . . . , st − h}.The maximization an be arried out by substitution of suboptimal ations X t =
(x1, . . . , xst

):
V(Pk) = E(Gk+h

k + V(Pk+h+1)|Pk, x
t
k, . . . , x

t
k+h))for k ∈ {1, . . . , st − h}. (8)Due to k ≤ t, the expeted values onverges to substitution of known values Pk, (xt

k, . . . , x
t
k+h).Thus, the system of funtional equations (8) should be solved to obtain the Bellman fun-tion.2.4 Parametri shape of Bellman funtionA lot of tehnial details should be resolved before full use of the desribed approah. Werestrit the design to parameterized form of Bellman funtion:

V(Pt) ≈ V (Pt; Θ), (9)where Θ ∈ Θ∗ is a vetor of unknown parameters. Then, the solution of the Bellmanequation onverges to estimation of the parameters Θ and data predition. Inserting (9)into the system of equations (8), one an write:
V (Pk; Θ) + κk = E(Gk+h

k + V
(

Pk+h+1; Θ)|Pk, x
t
k, . . . , x

t
k+h

)

, (10)for k ∈ {1, . . . , st − h}.where κk is an error aused by approximation.The system of funtional equations (8) is further redued to the system of algebraiequation (10).2.5 Task lassi�ationPresented design assumes that st grows approximately with time t. This is, of ourse,only the ideal ase. Generally there are three types of tasks:
• Task with a strong similarity - is a task, where st and St grow with the time.Therefore, the number of equations in system (8) or (10) grows with t. Thus, thepresented design an be applied.In ase of use parameterized shape and system (10), it an happen that the numberof independent equations overgrows the degree of freedom and the desired solutionshould be searhed respeting that.
• General task without a similarity - where st and St are small onstants independentof t. In this ase, the system has a small number of equations. The number ofequations in (8) and (10) do not grow, or grow by jumps. There ould not beenough equations to �nd a solution. In this ase, di�erent design of the Bellmanfuntion should be used. However even the available "poor" system of equationsan be used as a prior information about the Bellman funtion.



164 J. Zeman
• Task with a weak similarity - where st is a small onstant or growing only by jumps,but St grows with t. The proposed approah an be used, but systems (8) and (10)must be written for k ∈ {1, . . . , St − h}.The approah an be applied arefully not all - but almost all - equations in systems(8) and (10) are valid. Thus the design systematially uses invalid equations andthis must be respeted.2.6 Causality problemPresented lassi�ation is non-ausal, beause the optimal strategy XT , designed over alldeision period should be known for the alulation of st and St and the approah anbe used for o�-line experiments only.On-line use needs to study the behavior of sequenes of the suboptimal strategies

X1, X2, . . . , X t and to estimate the value of st.3 Example: Futures TradingFutures trading task is a task typially solved by exhange speulators, who know thepast prie sequene and try to deide, whether to buy or sell an objet of interest. Apro�t is made, when the speulator guesses the diretion of the prie evolution, otherwisethe speulator loses.3.1 Futures trading as a gameFrom out point of view, the futures trading task an be interpreted as turn based game:The player obtains a prie yt at the beginning of eah turn t ∈ {1, 2, . . . , T}. He hooseshis deision xt, whether the prie should inrease xt = 1 or derease xt = −1, or playeran deide not to play for the turn xt = 0. If player hanges the hoose xt aording toprevious deision xt−1, then he pays a transation ost C|xt−1 − xt|. At the beginning ofnext turn t + 1, the player makes pro�t of (yt+1 − yt)xt, therefore when player bets theright way, he makes money, otherwise he loses.The player tries to maximize his pro�t up to horizon T :
GT

1 =

T
∑

t=1

(yt − yt−1)xt−1 − C|xt−1 − xt|.The initial deision is neessary to be de�ned as x0 = 0.The desribed game is a typial optimization problem of dynami programming (see[2℄) and as suh it should be solved.



A New Approah to Estimating the Bellman Funtion 1653.2 Similarity indexesIt is useful to haraterize the systems (8) and (10) aording the time t, instead of
k ∈ {1, . . . , st − h}. Thus, we alulate following onstants:

c1 = max
t∈{1...T}

(t − st), (11)
c2 = max

t∈{1...T}
(t − St), (12)and haraterize the systems (8) and (10), whih is subset of the original set of equations.The onstants c1, c2 haraterize maximal number of non-optimal deisions in X t,whih is related with the risk of usage the invalid equations in systems of equations (8)and (10). Hene, the less value of c1, c2 is better.The ausal estimation of similarity indexes an be done by analyzing di�erenes be-tween the two suboptimal strategies X t−1 and X t , f. (5) and (6):

Ŝt =
t−1
∑

i=1

δ(xt−1
i , xt

i), (13)
ŝt = max

i
{i; (∀j ∈ N )(j ≤ i ⇒ xt−1

j = xt
j)}. (14)Analogially an be obtained ausal estimation of the onstants c1 and c2 at the time t:

ĉ1,t = max
i∈{1,...,t}

(i − ŝi), (15)
ĉ2,t = max

i∈{1,...,t}
(i − Ŝi), (16)The �nal value of ĉ1,t and ĉ2,t is not so important as their behavior at time t < T . Thevalues of ĉ1,t and ĉ2,t inrease with the time t. It is expeted that their values onverge toa small onstant, whih is reahed very early, therefore the time of the last hange tch;1and tch;2 is doumented.We have 35 prie sequenes available for the o�ine experiments. The data wereolleted one a day, when the exhange was losing, eah data set ontains data from1990 to 2005, whih makes about 4000 samples all together. Five prie sequenes werehosen as a representative for the further experiments: Cooa - CSCE (CC), Petroleum-Crude Oil Light - NMX (CL), 5-Year U.S. Treasury Note - CBT (FV2), Japanese Yen -CME (JY) and Wheat - CBT (W). All onstants de�ned above were estimated for the�ve referene markets (see Tab. 1).The table shows good results, beause the onstants c1 and c2 are the same and

c1, c2 ≪ T . Moreover, four of sequenes have c1 equal to c2 for eah t, whih implies that
st is equal to St. The values of tch;1 and tch;2 show the expeted fat, that the values of
ĉ1,t and ĉ2,t do not hange often and the ausal estimation of ĉ1,t and ĉ2,t gives satisfatoryresults near to non-ausal values. All these fats led to a onlusion that futures tradingtask is the task with a strong similarity, as was desribed in Se. 2.5.The exeption with a weak similarity is the market with tiker CL. The obtainedsimilarity indexes are depited in Fig. 1 and Fig. 2. The di�erene between st and t ismarkable but it has only a loal harater, therefore the approah an be used - with theexpetation of worse results related to the intervals with a weak similarity.



166 J. Zeman

050010001500200025003000
0 500 1000 1500 2000 2500

st

St

Figure 1: Example of similarity indexes St and st for CL3.3 Estimation of Bellman funtion parametersLet the parametrized form of Bellman's funtion be:
V(Pt) ≈ g(xt)Ψt, (17)where Ψt = (yt, yt−1, . . . , yt−n)

T is regressor and g(xt) is a row vetor funtion.For illustration purpose, the admissible values for xt are hosen from a set x∗ =
{−1, 0, 1}. Thus, the vetor funtion g(xt) is fully haraterized by 3(n + 1) parame-ters, whih are the elements of vetor Θ introdued in Setion 2.4. We denote g(xt) =
(Θxt,1, Θxt,2, . . . , Θxt,n+1). Eah element Θxt,i is a funtion of xt. Due to the hosen set
x∗, the funtion Θxt,i is fully haraterized by three values.Substituting (17) into (10), we obtain:

g(xt
k)Ψk − g(xt

k+h+1)Ψk+h+1 = Gk+h
k − κk, (18)for

k ∈ {1, . . . , t − c1 − h},Table 1: Dominating onstants c1 and c2Market c1 c2 ĉ1,T ĉ2,T tch;1 tch;2 TCC 6 6 7 6 342 342 3822CL 444 6 446 5 847 2205 3863FV2 8 8 9 8 383 383 3766JY 4 4 5 4 50 50 3871W 7 7 8 7 2452 2452 3822
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Figure 2: Example of similarity indexes St and st for CL (detail)we get a system of linear equations
Ax = b −K (19)where

x = (Θ−1,1, . . . , Θ−1,n+1, Θ0,1, . . . , Θ0,n+1,

Θ1,1, . . . , Θ1,n+1).and K = (κ1, κ2, . . . , κt−c1−h).The system of linear equations must be solved for eah time t to obtain the estimationof the Bellman funtion values. The number of equations in the system inreases by onein eah time step. Due to the approximation of the Bellman funtion, the system neednot to be solvable, when the number of equations grows over some threshold. And, anapproximate solution of system should be searhed. We have applied least square methodto minimize the vetor of approximation errors K.Table 2: Results of experimentMarket MPC ISTCC -6 450 -1 490CL -12 350 3 390FV2 -5 701 10 727JY -26 568 -35 247W -9 792 -1 923



168 J. Zeman3.4 The resultsThe obtained parameters are inserted into the parametrized form (17), whih is used formaximization of (4). This method orresponds with iterations spread in time (IST) see[4℄. To alulate the expeted gain, ausal preditions generated by autoregressive modelwere used (see [4℄).As a referene, the results alulated via model preditive ontrol (MPC) were used.The preditive model and task setup were the same for IST.Final results are summarized in Tab. 2. Presented IST method reahes better resultsthan MPC method at four of the �ve datasets. Neither MPC nor IST gave enough goodresults satisfatory to the use for real trading. However, the results obtained by IST areslightly better.4 ConlusionThe proposed design of the Bellman funtion is based on searhing and analyzing ofsuboptimal strategies based on known data. The design leads to system of funtionalequations, but using parametrized shape of Bellman funtion, the system an be trans-formed to a system of algebrai equations.The main idea is to analyze, if the suboptimal strategy ontains at least part of theoptimal strategy. The task with this property an be either strong or weak similarity.The paper deals with a problem of ausal and non-ausal analysis leading to a deisionwhih kind of similarity the task exhibits.The approah is applied and demonstrated on an example of futures trading, whihis a typial eonomi deision making task. The kind of similarity is tested and thebehavior of tested method is presented. Then, the new design of Bellman funtion isapplied. Results of experiments are presented and ompared to the results of a MPCmethod and are slightly better.Referenes[1℄ R. Bellman. Dynami Programming. Prineton University Press, Prineton, NewJersey, (1957).[2℄ D. Bertsekas. Dynami Programming and Optimal Control. Athena Sienti�, Nashua,US, (2001). 2nd edition.[3℄ J. Hull. Options, futures, and other derivatives. Pearson/Prentie Hall, (2006).[4℄ M. Kárný, B. J., T. V. Guy, L. Jirsa, I. Nagy, P. Nedoma, and L. Tesa°. OptimizedBayesian Dynami Advising: Theory and Algorithms. Springer, London, (2005).[5℄ W. B. Powell. Approximate Dynami Programming. Wiley-Intersiene, (2007).



E�ient Sheduling of Data Transfersin Distributed Environment∗Mihal Zerola2nd year of PGS, email: mihal.zerola�ujf.as.zDepartment of Mathematis, Faulty of Nulear Sienes and PhysialEngineering, CTU in Pragueadvisor: Mihal �umbera, Nulear Physis Institute, ASCRJér�me Lauret, Brookhaven National Laboratory, USARoman Barták, Faulty of Mathematis and Physis, Charles UniversityAbstrat. E�ient data transfers and plaements are paramount to optimizing geographiallydistributed resoures and minimizing the time data intensive experiments's proessing taskswould take. We present a tehnique for planning data transfers to multiple destinations inmulti-user environment. We explain the arhiteture, design and onept of the omponentsof the automated system. The onstrained based planning tehnique, whih we have studiedand explained in our previous work is outlined in the last setion. After the early tests andevaluations in the real world the onept and hosen approah seems to be promising.Abstrakt. Efektívne dátové prenosy a rozmiestnenia sú k©ú£ovým prvkom pri optimalizovanígeogra�ky rozmiestnenýh zdrojov a zárove¬ minimalizovaní £asu, ktorý vyºadujú dátovo inten-zívne úlohy experimentov. Predstavíme tehniku na plánovanie dátovýh prenosov do skupinydestináií vo via uºívate©skom prostredí. Vysvetlíme priníp arhitektúry, design a konept jed-notlivýh komponent automatizovaného systému. Plánovaia tehnika zaloºená na podmienkah,ktorú sme ²tudovali a prezentovali v na²ih minulýh práah je na£rtnutá v poslednej £asti textu.Po prvýh testoh a vyhodnoteniah implementáie v reálnom prostredí sa konept a zvolenýpriníp zdajú by´ s©ubné.1 Introdution1.1 Problem areaComputationally hallenging experiments suh as the one from the High Energy andNulear Physis (HENP) ommunity have developed a distributed omputing approahto fae the massive needs of their Peta-sale experiments. The era of data intensiveomputing has surely opened a vast arena for omputer sientists to resolve pratial andexiting problems. One of suh HENP experiments is the STAR [5℄ experiment loatedat the Brookhaven National Laboratory, USA.In addition to a typial Peta-sale data hallenge and large omputational needs, thisexperiment, as a running experiment aquires a new set of valuable real data every year,introduing other dimension of safe data transfer to the problem. From the yearly data
∗The investigations have been partially supported by the IRP AVOZ 10480505, by the Grant Agenyof the Czeh Republi under Contrat No. 202/07/0079 and 205-13/201457, by the grant LC07048 ofthe Ministry of Eduation of the Czeh Republi and by the U.S. Department Of Energy.169



170 M. Zerolasets, the experiment may produe many physis-ready derived data sets whih di�er inauray as the problem is better understood as time passes. Thus, demands for a large-saled storage management [6℄ and e�ient sheme to distribute data grows as a funtionof time, while on the other hand, end-users may need to aess data sets from previousyears at any point in time. Coordination is needed to avoid random aess destroyinge�ieny due to the sharing of ommon infrastruture.This inludes repliation/distribution of entrally aquired data to other omputingsites with an emphasis on e�ient further proessing. Even at the level of a given site,several storage servies exist and it is not always all lear on where the �les/datasetsshould be taken from. In this paper we fous on one blok of this omplex task whih isof immediate need by the physiists: �how to bring the desired datasets to the requesteddestinations in a shortest time?� This problem an be addressed as multiple path planningwith shared links and minimizing makespan. Assuming the �les from the requesteddataset are repliated at several sites and their servies, the aim is to selet transfer pathsfor atomi hunks (�les) ommonly sharing the links/servies together with a limitedbandwidth and an objetive to minimize the makespan. In other words, we want aunique apability of the system to tell from whih servies to grab what portion ofrequested �les and whih transfer path to use in any time.In this paper we will onentrate on overview of the design, arhiteture and importantaspets of implementation of the framework. Last but not least, we will desribe theplanner, brain of the system and underlying mathematial model.1.2 Related worksThe needs of large-sale data intensive projets arising out of several �elds suh as bio-informatis (BIRN, BLAST), astronomy (SDSS) or HENP ommunities (STAR, ALICE)have been the brainteasers for omputer sientists for years. Whilst the ost of stor-age spae rapidly dereases and omputational power allows sientists to analyze moreand more aquired data, appetite for e�ieny in Data Grids beomes even more of aprominent need.Deoupling of job sheduling from data movement was studied by Ranganathan andFoster in [8℄. Authors disussed ombinations of repliation strategies and shedulingalgorithms, but not onsidering the performane of the network. The nature of high-energy physis experiments, where data are entrally aquired, implies that repliationto geographially spread sites is a must in order to proess data distributively. Intentionto aess large-sale data remotely over wide-area network has turned out to be highlyine�etive and a ause of often sorely traeable troubles.The authors of [10℄ proposed and implemented improvements to the Condor, a pop-ular luster-based distributed omputing system. The presented data management ar-hiteture is based on exploiting the work�ow and utilizing data dependenies betweenjobs through study of related DAGs. Sine the work�ow in high-energy data analysisis typially simple and embarrassingly parallel without dependenies between jobs thesetehniques don't lead to a fundamental optimization in this �eld.Sato et al. in [9℄ and authors of [7℄ takled the question of replia plaement strate-gies via mathematial onstraints modeling an optimization problem in Grid environment.



E�ient Sheduling of Data Transfers in Distributed Environment 171Solving approah in [9℄ is based on integer linear programming while [7℄ uses Lagrangianrelaxation method [1℄. The limitation of both models is a haraterization of data trans-fers whih neglets possible transfer paths and fething data from a site in parallel viamultiple links possibly leading to the better network utilization.We fous on this missing omponent onsidering wide-area network data transferspursuing more e�ient data movement for multi-site multi-user environment. An initialidea of our presented model originates from Simonis [11℄ and the proposed onstraintsfor tra� plaement problem were expanded primarily on links throughputs and on-sequently on follow-up transfer alloations in time. One of the immense advantages ofthe onstrained based approah is a gentle augmentation of the model with additionalreal-life rules.2 DesignIn this setion we will outline the most important attributes and features we require fromthe framework.2.1 Motivation and requested featuresTo understand the meaning of optimal seletion and utilization of the resoures let ussuppose the following situation. Two users are requesting the same �le in two di�erentdestinations (Fig. 1 - left). The planner should onsider all possible repositories (inthis example HPSS ([12℄) or Xrootd servie ([4℄)) of the �le, together with availabletransfer paths from these origins to requested destinations. This onsideration inludesreasoning about the response and transfer time from servies at urrent site to the loalahe (LAN) but also about the bandwidth for site-to-site transfers (WAN). The returnedoptimal on�guration should provide minimal waiting time for users. In our example the�le is planned to be staged from Xrootd servie to the loal ahe at BNL site and afterthat two opies are being further transferred to the requested destinations. As we an seethe on�guration with overlapping links was preferred whih leads to better utilizationof the resoures.The system must be also adaptive to the hanges and �utuations of the network,hene we annot allow reation of plans whih exeution lasts too long. Instead, the planshould be realized iteratively more often and for smaller bathes of �les. On the otherhand it has to onsider also the urrent utilization of the links resulted from previousplans (Fig. 1 - right). In partiular, a number of either ative or queued �les per a linkhas to be heked and to estimate the time the link will be not available (in the �gurerepresented as Gantt harts) and this information has to be used during reasoning aboutlinks.Sine the system is supposed to be deployed in a multi-user environment, the fair-share operation is required as well. In partiular, the framework should allow to adaptany queue-based poliy providing the required level of fair-shareness. This is naturallyo�ered by bath attitude, where the seletion of �les into the urrent bath an followthe pro�ered fair-share funtion.
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Figure 1: Example of requested features. The left part depits the plan onsisting of pathssharing a link to two di�erent destinations. The right one symbolizes the utilization ofthe links using Gantt harts.

Figure 2: Arhiteture overview on the left and the sheme of the Data Mover omponenton the right.2.2 ArhitetureIn the Fig. 2 is depited the sheme of the arhiteture and onept of the omponents.To understand their roles we will desribe the proess �ow in the system.Users enter their requests, whih are in the form of meta-data queries onsisting forinstane of a prodution year or energy seletion, via Web interfae. The queries arestored in a entralized SQL database and the database is further populated with a fulllist of �les assoiated with queries. This is the role of a Feeder that ontats the globalFile atalog and stores information about reeived �les, suh as available repositories orsize. The subset of �les is seleted aording to a queue-based poliy and passed to thePlanner in the next bath. The result from planner, seleted transfer path for every �le,is stored bak to the database.2.3 Data MoverData Mover omponent is deployed at eah omputing site and its role is to exeutethe omputed plan for appropriate links. One instane of Data Mover is responsible oftransferring �les to/from the loal data servies and of pulling �les from remote sites.



E�ient Sheduling of Data Transfers in Distributed Environment 173The onept of lasses (Fig. 2 - right) is following: the Dispather lass starts one threadfor eah data servie (either loal or remote). The thread is waiting for the plannedtransfers with a `Queued` status on its link by querying the database. As soon as some�les are available, the transfer is exeuted alling appropriate bak-end tool. After theeither suessful or failed transfer the status is updated so other Data Movers are awareof ation.3 PlannerThe planner is responsible for generating the transfer paths for a given set of �les, whihare supposed to be optimal in the sense of minimal makespan as an objetive. Ourunderlying mathematial model is based on onstraints and we have studied two solvingapproahes. First one uses Constraint Programming tehnique and detailed desriptionan be found in [15℄, while its searh heuristi was published in [14℄. The seond approahuses Mixed Integer Programming (MIP) method and more detailed desription an befound in [13℄. Sine it provides a fairly better e�ieny we will outline this one in thefollowing text.3.1 Formal modelThe problem to be solved and its onstraints driven by environmental realities need toformalized using mathematial onstraints.The �rst part of the input represents the network and �le origins. The network,formally a direted weighted graph, onsists of a set of nodes N and a set of diretededges E. The nodes represent the omputing sites and the storage elements with extensiveaess times (e.g. Mass Storage Systems) while the edges transfer links between the nodes.The weight of an edge orresponds to the link bandwidth (bw(e)) between two sites oraverage lateny time for the storage elements (e.g. the time to stage the �le from thetape system). The information about �le's origins is a mapping of that �le to a set ofnodes where the �le is available.The seond part of the input onsists of the requests from the users, namely the setof �les that are going to be transferred and their destination sites (a single �le an berequested at multiple destinations). The goal of the solver is to produe:
• the transfer paths for eah �le, i.e. the seletion of origins and a valid path startingfrom the origin node and leading to the destinations suh that
• the resulting plan has the minimum makespan (the �nish time of the last transfer)The set OUT(n) onsists of all edges leaving node n, the set IN(n) of all edges leadingto node n. The input reeived from the users is a set of �le names F, where for every �le

f ∈ F we have a set of soures orig(f) - sites where the �le f is already available and aset of destinations dest(f) - sites where the �le f is supposed to be transferred.The essential idea is to use one deision variable for eah �le, its destination and edgein a graph. We will refer to this {0, 1} variable as Xfed, denoting whether �le f is routed(value 1) over the edge e of the network or not (value 0) to its destination d. Mathematial
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Xf,eFigure 3: Two independent paths are glued together, so the �le using their ommon linkswill be transferred only one (e.g. the �le is staged only one, then transferred to twodi�erent destinations)onstraints (1-2), ensuring that if all deision variables have assigned values the resultingon�guration ontains the independent transfer paths, are analogous to the Kirhho�'siruit laws.
∀f ∈ F, ∀d ∈ dest(f) :

X

e∈∪OUT(n|n∈orig(f))

Xfed = 1,
X

e∈∪IN(n|n∈orig(f))

Xfed = 0,
X

e∈OUT(d)

Xfed = 0,
X

e∈IN(d)

Xfed = 1 (1)
∀f ∈ F, ∀d ∈ dest(f), ∀n /∈ orig(f) ∪ {d} :

P

e∈OUT(n) Xfed ≤ 1
P

e∈IN(n) Xfed ≤ 1

X

e∈OUT(n)

Xfed =
X

e∈IN(n)

Xfed
(2)Having generated all independent paths for a �le to eah of its destination, we needto glue them together. One an look at it as reating a forest using the terminology fromthe graph theory (Figure 3). We ahieve it by de�ning new binary two-index variable Xfestating whether �le f uses link e (apart from reasoning about destinations).

∀f ∈ F, ∀e ∈ E, ∀d ∈ dest(f) : Xfed ≤ Xfe (3)
∀f ∈ F, ∀e ∈ E :

∑

d∈dest(d)

Xfed ≥ Xfe (4)
∀f ∈ F, ∀n /∈ orig(f) ∪ {d} :

∑

e∈IN(n)

Xfe ≤ 1 (5)Finally, sine we are minimizing the makespan, the time to transfer all �les to therequested destinations, we de�ne the onstraints (6) for estimation of the ompletitiontime T variable and appropriate objetive funtion: minimize T .
∀e ∈ E :

∑

f∈F

size(f) · Xfe

bw(e)
≤ T (6)3.2 ImplementationThe model explained in the previous setion onsists of all linear onstraints using binary(X) and real (T ) variables. As explained in [14℄ for realization of �le transfers we donot need an exat shedule, only the plan (the transfer paths) that will be followed by
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Figure 4: Computing enters in STAR experiment.Files 10 25 50 75 100 200Time (s) 0.024 0.258 0.786 1.324 2.518 9.574Table 1: Average time in seonds to �nd optimal transfer paths.the distributed link managers. Therefore, after the omparison of solving tehniques wehose MIP approah whih provides the most e�ient results. As the bakend MIP solverwe use GNU Linear ProgrammingKit (GLPK [2℄) from Java programming language viaSWIG interfae ([3℄).All presented experiments were performed on laptop with Intel Core2 Duo CPU�1.6GHz,2GB of RAM, running a Debian GNU Linux operating system. The real-life networkstruture among Tier-{0,1,2} sites in STAR experiment is depited in Figure 4. Thedistribution of �les is taken from empirial data, where 100% of the �les are kept at MSS,

60% at LBNL, 20% at KISTI and 5% are spread among Tier-2 sites.Aording to the results (Table 1) planning in bathes of �les (to ahieve adaptivenessto the network and fair-shareness to the users) seems to be realizable and payed-o� bythe gained optimality.4 ConlusionsIn this paper we takle the omplex problem of e�ient data movements on the networkwithin a distributed environment. The problem itself arises from the real-life needs ofthe running nulear physis experiment STAR and its peta-sale requirements for datastorage and omputational power. We onentrated on the detailed explanation of therequested features from the automated system we have been developing, arhiteture andonept of the key-stone omponents. The planning mehanism based on onstrainedmodel was presented as disussed in our previously published work. Our main fousis in the implementation of the omponents, urrently being developed and deployed.The early tests in real-world environment point promising indiation of orretness ofthe hosen approah. In the nearest future we will ontinue with implementation andmeasurements in the heavy-loaded environment.Referenes[1℄ M. L. Fisher. The Lagrangian Relaxation Method for Solving Integer ProgrammingProblems. Management Siene 27 (January 1981), 1�18.[2℄ GLPK. http://www.gnu.org/software/glpk/.
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