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Fa
tor Frequen
ies of Reversal Closed Languages�ubomíra Balková3rd year of PGS, email: l.balkova�
entrum.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Zuzana Masáková, Department of Mathemati
s, Fa
ulty of Nu
learS
ien
es and Physi
al Engineering, CTUAbstra
t. We study in�nite words over a �nite alphabet. In parti
ular, we fo
us on frequen
iesof fa
tors (subwords) of in�nite words whose language is reversal 
losed, i.e. u 
ontains with ea
hfa
tor also its mirror image. Cru
ial is the notion of Rauzy graphs asso
iated with the in�niteword. Investigation of symmetries of the redu
ed Rauzy graph Γn, n ∈ N, allows us to determinea good and easily 
al
ulable upper bound on the number of di�erent fa
tor frequen
ies.Abstrakt. Studujeme nekone£ná slova nad kone£nou abe
edou. Spe
iáln¥ se zam¥°ujeme nafrekven
e faktor �u nekone£ný
h slov, jeji
hº jazyk je uzav°en na reverzi, tj. s kaºdým slovemobsahuje také slovo, které získáme, kdyº p°e£teme dané slovo pozpátku. Klí£ovým pojmem jeRauzyho graf p°i°azený nekone£nému slovu. Zkoumání symetrií redukovaného Rauzyho grafu
Γn, n ∈ N, nám umoºní nalézt dobrý a snadno vypo£itatelný horní odhad na po£et r �uzný
hfrekven
í faktor �u nekone£ného slova.1 Introdu
tionEverybody who is about to study a foreign language is interested in word frequen
ies ofthis language. The reason is simple. If you start, there is no point in beginning withlow-frequen
y words provided your aim is to manage everyday 
ommuni
ation. Wordfrequen
ies are in fo
us of designers of internet sear
h engines, but also of the one whowants to raise the visit rate of his web page. There exist so-
alled �stoplists" whi
hprovide frequen
ies of most often used words. For instan
e, just three words I, and,the a

ount for ten per
ent of all words in printed English. This is �easy� to 
al
ulate.Prepare a sheet of paper, go through all printed matters in English, for ea
h word youread, put a bla
k tally on the sheet, and ea
h time you see I or and or the, put a redtally on the sheet. At the end, divide the number of red tallies by the number of bla
ktallies and you should obtain approximately 0, 1. In the Cze
h language, similar role isplayed by words a, v, se, na, je, ºe, o whi
h take about 9 per
ent of a written text. Inthis paper, our point of view will not be linguisti
 (statisti
), we will instead move tothe domain of Combinatori
s on Words and Graph Theory. We will turn our attentionto fa
tor frequen
ies in in�nite words, so the number of o

urren
es of a fa
tor will bepossibly in�nite and the de�nition of fa
tor frequen
y will have to be generalized. Wewill show how to �nd a good upper bound on the number of di�erent fa
tor frequen
ies inin�nite words whi
h 
ontain with every fa
tor also its mirror image. Let us also mentionthat we have studied fa
tor frequen
ies in several 
lasses of in�nite words (to be foundin the thesis) and the results 
on�rm a

ura
y of the obtained upper bound.1



2 �. BalkováHaving introdu
ed notation and basi
 de�nitions, we will �rst re
all well-known re-lations holding for frequen
ies of edges and verti
es in Rauzy graphs (Kir
hho�'s law).Afterwards, we will introdu
e a useful tool- redu
ed Rauzy graph. With this in hand, one
an easily dedu
e the upper bound derived by Boshernitzan (Theorem 7). Knowing thatfor any in�nite reversal 
losed word u, the mirror map does not 
hange fa
tor frequen
ieswill allow us to improve essentially the upper bound in 
ase of words whose language isreversal 
losed (Theorem 10).2 PreliminariesFirst, let us re
all our �vo
abulary� whi
h will be used throughout this paper. An alphabet
A is a �nite set of symbols 
alled letters. A 
on
atenation of letters is a word. Length ofa word w is the number of letters 
ontained in w and is denoted |w|. We will also dealwith right-sided in�nite words u = u0u1u2.... A �nite word w is 
alled a fa
tor of the word
u (�nite or in�nite) if there exist a �nite word w(1) and a word w(2) (�nite or in�nite)su
h that u = w(1)ww(2). An in�nite word u is said to be re
urrent if ea
h of its fa
torso

ur in�nitely many times in u and u is uniformly re
urrent if for any n ∈ N there existsan R(n) ∈ N su
h that any fa
tor of u of length R(n) 
ontains all fa
tors of length n. Anin�nite word u is said to be eventually periodi
 if there exist �nite words v, w su
h that
u = vwω, where wω means that w is repeated in�nitely many times. A word whi
h is noteventually periodi
 is 
alled aperiodi
. Language L(u) of an in�nite word u is the set ofall fa
tors of u. A language L(u) is reversal 
losed, if for every fa
tor w = w0w1 . . . wn,where wi ∈ A, i ∈ {0, . . . , n}, also its mirror image w = wn . . . w1w0 belongs to L(u).We denote by Ln(u) the set of fa
tors of length n of the in�nite word u. Then, we 
ande�ne 
omplexity fun
tion (or 
omplexity) Cu : N → N whi
h asso
iates to every n thenumber of di�erent fa
tors of length n of the in�nite word u, i.e.

Cu(n) = #Ln(u).Let us mention that if there exists n ∈ N su
h that Cu(n) ≤ n, then the in�nite word
u is eventually periodi
. In other words, aperiodi
 words has 
omplexity C(n) ≥ n + 1for all n ∈ N. Aperiodi
 words with the lowest possible 
omplexity are 
alled Sturmian.Similarly, let us denote by Paln(u) the set of palindromes of length n 
ontained in u andlet us de�ne palindromi
 
omplexity Pu : N→ N whi
h asso
iates to every n the numberof di�erent palindromes of length n of the in�nite word u. We re
all that palindrome isa word whi
h is equal to its mirror image. We say that a ∈ A is right extension of a fa
tor
w ∈ L(u) if wa is also a fa
tor of u. We denote by Rext(w) the set of all right extensionsof w in u, i.e. Rext(w) = {a ∈ A

∣
∣ wa ∈ L(u)}. If #Rext(w) ≥ 2, then the fa
tor w is
alled right spe
ial (RS for short). Analogously, we de�ne left extensions, Lext(w), leftspe
ial fa
tor (LS for short). Moreover, we say that a fa
tor w is bispe
ial (BS for short)if w is LS and RS. With this in hand, we 
an give a formula for the �rst di�eren
e of
omplexity ∆Cu(n) = Cu(n + 1)− Cu(n). We leave the proof as an easy exer
ise.

∆Cu(n) =
∑

w∈Ln(u)

(
#Rext(w)− 1

)
=

∑

w∈Ln(u)

(
#Lext(w)− 1

)
, n ∈ N. (1)



Fa
tor Frequen
ies of Reversal Closed Languages 3To have everything prepared for the dedu
tion of an improved upper bound on the numberof di�erent frequen
ies, it remains to de�ne Rauzy graph, and, of 
ourse, fa
tor frequen
y.De�nition 1. Rauzy graph Γn of an in�nite word u (of order n) is a dire
ted graph whoseset of verti
es is Ln(u) and set of edges is Ln+1(u). Let w0, w1, . . . , wn be letters in A andlet e = w0w1 . . . wn−1wn be an edge of Γn, then e starts in the vertex w = w0w1 . . . wn−1and ends in the vertex v = w1 . . . wn−1wn.De�nition 2. Let w be a fa
tor of an in�nite word u over a �nite alphabet A, then (fa
tor)frequen
y of w (in u) is de�ned as
ρ(w) = lim

|v|→∞,v∈L(u)

#{o

urren
es of w in v}
|v|if the limit exists.3 Upper bound on the number of fa
tor frequen
iesIn the sequel, let us suppose that frequen
ies of all fa
tors of L(u) exist. It is not di�
ultto see that the frequen
y of a vertex w in Γn is equal to the sum of frequen
ies of theedges starting in w, or, by symmetry, the sum of frequen
ies of the edges ending in w.Let us formalize this observation and leave its proof as a simple exer
ise.Lemma 3 (Kir
hho�'s law). Let w be a fa
tor of u, then

ρ(w) =
∑

a∈Lext(w)

ρ(aw) =
∑

a∈Rext(w)

ρ(wa).Consequently, if a fa
tor w ∈ L(u) is neither LS nor RS, then both the frequen
y ofthe unique edge starting in w and the frequen
y of the unique edge ending in w is equalto ρ(w). Formally rewritten, this observation has the following reading.Corollary 4. Let w be a fa
tor of u whi
h is neither LS nor RS. Let us denote by a theonly left extension of w and by b its only right extension. Then, ρ(w) = ρ(aw) = ρ(wb).We 
an label every edge e in the Rauzy graph Γn of u by ρ(e). Then the numberof di�erent frequen
ies of fa
tors in Ln+1(u) 
orresponds to the number of di�erent edgelabels in Γn. For a fa
tor w ∈ Ln(u) whi
h is neither LS nor RS, it is thus evident thatthe unique edge ending in w has the same label ρ(w) as the unique edge starting in w.Consequently, if we are interested in the number of di�erent edge labels, we 
an removethe vertex w from the graph and repla
e the in
oming and outgoing edge with a new edgekeeping the label ρ(w). Repeating this pro
edure, we obtain the so-
alled redu
ed Rauzygraph, whi
h has obviously the same set of edge labels. Let us give pre
ise de�nitions.De�nition 5. Let Γn be the Rauzy graph of order n of an in�nite word u. A dire
ted path
w(0)w(1) . . . w(m) in Γn su
h that its initial vertex w(0) is LS or RS, its �nal vertex w(m) isalso LS or RS, and the other verti
es are neither LS nor RS fa
tors is 
alled simple. Wede�ne label of the simple path as the label of any edge of this path.



4 �. BalkováDe�nition 6. Redu
ed Rauzy graph Γ̃n of u (of order n) is a dire
ted graph whose setof verti
es is formed by LS and RS fa
tors of Ln(u) and whose set of edges is given inthe following way. Verti
es w and v are 
onne
ted with an edge e if there exists in Γna simple path starting in w and ending in v. We assign to su
h an edge e the label of the
orresponding simple path.The number of di�erent edge labels in the redu
ed Rauzy graph Γ̃n is 
learly less orequal to the number of edges in Γ̃n. Let us thus 
al
ulate the number of edges in Γ̃nin order to get an upper bound on the number of frequen
ies of fa
tors in Ln+1(u). Forevery RS fa
tor w ∈ Ln(u), it holds that #Rext(w) edges begin in w, and for every LSfa
tor v ∈ Ln(u) whi
h is not RS, only one edge begins in v, thus we get the followingrelation
#{e| e edge in Γ̃n} =

∑

w RS#Rext(w) +
∑

v LS not RS 1. (2)Using Equation 1, we dedu
e that
#{e| e edge in Γ̃n} = ∆C(n) +

∑

v RS 1 +
∑

v LS not RS 1. (3)The following result initially proved by Boshernitzan in [3℄ follows immediately.Theorem 7 (Boshernitzan). Let u be an in�nite word su
h that for every fa
tor w ∈ L(u),the frequen
y ρ(w) exists. Then for every n ∈ N, it holds
#{ρ(e)

∣
∣ e ∈ Ln+1(u)} ≤ 3∆C(n).This upper bound 
an be lowered for an in�nite word u whose language L(u) is reversal
losed. In this 
ase, ea
h fa
tor of u has the same frequen
y as its mirror image.Lemma 8. Let u be an in�nite word whose language L(u) is reversal 
losed and su
h thatfor ea
h fa
tor w ∈ L(u), the frequen
y ρ(w) exists. Then ρ(w) = ρ(w) holds for ea
hfa
tor w of L(u).Proof. Take an arbitrary fa
tor w ∈ L(u) and let (v(n))∞n=1 be any sequen
e of a stri
tlygrowing length in L(u). Sin
e the frequen
y of w exists, we 
an write

ρ(w) = lim
n→∞

#{o

urren
es of w in v(n)}
|v(n)| .As L(u) is reversal 
losed, we get

#{o

urren
es of w in v(n)} = #{o

urren
es of w in v(n)}.Using |v(n)| = |v(n)|, we 
an then rewrite ρ(w) as follows
ρ(w) = lim

n→∞
#{o

urren
es of w in v(n)}

|v(n)|
= ρ(w).The last equality holds thanks to the assumption that frequen
ies of all fa
tors exist.



Fa
tor Frequen
ies of Reversal Closed Languages 5We have now everything prepared for an improvement of the upper bound on thenumber of edge labels in Γ̃n, or, equivalently, on the number of di�erent fa
tor frequen
iesof Ln+1(u) of an in�nite word u whose language is reversal 
losed. The following lemmawill play an essential role in this improvement.Lemma 9. Let u be an in�nite word whose language L(u) is reversal 
losed and su
h thatfor ea
h fa
tor w ∈ L(u), the frequen
y ρ(w) exists. Then for every n ∈ N, we have
#{ρ(e)|e ∈ Ln+1} ≤

1

2

(

P (n) + P (n+ 1) + ∆C(n) −
∑

w BS in Ln

1 −
∑

w BS in Paln

1

)

+
∑

w RS in Ln

1.Proof. Let Γn be the Rauzy graph of u of order n. Let us de�ne a mapping f whi
h toevery vertex w ∈ Ln(u) asso
iates the vertex w, to every edge e ∈ Ln+1(u) asso
iates theedge e, and to every path w(0)w(1) . . . w(m) in Γn asso
iates the path w(m) . . . w(1) w(0).Then, 
learly, f 2 = Id and thanks to the 
loseness of L(u) under reversal, f maps theRauzy graph Γn onto itself, in fa
t, f is an automorphism of Γn. Let us repla
e the Rauzygraph Γn by the redu
ed Rauzy graph Γ̃n. We know already that the set of edge labelsof Γ̃n is equal to the set of edge labels of Γn. Let us denote by A the number of edges ein Γ̃n su
h that e is mapped by f onto itself and by B the number of edges e in Γ̃n su
hthat e is not mapped by f onto itself, then 
learly, #{e| e edge in Γ̃n} = A + B. To bemore pre
ise, if e is an edge in Γ̃n 
orresponding to the simple path w(0)w(1) . . . w(m) in
Γn, then f(e) is the edge in Γ̃n 
orresponding to the simple path f(w(0)w(1) . . . w(m)) =

w(m) . . . w(1) w(0). Consequently, if e is mapped by f onto itself, then the 
orrespondingsimple path w(0)w(1) . . . w(m) satis�es that its 
entral vertex w(m
2

) is a palindrome (for meven) or its 
entral edge going from w(m−1
2

) to w(m+1
2

) is a palindrome (for m odd). Onthe other hand, every palindrome of length n+ 1 forms the 
entral edge of a simple pathin Γn whi
h is mapped by f onto itself and every palindrome of length n forms either the
entral vertex of a simple path whi
h is mapped by f on itself or is BS and thus a vertexin Γn. Therefore,
A = P (n) + P (n+ 1)−#{w ∈ Ln|w BS in Paln}. (4)We subtra
t the number of palindromi
 BS fa
tors of Ln(u) sin
e they form verti
es, notedges in Γ̃n. Now, let us turn our attention to edges e whi
h are not mapped by f ontothemselves. If e is an edge in Γ̃n going from a vertex w to v, where f(e) 6= e, then thereexists an edge e′ in Γ̃n going from v to w with e′ 6= f(e′), namely e′ = f(e). However, eand e′ have the same label. (If e 
orresponds to the simple path w(0)w(1) . . . w(m) in Γn,then e′ 
orresponds to the simple path w(m) . . . w(1) w(0) in Γn. Lemma 8 implies thatthe label of these simple paths is the same.) These 
onsiderations lead to the followingestimate
#{ρ(e)| e ∈ Ln+1(u)} ≤ A+

1

2
B =

1

2
A+

1

2
(A+B) (5)Rewriting Equation (3), we obtain

A+B = ∆C(n) + 2
∑

w RS in Ln

1−
∑

w BS in Ln

1.The statement follows then using Equation (4).



6 �. BalkováTheorem 10. Let u be an in�nite word whose language L(u) is reversal 
losed and su
hthat for every fa
tor w ∈ L(u), the frequen
y ρ(w) exists. Then for every n ∈ N, we have
#{ρ(e)|e ∈ Ln+1} ≤ 2∆C(n) + 1− 1

2

(
∑

w BS in Paln

1 +
∑

w BS in Ln

1

)

≤ 2∆C(n) + 1.The equality #{ρ(e)|e ∈ Ln+1(u)} = 2∆C(n) + 1 holds for all su�
iently large n if andonly if u is periodi
.Remark 11. To approve that the estimate from Theorem 10 
annot be easily loweredkeeping its general validity, let us demonstrate that it is rea
hed for all lengths n ∈ N inthe 
ase of Sturmian words. Thanks to [4℄, we know that every Sturmian word is reversal
losed and all BS fa
tors are palindromes. Moreover, sin
e ∆C(n) = 1 for all n ∈ N, theupper bound on the number of di�erent frequen
ies 
an be simpli�ed as follows
#{ρ(e)|e ∈ Ln+1(u)} ≤ 3 −

∑

w BS in Ln

1.To see that the upper bound is rea
hed, it su�
es to re
all the result of Berthé in [2℄
#{ρ(e)|e ∈ Ln+1(u)} =

{
2 if n is the length of a BS fa
tor,
3 otherwise.Proof of Theorem 10. It has been shown in [1℄ that

P (n) + P (n+ 1) ≤ ∆C(n) + 2 for every n ∈ N. (6)The term ∑

w RS in Ln
1 
an be bounded by ∑w RS in Ln

(#Rext(w) − 1) = ∆C(n). Ap-plying these bounds on the result of Lemma 9, we obtain
#{ρ(e)|e ∈ Ln+1} ≤ 2∆C(n) + 1− 1

2

(
∑

w BS in Paln

1 +
∑

w BS in Ln

1

)

.Let us turn our attention to eventually periodi
 words. Sin
e L(u) is reversal 
losed, itfollows immediately that u is re
urrent. If u is eventually periodi
 and re
urrent, then
u is known to be periodi
. Thus, there exists a minimal period K su
h that u = zω,where |z| = K. Then, C(n) = K for every n ≥ K and every fa
tor of length n o

urswith frequen
y 1

K
. Thus, #{ρ(e)| e edge in Γn} = 2∆C(n) + 1 = 1 for n ≥ K. If

u is aperiodi
, then ∆C(n) ≥ 1 together with the fa
t that every LS fa
tor is pre�xof a BS fa
tor implies that for every N ∈ N, there exists a BS fa
tor in L(u) of length
n ≥ N , hen
e #{ρ(e)| e edge in Γn} ≤ 2∆C(n)+1− 1

2

(∑

w BS in Paln
1 +

∑

w BS in Ln
1
)
<

2∆C(n) + 1.For 
ompleteness' sake, let us mention another proof whi
h will not use Equation (6),nevertheless, similar ideas as those ones o

urring in [1℄ will be present. Going throughthis se
ond version of the proof, it 
an be in parti
ular noti
ed that Theorem 10 does not



Fa
tor Frequen
ies of Reversal Closed Languages 7require uniform re
urren
e of the in�nite word u. We will keep notation from Proof ofLemma 9 and we will make use of a partial result rewritten in a di�erent way this time:
#{ρ(e)|e ∈ Ln+1(u)} ≤ A+

1

2
B = (A+B)− 1

2
B. (7)We want to �nd a lower bound on B, i.e. on the number of edges in Γ̃n whi
h are notmapped by f on themselves. Γ̃n 
ontains the following disjoint subgraphs (whose union
omprises all verti
es of Γ̃n) of three types:1. subgraphs 
ontaining two verti
es w and w, where w is RS not LS, and all edges
onne
ting them mutually2. subgraphs 
ontaining two verti
es w and w, where w is non-palindromi
 BS, andall edges 
onne
ting them mutually (attention! number of subgraphs of this typeis just 1

2
#{w ∈ Ln(u)

∣
∣ w non-palindromi
 BS})3. subgraphs 
ontaining one vertex w, where w is a palindromi
 BS, and eventuallyedges-loops starting and ending in wClearly, all edges in Γ̃n whi
h are mapped by f on themselves are 
ontained in the abovesubgraphs. Sin
e (redu
ed) Rauzy graphs of in�nite words are 
onne
ted, ea
h subgraphis 
onne
ted with an edge to the union of the remaining subgraphs. Moreover, sin
ethe language L(u) is reversal 
losed, if an edge e starts in a subgraph Γ and ends ina subgraph Γ′, then the edge f(e) starts in Γ′ and ends in Γ. It follows that B is greateror equal to 2× the minimal number of edges whi
h 
an ensure 
onne
tion of the disjointsubgraphs of the graph:

B ≥ 2× number of subgraphs− 2 = 2
∑

w RS in Ln

1 +
∑

w BS in Paln

1−
∑

w BS in Ln

1− 2. (8)Implanting in Equation (7) the just dedu
ed lower bound on B together with the expres-sion of A +B derived in Proof of Lemma 9
A +B = ∆C(n) + 2

∑

w RS in Ln

1−
∑

w BS in Ln

1,and with the fa
t that ∑w RS in Ln
1 
an be bounded by ∑w RS in Ln

(#Rext(w) − 1) =
∆C(n), we have proved the upper bound from Theorem 10

#{ρ(e)| e edge in Γn} ≤ 2∆C(n) + 1− 1

2

(
∑

w BS in Paln

1 +
∑

w BS in Ln

1

)

.To 
on
lude, let us throw in that we have studied frequen
ies of in�nite words as-so
iated with β-integers for β being a quadrati
 non-simple Parry number, thus de�nedover a two-letter alphabet, and we have learned that the upper bound from Theorem 10is either rea
hed (for most of the lengths) or is only by 1 greater than the real numberof fa
tor frequen
ies of a given length. Another example of an in�nite word, even overa k letter alphabet, where the upper bound is rea
hed for all lengths, is the k-intervalex
hange word. (Des
ription of frequen
ies has been re
ently given by Feren
zi [5℄.)
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Parallel Algorithm for Numeri
al Solutionof Nonlinear Evolution EquationsStanislav Brand2nd year of PGS, email: brands1�kmlinux.fjfi.
vut.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Mi
hal Bene², Department of Mathemati
s, Fa
ulty of Nu
learS
ien
es and Physi
al Engineering, CTUAbstra
t. The arti
le brie�y summarizes numeri
al solution of Mean-Curvature Flow problemfor the Level Set method and its parallelization. The numeri
al solution is based on spatialdis
retization by �nite di�eren
es, and time dis
retization is given by the Runge-Kutta andthe Runge-Kutta-Merson s
heme. The algorithm is parallelized for the shared memory systemsusing OpenMP. The 
omputational results demonstrate the time evolution of the initial 
urveunder given 
urvature.Abstrakt. Tento p°ísp¥vek krát
e shrnuje numeri
ké °e²ení rovni
e Mean-Curvature Flow, spouºitím Level Set methody, a moºnosti paraleliza
e. �e²ení se skládá z diskretiza
e prostorovéoblasti pomo
í kone£ný
h diferen
í a následného °e²ení £asové úlohy pomo
í Runge-Kuttovy aRunge-Kutta-Mersnovy metody. Algoritmus byl paralelizován pro systémy se sdílenou pam¥típomo
í OpenMP. Výpo£etní výsledky ukazují £asový vývoj po£áte£ní k°ivky pod vlivem k°ivosti.1 Introdu
tionThe equation des
ribes the motion of the hypersurfa
e Γ(t) with the velo
ity, whi
h is itsmean 
urvature. The problem 
an be written as
vΓ = −KΓ + F on Γ(t), (1)where vΓ is the normal velo
ity, KΓ is the mean 
urvature of the hypersurfa
e Γ(t) and

F is the for
ing term. Su
h a system of equations has been studied by many authorsthroughout last de
ade (see [2℄ ,[3℄, [4℄, [5℄, [6℄).We would like to tra
k possible topologi
al 
hanges of Γ(t) and therefore we have
hosen the Level Set method. This method des
ribes the hypersurfa
e Γ(t) as the zeroLevel Set of an auxiliary fun
tion P : Rn+1 × [0,∞)→ R, i.e.
Γ(t) = {x ∈ Rn+1|P (x, t) = 0}. (2)Assume that ▽P 6= 0 in a neighbourhood of Γ(t). Then the outer normal to Γ(t), its9



10 S. Brandmean 
urvature and the normal velo
ity are given by
nΓ = − ▽P

|▽P | , (3)
KΓ = div(nΓ) = −div

( ▽P

|▽P |
)
, (4)

vΓ =
∂tP

|▽P | . (5)Let Ω be a bounded domain in Rn+1.The equation (1) yields into partial di�erentialequation (PDE) for P.
∂tP

|▽P | = div
( ▽P

|▽P |
)

+ F on Ω× [0,∞), (6a)
P (x, 0) = Pini(x) on Ω, (6b)

∂P

∂nΓ
= 0 on ∂Ω. (6
)2 Numeri
al algorithmThe equation (6) is highly nonlinear, degenerate paraboli
 PDE. We solved it by themethod of lines. This te
hnique for solving PDEs starts with dis
retising all but onedimension using �nite di�eren
e and then solve resulting semi-dis
rete problem, that isa set of ordinary di�erential equations (ODEs).2.1 Spatial dis
retizationWe performed spatial dis
retization using two di�erent �nite di�erential s
heme. S
hemesare written using following notation.

h = [h1, h2], h1 =
L1

N1

, h2 =
L2

N2

, xi,j = [x1
i,j , x

2
i,j], Pi,j = P (xi,j), (7)

Px̄1,i,j =
Pi,j − Pi−1,j

h1
, Px1,i,j =

Pi+1,j − Pi,j

h1
, (8)

Px̄2,i,j =
Pi,j − Pi,j−1

h2
, Px2,i,j =

Pi,j+1 − Pi,j

h2
, (9)

▽̄hP = [Px̄1, Px̄2],▽hP = [Px1 , Px2], (10)
Pn = PnP. (11)2.1.1 Regularized s
hemeThis s
heme is based on operator form of equation (6), where we substitute derivativeoperators using dis
rete di�erential operators (10), (see [4℄)

dPn

dt
= Q̄▽n ·

( ▽̄nPn

Q(▽̄nPn)

)
+ Q̄F, (12)



Parallel Algorithm for Numeri
al Solution of Nonlinear Evolution Equations 11where
Q(▽P ) =

√

ǫ2 + ||▽P ||2, ǫ > 0, (ǫ = 10−9), (13)
Q̄ =

1

2
(Q(▽̄nPn) +Q(▽nPn)). (14)2.1.2 Central di�eren
e s
hemeExpanding divergen
e and gradient operators in the equation (6) yields

∂tP =
∂x1x1P (∂x2P )2 + ∂x2x2P (∂x1P )2 − 2∂x1P∂x2P∂x1x2P

(∂x1P )2 + (∂x2P )2

+
√

(∂x1P )2 + (∂x2P )2F

(15)Substituting spatial derivatives using 
entral di�eren
es we get following ODE
∂tP =

Pi,j+1−2Pi,j+Pi,j−1

dx2
2

(Pi+1,j−Pi−1,j

2dx1

)2
+

Pi+1,j−2Pi,j+Pi−1,j

dx2
1

(Pi,j+1−Pi,j−1

2dx2

)2

(Pi+1,j−Pi−1,j

2dx1

)2
+
(Pi,j+1−Pi,j−1

2dx2

)2

−
2
(Pi+1,j−Pi−1,j

2dx1

)(Pi,j+1−Pi,j−1

2dx2

)(Pi+1,j+1−Pi+1,j−1−Pi−1,j+1+Pi−1,j−1

4dx1dx2

)

(Pi+1,j−Pi−1,j

2dx1

)2
+
(Pi,j+1−Pi,j−1

2dx2

)2

+

√
(Pi+1,j − Pi−1,j

2dx1

)2

+
(Pi,j+1 − Pi,j−1

2dx2

)2

F

(16)
2.2 Time dis
retizationTo solve this system of ODE's we use the Runge-Kutta-Merson, that is a modi�ed Runge-Kutta method with adaptive time stepping (see [11℄). The time-step length adaptivitymay shorten the time needed for 
omputation. The algorithm 
an be written in thefollowing form1. 
ompute k1ij(dt)2. 
ompute k2ij(dt)3. 
ompute k3ij(dt)4. 
ompute k4ij(dt)5. 
ompute k5ij(dt)6. q = max{|2k1ij(dt)− 9k3ij(dt) + 8k4ij(dt)− k5ij(dt)|/30}7. if(q < adaptivity)8. {9. yij(t0 + dt) = yij(t0) + (k1ij(dt) + 4k4ij(dt) + k5ij(dt))/610. t0 = t0 + dt11. }12. dt = dtω(adaptivity/q)0.2



12 S. Brandwhere 
oe�
ients k1, . . . , k5 are de�ned as follows
k1(dt) = dtf(t0, y(t0))

k2(dt) = dtf(t0 + dt/3, y(t0) + k1(dt)/3)

k3(dt) = dtf(t0 + dt/3, y(t0) + (k1(dt) + k2(dt))/6)

k4(dt) = dtf(t0 + dt/2, y(t0) + 0.125k1(dt) + 0.375k3(dt))

k5(dt) = dtf(t0 + dt, y(t0) + 0.5k1(dt)− 1.5k3(dt) + 2.0k4(dt))

(17)
where f is the right hand side of equations (12) or (16). We usually 
hoose adaptivity ∈
[10−6, 10−3],ω ∈ [0.8, 0.9].3 Stability of numeri
al algorithmWe do not know the analyti
al solution for the equation (1), so to demonstrate stabilityand 
onsisten
y, we have to use numeri
al results 
omputed on a re�ned grid. We linearlyinterpolate the solution on the �nest grid and 
ompare it with the remaining solutions(see Tables 1,2 and 5,6).For the initial 
ondition, where the zero levelset is the 
ir
le with the radius r0 andthe for
ing term F = 0 the equation (1) yields

dr

dt
= −1

r
(18)This equation has the exa
t analyti
al solution

r(t) =
√

r2
0 − 2t. (19)Tables 3,4 and 7,8 presents 
onvergen
e errors and EOC 
oe�
ients 
omputed usingexa
t solution (19). Mesh L∞(0, T ;L2) L∞(0, T ;L∞)

h error of u error of u0.2040816 0.0475471 0.27091500.1010101 0.0138025 0.12515000.0502513 0.0046021 0.05336600.0250627 0.0013799 0.0177440Table 1: Table of 
onvergen
e errors. Spa
e dis
retization: Regularized s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the hypersurfa
e
Γ.



Parallel Algorithm for Numeri
al Solution of Nonlinear Evolution Equations 13Mesh EOC u EOC u
h L2 L∞0.2040816 0.0000000 0.00000000.1010101 1.7586649 1.09809840.0502513 1.5731378 1.22079270.0250627 1.7314871 1.5828592Table 2: Table of EOC 
oe�
ients. Spa
e dis
retization: Regularized s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the hypersurfa
e

Γ. Mesh L∞(0, T ;L2)
h error of u0.2083333 0.00803040.1020408 0.00356120.0505050 0.00136800.0251256 0.00062670.0125313 0.0002926Table 3: Table of 
onvergen
e errors. Spa
e dis
retization: Regularized s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the zero LevelSet. Mesh EOC u
h L20.2083333 0.00000000.1020408 1.13921450.0505050 1.36040800.0251256 1.11796570.0125313 1.0951178Table 4: Table of EOC 
oe�
ients. Spa
e dis
retization: Regularized s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the zero LevelSet. Mesh L∞(0, T ;L2) L∞(0, T ;L∞)

h error of u error of u0.2040816 0.0475471 0.27091500.1010101 0.0121113 0.12515000.0502513 0.0033617 0.05336600.0250627 0.0010117 0.0177440Table 5: Table of 
onvergen
e errors. Spa
e dis
retization: Central di�eren
e s
heme,Time dis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the hyper-surfa
e Γ.
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Mesh EOC u EOC u
h L2 L∞0.2040816 0.0000000 0.00000000.1010101 1.9445204 1.09809840.0502513 1.8357707 1.22079270.0250627 1.7261743 1.5828592Table 6: Table of EOC 
oe�
ients. Spa
e dis
retization: Central di�eren
e s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the hypersurfa
e

Γ.
Mesh L∞(0, T ;L2)
h error of u0.2083333 0.00470620.1020408 0.00115640.0505050 0.00029920.0251256 0.00007140.0125313 0.0000193Table 7: Table of 
onvergen
e errors. Spa
e dis
retization: Central di�eren
e s
heme,Time dis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the zeroLevel Set.
Mesh EOC u
h L20.2083333 0.00000000.1020408 1.96644700.0505050 1.92244760.0251256 2.05279630.0125313 1.8825815Table 8: Table of EOC 
oe�
ients. Spa
e dis
retization: Central di�eren
e s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.00001. Computed for the zero LevelSet.



Parallel Algorithm for Numeri
al Solution of Nonlinear Evolution Equations 154 Numeri
al resultsThis se
tion 
ontains results for the Mean-Curvature Flow problem. Results are repre-sented by graphs displaying the Level Set hypersurfa
e. The solution was 
omputed atthe time interval [0, 1.4] using the spa
e domain [−3, 3]× [−3, 3] with the grid 
ontaining
200× 200 points and the Neumann boundary 
ondition.
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Figure 1: Solution of (6) with f = 0.



16 S. Brand5 Parallelization of numeri
al algorithmsThe main purpose of our work was to 
ompare the e�
ien
y of parallel algorithms fornumeri
al solution of the Mean-Curvature Flow problem on systems with shared memory.Shared memory means that all data are saved in the memory that 
an be a

essed by allCPUs. This 
on
ept is used by OpenMP API (see [1℄).The results of e�
ien
y measurement are presented in Table 9. The table has thefollowing stru
ture. The �rst 
olumn 
ontains the grid dimension. The se
ond 
olumn
ontains the time of sequen
e program in se
onds, this means the time of the 
omputationmade by only one pro
essing unit. The remaining 
olumns 
ontain the time of parallelprogram and the e�
ien
y of this program in the bra
kets. In the header of these 
olumnsthere is spe
i�ed how many OpenMP pro
esses were used in the 
omputation. Thetime duration of ea
h 
omputation was measured by the C gettimeofday() fun
tion asa di�eren
e between the start and the end time. The times listed in here are the timesneeded for the 
omputation only. This means the times needed for the value initializationand result saving is ex
luded. The e�
ien
y is 
al
ulated from the following formula:
efficiency =

sequence time

parallel time× number of processors
(20)grid OMP=250×50 6.100 4.714(0.647)100×100 25.609 15.298(0.837)150×150 62.783 35.192(0.892)200×200 114.270 61.042(0.936)250×250 178.611 98.789(0.904)300×300 261.127 145.881(0.895)350×350 357.475 194.069(0.921)400×400 438.124 233.293(0.939)450×450 550.205 287.163(0.958)500×500 679.820 361.222(0.941)Table 9: Time and e�
ien
y of parallel program using Central di�eren
e s
heme, Timedis
retization: RK-mersn s
heme, adaptivity = 0.001.

6 Con
lusionWe solved the Mean-Curvature Flow problem for the Level Set method using severaldi�erent initial 
onditions. Numeri
ally proved the stability and 
onsisten
y of bothRegularized and Central di�eren
e s
hemes in 
ombination with RK-mersn s
heme andshown that OpenMP is suitable for this equation.
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Position Sensitive Dete
tor Data A
quisition Path∗Martin Dráb4th year of PGS, email: drab�kepler.fjfi.
vut.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Ladislav Kalvoda, Department of Solid State Engineering, Fa
ultyof Nu
lear S
ien
es and Physi
al Engineering, CTUAbstra
t. The spe
i�
 initial and main aim of the proje
t INDECS was to drive the neutrondi�ra
tometer KSN-2 in its upgraded form maintaining the position sensitive dete
tors (PSD).For the purpose of 
olle
ting data from these dete
tors a spe
ial 
omplex stru
ture 
alled PSDA
quisition Path (PSDAP) was 
reated and it will be integrated into the 
on
ept of proje
tINDECS as one of its External Exe
ution Modules (EEM).Abstrakt. P·vodním hlavním 
ílem projektu INDECS bylo °ídit neutronový difraktometr KSN-2, který ve své vylep²ené podob¥ obsahuje pozi£n¥ 
itlivé detektory (PSD). Za ú£elem sbírání datz t¥
hto detektor· byla vytvo°ena spe
iální komplexní struktura nazvaná PSD A
quisition Path(PSDAP), která bude integrována do kon
eptu projektu INDECS v podob¥ External Exe
utionModulu (EEM).1 Introdu
tionUpgrade of the KSN-2 neutron di�ra
tometer from a simple (one 
hannel) 
ounting dete
-tor type to a type with a set of position sensitive dete
tors (PSD) required a 
ompletelydi�erent and mu
h more 
ompli
ated way of 
olle
ting data from the dete
tors. It wasalso one of the reasons for laun
hing proje
t INDECS, to 
reate a software that woulddo just that, among other things related to driving the di�ra
tometer.In this arti
le we would brie�y des
ribe the design of the part of the proje
t INDECSthat is meant to 
olle
t data from the PSDs of KSN-2 di�ra
tometer and do its basi
evaluation to the form of a neutron-
ounting histogram, whi
h is supposed to be theraw output of the neutron di�ra
tometer for the physi
ists, who then use this form ofdata to do further pro
essing and thereby extra
ting other studied information about themeasured samples. This part is 
alled the PSD A
quisition Path or the PSDAP.At some points we are going to be rather spe
i�
 on the implementation and hardwarethat is 
urrently used for the KSN-2 data 
olle
tion and pro
essing, but the global 
on
eptof the PSDAP is designed in a way that its individual parts 
an be repla
ed with adequateparts for di�erent hardware setup, should this 
hange in the future, or to adapt it for adi�erent di�ra
tometer setup.
∗This work has been supported by grants MSM6840770021 and JINR 22-03007.19
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570 142PCFigure 1: Ele
troni
s of the position sensitive dete
tor used on the KSN-2 neutron di�ra
-tometer.1.1 KSN-2 dete
tor hardwareThe hardware surrounding the a
tual PSD on the KSN-2 di�ra
tometer is shown in ablo
k s
heme on �gure 1. For a little more spe
i�
 des
ription, see for instan
e [2℄ (
hapter2), and for the des
ription of the prin
iples of the PSD, see the [1℄ or any other 
ommonliterature about the PSDs.For our purposes it is su�
ient to know, that the PSD a
ts like a big resistor andthat the signal pulse generated by the event of an in
oming neutron is split in two andtravels through the resistor to either end of the dete
tor, where it is preampli�ed by apreampli�er (EG&G Orte
 142PC in our 
ase) and then ampli�ed and shaped by theshaping ampli�er, whi
h in our 
ase is the EG&G Orte
 570), where not only is thepulse ampli�ed to a level that we 
an further sample, but it is also given a proper andquite ni
ely looking (
ompared to the a
tual signal 
oming out of the preampli�er) semi-gaussian shape, an example of whi
h you 
an see on �gure 2. This signal on either sideof the PSD is then sampled by an A/D 
onverter 
ard, whi
h in the 
ase of KSN-2 isthe ADLink PCI-9812, and the sampling is triggered by the prede�ned trigger level todistinguish the higher peaks of a neutron event from the mu
h lower peaks produ
ed bydi�erent sour
es of radiation. And this is the point where the role of the PSDAP begins.2 PSD A
quisition PathThe PSDAP has several pro
essing steps to do. First the raw sampled signal has tobe obtained. Then it 
an possibly be split into multiple neutron events, whi
h may bedete
ted by one signal trigger event. After that a position of the event on the dete
torhas to be determined. And �nally the event's position has to be written to the adequatebin in the resulting histogram. As these are the steps that are done sequentially oneby one with ea
h signal pulse, we 
all this pro
essing tool a "path", be
ause ea
h signalpulse has to walk this pro
essing path step by setp from the sour
e into the hostogram.
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Figure 2: Semi-gaussian-shaped signal that 
omes out of the shaping ampli�er upon anevent dete
tion.There are two ways to in
orporate this into the stru
ture of proje
t INDECS' re-sour
es. One way would be to 
reate ea
h step along the path as a separate ExternalExe
ution Module (EEM, see [3℄) and let the data be pushed between them by virtualinstru
tions passing through the Exe
ution Engine (EE, see [3℄) VPU ea
h time. Thoughthis might be mu
h more �exible, it is also a bit more and unne
essarily 
ompli
atedand more importantly, rather slow, as the events are 
oming at rates about thousands ofevents per se
ond and quite large amount of data must be pushed through the path (upto 64 KB per event for the PCI-9812). Sin
e we need to miss as little events as possiblewe also need to pro
ess the sampled data as fast as possible to be able and ready topro
ess next.For this reason the other way of implementing was 
hosen. The entire PSDAP isimplemented as just one 
omplex EEM, whi
h however is 
onsisting of submodules, ea
hdoing one step along the path. The path has to be 
on�gured by assembling appropriatesubmodules of the PSDAP together before it 
an be used. For some modules there aremore possibilities to 
hoose from di�erent modules doing slightly di�erent work. Let'sdes
ribe them a little 
losely in the following sub
hapters.The top-level implementation of the PSDAP is substantiated by a library 
alledlibpsdap and all the modules are implemented on the MMSR level of proje
t INDECS.2.1 Data Sour
eThe Data Sour
e is the �rst module at the entry of the path. Its purpose is to a
quirethe raw sampled signal from the signal sour
e, de
ode them and send them further along



22 M. Drábthe path. Currently there exist two types of the Data Sour
e module.2.1.1 PCI9812The PCI9812 Data Sour
e module is the Data Sour
e module that a
quires the raw signaldata from two 
hannels of the ADLink PCI-9812 A/D 
onverter 
ard, de
odes them intotwo separate signal sequen
es and sends them together with a timestamp and data sizein a third 
hannel to the next step of the PSDAP. Be
ause (as said above) we want tomiss as little neutron events as possible (and also be
ause the 
omputer so far dedi
atedto data a
quisition for the �rst 
hannel of the KSN-2 is just a PII 400 MHz), we are
urrently a
quiring data under the RTLinux OS, whi
h is an implementation of the hardreal-time OS running under 
ommon Linux itself (see [2℄).A spe
ial real-time driver was written for the PCI-9812. This driver is laun
hed as areal-time thread s
heduled by the hardware interrupt of the PCI-9812, so that it gets avery high priority and 
an run anytime ne
essary regardless of the other state of the OS.The data are transferred using �xed number of preallo
ated DMA bu�ers, one per event,and pushed through the RT-FIFO me
hanism to the non-real-time appli
ation pro
ess,whi
h is the PSDAP.There are several parameters that 
an be preset, among whi
h the most importantones are the trigger level whi
h is used for triggering the event. The event length, whi
hdetermines how mu
h samples are samplet per one event and, though, what would bethe length of the sampled signal. And the sampling rate at whi
h the signal would besampled. Depending on the setting of the shaping 
onstants of the shaping ampli�er,the optimal frequen
y to 
at
h the event should not be mu
h less than 10 MHz, but tohave some reserve for the signal analysis a full 20 MHz sampling rate of the PCI-9812 isre
ommended.One downside of the RTLinux implementation of the driver is that its free variant is sofar only implemented on the old 2.4.x Linux kernel ar
hite
ture, whi
h is now obsoletedby the progressive 2.6.x version. However, with a reasonably new PC 
omputer, a litledi�erent variation of the driver (using partly dynami
 bu�er queues) 
an possibly be
reated and run even on standard non-real-time Linux 2.6.x kernels. This work has,however, not been started, yet.2.1.2 SDCFThe SDCF Data Sour
e module is an analogy of the PCI9812 module, but it does nota
quire the data from the PCI-9812 
ard, but is de
oded from a SDCF �le, into whi
hthe raw signal 
an be stored by the below des
ribed Signal Storage module.This de
oding module a
tually 
onsists of three MMSR trans
oders. First trans
oderreads the data from the given SDCF �le. Se
ond is a general demultiplexer trans
oderfor the SDCF streams. This part of the de
oder is implemented by the libmdsd
f li-brary, whi
h, of 
ourse, uses the general Multiplexer/Demultiplexer (libmd), the SDCF,the MMSR and the Stream Ca
he library. This general demultiplexer extra
ts theglobal header pa
kets of the SDCF stream and �rst two data substreams, all of whi
hare separately de
oded by its individual de
oder trans
oders ea
h. These stream de-
oder trans
oders are also implemented within the libmdsd
f. When the �rst two data
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oded, their data along with appropriate timestamps are forwarded to thelast trans
oder of this de
oding module, whi
h is the Syn
hronization Barrier De
odertrans
oder (also 
alled "synbar"), whi
h basi
ally takes the data and timestamps fromthe two separate independent 
hannels and puts the data from the same time together.So it syn
hronizes the two 
hannels to be sent along with the timestamp and datalengthinformation in a separate third 
hannel further along the PSDAP.2.2 Signal StorageSignal Storage module is a module that is used to store the signal data somewhere,possibly into a �le of some kind, otherwise it is transparent, so it sends out the samedata that it re
eives. This also means, that there 
an possibly be more of these modules
hained at the spe
i�
 point of the the PSDAP, though it is strongly dis
ouraged, asstorage itself may be quite a delaying work at these datarates and if the 
omputer andits relevant peripherials aren't fast enough, the whole pro
essing 
an possibly be delayedso mu
h, that it may miss some neutron events that would normally be dete
ted andthereby the e�e
tivity of the whole system 
an go down.The signal storage modules 
an be pla
ed both after the Data Sour
e module andafter the Multi Event Separator module (see below).2.2.1 SDCFThe SDCF Signal Storage module is used to store the sampled event (meaning a signalon two 
hannels and a timestamp) into a SDCF �le. It is using the SDCF library for thatand it is a reversed pro
ess to that of the SDCF Data Sour
e module. Ea
h data 
hannelis stored in a separate SDCF data substream and before ea
h event a global header witha syn
hronization timestamp is for
ed. This is (so far) the most e�e
tive way to storethe a
quired signal, in the means of redundan
y, however no signal 
ompression on theSDCF �le has been implemented, yet.2.2.2 RAWThe RAW Signal Storage module is an analogy of the SDCF Signal Storage module, butinstead of storing the event signals into the SDCF �le, it stores them into a raw text �le,one event per �le. The format is simple, just two 
olumns of signal data and 
ommentedheader 
ontaining information like timestamp and sampling frequen
y. This is not themost e�e
tive way of storing the event data, but it 
omes handy when you want to doan eye inspe
tion of the data or manual pro
essing of the signal by other programs likeGNU Plot or MatLab, whi
h 
an easily read data from raw text �les.2.2.3 Send/Re
eiveThis is a little di�erent kind of module. It is a 
ommuni
ation module, that 
an generate aspe
ial kind of data transfer virtual instru
tions and send them to the prede�ned target ofthe EE that the EEM 
ontaining this module is atta
hed to. Instead of passing the eventsignal data through and further along the PSDAP, the data are a
tually diverted from



24 M. Drábthis PSDAP and sent via these data transfer virtual instru
tions for further pro
essingto another PSDAP, possibly in another 
omputer.When this kind of virtual instru
tions arrive to the PSDAP EEM, it 
an be re
eivedby the same module at the same position of that PSDAP, de
oded and sent further alongthe PSDAP for further pro
essing there. The main purpose of this module is to be ableto divert the next pro
essing steps of the a
quiring PSDAP to another 
omputer, if thea
quiring 
omputer is not fast enough to do all the pro
essing.2.3 Multi Event SeparatorThe Multi Event Separator is another step in the PSDAP path. Its purpose is to separatepossible multiple events sampled at one shot on one trigger. So if during the original signala
quisition we sample a signal of some length, where more than one neutron event o

urs.This signal 
an be split into multiple events and sent further along the PSDAP as separateevents.There 
an be various methods of event separation, but given that the shaping pream-pli�er gives us ni
e semi-gaussian shapes of the event pulse and that it has 
ertain deadtime to prevent total overlapping and noise from other unwanted radiation, we 
an verywell use the easiest method of separation by the same trigger level as by whi
h the initiala
quisition was �red. Of 
ourse, another methods of separation 
an possibly be investi-gated and appropriate modules written in the future.2.4 Peak AnalyzerThe Peak Analyzer module is the part that does the main pro
essing along the PSDAP.It takes the sampled signal from the two ends of the PSD on the input. And 
al
ulatesthe position of the event along the PSD where it o

ured.The point is to �nd the 
orresponding peaks (generated by the event) on either ofthe 
hannels, the peaks 
an not be further from one another than is the time needed totravel from one end of the PSD to another, and by 
omparing the heights of the peakfrom the two 
hannels determine the position. Be
ause from ea
h position on the PSDthe signal travels a spe
i�
 distan
e a

ross the PSD to either end of the dete
tor, andsin
e it is a big resistor, the further the signal travels there the bigger the resistivity ithas to pass through and though the lower the ampliture it has. So when the event o

ursin the middle of the dete
tor, the peaks are the same height, when it is 
lose to one endof the dete
tor, the 
orresponding peak is high, while the other is mu
h lower and vi
eversa.This, however, as mu
h of another physi
ally measured variables, is introdu
ed with
ertain distortion, so ea
h parti
ular dete
tor should be 
allibrated by 
overing it withshielding and opening just on several 
hannels (positions) of the PSD. This 
an 
onstru
ta 
ompenstation 
urve, whi
h is then used as a transformation fun
tion for 
al
ulating theexa
t position. Peak Analyzer module 
an 
onstru
t this 
ompensation 
urve when rununder a spe
ial mode. The 
urve 
an be sent or re
eived by spe
ial virtual instru
tions.
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quisition Path 252.5 Event StorageThe Event Storage module has similar fun
tionality to the signal storage module, but sofar only a transparent module that 
an send the events via spe
ial virtual instru
tionsexists. The event in this 
ase is represented only by a single number determining theposition (also 
alled 
hannel) on the position sensitive dete
tor, where the neutron evento

ured. No other variant of this module has been 
reated, yet. But if there would beany use for it, another variants 
an be 
rated in the future.2.6 HistogrammerThis is the �nal point of the PSDAP. It is a module whi
h maintains a histogram witha preset number of bins (that generally represents the number of 
hannels of the PSDgiven by its resolution). And the events, that 
ome in the form of the position, are sortedinto appropriate bins and 
ounted there. Resulting histogram 
an be sent upon requestto the spe
i�ed target of the atta
hed EE and then used for further pro
essing outside ofthe PSDAP. The histogram 
an also be reset by a virtual instru
tion.2.7 Final NotesThe PSDAP EEM 
an send and re
eive virtual 
ommands, some of whi
h have beenmentioned above. Another of these 
ommands are a start and stop 
ommands, whi
hdetermine when to start and when to stop a
quiring data. You 
an set various parametersof the PSDAP by sending it virtual 
ommands, in
luding its 
on�guration and 
ompen-sation 
urve. You 
an make is start and/or stop by an external event 
oming from theINDECS system, namely it 
an be a timer for a measurement over a spe
i�
 period oftime, or it 
an be a threshold on the monitor dete
tor 
ounter, so that the measurementstops after a 
ertain number of neutrons entering the measured sample, and so on. And�nally you 
an let the PSDAP send you some status information about the pro
essing.3 Con
lusionMost of the parts of the PSDAP are �nished already, some of them are 
lose to be�nished. The PSDAP still has to undergo some real testing, so far we are testing it onlywith the data that we have 
olle
ted separately. A full integration of the PSDAP intothe INDECS system and its thorough testing has to be done. Also EEMs and driversfor another devi
es of the KSN-2 neutron di�ra
tometer still need to be written, so thatthe KSN-2 
an be fully driven by the INDECS system. Motor handling and temperature
ontrol are some of them.Referen
es[1℄ M. Dráb. Proje
t: INDECS. (Re²er²ní prá
e) FJFI, �VUT, Praha, (2001).
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t. Classi
al models for 
apillary pressure - saturation relationship have been shown tohold only in the state of thermodynami
al equilibrium and thus a modi�ed dynami
 
apillarypressure-saturation relationship has been proposed by Hassanizadeh et al. that in
ludes the
lassi
al 
apillary pressure fun
tion in the state of thermodynami
 equilibrium and a produ
t ofrelaxation time τ and a partial time-derivative of saturation. However, this approa
h importantlya�e
ts the nature of the governing two-phase �ow equations for immis
ible and in
ompressible�ow in porous media. New numeri
al and theoreti
al studies are required in order to understandthis phenomena. In the presented work, a onedimensional problem and an impli
it numeri
als
heme is presented to model various e�e
ts of the order in magnitude of the dynami
 e�e
t
oe�
ient τ on the saturation and pressure pro�les in homogeneous porous medium.Abstrakt. Klasi
ké modely pro závislost kapilárního tlaku na satura
i platí pouze ve stavutermodynami
ké rovnováhy. Hassanizadeh et al. navrhují nový model pro kapilární tlak, kterýzahrnuje jak klasi
kou funk
i kapilárního tlaku na satura
i v termodynami
ké rovnováze, taknov¥ i £asovou deriva
i satura
e násobenou relaxa£ním £asem τ . Tento p°ístup ov²em m¥ní typdoposud pouºívaný
h rovni
 pro simula
i dvoufázového nestla£itelného a nemísivého �ltra£níhoproud¥ní a je proto zapot°ebí zjistit, jakým zp·sobem se zm¥ní stávají
í modely p°i implementa
idynami
kého kapilárního tlaku. V této prá
i je uvaºována jednorozm¥rná úloha, která je °e²enakone£nými diferen
emi. Navrhnuté numeri
ké s
héma je pouºito k porovnání pro�l· satura
e atlaku pro °ádov¥ r·zné hodnoty relaxa£ního parametru τ .1 Introdu
tionIn many 
ountries, more than half of the population depend on groundwater as theirsupply for drinking water. The groundwater sour
es are often endangered by leaks fromdisposal dumps, a

idental spills of substan
es used in industry or leaking storage tanks.Mathemati
al modelling is one of the important tools that helps to predi
t the spreadingof the 
ontaminant in the water saturated zones. In addition, the mathemati
al models
an fa
ilitate extra
tion of valuable substan
es su
h as oil or gas.This manus
ript fo
uses on the dynami
 phenomena in the 
apillary pressure - satu-ration relationship that has been examined in various papers in the past de
ades. Themain obje
tive is to propose a numeri
al s
heme that implements the dynami
 
apillarypressure - saturation relationship for heterogeneous porous media. In this report, only
∗www.RadekFu
ik.
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28 R. Fu£íkpreliminary results of numeri
al experiments in the homogeneous porous medium aregiven in order to allow for future generalization of the numeri
al 
ode also for heteroge-neous porous media.2 Ba
kgroundFundamental 
onstitutive quantities used in modelling �ow in porous media are des
ribedin the following subse
tions. Thorough de�nitions, des
riptions, and examples 
an befound in [8℄, [17℄, [1℄, [16℄, [2℄, [6℄, or [7℄.2.1 WettabilityAs two immis
ible phases are present in the porous media, a menis
us of �uid-�uidinterfa
e is formed as a result of the presen
e of the solid phase (sand grains). Theintera
tion between adhesive and 
ohesive for
es within the �uids leads to the spe
i�
angle ϑ between the solid surfa
e and the �uid-�uid interfa
e. The wettability of �uid isthen determined as:
ϑ = 0 ϑ ∈ (0, π

2
) ϑ > π

2
ompletely wetting, partially wetting, non-wetting.2.2 SaturationThe �uid distribution in immis
ible multiphase �ow in porous media is des
ribed bythe saturation Sα [−] that indi
ates the volumetri
 portion of void spa
e within poreso

upied by the �uid phase α. Therefore, Sα is always between 0 and 1, and the sum ofsaturations Sα of all �uids present in the porous media is 1, i.e., ∑
α

Sα = 1.Sin
e not all volume of the �uid phase 
an be displa
ed in multiphase �ow from aporous medium due to hystereti
 e�e
ts, the α-phase residual saturation quantity Srα [−]is introdu
ed. It expresses the minimal saturation of the phase α that will retain in theporous medium due to adhesion e�e
ts with respe
t to the solid matrix. Therefore, thee�e
tive saturation Se
α [−] that des
ribes only volumetri
 portions of displa
eable �uidphases is introdu
ed as

Se
α =

Sα − Srα

1−∑
β

Srβ
. (1)2.3 Capillary pressureFollowing the standard de�nitions in literature, the 
apillary pressure pc [ML−1] on thepore s
ale is de�ned as the di�eren
e between the non-wetting phase pressure pn [ML−1]and the wetting phase pressure pw [ML−1], i.e.,

pc = pn − pw. (2)This de�nition is then averaged over a representative elementary volume (REV), see[1℄, [16℄, and thus holds for both pore and ma
ros
opi
 s
ale relationship for modelling
apillarity phenomena.
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apillary pressure fun
tion has been 
ommonly 
onsidered as a fun
tion of wettingphase saturations and so it has been widely used in model equations in literature, seefor instan
e [21℄, [11℄, [9℄, or [10℄. The following Brooks and Corey (3) expli
it 
apillarypressure - e�e
tive wetting phase saturation parametrization has been used in two-phase�ow models and is given by 1
peq

c (Se
w) = pd(S

e
w)−

1
λ , (3)where pd [ML−1] is the entry pressure and λ [−] des
ribes pore distribution of the grainsin porous material. The Brooks and Corey relationship (3) is suitable for modelling het-erogeneous porous media be
ause the di�eren
e in the entry pressure 
oe�
ients pd indi�erent porous materials preserves the barrier e�e
t that has been observed in experi-ments, for details see [21℄, [16℄, [1℄, [8℄. As the main obje
tive of the ongoing resear
h is tostudy dynami
 e�e
ts of 
apillarity in heterogeneous porous media, other 
apillary pres-sure - saturation models like that by van Genu
hten [25℄ whi
h does not involve barriere�e
t will not be 
onsidered in this manus
ript.2.4 Dynami
 
apillary pressureThe 
lassi
al 
apillary pressure - saturation relationships su
h as (3) has been used inalmost all mathemati
al studies on porous media �ow modelling in the past de
ades.Re
ently, theoreti
al studies [15℄, [14℄, [5℄, [12℄, [13℄, [3℄, [23℄, as well as the empiri
alapproa
h in [24℄ have produ
ed new aspe
ts in the two-phase �ow theories. The mostimportant result is that the 
lassi
al 
apillary pressure - saturation relationships hold onlyin the state of thermodynami
 equilibrium. Therefore, the 
lassi
al approa
h 
annot beused in the modelling of 
apillarity when the �uid 
ontent is in motion and, 
onsequently,a new 
apillary pressure - saturation relationship is proposed in the following form:

pn − pw = peq
c (Se

w)− τ(Sw)
∂Sw

∂t
=: pc(Sw, ∂tSw), (4)where peq

c is the 
apillary pressure - saturation relationship in equilibrium and τ [ML−1T−1]is the dynami
 e�e
t 
oe�
ient. In (4), the partial derivative of Sw after t is shortly de-noted as ∂tSw in the se
ond argument of the 
apillary pressure fun
tion pc.Various resear
hers have developed formulae that are similar to (4). The 
hara
teristi
dynami
 e�e
t quantity τ is regarded as a measure for the distan
e of the system fromequilibrium [17℄.Early in 1978, Stau�er [24℄, (or see [17℄, [18℄, [23℄), proposed a linear dependen
e in(4) and proposed the following de�nition of τ :
τS =

αSµwΦ

Kλ

(
pd

ρwg

)2

, (5)where αS = 0.1 [−] denotes the s
aling parameter, µw [ML−1T−1] is the wetting phasedynami
 vis
osity, Φ [−] is the porosity of the material,K [L2] is the intrinsi
 permeability,
ρw [ML−3] is the wetting phase density and g [LT−2] is the gravitational a

eleration1A supers
ript eq is used in the de�nition (3) with respe
t to latter and it indi
ates the 
apillarypressure - saturation relationship model in equilibrium.
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onstant. Both λ and pd are the Brooks and Corey parameters from relationship (3).Thus, the 
oe�
ient τS 
an be 
al
ulated for a given porous medium and wetting �uid.The Stau�er model for the dynami
 e�e
t 
oe�
ient τ is obtained by 
orrelatingexperimental data. The values of τS vary between τS = 2.7·104 Pas and τS = 7.7·104 Pas,see [17, page 27℄, but the value of τS for sand parameters used in this manus
ript is
τS = 1.88 · 105 Pa s. However, other resear
hers suggest that the magnitude of τ shouldbe in the order of 102 − 103 Pa s, [4℄, or, on the other hand, it should be also in theorder of 104 − 108 Pa s as estimated in [14℄. Moreover, some authors assume a generalnonlinear dependen
e

τ = τ(Sw), (6)where the expli
it dependen
e remains an open problem and thus only 
onstant valuesof τ are studied in next se
tions.3 Mathemati
al model3.1 Governing equationsA mathemati
al model des
ribing the two-phase �ow in a onedimensional domain is pre-sented in this se
tion in order to demonstrate how the two-phase �ow in porous mediumis a�e
ted by the introdu
tion of the dynami
 
apillary pressure relationship (4) insteadof the 
lassi
al relationships in thermodynami
 equilibrium.The governing two-phase �ow equations in onedimensional domain [0, L] are given bythe pw − Sn formulation [1℄
Φ
∂Sn

∂t
= − ∂

∂x
un, (7)

un = −K
µn
krn

(
∂

∂x
(pw + pc)− ρn g

)

, (8)
−Φ

∂Sn

∂t
= − ∂

∂x
uw, (9)

uw = −K
µw

krw

(
∂pw

∂x
− ρw g

) (10)where krα = krα(Sn) [−] is the α-phase relative permeability fun
tion and uα [LT−1]is the α-phase Dar
y velo
ity, for details see [8℄, [16℄, [1℄, or [2℄. Initial and boundary
onditions for equations (7-10) are given separatedly for ea
h experimental problem.3.2 Dis
rete problemA standard �nite di�eren
e dis
retization te
hnique is used in order to determine ap-proximate dis
rete solution Sk
n,i, pk

w,i of the problem (7-10), generally de�ned as fk
i =

f(k∆t, i∆x), where i = 0, 1, . . . , m, m∆x = L, and k = 0, 1, . . ..Sin
e the nonlinear problem (7-10) involves the dynami
 
apillary pressure fun
tionde�ned in (4) that in
ludes time derivative of Sn, an impli
it numeri
al s
heme is proposed
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Φ
Sk+1

n,i − Sk
n,i

∆t
= −u

k,k+1
n,i,i+1 − uk,k+1

n,i−1,i

∆x
, (11)

−Φ
Sk+1

n,i − Sk
n,i

∆t
= −u

k+1
w,i,i+1 − uk+1

w,i−1,i

∆x
, (12)(13)where the upwinded dis
rete Dar
y velo
ities are given as

uk,k+1
n,i,i+1 = −K

µn
krn(S

k+1
n,∗ )

( pk+1
w,i+1 − pk+1

w,i

∆x
+
pk,k+1

c,i+1 − pk,k+1
c,i

∆x
− ρn g

︸ ︷︷ ︸

dirn

) (14)
Sk+1

n,∗ =







Sk+1
n,i+1 if dirn > 0.
Sk+1

n,i if dirn < 0. upwinded saturation Sn,∗

pk,k+1
c,i = pc

(

1− Sk+1
n,i ,−

Sk+1
n,i − Sk

n,i

∆t

)

.and
uk+1

w,i,i+1 = −K
µw
krw(Sk+1

n,# )
( pk+1

w,i+1 − pk+1
w,i

∆x
− ρw g

︸ ︷︷ ︸

dirw

) (15)
Sk+1

n,# =







Sk+1
n,i+1 if dirw > 0.
Sk+1

n,i if dirw < 0. upwinded saturation Sn,#The numeri
al s
heme is solved using the Newton iteration method for a system ofnonlinear equations. The Ja
obi matrix used in the Newton iteration method is sparseand 
an be reordered to a penta-diagonal matrix. It is therefore inverted using the LUde
omposition algorithm for multi-diagonal matri
es.4 Numeri
al experiments4.1 Comparison to semianalyti
al solutionFirstly, the numeri
al s
heme (11-12) was 
ompared to the semianalyti
al solution foronedimensional adve
tion-di�usion problem, see [19℄, [26℄, [20℄, [10℄, [22℄, [9℄, [11℄, [8℄, or[7℄. The semianalyti
al solution 
an be 
omputed for onedimensional problem (7-10) with-out gravity (i.e., g = 0), in
luding only 
lassi
al 
apillary pressure - saturation relationship



32 R. Fu£ík(3), and with a spe
ial initial and boundary 
onditions in the form
Sn(0, x) = 0 for all x > 0, (16)
pw(0, x) = patm for all x > 0, (17)
uw(t, 0) = 0 for all t > 0, (18)
pw(t, 0) = patm for all t > 0, (19)
Sn(t, L) = 0 for all t > 0, (20)
uw(t, L) = At−

1
2 for all t > 0, (21)where 
onstant A [LT− 1

2 ] is the parameter of the semianalyti
al solution, see [10℄, and
hara
terizes the input �ux magnitude with value A = 9.321·10−3 ms−
1
2 for this numeri
alexperiment. Sin
e the pressure is di�erentiated in the problem equations (7-10), thesolution does not depend on the pres
ribed value of patm and so patm = 0 is used for allnumeri
al experiments .Although the semianalyti
al solution gives a good quantitative 
omparison with thesolution obtained by the numeri
al s
heme, the qualitative study (i.e., 
omputation ofthe experimental order of 
onvergen
e) is impossible due to singularity of the boundary�ux (21) at t = 0. The results obtained for the sand and �uid properties in Table 1 areshown in Figure 1 at time t = 10, 000 s.Symbol Units ValuePorosity Φ [−] 0.42Intrinsi
 Permeability K [m2] 2.73 · 10−11Residual Water Sat. Swr [−] 0Brooks-Corey pd [Pa] 3433.5parameters λ [−] 2Water vis
osity µw [kg m−1s−1] 10−3Air vis
osity µn [kg m−1s−1] 1.83 · 10−4Table 1: Parameter setup for the sand and �uid properties.

4.2 Numeri
al experiments with dynami
 e�e
tAssuming the previously presented reliability of the quantitative 
omparison of the nu-meri
al s
heme solution to the semianalyti
al solution, a series of tests were pro
eeded inorder to determine in�uen
e of various values of the dynami
 e�e
t 
oe�
ient τ on thesolution.A onedimensional verti
ally positioned 
olumn �lled with homogeneous sand is ini-tially fully water saturated. At t = 0 a pressure head in the lower end of the 
olumn(x = L) begins to de
rease and the air enters the 
olumn from the top (x = 0). Thepressure drop is 
hara
terised by 
onstant wetting phase �ux uw(t, L) = A. Together,
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Figure 1: Semianalyti
al solution 
ompared to the numeri
al solution obtained by the s
heme(11-12).the initial and boundary 
onditions are given as follows:
Sn(0, x) = 0 for all x > 0, (22)
pw(0, x) = patm − peq

c (1) + ρwgx for all x > 0, (23)
Sn(t, 0) = 0 for all t > 0, (24)
pw(t, 0) = patm − pc(1− Sn(t, 0),−∂tSn(t, 0)) for all t > 0, (25)
Sn(t, L) = 0 for all t > 0, (26)
uw(t, L) = A for all t > 0, (27)Numeri
al simulations were done using the �uid and material properties shown inTable 1 with A = 5 · 10−5 ms−1. The �nal time of the simulations is t = 10, 000s.Referen
e solutions are obtained using only 
lassi
al 
apillary pressure - saturationrelationship in the equilibrium and are shown in Figure 2. Next, Figure 3 shows solutionobtained for the Stau�er 
oe�
ient τS. In order to examine the situations for higherorders of magnitude of τ , two simulations for τ = 107 kgm−1s−1 and τ = 108 kgm−1s−1
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arried out and are depi
ted in Figure 4 and 5, respe
tively.The results indi
ate that the Stau�er model for the parameter τS does not signi�
antly
hanges the pressure/saturation pro�les with respe
t to the referen
e state. However, thein
rease in orders of magnitude of the dynami
 e�e
t 
oe�
ient τ is more important asit is obvious in Figures 4 and 5
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Figure 2: Numeri
al solutions with no dynami
 e�e
t (referen
e solution), i.e., τ = 0 Pa s.
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Figure 3: Numeri
al solutions using Stau�er dynami
 e�e
t 
oe�
ient τS. For the given problem(Table 1) its value is τS = 1.88 · 105 Pa s.
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Figure 4: Numeri
al solutions obtained for τ = 107 Pa s. ).
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lusion and future workThis manus
ript presents re
ently obtained numeri
al simulations using the non
lassi-
al dynami
 
apillary pressure in simulating two-phase in
ompressible �ow in porousmedium. The presented results indi
ate the numeri
al s
heme is appli
able for the givenproblem and allows for experimental implementation of two-phase �ow in heterogeneousporous medium.Consideration of material heterogeneity involves various possibilities how the inter-fa
ial 
onditions between di�erent porous materials 
an be treated. The investigationof all possible implementations is going to be the main goal of the author's future worksin
e the main obje
tive of the proje
t is to develop robust and stable implementation ofinterfa
ial 
onditions for two and three dimensional 
odes in
luding the dynami
 
apillarypressure - saturation relationships also a
ross the material interfa
e.A
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Syntéza periodi
ko-sto
hasti
ký
h texturMartin Hatka2. ro£ník PGS, email: hatka�utia.
as.
zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Mi
hal Haindl, Ústav teorie informa
e a automatiza
e, AV �RAbstra
t. This paper des
ribes two methods for seamless enlargement of di�
ult 
olour textures
ontaining both regular periodi
 and sto
hasti
 
omponents. Su
h textures 
annot be modelledusing neither simple tiling nor using purely sto
hasti
 models. The �rst novel method automati-
ally re
ognizes and separates periodi
 and random texture 
omponents. Ea
h of this 
omponentsis subsequently modelled using the 
oresponding optimal method. Both independently enlargedtexture 
omponents are 
ombined in the resulting syntheti
 near regular texture. The se
ondmethod dete
ts two main dire
tion of periodi
ity in regular periodi
 
omponent and generatesseveral double-toroidal tiles of the same general shape, whi
h 
an seamlesly enlarge given near-periodi
 texture without visible regularity. While the presented texture synthesis methods allowonly moderate 
ompression, they are extremely fast due to 
omplete separation of the analyti
alstep of the algorithm from the texture synthesis part. The methods are universal and easilyviable in a graphi
al hardware for purpose of real-time rendering of any type of near regularstati
 textures.Abstrakt. Tento £lánek popisuje dv¥ metody pro syntézu sloºitý
h barevný
h textur obsahují-
í
h periodi
kou i sto
hasti
kou sloºku. Takové textury nelze modelovat bu¤ jen jednodu
hýmdlaºdi
ováním nebo £ist¥ sto
hasti
kými modely. První nová metoda automati
ky rozpoznává aodd¥luje periodi
kou a sto
hasti
kou sloºku textury. Kaºdá z t¥
hto komponent je následn¥ mo-delována pomo
í odpovídají
í
h optimální
h metod. Ob¥ nezávisle syntetizované komponentyjsou zkombinovány, £ímº vznikne výsledná synteti
ká periodi
ko-sto
hasti
ká textura. Druhámetoda detekuje dva hlavní sm¥ry periodi
ity pravidelné periodi
ké komponenty a generuje ne-kolik toroidní
h dlaºdi
 stejného obe
ného tvaru. Pomo
í t¥
hto dlaºdi
 lze generovat periodi
ko-sto
hasti
kou texturu bez viditelný
h ru²ivý
h pravidelností. A£koliv prezentované metody prosyntézu textur umoº¬ují poze £áste£nou kompresi, jsou extrémn¥ ry
hlé, a to díky 
ompletn¥odd¥lené fázi analýzy od fáze syntézy algoritmu. Metody jsou univerzální a snadno implemen-tovatelné v gra�
kém hardwaru, zejména za ú£elem renderingu libovolného typu periodi
ko-sto
hasti
ký
h stati
ký
h textur v reálném £ase.1 ÚvodMnoho aplika
í v po£íta£ové gra�
e, v po£íta£ovém vid¥ní a p°i zpra
ování obrazu vy-ºaduje textury libovolný
h rozm¥r·. Pro tyto aplika
e je syntéza textur velmi d·leºitá,protoºe je alternativním a ve v¥t²in¥ p°ípad· i jediným moºným zp·sobem jeji
h vytvá-°ení. Cílem syntézy textur je vytvo°ení nové textury z daného texturního vzorku, p°i£emºnová textura by m¥la realisti
ky odpovídat textu°e p·vodní. Vzhled obou textur by m¥lbýt takový, jako by byly vytvo°eny na základ¥ stejného generují
ího pro
esu. Problé-mem je ale navrºení algoritmu, který bude efektivní a zárove¬ bude dosahovat kvalitní
hvýsledk·. 39



40 M. Hatka
Obrázek 1: N¥kolik p°íklad· realisti
ký
h periodi
ko-sto-
hasti
ký
h textur, obrázky jsou o velikosti 256× 256 ob-razový
h bod·. Obrázek 2: Vlevo ukázka pe-riodi
ké textury, vpravo sto-
hasti
ké.V závislosti na dal²í aplika
i lze klást d·raz jak na ur£iré kvalitativní vlastnosti tex-tury, tak i na vlastnosti algoritm· pro jeji
h generování. Algoritmy pro modelování texturmají p°irozen¥ £ást analýzy, ve které se odhadují parametry pot°ebné pro dal²í syntézu,a £ást syntézy, ve které se generuje nová textura. Tyto dv¥ £ásti nejsou £asto odd¥leny.Aby byly metody vyuºitelné v prakti
ký
h aplika
í
h, bývá £astým poºadavkem jeji
hry
hlost, zejména pak ry
hlost syntézy.Tento £lánek je zam¥°en na modelování periodi
ko-sto
hasti
ký
h textur (obr. 1,obr. 2). Periodi
ko-sto
hasti
ká textura obsahuje globální pravidelné struktury, kterép°edstavují zásadní problém pro vzorkova
í metody, a nepravidelné sto
hasti
ké struk-tury, které nemohou být v¥rohodn¥ reprodukovány pouhým dlaºdi
ováním. Pokud seomezíme pouze na periodi
ko-sto
hasti
ké textury, pak lze navrhnout spe
ializovanoumetodu pro jeji
h syntézu. V tomto £lánku budou prezentovány dv¥ p°íbuzné metody, jeºlze pro syntézu periodi
ko-sto
hasti
ký
h textur vyuºít.První z ni
h p·vodn¥ vy
hází ze zám¥ru v¥novat se edita
i textur. Dal²í motiva
í jemoºnost výrazné komprese texturní
h dat, zejména pak u sto
hasti
ké sloºky. Základ-ním prvkem metody je odd¥lení periodi
ké struktury od zbývají
í, zpravidla sto
hasti
ké£ásti. Periodi
kou strukturu lze pak roz²i°ovat vhodným vzorkova
ím algoritmem a sto-
hasti
kou £ást lze v
elku úsp¥²n¥ modelovat pomo
í n¥kterého adaptivního modelu.Vezmeme-li v úvahu ví
e takový
h textur, m·ºeme jeji
h periodi
ké a sto
hasti
ké £ástilibovoln¥ zam¥novat a generovat textury z
ela nové.Druhá metoda vznikla £áste£n¥ z nedostatk· p·vodní metody. Umoº¬uje generovatperiodi
ko-sto
hasti
ké textury, jeji
hº periodi
ké struktury jsou libovoln¥ nato£eny adosaºené výsledky jsou na tomto nato£ení nezávislé. S vyuºitím faktu, ºe se ve vzorkuvyskytuje jistá periodi
ita, dokáºeme extrahovat n¥kolik minimální
h dlaºdi
, které jsousi velmi podobné, a jeji
h hrany optimalizovat tak, ºe do sebe v²e
hny vzájemn¥ zapadají.Jeji
h kombina
í dokáºeme generovat výstupní texturu libovolný
h rozm¥r·, p°i£emº ne-do
hází k um¥lému vná²ení periodi
ity do sto
hasti
ký
h struktur textury.2 Modelování periodi
ko-sto
hasti
ký
h textur2.1 Separa
e periodi
ké a neperiodi
ké £ástiPeriodi
ká a neperiodi
ká £ást textury je detekována ve zjednodu²ené monospektrálnítextu°e získané pomo
í Karhunen-Loevovy transforma
e vstupní barevné textury. Nov¥vzniklá spektrální pásma jsou vzájemn¥ nekorelovaná, pro dal²í zpra
ování se uvaºuje
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Obrázek 3: Vstupní textura (vlevo) je po-mo
í Karhunen-Loevovy transforma
e p°e-vedena na mono
hromati
kou (uprost°ed) anajde se nejv¥t²í periodi
ký vý°ez (vpravo),který se naví
 p°evzorkuje. Obrázek 4: V amplitudovém spektru (vlevo)se pone
hají jen výrazné frekven
e (upro-st°ed). Dále se provede zp¥tná Fourierovatransforma
e (vpravo).

Obrázek 5: Po �ltra
i a binariza
i s p°ihléd-nutím k periodi
it¥ (vlevo) je odd¥lena pe-riodi
ká sloºka (uprost°ed) od sto
hasti
ké(vpravo). Obrázek 6: Pro pot°eby u£ení adaptivní
hmetod je t°eba sto
hasti
kou £ást (vlevo)zrekonstuovat, aby byla bez neznámý
h pi-xel· (vpravo).
spektrální pásmo nesou
í maximum informa
e a odpovídají
í nejv¥t²ímu vlastnímu £íslu(obr. 3).Aby
hom získali dlaºdi
i odpovídají
í nejv¥t²í periodi
ké £ásti textury, musí být zná-my periody podél horizontální a vertikální osy. Existuje n¥kolik metod pro nalezení periodzaloºený
h bu¤ na r·zný
h statisti
ký
h p°ístupe
h nebo na Fourierov¥ transforma
i (viz.diskuse v [1℄). Pro tento ú£el byla pouºita suma £tver
ový
h diferen
í, tak jako v [1℄.Po nalezení horizontální a vertikální periody se ze vstupní textury vy°ízne nejv¥t²ímoºná periodi
ká £ást. Vý°ez je pak p°evzorkován na rozm¥ry odpovídají
í mo
ninámdvou (obr. 3), které jsou vyºadovány pro �ltra
i zaloºené na ry
hlé Fourierov¥ trans-forma
i. Filtr pone
há pouze koe�
ienty, které jsou lokálními maximy v amplitudovémspektru, a koe�
ienty v jeji
h okolí. Naví
 je na lokální maxima kladena podmínka, ºemusí být v¥t²í, neº p°edem stanovený práh. Jako okolí lokální
h maxim uvaºujeme hie-rar
hi
ké okolí prvního nebo druhého °ádu (obr. 4).Po �ltra
i se provede zp¥tná Fourierova transforma
e, p°evzorkuje se zp¥t na p·-vodní rozm¥r a tím se dostane od�ltrovaný vý°ez. Tento vý°ez je pak binarizován pomo
íur£itého prahu. Pro nalezení koresponden
e k periodi
ké a neperiodi
ké £ásti originálnítextury se binární obrázek testuje na posuny o velikosti horizontální a vertikální peri-ody a rozhoduje se, zda ur£itý obrazový bod pat°í nebo nepat°í do periodi
ké struktury(obr. 5).



42 M. Hatka2.2 SyntézaPo odd¥lení lze libovolnými zp·soby provád¥t syntézu periodi
ké a neperiodi
ké £ásti, a tonezávisle na sob¥, r·znými metodami. Pro roz²i°ování periodi
ké £ásti je vhodné vyuºítmetodu zaloºenou na dlaºdi
ování. V na²em p°ípad¥ jsme vyuºili d°íve publikovanoumetodu Toroidní vále£ek [4℄, kterou jsme naví
 mohli zjednodu²it díky p°edem známýmvelikostem period a tedy i p°edem známým rozm¥r·m minimální toroidní dlaºdi
e. Proroz²i°ování neperiodi
ké £ásti lze vyuºít adaptivní
h metod zaloºený
h na matemati
ký
hmodele
h nebo lze vyuºít i n¥kterou z vhodný
h vzorkova
í
h metod, v závislosti na
harakteru neperiodi
ké £ásti.Syntéza periodi
ké £ásti je jednodu
há, uvaºujeme pouze její známé body. Ov²em pro-blém nastává p°i syntéze sto
hasti
ké £ásti, pokud 
h
eme pouºít n¥kterou z adaptivní
hmetod. Adaptivní metody vyºadují pro fázi u£ení dostate£n¥ velký vzorek vstupní tex-tury, obvykle alespo¬ 256×256 bod·, ve kterém jsou v²e
hny body známé. Po od�ltrováníperiodi
ké struktury v²ak nemáme zaji²t¥no, ºe budeme mít k dispozi
i dostate£n¥ velkývzorek pro u£ení.Budeme-li p°edpokládat, ºe sto
hasti
ká sloºka je dostate£n¥ homogenní, tedy v míst¥periodi
ké £ásti by se nevyskytovaly výrazné nehomogenity, pak lze pro dopln¥ní nezná-mý
h oblastí vyuºít vhodnou vzorkova
í metodu (obr. 6). Pro na²e ú£ely jsme vyvinulimetodu, jejíº základní my²lenka vy
hází z algoritmu Image Quilting [2℄. Z d·vodu za
ho-vání sloºitej²í
h element· v neperiodi
ké £ásti vyuºíváme syntézy pomo
í blok· textury.Pro optimaliza
i hran blok· p°i vkládání vyuºíváme °ez· s minimální 
hybou. Pro syn-tézu vyuºíváme pouze bloky, které neobsahují ani jeden neznámý pixel. Tento zp·sob seosv¥d£il, je dostate£ný pro v¥t²inu textur a £asto lze úsp¥²n¥ zrekonstuovat 
elou p·vodnípodkladovou texturu.Po nezávislé syntéze obou £ástí se jiº jen vloºí periodi
ká £ást p°es synteti
kou texturusto
hasti
ké £ásti. Tímto zp·sobem lze také kombinovat periodi
ké a sto
hasti
ké £ástilibovolný
h textur.
2.3 Zhodno
ení metodyMetoda funguje spolehliv¥ pro v¥t²inu periodi
ký
h struktur obsaºený
h ve vstupní
htexturá
h. Jednou z moºný
h komplika
í je poºadavek, aby periodi
ká sturktura byla pe-riodi
ká ve smyslu 
elého vzorku textury, a to z d·vodu vyuºívání Fourierovské �ltra
e.Pokud lze vstupní texturu o°íznout tak, ºe maximální vý°ez je periodi
ký ve vodorov-ném i svislém sm¥ru, nevzniká zde ºádný dal²í prin
ipielní problém. Ov²em pokud budeperiodi
ká £ást v textu°e nato£ena o obe
ný úhel, nemáme jiº zaji²t¥no, ºe lze nalézt ma-ximální periodi
ký vý°ez v obou sm¥re
h a nelze potom Fourierovskou �ltra
í periodi
kou£ást od�ltrovat.Výsledek �ltra
e také dosti závisí na 
harakteru vstupní textury, zejména pokud jeve sto
hasti
ké £ásti p°ítomna n¥jaká významná frekven
e. Pak se nemusí poda°it poºa-dované od�ltrování periodi
ké £ásti.
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Obrázek 7: Vstupní textura (vlevo) a výse£e korela£níhopole pro hledání period ve dvou r·zný
h sm¥re
h. Vpravopak vy°íznutá minimální dlaºdi
e. Obrázek 8: Minimální dlaº-di
e a ví
e dlaºdi
 se stej-nými hranami.3 Vzorkování periodi
ko-sto
hasti
ký
h texturV p°ípad¥ p°ed
hozí metody naráºíme na problém, kdyº je periodi
ká struktura nato£ena.Protoºe p°ed
hozí metoda selhává zpravidla uº p°i detek
i periodi
it v horizontálnímnebo vertikálním sm¥ru, je t°eba se poohlédnout po jiné, obe
n¥j²í metod¥, jak detekovatvýznamné periodi
ity.3.1 Detek
e významný
h periodi
itJe z°ejmé, ºe pro hrybý odhad velikosti periody a sm¥ru periodi
ity lze snadno vyuºítamplitudového spektra Fourierovy transforma
e. My v²ak pot°ebujeme zjistit periodu vedvou r·zný
h sm¥re
h p°esn¥. Nalezneme je pomo
í lokální
h maxim v poli korela£ní
hkoe�
ient· pro r·zné posuvy. Aby
hom korela£ní pole nemuseli po£ítat 
elé, vyuºijemeodhadu z Fourierovy transforma
e a budeme korela£ní koe�
ienty po£ítat jen na výse£í
h(obr. 7), které ur£íme na základ¥ dvou maximální
h koe�
ient· v amplitudovém spektru.Tyto dva maximální koe�
ienty musí ur£ovat dva r·zné nerovnob¥ºné sm¥ry. P°esnéperiody a jeji
h sm¥ry najdeme na základ¥ korela£ního koe�
ientu po£ítaného pro r·znéposuvy vstupní textury.3.2 Minimální toroidní dlaºdi
eP°esné periody nám sou£asn¥ ur£ují velikost a sm¥r hran minimální toroidní dlaºdi
e,kterou budeme 
htít získat ze vstupní textury. Pro hledání optimální minimální dlaº-di
e a jeji
h optimální
h hran zavádíme obe
né horizontální a vertikální oblasti p°ekryvu(obr. 8). Uvaºujeme, ºe protej²í okraje dlaºdi
e se £áste£n¥ p°ekrývají a v t¥
hto oblaste
hp°ekryvu hledáme optimální °ez s minimální 
hybou. Vhodný je algoritmus A∗, p°ípadn¥Dijkstr·v algoritmus.3.3 N¥kolik toroidní
h dlaºdi
Jelikoº budeme 
htít získat synteti
kou texturu, která nebude vykazovat pravidelnost, m·-ºeme hned vy°íznout n¥kolik minimální
h dlaºdi
 a jeji
h hrany optimalizovat tak, abydo sebe prot¥j²í hrany zapadaly. Její
h vzájemnou libovolnou kombina
í pak m·ºemegenerovat texturu poºadovaný
h rozm¥r·. Hledání dal²í
h vhodný
h dlaºdi
 provádímepomo
í korela
e. Vy°íznutou minimální dlaºdi
i v£etn¥ oblastí p°ekryvu posouváme po
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Obrázek 9: Prin
ip syntézy textury. Vlevo vstupní textura, uprost°ed prin
ip skládáníminimální
h toroidní
h dlaºdi
 generují
í
h novou výstupní texturu a vpravo nová syn-teti
ká textura.vstupní textu°e a na základ¥ korela£ního koe�
ientu hledáme dal²í vhodné dlaºdi
e. Je-likoº n¥kolik takto nalezený
h dlaºdi
 je velmi podobný
h, hledáme stejný optimální °ezpro v²e
hny dlaºdi
e najednou (obr. 8), £ímº zajistíme jeji
h vzájemnou návaznost.3.4 SyntézaSyntéza textury je velmi jednodu
há a nevyºaduje ºádné komplikované výpo£ty. Pro
essyntézy je pouhé vypln¥ní kone£né oblasti n¥kolika vzájemn¥ navazují
ími toroidnímidlaºdi
emi (obr. 9). Dlaºdi
e jsou umís´ovány postupn¥ po kro
í
h daný
h dv¥ma hlav-ními periodami. Po vypln¥ní kone£né oblasti tímto zp·sobem získáme novou texturulibovolný
h rozm¥r·.3.5 Zhodno
ení metodyTato metoda velmi úsp¥²n¥ generuje synteti
ké textury z libovolného vzorku periodi
ko-sto
hasti
ké textury. Zna£nou výhodou je nezávislost na nato£ení periodi
ké £ásti. Vp°ípad¥, ºe budeme vyºadovat synteti
kou texturu oto£enou jinak, neº je vzorek, sta£íoto£it vzorek a pak teprve metodu pouºít. Není t°eba otá£et aº výstupní texturu, kteráje vºdy mnohem v¥t²í
h rozm¥r· a její otá£ení by tedy bylo £asov¥ náro£n¥j²í.�astým poºadavkem je ry
hlá fáze syntézy, nejlépe v reálném £ase. Analyti
ká £ástslouºí k odhadu nebo hledání parametr·, které se vyuºijí p°i syntéze. Analýza je obvykle£asov¥ velmi náro£ná a nebývají na ni kladeny ºádné zásadní £asové nároky. �ást syntézyby v²ak m¥la být 
o nejry
hlej²í a v ideálním p°ípad¥ by m¥la být odd¥lena od analýzy, abynebyla zatíºena náro£nými výpo£ty. Práv¥ tyto poºadavky metoda spl¬uje a umoº¬ujeproto syntézu v reálném £ase.Jako nevýhoda se m·ºe jevit obe
ný tvar toroidní
h dlaºdi
, který m·ºe na prvnípohled komplikovat manipula
i s nimi. Z d·vodu za
hování vzájemné návaznosti ví
edlaºdi
 v²ak nelze hrany dále optimalizovat a je nutné za
hovat jeji
h obe
ný 
harakter.
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Obrázek 10: Syntéza jednotlivý
h sloºek periodi
ko-sto
hasti
ké textury. Vlevo vzorkováníperiodi
ké sloºky a vpravo modelování sto
hasti
ké sloºky.

Obrázek 11: Výsledky syntézy periodi
ko-sto
hasti
ký
h textur. Periodi
ká £ást je roz²i-°ována dlaºdi
ováním, sto
hasti
ká £ást je modelována.
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Obrázek 12: Ukázka edita
e textur. Pravidelná sloºka textury je kombinována se sto
has-ti
kou sloºkou textury jiné.

Obrázek 13: Výsledky vzorkování periodi
ko-sto
hasti
ký
h textur, pro syntézu nové tex-tury bylo pouºito 4 aº 8 dlaºdi
.



Syntéza periodi
ko-sto
hasti
ký
h textur 474 VýsledkyOb¥ metody dosahují velmi dobrý
h výsledk· a byly testovány na ²irokém spektru peri-odi
ko-sto
hasti
ký
h textur. V¥t²ina výsledný
h synteti
ký
h textur je vizuáln¥ neroz-li²itelná od vstupní
h vzork·, naví
 lze provést syntézu v reálném £ase a nezávisle naanalýze, zatím
o analýza je £asov¥ mnohem náro£n¥j²í. Pro úplnost uve¤me, ºe analýzavzorku o velikosti 256 × 256 nebo 512 × 512 bod· vyºaduje £as v °ádu n¥kolika minut.�asy byly m¥°eny na PC Intel Core 2 Duo 2.4GHz s 2GB RAM.Na obrázku 10 je ukázka odd¥leného zpra
ování periodi
ké a sto
hasti
ké sloºky tex-tury. Periodi
ká sloºka je vzorkována, v na²em p°ípad¥ algoritmem Toroidní vále£ek [4℄,sto
hasti
ká sloºka je modelována pomo
í kauzálního autoregresního modelu [5℄. Obrá-zek 11 prezentuje výsledky syntézy, periodi
ká sloºka byla op¥t vzorkována a sto
hasti
kámodelována. Na obrázku 12 je znázorn¥na alternativní moºnost vyuºití metody k edita
itextur, kombinování periodi
ké a sto
hasti
ké sloºky r·zný
h textur.Výsledky syntézy periodi
ko-sto
hasti
ký
h textur vzorkova
í metodou jsou na ob-rázku 13, pro syntézu bylo pouºito 4 aº 8 toroidní
h dlaºdi
, v závislosti na 
harakteruvstupního vzorku.5 Záv¥rSyntéza textur je alternativním a v¥t²inou jediným moºným zp·sobem generování texturk p°ímému pouºití v po£íta£ové vizualiza
i. Má ²iroké uplatn¥ní v po£íta£ové gra�
e,zejména pak v oblasti virtuální reality, protoºe v r·zný
h aplika
í
h je t°eba modelovatobjekty reálného sv¥ta. Aby tyto objekty vypadaly 
o nejv¥rohodn¥ji, je nutné je pokrýtvhodným povr
hem. A zde se p°ímo nabízí syntéza textur. Místo velké textury, která bypokryla 
elý objekt, sta£í mít malý vzorek, ze kterého se vhodnou metodou získá texturapat°i£ný
h rozm¥r·. Takto získaná textura se pak mapuje na povr
h objektu.Vhodnou metodou se rozumí taková metoda, která odpovídá poºadavk·m aplika
e.Hlavními faktory ovliv¬ují
í výb¥r metody jsou výsledná kvalita, ry
hlost a moºnostkomprese. �asto je t°eba zvolit ur£itý kompromis mezi kvalitou a ry
hlostí. Naví
 je tatoprá
e zam¥°ena na periodi
ko-sto
hasti
ké textury. Vyuºijeme-li vlastností periodi
ko-sto
hasti
ký
h textur, pak lze pro toto spektrum textur vyvinout efektivní spe
ializovanémetody.Ob¥ metody jsou s
hopny modelovat synteti
ké periodi
ko-sto
hasti
ké textury z da-ného texturního vzorku, p°i£emº vstupní vzorek a synteti
ká textura jsou ve v¥t²in¥p°ípad· vizuáln¥ nerozli²itelné.První z metod umoº¬uje pr·m¥rnou kompresi p°i manipula
i s periodi
kou sloºkou,zatím
o sto
hasti
kou sloºku lze díky adaptivnímmetodámmodelovat na základ¥ n¥kolikamálo parametr·, £ímº lze dosáhnout zna£né komprese.Druhá z popsaný
h metod je pouºitelná nejen pro syntézu periodi
ko-sto
hastiký
htextur a dosahuje velmi dobrý
h výsledk·. Z 
harakteru metody je z°ejmé, ºe nebude fun-govat na vzor
í
h textur, které jsou po²kozeny nerovnom¥rnou intenzitou jasu ve vzorku,nejsou dostate£n¥ reprezentativní a nebo které jsou po²kozeny geometri
kou transforma
í.Dodejme, ºe v t¥
hto p°ípade
h selhávají metody povaºované za ²pi£kové.
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Improvement of Model-based Predi
tionvia Assimilation of Measured Data∗Radek Hofman1st year of PGS, email: hofman�utia.
as.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Petr Pe
ha, Institute of Information Theory and Automation, AS CRAbstra
t. The paper brie�y presents the development of software system HARP whi
h is beingdeveloped in IITA. The HARP system is designed as a de
ision support tool (DSS) for purposesof fast assessment of radiologi
al 
onsequen
es of a

idental releases of radionu
lides into livingenvironment. Parti
ular attention is devoted to assimilation subsystem of the HARP systemand its exploitation in analysis and predi
tion of further evolution of a s
enario dealing withlong-term deposition of 137Cs over terrain. The present work demonstrates utilization of Kalman�lter in assimilation pro
ess of the s
enario and also a model used for modeling of long-termexposure due to groundshine in Japan DSS OSCAAR (O�-Site Consequen
e Analysis 
ode forAtmospheri
 Releases in rea
tor a

idents) is introdu
ed.Abstrakt. P°ísp¥vek stru£n¥ popisuje sou£asný stav vývoje softwarového systému HARP vyví-jeného v UTIA. Jedná se o pomo
ný nástroj pro hodno
ení a analýzu následk· únik· radionuk-lid· z jaderný
h elektráren do okolního prost°edí. Zvlá²tní pozornost je v¥nována asimila£nímusubsytému systému HARP a jeho vyuºití pro analýzu a predik
i vývoje aktivity z dlouhodobédepozi
e radioaktivního 137Cs na terénu. V p°ísp¥vku je popsán Kalman·v �ltr a jeho vyuºitív asimila£ním pro
esu konkrétního s
éná°e vyuºívají
ího model pro dávky zá°ení z dlouhodobédepozi
e radionuklid· na zemském povr
hu adaptovaného z japonského balíku model· OSCAAR(O�-Site Consequen
e Analysis 
ode for Atmospheri
 Releases in rea
tor a

idents).1 Introdu
tionIn the 
urrent state of development is software system HARP 
apable to model atmo-spheri
 dispersion of radioa
tive pollutants and subsequent dose distributions and healthe�e
ts in the exposed population. Main obje
tive is to improve reliability of the modelpredi
tions via advan
ed statisti
al te
hniques of assimilation of model results with ob-servations from terrain. The aim is to develop modeling, simulation and edu
ational toolwith uni�ed user-friendly graphi
al interfa
e for utilization in radiation prote
tion.2 HARP systemThe HARP system 
onsists of three main parts: Atmospheri
 dispersion model (ADM),Dose model (DOS) and Food-
hain model (FCM), more in [3℄. In re
ent development
∗This work is part of the grant proje
t GA�R No. 102/07/1596, whi
h is funded by Grant Agen
yof the Cze
h Republi
. 49



50 R. Hofmanof HARP were numeri
al algorithms modi�ed from deterministi
 to their probabilisti
versions, see [2℄. Probabilisti
 version enables for sensitivity analysis, un
ertainty analysisand also for statisti
al estimate of error 
ovarian
e stru
ture of generated data. The blo
kdiagram of system ar
hite
ture is in the Fig. (2).

Figure 1: The ar
hite
ture of the HARP system. Deterministi
 numeri
al kernel is inter-
onne
ted to visualization and assimilation submodule via graphi
al user interfa
e.2.1 Assimilation submoduleAssimilation submodule o�ers 
omfortable graphi
al user interfa
e for intera
tive inser-tion of data and its maintenan
e and evaluation. Numeri
al and assimilation subsystemhave dire
t binding to visualization submodule (see Fig. (2)), so both modeled data andmeasurements 
an be easily visualized on relevant s
alable map ba
kground. Evalua-tion of results is also supported by data tables and 
omparative graphs. Also a

ess



Improvement of Model-based Predi
tion via Assimilation of Measured Data 51to ORACLE database of meteorologi
al fore
asts and measurement stations in
luded inRadiation Monitoring Network of the Cze
h Republi
 is established there. In the 
ur-rent state of the art are implemented following assimilation algorithms: Interpolationpro
edures, su

essive 
orre
tions method, optimal interpolation and Kalman �lter.2.2 Atmospheri
 dispersion modelADM in HARP is based on segmented Gaussian plume model (SGPM). The segmentationallows us to use di�erent set of input parameters for ea
h of the segments. In the 
urrentstate of development the model has more than hundred input parameters and the mostsigni�
ant of them P1−P12 (resulting from sensitivity analysis) are listed in Table (2.2).In the table are distributions of random parameters multipli
atively applied to nominalvalues of input parameters in order to obtain probability distributions of those. Parameterdistributions are expert-based estimates supplemented by measurements. The in�uen
eof the rest of model input parameters on variation of model output is assumed to beunimportant and these parameters are on input set to their best estimate values.We divide the parameters into to groups: Lo
al and global. The global parametersdon't vary through the segments and remains same for all of them. Values of lo
alparameters vary in time and/or with spatial lo
ation. SGPM enables to take into a

ountVariable G/L Min Mean Max Distribution σ

P1 - intensity of release G 1.0 normal 0.20
P2 - horiz. dispersion G 1.0 normal 0.13
P3 - horiz. �u
t. of wind dir. L -5 0 5 dis
. uniform
P4 - dry deposition of elem. G 0.41 1.0 1.6 uniform
P5 - dry deposition of aero. G 0.41 1.0 1.6 uniform
P6 - elution of elem. iodine G 0.2 1.0 5.0 log-uniform
P7 - elution of aero. G 0.2 1.0 5.0 log-uniform
P8 - adve
tion speed of plume L -1.0 0.0 1.0 uniform
P9 - wind pro�le G 0.5 1.0 1.5 uniform
P10 - verti
al dispersion G 1.0 normal 0.13
P11 - mixing layer height G 0.6 1.175 1.75 uniform
P12 - heat �ux G 0.0 0.5 1.0 uniformTable 1: The most signi�
ant parameter of ADM and distribution of multipli
ative fa
torsused for their generating from nominal values.realisti
 weather fore
asts hourly provided by the Cze
h Hydro-Meteorologi
al Institute.ADM also a

ounts for many fa
tors a�e
ting the plume depletion (dry/wet deposition,in�uen
e of terrain type et
.).3 S
enario for long-term deposition of 137Cs over terrainThe plume moving over the terrain leaves behind a radioa
tive tra
e due to dry and weta
tivity deposition. Movement of a plume over observed area lasts usually few hours.



52 R. HofmanWhen the plume leaves observed area, the tra
e represents an initial 
ondition for predi
-tion of further evolution of radiologi
al situation on terrain. Our analyzed s
enario startsjust after the plume leaves the observed terrain. An emphasis is laid on predi
tion of longterm evolution of radiologi
al situation in time horizon of years up to tens of years. Thisknowledge is important for planning of long-term 
ountermeasures relating to food-
hainmodel, whi
h is also a part of the HARP system.The only nu
lide assumed in this s
enario is 137Cs. As half-time to de
ay of 137Cs isapproximately 30 years, it is one of most signi�
ant and dominant sour
e of radioa
tivityin long term s
enarios.Initial 
onditions (ba
kground �eld) for assimilation is given by the ADM when theradioa
tive plume is gone. As s model of radiation situation evolution is used the relationa

ording to Eq. (3) from the OSCAAR model. The 
ru
ial task is to estimate error
ovarian
e stru
ture of the model and the ba
kground �eld. As a �rst attempt, weare trying to estimate error 
ovarian
e stru
ture by Monte-Carlo approa
h as a sample
ovarian
e of a drawn sample of size N ≈ 103. The sample was generated a

ording togiven probability distributions, see Table (3.1).Alternative way of estimation of error 
ovarian
e stru
ture 
ould be a spatial �lterwidely used in meteorology be
ause of high dimensionality of problems solved there. Spa-tial �lters are based on assumption: The bigger distan
e between two points the smaller
orrelation between modeled/measured values in these points. This assumption is ratherunrealisti
 and physi
ally inexa
t and also denies one of major advantages of assimila-tion methods - embodying of physi
al information. Spatial �lters for determination of
orrelation between points i and j proposed by Bergthorson and Doos are as follows:Pf
ij = exp

[

−r
2
ij

L

] (1)Pf
ij = (1 +

rij

L
)exp

[

−rij

L

] (2)where rij is the distan
e between the points and L is a 
hosen 
onstant 
alled radius ofin�uen
e.3.1 OSCAAR modelAbbreviation OSCAAR stands for O�-Site Consequen
e Analysis 
ode for Atmospheri
Releases in rea
tor a

idents and it has been developed within the resear
h a
tivities onprobabilisti
 safety assessment at the Japan Atomi
 Resear
h Institute [7℄. OSCAAR
onsists of a series of interlinked modules and that are used to 
al
ulate the atmospheri
dispersion and deposition of sele
ted radionu
lides. In this work are adopted formulaeand prin
iples used in OSCAAR for predi
tion of dose rate due to long-term groundshine.It 
an be expressed by the Eq. (3).
Ds(t) = SDk · R(t) · E(t) ·DFg · L ·

∑

i

fi · (OF out
i +OF in

i · SF ) (3)The interpretation of terms in Eq. (3) is in the Table (3.1). The following exponential
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Dg(t) dose rate on day t after deposition of a radionu
lide (Sv s−1)
SDk total deposition of the radionu
lide at pla
e k (Bq m−2)
R(t) fa
tor to a

ount for radioa
tive da
ay o

uringbetween the deposition and t
E(t) fa
tor to a

ount for the environmental da
ayof groundshine (Sv s−1 perBq m−2)
DFg dose-rate 
onversion fa
tor for groundshine
L geometri
 fa
tor (%)
fi fra
tion of i-th o

upation group (%)
OF out

i outdoor o

upan
y fa
tor for i-th o

upation group (%)
OF in

i indoor o

upan
y fa
tor for i-th o

upation group (%)
SF shielding fa
tor for wooden of bri
k house (%)Table 2: Interpretation of term in Eq. (3)fun
tions represent the two fa
tors of R(t) and E(t) as a fun
tions of time. The experi-ments had shown that the mitigation of groundshine due to environmental de
ay followsrelation given by superposition of two exponentials (Eq. (5), (6)).

R(t) = exp(−ln2 · t
Ty

) (4)
E(t) = df · exp(−ln2 · t

Tsf

) + ds · exp(−ln2 · t

Tss

) (5)where
df + ds = 1 (6)Ground deposition model formulae are semi-empiri
al, it means that some of equationparameters are determined empiri
aly upon measurements and the parameter values de-pend on the lo
al 
onditions in the pla
e of model appli
ation (soil type et
.). The dose
onversion fa
tor was 
al
ulated by the method of Ko
her (1980) in whi
h the exposedindividual was assumed to stand on a smooth, in�nite plane surfa
e with uniform 
on-
entration of sour
e of radioa
tivity. Data used in the groundshine dose 
al
ulationsVariable Mean Min Max Distribution Units

ds 0.52 0.40 0.71 Uniform -
Tsf 1.1 0.41 1.4 Uniform y
Tss 28 24.3 29.4 Uniform yL 0.45 0.2 0.7 Uniform -SF(wood) 0.52 0.26 0.78 Uniform -SF(bri
k) 0.2 0.1 0.3 Uniform -
DFg 5.86× 10−16 - - Sv s−1/Bq m−2Table 3: Parameter values used for ground exposure 
al
ulations in OSCAAR model.are given in Table (3.1). The parameter distributions were determined for 137Cs fromChernobyl disaster. The appropriate data for other elements are not available but it is



54 R. Hofmanassumed that the long-term in�uen
e of most of them is not signi�
ant. For elementswith high half-time to de
ay are assumed the same equations of groundshine mitigationas for 137Cs. As in the HARP, the approa
h used in OSCAAR adopted probabilisti
methodology and it allows us to determine error 
ovarian
e stru
ture of the model. It isa ne
essary 
ondition for appli
ation of advan
ed assimilation te
hniques to the model(Kalman �lter, 4DVAR).4 Data assimilationThe goal of data assimilation is to provide an analysis whi
h relies on measurementsand so 
alled ba
kground �eld from a model fore
ast. Other inputs to data assimilationpro
ess 
an be physi
al 
onstraints on the problem or any additional prior knowledge notin
luded in the model. Merging of these 
ontending sour
es of information had shownto be very promising in many bran
hes of 
ontemporary Earth s
ien
es like meteorologyand o
eanography.In data assimilation we try to adjust model a

ording to measured values what repre-sents resear
h e�ort to move from isolated model predi
tion forward reality. An automati
pro
edure for bringing observations into the model is 
alled obje
tive analysis. The majorprogress of the obje
tive analysis was a
hieved in the �eld of meteorologi
al fore
astingte
hniques that represents e�
ient tool in struggle with tenden
y to 
haoti
 destru
tionof physi
al knowledge, see [5℄. Advan
ed assimilation methods are 
apable to take intoa

ount measurements and model errors in form of error 
ovarian
e matri
es.In the Fig. (4) we 
an see the s
hemati
 of two stage assimilation pro
ess. In the �rststage 
alled data update step are modeled values adjusted a

ording to all measurementsavailable in 
ertain time step. This part of data assimilation pro
ess is often 
alledintermittent assimilation. This step allows us to get new and hopefully better initial
onditions for time update step whi
h performs the predi
tion of evolution of an analyzedquantity. Advan
ed assimilation algorithms also enables for predi
tion of evolution ofmodel errors. Without data update step we 
ould get a predi
tion substantially divergingfrom the true evolution.4.1 Kalman �lterThe Kalman �lter ([1℄) has long been regarded as the optimal solution to many tra
kingand data predi
tion tasks. The purpose of �ltering is to extra
t the required informationfrom a signal, ignoring everything else. Kalman des
ribed his �lter using state spa
ete
hnique whi
h enables �lter to be used as either a smoother, a �lter or a predi
tor. Inthis paper is presented exploitation of Kalman �ltering method in a spe
ial assimilations
enario.As was already stated in previous paragraph, initial 
ondition for the task of predi
tionof radiologi
al situation evolution is given as a result of ADM when the plume is gone.Reliability of this initial value xf (often 
alled ba
kground �eld) 
an be improved byassimilation pro
ess. If there are available some measurements yt
o at time t whi
h weassume to be more reliable then the model, we 
an adjust the model a

ording to theirvalues with respe
t to physi
al information 
ontained in the model. Error 
ovarian
e
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Figure 2: The s
hemati
 of data assimilation pro
ess.stru
ture is expressed in form of error 
ovarian
e matri
es of model Pt
f and measurementsRt. The result of this pro
ess in time t is a new better initial 
ondition xt

a 
alled analysis(Eq. (7), Eq. (8)) and information on its error 
ovarian
e stru
ture Pt
a (Eq. (9)). His a linear operator for transformation of points from spa
e of model into the spa
e ofmeasurements. This pro
ess is 
alled data update step of Kalman Filter.xt

a = xt
f + Kt(yt

o −Hxt
f ) (7)Kt = Pt

fHT (Rt + HPt
fHT )−1 (8)Pt

a = (I−KtH)Pt
f (9)The se
ond step is 
alled time update and in this step is performed time evolution of ananalyzed quantity via linear modelM (Eq. (10)) and also evolution of its error 
ovarian
estru
ture (Eq. (11)). Output of se
ond step of Kalman �lter is predi
tion xt+1

f andinformation on error of this predi
tion Pt+1
f .xt+1

f = Mxt
a (10)Pt+1

f = MPt
aMT + Q (11)This two steps 
an be iteratively repeated as long as new measurements are available.



56 R. Hofman5 Results and Con
lusionIn assumed s
enario the exposure was assumed with no shielding, so shielding 
oe�
ientswere set to 1. Be
ause of la
k of real measurements testing of an assimilation pro
esswas performed with simulated measurements sampled from the same numeri
al modelusing perturbed input parameters. Early results whi
h will be presented in oral part ofpresentation show that this task 
an be su

essfully solved via two step data assimilationpro
ess, but there are still some problems espe
ially with estimation of error 
ovarian
estru
ture and its propagation forward in time.The a
hieved results had shown so far that the di�erentiation of ADM input pa-rameters to lo
al and global introdu
ed in paragraph 2.2 substantially in�uen
es error
ovariation stru
ture of the model. Choi
e of parameters to vary in order to estimateerror 
ovarian
e stru
ture is important part of assimilation pro
ess. Some results werealready published in [6℄. The results from spatial �lter (Eq. (1), (2)) 
ould by used forweighing of statisti
al estimate of error 
ovarian
e stru
ture and to mitigate the in�uen
eof global vs. lo
al property of 
ertain input parameter.In the next development of assimilation methodology and HARP system is intendedto implement some other advan
ed assimilation methods based on Bayesian approa
h.Referen
es[1℄ K. E. Atmospheri
 modeling, data assimilation and predi
tability. Cambridge Univ.Press, Cambridge, (2003).[2℄ P. P. and P. E. Modelling of random a
tivity 
on
entration �elds in air for purposes ofprobabilisti
 estimation of radiologi
al burden. In '10th Int. Conf. on Harmonizationwithin Atmospheri
 Dispersion Modelling, Ioannina, Gree
e', (2005).[3℄ P. P., H. R., and P. E. Training simulator for analysis of environmental 
onsequen
esof a

idental radioa
tivity releases. In '6th EUROSIM Congress on Modelling andSimulation, Ljubljana, Slovenia', (2007).[4℄ P. Pe
ha and R. Hofman. Integration of data assimilation subsystem into environ-mental model of harmful substan
es propagation. In 'Harmo11 - 11th Internal Conf.Cambridge', (2007).[5℄ D. R. Atmospheri
 data analysis. Cambridge Univ. Press, Cambridge, (1991).[6℄ H. R. Assimilation s
enario for long-term deposition of 137cs. In '8th InternationalPhDWorkshop on Systems and Control a Young Generation Viewpoint, Balatonfured,Hungary', (2007).[7℄ H. T. and M. T. OSCAAR Model -Des
ription and Evaluation of Model Performan
e,(2006).



Informational Cathegori
al Data Clustering∗Jan Hora3rd year of PGS, email: hora�utia.
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zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Ji°í Grim, Institute of Information Theory and Automation, AS CRAbstra
t. The EM algorithm has been used repeatedly to identify latent 
lasses in 
ategori-
al data by estimating �nite distribution mixtures of produ
t 
omponents. Unfortunately, theunderlying mixtures are not uniquely identi�able and, moreover, the estimated mixture param-eters are starting-point dependent. For this reason we use the latent 
lass model only to de�nea set of �elementary� 
lasses by estimating a mixture of a large number 
omponents. As su
h amixture we use also an optimally smoothed kernel estimate. We propose a hierar
hi
al �bottomup� 
luster analysis based on unifying the elementary latent 
lasses sequentially. The 
lusteringpro
edure is 
ontrolled by minimum information loss 
riterion.Abstrakt. Shlukování kategoriální
h dat je £asto °e²eno hledáním tzv. latentní
h t°íd pomo
íEM algoritmu. Tento p°ístup ov²em závisí na po£áte£ním °e²ení a naráºí na problém neiden-ti�kovatelosti sm¥si. Popisovaná metoda vyhledává shluky nikoliv jako jednotlivé komponentysm¥si jako v p°ípad¥ latentní
h t°íd, ale jako podsm¥si vzniklé slou£ením n¥kolika jednodu
hý
ht°íd z odhadnuté distribu£ní sm¥si s vy²²ím po£tem komponent. Extrémní variantou takovésm¥si m·ºe být jádrový odhad, jehoº optimální vyhlazení je v prá
i popsáno. V prá
i je dálep°edstavena metoda hierar
hi
kého shlukování s kritériem nejmen²í informa£ní ztráty.1 Introdu
tionThe 
on
ept of 
luster analysis is 
losely related to the similarity of obje
ts or distan
e ofdata ve
tors de�ned by a metri
. The 
luster analysis of 
ategori
al (nominal, qualitative)data is di�
ult be
ause the standard arithmeti
al operations are unde�ned and alsothere is no generally a

eptable de�nition of distan
e for multivariate 
ategori
al data.For these reasons the available methods of 
luster analysis 
annot be applied dire
tly to
ategori
al data.At present the standard approa
h to 
luster analysis of 
ategori
al data is to introdu
esome similarity measure or distan
e fun
tion in a heuristi
al manner. It appears that theonly statisti
ally justi�ed method to analyze multivariate 
ategori
al data is the latent
lass model of Lazarsfeld [5℄. Motivated by so
iologi
al resear
h he proposed the �ttingof multivariate Bernoulli mixtures to binary data with the aim to identify possible latent
lasses of respondents. Serious drawba
k of the Lazarsfeld's idea has been the tedious andsomewhat arbitrary methods used for �tting the models. The numeri
al problems havebeen removed by the 
omputationally e�
ient EM algorithm [1℄. In the last years theoriginal idea of Lazarsfeld has been widely applied and frequently modi�ed by di�erentauthors (
f. e.g. [3℄ and [9℄ for extensive referen
es).
∗This resear
h was supported by the grant GACR 102/07/1594 of the Cze
h Grant Agen
y and bythe proje
ts of the Grant Agen
y of M�MT 2C06019 ZIMOLEZ and 1M0572 DAR.57



58 J. HoraIn this paper we propose a hierar
hi
al approa
h to 
luster analysis of 
ategori
aldata in the 
ontext of data mining. Applying the latent 
lass model to large multivariatedatabases we assume a large number of 
lasses (M ≈ 101÷ 102) with the aim to approxi-mate the unknown probability distribution. The EM algorithm yields di�erent parameterestimates but the approximation a

ura
y of the estimated mixture is 
omparable. Theinitial parameters of the estimated mixture 
an be 
hosen randomly without a�e
ting thequality of estimates essentially. Unlike the latent 
lass analysis we use the estimated mix-ture 
omponents only to identify �elementary� latent 
lasses with the posterior 
omponentweights playing the role of membership fun
tions. The underlying de
ision problem 
anbe 
hara
terized by the statisti
al de
ision information. We assume that the statisti
alproperties of data 
an be des
ribed by the estimated mixture even if the �elementary�
omponents are not de�ned uniquely. We assume that potential 
lusters 
an be identi�edby the optimal de
omposition of the estimated mixture into sub-mixtures. We proposea hierar
hi
al 
lustering pro
edure based on sequential unifying of the elementary latent
lasses. The pro
edure is 
ontrolled by the minimum information loss 
riterion.Another way to des
ribe the given data is the kernel estimate. In this paper we presentan optimally smoothed kernel estimate whi
h 
an be used as a distribution mixture forabove mentioned 
lustering.The paper is organized as follows. We �rst des
ribe the idea of latent 
lass analysis andthe related problem of estimating dis
rete produ
t mixtures by means of EM algorithm(Se
. 2). Se
tion 3 introdu
es the statisti
al information 
riterion, Se
. 4 des
ribes themethod of hierar
hi
al 
luster analysis and the se
tion 5 des
ribes the possibility of kernelestimation. The appli
ation of the method is illustrated by numeri
al example in Se
. 6.Finally we dis
uss the main results in the Con
lusion.2 Latent Class ModelLet us suppose that some obje
ts are des
ribed by a ve
tor of dis
rete variables takingvalues from �nite sets:
x = (x1, . . . , xN), xn ∈ Xn, |Xn| <∞, x ∈ X = X1 × · · · × XN . (1)We assume that the variables are 
ategori
al (i.e. non-numeri
al, nominal, qualitative)without any type of ordering. Considering the problem of 
luster analysis we are given aset of data ve
tors

S = {x(1), . . . ,x(K)}, x(k) ∈ X (2)and the goal of 
luster analysis is to partition the set S into �natural� well separatedsubsets of similar obje
ts
ℜ = {S1,S2, . . . ,SM}, S = ∪J

j=1Sj , Si ∩ Sj = ∅, for i 6= j. (3)In this sense the 
on
ept of 
luster analysis is 
losely related to some similarity or dissimi-larity measures. Unfortunately, in 
ase of 
ategori
al variables the arithmeti
al operationsare unde�ned and therefore we 
annot 
ompute means and varian
es nor there is any gen-erally a

eptable way to de�ne distan
e for the 
ategori
al data ve
tors x ∈ X . Binary
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al Data Clustering 59data, as a spe
ial 
ase, may appear to be naturally ordered, however, the values 0 and 1are often assigned quite arbitrarily. For these reasons the available algorithms of 
lusteranalysis are not dire
tly appli
able to 
ategori
al data.The standard way to avoid this di�
ulty is to introdu
e a similarity measure ordistan
e fun
tion for 
ategori
al data in a heuristi
al manner. It may appear quite easyto de�ne a distan
e table for a single 
ategori
al variable, espe
ially in 
ase of somewell interpretable values. However, in a multidimensional spa
e the problem of distan
ede�nition be
omes di�
ult be
ause of uneasy foreseen 
onsequen
es of interferen
e ofdi�erent distan
e tables.As it appears the only statisti
ally justi�ed approa
h to 
lustering 
ategori
al data
an be tra
ed ba
k to the latent stru
ture analysis of Lazarsfeld [5℄ who proposed toidentify latent 
lasses in binary data by estimating multivariate Bernoulli mixtures. Themethod is easily generalized to 
ategori
al variables and it is often applied in di�erentmodi�
ations as �latent 
lass analysis� [9℄. The latent 
lass model is de�ned as a �nitemixture of a given number of produ
t 
omponents
P (x) =

∑

m∈M
wmF (x|m), x ∈ X , M = {1, . . . ,M}. (4)Here wm are non-negative probabilisti
 weights

∑

m∈M
wm = 1, 0 < wm < 1, m ∈M, (5)

F (x|m) are the mixture 
omponents de�ned as produ
ts of univariate 
onditional (
om-ponent spe
i�
) dis
rete distributions fn(xn|m)

F (x|m) =
∏

n∈N
fn(xn|m), N = {1, . . . , N} (6)andM,N are the index sets of 
omponents and variables respe
tively.The latent 
lass model (4) naturally de�nes a statisti
al de
ision problem. Havingestimated the mixture parameters we 
an 
ompute the 
onditional probabilities

q(m|x) =
wmF (x|m)

∑

j∈MwjF (x|j) , x ∈ X , m ∈M (7)whi
h 
an be viewed as membership fun
tions of the estimated latent 
lasses. They areparti
ularly useful if there is some interpretation of the mixture 
omponents, e.g. if the
omponents 
an be shown to 
orrespond to some real �latent 
lasses� [5℄, �hidden 
auses�[6℄ or �
lusters� having a spe
i�
 meaning.A unique 
lassi�
ation of data ve
tors x ∈ X 
an be obtained by means of Bayesde
ision fun
tion (with the ties arbitrarily de
ided)
d(x) = arg max

j∈M
{q(j|x)}, x ∈ X . (8)By using the Bayes de
ision fun
tion d(x) we obtain the elementary �latent 
lass� partition

ℜ of the set S by 
lassifying the points x ∈ S:
ℜ = {S1,S2, . . . ,SM}, Sm = {x ∈ S : d(x) = m}, m ∈M. (9)



60 J. HoraIn other words the partition ℜ is de�ned by the maximum posterior weights q(m|x) andrepresents the result of latent 
lass analysis in the original form as proposed by Lazarsfeld(
f. [5℄, [3℄), [9℄). The latent 
lass model (4) seems to be one of the most widely appli
abletools of 
luster analysis of 
ategori
al data. The original idea of Lazarsfeld has been usedby many authors to identify individual 
lasses of ba
teria (
f. e.g. [3℄) and more re
entlyVermunt et al. [9℄ des
ribe di�erent modi�
ations of the latent 
lass analysis as appliedin diverse �elds.The standard way of estimating mixtures is to use EM algorithm (
f. [1℄, [4℄). Inparti
ular to 
ompute maximum-likelihood estimates of mixture parameters we maximizethe log-likelihood fun
tion
L =

1

|S|
∑

x∈S
logP (x) =

1

|S|
∑

x∈S
log

[
∑

m∈M
wmF (x|m)

] (10)A serious disadvantage of the latent 
lass analysis relates to the fa
t that the resulting
lusters may be non-unique. It is obvious that, if the estimated mixture is not de�neduniquely, then the 
orresponding interpretation of data in terms of latent 
lasses maybe
ome questionable. Unfortunately, there are at least three sour
es of un
ertainty whi
hmay in�uen
e the resulting mixture parameters. First, there is no exa
t method to
hoose the proper number of mixture 
omponents (
f. [4℄). Another sour
e of multiplesolutions is the existen
e of lo
al maxima of the log-likelihood fun
tion (10). For thisreason we 
an expe
t di�erent lo
ally optimal solutions depending on the 
hosen initialparameters. However, even if we su

eed to manage the 
omputational aspe
ts of mixtureestimation, there is still the well known theoreti
al problem that the latent 
lass modelis not identi�able (
f. [3℄). In parti
ular it is easily veri�ed that any non-degeneratemixture (4) 
an be expressed equivalently in in�nitely many di�erent ways [2℄.3 Minimum Information Loss CriterionIn view of Se
. 2 the latent 
lass model (4) is the only information sour
e about thestru
tural properties of the data set S. For this reason we identify the 
lusters by meansof the optimal de
omposition of mixture (4) into sub-mixtures.Re
all that having estimated the mixture parameters we 
an de�ne the elementarylatent 
lasses by 
lassifying the data ve
tors x ∈ S a

ording to the maximum posteriorweight q(m|x) (
f. (8), (9)). The underlying de
ision problem 
an be 
hara
terized bythe statisti
al de
ision information. By using the Shannon formula we 
an write
I(X ,M) = H(M)−H(M|X ), H(M) =

∑

m∈M
−wm logwm, (11)

H(M|X ) =
∑

x∈X
P (x)Hx(M) =

∑

x∈X
P (x)

∑

m∈M
−q(m|x) log q(m|x). (12)Here H(M) is the un
ertainty 
onne
ted with estimating the out
ome m ∈ M of arandom experiment with the probabilities {w1, . . . , wM} without any other knowledge.Given a ve
tor x ∈ X we 
an improve the estimation a

ura
y by 
omputing the more
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i�
 
onditional probabilities q(m|x). The statisti
al de
ision information I(X ,M)
ontained in the latent 
lass model is de�ned as the di�eren
e between the a priori entropy
H(M) and the mean 
onditional entropy H(M|X ) whi
h 
orresponds to the knowledgeof x ∈ X .It 
an be seen that a partition U of the index setM

U = {M1,M2, ...,MC},
C⋃

c=1

Mc =M, i 6= j ⇒Mi ∩Mj = ∅. (13)a
tually de�nes a de
omposition of the estimated mixture into sub-mixtures:
P (x) =

C∑

c=1

∑

m∈Mc

wmF (x|m) =

C∑

c=1

P (x|Mc) p(c), x ∈ X , (14)
P (x|Mc) =

∑

m∈Mc

wm

p(c)
F (x|m), p(c) =

∑

m∈Mc

wm, c = 1, . . . , C. (15)The sub-mixtures P (x|Mc) 
an be then used to de�ne the partition of the spa
e Xinto 
orresponding 
lusters. We 
an write
p(c|x) =

p(c)P (x|Mc)

P (x)
=

∑

m∈Mc
wmF (x|m)

P (x)
=
∑

m∈Mc

q(m|x), (16)
d(x|U) = arg max

c
{p(c|x)}, x ∈ X (17)and by using the de
ision fun
tion d(x|U) we obtain the partition

Φ = {X (1),X (2), . . . ,X (C)}, X = ∪C
j=1X (j), X (i) ∩ X (j) = ∅, for i 6= j. (18)for whi
h we get

P (X (c)) =
∑

x∈X (c)

P (x) =

C∑

c=1

P (X (c)|Mc) p(c); P (X (c)|Mc) =
∑

x∈X (c)

P (x|Mc) (19)Here the 
lusters X (c) ∈ Φ 
orrespond to the respe
tive sub-mixtures P (x|Mc). Byusing the Shannon formula we 
an express the statisti
al de
ision information 
ontainedin the de
omposed mixture. In analogy with (11), (12) we 
an write
I(Φ,U) = H(Φ)−H(Φ|U), H(Φ) =

∑

X (c)∈Φ

−P (X (c)) logP (X (c)), (20)
H(Φ|U) =

∑

c∈U
p(c)HMc(Φ), HMc(Φ) =

∑

X (i)∈Φ

−P (X (i)|Mc) logP (X (i)|Mc). (21)Intuitively it is 
lear that by fusing sub-mixtures (or 
omponents) we loose somede
ision information. Indeed, we 
an easily verify that the de
ision information de
reasesif we join any two subsetsMi,Mj ∈ U of a given partition U (for more see [10℄).



62 J. Hora4 Minimum Information Loss Cluster AnalysisIn view of the above equations any 
luster analysis based on mixture de
omposition is
onne
ted with some information loss from the point of view of the underlying de
isionproblem. Naturally we would be interested in maximizing the statisti
al informationabout Φ 
ontained in U and therefore the elementary information loss seems to be asuitable 
riterion to 
ontrol the pro
ess of sequential fusion of the 
omponents and sub-mixtures in the original latent 
lass model. However, our experiments have shown thatbetter results are gained when relative information is used.In order to evaluate the information loss 
onne
ted with the partitions Φ and U wehave to estimate the information I(Φ,U) by means of the observation sample S. By usingthe estimates
q̂(m|X (j)) =

1

|Sj |
∑

x∈Sj

q(m|x), P̂ (X (j)) =
|Sj|
|S| , j ∈M (22)we 
an write

p̂(c|X (c)) =
∑

m∈Mc

q̂(m|X (j)) =
∑

m∈Mc

1

Sc

∑

x∈Sc

q(m|x) (23)and therefore
Ĥ(U|Φ) =

∑

X (c)∈Φ

P (X (c))ĤX (c)(Φ) = −
∑

X (c)∈Φ

P (X (c))
∑

c∈U
p̂(c|X (c)) log p̂(c|X (c)) (24)and �nally we obtain the 
riterion Qij

Qij =
Î(Φ,U)

Ĥ(U)
− Î(Φ′,U ′)

Ĥ(U ′)
= −Ĥ(U|Φ)

Ĥ(U)
+
Ĥ(U ′|Φ′)

Ĥ(U ′)
(25)The des
ribed 
riterion Qij is an estimate of the relative information loss arising afterunion of the two subsetsMi,Mj in the partition U and the 
orresponding 
lusters X (i),

X (j) in the partition Φ. In the following we use the estimated relative information loss Qijas a 
riterion for the optimal 
hoi
e of the pair of subsets to be uni�ed. In other words,in ea
h step of the pro
edure we unify the two sets Mi,Mj ∈ U and X (i),X (j) ∈ Φ forwhi
h the resulting information loss Qij is minimized.In the 
onsidered de
ision-making framework a natural goal of 
luster analysis is topreserve maximum de
ision information with a minimum number of 
lusters. Let us re-mark that the most general result of the above algorithm is the sequen
e of informationloss values {Q(k)
ij }Mk=1 produ
ed by the hierar
hi
al 
lustering pro
edure. The form ofthe sequen
e suggests di�erent possibilities of �nal 
lustering and simultaneously it 
anbe seen how justi�ed are the resulting 
lusters. For a given mixture (4) the sequen
e

{Q(k)
ij }Mk=1 is de�ned uniquely and the form of the sequen
e should be similar for 
ompa-rably good estimates of the underlying latent 
lass model.The proposed method of 
luster analysis of 
ategori
al data 
an be summarized asfollows:
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al Data Clustering 63Algorithm:1. Estimation of the latent 
lass model (4) for the 
ategori
al data set S by means ofEM algorithm for a su�
iently large M.2. De�nition of the basi
 mixture U = {{1}, {2}, . . . , {M}} and the basi
 latent 
lasspartition Φ = {X (1),X (2), . . . ,X (M)}.3. Sequential unifying the most similar subsets Mi,Mj ∈ U and X (i),X (j) ∈ Φ forwhi
h the resulting relative information loss Qij (
f. (25)) is minimal.4. Choi
e of the optimal partition U∗ a

ording to the point of Q(k)
ij .5. De�nition of the resulting 
lusters in S by means of the de
ision fun
tion d(x|U∗).5 Dis
rete Kernel EstimateIn previous se
tions we worked with distribution mixtures with 
omponent 
ountM ≪ |S|whi
h parameters were estimated by EM algorithm. Another way to approximate thepropability distribution P (x) is a non-parametri
 kernel estimate. For a given datasample S the dis
rete Parzen estimate 
an be de�ned as

P̂ (x) =
1

|S|
∑

y∈S

G(x|y) (26)where the kernel fun
tion G(x|y) 
an be expressed as a produ
t of binomial fun
tions gn

G(x|y) =
∏

n∈N
gn(xn|yn), gn(xn|yn) =

{

αn for xn = yn, αn ∈
〈

1
2
, 1
〉

βn for xn 6= yn, βn = 1−αn

Kn−1

(27)where the parameters αn and βn are the smoothing parameters.The kernel estimate (26) is formally a distribution mixture with uniform 
omponentweights equal to 1
|S| and, therefore, it 
ould be used for the 
luster analysis in the waydes
ribed in the previous se
tions, without loosing the de
ision information during themixture estimation.5.1 Optimally Smoothed Kernel EstimateChoosing the values of the smoothing parameters αn, n ∈ N seriously a�e
ts the qualityof the estimate. We use a method based on log-likelihood 
ross-validation (Duin [7℄)whi
h is based on maximizing the log-likelihood fun
tion.In order to avoid the trivial results (αn = 1) we use the following modi�
ation of thelog-likelihood fun
tion:
L(S,α) =

∑

x∈S

log
1

|S| − 1

∑

y∈S,y6=x

∏

n∈N
gn(xn|yn, αn) (28)



64 J. HoraAs there is no general analyti
 solution we use the iterative method based on EMalgorithm for maximizing the 
riterion (28). The EM algorithm modi�
ation is followingE-step:
q(t+1)(y|x) =

G(x|y,α(t))
∑

z∈S,z!=x
G(x|z,α(t))

(29)M-step: (impli
it form)
α(t+1) = arg max

α

{∑

x∈S

∑

y∈S,x6=y

q(t+1)(y|x) log
G(x|y,α)

G(x|y,α(t+1))

} (30)whi
h 
an be expli
itly written as
α(t+1)

n =

∑

x∈S

∑

y∈S,xn=yn,x6=y
q(t+1)(y|x)

∑

x∈S

∑

y∈S,x6=y
q(t+1)(y|x)

n ∈ N (31)6 Numeri
al examplesHandwritten Non-stylized NumeralsIn the example the proposed minimum information loss 
luster analysis has been appliedto 
lassi�
ation of handwritten non-stylized numerals on a binary raster. We have used400 000 numerals from the NIST database uniformly representing the 
lasses 0,1,...,9.Ea
h of the numerals in the data base has been normalized to a square 16 × 16 binaryraster, i.e. it has been represented by a 256-dimensional binary ve
tor.

Figure 1: Examples of numerals from the NIST database normalized to the 16x16 binaryraster.Normally the NIST numerals are used as a ben
hmark problem for a supervised pat-tern re
ognition. The supervised 
lassi�er is trained for ea
h 
lass separately with theresulting relatively low 
lassi�
ation error. Obviously, the non-supervised solution of theproblem 
annot be expe
ted to a
hieve 
omparable a

ura
y, however, from the point ofview of 
luster analysis, we have again the possibility of a visual inspe
tion of results.Fig. 1 illustrates the properties of the NIST database. In the rows there are examplesof numerals from the database. Again we have estimated the latent 
lass model in the formof a 256-dimensional Bernoulli mixture. We have 
hosen a model ofM = 60 
omponents.
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Figure 2: The 
omponent parameters (in square arrangement) of the mixture of 60 
om-ponents estimated from the NIST database.

Figure 3: Resulting 
luster means for the �nal 13 
lusters. The matrix illustrates the
oin
iden
e of the resulting 
lusters with the original 
lasses.The EM algorithm has been initialized randomly with the uniform 
omponent weights andstopped after 30 iterations and the estimated parameters θmn (in the raster arrangement)are shown in Fig. 2. The estimated elementary latent 
lasses as 
hara
terized by the
omponents in Fig. 2 have been uni�ed sequentially by using the algorithm of Se
. 5.The hierar
hi
al pro
edure based on pairwise unifying the most similar sub-mixtures hasbeen stopped at the level of 13 
lusters whi
h pre
edes a lo
al in
rease of the informationloss Qij.Fig. 3 des
ribes the properties of the resulting 
lusters. The number of 
lustersis higher than 10 be
ause for some numerals there are di�erent variants whi
h are toodissimilar in the high-dimensional des
ription. The distribution of data ve
tors in theresulting 
lusters with respe
t to the true 
lasses 
an be seen in the 
orresponding rows.
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lusionThe latent 
lass models have been used repeatedly as a tool of 
luster analysis of multi-variate 
ategori
al data sin
e the standard approa
hes are usually not dire
tly appli
able.Unfortunately, the underlying dis
rete distribution mixtures with produ
t 
omponents arenot uniquely identi�able. In order to avoid the problem of identi�ability the latent 
lassmodel is applied only to identify elementary latent 
lasses. We assume that the potential
lusters 
an be 
onstru
ted by unifying the elementary 
lasses even if they are not de�neduniquely. A hierar
hi
al pro
edure is proposed to de�ne the optimal de
omposition ofthe underlying mixture or optimally smoothed kernel estimate. The hierar
hi
al 
lusteranalysis is 
ontrolled by minimum information loss 
riterion.Referen
es[1℄ Dempster, A.P., Laird, N.M. and Rubin, D.B.: Maximum likelihood from in
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ien
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numeri
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Image Database Designed for Fast and Robust ImageSear
hOnd°ej Horá£ek∗4th year of PGS, email: hora
ek�utia.
as.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Jan Flusser, Institute of Information Theory and Automation, AS CRAbstra
t. Image retrieval deals with a problem of �nding similar pi
tures in image database.Our task is to �nd originals of modi�ed images, typi
ally stolen and republished on the web.Our problem is spe
i�
 in terms of the database size (millions of photos), demanded speed ofthe sear
h (se
onds), and unknown image modi�
ations (loss of quality, radiometri
 degrada-tion, 
rop, et
.). Proposed method works in the following tree steps: 1. Image prepro
ess �normalization for robustness to the modi�
ations. 2. Retrieval of 
andidates from the databaseindex � sto
hasti
 de
ision in ea
h vertex of the index tree is used to �nd the most relevant
andidates. 3. Veri�
ation of the 
andidates � modi�ed phase 
orrelation is used. The methodwas implemented in pra
ti
e with very good results. Based on wide experiments, it was shownthat the su

ess rate of the sear
h depends on the level of image modi�
ation.Abstrakt. Image retrieval se zabývá vyhledáním snímk· v obrazové databázi na základ¥ ur£itépodobnosti. Na²ím úkolem je vyhledat v databázi originály snímk· dodate£n¥ upravený
h,konkrétn¥ neoprávn¥n¥ publikovaný
h na webu. Tato úloha je spe
i�
ká velikostí databáze (mil-iony snímk·), poºadovanou ry
hlostí odezvy (sekundy) a p°edem neznámým po²kozením snímku(ztráta kvality, radiometri
ké po²kození, o°ez atd.). P°edkládaná metoda pra
uje v následují
í
ht°e
h kro
í
h: 1. P°edzpra
ování snímku � normaliza
í je zaji²t¥na odolnost v·£i zm¥nám. 2.Vyhledání kandidát· v indexu databáze � díky sto
hasti
kému rozhodování v indexovém stromudatabáze jsou nalezeny nejpravd¥podobn¥j²í kandidáti. 3. Ov¥°ení kandidát· � pouºíváme mod-i�kovanou fázovou korela
i. Metoda jiº byla implementována a dosahuje velmi dobrý
h výsledk·.Na základ¥ r·znorodý
h experiment· je ukázáno, ºe úsp¥²nost vyhledávání závisí nejví
e na mí°emodi�ka
í snímku.1 Introdu
tionLarge image databases are often run on a 
ommer
ial basis � browsing through andviewing images is free of 
harge while downloading and re-using them on your webpagesand arti
les is a subje
t of a fee. However, some users republish the downloaded imageswithout paying the fee, whi
h is a violation of 
opyright law. The 
opyright ownerthus wants to regularly s
an suspi
ious domains or websites to 
he
k if there are anyunauthorized 
opies of the database images.This paper des
ribes an original method whi
h we developed for an internationaladvertising and press 
ompany. This 
ompany runs a database of more than 10 millions
∗The author thanks his 
olleagues Jakub Bi
an and Jan Kameni
ký for their 
ooperation and 
onsul-tations. 67



68 O. Horá£ekphotographs updated everyday. They estimate hundreds thousands images being usedwithout permission on the web. Dete
tion of illegal 
opies is 
ompli
ated by two prin
ipaldi�
ulties � the unauthorized images are usually modi�ed before they are post on the weband the response of the system must be extremely fast be
ause of an enormous numberof database images. Although this problem formulation looks like an image retrievaltask, this is not the 
ase. In traditional image retrieval, we want to �nd in the databaseall similar images to the query image, where similarity is evaluated by 
olors, textures,
ontent, et
. Here we want to identify only the equivalent images to the query (we 
all thistask image identi�
ation. This is why we 
annot apply most of standard image retrievalte
hniques. By the term "equivalent images" we understand any pair of images whi
hdi�er from one another by the following transformations.
• Quality redu
tion. Either 
ompression to di�erent image format or resize 
hangesthe image representation, although the image seem very similar to human eye (inFig. 1b).
• Radiometri
 and 
olor distortions. We 
onsider 
hanges of image brightness and
ontrast (in Fig. 1
), 
hanges of 
olor tone or 
onversion of the image to gray-s
ale(in Fig. 1d).
• Crop of the image. Image part 
an be 
ropped from the ba
kground, still we
onsider that the major part of the image is preserved. Also, a frame 
an be addedto the image or aspe
t ratio 
an be 
hanged (in Fig. 1e).
• Lo
al 
hanges. A logo 
an be added to the image, or a thin label 
an go throw theimage (in Fig. 1f).
• Combinations. Reasonable 
ombination of distortions mentioned above is also 
on-sidered. However, their in
reasing amount and signi�
an
e will surely impa
t thealgorithm results (in Fig. 1g).

(a) (g)(f)(e)(d)(c)(b)Figure 1: Possible modi�
ations of the query image. The �rst image is the original storedin the database.We de
ided to in
lude the above transforms into our "equivalen
e relation" be
ause,a

ording to the earlier statisti
s performed by the 
ompany, they are frequently presentin unauthorized 
opies.
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h 69It is not possible to use dire
tly any of the existing methods. Probably the 
losestpublished method is by Obdrºálek et al. in [4℄. It is suitable for re
ognition of man-madeobje
ts with partially planar surfa
e, su
h as goods in a supermarket. It 
an handlevery general situations in
luding partial o

lusion and a�ne transform of the obje
ts butthis is useless for our purpose. Our method is di�erent is several aspe
ts. We 
an notuse several maximum extremal regions per image, be
ause on our database images theymay not exist. Our index tree is thousand times bigger than that one 
onsidered in [4℄,so we need to use di�erent, spa
e-e�
ient tree stru
ture. Finally, we in
lude anotherindependent image 
omparison to eliminate false positives mat
hes.We present an original image identi�
ation method, whi
h is based on a hierar
hi
alstru
ture of the database, representation of the images by proper invariant features, anda fast tree-sear
hing algorithm. Our method has got very good identi�
ation rate in areasonable response time. In this arti
le, we present main idea of the method as well assele
ted details.2 Algorithm outlineA kind of binary de
ision tree is used for the database indexing. Some image featuresare needed to 
hara
terize the image in the index. We require the features to be robustto 
onsidered degradations, stable, but mainly to be extensible and dis
riminate enoughfor any database size. We use image intensities in various pixel positions, surely afterdealing with the image distortions. This 
hoi
e is simple in prin
iple, but we found ite�e
tive in presented method. Our image identi�
ation works in these three steps:1. Normalization. Robustness to the modi�
ation is ensured by normalization of theimages during a pro
ess. In other words: Ea
h of the 
onsidered modi�
ation
orresponds with a 
hange of an evaluative image quality. We apply the modi�
ationon
e again in an amount, that was established to set the qualities to the same valuefor all the images. This pro
ess annuls the impa
t of 
onsidered modi�
ations.2. Sto
hasti
 index. The database images are organized in binary de
ision tree. Thus,we obtain several 
andidates for mat
h with a query image very qui
kly. De
isionsin the tree are based simply on image intensity at 
ertain position. The position andthreshold are set for ea
h vertex during build of tree. For individual query image,stability of de
isions in the tree is evaluated. We alternate the unstable de
isionsduring the image identi�
ation. So, we get many 
andidates per query.3. Candidate veri�
ation. Edge information of the image serves for the the �nal 
om-parison of a 
andidate with the query image. More 
on
retely, phase 
orrelationrestri
ted to low-pass fourier transform is used.3 NormalizationBoth the query image and the database images are prepro
essed previously. We applysome normalizations to make the images invariant to 
onsidered modi�
ations. First, we
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?

?

?Figure 2: S
hema of the image identi�
ation. First, normalization of the query image isdone. Then, the most probable 
andidates are found in the index tree. And �nally, the
andidates are veri�ed by modi�ed phase 
orrelation.
onvert the images to gray-s
ale to handle 
olor distortions. Then, the lowest and thehighest 10 per
ent image histogram fra
tion are found and their 
enters of gravity are setto �xed values (by addition / multipli
ation of the image intensity values). This ensuresimage invarian
e to brightness and 
ontrast 
hanges.The image 
rop is tougher modi�
ation to handle. The �rst idea 
ould be to usefeatures invariant to 
rop, su
h as 
orners (found for example by Harris 
orner dete
tor[1℄) or interse
tion points. We do not use them be
ause it is not possible to stably mat
h(identify) those points for all the database images after 
rop. We 
onsider that the 
roppreserves major part of the image. For most of the images, the part is separable fromthe ba
kground by 
olor. So, we segment the major part of the image and bound it by a
rop invariant frame.We introdu
e a spe
ial 
olor-based segmentation for separation of the image majorpart. The algorithm �nds a frame in the image whi
h ful�ll following requirements: itis big enough, ir does not lay on the image border, it is 
olor spe
i�
 and it as stable aspossible. It was developed heuristi
ally with respe
t to experiment results. Our algorithmworks in prin
iple as follows: In prin
iple, it divides the image into blo
ks, 
omputes theblo
k 
olor 
hara
ter, and �nds neighborhood blo
ks with the same 
hara
ter for ea
hpossible starting blo
k. The segmented region is broadly bounded by box, whi
h we 
alla frame. Stability and "quality" of a the frame is evaluated. For the database images,just area bounded by the best frame is used for image identi�
ation in the index tree. Itis reasonable to 
onsider that this frame will be found in the modi�ed image as one ofthe best, too. Therefore we use the best �ve variants of the frame for the image sear
h.4 Sto
hasti
 indexThe task for the index is to retrieve image from the database qui
kly. Response time toa query must be prin
ipally shorter than proportional to the database size, whi
h goesto millions of images. Input for the index is a query image that have been normalizedand blurred the same way as the database images were. They should be very similar,but still, we need to evaluate stability of ea
h de
ision in the index tree to be robust to
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Figure 3: Image prepro
ess. The original is 
onverted to gray-s
ale, 
rop-invariant frameis found and its brightness and 
ontrast are normalized. On the right, multiple invariantframes used for the image identi�
ation are shown.minor image 
hanges.The database images are organized in a binary de
ision tree, 
ommonly used to handlehuge amount of data (a survey is done in [3℄). De
ision in the tree are based on intensitiesof image pixels. The pixel (threshold) position is taken relatively to the valid image area(frame). On
e we have two di�erent bran
hes of the tree, ea
h of them 
an 
ontainimages di�ering mainly (and therefore the most stably) in a di�erent image part. Su
h athreshold position is established during the tree build. So, ea
h node of the tree 
ontainsthreshold value and relative position of the threshold pixel.Now we des
ribe the sear
h for image in the index tree. In a node, pixel of the queryimage is 
ompared with the threshold value and its sub-bran
h (next node) is 
hosen. Weestablish stability of the 
omparison as a likelihood, that the image belong to the same(left/right) bran
h even after following image distortions. We assume that the thresholdpixel 
an 
hange its intensity (with uniform distribution in 
ertain intensity interval) andit 
an 
hange its position (the miss-pla
e has a two-dimensional gaussian distribution)(in Fig. 4). This sto
hasti
 model is similar to the one presented by Obdrºálek [4℄, buttheir usage of the model is di�erent.
Figure 4: Stability of de
ision in the tree. The image and the threshold position, likelihoodthat a pixel is above the threshold, likelihood of threshold position 
hange, and theirmultipli
ation.This way we go throw the index tree till we rea
h a leaf 
ontaining an image � 
andidatefor the mat
h. Now, we sele
t node with the least stable de
ision. Now we 
ontinue throwthe alternate bran
h and get an other mat
h 
andidate. This way we found 20 images



72 O. Horá£ekfrom the index with the highes probability to mat
h the query image. Note, that some
andidates are found even for totally dissimilar query image.It was mentioned above that the index tree needs to be prepared previously. Be
auseof the huge number of images, the tree is build gradually. Our algorithmworks in prin
ipleas follows:1. Read normalized version of a database image from a disk one by one.2. Find a leaf in the partially builded tree for the image and register the image to theleaf.3. If the leaf 
ontains enough images, 
onvert the leaf to inner tree node and redis-tribute its images as follows:(a) Choose randomly several positions of a threshold.(b) For ea
h threshold 
andidate, get intensity values at the pro
essed position(for all the images belonging to the leaf).(
) For the threshold 
andidate, 
ompute the threshold value as a median of theintensity values.(d) For the threshold 
andidate, 
ompute its stability as a sum of de
ision stabil-ities for all the images belonging to the leaf. It means, evaluate the likelihooddes
ribed in the paragraph about sear
h (and in Fig. 4).(e) Choose the most stable threshold of the threshold 
andidates and save itsposition and the pro
essed node (leaf).(f) Create left and right sub-node of the pro
essed node. Based on the new thresh-old, redistribute the images of the pro
essed node to them.4. After all the database images have been pro
essed by previous steps and are reg-istered to some leaf, divide the leafs till they 
ontain only one image. (Do it thesame way as in steps 3a to 3f).5 Rest of the methodIn the last step, the 
andidate images are 
ompared one by one with the query image.We use modi�ed phase 
orrelation (originally introdu
ed by Kuglin [2℄ in 1975). Phase
orrelation is robust to overlap, shift and radiometri
 degradation. We restri
t the 
or-relation only to low-pass of the fourier spe
trum to make the 
omparison more stable forimage quality 
hanges (in Fig. 5).For better performan
e in pra
ti
al experiments, many improvements have been madeon the basi
 method s
ope des
ribed above. The algorithm use several parameters andoptions, that a�e
t both the identi�
ation rate and algorithm speed. There is anothertradeo� with the normalization: the more quantities are normalized, the more informationis lost and it is harder to identify the original image; but it makes it possible to identifyimages with harder 
ombination of distortions. We over
ome this situation by usage ofmore than one versions of prepro
ess (with di�erent normalization and di�erent parameter
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Figure 5: Candidate veri�
ation. Low-pass of phase 
orrelation bases the image 
ompar-ison on their major edges.
set). And, of 
ourse, more than one index tree. We use two independent index trees inthe prototype implementation: one is build from images with normalized histogram, these
ond is build and sear
hes for the image parts bounded by the invariant frames.The method is being implemented as a 
on�gurable framework. A stru
tured 
on-�guration �le 
ontrols appli
ation of zero to several normalization algorithms per image,build and sear
h in several index trees as well as it 
ontains all parameters for all thealgorithms. (Note, that some simple prepro
ess algorithms, su
h as mirroring or blurring,are not des
ribed in this arti
le). We have also implemented implemented optional indexability to work with 
olor images. In that 
ase, a threshold value is repla
ed by a plainin RGB 
olor spa
e.
6 Experiment resultsPrototype of the proposed method was implemented in Matlab. Tests have been done on100 000 image database. First, a thousand of query images was generated for ea
h 
on-sidered modi�
ation (the images are still "equivalent", see samples on Fig. 1). Strengthof the modi�
ation is varying around the level expe
ted from the pra
ti
e. The identi�-
ation ratio is very good, better than we expe
ted. Original images are found su

essfullyin 99.5 % of 
ases. The rest 0.5 % are 
ases, when the database 
ontained a very-similarimage (e.g. with some retou
hing), that has been identi�ed before the original one. Fortypi
al automati
ally republished images, identi�
ation rate is more than 90 %, whi
his very good for pra
ti
al use of the method. The identi�
ation rate surely de
rease forharder modi�
ations, but even for 
ombinations of radiometri
 degradations, 
rop andlogo is still about 20%. See table 1 for more details.Response speed of the Matlab prototype is up to 20 se
onds per image. Image retrievalfrom the index tree takes about 0.2 se
ond, rest belong to the one by one 
andidateveri�
ation by the fourier transform. Build of the index tree takes less than a se
ond perimage. But, the database build 
an take several days with some non-trivial normalization(su
h as invariant frame � about 3 se
onds per image). Overall, the method speed as wellas the identi�
ation rate depends on appropriate set of parameters.



74 O. Horá£ekDegradation True positives False positivesOriginal 99.5 % 0.4 %Logo added 98.2 % 0.2 %S
ale 94.6 % 0.4 %Brightness and 
ontrast 71.2 % 0.7 %Crop 45.0 % 0.2 %S
ale + logo 93.4 % 0.2 %S
ale + logo + frame 35.8 % 0.4 %Radiometri
 deg. + 
rop + logo 18.2 % 0.5 %Not in the database 0.0 % 0.3 %Table 1: Identi�
ation rate on 100000�image database. The identi�
ation rate dependson kind of image modi�
ation.7 Con
lusionIn this arti
le, we presented our method for modi�ed image identi�
ation. The task isspe
i�
 by 
hara
ter of the modi�
ations, the database size, and required response speed.The method is novel in normalization during the image prepro
essing (invariant frame,normalization) and in sto
hasti
 ba
ktra
king throw the image index. It was shown inexperiments on huge database that the method performs very well. It is ready to 
at
hmajority of illegally republished database images on s
anned web sites.Referen
es[1℄ C. Harris and M. J. Stephens. A 
ombined 
orner and edge dete
tor. In AlveyConferen
e, pages 147�152, 1988.[2℄ C. D. Kuglin and D. C. Hines. The phase 
orrelation image alignment method.Assorted Conferen
es and Workshops, pages 163�165, September 1975.[3℄ Sreerama K. Murthy. Automati
 
onstru
tion of de
ision trees from data: A multi-dis
iplinary survey. Data Min. Knowl. Dis
ov, 2(4):345�389, 1998.[4℄ Obdrºálek, �t¥pán and Matas, Ji°í. Sub-linear indexing for large s
ale obje
 re
og-nition. In WF Clo
ksin, AW Fitzgibbon, and PHS Torr, editors, BMVC 2005: Pro-
eedings of the 16th British Ma
hine Vision Conferen
e, volume 1, pages 1�10,London, UK, September 2005. BMVA.
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s, Fa
ulty of Nu
lear S
i-en
es and Physi
al Engineering, CTUAbstra
t. The behaviour of a 
lassi
al 
harged parti
le 
on�ned in a plane, under in�uen
eof homogeneous magneti
 �eld and time-periodi
 Aharonov-Bohm �ux is studied. At �rst the
anoni
al transformation to a
tion-angle 
oordinates is 
onstru
ted. Then the resonant e�e
tbetween the strength of the magneti
 �eld and the frequen
y of the Aharonov-Bohm �ux isstudied by the means of averaging method. The result is demonstrated on parti
ular exampleand the numeri
al solution of the original problem is 
ompared with the analyti
al result obtainedwith the help of averaged system.Abstrakt. Tento p°ísp¥vek ze zabývá 
hováním klasi
ké nabité £ásti
e pohybují
í se v rovi-n¥, na niº p·sobí homogenní magneti
ké pole na tuto rovinu kolmé a periodi
ky £asov¥ závislýAharonov-Bohm·v tok. Nejprve je sestrojena kanoni
ká transforma
e do prom¥nný
h ak
e-úhel.Poté je studován rezonantní efekt mezi sílou magneti
kého pole a frekven
í Aharonova-Bohmovatoku metodou st°edování. Výsledek je demonstrován na konkrétním p°ípad¥ porovnáním nume-ri
kého °e²ení p·vodního problému s analyti
kým výsledkem získaným z vyst°edovaného sys-tému.1 Introdu
tionWe are interested in qualitative behaviour of a 
lassi
al 
harged parti
le in a plane in-�uen
ed by a homogeneous magneti
 �eld perpendi
ular to the plane, and time-periodi
Aharonov-Bohm �ux. The system is studied from the viewpoint of nonrelativisti
 
lassi
alme
hani
s.Let the Cartesian 
oordinates in the plane be denoted by q = (q1, q2) ∈ R2. Supposethat there is a parti
le with mass m and 
harge e 
on�ned to this plane. The ve
torpotential A 
onsists of two parts. The homogeneous magneti
 �eld of strength b > 0perpendi
ular to the q-plane is generated by the potential
Ah(q) =

−b
2
q⊥,where q⊥ = (−q2, q1). The se
ond part 
orresponds to the Aharonov-Bohm �ux Φ(t)lo
ated in the origin of the 
oordinate system and is given by

Aab(q, t) =
Φ(t)

2π|q|q
⊥.75



76 T. KalvodaThis term 
ontains a singularity in the origin, the phase spa
e (R2 r {0}) × R2 is notsimply 
onne
ted. It is assumed that the �ux Φ is real valued, 
ontinuously di�erentiable,and periodi
 fun
tion of real variable. However, until Se
tion 3 the periodi
ity is notimportant. Introdu
e the polar 
oordinates (r, θ) ∈ (0,∞)× (0, 2π) by
q1 = r cos θ, q2 = r sin θ.The Hamilton's fun
tion of the system then reads

H(r, θ, pr, pθ, t) =
1

2m



p2
r +

(

pθ − eΦ(t)
2π

r
+
eb

2
r

)2


 .The phase spa
e is (R+ × S1) × R2. Obviously the 
oordinate θ is 
y
li
, i.e. ṗθ = 0.Therefore pθ is an integral of motion (in fa
t, it is the angular momentum). Thus thesystem has e�e
tively only one degree of freedom. From Hamiltonian equations of motionit follows that the radial motion of the parti
le is governed by the equation
r̈ +

e2b2

4m2
r =

(

pθ − eΦ(t)
2π

)2

mr3
.In the following se
tions we will investigate the behaviour of solution of this equation inthe resonant situation.2 Transformation to A
tion-Angle CoordinatesLet us begin with the 
onstru
tion of the a
tion-angle 
oordinates (for more details 
onfer[2℄). In order to simplify the expressions we set the 
harge and mass equal to one,

e = m = 1. Note that the Hamilton's fun
tion of radial motion is
H(r, p, t) =

1

2

(

p2
r +

(a(t)

r
+
b

2
r
)2
)

, (1)where a(t) = pθ − Φ(t)/2π. Denote
V (r) =

1

2

(
a

r
+
br

2

)2

.The minimum of V for r > 0 is
Vmin = min

r>0
V (r) =







V
(√

2a
b

)

= ab a > 0,

V

(√
2|a|
b

)

= 0 a < 0.Now we will 
onstru
t a
tion-angle 
oordinates in 
ase when a(t) = a is 
onstant, i.e.our Hamiltonian is independent of time1. For a �xed energy level E > Vmin the motion1This is the 
ase when there is no Aharonov-Bohm �ux.
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onstrained to the interval [r+, r−]. These 
onstraints are obtained as a solution ofequation V (r) = E. Thus we have
E − V (r) =

b2

8r2
(r2

+ − r2)(r2 − r2
−),where

r2
± =

2

b2

(

2E − ab±
√

(2E − ab)2 − a2b2
)

.The a
tion is de�ned by integral
I(E) =

1

π

∫ r+

r−

√

2(E − V (r))dr =
b

4π

∫ r2
+

r2
−

1

x

√

(r2
+ − x)(x− r2

−) dx =

=
b

8
(r+ − r−)2 =

1

b
(E − ϑ(a)ab) =

1

b
(E − Vmin).Generating fun
tion of the transformation reads

S(r, I) =

∫ r

r−

√

2(E − V (ρ))dρ =
b

2

∫ r

r−

1

ρ

√

(r2
+ − ρ2)(ρ2 − r2

−)dρ =

=
b

4

∫ r2

r2
−

1

x

√

(r2
+ − x)(x− r2

−) dx.This integral 
an be evaluated expli
itly, and after some minor adjustments one obtainsthe expression
S(r, I) =

1

4

√

8bIr2 − (br2 − 2|a|)2 − I arctan

(

4I − br2 + 2|a|
√

8bIr2 − (br2 − 2|a|)2

)

−

− |a|
2

arctan

(

(br2 + 2|a|)
√

8bIr2 − (br2 − 2|a|)2

b2r4 − 4bIr2 + 4|a|2

)

.The indu
ed transformation of variables (r, p) = Ψ(ϕ, I) is de�ned as follows: Ψ =
F ◦ G−1, where the transformations (r, p) = F (u, v) and (ϕ, I) = G(u, v) are givenrespe
tively by the relations

r = u, p =
∂S(u, v)

∂u
and ϕ =

∂S(u, v)

∂v
, I = v.By dire
t 
omputation we get

r =
2√
b

√

I +
|a|
2

+
√

I(I + |a|) sinϕ, p =

√

bI(I + |a|) cosϕ
√

I + |a|
2

+
√

I(I + |a|) sinϕ
,and 
onversely,

ϕ = − arctan

(
1

bpr

(

p2 +
a2

r2
− b2r2

4

))

, I =
1

b
(H − Vmin) =

1

2b

(

p2 +

( |a|
r
− br

2

)2
)

.



78 T. KalvodaLet us swit
h to the time-dependent 
ase with a Hamiltonian H(r, p, t). Seeking thea
tion-angle variables for the frozen Hamiltonian at ea
h moment of time one in fa
t
onstru
ts a time-dependent transformation of variables. Hen
e the generating fun
tionof the transformation, S(u, v, t), is time-dependent as well. One arrives again at a Hamil-tonian system with a Hamiltonian K(ϕ, I, t) and it holds
K(ϕ, I, t) = H(Ψ(ϕ, I, t), t) +

∂S(u, I, t)

∂t

∣
∣
∣
∣
∣
u=Ψr(ϕ,I,t)

,where Ψr denotes 
omponent of Ψ belonging to r. Our Hamiltonian depends on time tonly through fun
tion a(t), 
f. (1). New Hamiltonian now reads
K(ϕ, I, t) = bI − arctan

( √
I cosϕ

√

I + |a(t)|+
√
I sinϕ

)

ȧ(t)sgna(t)Finally the Hamiltonian equations of motion are
ϕ̇ = b− aȧ

2

cosϕ
√

I(I + |a|)
1

2I + |a|+ 2
√

I(I + |a|) sinϕ
, (2)

İ = −sgna

2

(

ȧ− |a|ȧ
2I + |a|+ 2

√

I(I + |a|) sinϕ

)

. (3)3 The Averaged SystemHen
eforth assume that a(t) 6= 0. Further simpli�
ation of (2) and (3) is a
hived bypassing to the 
oordinates φ and G given by
G =

2I

|a| + 1, φ = ϕ− bt. (4)Obviously (φ,G) ∈ (1,∞)× [0, 2π). Hen
e
Ġ =

ȧ

a

(

1

G

1

1 +
√

1− 1/G2 sin(bt+ φ)
−G

)

, (5)
φ̇ = − ȧ

a

cos(bt+ φ)

G
√
G2 − 1

1

1 +
√

1− 1/G2 sin(bt+ φ)
. (6)Denote A(t) = ȧ(t)/a(t). From the assumptions laden on the �ux Φ it follows that theFourier series

A(t) =
1

√

2π/Ω

∑

n∈Z

Ane
inΩt, An =

1
√

2π/Ω

∫ 2π
Ω

0

A(t)e−inΩt dt,is uniformly 
onvergent on R. Sin
e A(t) is real it holds An = A−n, moreover it is truethat A0 = 0.
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oprime natural numbers. Then the righthand sides of (5) and (6) are 2πp/Ω-periodi
 with respe
t to the time t. The averagedsystem is obtained by 
omputing the time average of the right hand sides of (5) and (6).Further, the averaging prin
iple2 states, that the solution of the averaged system mightbe a good approximation to the original system provided the A(t) is small in some sense.The averaged system is given by
Ġ =

1
2π
Ω
p

∫ 2π
Ω

p

0

A(t)

(

1

G

1

1 +
√

1− 1/G2 sin(bt+ φ)
−G

)

dt

︸ ︷︷ ︸

I1

,

φ̇ = − 1/G2

√

1− 1/G2

1
2π
Ω
p

∫ 2π
Ω

p

0

A(t)
cos(bt+ φ)

1 +
√

1− 1/G2 sin(bt+ φ)
dt

︸ ︷︷ ︸

I2

,where we treat G and φ as 
onstants. We also denote β =
√

1− 1/G2 and keep in mindthat 0 < β < 1. Putting τ = bt+ φ in integrals we arrive to
I1 =

1/b
√

2π/Ω

1

G

∑

n∈N

∫ 2πq

0

[

(An + A−n) cos np
q

(τ − φ) + i(An −A−n) sin np
q

(τ − φ)

1 + β sin τ

]

dτ,

I2 =
1/b

√

2π/Ω

∑

n∈N

∫ 2πq

0

[

(An + A−n) cos np
q

(τ − φ) + i(An −A−n) sin np
q

(τ − φ)

1 + β sin τ

]

cos τdτ.Now noti
e that integrals
∫ 2πq

0

cos n
q
τ

1 + β sin τ
dτ =

∫ 2πq

0

sin n
q
τ

1 + β sin τ
dτ =

∫ 2πq

0

cos τ cos n
q
τ

1 + β sin τ
dτ =

∫ 2πq

0

cos τ sin n
q
τ

1 + β sin τ
dτare equal to zero, if n

q
/∈ N. This 
an be seen by dividing the domain of integration topie
es of length 2π, shifting all the domains to (0, 2π) and summing the integrands. Usingrelations from Se
tion 4 we �nally arrive at

Ġ =
2

√

2π/Ω

∑

n∈N

(ñ∈N)

ℑ
[
iAne

−iñ(φ+π/2)
]
(
G− 1

G+ 1

)ñ/2

,

φ̇ =
2

√

2π/Ω

1

G2 − 1

∑

n∈N

(ñ∈N)

ℑ
[
Ane

−iñ(φ+π/2)
]
(
G− 1

G+ 1

)ñ/2

,where ñ = np
q
and ℑ(c) is an imaginary part of a 
omplex number c. This is 
ertainlyHamiltonian system, with Hamilton's fun
tion given by
H(φ,G) =

2
√

2π/Ω

∑

n∈N

(ñ∈N)

1

ñ
ℑ
[
Ane

−iñ(φ+π/2)
]
(
G− 1

G+ 1

)ñ/2

.Note that this series is uniformly 
onvergent.2For more details 
onsult [3℄ or [4℄. The appli
ability of the averaging prin
iple is an open problemthat will not be dis
ussed here. The numeri
al 
omputation is employed to 
he
k our results. See below.



80 T. Kalvoda3.1 ExampleAs an example we 
hoose a(t) = γ + ε sin Ωt, where 0 < ε < γ. Or, in other words, wetake the �ux Φ(t) = −2πε sin Ωt. It 
an be 
omputed (with the aid of relations fromSe
tion 4), that
An =

√
2πΩ ei π

2
(n−1)

(

ε/γ

1 +
√

1− (ε/γ)2

)n

, n ∈ N.Therefore
H(φ,G) =

2Ω

p
ℑ
{

− i
∞∑

m=1

1

m

[

ei π
2
(q−p)−ipφ

(

ε/γ

1 +
√

1− (ε/γ)2

)q (
G− 1

G+ 1

)p/2

︸ ︷︷ ︸

z(φ,G)

]m}

.This series 
an be easily summed with the aid of geometri
 series, the desired result is
H(φ,G) =

2Ω

p
ln |1− z(φ,G)|.Sin
e this is two dimensional time-independent Hamiltonian system, it is easy to
ompute invariant 
urves, i.e. traje
tories in the phase spa
e. However, it turns out thatthese solutions are good approximation to the original problem only if p/q ∈ N. For thesake of simpli
ity we 
on�ne ourselves to the 
ase Ω = b = p = q = 1. Thus

H(φ,G) = 2 ln

∣
∣
∣
∣
∣
1− e−iφ ε/γ

1 +
√

1− ε2/γ2

︸ ︷︷ ︸

β

√

G− 1

G+ 1

∣
∣
∣
∣
∣
. (7)Obviously 0 < β < 1. Sin
e the Hamiltonian is time independent, it is 
onserved duringthe time evolution. The equation

H(φ,G) = h ∈ (−∞, ln 4)de�nes impli
itly G as a fun
tion of φ. It is straightforward to 
ompute these invariant
urves, on the other hand the result is not so ni
e. One must treat 
ases 0 < h < ln 4and h ≤ 0 separately. In the latter 
ase, the 
urve must be sometimes stit
hed from twopie
es. Summary of the results follows:
• h < 0 < ln 4:

G(φ) =
β2 + (cosφ+

√

cos2 φ− 1 + eh)2

β2 − (cosφ+
√

cos2 φ− 1 + eh)2
(8)if φ ∈ [0, 2π) su
h as cos φ < 1− eh

2
and cosφ+

√

cos2 φ− 1 + eh < β.
• −∞ < h ≤ 0:

G(φ) =
β2 + (cosφ+

√

cos2 φ− 1 + eh)2

β2 − (cosφ+
√

cos2 φ− 1 + eh)2
(9)
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h as √1− eh ≤ cosφ < 1− eh

2
and cosφ+

√

cos2 φ− 1 + eh < β.
G(φ) =

β2 + (cosφ−
√

cos2 φ− 1 + eh)2

β2 − (cosφ−
√

cos2 φ− 1 + eh)2
(10)if φ ∈ [0, 2π) su
h as √1− eh < cosφ and cos φ−

√

cos2 φ− 1 + eh < β.These invariant 
urves are depi
ted in Figure 1. Note that if h = 0 then the 
urve hitsline G = 1. It seems that this is a pathologi
al feature of the averaged system, i.e. theoriginal system does not posses su
h behaviour. At least it is not veri�ed by the numeri
al
omputation. We see that φ tends to 
onstant and G es
apes to in�nity. This meansthat (
f. (2) and (4)) in the 
ourse of time the parti
le will get arbitrarily far from and
lose to the origin.
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Figure 1: Invariant 
urves of the averaged Hamiltonian (7) given by formulae (8), (9),and (10). Parameter β is equal to 0.8.We 
ompare the numeri
al solution of (5) and (6) (where we use spe
ial a(t) andvalues of parameters mentioned at the beginning of this subse
tion) with the invariant
urves 
omputed above. The value of h is 
omputed from the initial 
onditions φ0 and
G0. Choi
e of ε and γ is noted above ea
h frame in Figure 2.
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Figure 2: The numeri
al solution (solid line) of (5) and (6) and the invariant 
urve(dashed) of the averaged Hamiltonian (7). Small dots denote the initial point.
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 Aharonov-Bohm Flux 834 Evaluation of Auxiliary IntegralsThis se
tion 
ontains the proof of the following proposition. For n ∈ N0 and |β| < 1 it istrue that
∫ 2π

0

cosnt

1 + β sin t
dt = 2π

βn

√

1− β2(1 +
√

1− β2)n
cos

πn

2
, (11)

∫ 2π

0

sin nt

1 + β sin t
dt = −2π

βn

√

1− β2(1 +
√

1− β2)n
sin

πn

2
, (12)

∫ 2π

0

cos nt cos t

1 + β sin t
dt = 2π

βn−1

(1 +
√

1− β2)n
sin

πn

2
, (13)and for n ∈ N

∫ 2π

0

sin nt cos t

1 + β sin t
dt = 2π

βn−1

(1 +
√

1− β2)n
cos

πn

2
. (14)For n = 0 this is obviously zero.We will 
he
k the equality (11). The proof of the others is analogous. For the sake ofbrevity denote the LHS of (11) by symbol I. Using the multiple angle formula for 
osine,the geometri
 series expansion of the denominator, and the relation

∫ 2π

0

cosk t sinn t dt =
(1 + (−1)k)(1 + (−1)n)

2
B
(1 + k

2
,
1 + n

k

)

, n, k ∈ N0,one obtains
I =

n∑

k=0

cos
π

2
(n− k)

∞∑

m=0

(−β)m (1 + (−1)k)(1 + (−1)m+n)

2(−1)k
B
(1 + k

2
,
1

2
(1 +m+ n− k)

)

.The summands with k or m + n odd are zero. Hen
e we 
an assume that k and m + nare even. Furthermore if n is also odd then cos(π(n − k)/2) = 0 and therefore I = 0.We must investigate the 
ase of n = 2N where N ∈ N0. After re-notation of indexes we
learly have
I = 2

N∑

k=0

(
2N
2k

)

(−1)N−k
∞∑

m=0

β2mB
(1

2
k,

1

2
+N +m− k

)

.Rewriting the Beta fun
tion in terms of Gamma fun
tion and using the Gauss hyperge-ometri
 series
F (a, b, c, z) =

Γ(c)

Γ(a)Γ(b)

∞∑

m=0

Γ(a+m)Γ(b+m)

Γ(c+m)

zm

m!
,we arrive at

I = (−1)N 2π(2N)!

2N

N∑

k=0

(−1)k

(2N − 2k)!!(2k)!!
F reg(1, N − k + 1/2, N + 1, β2),



84 T. Kalvodawhere F reg(a, b, c, z) = F (a, b, c, z)/Γ(c) is regularised hypergeometri
 fun
tion. Nextstep is to take adventage of the symmetry in inter
hange of a, b and of the integralrepresentation of hypergeometri
 fun
tion
F (a, b, c, z) =

Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

tb−1(1− t)c−b−1(1− tz)−a dt.It turns out that
I = π

(−1)N+1

22N
β2N+1F (N + 1, N + 3/2, 2N + 2, β2),where the binomial theorem was used. Final step is to look in [1℄ and �nd relation 15.1.14:

F (a, a+ 1/2, 2a, z) = 22a−1(1− z)−1/2(1 +
√

1− z)1−2a.Hen
e
I = 2π(−1)N β2N

√

1− β2(1 +
√

1− β2)2N
.Combining results for odd and even n one obtains the formula whi
h was to be proved.For the sake of 
ompleteness note, that for the 
omputation of the two last integrals oneneeds formula [1℄, 15.1.13

F (a, a+ 1/2, 2a+ 1, z) = 22a(1 +
√

1− z)−2a.5 Con
lusionWe studied the dynami
s of the 
lassi
al 
harged parti
le pla
ed in the homogeneousmagneti
 �eld and in�uen
ed by time-periodi
 Aharonov-Bohm �ux. With the aid ofthe averaging method it is possible to 
ompute a good approximation to the solution ofa
tion-angel equations of motion, provided the ratio of the magneti
 �eld strength andthe �ux frequen
y is a natural number. In this resonant situation the radial motion ofthe parti
le is highly os
illatory, more pre
isely the parti
le 
an be lo
ated arbitrary 
loseto and far from origin.Referen
es[1℄ M. Abramowitz and I. A. Stegun. Handbook of Mathemati
al Fun
tions with Formulas,Graphs, and Mathemati
al Tables. Dover, (1964).[2℄ V. Arnold. Mathemati
al Methods of Classi
al Me
hani
s. Springer-Verlag, (1989).[3℄ J. Gu
kenheimer and P. Holmes. Nonlinear Os
illations, Dynami
al Systems, andBifur
ations of Ve
tor Fields. Springer-Verlag, (1983).[4℄ J. A. Sanders and F. Verhulst. Averaging Methods in Nonlinear Dynami
al Systems.Springer-Verlag, (1985).
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tionJan Kameni
ký4th year of PGS, email: j.kameni
ky�sh.
vut.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Jan Flusser, Institute of Information Theory and Automation, AS CRAbstra
t. In the arti
le we present a newly developed method for invariant pi
ture regiondete
tion without a priori information. The goal is to dete
t su
h pi
ture regions that remainmore or less un
hanged after various simple transformations have been applied (su
h as 
hangeof brightness, 
ontrast, s
ale, 
ropping of the pi
ture, et
.). Su
h regions 
an be then used forautomati
 pi
ture identi�
ation.The method itself is based on blo
k pro
essing of the pi
ture. The importan
e of a blo
kis given by representation of individual intensities in the blo
k. Individual blo
ks are then puttogether and rated a

ording to other 
riterions. The result is based on one (or more) "stable"region(s) of the pi
ture.At the end, experimental results on real data are presented, verifying the fun
tionality andpra
ti
al usage of the method.Abstrakt. V £lánku je prezentována nov¥ vyvinutá metoda pro vyhledávání invariantní
h oblastíobrázk· bez apriorní
h informa
í. Cílem je nalézt takové oblasti obrázku, které z·stávajíví
emén¥ nezm¥n¥né po aplika
i r·zný
h jednodu
hý
h transforma
í (zm¥na jasu, kontrastu,m¥°ítka, o°íznutí obrázku, apod.). Takové oblasti je dále moºné vyuºít pro automati
kou iden-ti�ka
i obrázku.Metoda samotná je zaloºena na blokovém zpra
ování obrázku. Významnost bloku je dánazastoupením jednotlivý
h intenzit v tomto bloku. Jednotlivé bloky jsou poté sdruºovány aohodno
eny podle dal²í
h kritérií. Výsledkem je pak jedna (nebo ví
e) "stabilní
h" oblastíobrázku.Na záv¥r jsou uvedeny výsledky na reálný
h date
h, které potvrzují funk£nost a prakti
koupouºitelnost navrºené metody.1 Introdu
tion1.1 Ba
kgroundLarge image databases are often run on a 
ommer
ial basis � browsing through andviewing images is free of 
harge while downloading and re-using them on web pages or inarti
les is a subje
t of a fee. However, some users republish downloaded images withoutpaying the fee, whi
h is a violation of 
opyright law. The 
opyright owner thus wantsto regularly s
an suspi
ious domains or websites to 
he
k if there are some unauthorized
opies of their database images.Dete
tion of su
h illegal 
opies is 
ompli
ated by two prin
ipal di�
ulties � the unau-thorized images are usually modi�ed before they are republished on the web, and the re-sponse of the system must be extremely fast be
ause of the enormous number of database85
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kýimages. Although this problem formulation looks like an image retrieval task, this is notthe 
ase. In traditional image retrieval, we want to �nd in the database all similar im-ages to the query image, where similarity is evaluated by 
olors, textures, 
ontent, et
.Here we want to identify only the equivalent images to the query (we 
all this task imageidenti�
ation). This is why we 
annot apply most of standard image retrieval te
hniques.By the term "equivalent images" we understand any pair of images whi
h di�er from oneanother by the following transformations.
• quality redu
tion - re
ompression or resize
• radiometri
 and 
olor distortions - 
hanges of brightness, 
ontrast, 
olor tone, 
on-version to gray-s
ale
• 
ropping of the image - major part still preserved
• lo
al 
hanges - addition of logos or thin labels
• 
ombinations - reasonable 
ombinations of the modi�
ations mentioned above (how-ever, their in
reasing 
omplexity will surely impa
t the algorithm results)1.2 MotivationWe have developed a new method for the above mentioned image identi�
ation. Thismethod 
onsists of several steps. The 
ore of the identi�
ation pro
ess is an intensitybased sto
hasti
 tree, whi
h needs whole (re
tangular) pi
tures on input. If we want toover
ome problems with some mentioned transformations (espe
ially s
aling and 
rop-ping) and still provide re
tangular image, we need to extra
t some "important" part ofthe pi
ture whi
h 
an then be used as the required input. So, we do an invariant pi
tureregion dete
tion and use the best one. In this arti
le we will des
ribe this pro
ess in moredetail.As we have already said, the problem is to 
rop the input pi
ture in su
h way, thatit gives as similar result to the 
rop of the 
orresponding database pi
ture as possible(provided that the input pi
ture was 
reated by modifying the original). In other words,image A and transformed image A′ should give the same (or similar) invariant regions.Otherwise we wouldn't be able to identify the modi�ed image properly.The only restri
tion we presume is that the main (most important) part of the pi
-ture remains (it is not destroyed be any mentioned transformation). In pra
ti
e it is areasonable assumption be
ause what is usually 
ropped away is ba
kground or some notvery important information.Summarizing the main requirements for our desired method:
• invarian
e to simple basi
 transformations su
h as 
hange of brightness and/or
ontrast, repa
king (i.e. weak noise), 
ropping, s
aling, et
., and their 
ombinations
• stability - pi
ture modi�ed as des
ribed above should give same (or at least similar)results 
ompared to the original
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• speed - the maximum time available for one pi
ture (about 0.3 Mpixel large) is onlyabout �ve se
ondsIt is impossible to develop a method exa
tly ful�lling all the above mentioned require-ments. So at �rst we have to 
hoose the importan
e of individual requirements and then
reate a method whi
h is as good as possible with respe
t to them. Not only we dealwith a huge amount of images but also we need to pro
ess several images per minute.Therefore, the most important for us is the time available, thus the method should befast in the �rst pla
e.There are several possible basi
 approa
hes to this problem. One of them is 
rit-i
al/signi�
ant point dete
tion. In this 
ase we are trying to dete
t stable importantpoints, su
h as line endings or 
orners. These methods typi
ally result in many points ofinterest but what we need is as few stable points as possible, preferably only the best one.So, this approa
h 
annot be used in our 
ase be
ause it is very di�
ult, if not impossible,to de
ide what 
riti
al point is the best and would be dete
ted in the modi�ed image inthe same way.Another approa
h is to dete
t lo
al homogeneous regions (i.e. regions with homo-geneous intensity values). Many methods solving this problem exist, an overview ofsegmentation methods 
an be found in [1℄. Probably the most useful approa
h for usis region growing. This approa
h is mu
h better be
ause it is possible to de
ide whi
hregion is better. We 
an use size of the region, intensity varian
e, 
ompa
tness, and soon for this de
ision. Some region growing algorithms 
an be found in [2℄, [3℄, [4℄, [5℄ or[6℄. But we have another problem � speed. Region growing methods generally take theirtime and we need fast response. That's why we have developed a new method based onhomogeneous region dete
tion whi
h is more simple but still gives reasonable results.2 Method des
riptionThe presented method is a method for dete
tion of stable regions of an image, i.e. regionsdete
ted invariantly to some basi
 transformations (mentioned above).Current version of our method is intended for grays
ale images only, though furtherimprovements making use of the 
olor information 
an be done and 
an potentially leadto better results be
ause more information is available.Method itself 
onsists of two main steps: stable point dete
tion, and region extra
tion.2.1 Stable point dete
tionOur stable point dete
tion is based on lo
al homogeneous region dete
tion through in-tensity varian
e lo
al minimization. The resulting points are then sele
ted as 
enters ofgravity of these regions.Finding region with minimal intensity varian
e is very time 
onsuming. Therefore weapply blo
k pro
essing for this task. At �rst we divide the image into overlapping blo
ks.The size of these blo
ks 
an be 
hosen either as stati
 (e.g. 20 pixels) or dynami
ally asfurther des
ribed in experimental se
tion.
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kýOn these blo
ks we 
ompute intensity varian
e. Now we have mu
h smaller matrixwith varian
e values whi
h is mu
h faster to work with. We 
all it stability map and weapply thresholding on it resulting in a small binary image.Now we label di�erent 
ontinuous areas of the stability map. As we need stable areaswhi
h 
an be dete
ted even on 
ropped images, we eliminate areas tou
hing the borderof the image. Su
h areas are either ba
kground or too unstable to be used. Espe
iallyba
kground is typi
ally present near the image border and the dete
tion of su
h area islikely to be very unstable.Now we have a set of stable areas and the only thing left is to sele
t the best of them.For this de
ision we use:
• the size of the area � the larger area the better (more stable),
• its homogeneity � the less varian
e the better, we already used this 
riterion instability map 
reation and its thresholding,
• 
ompa
tness � the more 
ompa
t the area is the better (again more stable),
• distan
e from the border � as we already mentioned, areas nearing the border arelikely to be misdete
ted.So, we have the best stable regions. One possibility is to use it dire
tly as �nal stableregion. The problem is we used blo
k pro
essing for stability map 
reation. Thereforedete
ted areas are a

urate only on the level of these blo
ks. In 
ase of typi
al blo
ks ofsize about 20 pixels, we 
an see that usage of these stable areas is very ina

urate on theimage level. That's why we 
ompute a stable point as the region representation and thenuse region extra
tion ba
k in image domain.The stable point itself is 
hosen as the 
enter of gravity of the best stable area.2.2 Region extra
tionWhat we need to do, is to sele
t a region based on the dete
ted stable point with spe
i�
requirements. Certainly we want it to 
orrespond to the dete
ted homogeneous area.Using a prede�ned threshold we sele
t intensity interval from the input image. We takethe mean intensity value 
omputed during stable point dete
tion as the interval 
entre, therange is given by the threshold. Now we extra
t stable region as a 
ompa
t (
ontinuous)area with the stable point in its interior.As des
ribed in the motivation se
tion 1.2, we need re
tangular pi
ture as a result.Therefore we sele
t �nal region as frame surrounding the dete
ted stable area.This frame is de�ned by the 
enter of gravity and se
ond order 
entral moments of thestable area. This means we take the 
enter as the 
enter of our frame and sele
t widthand height having the same se
ond order moments as the original region.So, the �nal pi
ture used for the identi�
ation through our sto
hasti
 tree is thepi
ture 
ropped by the above 
omputed frame.
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(a)
(b) (
)
(d) (e)Figure 1: (a) original pi
ture (b) stability map, (
) thresholded stability, (d) border areasremoved, (e) best regions segmented from the original image3 Experimental resultsIn this se
tion we will des
ribe behavior of the method and then we will show experimentalresults on real data.3.1 Method fun
tionalityAt �rst we will demonstrate fun
tionality of the method on a sample pi
ture. In �gure 1you 
an see:

• (a) The original pi
ture.
• (b) The stability map, i.e. the blo
k 
omputed varian
e. The blo
k size and shiftof an image with size m× n are 
omputed as Bsize = 2Bshift = 2

√

(m+ n)/10, inthis 
ase it is 20 and 10 pixels respe
tively.
• (
) Thresholded stability map.
• (d) Thresholded stability map with marginal areas removed.
• (e) Three �nal best stable regions. These regions are segmented ba
k from theoriginal image based on previously dete
ted stable points.You 
an see the �nal frames in �gure 2. The best dete
ted frame is drawn by a solidline, the two next frames are represented by a dashed line.3.2 Results after modi�
ationsNow we 
an demonstrate how the method handles required modi�
ations. We will dothis on the same image for more simple 
omparison of the a
hieved results. You 
an seebest dete
ted regions in the image after applying several modi�
ations in �gure 3. Thethi
ker yellow re
tangles represent dete
ted regions, while the thinner green re
tangles
orrespond to expe
ted lo
ations of regions dete
ted in the original image.
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Figure 2: Best stable regions

(a) (b) (
)
(d) (e) (f)Figure 3: Best regions in modi�ed images. (a) brightness and 
ontrast, (b) white noise,(d) added artifa
ts, (e) s
aling, (
, f) 
ropping
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tion 91Table 1: Statisti
al results � possibility of su

essful identi�
ationmodi�
ation su

essfulnessoriginal 100%JPEG 
ompression 86%s
aling 62%brightness and 
ontrast 
hange 58%
ropping 47%added artifa
ts 42%The �rst modi�
ation is slight brightness and 
ontrast 
hange and the se
ond is awhite noise addition. In both 
ases, the impa
t of the intensity 
hanges on the resultsis quite noti
eable. The best region is still dete
ted 
orre
tly (with a small di�eren
e).However, when the regions are further used for pi
ture identi�
ation, the error rate 
anbe rather high.Next modi�
ation we 
an see in the �gure is some artifa
t addition, namely somere
tangles near the border. We 
an see that the only problem in this 
ase arises whenoriginally dete
ted regions are overlapping (or nearing) the artifa
ts. These regions arethen not dete
ted 
orre
tly, however, we expe
t these artifa
t to appear only near theborder, so important parts of the image should not be a�e
ted.Another important transformation is s
aling. In the experiment we used s
aling downby the fa
tor of 1.7. As we 
an see, the impa
t is very insigni�
ant, the result is nearlythe same 
ompared to the original image. Naturally, with in
reasing s
aling fa
tors theresults be
ome worse, but we expe
t reasonable fa
tors to appear most often.Last modi�
ation we have tested here is 
ropping, whi
h is also quite important forus. Again, we 
an see that the main problem arises when the originally dete
ted regionsapproa
h or even ex
eed image borders. So, positive identi�
ations 
an be made only ifthe important part remains inside the image. However, this is just what we expe
t tohappen.3.3 Statisti
al resultsWe have tested the method on one thousand of pi
tures, ea
h modi�ed by methods shownin the previous se
tion. We used random 
oe�
ients (su
h as s
ale fa
tor, brightness
hange, 
ropping, et
.) taken from meaningfully restri
ted intervals. Individual resultsare similar to the des
ribed ones, sometimes slightly worse.The statisti
al overview is shown in table 1. These are only very rough numbersindi
ating the possibility of further su

essful identi�
ation for individual modi�
ationtypes. It should be mentioned that 50% is a very good result for us, as we use the methodfor automati
 identi�
ation. In fa
t, there is mu
h more important for us to keep thenumber of false alarms as low as possible, than a
hieving very high su

essful hit ratio.As we 
an see, pra
ti
al results are a

eptable while ful�lling required attributes.The time needed to 
ompute best stable regions for one image (modi�
ation) is aboutone se
ond.
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ký4 Con
lusionIn the arti
le we have presented a newly developed method for invariant pi
ture regiondete
tion. It is intended for 
ases where speed is 
riti
al. The performan
e of the methodhas been demonstrated on real experiments. Quality of the results together with ratherfast 
omputing time is quite promising.Many further modi�
ations of the method 
an be made a

ording to spe
i�
 usage
onditions.Referen
es[1℄ N. R. Pal, S. K. Pal. A review on image segmentation te
hniques. Pattern Re
ognition9 (1993), 1277-�1294.[2℄ A. Tremeau, N. Bolel.A region growing and merging algorithm to 
olor segmentation.Pattern Re
ognition 7 (1997), 1191�1203.[3℄ A. Mehnert, P. Ja
kway. An improved seeded region growing algorithm. PatternRe
ognition Letters 10 (1997), 1065�1071.[4℄ Ch. Revol, M. Jourlin. A new minimum varian
e region growing algorithm for imagesegmentation. Pattern Re
ognition Letters 3 (1997), 249�258.[5℄ J. Fan, D. K. Y. Yau, A. K. Elmagarmid, W. G. Aref. Automati
 image segmentationby integrating 
olor�edge extra
tion and seeded region growing. IEEE Transa
tionson Image Pro
essing 10 (2001), 1454-�1466.[6℄ F. Y. Shih, S. Cheng. Automati
 seeded region growing for 
olor image segmentation.Image and Vision Computing 10 (2005), 877�886.



Thermodynami
 Model of Bone Adaptation∗Vá
lav Klika1st year of PGS, email: klika�it.
as.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Franti²ek Mar²ík, Institute of Thermome
hani
s, AS CRAbstra
t. The 
apa
ity of bone to adapt to fun
tional me
hani
al requirements has been knownfor more than a 
entury, and many theoreti
al and experimental models have been developed forbone remodelling. However, these models are still not able to su�
iently predi
t its behaviour.A thermodynami
 model based on re
ent knowledge of bio
hemi
al 
ontrol me
hanisms is pre-sented. Despite the 
omplexity of the regulatory system of bone adaptation, the 
al
ulatedresults are in very good 
orrelation with the experimental observations - the inner stru
ture ofbone 
an be elu
idated, simulation of the in�uen
e of dynami
 loading together with bio
hemi
alfa
tors is 
arried out, e.g. the fundamental RANKL-RANK-OPG pathway, and a 
omparismbetween model predi
tion and x-ray pi
tures of human patients of the e�e
t of bone adaptationto prosthesis insertion is done.Abstrakt. Uº ví
e neº sto let je známá s
hopnost kosti p°izp·sobovat se me
hani
kým poºa-davk·m a téº mnoho teoreti
ký
h a experimentální
h model· pro remodela
i kostí bylo vytvo°eno.Stále v²ak nejsou tyto modely dostate£n¥ s
hopné p°edpovídat její 
hování. Zde p°edkládámetermodynami
ký model zaloºený na sou£asný
h znaloste
h bio
hemi
kého °ízení pro
esu. Navz-dory veliké sloºitosti °ídí
ího systému adapta
e kostí jsou vypo£ítané výsledky ve velmi dobréshod¥ s experimentálními pozorováními - m·ºeme vysv¥tlit vnit°ní strukturu kosti, byly prove-deny simula
e vlivu dynami
ké zát¥ºe spolu s bio
hemi
kými faktory - nap°. základního °et¥z
eRANKL-RANK-OPG - a byla porovnána p°edpov¥�d modelu adapta
e kosti na vloºení totálníendoprotézy s rentgenovými snímky pa
ient·.1 Introdu
tionBone is biologi
al system whi
h keeps adapting its stru
ture to me
hani
al environment.In the 19th 
entury Julius Wollf [30℄ des
ribed the fa
t that the internal trabe
ular ar-
hite
ture of bone mat
hes traje
tories of the me
hani
al stress (traje
torial hypothesis).At the same time Wilhelm Roux suggested a quantitative self-regulating me
hanism oftrabe
ular formation and fun
tional adaptation. Me
hani
al stimuli to lo
al 
ells was
onsidered 
riti
al for the bone adaptation pro
ess [24℄ and this intera
tion was laterdes
ribed by He°t in 1970s [7℄. In 1987, Frost [5℄ suggested a feedba
k me
hanism, the�me
hanostat�, 
ontrolling bone mass behaviour in response to me
hani
al loading.When me
hani
al stresses are pla
ed upon bone, it remodels in order to withstandthe stresses. This pro
ess may also be 
onsidered to be stru
tural optimisation. The op-timisation pro
ess systemati
ally, iteratively and 
ontinually eliminates and redistributes
∗This resear
h has been supported by the Grant agen
y of the Cze
h Republi
 no. 106/03/1073 andby the proje
t 1M06031 of Ministry of Edu
ation, Youth and Sports of Cze
h Republi
.93



94 V. Klikaosseous material throughout the domain to obtain an optimal arrangement of internalbony stru
tures.With the development of 
omputer-aided strategies and based on the knowledge ofbone geometry, applied for
es and elasti
 properties of the tissue, it may be possible to
al
ulate me
hani
al stress transfer inside the bone (FE-analysis). Assuming the abovementioned stru
tural optimisation pro
ess the 
hange of stress in parti
ular 
ompart-ments of the bone should further be followed by internal bone density distribution. Thislogi
al 
onsequen
e allows us to think about mathemati
al models that 
an be used tostudy fun
tional adaptation quantitatively and furthermore to 
reate the mineral bonedensity distribution patterns [8, 29℄. Similar mathemati
al models have been built inthe past. Sin
e they 
al
ulate just me
hani
al transmission inside the bone and not 
on-sidering humoral 
ell-biologi
 fa
tors of bone physiology, they just partially 
orrespondto reality seen in living organisms. We realize that bio
hemi
al rea
tions are initiatedand in�uen
ed primary by geneti
 e�e
ts and the external biome
hani
al e�e
ts (stress
hanges). The aim of following mathemati
al model is to 
ombine the biologi
al fa
torswith biome
hani
al ones[11, 15, 16℄. Su
h model may also re�e
t 
hanges in remodellingbehaviour 
orresponding to pathologi
al 
hanges of the bone metabolism [13, 12℄.Biology of bone remodellingBone remodelling (BR) o

urs when the populations of bone 
ells break down oldbone and repla
e it with new bone. This reformation results in the reorientation ofinternal bone stru
ture and eventually in 
hanging the shape of the bone, whi
h meansthat bone 
an better adapt to the loads that are being pla
ed upon it. Loads on bone
ause me
hani
al strains and even mi
ro-damage generating signals that spe
i�
 
ells 
andete
t and to whi
h they or other 
ellular populations respond. A
tually remodellingdepends on time-varying straining. Be
ause of the vis
oelasti
 properties of bones, thestrains vary not only at varying loading but the strain 
hanges 
ontinue and fade as theelasti
 after-e�e
ts at 
onstant loads and after unloading. In this manner, the existen
eof remodelling e�e
ts even at rest 
an be explained [26℄.The signalling and subsequent 
hange in 
ellular phenotype may be 
alled a
tivationand represents the �rst stage of the remodelling pro
ess. The aim of a
tivation is toprepare su�
ient pool of exe
utive 
ells 
on
entrated in the domain of the bone that isto be repaired. The original bony stru
tures (Old_B) infra
ted by the initiating biome-
hani
al stimuli are intended to be absorbed and subsequently repla
ed by the new bone(New_B). The generated bone mass will be stru
turally and morphologi
ally adjustedto new me
hani
al loads. These two phases des
ribed as resorption and formation, a
-
omplish the whole pro
ess of remodelling.Biology of the bone remodelling itself is not 
ompletely understood in this moment.Frost has de�ned the minimum e�e
tive strain neither apposition nor resorption below1500-2500 mi
rostrains. A

ording to Frost [3℄, the strains above that threshold levela�e
t modelling and remodelling a
tivities in ways that 
hange the size and 
on�gurationof growing bones, tendons, ligaments and fas
ia to their new me
hani
al usage and returntheir strains to the threshold level. Re
ently, the 
ontrol me
hanism between resorptionand formation of bone was des
ribed, by so 
alled RANKL-RANK-OPG pathway [17,18, 19℄ and our mathemati
al model 
overs the 
ru
ial moments (based on 
hemi
al
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ription of bone remodelling pro
ess [23℄).System of basi
 multi
ellular units (BMU) is widely a

epted for bone remodellingdes
ription [4, 21℄. It represents lo
al populations of osteo
ytes (OC), osteoblasts (OB)and of mononu
lear pre
ursor osteo
lasts (MCELL). Osteo
ytes are presumed to rea
tto me
hani
al strain either piezoele
tri
ally through ioni
 
urrents indu
ed when boneis deformed or by dete
ting �uid �ow in the periosteo
yti
 la
unas. They respond tothis strain by sending signals that a
tivate bone formation or existing bone removal.During the a
tivationMCELL turn to multinu
leated osteo
lasts (MNOC) having highmetaboli
 a
tivity. MNOCs are 
harged with resorption of the old bone and the defe
tis subsequently �lled with osteoid, non mineralised bone matrix produ
ed by a
tivatedosteoblasts (OB) that during next 5-15 days be
omes mineralised.2 Methods2.1 Thermodynami
 BR modelThe only 
ells that are able to resorb bone tissue are osteo
lasts (as mentioned in se
tion1). To be a
tive they need to be 
oupled in multinu
leated 
omplex, whi
h formation
an be des
ribed as follows:
D1 +MCELL

k±1

⇄ MNOC +D4, (1)where D1 is mixture of substan
es that are initiating rea
tion with mononu
lear 
ells(MCELL). MNOC is abbreviation for multinu
leated osteo
last and D4 is a remainingprodu
t from rea
tion (1).Bone de
omposition 
an be 
hara
terised by following 
hemi
al rea
tion:
MNOC +Old_B k±2

⇄ D6 +D7, (2)where Old_B denotes old bone, D6 and D7 are produ
ts made during degradation of anold bone. The end produ
t in rea
tion (2) is divided into two parts be
ause one of them(D7) parti
ipates in a
tivation of osteoblast as will be elu
idated in subsequent paragraph.The 
hain RANKL-RANK-OPG whi
h is important as the 
ontrol me
hanism for boneremodelling is substituted by the 
on
entration level of the mixture of substan
es D1.Before osteoblasts (OB) se
ret 
ollagen in hollowed 
avity they need �rst to be a
-tivated. This a
tivator (Activ_OB) is being produ
ed after resorption in given volume(
avity). Thus behaviour of osteoblasts at spe
i�
 site 
an be represented by followingrea
tion s
heme:
D7 +Old_B k±3

⇄ Activ_OB +D9 (3)
Activ_OB +OB

k±4

⇄ Osteoid+D12, (4)where D12 is remaining substratum.The longest period in bone remodelling pro
ess pertains to mineralisation (deposing
al
ium, et
. � D13 � into matrix) of osteoid:
D13 +Osteoid

k±5

⇄ New_B +D15, (5)
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ess and D15 is the residuumof bone formation rea
tion.These 
hemi
al equations (1)-(5) des
ribe the essential pro
esses of bone remodelling.There are 15 substan
es involved and by using the law of a
tive mass and adding theexternal �uxes, 5 di�erential equations des
ribing the whole system 
an be obtained:
∂NMCELL

∂τ
= −δ1(β1 + NMCELL)NMCELL + J3 + JNew_B −D1 (6)

∂NOld_B

∂τ
= −(β3 − NMCELL + NOld_B + NActiv_OB + NOsteoid + NNew_B)NOld_B − (7)

− δ3(β7 − NOld_B − 2(NActiv_OB + NOsteoid + N14))NOld_B + 2JNew_B −D2 −D3

∂NActiv_OB

∂τ
= δ3(β7 − NOld_B − 2(NActiv_OB + NOsteoid + NNew_B))NOld_B − (8)

− δ4(β10 − NOsteoid − NNew_B)NActiv_OB + D3 −D4

∂NOsteoid

∂τ
= δ4(β10 − NOsteoid − NNew_B)NActiv_OB −

− δ5(β13 − NNew_B)NOsteoid + D4 −D5 (9)
∂NNew_B

∂τ
= δ5(β13 − NNew_B)NOsteoid − JNew_B + D5, (10)where τ = t · k+2 · nB0 , Ni = ni

nB0
, δρ =

k+ρ

k+2
, βi = Bi

nB0
, Dρ =

lρvd(1)

k+2n2
B0

, Ji = Ji

k+2n2
B0

. Inother words δρ is ratio of rate of ρ-th rea
tion to se
ond rea
tion, Dρ is a parameter thatdes
ribes the in�uen
e of dynami
 loading on rate of ρ-th 
hemi
al rea
tion, βi is a sumof initial molar 
on
entration of relevant substan
es and Ni is a normalised 
on
entrationof i-th substan
e.By solving these kineti
 equations, time evolution of MCELL, Old_B, Activ_OB,
Osteoid, New_B 
on
entrations are obtained. All remaining 
an be 
al
ulated (for moredetails and for detailed mathemati
al analysis see [10℄).3 ResultsIt 
an be shown thatAs was mentioned in se
tion the key role in presented model playsthe 
oupling of the dynami
 loading and 
hemi
al rea
tion rates1. Thus for the validationof the model a following simulation in ANSYS FE software (ANSYS 10.0, Ansys in
.)was used: rate of deformation in ea
h element and 
onsequently the rates of 
hemi
alrea
tions in ea
h element (Dρ) were 
al
ulated. Then with the aid of kineti
 equations (6)-(10) we 
an des
ribe time dependen
y of 
on
entrations of ea
h substan
e. Thus density
hanges (pre
isely 
hanges in 
on
entration of Old_B, New_B) 
an be 
al
ulated inea
h element of bone.Hen
e after running several iterations we may simulate the density distribution through-out the bone a

ording to the presented model. By 
omparing these 
al
ulated resultswith density distribution in living bone validation 
an be 
arried out.1Moreover, rea
tion may run even in a 
ase when some 
hemi
al rea
tions have negative a�nity Aρ.Then the in�uen
e of su
h rea
tion wρAρ < 0 is 
ompensated by the enhan
ed e�
ien
y of the otherrea
tions
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Figure 1: Geometry and boundary
onditions used for 
al
ulations. Elas-ti
 
onstants depend on bone 
ompo-nents, espe
ially NOld_b and NNew_b.

Ansys program was used to 
al
ulate strains(sum of prin
ipal strains) and stresses in ea
helement of bone during walking. Real geome-try was gained from CT-s
an and external for
eswere applied as is shown in Fig.1.Values of Dρ parameters are derived fromdeformation rate tensor. Sin
e ANSYS 
al
u-lates just deformations (strains), to determinethe spheri
 part of deformation rate tensor d(1)following approximation was used:
d(1)(I) =

d e(1)(I)

d t
≈ ∆e(1)(I)

∆t
=
e(1)(I)

∆t
, (11)where e(1)(I) is the tra
e of deformation tensorin I-th element. Provided that no deformationexists at the beginning of ea
h iteration, lastequality in (11) is valid. Thus ∆t is the time in-terval between loaded and unloaded state. The
hange of ∆t enables to in
lude the in�uen
e offrequen
y of the loading (e.g. the setting of thepa
es) on bone remodelling whi
h will later be dis
ussed.The density in ea
h element 
an be 
al
ulated as follows:

Dens(I) = ρ̂ ·
(
NNew_b(I) +NOld_b(I)

)
, (12)where ρ̂ is a referen
e (apparent) density and NNew_b, NOld_b are normalised 
on
entra-tions of old and new bone in I-th element, respe
tively.We are not interested only in density distribution but also in withstanding to appliedload after e�e
ts of bone remodelling. Thus in ea
h element of bone material propertiesare modi�ed a

ording to 
hanges in density as power to three:

Ezz(I) =
(

Ezz old · frac_NOld_b +

+ Ezz new · frac_NNew_b

)

·
(
Dens(I)

ρ̂

)3

,
(13)where

frac_NOld_b =
NOld_b(I)

NNew_b(I) +NOld_b(I)and
frac_NNew_b =

NNew_b(I)

NNew_b(I) +NOld_b(I)are ratios of NOld_b and NNew_b in I-th element, respe
tively. Ezz(I) is the Young modu-lus in dire
tion of axis 'z' in I-th element, Ezz old and Ezz new are the material propertiesof old and new bone. We expe
t sti�ness of bone to vary not only with density but alsowith the old/new bone ratio. Similarly were 
al
ulated Eyy, Exx, Gxy, Gyz andGxz.
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t of me
hani
 loading on density will be elu
idated on a singleelement.Presented model 
al
ulates (molar) 
on
entrations in 
onsidered volume of bone. Bymeans of eq. (1)-(5) are des
ribed 
hemi
al rea
tions that are assumed to run in ea
hpart of bone independently.

Figure 2: Evolution of stru
ture in several 
ases of me
hani
al loading - Fig. (a) - anddensity of bone in 1 (isolated) element - Fig. (b).To illustrate the e�e
t of dynami
 loading we varied the Dρ parameters of the model.If no stimuli is present, the bone resorbs (
on
entration of both old bone and new bone isde
reasing) and after some period of time rea
hes equilibrium where almost no new boneis being produ
ed (Fig.2a, blue line). On the other hand if proper exer
ise is applied(yet not possible to determine what type of exer
ise it represents) �rstly a moderatede
rease in density may be observed. This de
rease is soon shifted into signi�
ant risewhere formation predominates resorption. When the a
tivity is in
reased furthermore(by higher frequen
y or higher load) the stationary solution may be
ome unreal (negativevalue of Old_B) - Fig.2a, bla
k line. A

ording to the model, there is a threshold fordynami
 loading. Ex
eeding this threshold leads to bone fra
ture.3.1 Simulation resultsThe only parameters of mathemati
al model of BR that vary throughout the bone are
Dρ, ρ ∈ 5̂ (all the other parameters are assumed to be 
onstant throughout the wholebone and independent on time). In other words, all the 
al
ulated results here presentedare 
onsequen
e of solely dynami
 loading as a 
ontrol fa
tor.On the other hand if me
hani
al stimuli in given element is small, the bone mass isnot zero. In this 
ase the bio
hemi
al fa
tors prevails, su
h as hormones and nutrition.As a initial state a homogeneous distribution of density throughout the whole bone wasused (Dens(I) = ρ̂, ∀I). Sin
e ea
h iteration is 
al
ulated by solving di�erential equation(6)-(10) des
ribing �thermodynami
 BR model�, ea
h iteration is not just approximation
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orre
t solution but is a
tually a time evolution of bone remodelling in bone. We aretrying to simulate nature - to 
reate the bone organ from homogeneous tissue.Ea
h step shows density 
hanges (impa
t of remodelling) in ea
h part of bone. Steadystate is rea
hed after a few tens of iterations, one iteration step 
orresponds approximatelyto 10 thousands strides. Approa
h to a steady state is 
he
ked by mean and maximaldensity 
hange. After 35 iterations the values are following: max di�eren
e ≈ 1e − 03and mean di�. ≈ 1e− 04.

Figure 3: 'Healthy state' - result from ANSYS 
omputation using thermodynami
 BRmodel 
al
ulated from initial homogeneous density distribution. Noti
e the 
lear forma-tion of 
orti
al and 
an
ellous bone.The Fig.3 depi
ts a 
al
ulated result from initial homogeneous distribution of densityafter 35 iterations of BR a

ording to presented model. It refers to healthy person -similar as in Fig.2a, red line.Noti
e the eminent 
orresponden
e in Fig.4 where you may 
ompare 
al
ulated re-sults with the inner stru
ture of proximal femur as it is known from human anatomy.BR pro
ess (a

ording to our model) 
reates 
orti
al and 
an
ellous bone (even from ho-mogeneous distribution) even when only in�uen
e of external for
es is 
onsidered. Fromhere is patent how me
hani
 (dynami
) loading not only signi�
antly in�uen
es the boneremodelling pro
ess - resorption or formation of bone in a given element - but also de-termines the shape, thi
kness and empla
ement of 
orti
al bone. See en
losed graphs oftime evolution of Young modulus in di�erent parts of bone, where 
an be 
learly seen theformation of spongy and 
orti
al bone.The main goal for every theoreti
al model in biologi
al s
ien
es is of 
ourse the ap-pli
ation and possibly predi
tion of evolution of the parti
ular pro
ess. One of the veryimportant appli
ations of bone remodelling model is the predi
tion of adaptation of boneto di�erent me
hani
al 
onditions. Su
h a 
hange o

urs e.g. when degenerative arthro-sis disables a proper fun
tion of joint and a surgi
al total repla
ement of joint is needed.This repla
ement is done by prosthesis made from various materials (mainly steel, 
om-posites,...) whi
h are very di�erent from bone tissue from me
hani
 point of view. And
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Figure 4: Cuts of a proximal femur - 
ompare the 
al
ulated distribution of density inhealthy 
ase and isovalues of von Mises stress (probable dire
tion of osteons in bone) with�gure from anatomi
al atlas.
this of 
ourse 
auses a great 
hanges in stress and strains magnitudes and its distributionin bone resulting in 
hanges of density distribution.On Fig.5 are depi
ted the X-ray pi
tures of human proximal femur right after opera-tion, 6 years after operation, and density distribution predi
ted by the presented model.Great unknown in the joint-repla
ement problem is how will the bone respond in termsof remodelling to a new stress-strain �eld in bone after the repla
ement. Usually thereis 
onsiderable resorption in the vi
inity of implant (espe
ially in proximal-medial andproximal-lateral part of femur) but in some 
ases there is also a signi�
ant deposition ofbone in spe
i�
 sites that strengthens the imposition of prosthesis in bone. Fig.5 showsone example when adequate physi
al a
tivity (50-year-old man at the time of operation,approx. 10 thousand gaits per day) guarantees su�
ient bone density for a long time(Fig.5b).Our resear
h group tries to give some insight into this problemati
s. Despite the
omplexity , when not only person-spe
i�
 gene expression together with diet and a
tivitythat he performs but also the 
hoi
e of material for prosthesis, angle of insertion andhollow 
reated plays a role, the same type of response � the same pattern of densitydistribution - after month from operation is obtained as in 
lini
al observation - Fig.5
.
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Figure 5: The 
hange of human bone (right femur) density distribution after hip jointrepla
ement. During the 
ourse of time the denser regions in the bone shift in the distaldire
tion towards the implant tip. The bone is markedly thi
ker near the implant tip.a) X-ray image immediately after operation, b) X-ray image 6 years after operation, 
)bone density evolution 
al
ulated by our method.4 Dis
ussionThere are nowadays several bone adaptation theories (remodelling models) but vast ma-jority of them is based only on in�uen
e of me
hani
al loading [9, 20, 25, 27, 28, 31℄.These models predi
t that bone mass will be zero if stresses in bone are zero. This isnot in agreement with in vivo observan
es. When limbs are 
asted (and the bone loadingis minimal), bone is rapidly lost but it rea
hes new steady state with lower bone density.Noti
e that the bone loss is not 
omplete. This result suggests that there are some e�e
ts,e.g. hormones, nutrition, that are missing. On the other hand there are a few biologi
almodels [14℄ but with no in�uen
e of me
hani
al loading, whi
h is as it is known veryimportant stimuli for bone remodelling [2℄. The magnitude and dire
tion of the appliedfor
es used in simulation are 
ommon for walking [1℄.Model proposed in this paper 
ombine both - the me
hani
al stimuli and also thebiologi
al ba
kground. Using FEM software we are able to 
al
ulate the density distri-bution and 
onsequently also material properties (the dependen
y of E on density wasexperimentally determined as power to three [9℄) throughout the whole bone. The 
al-
ulated pattern is in great agreement with the knowledge of bone anatomy. Moreover,
al
ulated isostress lines do 
orrespond to osteon dire
tion as [6, 22℄ 
laims. Using thisapproa
h we may simulate di�erent loading 
ases (exer
ise, patients) but also nutrition orother biologi
al features (and possibly the in�uen
e of several hormones involved in boneremodelling). These simulations (and possible predi
tions) are being studied nowadays.As was shown in this arti
le, lo
omotion or dynami
 loading is 
ru
ial for 
orre
t bonedevelopment and remodelling. The only parameters that were varying throughout thebone were Dρ - the e�e
t of dynami
al loading on rate of running 
hemi
al rea
tions.



102 V. KlikaNevertheless the agreement with stru
ture of bone is remarkable. Frequen
y of loadingis also found as an very important fa
tor.The limitation of �thermodynami
 BR�' model is mainly 
aused by the di�
ulty toadjust the di�erent parameters. Up to now it would be uneasy to determine many ofparameters experimentally even though they a
tually are 
hara
terising 
hemi
al rea
-tions (1)-(5) (and thus they have a real meaning). Partial solution of this problem maybe found in 
omparing 
al
ulated results for given set of parameters with real data from
lini
al observation. Parameters of model were 
hosen so that 
on
entrations of all ofthe substan
es were positive and so that model showed in fundamental aspe
ts the samebehaviour as 
lini
ally observed. If the presented thermodynami
 model �ts on 
lini
aldata, it 
an be used for predi
tions or even treatment of skeletal disorders 
onne
tedwith bone remodelling, e.g. osteoporosis, osteomalatia and inborn skeletal defe
ts 
alledbone dysplasias. Some of these inborn defe
ts of lo
omotor apparatus appear to us likean experiment of nature and making it possible to study pathobiome
hani
s of skeletondire
tly. Also other possible usage may be in designing implants of hip joints. Thus theappli
ation of presented thermodynami
 bone remodelling model may rea
h the 
lini
allybroad domain.This model was originally intended as a simpli�ed model of bone metabolism mod-elling. But even su
h a model, whi
h does not 
ontain the detailed me
hanisms of boneremodelling 
ontrol, gives results that are very 
hallenging.A
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t. This paper deals with the problem of marginalization of multidimensional probabilitydistributions represented by a 
ompositional model. By the perfe
t one in this 
ase. Fromthe 
omputational point of view this solution is more e�
ient than any known marginalizationpro
ess for Bayesian models. This is be
ause the pro
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t that the perfe
t sequen
e models have someinformation en
oded; if 
an be obtained from the Bayesian networks by an appli
ation of rather
omputationally expensive pro
edures. One part of that algorithm is marginalization by meansof redu
tion. This paper des
ribe a new faster algorithm to �nd a redu
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hvílBayesian network may be 
omputationally expensive. One of the a

elerating pro
eduresis marginalization by means of redu
tion. In this paper is presented an alternative algo-rithm to sear
h su
h redu
tion. This algorithm is 
urrently used in a system MUDIM1.2 Notation and Basi
 PropertiesIn this paper we will 
onsider a system of �nite-valued random variables with indi
esfrom a non-empty �nite set N . All the probability distributions dis
ussed in the paperwill be denoted by Greek letters. For K ⊂ N , π(xK) denotes a distribution of variables
{Xi}i∈K .Having a distribution π(xK) and L ⊂ K, we will denote its 
orresponding marginaldistribution either π(xL), or π↓L. These symbols are used when we want to highlight thevariables, for whi
h the marginal distribution is de�ned.To des
ribe how to 
ompose low-dimensional distributions to get a distribution of ahigher dimension we will use the following operator of 
omposition.De�nition 1. For arbitrary two distributions π(xK) and κ(xL) their 
omposition is givenby the formula

π(xK) ⊲ κ(xL) =

{
π(xK)κ(xL)

κ(xK∩L)
when π↓K∩L ≪ κ↓K∩L,unde�ned otherwise,where the symbol π(xM) ≪ κ(xM) denotes that π(xM) is dominated by κ(xM), whi
hmeans (in the 
onsidered �nite setting)

∀xM ∈ ×i∈MXi (κ(xM ) = 0 =⇒ π(xM) = 0).The result of the 
omposition (if it is de�ned) is a new distribution. We 
an iterativelyrepeat the appli
ation of this operator 
omposing a multidimensional model. This is whythese multidimensional distributions are 
alled 
ompositional models. To des
ribe su
ha model it is enough to introdu
e an ordered system of low-dimensional distributions
π1, π2, . . . , πn. We denote this ordered system as a generating sequen
e, to whi
h theoperator is applied from left to right:

π1 ⊲ π2 ⊲ π3 ⊲ . . . ⊲ πn−1 ⊲ πn = (. . . ((π1 ⊲ π2) ⊲ π3) ⊲ . . . ⊲ πn−1) ⊲ πn.Then we say that a generating sequen
e de�nes (or represents) a multidimensional 
om-positional model.In the pro
ess of marginalization we will also need another important operator.3 Perfe
t Sequen
e ModelsNow the attention will be fo
used on marginalization of distributions given by a spe
ialsub
lass of generating sequen
es. From now, we will 
onsider generating sequen
es
π1(xK1) ⊲ π2(xK2) ⊲ . . .πn(xKn).Therefore, whenever distribution πj is used, we assume it is de�ned for variables {Xi}i∈Kj

.1Experimental system based on Multidimensional models.
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all a generating sequen
e π1, π2, . . . , πn perfe
t if for all j = 2, . . . , n

(π1 ⊲ . . . ⊲ πj−1) ⊲ πj = πj ⊲ (π1 ⊲ . . . ⊲ πj−1)hold true.Perfe
t sequen
es have many pleasant properties, whi
h are advantageous for mul-tidimensional distributions representation. The most important one is expressed in thefollowing assertion.Theorem 3. A generating sequen
e π1, π2, . . . , πn is perfe
t i� all the distributions πi aremarginal to the represented distribution, i.e., for all i = 1, 2, . . . , n

(π1 ⊲ . . . ⊲ πn)↓Ki = πi.Now, let us formulate universal rules whi
h make it possible to de
rease the dimen-sionality of 
ompositional models by one. By iterative appli
ation of these rules may beobtained any required marginal. The proof of the following assertion, whi
h holds notonly for perfe
t but for all generating sequen
es, 
an be found in [5℄.Theorem 4. Let π1, π2, . . ., πn be a generating sequen
e and
ℓ ∈ Ki1 ∩Ki2 ∩ . . . ∩Kimfor a subsequen
e (i1, i2, . . ., im) of (1, 2, . . . , n) su
h that ℓ 6∈ Kj for all j 6∈ {i1, i2, . . ., im}.Then

(π1 ⊲ π2 ⊲ . . . ⊲ πn)−{ℓ} = κ1 ⊲ κ2 ⊲ . . . ⊲ κn,where
κj = πj , ∀j 6∈ {i1, i2, . . ., im},
κi1 = π

−{ℓ}
i1

,

κi2 = (πi1©⊲Li2−1
πi2)

−{ℓ},

κi3 = (πi1©⊲Li2−1
πi2©⊲Li3−1

πi3)
−{ℓ},...

κim = (πi1©⊲Li2−1
πi2©⊲Li3−1

. . .©⊲Lim−1
πim)−{ℓ},and Lik−1 = (K1 ∪K2 ∪ . . . ∪Kik−1) \ {ℓ}.The iterative appli
ation of this theorem always leads to the desired marginal distri-bution.More e�e
tive marginalizing pro
edures are, however, based on the di�erent propertieswhi
h reminds rather of graph's algorithms than statisti
al pro
esses. One of them isdenoted like marginalization by redu
tionHowever, these e�e
tive marginalization pro
edures 
ould be used only in a spe
ial
ase and, therefore, they are used as a

elerating supplement only together with thegeneral algorithm shown in Theorem 4.First, let us de�ne an auxiliary notion of a redu
tion of a generating sequen
e, whi
hwill simplify formulations in the following text.
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hvílDe�nition 5. Let π1, π2, . . . , πn be a generating sequen
e, (j1, j2, . . . , jm) a subsequen
e of
{1, 2, . . . , n} and s ∈ Z = {j1, . . . , jm} be su
h that

(
⋃

j∈Z

Kj) ∩ (
⋃

j 6∈Z

Kj) ⊆ Ks.Then s and Z determine a redu
tion of generating sequen
e π1, . . . , πn (or simply that
(s, Z) is a redu
tion).Theorem 6. Let s ∈ Z and Z = {j1, . . . , jm} determine a redu
tion of a perfe
t sequen
e
π1, π2, . . . , πn. Then, denotinḡ

Lj =
⋃

i∈{1,...,j}\Z
Ki;L =

⋃

j∈Z

Kjfor all j 6∈ Z, marginal distribution (π1 ⊲ π2 ⊲ . . . ⊲ πn)↓L 
an be expressed
(π1 ⊲ π2 ⊲ . . . ⊲ πn)↓L = κ1 ⊲ κ2 ⊲ . . . ⊲ κn,where

κj = πj for j ∈ Z,
κj = π

↓Ks∩L̄j
s for j 6∈ Z.A fun
tional algorithm based on the proof of Theorem 6 was presented in [1℄.The most di�
ult part of this algorithm is how to �nd the redu
tion (s, Z). An oldsolution is based on an iterative extension of the set Z with re
ounting W (Z, j) in everystep and testing validity of redu
tion (s, Z). This extension 
ould be time-
onsumingand has to be done regardless of e�e
t. (As mentioned above, redu
tion by Z does nothave to exist) Be
ause of this, the advantage gained by a

elerating algorithm is wastedby sear
hing the set Z. The possible solution of this situation is des
ribed at the end ofthe following se
tion.4 Marginalization AlgorithmMarginalization is one of the basi
 operations 
omputing with multidimensional models.Considering a perfe
t generating sequen
e π1(xK1), π2(xK2), . . . , πn(xKn) and a set ofindi
es L ⊂ (K1 ∪ K2 ∪ . . . ∪ Kn). The marginalization algorithm performs 
omputa-tion of a generating sequen
e κ1(xL1), . . . , κm(xLm), representing the required marginaldistribution:

(π1(xK1) ⊲ π2(xK2) ⊲ . . . ⊲ πn(xKn))↓L = κ1(xL1) ⊲ κ2(xL2) ⊲ . . . ⊲ κm(xLm).The marginalization algorithm itself, as is implemented in MUDIM system, is depi
tedin [1℄. The algorithm 
onsists in (
y
li
al) employment of �ve pro
edures.
• Trun
ation of an unavailing tail,
• Deletion of redundant elements,
• Simple marginalization [j],
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• Marginalization by means of redu
tion,
• General marginalization [j].First four of them try to a

elerate the 
omputation. If these pro
edures fails, the generalmarginalization pro
edure will be applied. As the reader 
an see from theorem 4, thegeneral marginalization pro
edure 
an be applied anytime but is very time 
onsuming.Therefore, a

elerating pro
edures su
h as marginalization by means of redu
tion areneedful.4.1 Marginalization by means of Redu
tionThe simple pro
edures 
ould de
rease dimension of the multidimensional distributioneither by one, or by more than one, but only when the variables to be deleted appeared�in the tail� of the generating sequen
e. A more 
omplex algorithm - Marginalizationby means of Redu
tion, whi
h proves to be very e�
ient in many situations, espe
iallywhen the number of the variables to be deleted is really high, is des
ribed in [1℄. Thisalgorithm is not dependent on the order of distributions in a generating sequen
e. Forthis, one has to �nd a redu
tion (s, Z) su
h that Z 
ontains all indi
es of the variablesfor whi
h the 
omputed marginal distribution should be de�ned (L ⊆ Z). And it is thissear
h for redu
tion what makes the pro
ess rather 
ompli
ated. There was publishedone algorithm in the paper [1℄. Unfortunately, time demand fa
tor of that algorithm isvery high and this algorithm does not ful�l basi
 properties of a

elerating pro
edures: Ifpossible, a

elerate 
omputation. If not possible, do not 
ause any additional delay. Thisone is referred to as Full-S
an algorithm with regards to its stru
ture and fun
tionality.4.2 Full-S
an algorithmThe stru
ture of the Full-S
an algorithm is depi
ted in the Figure 1. It employs fourrelatively simple pro
edures des
ribed in [1℄. Quite naturally, all these pro
edures workwith the generating sequen
e in question π1(xK1), π2(xK2), . . . , πn(xKn) (but only one ofthem - Marginalization [s, Z ′] - modi�es it). To �nd a redu
tion, the pro
ess employssets W (Z, j) (de�ned below) and their properties, whi
h were proven in [2℄.Having a set Z ⊂ {1, . . . , n} and j 6∈ Z the symbol W (Z, j) denotes the followingsubset of indi
es:

W (Z, j) =

{

s ∈ Z :

(
⋃

i∈Z

Ki

)

∩Kj ⊆ Ks

}(noti
e that setsW (Z, j) depend not only on Z and j but naturally also on the 
onsideredgenerating sequen
e).The basi
 idea of this algorithm is as follows: The algorithm extends set Z until thereexists s ∈ ⋂
j 6∈Z

W (Z, j) or Z = (1, .., n). Let us try to evaluate the time 
omplexity of theparti
ular steps of this algorithm. The 
omplexity will be present in multiples of |Z| ofset fun
tions.
• W (Z, j): O(|Z|)
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• Extension of Z: O(|Z|2)

• Constr. of a 
onn. set Z̄: O(|Z|3)

• Constr. of a bridge Ẑ: O(|Z|3)

Extension of Z

Z n= { ,..., }?1
Exit

Z

Construction of a

connected set

W Z j
i Z

( , ) ?= ∅
∈
∩

Marginalization
s n Z, ,..., \1{ } 

Construction of
a bridge Z

Z Z Z← ∪

Yes No

YesNo

Z n M K
i

i Z

⊆ ⊆
∈

{ ,..., }: ( )1 ∪

s W Z j
j Z

∈
∈

( , )∩Choose

( )

Find the smallest

Figure 1: Marginalization by means of redu
tionBe
ause we know that |Z| is a fun
tion of n where n is a number of distributionsin a model; we 
an assume that O(ni) ≈ O(|Z|i), i ∈ N. The total 
omplexity of thisredu
tion sear
h algorithm is minimally O(n3) of set fun
tions. The spa
e 
omplexity ofthis algorithm has not been 
omputed.4.3 DFS algorithmLet us present a slightly modi�ed algorithm to �nd a redu
tion whi
h does not dis
overall redu
tions but is very fast. This algorithm will be denoted as the DFS algorithm. Thetime and spa
e 
omplexity of Full-S
an algorithm were the reason why DFS algorithmwas 
reated. The rest of marginalization algorithm remains same as it was published in[1℄.Marginalization by meas of redu
tion does not depend on the order of distributions ingenerating sequen
e. Therefore, if we ignore that order, we 
an treat a multidimensionalmodel as a group of subsets (distributions). That is exa
tly how hypergraph 
an bede�ned. In other words, 
onsider a generating sequen
e of 
ompositional model as a hy-pergraph (see the de�nition and an illustration bellow). Redu
tion K5 in a model 3 seemslike a bridge in a hypergraph. We 
an 
onvert the problem of �nding a redu
tion (s, Z)to the problem of sear
hing for a bridge in a hypergraph. Every bridge in a hypergraph
orresponds to a redu
tion in 
orresponding multidimensional model. Nevertheless, thereare redu
tions in a multidimensional model whi
h 
an not be represented by bridges in a
orresponding hypergraph.Let us de�ned a hypergraph H on n verti
es to be an ordered pair (V,E), where V isthe set of verti
es, with |V | = n, and E is a multiset of subsets(hyperedges) of V . For an
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Figure 2: Simple Hypergraph: V = {v1, v2, v3, v4, v5, v6, v7}, E = {e1 = {v1, v2, v3}, e2 =
{v2, v3}, e3 = {v3, v5, v6}, e4 = {v4}} .arbitrary hypergraph H , we let v(H) denote the number of verti
es of H and e(H) denotethe number of hyperedges of H . In general, we will 
onsider hypergraphs labeled so thatif the hypergraph has n verti
es, they are labeled by the elements of n̂ = 1, 2, 3, ..., n, andif the hypergraph has m edges, they are labeled by the elements of m̂. For simpli
ity, wewill 
all su
h obje
ts labeled hypergraphs.We de�ne a walk in a hypergraph to be a sequen
e v0, e1, v1, ..., vn−1, en, vn, where forall i, vi ∈ V , e ∈ E, and for ea
h ei, vi−1, vi ⊆ ei . We de�ne a path in a hypergraph tobe a walk in whi
h all vi are distin
t and all ei are distin
t. A walk is a 
y
le if the walk
ontains at least two edges, all ei are distin
t, and all vi are distin
t ex
ept v0 = vn.A hypergraph is 
onne
ted if for every pair of verti
es v, v′ in the hypergraph, thereis a path starting at v and ending at v′. The hypergraph in Figure 2 is not 
onne
tedin 
ontrast to the hypergraph in Figure 3. More information about hypergraphs 
an befound in [4℄.
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Figure 3: Visualization of a Multidimensional ModelDe�nition 7. A hyperedge in 
onne
ted hypergraph is 
alled a bridge if the deletion ofthat hyperedge dis
onne
ts the hypergraph.Whilst an e�e
tive algorithm of sear
hing for bridges in hypergraphs does not exist,
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hvílthe algorithm for an arti
ulation point does. For that we 
onvert the hypergraph into asimple graph. We de�ne a graph G on n verti
es to be an ordered pair (V,E), where Vis the set of verti
es, with |V | = n, and E is a subset E ⊆ V × V . Let 
onne
ted graphbe de�ned as usual. Exa
t de�nition 
an be found in [3℄.De�nition 8. A node in a 
onne
ted graph is 
alled an arti
ulation point if the deletionof that node dis
onne
ts the graph.To 
onvert the generating sequen
e (hypergraph) to a respe
tive graph, we are usingthe representative graph of hypergraph de�ned below.De�nition 9. Given a hypergraph H = (V,E), its representative graph G = (E∗, E∗∗)is a graph whose verti
es are points e∗1, ..., e∗m representing the edges e1, ..., em of H, theverti
es e∗i , e∗j being adja
ent if and only if ei

⋂
ej 6= ∅.Be
ause not every redu
tion 
an be represented by a bridge in a hypergraph, themodi�ed algorithm does not dis
over all redu
tions in a model. We may loose someredu
tions during the 
onversion of a redu
tion sear
h problem to a bridge sear
h problem.Nevertheless, our measuring of time 
onsumption proves that this loss is su�
iently
ompensated.Hen
e, 
onsidering a multidimensional model (π1, ..., πn) as a hypergraph, we 
onvertit into its representative graph G(V,E) as follows:1. Ea
h distribution is 
onsidered to be a vertex (π1, ..., πn → V )2. (πi, πj) ∈ E ⇔ (Ki

⋂
Kj 6= ∅) (if two arbitrary distributions in the generatingsequen
e have non-empty interse
t, then we join them by an edge.)Then, G is the representative graph of the multidimensional model (π1, ..., πn).

K1
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K4

K5

K6

K7

K8
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K11

Figure 4: Representative graphWhen we apply this 
onversion pro
edure to the model visible in Figure 3 we gain thegraph as in Figure 4.Both problems of sear
hing a redu
tion and sear
hing a bridge in the hypergraphare equivalent in a way. Both bridge and arti
ulation point split a graph (hypergraph)into two independent parts. Nevertheless, if we think about redu
tion as we did, sev-eral redu
tions 
ould be lost during the sear
hing of bridges. We 
onsider this loss as
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tion sear
h pro
edure should serve as an a

eleratingpro
edure and therefore it should be as fast as possible.The 
onversion is justi�ed (in light of redu
tion) by the following lemma.Lemma 10. Let Pis is an arbitrary but �xed arti
ulation found in a representative graphderived from generating sequen
e. Then there exists a 
orresponding redu
tion (Z, s) ingenerating sequen
e of multidimensional model where Z is given by representative graph.Proof: Let πs be an arti
ulation in the representative graph G of a multidimensionalmodel. By removing vertex πs from graph G, the graph is split into several independentparts. Let denote them Z and the rest as n̂ \ Z. Then (
⋃

j∈Z

Kj) ∩ (
⋃

j 6∈Z

Kj) ⊆ Ks holdsbe
ause πs is the arti
ulation point. This formula is 
onsistent with De�nition 5 and thelemma is proved. �The whole pro
edure of marginalization by means of redu
tion employs three simplesteps that we are going to des
ribe now. You 
an see that this approa
h is mu
h easierthan the old one, regrettably, it is not so powerful.1. The generating sequen
e (
onsidered as a hypergraph) is read from the model as asimple graph. Data are returned as an asso
iative array whi
h presents the simplegraph as an adja
en
y list2.2. The adja
en
y list is pro
essed by standard DFS pro
edure. (That is the reasonwhy the new approa
h is referred as DFS algorithm)3. All found arti
ulations are deleted a

ording to Lemma 1.The 
omplexity of the DFS algorithm is 
omputed in basi
 fun
tions, in 
ontradi
tionto the previous algorithm.
• Conversion to simple graph: O(n)

• DFS pro
edure: O(n+m)A total (time and spa
e) 
omplexity of this algorithm is O(n + m). It is mu
h lessthen in previous algorithm.5 Con
lusionsIn this paper a slightly modi�ed algorithm for marginalization in 
ompositional modelsis des
ribed. More pre
isely, an algorithm for models whi
h are represented by perfe
tsequen
es. The algorithm is based on theoreti
al properties proven in several assertionspublished in [2℄. The algorithm is 
urrently realized in the system MUDIM3. Its e�
ien
yis being tested on arti�
ially generated data.In Table 1 we refer to 
omputations with two models 
onstru
ted for arti�
ially gen-erated data. Let us stress that it would be easy to 
onstru
t a model, for whi
h the2An adja
en
y list is the representation of all edges or ar
s in a graph as a list.3The system is realized in R and C language
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hvílTable 1: Computational time in se
ondsOFF DFS FullS
anModel 1marginalizationfrom 24 to 3variables 1.67 s 0.53. s 0.95 sModel 1marginalizationfrom 24 to 3variables 1.39 s 1.38 s 2.15 sModel 2marginalizationfrom 30 to 3variables >30 s 4.21 s 4.02 sModel 2marginalizationfrom 30 to 3variables >30 s 15.56 s 12.25 s
redu
tion substantially de
reases the 
omputational time. Nevertheless, on purpose weare presenting examples whi
h are, in a way, from this point of view in
onvenient. Theyrepresent distributions of 24 and 30 variables. The di�eren
e between the �rst two rowsof Table 1 shows that the e�
ien
y of the pro
ess does not depend only on the model �probability distribution, but also on whi
h variables are to be marginalized out. This alsoexplains the di�eren
e between the 3rd and 4th rows. First model illustrates the follow-ing situation: Redu
tion exists in the �rst row while no redu
tion 
an be found for thevariables in the se
ond row. The delay 
aused by Full-S
an algorithm is for this numberof variables approximately 0, 5s. DFS algorithm does not delay the pro
ess 
ompared tothe speed when the redu
tion is swit
hed o�. (The lower time is 
aused by in
orre
tnessof measuring tool.) The following model observed this situation: DFS algorithm did notdis
over the same redu
tion as the Full-S
an algorithm. Nevertheless, a 
omputation isstill faster than without this a

elerating pro
edure. The last row illustrates a similarsituation.During the testing of the original algorithm published in [1℄ several problems ap-peared. The appli
ation of the a

elerating redu
tion pro
edure (realized by Full-S
analgorithm) was very time-
onsuming be
ause of its nature and also be
ause of the re-du
tion 
ondition. With the help of hypergraphs another approa
h was dis
overed. The
reated DFS algorithm is not as powerful as the original Full-S
an algorithm but 
an bebriskly performed by 
omputer.The way of treating multidimensional models as hypergraphs opens new extensions



An E�e
tive Algorithm for Sear
h Redu
tions in Compositional Models 115in the theory of multidimensional models for the future. Nevertheless, in this paperhypergraphs are only a bridge to 
onne
t the multidimensional model to the arti
ulationin simple graphs. In fa
t, the hypergraphs are not used in DFS algorithm.Referen
es[1℄ V. Krato
hvíl, R. Jirou²ek: Marginalization Algorithm for Compositional Models.In: Information Pro
essing and Management of Un
ertainty in Knowledge-basedSystems. 3 Éditions EDK, Paris 2006, pp. 2300-2307.[2℄ Vl. Bína, R. Jirou²ek: Marginalization in Multidimensional Compositional Models.Submitted for publi
ation to Kybernetika.[3℄ R. Merris: Graph Theory. Wiley Inters
ien
e, New York 2001.[4℄ C. Berge: Graphs and Hypergraphs. North Holland, Amsterdam 1973.[5℄ R. Jirou²ek: Marginalization in 
omposed probabilisti
 models. In: Pro
. of the 16thConf. Un
ertainty in Arti�
ial Intelligen
e UAI'00 (C. Boutilier and M. Goldszmidteds.), Morgan Kaufmann Publ., San Fran
is
o, California 2000, pp. 301�308.[6℄ R. D. Sha
hter: Evaluating In�uen
e Diagrams. Oper. Res. 34 (1986), 871�890.[7℄ R. D. Sha
hter: Probabilisti
 inferen
e and in�uen
e diagrams. Oper. Res. 36(1988), 589�604.[8℄ Hypergraph. World wide web do
ument.http://en.wikipedia.org/wiki/Hypergraph
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Mapování s
hémat v prost°edíSémanti
kého webu∗Zde¬ka Linková3. ro£ník PGS, email: linkova�
s.
as.
zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Július �tuller, Ústav informatiky, AV �RAbstra
t. The paper deals with steps of the non-materialized data integration, and fo
uses ons
hema mat
hing and s
hema mapping issues. The proposal is for data sour
es on the Semanti
Web; the 
ru
ial assumption for the 
onsidered task is the availability of the ontologies des
ribingdata to integrate. These ontologies are used to �nd 
orresponden
es between sour
e s
hemaselements, and also for found mapping expression.Abstrakt. �lánek se zabývá úlohami, které je t°eba °e²it p°i nematerializované integra
i dat.Zam¥°uje se na hledání koresponden
í mezi s
hématy a mapování s
hémat. Návrh p°ístupu°e²ení t¥
hto úloh na Sémanti
kém webu t¥ºí z dostupný
h ontologií
h popisují
í
h integrovanézdroje. Ontologie jsou vyuºity jak k hledání mapování, tak i p°i jeji
h popisu.1 ÚvodIntegra
e dat [1℄ je úloha, která se zabývá slou£ením dat. Jejím 
ílem je prezentovat datapo
házejí
í z r·zný
h datový
h zdroj· jako jediný 
elek a umoºnit je zpra
ovávat, jakoby z jediného datového zdroje opravdu po
házela. V p°ípad¥ tzv. nematerializovanéhop°ístupu [25℄ bývá °e²ením úlohy poskytnutí uni�kovaného pohledu na zdroje dat. Tentopohled je vyuºíván jako nový zdroj obsahují
í v²e
hna data. Ve skute£nosti jde o pohledvirtuální a data z·stávají fyzi
ky uloºena v p·vodní
h zdrojí
h.Aby bylo moºné integra
i zaloºit na vyuºití virtuálního pohledu, neboli aby bylomoºné k dat·m p°es tento pohled p°istupovat, je nezbytné de�novat jeho vazby na fyzi
kádata. Proto je t°eba se v tomto p°ístupu zabývat s
hématy dat. Vazby mezi pohledema daty se pak zajistí de�nováním vztah· mezi jednotlivými £ástmi s
hématu pohledu a£ástmi s
hémat p·vodní
h zdroj·. Ty jsou pak dále vyuºity p°i zpra
ování dat, nap°íkladp°i dotazování.Pro
es integra
e je moºné nahlíºet jako kolek
i n¥kolika úloh, které spole£n¥ p°iná²ejípoºadovaný výsledek. Základní kroky p°i °e²ení integra
e dat pomo
í virtuálního pohledujsou:
• Hledáni koresponden
í mezi s
hématy (s
hema mat
hing) - Za p°edpokladu, ºe da-tové zdroje, které mají být integrovány, byly vytvo°eny nezávisle, r·znými designéry

∗Prá
e byla podpo°ena projektem 1ET100300419 programu Informa£ní spole£nost (Témati
kého pro-gramu II Národního programu výzkumu v �R: �Inteligentní modely, algoritmy, metody a nástroje provytvá°ení sémanti
kého webu�) a výzkumným zám¥rem AV0Z10300504 �Informatika pro informa£ní spo-le£nost: Modely, algoritmy, aplika
e�. 117



118 Z. Linkováa pro r·zné ú£ely, jsou jeji
h s
hémata obe
n¥ heterogenní. Proto je d·leºitou úlo-hou nalezení jeji
h vzájemný
h koresponden
í. Problém hledání koresponden
í mezis
hématy bývá ozna£ován jako s
hema mat
hing [20℄, [21℄.
• Mapování s
hémat (s
hema mapping) - Obvyklým zp·sobem jak vyjád°it nalezenésouvislosti mezi s
hématy zdroj· je pouºití tzv. mapování. Mapování je struktura,nap°. mnoºina tvrzení, která popisuje vazbu mezi elementy s
hématu pohledu (ob-vykle ozna£ovaného jako globální s
héma) a s
hémat datový
h zdroj· (ozna£ova-ný
h jako lokální s
hémata).P°i tvorb¥ mapování jsou vyuºívány dva základní p°ístupy [14℄, [3℄: Global As View(GAV) p°ístup, který spo£ívá v de�nování globálního s
hématu jako mnoºiny po-hled· nad lokálními s
hématy, a Lo
al As View (LAV) p°ístup, který de�nuje lokálnís
héma zdroje pomo
í pohled· nad globálním s
hématem. Je samoz°ejm¥ moºnéoba p°ístupy kombinovat.
• Zpra
ování dotaz· (query pro
essing) - Vytvo°ení mapování je st¥ºejní úloha, jejíºvýsledek má d·leºitou roli p°i p°ístupu k dat·m pomo
í dotaz·.P°i pouºití systému, který integruje data, klade uºivatel dotazy tvo°ené nad posky-tovaným pohledem, tj. vyuºívá jeho jazyk, s
héma atd. Pro vyhodno
ení dotazunad daty je t°eba p·vodní (globální) dotaz n¥jakým zp·sobem zpra
ovat [18℄.Tím se zabývají dva základní p°ístupy. Prvním je query rewriting - dotaz je dekom-ponován na £ásti odpovídají
í lokálním zdroj·m. Ty jsou dále p°epsány tak, abybyly vyjád°eny v prost°edí p°íslu²ného lokálního zdroje. Nad lokálními zdroji jsoupak vzniklé lokální dotazy vyhodno
eny a ze získaný
h lokální
h odpov¥dí je op¥tsestavena globální odpov¥¤, která je vrá
ena jako výsledek na p·vodní dotaz.Druhou moºností je query answering, která nijak nespe
i�kuje, jak má být danýdotaz zpra
ován. Jejím 
ílem je vyuºít v²e
hny dostupné informa
e k získání odpo-v¥di na dotaz. P°íkladem m·ºe být hledání takový
h dat, u ni
hº lze dle dostupný
hznalostí usuzovat, ºe jsou hledaným výsledkem.Tento £lánek se dále zabývá prvními dv¥ma kroky integra
e, tedy hledání korespon-den
í mezi s
hématy a jeji
h popisem pomo
í vhodné struktury. Zam¥°uje se na datovézdroje Sémanti
kého webu.Sémanti
ký web [2℄, [13℄, [8℄ je zamý²len jako sémanti
ké roz²í°ení webu sou£asného.V sou£asné dob¥ jsou hlavními te
hnikami p°i popisu dat Sémanti
kého webu p°edev²ím:
• jazyk XML [33℄ pro strukturování dat
• RDF(S) [30℄, [31℄ pro popis metadat
• OWL [28℄ pro spe
i�ka
i ontologií.Omezení na data Sémanti
kého webu spo£ívá v poºadavku vyjád°ení dat pomo
íRDF/XML a dostupný
h ontologií [6℄ popisují
í jednotlivé zdroje.�lánek je £len¥n následovn¥: Kapitola 2 p°edstavuje obe
n¥ úlohu hledání korespon-den
í spolu s p°ístupy, které se touto úlohou zabývaly. Kapitola 3 se zam¥°uje na onto-logi
ký p°ístup hledání koresponden
e mezi s
hématy na Sémanti
kém webu. Vyjád°enímapování se v¥nuje Kapitola 4.



Mapování s
hémat v prost°edí Sémanti
kého webu 1192 Úloha hledání koresponden
í mezi s
hématyVstupem v úloze hledání koresponden
í jsou dv¥ s
hémata, mezi nimiº je t°eba naléztvzájemné vztahy. Tato úloha je p°edm¥tem mnoha výzkum·. Bohuºel v²ak je v r·zný
hprojekte
h £i implementa
í
h °e²ena p°edev²ím manuáln¥ [15℄, tzn. je zaloºena na lid-ském zásahu, uºivatel - £lov¥k je ten, kdo vztahy nalezne. To s sebou p°iná²í mnoháomezení, je to nap°íklad £asov¥ náro£né, ná
hylné k 
hybám, drahé. P°irozená snaha ozautomatizování provád¥né opera
e má ov²em v¥t²inou za následek pouze tzv. kandidátymoºný
h koresponden
í a je to op¥t £lov¥k, kdo musí rozhodnout, zda nalezené moºnékoresponden
e skute£n¥ platí.Zp·soby, kterými bývají koresponden
e hledány, lze rozd¥lit na základ¥ úrovn¥ infor-ma
í, které jsou p°i porovnávání s
hémat vyuºívány:
• Na úrovni instan
í - Srovnáva
í p°ístupy pra
ují s vlastními daty ze zdroj·, abynalezly koresponden
e mezi jeji
h s
hématy.
• Na úrovni pouºitý
h pojm· - P°ístupy pra
ují
í na této úrovni bývají lingvisti
kyzaloºené (nap°. jsou zaloºené na jméne
h a textový
h popise
h element· s
hémat).Mohou pra
ovat se známýmy vztahy mezi pouºitými pojmy (synonyma, homonyma,apod.) nebo mohou pojmy zpra
ovávat jako °et¥ze
 znak· (a vyuºívat vztah· jakoje pre�x, su�x, ko°en apod.)
• Na úrovni struktury - P°i hledání koresponden
í (p°edev²ím mezi s
hématy, kterémají sloºit¥j²í strukturu) bývá brána v úvahu i vlastní struktura zdroje. K porov-návání struktur mohou být vyuºity nap°íklad metody z oblasti teorie graf·.Tyto te
hniky mohou být samoz°ejm¥ kombinovánay. Nap°íklad p°i porovnávání jed-notlivý
h element· s
hémat je moºné brát v úvahu jak jeji
h jména, datové typy, aktivnídomény, ale i jeji
h strukturu.Moºnost existen
e mapování, ke kterému se nalezený kandidát vztahuje, bývá £astovyjád°ena pomo
í n¥jaké funk
e, která podobnost porovnávaný
h element· vyjad°uje.Je moºné ji zaloºit na pravd¥podobnosti [16℄, kosinové mí°e p°íznakový
h vektor· [23℄,nebo mí°e vyjad°ují
í po£et shodný
h zkoumaný
h aspekt· [27℄. Pouºitá míra m·ºe býtvyuºita p°i výb¥ru skute£ný
h koresponden
í z kandidát·, £ímº je moºné lidský zásahví
e eliminovat. N¥kdy jsou naví
 pouºity i dal²í te
hniky, jako nap°íklad zp°es¬ováníkandidát· [7℄ £i ma
hine learning [26℄.3 Hledání koresponden
í mezi s
hématy na Sémanti
kém webuV prezentovaném p°ístupu se p°edpokládá, ºe spolu s integrovanými zdroji jsou k dispo-zi
i také ontologie, které popisují data uloºená ve zdrojí
h. Pomo
í ni
h jsou vyvozoványpoºadované koresponden
e mezi jednotlivými elementy s
hémat. Jelikoº je p°ístup orien-tován na Sémanti
ký web, p°edpokládá, ºe ontologie zdroj· jsou vyjád°eny v jazy
e OWL[28℄.V obe
ném p°ípad¥ m·ºe jeden element korespondovat s jedním nebo ví
e jinými ele-menty, m·ºe korespondovat s kombina
í element·, nebo nemusí korespondovat s ºádným



120 Z. Linkovájiným elementem. V této souvislosti se obvykle p°i hledání koresponden
í pouºívá pojemkardinalita, která pro ur£itou koresponden
i vyjad°uje, kolik element· mapovaný
h s
hé-mat do vztahu vstupuje. Kardinalita koresponden
e m·ºe být 1:1, 1:N, N:1, N:M. Ov²emv¥t²ina existují
í
h p°ístup· vyuºívá kardinalit 1:1 or 1:N.Prezentovaný p°ístup uvaºuje vztahy následují
í
h kardinalit:
• 1:1 - p°i vzájemném porovnávání dvou s
hémat. Tento p°ípad vyjad°uje, ºe elementjednoho s
hématu je ve vztahu s jedním elementem druhého s
hématu.
• 1:N - p°i porovnávání jednoho s
hématu s ví
e dal²ími s
hématy. Tento p°ípad jemoºné vid¥t jako mnoºinu koresponden
í kardinalit 1:1. Kardinality 1:N se £astovyuºívá v integr
i dat pro vyjád°ení koresponden
í mezi s
hématem globálního vir-tuálního pohledu a s
hématy lokální
h zdroj·.Pojetí koresponden
e p°i porovnávání s
hémat je formalizováno následovn¥:
• Koresponden
e kardinality 1:1 je tvrzení:

ε1 ρ ε2kde
ε1 je element jednoho s
hématu
ε2 je element druhého s
hématu
ρ je vztah mezi ε1 a ε2, který vyjad°uje jeji
h vzájemnou koresponden
i.
• Koresponden
e kardinality 1:N je mnoºina tvrzení kardinalit 1:1:

{ε1 ρi εi}kde
ε1 je element jednoho s
hématu
εi je element druhého s
hématu
ρi je vztah mezi ε1 a εi, který vyjad°uje jeji
h vzájemnou koresponden
i.Vztahem ρ mohou být následují
í druhy koresponden
í:
• Is-a hierar
hi
ký vztah (tj. jeden element je obe
n¥j²í neº druhý, nebo naopak).Tento druh je ozna£en jako ⊇, resp. ⊆.
• Ekvivalen
e mezi elementy.Tento druh je ozna£en jako =.
• Disjunktnost, tj. mezi elementy není ºádná souvislost.



Mapování s
hémat v prost°edí Sémanti
kého webu 1213.1 Hledání koresponden
í v p°ípad¥ sdílené ontologieV nejjednodu²²ím p°ípad¥ je popis v²e
h zdroj· dostupný v jediné ontologii. Tato ontolo-gie je lokálními zdroji sdílena a pokrývá popis v²e
h lokální
h dat. Vztahy mezi elementyjednotlivý
h s
hémat mohou být nalezeny p°ímo v této ontologii.Pro to je pouºito pravidlo:Sémanti
ký vztah mezi pojmy de�novaný v ontologii implikuje stejný vztah mezi ele-menty s
hemat, které jsou t¥mito pojmy ozna£ené.Uvaºujeme-li d°íve zmín¥né typy koresponden
í, je moºné p°ístup zaloºit na is-a hi-erar
hii de�nované sdílenou ontologií. Jsou-li porovnávána dv¥ s
hémata, pro kaºdý ele-ment jednoho s
hématu a kaºdý element druhého s
hématu je jeji
h vztah hledán v tétoontologii. Je-li mezi nimi vztah nelezen, je p°íslu²ná koresponden
e i mezi uvaºovanýmielementy.N¥které vztahy nemusí být v ontologii vyjád°eny p°ímo, ale je moºné je z ontologiezískat vyuºitím tranzitivity is-a vztahu. Je-li nap°íklad pouºit p°ístup k ontologii jakografu s t°ídami popisují
ími jednotlivé pojmy jako uzly a s orientovanými hranami vyja-°ují
ími existen
i is-a vztahu, nalezenou koresponden
i neznamená pouze existují
í hrana,ale také p°íslu²n¥ zna£ená 
esta.V p°ípad¥, ºe jsou elementy disjuntkní, znamená to, ºe by v is-a hierar
hii nem¥la býtºádná 
esta a není tedy nutné n¥jaký vztah hledat. V praxi vede tato situa
e ke stejnémuefektu, jako kdyº je vztah hledán, ale ºádný není nalezen. Ov²em je vhodné tuto informa
io disjunktnosti dále u
hovávat, protoºe m·ºe být dále vyuºita p°i roz²i°ování p°ístupunap°íklad o dal²í usuzovavání apod.V²e
hny koresponden
e, které jsou ze sdílené ontologie získány, jsou p°ijaty. Není nan¥ nahlíºeno nejprve jako na kandidáty, nebo´ zde není ºádný odhad koresponden
í -v²e
hny z ni
h jsou v dané ontologii de�novány. Tento krok tedy nevyºaduje ºádný zásah(lidského) uºivatele.3.2 Obe
ný p°ípad hledání koresponden
í zaloºený na ontologií
hObe
n¥ nemusí být ontologie, která by popisovala v²e
hna zpra
ovávaná data, dostupná.N¥které zdroje mohou sdílet n¥které pojmy, av²ak sdílení v²e
h pojm· v²emi zdroji nelzep°edpokládat. Je t°eba pra
ovat obe
n¥ s ví
e ontologiemi.Slou£ením v²e
h ontologií, které popisují integrované datové zdroje, získáme �novou�sdílenou ontologii, a tak je tento obe
ný p°ípad p°eveden na p°ed
hozí. Slou£ovánímontologií se zabývá °ada výzkum· z oblastí ontology alignment a ontology merging a jetedy pro toto moºné vyuºít n¥kterou ze známý
h metod.V souvislosti s ontologemi, pojmy alignment a merging spolu úz
e souvisí [10℄. Prooba jsou také relevantní úlohy hledání koresponden
í (mat
hing) a mapování (mapping).Ontology alignment obvykle ozna£uje stanovení binární
h vztah· mezi dv¥ma ontologiemi.To umoº¬uje de�novat zp·sob, jak tyto ontologie slou£it. Výsledkem ontology merging jenová integrovaná ontologie.Metody ontology alignment a ontology merging jsou, podobn¥ jako metody p°i po-rovnávání s
hémat, provozovány na n¥kolika úrovní
h: instan
e (nap°. srovnání mnoºinyinstan
í popisovaného pojmu), element (nap°. lexikální te
hniky) a struktura (nap°. gra-fové te
hniky), a také vyuºívají nejen sémanti
ké, ale i syntakti
ké p°ístupy.



122 Z. LinkováV obou oblaste
h lze najít i podobnost s pouºívání kandidát·. Metody vyºadují lidskouinterak
i nebo jsou zaloºeny na heuristiká
h z p°ed
hozí
h rozhodnutí. A£koliv p°i odvo-zování vztah· s
hémat ze sdílené ontologie ºádní kandidáti nevznikají a koresponden
ejsou p°ímo ur£eny, v obe
ném p°ípad¥ mohou vznikat práv¥ p°i vyuºívání existují
í
hmetod p°i °e²ení podúlohy jak sdílenou ontologii najít.Je patrné, ºe metody pro hledání koresponden
í v ontology merging a ontology alig-nment jsou zaloºeny na podobný
h prin
ipe
h jako metody pro hledání koresponden
ímezi s
hématy. D·vodem toho je, ºe ontologie a datová s
hématy spolu úz
e souvisí.Hlavním d·vodem je ú£el, ke kterému jsou pouºity. Ontologie jsou vytvá°eny, aby popi-sovaly pojmy pouºívané v n¥jaké oblasti, zatím
o s
hémata jsou vytvá°ena, aby mode-lovala n¥jaká konkrétní data. Spe
iáln¥ pro s
hémata vyuºívají
í sémanti
ký model není£asto patrný rozdíl a není z°ejmý zp·sob, jak identi�kovat, která reprezenta
e je s
hémaa která je ontologie. V praxi mají £asto s
hémata i ontologie dob°e de�nované pouºitépojmy. Protoºe s
hémata obe
n¥ neposkytují expli
itní sémantiku pro data, pouºívají sep°i hledání koresponden
í te
hniky, pomo
í ni
hº se odhaduje význam uºívaný
h pojm·.P°edpokládáme-li, ºe datové zdroje jsou popsány v dostupný
h ontologií
h, pouºití tako-vý
h te
hnik není nutné, nebo´ pot°ebnou informa
i máme.Metodymi pro ontology merging, jeº je nap°íklad moºné p°i hledání sdílené ontologiepouºít, se zabývá mnoho výzkumný
h projekt·:
• Chimaera [12℄ - Systém Chimaera poskytuje nástroj pro slu£ování ontologií. Je zalo-ºen na ontologi
kém editoru Ontolingua [9℄. Uvaºuje pouze hierar
hi
ký is-a vztah.Chimaera je interaktivní nástroj, který vyºaduje interak
i uºivatele: generuje se-znam pojm· (kandidát· pro vztah), 
oº pomáhá uºivateli p°i ur£ování pojm· keslou£ení. Chimaera pone
hává rozhodnutí pln¥ na uºivateli, sám nenabízí ºádnénávrhy.
• PROMPT [17℄ - PROMPT je algoritmus pro semiautomati
ké slou£ení ontologií.Provádí n¥které ak
e automati
ky. Také determinuje moºné nekonzisten
e plynou
íz uºivatelový
h rozhodnutí a nabízí, jak je vy°e²it.PROMPT nejprve vytvo°í ini
iální seznam pro koresponden
e zaloºený na pojme
h.Následuje 
yklus výb¥ru kandidát· uºivatelem a automati
ky provád¥ný
h ak
í -algoritmus vyuºívá datové typy, lingvisti
ké te
hniky a is-a hierar
hii.Algoritmus PROMPT byl implementován jako roz²í°ení ontologi
kého editoru Protégé-2000 [29℄.
• FCA-MERGE [22℄ - FCA-MERGE je metoda pro slu£ování ontologií, která nabízístrukturální popis. Pro zdrojové ontologie extrahuje instan
e z relevantní
h texto-vý
h dokument· dané domény a aplikuje te
hniky zpra
ování p°irozeného jazyka.Po extrak
i instan
í, jsou pouºity te
hniky FCA (Formal Con
ept Analysis) [19℄ a jezískán strukturální výsledek FCA-MERGE. Extrak
e instan
í a FCA-MERGE algo-ritmus jsou pln¥ automati
ké. Vygenerovaný výsledek je transformován do slou£enéontologie se zásahem uºivatele.
• HCONE [11℄ - P°ístup HCONE vyuºívá WordNet [32℄, externí informa£ní zdroj.HCONE z WordNetu získává lexikální informa
e. Lingvisti
ké a strukturální infor-ma
e o ontologií
h jsou získány pomo
í metody LSI - Latent Semanti
s Indexing



Mapování s
hémat v prost°edí Sémanti
kého webu 123[5℄. Jednotlivé kon
epty jsou aso
iovány s jeji
h neformálními, lidsky orientovynýmiinterpreta
emi z WordNetu.Metoda p°ekládá formální de�ni
e pojm· do b¥ºného slovníku, které pak vy²et°ujes vyuºitím deskrip£ní logiky. Cílem je ov¥°it mapování mezi ontologiemi a najít mi-nimální mnoºinu axiom· pro výslednou slou£enou ontologii. Není pln¥ automati
ký,lidský zásah je nutný v po£áte£ní
h fází
h pro
esu.4 Mapování na Sémanti
kém webuVýsledek úlohy hledání vzájemný
h vztah· mezi s
hématy, tedy nalezené koresponden
e,se £asto ozna£uje jako mapování. Obe
n¥ m·ºe mapování p°edstavovat libovolná struk-tura. K vyjád°ení mapování lze pouºít od jednodu
hý
h 1-1 mapova
í
h pravidel vyja-d°ují
í
h p°ímou koresponden
i mezi elementy, p°es mapování kon
eptu na dotaz nebopohled [4℄, aº po pomo
né mapova
í struktury (nap°íklad referen£ní model v [24℄). R·znéprojekty obvykle pouºívají vlastní pojetí mapování.Krom¥ nap°íklad pouºívání mapova
í
h pravidel jako tvrzení pro elementy globální
ha lokální
h s
hémat, které jsou orientovány na konkrétní °e²enou úlohu, je moºné vyuºítsloºit¥j²í a dokon
e standardizovanou strukturu, jenº by pokrývala v²e
hna mapování. Kpopisu mapování mezi elementy s
hématu globálního pohledu a s
hémat lokální
h zdroj·bude slouºit ontologie OWL.Uºití ontologie pro mapování p°iná²í moºnost znovupouºití také v jiný
h úlohá
h £isitua
í
h. Je také moºné p°i odvozování dal²í
h koresponden
í, nap°íklad p°i integrovánídal²ího zdroje, vyuºít mapování v ontologii jako dal²í ontologii, která integrované zdrojepopisuje. Tak je moºné dále vyuºívat jiº jednou zji²t¥né skute£nosti. Naví
, bude-li vbudou
nu t°eba za
hytit i dal²í typy vztah· mezi elementy, m·ºe být ontologie dálevyuºita, nebo´ je s
hopna za
hytit r·zné typy vztah·.K popisu mapování bude v závislosti na typu vztahu vyuºit odpovídají
í [28℄ kon-strukt. Abstraktním me
hanismem pro seskupování popisovaný
h zdroj· v OWL je t°ída(
lass). Zdrojem je na webu jakákoli identi�kovatelná entita. Proto bude pojetí owl:Classpouºito pro koresponden
i element·:
• Is-a hierar
hi
ký vztah, tj. ε1 ⊆ ε2, lze vyjád°it pomo
í podt°íd.P°íslu²ným rysem OWL je rdfs:subClassOf, který umoº¬uje vyjád°it, ºe extenzepopisu jedné t°ídy je podmnoºinou extenze popisu jiné t°ídy.
• Vztah ekvivalen
e, tj. ε1 = ε2, lze v OWL vyjád°it s owl:equivalentClass.owl:equivalentClass umoº¬uje vyjád°it, ºe dv¥ t°ídy mají stejnou extenzi.V tomto p°ípad¥ m·ºe být také pouºit rdfs:subClassOf tak, ºe de�nujeme ε1jako podt°ídu t°ídy ε2 a sou£asn¥ ε2 jako podt°ídu t°ídy ε1, °íkáme, ºe ε1 a ε2 jsouekvivalentní t°ídy.
• Disjunktnost (neboli tvrzení, ºe extenze popisu jedné t°ídy nemá ºádné spole£néprvky s extenzí popisu jiné t°ídy) lze vyjád°it pomo
í owl:disjointWith.



124 Z. LinkováK vyjád°ení mapování slouºí ontologie OWL. Zdrojem, ze kterého je mapování získá-váno je ontologie sdílená zdroji, také ontologie OWL. Daná sdílená ontologie je�nadontologií�hledané ontologie v tom významu, ºe popisuje v²e
hny t°ídy a jeji
h vztahy obsaºené vmapování.5 Shrnutí a záv¥rHledání koresponden
í mazi s
hématy (s
hema mat
hing) je st¥ºejní £ástí integra£níhopro
esu. Jeho výsledkem je mapování, které je dále vyuºíváno p°i zpra
ovávání integro-vaný
h dat. P°i hledání vztah· je moºné vyuºít r·zný
h te
hnik zaloºený
h na r·zný
hinforma
í
h o date
h. Jsou-li dostupné ontologie zdroj·, je moºné odvodit hledané kore-sponden
e také z ni
h.D·leºitou otázkou je také zp·sob, jak nalezené mapování zaznamenat. V popsanémp°ístupu je k tomuto vyuºita ontologie OWL. To p°iná²í moºnost mapování sdílet £iznovu pouºívat. Naví
 mapování, které je vyjád°eno pomo
í standardizované strukturym·ºe být dále vyuºíváno i v jiný
h situa
í
h a lze jej zpra
ovávat r·znými nástroji. Prototo mapování je nap°íklad moºné pouºívat metody vyvinuté pro zpra
ovávání ontologií.Je-li k dispozi
i jediná ontologie, která popisuje data v integrovaný
h datový
h zdro-jí
h, lze mapování v podstat¥ snadno získat p°ímo z této ontologie. V obe
ném p°ípad¥,kdy je pro popis dat vyuºito ví
e ontologií, jsou tyto ontologie integrovány. Výsledkemintegra
e ontologií je sdílená ontologie a úloha je p°evedena na p°ed
hozí p°ípad. Tímtozp·sobem je úloha hledání koresponden
í mezi s
hématy p°evedena na úlohu slu£ováníontologií, pro kterou je moºné vyuºít n¥kterou z dostupný
h metod.Mapování s
hémat zaloºené na ontologií
h je podúlohou 
elého pro
esu integra
e. Vbudou
nu je proto plánováno zam¥°it se také na následují
í fázi, tj. vyuºití mapování prozpra
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s, Fa
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lear S
ien
es and Physi
alEngineering, CTUadvisor: Mi
hal Bene², Department of mathemati
s, Fa
ulty of Nu
learS
ien
es and Physi
al Engineering, CTUAbstra
t. This 
ontribution deals with numeri
al solution of the Gray-S
ott (GS) model. Weintrodu
e two numeri
al s
hemes for the 2D GS model based on the method of lines. To performspatial dis
retization we use FDM in �rst 
ase and FEM in the se
ond 
ase. Resulting systemsof ODEs are solved using the Runge-Kutta-Merson method. We present some of our numeri
alsimulations.Abstrakt. V tomto p°ísp¥vku se v¥nujeme numeri
kého °e²ení Grayova-S
ottova (GS) modelu.P°edstavujeme dv¥ numeri
ká s
hémata pro 2D GS model zaloºená na metod¥ p°ímek. K pros-torové diskretiza
i pouºíváme v prvním p°ípad¥ FDM, ve druhém FEM. Vzniklé systémy ODEs°e²íme metodou Runge-Kutta-Merson. Uvádíme výsledky numeri
ký
h simula
í.1 Introdu
tionRea
tion-di�usion systems are a 
lass of systems of partial di�erential equations ofparaboli
 type. It in
ludes mathemati
al models des
ribing various phenomena in the�eld of physi
s, biology and 
hemistry. Gray-S
ott model is one of these models. It was�rst introdu
ed in 1985 in an arti
le by P. Gray and S. K. S
ott. It is a mathemati
aldes
ription of auto
atalyti
 
hemi
al rea
tion
U + 2V −−−→ 3V

V −−−→ P (1)and 
an be written in this form
∂u

∂t
= a∇2u− uv2 + F (1− u),

∂v

∂t
= b∇2v + uv2 − (F + k)v. (2)Here u, v are unknown fun
tions representing 
on
entrations of 
hemi
al substan
es U ,

V . Parameter F denotes the rate at whi
h the 
hemi
al substan
e U is being addedduring the 
hemi
al rea
tion, F + k is the rate of V → P transformation and a, b are
onstants 
hara
terizing the environment where the 
hemi
al rea
tion takes pla
e (see[2, 3, 6℄). 127
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h2 Problem formulationAssume that Ω ≡ (0, L)× (0, L) is an open square representing the square rea
tor wherethe 
hemi
al rea
tion (1) takes pla
e, ∂Ω is its boundary and ν is its outer normal.Then initial-boundary value problem for the Gray-S
ott model we solve is a system (2)of two partial di�erential equations with initial 
onditions and zero Neumann boundary
onditions
∂u

∂t
= a∇2u− uv2 + F (1− u),

∂v

∂t
= b∇2v + uv2 − (F + k)v in Ω× (0, T ),

u(·, 0) = uini,

v(·, 0) = vini,

∂u

∂ν
|∂Ω = 0,

∂v

∂ν
|∂Ω = 0. (3)3 Numeri
al s
hemesWe use two numeri
al s
hemes to solve initial boundary value problem (3). Both of themare based on the method of lines. For spatial dis
retization we used �nite di�eren
emethod (FDM) in the �rst 
ase and �nite elements method (FEM) in the se
ond 
ase.We use stru
tured numeri
al grids (see Fig. 1). To solve resulting systems of ordinarydi�erential equations Runge-Kutta-Merson method is used.

FDM grid FEM gridFigure 1: Numeri
al grids we used for our numeri
al simulations.3.1 FDM based numeri
al s
hemeLet h be mesh size su
h that h = L
N−1

for some N ∈ N+. We de�ne numeri
al grid as aset
ωh = {(ih, jh) | i = 1, . . . , N − 2, j = 1, . . . , N − 2} ,
ωh = {(ih, jh) | i = 0, . . . , N − 1, j = 0, . . . , N − 1} .
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ott Model 129For fun
tion u : R2 → R we de�ne a proje
tion on ωh as uij = u (ih, jh). We introdu
e�nite di�eren
es
ux1,ij =

ui+1,j − ui,j

h
, ux1,ij =

ui,j − ui−1,j

h

ux2,ij =
ui,j+1 − ui,j

h
, ux2,ij =

ui,j − ui,j−1

h
,and de�ne approximation ∆h of the Lapla
e operator ∆ as follows

∆huij = ux1x1,ij + ux2x2,ij.Then semi-dis
rete s
heme has the following form
d

dt
uij(t) =

a

h2
∆huij + F (1− uij)− uijv

2
ij,

d

dt
vij(t) =

b

h2
∆hvij − (F + k)vij + uijv

2
ij, (4)plus 
orresponding initial and boundary 
onditions.3.2 FEM based numeri
al s
hemeTo indu
e the semi-dis
rete s
heme we begin with variation formulation of the problem(3). Let

ϕ1(x), ϕ2(x) ∈ C∞
0 (Ω),

ψ1(t), ψ2(t) ∈ C∞
0 (0, T )are test fun
tions and

f1(u, v) = F (1− u)− uv2,

f2(u, v) = −(F + k)v + uv2denote right-hand sides of di�erential equations (2). Using standard approa
h (see [1℄)we indu
e weak formulation of the problem
d

dt
(u, ϕ1) + a(∇u,∇ϕ1) = (f1, ϕ1),

d

dt
(v, ϕ2) + b(∇v,∇ϕ2) = (f2, ϕ2),

u(·, 0) = uini,

v(·, 0) = vini, (5)with solution u, v from the Sobolev spa
e W (1)
2 (Ω). We are looking for Galerkin approx-imation

uh(t) =
N∑

i=1

αi(t)Φi,

vh(t) =

N∑

i=1

βi(t)Φi
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hof this weak solution in the �nite dimensional spa
e Sh ⊂ W
(1)
2 (Ω), where Φ1, . . . ,ΦNare its basis fun
tions. Fun
tions αi, βi are real fun
tions whi
h we get using 
ommonte
hnique as solutions of initial value problems. Choosing basis fun
tions Φi in the formof pyramidal fun
tions

Φi(Pj) = δij for all grid nodes Pj ,and using mass-lumping we 
an rewrite the problem for �nding fun
tions αi, βi in thefollowing form
d

dt
uij(t) =

2a

3h2
[ui+1,j + ui+1,j+1 + ui,j−1 + ui,j+1 + ui−1,j +

+ui−1,j+1 − 6uij] + F (1− uij)− uijv
2
ij

d

dt
vij(t) =

2b

3h2
[vi+1,j + vi+1,j+1 + vi,j−1 + vi,j+1 + vi−1,j +

+vi−1,j+1 − 6vij ]− (F + k)vij + uijv
2
ij (6)plus 
orresponding initial and boundary 
onditions.For details on indu
tion of presented semi-dis
rete s
hemes we refer reader to [5℄.4 Numeri
al experiments4.1 EOC measurementsTo determine the order of 
onvergen
e of our numeri
al algorithm based on the FDMbased semi-dis
rete s
heme (4) we use experimental order of 
onvergen
e (EOC). For ourmeasurements we used formula

‖ v − vh2 ‖
‖ v − vh1 ‖

=

(
h2

h1

)α

,where v is numeri
al solution 
omputed on the grid of size 2000× 2000 and substitutesthe analyti
al solution, vh2, vh1 are numeri
al solutions 
omputed on 
ourser grids withmesh sizes h2, h1 and α is the EOC 
oe�
ient. We present some of our measurements fordi�erent GS model parameter values and initial 
onditions (see Tab. 1, Tab. 2, Tab. 3).A

ording to the presented results, the question about the EOC do not have easy answer.Our results vary between the values of 1 and 2. More resear
h into this problem is neededin
luding EOC measurement for the FEM based numeri
al algorithm.4.2 Comparison of FDM and FEMWe performed a series of 
omputations to 
ompare our numeri
al s
hemes. A

ording toour results the GS model is very sensitive on the numeri
al s
heme used for numeri
alsimulation. FEM based s
heme (6) provides results less dependent on the numeri
al gridsize (see Fig. 2). Here, spatial distributions of 
hemi
al V 
on
entration over the domain
Ω are visualized. Lighter 
olor means higher 
on
entration. For 
on
entrations u,v of
hemi
als U ,V a relation u = 1− v applies in ea
h point of the domain Ω.
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Nx ×Ny h EOC L2 EOC L∞100x100 0.0050505 - -150x150 0.0033557 1.6479179 1.6364127200x200 0.0025125 1.8042298 1.5663398250x250 0.0020080 1.9112146 1.7531840300x300 0.0016722 1.9725610 1.8660718350x350 0.0014326 2.0089377 1.8995297400x400 0.0012531 2.0336490 1.9882238Table 1: Table of EOC 
oe�
ients.
Nx ×Ny h EOC L2 EOC L∞100x100 0.0101010 - -150x150 0.0067114 0.8225371 0.5550153200x200 0.0050251 0.9222231 0.7584173250x250 0.0040160 0.9995422 0.9052681300x300 0.0033444 1.0667171 1.0124643350x350 0.0028653 1.1237827 1.0727512400x400 0.0025062 1.1754085 1.1689477Table 2: Table of EOC 
oe�
ients.
Nx ×Ny h EOC L2 EOC L∞100x100 0.0050505 - -150x150 0.0033557 2.0466270 1.0203486200x200 0.0025125 2.0460521 0.9659226250x250 0.0020080 2.0512043 1.1006299300x300 0.0016722 1.9143909 0.9491632350x350 0.0014326 1.5423185 1.0946135400x400 0.0012531 1.5552072 0.9893100Table 3: Table of EOC 
oe�
ients.
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FDM,100× 100,t = 1000 FEM,100 × 116,t = 1000

FDM,150× 150,t = 1000 FEM,150 × 174,t = 1000

FDM,200× 200,t = 1000 FEM,200 × 230,t = 1000

FDM,400× 400,t = 1000 FEM,400 × 462,t = 1000Figure 2: Dependen
e of numeri
al solution on numeri
al s
heme and grid size. GS modelparameter values: a = 2e− 5, b = 1e− 5, F = 0.024, k = 0.054, L = 1.0.
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a = 1e− 5, b = 1e− 6 a = 1e− 6, b = 1e− 7 a = 1e− 6, b = 1e− 7

F = 2e− 1,k = 7e− 3, F = 1.5e − 1,k = 9e− 3, F = 8e− 4,k = 1e− 2,
L = 0.5, t = 2000 L = 0.5, t = 700 L = 0.5, t = 1900

a = 1e− 6, b = 1e− 7 a = 1e− 6, b = 1e− 7 a = 1e− 6, b = 1e− 7

F = 8e− 4,k = 2e− 2, F = 2e− 3,k = 2e− 2, F = 4e− 3,k = 2e− 2,
L = 0.5, t = 980 L = 0.5, t = 2080 L = 0.5, t = 5000

a = 1e− 6, b = 1e− 7 a = 1e− 6, b = 1e− 7 a = 1e− 5, b = 1e− 7

F = 7e− 3,k = 3e− 2, F = 3e− 2,k = 4e− 2, F = 1e− 3,k = 8e− 3,
L = 0.5, t = 940 L = 0.5, t = 4940 L = 0.5, t = 2000Figure 3: Results demonstrating diversity of solutions of the GS model 
omputed usingFDM based numeri
al s
heme (4) and grid size 400 × 400 for di�erent parameter value
ombinations.
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FDM,400× 400,t = 0 FDM,400 × 400,t = 0 FEM,400 × 462,t = 0

FDM,400 × 400,t = 250 FDM,400× 400,t = 250 FEM,400 × 462,t = 250

FDM,400 × 400,t = 500 FDM,400× 400,t = 500 FEM,400 × 462,t = 500

FDM,400× 400,t = 1000 FDM,400 × 400,t = 1000 FEM,400 × 462,t = 1000

FDM,400× 400,t = 4000 FDM,400 × 400,t = 4000 FEM,400 × 462,t = 4000Figure 4: For some parameter value 
ombinations solutions are be
oming more and moresimilar even when using di�erent initial 
onditions. GS model parameter values: a =
1e − 5, b = 1e − 6, F = 1e − 3, k = 4e − 2, L = 0.5. FEM used to verify results (3rd
olumn).
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ott Model 1354.3 Diversity of solutionsOn the Fig. 3 and the Fig. 4 we present some of our numeri
al results. The meaningof images is the same as in the previous text. These results demonstrate the diversity ofGS model solutions and some interesting phenomena we found. We 
an see that patternsare 
hanging from geometri
ally simple ones to those whi
h are mu
h more 
omplex.A
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Dete
ting Tra
es of A�ne Transformation Based onPeriodi
 Properties Of Resampled ImagesBabak Mahdian4th year of PGS, email: mahdian�utia.
as.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Stanislav Sai
, Institute of Information Theory and Automation,AS CRAbstra
t. In this work we analyze and analyti
ally des
ribe the spe
i�
 statisti
al 
hangesbrought into the 
ovarian
e stru
ture of signal by the interpolation pro
ess. We show thatinterpolated signals and their derivatives 
ontain spe
i�
 dete
table periodi
 properties. Basedon this, we propose a blind, e�
ient and automati
 method 
apable to �nd tra
es of resamplingand interpolation. The proposed method 
an be very useful in many areas, espe
ially in imagese
urity and authenti
ation. For instan
e, when two or more images are spli
ed together, to
reate high quality and 
onsistent image forgeries, almost always geometri
 transformationssu
h as s
aling, rotation or skewing are needed. These pro
edures, typi
ally, are based ona resampling and interpolation step. By having a 
apable method of dete
ting the tra
es ofresampling, we 
an signi�
antly redu
e the su

essful usage of su
h forgeries.Abstrakt. Tento p°ísp¥vek se zabývá statisti
kými zm¥nami p°iná²enými do signálu interpo-la£ním pro
esem. Analyti
ky ukáºeme, ºe interpolované signály, obsahují spe
i�
ké deteko-vatelné periodi
ké vlastnosti. Dále p°edstavíme efektivní slepou metodu, která dokáºe detekovatv digitálním signálu a jeho deriva
í
h stopy po p°evzorkování a interpola
e. Tato metoda muºebýt velmi uºite£ná v oblasti ov¥°ení pravosti digitální
h fotogra�í. Kdyº jsou ve fotomontáºidva £i ví
e snímku nakombinované navzájem, k vytvo°ení jednoho kvalitního pad¥lku, jsou skorovºdy pot°ebné geometri
ké transforma
e jako je zm¥na rozm¥ru £i rota
e. Tyto opera
e jsouobvykle zaloºeny na p°evzorkování a interpola
i. Proto, nabízená metoda muºe být efektivní vesniºování úspe²ného zneuºívání tohoto typu pad¥lku.1 Introdu
tionDespite of importan
e, massive usage1 and history2 of interpolation, to our knowledge,there exist only a few published works 
on
erned with the spe
i�
 and dete
table sta-tisti
al 
hanges brought into the signal by this pro
ess. In this paper we analyti
allydes
ribe spe
i�
 periodi
 properties presen
e in the 
ovarian
e stru
ture of interpolatedsignals and their nth derivatives. Without the detailed knowledge of how the statisti
sof the signal is 
hanged by the interpolation pro
ess, appli
ations based on statisti
al ap-1For instan
e, almost every image resizing or rotation operation requires an interpolation pro
ess(nearest neighbor, linear, 
ubi
, et
.).2Interpolation has a long history and probably started to being used as early as 2000BC by an
ientBabylonian mathemati
ians. For instan
e, it had an important role in astronomy whi
h in those dayswas all about time keeping and making predi
tions 
on
erning astronomi
al events [1℄.137



138 B. Mahdianproa
hes working with resampled/interpolated signals or with their derivatives 
an yieldmis
al
ulations and unexpe
ted results.Furthermore, we propose a blind, e�
ient and automati
 method 
apable to dete
t thetra
es of resampling and interpolation. The method is based on a derivative operator andradon transformation. The knowledge whether the given signal or some of its portionshave been resampled 
an play an essential role in many �elds, espe
ially in image se
urityand authenti
ation.When two or more images are spli
ed together (for an example, see Figure 1), to 
re-ate high quality and 
onsistent image forgeries, almost always geometri
 transformationssu
h as s
aling, rotation or skewing are needed. Geometri
 transformations typi
allyrequire a resampling and interpolation step. Therefore, by having sophisti
ated resam-pling/interpolation dete
tors, altered images 
ontaining resampled portions 
an be easilyidenti�ed and their su

essful usage signi�
antly redu
ed.Existing digital forgery dete
tion methods are divided into a
tive [2, 3℄, and passive(blind) [6, 7, 4, 5, 8℄ approa
hes. The passive (blind) approa
h is regarded as the newdire
tion. In 
ontrast to a
tive approa
hes, passive approa
hes do not need any expli
itpriori information about the image. They work in the absen
e of any digital watermarkor signature. Passive approa
hes have not yet been thoroughly resear
hed by many.Di�erent methods for identifying ea
h type of forgery must be developed. Then, byfusing the results from ea
h analysis, a de
isive 
on
lusion may be drawn.

Figure 1: An example of image forgery based on resampling and interpolation. Shownare: sour
e image (a), sour
e image (b), tampered image (
). In (d) is shown the adjusteddi�eren
e between image (a) and the tampered image (
). The tampered image has been
reated by spli
ing sour
e image (a) with a resized part of sour
e image (b). This parthas been resized by s
aling fa
tor 1.30 using the bi
ubi
 interpolation.



Dete
ting Tra
es of A�ne Transformation 139In this work, we study and analyti
ally des
ribe the periodi
 properties of the 
ovari-an
e stru
ture of interpolated signals and their derivatives. Using the theory we bringthe main 
ontribution of this paper whi
h is a fast, blind and e�
ient method 
apable todete
t tra
es of arbitrary a�ne transformation. The method 
an be used for estimatingthe s
aling fa
tors or rotation angles as well as skewing fa
tors. The 
ore of our methodis a radon transformation applied to the derivative of the investigated signal. We brie�yextend the theory for two-dimensional 
ases as well. Also we analyze and show periodi
patterns of interpolation by an appli
ation of Taylor series to the interpolated signals.2 Basi
 Notations and PreliminariesFirst, a proper mathemati
al model simulating the a
quisition system is required. Peri-odi
 properties of interpolation 
an be e�e
tively studied by using the following simple,linear and sto
hasti
 model and assumptions:
f(x) = (u ∗ h)(x) + n(x) (1)where f , u, h, ∗, and n are the measured image, original image, system PSF, 
onvolutionoperator, and random variable representing the in�uen
e of noise sour
es statisti
allyindependent from the signal part of the image. For simpli
ity without loss of generalitywe assume that E{(u ∗h)(x)} = 0 and E{n(x)} = 0. The 
ovarian
e of (1) 
an be shownto be Rf(x1, x2) = E{(f(x1)− f(x1))(f(x2)− f(x2))} = Cov{n(x1), n(x2)} = Rn(x1, x2),where Rf is the 
ovarian
e matrix of measured image f(x), and Rn is the 
ovarian
e ofrandom pro
ess n(x).We will denote by fk a dis
rete signal representing the samples of f(x) at the lo
ations

k∆x, fk = f(k∆x), where ∆x ∈ R+, is the sampling step and k ∈ N0. Furthermore, weassume that the sampling pro
ess satis�es the Nyquist 
riteria. Note that inherent tomentioned assumptions is that f(x) is bandlimited and all derivatives exist at all points.We assume f(x) is bandlimited to ± 1
2∆x

.For the sake of simpli
ity we introdu
e the operator Dn{•}, n ∈ N0, whi
h is de�nedin the following way: Dn{f}(x) = f(x) for n = 0 and Dn{f}(x) = ∂nf(x)
∂xn for n ∈ N .In other words, D0{f}(x) is identi
al to f(x) and Dn{f}(x), where n > 0, is the nthderivative of f(x). In dis
rete signals derivative is typi
ally approximated by 
omputingthe �nite di�eren
e between adja
ent samples.3 Periodi
 Properties of InterpolationThere are two basi
 steps in geometri
 transformations. In the �rst step a spatial trans-formation of the physi
al rearrangement of pixels in the image is done. The se
ond stepis 
alled the interpolation step. Here pixels intensity values of the transformed imageare assigned using a 
onstru
ted low-pass interpolation �lter, w. To 
ompute signal val-ues at arbitrary lo
ations, as the word interpolation signi�es3 dis
rete samples of fk aremultiplied with the proper �lter weights when 
onvolving them with w.3The word "interpolation" originates from the Latin word "inter", meaning "between", and verb"polare", meaning "to polish" [1℄.



140 B. MahdianFollowing the sampling theory, if the Nyquist 
riterion is satis�ed, the spe
trum F (ω)do not overlap in the Fourier domain. The original signal f(x) 
an be re
onstru
tedperfe
tly from its samples fk using the optimal sinc interpolator. The sin
 fun
tionis hard to implement in pra
ti
e be
ause of its in�nite extent. Thus, many di�erentsimpler interpolation kernels of bounded support have been investigated and proposedso far [10, 11℄. We will be 
on
erned mainly with following low-order pie
ewise lo
alpolynomials: nearest-neighbor, linear, 
ubi
 and trun
ated sin
. These polynomials areused extensively be
ause of their simpli
ity and implementation unassuming properties.Combining the derivative theorem with the 
onvolution theorem leads to the 
on
lu-sion that by 
onvolution of fk with a derivative kernel Dn{w}, it is possible to re
onstru
tthe nth derivative of f(x). We denote the result of interpolation operation by fw(x), re-spe
tively by D{fw}(x). Formally,
Dn{fw}(x) =

∞∑

k=−∞
fkDn{w}( x

∆x

− k) (2)As pointed out in [12℄, it is easy to show that the 
ovarian
e fun
tion of an interpolatedimage or its derivative is given by:
RDn{fw}(x, x+ ξ) =

∞∑

k1=−∞

∞∑

k2=−∞
Dn{w}( x

∆x
− k1)Dn{w}(x+ ξ

∆x
− k2)Rf(k1, k2)If we assume band-limited white noise then the varian
e of Dn{fw}, var{Dn{fw}(x)},as a fun
tion of the position x 
an be represented in the following way:

var{Dn{fw}(x)} = RDn{fw}(x, x) = σ2
∞∑

k=−∞
Dn{w}( x

∆x

− k)2 (3)where σ2 = Rn(k1, k2). Similarly, the 
ovarian
e 
an be represented like:
RDn{fw}(x, x+ ξ) = σ2

∞∑

k=−∞
Dn{w}( x

∆x
− k)Dn{w}(x+ ξ

∆x
− k)Now, we 
an noti
e that

var{Dn{fw}(x)} = var{Dn{fw}(x+ ϑ∆x)}, ϑ ∈ Z (4)Thus, var{Dn{fw}(x)} is periodi
 over x with period ∆x (as aforementioned, ∆x isthe sampling step). We verify this in the following way:
var{Dn{fw}(x+ ϑ∆x)} = σ2

∞∑

k=−∞
Dn{w}(x+ ϑ∆x

∆x
− k)2

= σ2
∞∑

k=−∞
Dn{w}( x

∆x
− (k − ϑ))2 = var{Dn{fw}(x)}



Dete
ting Tra
es of A�ne Transformation 141In other words we have shown that interpolation brings into the signal and theirderivatives a spe
i�
 periodi
ity. This periodi
ity is dependant on the interpolation kernelused. Several widely used interpolation kernels will be studied in the next se
tion.Similarly, it 
an be shown that the 
ovarian
e of fw, RDn{fw}(x, x+ ξ), is periodi
 aswell. The periodi
ity is apparent for o�set ξ = ϑ∆x, ϑ ∈ Z.
RDn{fw}(x, x+ ξ) = RDn{fw}(x, x+ ϑ∆x)Before going on, it 
an be interesting to have a look on appli
ation of Taylor series on

Dn{fw}(x). By assuming that the �rst (m+ 1) derivatives of f(x) exist, we 
an rewriteEquation (2) as following:
Dn{fw}(x) =

∞∑

k=−∞

{ m∑

m=0

Dm{f}(x)
m!

(k∆x − x)m +Rm+1(x, k∆x)
}

Dn{w}( x
∆x

− k) (5)By de�ning
T̃m(x) =

∞∑

k=−∞

(k∆x − x)m

m!
Dn{w}( x

∆x
− k)

R̃m+1(x, k∆x) =

∞∑

k=−∞
Rm+1(x, k∆x)Dn{w(

x

∆x
− k)}we 
an rewrite (5) as:

Dn{fw(x)} =
m∑

m=0

T̃m(x)Dn{f}(x) + R̃m+1(x, k∆x)Now, by analyzing T̃m(x) we 
an noti
e that it is periodi
 with period ∆x as well:
T̃m(x+ ϑ∆x) =

∞∑

k=−∞

(k∆x − (x+ ϑ∆x))
m

m!
· Dn{w}(x+ ϑ∆x

∆x
− k)

=
∞∑

k=−∞

(∆x(k − ϑ)− x)m

m!
· Dn{w}( x

∆x

− (k − ϑ)) = T̃m(x)3.1 Multidimensional ExtensionThe theory studied in this se
tion 
an be analogously extended for the multidimensional
ases. If we assume that fs is a 
onstant varian
e two-dimensional signal with varian
eone and ϑ ∈ Z, then the Equations (3) and (4) be
omes:
var{Dn{fw}(x, y)} =

∞∑

k=−∞

∞∑

l=−∞
Dn{w}( x

∆x
− k, y

∆y
− l)2 (6)

var{Dn{fw}(x, y)} = var{Dn{fw}(x+ ϑ∆x, y + ϑ∆y)} (7)



142 B. Mahdian3.2 Interpolation KernelsAs it is apparent from Equation (3) di�erent interpolators, see Figure 2, 
hange thestatisti
al stru
ture of the signal in di�erent ways. The nearest neighbor interpolatoris a zero-degree kernel and the simplest of all pie
ewise, lo
al polynomials. Its varian
efun
tion is a 
onstant fun
tion. Note that derivatives of the nearest neighbor polynomialare zero. Therefore, signals interpolated by this interpolator 
an be easily re
ognized byapplying a derivative operator to them.

Figure 2: Several popular interpolation kernels : (a) nearest-neighbor, (b) linear, (
)Catmull-Rom 
ubi
, (d) trun
ated sin
 (N=6).Figure 3 shows periodi
 varian
e fun
tions generated via Equation (3) with σ = 1 forlinear interpolation and linear �rst and se
ond derivative �lter. The linear interpolationis a �rst-degree member of pie
ewise, lo
al polynomials. It results in an interpolatedsignal whi
h is 
ontinuous, but its �rst derivative is dis
ontinuous. In Figure 4 the gener-ated periodi
 varian
e fun
tions for Catmull-Rom 
ubi
 interpolation and 
ubi
 �rst andse
ond order derivative interpolation �lter (σ = 1) are illustrated. Cubi
 interpolationis a very frequently used interpolation te
hnique and has been widely studied. It usesa third-order interpolation polynomial as kernel. In Figure 5 the varian
e fun
tions fortrun
ated sin
 (with 6 supporting points) interpolation and derivative interpolation �lter(σ = 1) are shown.4 Dete
tion of Periodi
 Properties of Resampled ImagesThe proposed method is based on a few main steps: ROI sele
tion, signal derivative
omputation, radon transformation and sear
h for periodi
ity. Ea
h step is explainedseparately in the following se
tions.4.1 Region of Interest Sele
tionIn general, a typi
al image, f(x, y), 
onsists of several 
onsistent regions. To investigateif any of these regions has been resampled we sele
t this region by a blo
k of R×R pixels(we denote this blo
k by b(x, y)) and apply the method to this image subset. If we arenot able to de�ne any ROI in the given image or there is a need to �nd all resampled
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Figure 3: The periodi
 varian
e of the linear and linear �rst and se
ond derivative �lter.
Figure 4: The periodi
 varian
e of the 
ubi
 and 
ubi
 �rst and se
ond derivative �lter.
Figure 5: The periodi
 varian
e of the trun
ated sin
 and �rst and se
ond derivativetrun
ated sin
 �lter (N = 6).
regions, the image 
an be tiled by overlapping blo
ks, bi(x, y), of R×R pixels. Blo
ks 
anbe horizontally slid by N,N ∈ N pixels rightwards starting with the upper left 
ornerand ending with the bottom right 
orner. Ea
h blo
k 
an be analyzed by the methodseparately. In our experiments R is mostly set to 128 pixels.
4.2 Signal Derivative ComputationTo emphasize the periodi
 properties presen
e in an interpolated image, the nth derivativeof b(x, y), Dn{b(x, y)}, is 
omputed. The derivative operator is applied to the rows of
b(x, y). In our experiments the derivative order, n, is set to 2. Similar results 
an bea
hieved by other derivative orders or using a lapla
e operator as well as Gabor �lters.



144 B. Mahdian4.3 Radon TransformationTo �nd tra
es of a�ne transform we apply the radon transformation to |Dn{b(x, y)}|.Radon transformation 
omputes proje
tions of |Dn{b(x, y)}| along spe
i�ed dire
tionsdetermined by angle θ. A proje
tion of |Dn{b(x, y)}| is a line integral in a 
ertain dire
-tion. By assuming that
[
x′

y′

]

=

[
cos θ sin θ
− sin θ cos θ

] [
x
y

]it is possible to represent the radon transform in the following way:
ρθ(x

′) =

∞∫

−∞

Dn{b(x, y)} · (x′ cos θ − y′ sin θ, x′ sin θ + y′ cos θ)dy′.The proposed method 
omputes the radon transformation at angles from 0 to 180◦,in 1◦ in
rements. Hen
e, the output of this se
tion is 180 one-dimensional ve
tors.4.4 Sear
h for Periodi
ityThe radon transformation step results in 180 ve
tors, ρθ. If the investigated image hasbeen interpolated, typi
ally some of the auto-
ovarian
e sequen
es of ρθ 
ontain a spe
i�
strong periodi
ity. As mentioned previously, our goal is only to determine if the imagebeing investigated has undergone a geometri
 transformation. Therefore we fo
us only onthe strongest periodi
 patterns presen
e in auto-
ovarian
e sequen
es Rρθ
(k). This 
ane�e
t that when the analyzed image has undergone several geometri
 transformations,our method may not dete
t all parti
ular transformations presen
e in this signal, butonly those what have the 
learest and strongest periodi
 properties.To exhibit and dete
t the sear
hed periodi
ity, the magnitudes of the Fast Fouriertransformation of the auto
ovarian
e sequen
es are 
omputed and all plotted together,

|FFT(Rρθ
)|. This is the main output of the proposed method. In order to easily �ndstrong peaks signifying interpolation, a derivative �lter of order one is applied to ve
tors

ρθ before 
omputing the |FFT(Rρθ
)|. If the analyzed signal 
ontains interpolation, peaksin the spe
trum are mostly 
lear and 
annot be missed. The spe
trum of su
h a signal hastotally di�erent properties 
ompared to non-interpolated signals. To automati
ally dete
tinterpolation peaks, we apply a simple peak dete
tor sear
hing for the lo
al maximum.4.5 Experimental ResultsFigure 6 shows several outputs of the presented method applied to di�erent TIFF formatimages that have undergone various transformations. The size of the investigated regionin all 
ases is 128×128 pixels (denoted by a bla
k box). As it is apparent, peaks signifyinginterpolation are 
learly dete
table. Note that the way in whi
h we pro
ess the outputsof the presented method does not propose a des
ription of all 
on
rete transformationwhi
h the investigated image has undergone. For example, in Figure 6(
), only peaksrepresenting the s
aling transformation are visible.
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Figure 6: (a) Skewing fa
tor=0.3 (bi
ubi
); (b) s
aling fa
tor 1.3; rotation anlge=10◦(bi
ubi
); (
) s
aling fa
tor 1.2; skewing fa
tor in x-dire
tion=0.2; skewing fa
tor in y-dire
tion=0.4 (bi
ubi
).5 Dis
ussionResults obtained show that it is possible in a simple and fast way to �nd tra
es ofgeometri
 transformation when a low order interpolation polynomial has been used. But,please note that not all resampling fa
tors bring dete
table 
hanges in the 
ovarian
estru
ture of the signal. For instan
e, the s
aling fa
tor 0.5 does not introdu
e any periodi

orrelation into the signal.The proposed method works well for low order interpolation polynomials: nearestneighbor, linear or 
ubi
. These interpolators have a strong dete
table e�e
t on the
ovarian
e stru
ture of the signal. The dete
tion performan
e de
reases as the order ofinterpolation polynomial in
reases. Di�erent interpolation orders introdu
e 
orrelationsof varying degrees between neighboring samples. These 
orrelations be
ome more di�
ultto dete
t as ea
h interpolated sample value is obtained as a fun
tion of more samples.Note that when the ideal sin
 interpolator is used, the 
ovarian
e stru
ture of the signaldoes not 
hange and therefore this interpolator is not dete
table. Also, it must be notedthat the presented method is highly sensitive to noise.By applying the proposed method to JPEG 
ompressed images, the dete
tion per-forman
e de
reases. Experiments show that the presented method works well for JPEG
ompression quality of 96 - 100. But, generally, obtained results are based on imageproperties and distribution.It must be mentioned that obtained results 
an be a�e
ted by spatial 
orrelationspresen
e in the signal. The best results are obtained by applying the method to aninterpolated white noise signal (the auto
orrelation of a white noise signal have a strongpeak at x = 0 and is 
lose to 0 elsewhere).Referen
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an�gmail.
omDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Franti²ek Mar²ík, Mathemati
al Institute, Fa
ulty of Mathemati
sand Physi
s, Charles UniversityAbstra
t. Irreversible thermodynami
s is used to investigate the dependen
y of maximum pos-sible e�
ien
y of energy 
onversion in a polymer ele
trolyte membrane fuel 
ell (PEMFC) onmembrane water 
ontent. The importan
e and plausibility of 
hoi
e of the value of a propor-tional parameter in a linear model des
ribing swelling of Na�on 117 membranes is examined.An experiment for simultaneous in-situ measurement of all transport parameters is des
ribed.Abstrakt. Pomo
í termodynamiky nerovnováºný
h stav· bude vy²et°ována závislost maximálníú£innosti konverze energie v palivovém £lánku s polymeri
kou membránou (PEMFC) na ob-sahu vody v membrán¥. Zárove¬ bude anylyzována d·leºitost správné volby multiplikativníhoparametru v lineárním modelu pro popis objemový
h zm¥n membrán z Na�onu 117. Dálebude popsán experiment pro sou£asné stanovení v²e
h transportní
h parametr· ve funk£nímpalivovém £lánku.1 Introdu
tion1.1 Model equations and transport parametersIn [17℄, a simple isothermal, di�usion-type model of a hydrogen polymer-ele
trolyte mem-brane (PEM) fuel 
ell was introdu
ed. The model was based on mass balan
e equationsfor H2O and H3O+,
∂cH2O
∂t

= −4ra + 6r
 − divjH2O, ∂cH3O+

∂t
= 4ra − 4r
 − divjH3O+ , (1)where cH2O and cH3O+ are 
on
entrations of the respe
tive spe
ies, jH2O and jH3O+ aremolar �ux densities of the respe
tive spe
ies, ra is the anode rea
tion rate, and rc is the
athode rea
tion rate. The molar �ux densities 
an be expressed as linear 
ombinationsof gradients of the spe
ies' ele
tro
hemi
al potentials:

jH2O = −Lww∇µH2O − Lwe∇µH3O+ , (2)
jH3O+ = −Lew∇µH2O − Lee∇µH3O+ , (3)where µα denotes the ele
tro
hemi
al potential of a spe
ies α, and Lww, Lwe, Lew, and

Lee denote phenomenologi
al transport 
oe�
ients. It follows from Onsager re
ipro
ityrelations that the "
ross" 
oe�
ients are equal to ea
h other, i. e.
Lew = Lwe, (4)147



148 O. Mi£anwhi
h redu
es the number of unknown transport parameters in our model to three. Notethat all of them are of the same physi
al dimensions (mol2J−1m−1s−1). If we negle
t thee�e
t of 
on
entration 
hanges of H3O+, and assume that the rea
tion mixture behavesas an ideal solution, we 
an write:
jH2O = −Lww RT

cH2O∇cH2O − LweF∇φ, (5)
jH3O+ = −Lew RT

cH2O∇cH2O − Lee F∇φ, (6)where R is the universal gas 
onstant, T is the temperature, F is the Faraday 
onstantand φ is the ele
trostati
 potential. From Ohm's law and the obvious fa
t that 
urrentdensity j = FjH3O+ , it follows that
Lee =

σ

F 2
, (7)where σ is 
ondu
tivity. This 
an easily be seen by putting ∇cH2O = 0 in (6). Now, letus eliminate ∇φ from (5), (6). Thus we get

jH2O = −Lww RT
cH2O∇cH2O − Lwe

Lee (−Lew RT

cH2O∇cH2O − jH3O+

)

=

= −Lww RT
cH2O∇cH2O +

Lwe
Lee j

F
+
LweLew
Lee RT

cH2O∇cH2O. (8)This equation says that water transport through the 
ell is a superposition of two phe-nomena, namely di�usion and ele
tro-osmoti
 drag,
jH2O = −DH2O∇cH2O +

nd
F

j, (9)with di�usion 
oe�
ient DH2O and ele
tro-osmoti
 drag 
oe�
ient nd. These two 
oef-�
ients 
an be related to the phenomenologi
al 
oe�
ients by 
omparing eqs. (8) and(9):
DH2O =

(

Lww − LweLew
Lee )

RT

cH2O , nd =
Lwe
Lee . (10)Note that very often, the last term in eq. (8) is negle
ted. Su
h step yields a morestraightforward expression for the di�usion 
oe�
ient,

DH2O = Lww RT
cH2O , (11)and is a

eptable sin
e usually Lwe ≪ Lee.The ele
tro-osmoti
 drag 
oe�
ient has a physi
al meaning of the average numberof water mole
ules dragged per H3O+ ion moved by ele
tri
 �eld through the 
ell. Notethat

Lwe = Leend =
σ

F 2
nd. (12)
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 Analysis of PEM Transport Parameters 149As was shown in [17℄, there is a relation between e�
ien
y of energy 
onversion and thetransport parameters or, more pre
isely, the degree of 
oupling: The maximum possiblee�
ien
y of the 
onversion of 
hemi
al energy into ele
tri
al energy in a hydrogen-oxygenfuel 
ell is
ηmax =

(

1−
√

1− q2

q

)2

, (13)where the degree of 
oupling between di�usion and migration is de�ned as
q =

Lwe√
LwwLee . (14)Sin
e the majority of experimentators presents their results in terms of 
ondu
tivity,di�usion 
oe�
ient and ele
tro-osmoti
 drag 
oe�
ient instead of the phenomenologi
al
oe�
ients Lww, Lwe, Lee, one has to 
onvert their values by using the formulas (11), (12)and (7) in order to 
al
ulate q and ηmax. The only di�
ulty in doing this is to 
al
ulate

cH2O.1.2 Water 
on
entration in the membrane and membrane water 
ontentMost 
ommonly, PEM fuel 
ell membranes are made of a per�uorosulfoni
 a
id knownas Na�on. From now on, we shall 
onsider ex
lusively membranes made of Na�on 117.Let us re
all that, generally, the transport parameters do not depend on driving for
es (i.e., ∇µH2O and ∇µH3O+), but they do depend on state variables (i. e., the values of µH2Oand µH3O+). In pra
ti
e, however, transport parameters of Na�on fuel 
ell membranesare 
onsidered to be fun
tions of the so-
alled membrane water 
ontent λ, whi
h is theaverage number of water mole
ules per sulfoni
 a
id site. In other words,
λ =

cH2O
cSO−

3

. (15)For membranes in the dry state, the 
on
entration of sulfoni
 a
id sites 
an be 
al
ulatedas
cdrySO−

3

=
ρdrym
Mm , (16)where ρdrym is density of the membrane in its dry state, and Mm is the e�e
tive molarmass (or equivalent weight) of the membrane. For Na�on 117, ρdrym = 1980 kg/m3 and

Mm = 1100 g/mol, thus cdrySO−

3

= 1800 mol/m3.The simplest option is to assume that cSO−

3
= cdrySO−

3

whi
h results in the formula
cH2O = λcdrySO−

3

. (17)This simpli�ed relation was used e. g. in [3℄.1 Its problem lies in the assumption thatthe membrane retains a 
onstant volume regardless of the amount of water it 
ontains1Note that an in
orre
t value of cdrySO−

3

= 200 mol/m3 was reported in [3℄.



150 O. Mi£an(i. e., ρm = ρdrym ). A real membrane, however, will in
rease its volume with rising water
ontent. This phenomenon is known as membrane swelling. In [24℄, the following linearformula was proposed for its des
ription:
V = V dry(1 + sλ), (18)where V is volume of the swollen membrane, V dry is volume of the same membranewhen it 
ontains no water, and s is a proportional 
onstant. The 
orresponding relationbetween cH2O and λ 
an be derived as follows: From (18), (21), and (16) we obtain

1 + sλ =
V

V dry =
cdrySO−

3

cSO−

3

=

ρdrym
Mm
cH2O

λ

=
ρdrym
Mm λ

cH2O , (19)whi
h 
an easily be rearanged into the following form that was presented e. g. in [16℄:
cH2O =

ρdrym
Mm λ

1 + sλ
. (20)Clearly, (17) 
an be obtained from (20) by putting s = 0. Thus, the only questionthat remains to be solved is to determine the 
orre
t value of s. Let us brie�y review theexisting results on s. From the measured thi
kness of dry and fully hydrated Na�on 117membranes, the authors of [24℄ determined s to have a value of 0.0126. Corre
tness of thisvalue was 
alled into question in [16℄. Experimental results en
ourage this s
epti
ism.For Na�on 117, the following values were reported [2℄: cSO−

3
= 1290 mol/m3 for λ = 13,and cSO−

3
= 1050 mol/m3 for λ = 21. Sin
e 
learly

V

V dry =
cdrySO−

3

cSO−

3

, (21)we 
an easily 
al
ulate the 
orresponding s from (18), whi
h gives s = 0.0304 for λ = 13,and s = 0.0340 for λ = 21. A similar value of s = 0.0324 was derived theoreti
ally in[27℄.2 Results and dis
ussionAll in all, we have at least three di�erent values of s to 
hoose from (i. e., 0, 0.0126,and ∼ 0.03). In order to examine whi
h one is the most plausible one as well as to whatextent would the results obtained for di�erent values of s di�er, we de
ided to 
al
ulatethe dependen
y of the degree of 
oupling q and the maximum e�
ien
y ηmax for variousexperimental data sets by using the three values 0, 0.0126, and 0.0324. We tried to gatheras mu
h experimental data as possible, but it turned out that it was rather di�
ult to�nd suitable experimental data sets. More pre
isely, we en
ountered the following twoproblems 
onsidering experimental data on transport parameters:1. There are not many resear
h groups that measured all three transport parameters.
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 Analysis of PEM Transport Parameters 1512. Even those who measured all three transport parameters did not do so at the same
onditions and for the same values of λ.To mitigate the �rst issue and obtain more variety of data sets, we used besides dataof Kreuer et al. (Refs. [11℄, [6℄) and Zawodzinski et al. (Refs. [31℄, [29℄) also thosepresented by van Bussel et al. (Ref. [3℄), although in their work no original data on theele
tro-osmoti
 drag 
oe�
ient were published and data from [29℄ were used instead. These
ond problem was addressed as follows: For those values of λ where only two transport
oe�
ients had been measured, the missing 
oe�
ient was 
al
ulated by means of inter-and extrapolation. The possible di�eren
e between other 
onditions under whi
h theindividual transport 
oe�
ients were measured was negle
ted.The obtained dependen
ies of ηmax on λ are shown in Figs. 1, 2, 3. We 
an see that the
hoi
e of s has a signi�
ant impa
t on the resulting dependen
y. Sin
e reported e�
ien
iesof real fuel 
ells are 
ertainly higher than 50 per
ent, we 
an 
on
lude that the 
hoi
eof s = 0.0324 gives results that 
orrespond with the physi
al reality the most. Quitesurprising is the dramati
al di�eren
e among the shapes of the dependen
ies obtainedfrom the individual data sets. Interestingly, the data of van Bussel et al. (Fig. 3) give the
losest results to what one would expe
t: For low membrane water 
ontents the e�
ien
yis poor, while good membrane hydration results in better fuel 
ell performan
e. Thedata of Zawodzinski et al. (Fig. 2) 
on�rm the fa
t that the membrane must be well-hydrated in order to obtain reasonable performan
e, but the 
orresponding dependen
yis not monotonously in
reasing. A 
ause might lie in the possible ina

ura
y of theele
tro-osmoti
 drag 
oe�
ient values for lower water 
ontents (these values 
ome fromanother experiment [29℄). The most surprising result � a 
on
ave dependen
y � wasobtained from the data of Kreuer et al. (Fig. 1). However, their data were rather sparseand extrapolation had to be used to a greater extent in this 
ase, so reliability of thisdependen
y is questionable.3 An appli
ation: In-situ measurement of the ele
tro-osmoti
drag 
oe�
ientAs indi
ated above, there is a la
k of experimental data sets of all three transport param-eters in existing literature. Furthermore, the majority of them 
omes from measurementsof the membrane properties under arti�
ial 
onditions. Thus, it is desirable to �nd amethod that would be able to measure all three transport parameters simultaneouslyand in-situ, i. e., in a working fuel 
ell. We give a des
ription of su
h experiment basedon the irreversible-thermodynami
al approa
h developed above.First, let us noti
e that in-situ measurement of 
ondu
tivity is possible and has beenperformed [28℄. Therefore, we 
an restri
t ourselves on measurement of di�usion andele
tro-osmoti
 drag 
oe�
ients. Se
ond, a method for in-situ measurement of the so-
alled e�e
tive drag 
oe�
ient is also available [8℄. The e�e
tive (or net) drag 
oe�
ient isthe ratio of water and proton �uxes through the membrane. It immediately follows fromthis de�nition that the e�e
tive drag 
oe�
ient 
oin
ides with the "
lassi
al" ele
tro-osmoti
 drag 
oe�
ient nd if and only if the 
on
entration gradient of water in themembrane is zero � 
f. (9). Using the relation (9), we are able to determine −DH2O
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Figure 1: The maximum e�
ien
y ηmax versus membrane water 
ontent λ a

ording toNa�on 117 data of Kreuer et al. [11℄, [6℄.
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ontent λ a
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Figure 3: The maximum e�
ien
y ηmax versus membrane water 
ontent λ a

ording toNa�on 117 data of van Bussel et al. [3℄.and nd
F

by measuring water �ux through the 
ell in response to known values of water
on
entration gradient and 
urrent density. The only issue to solve is how to measurethe water �ux jH2O and the 
on
entration gradient ∇cH2O.In [8℄, jH2O was determined by means of 
ondensing the water at the exit of the 
ellgas 
hannels in a 
old trap and weighing. For further details, the reader is referred toRef. [8℄.To determine the water 
on
entration gradient, the 
omposition of gas samples ob-tained from 
athode and anode 
hannels of the fuel 
ell should be analyzed. One 
ouldalso think of the following simpli�
ation: If we assume that all gas 
omponents withinthe fuel 
ell obey the ideal gas law, we 
an write
RT

cH2O∇cH2O =
RT

cH2O∇pH2O
RT

=
∇pH2O
cH2O , (22)where pH2O is the partial pressure of water, whi
h 
ould be approximed with satura-tion pressure 
orresponding to 
ell temperature. The appli
ability of this approximationshould be examined, however, in 
ase that a
tual partial pressure 
ould not be measured,it might be used as the �rst attempt.On
e the values of the transport parameters σ, nd, and DH2O were determined, we
an also determine the 
orresponding water 
ontent λ by means of measuring the 
ellopen 
ir
uit voltage. Sin
e the e�
ien
y of a real fuel 
ell is the ratio of the a
tual open
ir
uit voltage UOC and the reversible open 
ir
uit voltage

UOCrev = −∆rG
2F

,
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∆rG being the Gibbs energy of the ele
tro
hemi
al rea
tion o

uring within the 
ell [15℄,we 
an equate this ratio to the maximum e�
ien
y of energy 
onversion (13), whi
h yields

UOC
UOCrev =

(

1−
√

1− q2

q

)2

. (23)From this formula we 
an 
al
ulate q, and then express Lww from the de�nition of thedegree of 
oupling (14). Finally, we obtain cH2O from (11) and the 
orresponding λ from(20).4 Con
lusionAvailable experimental data on transport 
oe�
ients together with irreversible thermody-nami
s were used to examine plausibility of 
hoi
e of the value of a proportional parameterin a linear model des
ribing swelling of Na�on 117 membranes. The result 
on�rms pre-viously reported empiri
al data of Beattie et al. [2℄ as well as theoreti
al 
onsiderationsof Weber and Newman [27℄. Furthermore, the dependen
y of maximum possible e�-
ien
y of energy 
onversion on membrane water 
ontent was investigated. Surprisingly,qualitatively di�erent results were obtained for di�erent experimental data sets. Finally,an experiment for simultaneous in-situ measurement of all transport parameters was de-s
ribed. Sin
e data on transport 
oe�
ients available in the literature are rather sparseand 
ontradi
tory, this experiment 
ould help to deepen the 
orresponding knowledge.5 A
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e, AS CRAbstra
t. The paper resumes a logi
al framework for formulating preferen
es and proposes theirembedding into relational algebra through a single preferen
e operator parameterized by a set ofuser preferen
es of sixteen various kinds, in
lusive of 
eteris paribus preferen
es, and returningonly the most preferred subsets of its argument relation. Most importantly, 
on�i
ting set ofpreferen
es is permitted and preferen
es between sets of elements 
an be expressed.Formal foundation for algebrai
 optimization, applying heuristi
s like push preferen
e, also isprovided: abstra
t properties of the preferen
e operator and a variety of algebrai
 laws des
ribingits intera
tion with other relational algebra operators are presented.Abstrakt. P°ísp¥vek shrnuje logi
ké p°ístupy k vyjad°ování preferen
í a navrhuje jeji
h za£len¥nído rela£ní algebry pomo
í jediného preferen£ního operátoru parametrizovaného mnoºinou aº ²est-ná
ti r·zný
h druh· preferen
í, v£etn¥ preferen
í 
eteris paribus, a vra
ejí
ího nejpreferovan¥j²ípodmnoºiny rela
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ept zahrnuje preferen
e,které mohou být navzájem v kon�iktu a umoº¬uje reprezentovat i preferen
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ké optimaliza
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ím. Podobné heuristi
kémetody vy
házejí z algebrai
ký
h vztah· opera
í rela£ní algebry � v tomto p°ípad¥ preferen£níhooperátoru, které jsou také prezentovány.1 Introdu
tionIf users have requirements that are to be satis�ed 
ompletely, their database queries are
hara
terized by hard 
onstraints, delivering exa
tly the required obje
ts if they exist andotherwise empty result. This is how traditional database query languages treat all therequirements on the data. However, requirements 
an be understood also in the sense ofwishes: in 
ase they are not satis�ed, database users are usually prepared to a

ept worsealternatives and their database query is 
hara
terized by soft 
onstraints. Requirementsof the latter type are 
alled preferen
es.Building on a logi
al framework for formulating preferen
es and their embedding intorelational algebra (RA) through a single preferen
e operator, introdu
ed in [10℄ to 
ombatthe empty result and the �ooding e�e
ts, this paper presents an approa
h to algebrai
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158 R. Nedbaloptimization of relational queries with various kinds of preferen
es. The preferen
e oper-ator sele
ts from its argument relation the best-mat
hing alternatives with regard to userpreferen
es, but nothing worse.1 Preferen
es are spe
i�ed using a propositional logi
 no-tation and their semanti
s is related to that of a disjun
tive logi
 program. The languagefor expressing preferen
es i) is de
larative, ii) in
ludes various kinds of preferen
es, iii) isri
h enough to express preferen
es between sets of elements, iv) and has an intuitive, wellde�ned semanti
s allowing for 
on�i
ting preferen
es.In Se
t. 2, the above mentioned framework for formulating preferen
es and in Se
t. 3an approa
h to their embedding into RA are revisited. Presenting a variety of algebrai
laws that des
ribe intera
tion with other RA operators to provide a formal foundationfor algebrai
 optimization, Se
t. 4 provides the main 
ontribution of this paper. A briefoverview of related work in Se
t. 5 and 
on
lusions in Se
t. 6 end this paper. All thenontrivial proofs are given.To improve the readability, � (x, y)∧¬ � (y, x) and � (x, y)∧ � (y, x) is substitutedby ≻ (x, y) and = (x, y), respe
tively.2 User Preferen
esA user preferen
e is expressed by a preferen
e statement, e.g. �a is preferred to b", orsymboli
ally by an appropriate preferen
e formula. Preferen
e formulas 
omprise a simplede
larative language for expressing preferen
es. To 
apture its de
larative aspe
ts, model-theoreti
 semanti
s is de�ned: 
onsidering a set of states of a�aires S and a set W = 2Sof all its subsets � worlds, ifM = 〈W,�〉 is an order � on W su
h that w � w′ holds forsome words w,w′ fromW , thenM is termed a preferen
e model of w > w′ � a preferen
eof the world w over the world w′, whi
h we express symboli
ally asM |= w > w′.The basi
 di�erentiation between preferen
es is based on notions of optimism andpessimism. De�ning a-world as a world in whi
h a o

urs, if we are optimisti
 about aand pessimisti
 about b for example, we expe
t some a-world to pre
ede at least one b-world in ea
h preferen
e model of a preferen
e statement �a is preferred to b�. This kind ofpreferen
e is 
alled opportunisti
. By 
ontrast, if we are pessimisti
 about a and optimisti
about b, we expe
t every a-world to pre
ede ea
h b-world in ea
h preferen
e model ofa preferen
e statement �a is preferred to b�. This kind of preferen
e is 
alled 
areful.Alternatively, we might be optimisti
 or pessimisti
 about both a and b. Then we expe
tsome a world to pre
ede ea
h b-world or ea
h a-world to pre
ede some b-world in ea
hpreferen
e model of a preferen
e statement �a is preferred to b�. This kind of preferen
eis 
alled lo
ally optimisti
 or lo
ally pessimisti
, respe
tively. Lo
ally optimisti
, lo
allypessimisti
, opportunisti
 and 
areful preferen
es are symboli
ally expressed by preferen
eformulas of the form: a M>M b, a m>m b, a M>m b, and a m>M b, respe
tively.Also, we distinguish between stri
t and non-stri
t preferen
es. For example, if wpre
edes w′ stri
tly in a preferen
e model, then we stri
tly prefer w to w′.In addition, we distinguish between preferen
es with and without 
eteris paribus pro-viso � a notion introdu
ed by von Wright [11℄ and generalized by Doyle and Wellman1A similar 
on
ept was proposed independently by Kieÿling et al. [6, 7℄ and Chomi
ki et al. [2℄ and,in a more restri
ted form, by Börzsönyi et al. [1℄ (for more detail refer to Se
t. 5).
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es 159[3℄ by means of 
ontextual equivalen
e relation � an equivalen
e relation on W .2 For ex-ample, a preferen
e model of a preferen
e statement �a is 
arefully preferred to b 
eterisparibus" is su
h an order on W that a-worlds pre
ede b-worlds in the same 
ontextualequivalen
e 
lass. Spe
i�
ally, the preferen
e statement �I prefer playing tenis to playinggolf 
eteris paribus" might express by means of an 
ontextual equivalen
e that I preferplaying tenis to playing golf only if the 
ontext of weather is the same, i.e., it is not truethat I prefer playing tenis in strong winds to playing golf during a sunny day.Next, we revisit the basi
 de�nitions introdu
ing syntax and model-theoreti
 semanti
sof the language for expressing user preferen
es:De�nition 1 (Language). Given a �nite set of propositional variables p, q, . . ., the set L0of propositional formulas and the set L of preferen
e formulas is de�ned as the smallestset satisfying the following:
L0 ∋ ϕ, ψ: p | (ϕ ∧ ψ) | ¬ϕ
L ∋ Φ,Ψ: ϕ x>y ψ | ϕ x≥y ψ | ¬Φ | (Φ ∧Ψ) for x, y ∈ {m,M}If we identify propositional variables with tuples over a relation s
hema R, then theelements of L are termed preferen
e formulas over R. A relation instan
e I(R), i.e., a setof tuples over R, 
reates a world w, an element of a set W .The preferen
e model is de�ned so that any set of (possibly 
on�i
ting) preferen
es is
onsistent: the partial pre-order, i.e., a binary relation whi
h is re�exive and transitive,in the de�nition of the preferen
e model, enables to express some kind of 
on�i
t byin
omparability:De�nition 2 (Preferen
e model). A preferen
e modelM = 〈W,�〉 over a relation s
hema
R is a 
ouple in whi
h W is a set of worlds, relation instan
es of R, and � is a partialpre-order over W , the preferen
e relation over R.A set of user preferen
es of various kinds 
an by represented symboli
ally by a pref-eren
e spe
i�
ation, whi
h 
orresponds to an appropriate 
omplex preferen
e formula inthe above de�ned language.De�nition 3 (Preferen
e spe
i�
ation). Let R be a relation s
hema and P� a set of pref-eren
e formulas over R of the form {ϕi � ψi : i = 1, . . . , n}. A preferen
e spe
i�
ation
P over R is a tuple 〈P�|� ∈ { x>y, x≥y |x, y ∈ {m,M}}〉, and M is its model, i.e., apreferen
e spe
i�
ation model, i� it models all elements P� of the tuple:

M |= P� ⇐⇒ ∀(ϕi � ψi) ∈ P� :M |= ϕi � ψi .3 Preferen
e OperatorTo embed preferen
es into RQL, the preferen
e operator ωP returning only the best setsof tuples in the sense of user preferen
es P is de�ned:2As it has been shown [5℄ that any preferen
e with 
ontextual equivalen
e spe
i�
ation 
an be ex-pressed by a set of preferen
es without 
ontextual spe
i�
ation, we 
an restri
t ourselves only to prefer-en
es without 
eteris paribus proviso.



160 R. NedbalDe�nition 4 (Preferen
e operator). If R is a relation s
hema, P a preferen
e spe
i�
ationover R, and M the set of its models; then the preferen
e operator ωP is de�ned for allinstan
es I(R) of R as follows:
ωP(I(R)) = {w ∈W | w ⊆ I(R) ∧ ∃Mk = 〈W,�k〉 ∈M s.t. ∀w′ ∈ W :

w′ ⊆ I(R)∧ �k (w′, w)⇒ �k (w,w′)} .Remark 5 (Preferen
e operator notation). To be pre
ise, we should write ωP(2I(R)) insteadof ωP(I(R)). Thus it makes sense to write ωP({a, b, c}), where the argument of preferen
eoperator is a set of elements a, b, and c.3.1 Basi
 Properties.The following propositions are essential for investigation of algebrai
 properties des
ribingintera
tion of the preferen
e operator with other RA operations:Proposition 6. Given a relation s
hema R and a preferen
e spe
i�
ation P over R, forall instan
es I(R) of R the following properties hold:
ωP(I(R)) ⊆ 2I(R) ,

ωP (ωP(I(R))) = ωP(I(R)) ,

ωPempty(I(R)) = 2I(R) ,where Pempty is the empty preferen
e spe
i�
ation, i.e., 
ontaining no preferen
e.Preferen
e operator is not monotone or antimonotone with respe
t to its relationargument. However, partial antimonotoni
ity holds:Proposition 7 (Partial antimonotoni
ity). Given a relation s
hema R and a preferen
espe
i�
ation P over R, for all instan
es I(R), I ′(R) of R the following property holds:
I(R) ⊆ I ′(R)⇒ 2I(R) ∩ ωP(I ′(R)) ⊆ ωP(I(R)) .Proof. Assume w ∈ 2I(R) ∩ ωP(I ′(R)). It follows that w ⊆ I(R) and from the de�nition(Def. 4) of preferen
e operator w ⊆ I ′(R) ∧ ∃Mk ∈ M s.t. ∀w′ ∈ W : w′ ⊆ I ′(R)∧ �k

(w′, w) ⇒�k (w,w′). As I(R) ⊆ I ′(R), we 
an 
on
lude that ∃Mk ∈ M s.t. ∀w′ ∈
W : w′ ⊆ I(R)∧ �k (w′, w) ⇒�k (w,w′), whi
h together with w ⊆ I(R) implies w ∈
ωP(I(R)).The following theorem enables to redu
e 
ardinality of an argument relation of thepreferen
e operator without 
hanging the return value:Theorem 8 (Redu
tion). Given a relation s
hema R, a preferen
e spe
i�
ation P over R,for all instan
es I(R), I ′(R) of R the following property holds:

I(R) ⊆ I ′(R) ∧ ωP(I ′(R)) ⊆ 2I(R) ⇒ ωP(I(R)) = ωP(I ′(R)) .
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es 161Proof. ⊆: Assume w ∈ ωP(I(R)). Then, it follows from the de�nition of the prefer-en
e operator w ⊆ I(R) ∧ ∃Mk ∈M s.t. ∀w′ ∈ W : w′ ⊆ I(R)∧ �k (w′, w)⇒�k

(w,w′). The assumption ωP(I ′(R)) ⊆ 2I(R) implies ∀w′ ∈ 2I′(R) − 2I(R) : ¬ �k

(w′, w), and we 
an 
on
lude ∃Mk ∈ M s.t. ∀w′ ∈ W : w′ ⊆ I ′(R)∧ �k

(w′, w) ⇒�k (w,w′), whi
h together with the assumption I(R) ⊆ I ′(R) implies
w ∈ ωP(I ′(R)).

⊇: Immediately follows from Prop. 7.The following theorem ensures that the empty query result e�e
t is su

essfully elim-inated:Theorem 9 (Non-emptiness). Given a relation s
hema R, a preferen
e spe
i�
ation Pover R, then for every �nite, nonempty instan
e I(R) of R, ωP(I(R)) is nonempty.3.2 Multidimensional Composition.In multidimensional 
omposition, we have a number of preferen
e spe
i�
ations de�nedover several relation s
hemas, and we de�ne preferen
e spe
i�
ation over the Cartesianprodu
t of those relations: the most 
ommon ways are Pareto and lexi
ographi
 
ompo-sition.De�nition 10 (Pareto and lexi
ographi
 
omposition). Given two relation s
hemas R1 and
R2, preferen
e spe
i�
ations P1 over R1 and P2 over R2, and their sets of models M1 and
M2, the Pareto 
omposition P (P1,P2) and the lexi
ographi
 
omposition L(P1,P2) of P1and P2 is a preferen
e spe
i�
ation P0 over the Cartesian produ
t R1 ×R2, whose set ofmodels M0 is de�ned as:
∀Mm = 〈W1 ×W2,�m〉 ∈M0, ∃Mk = 〈W1,�k〉 ∈M1, ∃Ml = 〈W2,�l〉 ∈M2 s.t.
∀w1, w

′
1 ∈W1, ∀w2, w

′
2 ∈W2 :�m (w1 × w2, w

′
1 × w′

2) ≡ �k (w1, w
′
1) ∧ �l (w2, w

′
2)and

∀w1, w
′
1 ∈W1, ∀w2, w

′
2 ∈W2 :

�m (w1 × w2, w
′
1 × w′

2) ≡ ≻k (w1, w
′
1) ∨ (=k (w1, w

′
1)∧ �l (w2, w

′
2)) ,respe
tively.4 Algebrai
 OptimizationAs the preferen
e operator extends RA, the optimization of queries with preferen
es 
anbe realized as an extension of a 
lassi
al relational query optimization. Most importantly,we 
an inherit all well known laws from RA, whi
h, together with algebrai
 laws govern-ing the 
ommutativity and distributivity of the preferen
e operator with respe
t to RAoperations, 
onstitute a formal foundation for rewriting queries with preferen
es usingthe standard strategies (push sele
tion, push proje
tion) aiming at redu
ing the sizes ofintermediate relations.



162 R. Nedbal4.1 Commuting with Sele
tionThe following theorem identi�es a su�
ient 
ondition under whi
h the preferen
e operator
ommutes with RA sele
tion:Theorem 11 (Commuting with sele
tion). Given a relation s
hema R, a preferen
e spe
-i�
ation P over R, the set of its preferen
e models M , and a sele
tion 
ondition ϕ over
R, if the formula

∀Mk = 〈W,�k〉 ∈M , ∀w,w′ ∈W : ≻k (w′, w) ∧ w = σϕ(w)⇒ w′ = σϕ(w′)is valid, then for any relation instan
e I(R) of R:
ωP (σϕ(I(R))) = σϕ(ωP(I(R)))

def
= {w ∈ ωP(I(R))|σϕ(w) = w} .Proof. Observe that:

w ∈ ωP(σϕ(I(R))) ≡ w ⊆ I(R) ∧ σϕ(w) = w∧
¬(∀Mk ∈M , ∃w′ : (w′ ⊆ I(R) ∧ σϕ(w′) = w′∧ ≻k (w′, w)) .

w ∈ σϕ(ωP(I(R))) ≡ w ⊆ I(R) ∧ σϕ(w) = w∧
¬(∀Mk ∈M , ∃w′ : (w′ ⊆ I(R)∧ ≻k (w′, w)) ,Obviously, the se
ond formula implies the �rst. To see that the opposite impli
ation alsoholds, we assume w 6∈ σϕ(ωP(I(R))) and prove that than also w 6∈ ωP(σϕ(I(R))). Thereare three 
ases when w 6∈ σϕ(ωP(I(R))). If w * I(R) or σϕ(w) 6= w, it is immediately
lear that w 6∈ ωP(σϕ(I(R))). In the third 
ase, ∀Mk ∈M , ∃w′ : (w′ ⊆ I(R)∧ ≻k (w′, w).However, due to assumption of the theorem, ∀Mk ∈ M , ∃w′ : (w′ ⊆ I(R) ∧ σϕ(w′) =

w′∧ ≻k (w′, w), whi
h 
ompletes the proof.4.2 Commuting with Proje
tionThe following theorem identi�es su�
ient 
onditions under whi
h the preferen
e operator
ommutes with RA proje
tion. To prepare the ground for the theorem, some de�nitionshave to be introdu
ed:De�nition 12 (Restri
tion of a preferen
e relation). Given a relation s
hema R, a set ofattributes X of R, and a preferen
e relation � over R, the restri
tion θX(�) of � to Xis a preferen
e relation �X over πX(R) de�ned using the following formula:
�X (wX , w

′
X) ≡ ∀w,w′ ∈W : πX(w) = wX ∧ πX(w′) = w′

X ⇒ � (w,w′) .De�nition 13 (Restri
tion of the preferen
e model). Given a relation s
hema R, a set ofrelation attributes X of R, and a preferen
e modelM = 〈W,�〉 over R, the restri
tion
θX(M) of M to X is a preferen
e model MX = 〈WX ,�X〉 over πX(R) where WX =
{πX(w) | w ∈W}.
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es 163De�nition 14 (Restri
tion of the preferen
e operator). Given a relation s
hema R, a setof attributes X of R, a preferen
e spe
i�
ation P over R, and the set MX of its modelsrestri
ted toX, the restri
tion θX(ωP) of the preferen
e operator ωP toX is the preferen
eoperator ωX
P de�ned as follows:

ωX
P (πX(I(R))) = {wX ∈WX | wX ⊆ πX(I(R)) ∧ ∃MX ∈MX s.t.

∀w′
X ∈WX : w′

X ⊆ πX(I(R))∧ �X (w′
X , wX)⇒ �X (wX , w

′
X)} .Theorem 15 (Commuting with proje
tion). Given a relation s
hema R, a set of attributes

X of R, a preferen
e spe
i�
ation P over R, and the set of its preferen
e models M , ifthe following formulae
∀Mk ∈M , ∀w1, w2, w3 ∈W :

πX(w1) = πX(w2) ∧ πX(w1) 6= πX(w3)∧ �k (w1, w3)⇒ �k (w2, w3) ,

∀Mk ∈M , ∀w1, w3, w4 ∈W :

πX(w3) = πX(w4) ∧ πX(w1) 6= πX(w3)∧ �k (w1, w3)⇒ �k (w1, w4)are valid, then for any relation instan
e I(R) of R:
ωX
P (πX(I(R))) = πX(ωP(I(R)))

def
= {πX(w) | w ∈ ωP(I(R))} .Proof. We prove: πX(w) 6∈ ωX

P (πX(I(R)))⇐⇒ πX(w) 6∈ πX(ωP(I(R))).
⇒: Assume πX(w3) 6∈ ωX

P (πX(I(R))). The 
ase πX(w3) * πX(I(R)) is trivial. Other-wise, it must be the 
ase that ∀MX ∈ MX , ∃wX s.t. wX ⊆ πX(I(R)) and ≻X

(wX , πX(w3)), whi
h implies ∀Mk ∈ M , ∀w1, w4 ∈ W : πX(w1) = wX ∧ πX(w4) =
πX(w3)⇒≻k (w1, w4) and thus πX(w3) 6∈ πX(ωP(I(R))).

⇐: Assume πX(w3) 6∈ πX(ωP(I(R))). Then ∀Mk ∈M and ∀w4 ⊆ I(R) s.t. πX(w4) =
πX(w3), there is w1 ⊆ I(R) s.t. ≻k (w1, w4) and πX(w1) 6= πX(w4). From theassumption of the theorem, it follows that ∀w2, w4 ⊆ I(R) : πX(w2) = πX(w1) ∧
πX(w4) = πX(w3) ⇒≻k (w2, w4), whi
h implies θX(≻k)(πX(w1), πX(w3)) and thus
πX(w3) 6∈ ωX

P (πX(I(R))).4.3 Distributing over Cartesian Produ
tFor preferen
e operator to distribute over the Cartesian produ
t of two relations, thepreferen
e spe
i�
ation, whi
h is the parametr of the preferen
e operator, needs to bede
omposed into the preferen
e spe
i�
ations that will distribute into the argument re-lations:Theorem 16 (Distributing over Cartesian produ
t). Given two relation s
hemas R1 and
R2, and preferen
e spe
i�
ations P1 over R1 and P2 over R2, for any two relation in-stan
es I(R1) and I(R2) of R1 and R2, the following property holds:
ωP0(I(R1)× I(R2)) = ωP1(I(R1))× ωP2(I(R2))

def
=

{w1 × w2 | w1 ∈ ωP1(I(R1)) ∧ w2 ∈ ωP2(I(R2))} ,where P0 = P (P1,P2) is a Pareto 
omposition of P1 and P2.



164 R. NedbalProof. We prove:
w1 × w2 6∈ ωP0(I(R1)× I(R2))⇐⇒ w1 × w2 6∈ ωP1(I(R1))× ωP2(I(R2)) .

⇒: Assume w1 × w2 6∈ ωP0(I(R1) × I(R2)). Then ∀Mm ∈ M0, models of P0, thereare w′
1 ⊆ I(R1), w

′
2 ⊆ I(R2) s.t. ≻m (w′

1 × w′
2, w1 × w2). Consequently, ∀Mk ∈

M1, ∀Ml ∈ M2, models of P1 and P2, there are w′
1 ⊆ I(R1), w

′
2 ⊆ I(R2) s.t.

≻k (w′
1, w1) or ≻l (w′

2, w2), whi
h implies w1 6∈ ωP1(I(R1)) or w2 6∈ ωP2(I(R2)) andthus w1 × w2 6∈ ωP1(I(R1))× ωP2(I(R2)).
⇐: Assume w1 × w2 6∈ ωP1(I(R1)) × ωP2(I(R2)). Then w1 6∈ ωP1(I(R1)) or w2 6∈

ωP2(I(R2)). Assume the �rst. Then ∀Mk ∈ M1, models of P1, there must be
w′

1 ⊆ I(R1) s.t. ≻k (w′
1, w1). Consequently, ∀Mm ∈ M0, models of P0, ∃w′

1 ⊆
I(R1) :≻m (w′

1 × w2, w1 × w2), whi
h implies w1 × w2 6∈ ωP0(I(R1) × I(R2)). These
ond 
ase is symmetri
.For lexi
ographi
 
omposition, we obtain the same property as for Pareto 
omposition:Theorem 17 (Distributing over Cartesian produ
t). Given two relation s
hemas R1 and
R2, and preferen
e spe
i�
ations P1 over R1 and P2 over R2, for any two relation in-stan
es I(R1) and I(R2) of R1 and R2, the following property holds:
ωP0(I(R1)× I(R2)) = ωP1(I(R1))× ωP2(I(R2))

def
=

{w1 × w2 | w1 ∈ ωP1(I(R1)) ∧ w2 ∈ ωP2(I(R2))} ,where P0 = L(P1,P2) is a lexi
ographi
 
omposition of P1 and P2.Proof. We prove:
w1 × w2 6∈ ωP0(I(R1)× I(R2))⇐⇒ w1 × w2 6∈ ωP1(I(R1))× ωP2(I(R2)) .

⇒: Assume w1 × w2 6∈ ωP0(I(R1) × I(R2)). Then ∀Mm ∈ M0, models of P0, thereare w′
1 ⊆ I(R1), w

′
2 ⊆ I(R2) s.t. ≻m (w′

1 × w′
2, w1 × w2). Consequently, ∀Mk ∈

M1, ∀Ml ∈ M2, models of P1 and P2, there are w′
1 ⊆ I(R1), w

′
2 ⊆ I(R2) s.t.

≻k (w′
1, w1) or =k (w′

1, w1)∧ ≻l (w′
2, w2), whi
h implies w1 6∈ ωP1(I(R1)) or w2 6∈

ωP2(I(R2)) and thus w1 × w2 6∈ ωP1(I(R1))× ωP2(I(R2)).
⇐: Assume w1 × w2 6∈ ωP1(I(R1)) × ωP2(I(R2)). Then w1 6∈ ωP1(I(R1)) or w2 6∈

ωP2(I(R2)). Assume the �rst. Then ∀Mk ∈ M1, models of P1, there must be
w′

1 ⊆ I(R1) s.t. ≻k (w′
1, w1). Consequently, ∀Mm ∈M0, models of P0, there mustbe w′

1 s.t. ≻m (w′
1 × w2, w1 × w2), whi
h implies w1 × w2 6∈ ωP0(I(R1) × I(R2)).The se
ond 
ase is symmetri
.Both Theorem 16 and Theorem 17 make it possible to derive the transformation rulethat pushes preferen
e operator with a one-dimensional preferen
e spe
i�
ation down theappropriate argument of the Cartesian produ
t:Corollary 18. Given two relation s
hemas R1 and R2, a preferen
e spe
i�
ations P1 over

R1, and an empty preferen
e spe
i�
ation P2 over R2, for any two relation instan
es
I(R1) and I(R2) of R1 and R2, the following property holds:
ωP0(I(R1)× I(R2)) = ωP1(I(R1))× 2I(R2) def

= {w1×w2 | w1 ∈ ωP1(I(R1))∧w2 ⊆ I(R2)} ,where P0 = P (P1,P2) is a Pareto of lexi
ographi
 
omposition of P1 and P2.
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es 165Proof. Follows from previous theorems and from the equality ωPempty(I(R)) = 2I(R).4.4 Distributing over UnionThe following theorem shows how the preferen
e operator distributes over the union oftwo relations:Theorem 19 (Distributing over union). Given two 
ompatible relation s
hemas3 R and S,and a preferen
e spe
i�
ation P over R (and S), if the following formula
ωP(I(R) ∪ I(S)) ⊆ 2I(R) ∪ 2I(S)is valid for relation instan
es I(R) and I(S) of R and S, then the following propertyholds:

ωP(I(R) ∪ I(S)) = ωP(ωP(I(R)) ∪ ωP(I(S))) .Proof. Obviously, ωP(I(R)) ∪ ωP(I(S)) ⊆ 2I(R)∪I(S). If we show that ωP(I(R) ∪ I(S)) ⊆
ωP(I(R)) ∪ ωP(I(S)), the theorem immediately follows from Theorem 8.Indeed, if w ∈ ωP(I(R) ∪ I(S)), then it follows from the de�nition of the preferen
eoperator w ⊆ I(R)∪I(S)∧∃Mk ∈M s.t. ∀w′ ∈W : w′ ⊆ I(R)∪I(S)∧ �k (w′, w)⇒�k

(w,w′). As we know that w ⊆ I(R) ∨ w ⊆ I(S) from the assumption of the theorem, we
an 
on
lude w ∈ ωP(I(R)) ∪ ωP(I(S)).4.5 Distributing over Di�eren
eOnly in the trivial 
ase, the preferen
e operator 
an be distributed over di�eren
e:Theorem 20 (Distributing over di�eren
e). Given two 
ompatible relation s
hemas R and
S, and a preferen
e spe
i�
ation P over R (and S), for any two relation instan
es I(R)and I(S) of R and S, the following property holds:

ωP(I(R)− I(S)) = ωP(I(R))− ωP(I(S))i� the preferen
e spe
i�
ation P is empty.4.6 Push Preferen
eThe question arises how to integrate the above algebrai
 laws into the 
lassi
al, well-known hill-
limbing algorithm. In parti
ular, we want to add heuristi
 strategy of pushpreferen
e, whi
h is based on the assumption that early appli
ation of the preferen
eoperator redu
es intermediate results. Indeed, the Theorem 8 provides a formal eviden
ethat it is 
orre
t to pass exa
tly all the tuples that have been in
luded in any worldreturned by the preferen
e operator to the next operator in the operator tree. This leadsto a better performan
e in subsequent operators.3We 
all two relation s
hemas 
ompatible if they have the same number of attributes and the 
orre-sponding attributes have identi
al domains.



166 R. Nedbal5 Related WorkThe study of preferen
es in the 
ontext of database queries has been originated by La
roixand Laven
y [8℄. They, however, haven't addressed the issue of algebrai
 optimization.Nevertheless, only at the turn of the millennium this area attra
ted broader inter-est again. Kieÿling [6℄ and Chomi
ki et al. [2℄ have pursued independently a similar,qualitative approa
h within whi
h preferen
es between tuples are spe
i�ed dire
tly, us-ing binary preferen
e relations. They have de�ned an operator returning only the bestpreferen
e mat
hes. However, they, by 
ontrast to the approa
h presented in this paper,don't 
onsider preferen
es between sets of elements and are 
on
erned only with one typeof preferen
e. Moreover, the relation to a preferen
e logi
 unfortunately is un
lear. Onthe other hand, both Chomi
ki et. al. [2℄ and Kieÿling [7, 4℄ have laid the foundation forpreferen
e query optimization that extends established query optimization te
hniques.A spe
ial 
ase of the same embedding represents skyline operator introdu
ed byBörzsönyi et al. [1℄. Some examples of possible rewritings for skyline queries are givenbut no general rewriting rules are formulated.In [9℄, a
tual values of an arbitrary attribute were allowed to be partially ordereda

ording to user preferen
es. A

ordingly, RA operations, aggregation fun
tions andarithmeti
 were rede�ned. However, some of their properties were lost, and the the queryoptimization issues were not dis
ussed.
6 Con
lusionsWe build on the framework of embedding preferen
es into RQL through the preferen
eoperator that is parameterized by user preferen
es expressed in a de
larative, logi
allanguage 
ontaining sixteen kinds of preferen
es and that returns the most preferredsets of tuples of its argument relation. Most importantly, the language is suitable forexpressing preferen
es between sets of elements and its semanti
s allows for 
on�i
tingpreferen
es.The main 
ontribution of the paper 
onsists in presenting basi
 properties of the pref-eren
e operator and a number of algebrai
 laws des
ribing its intera
tion with other RAoperators. Parti
ularly, su�
ient 
onditions for 
ommuting the preferen
e operator withRA sele
tion or proje
tion and for distributing over Cartesian produ
t, set union, andset di�eren
e have been identi�ed. Thus key rules for rewriting the preferen
e queriesusing the standard algebrai
 optimization strategies like push preferen
e or push proje
-tion have been established. Moreover, a new optimization strategy of push preferen
ehas been suggested.Future work dire
tions in
lude identifying further algebrai
 properties and �nding thebest possible ordering of transformations for optimization of RA statements with thepreferen
e operator. Also, expressiveness and 
omplexity issues have to be addressed indetail.
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Numeri
ká simula
e disloka£ní dynamiky∗Petr Pau²2. ro£ník PGS, email: pauspetr�fjfi.
vut.
zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Mi
hal Bene², Katedra matematiky, Fakulta jaderná a fyzikáln¥inºenýrská, �VUTAbstra
t. This paper deals with the numeri
al simulation of dislo
ation dynami
s. Dislo
ationsare des
ribed by means of the evolution of a family of 
losed and open smooth 
urves Γt : S1 →
R2, t ≧ 0. The 
urves are driven by the normal velo
ity ν whi
h is the fun
tion of 
urvature
κ and the position ve
tor x ∈ Γt. In this 
ase the equation is de�ned this way: ν = −κ + F .The equation is solved using dire
t approa
h by two numeri
al s
hemes, ie. semi-impli
it andsemi-dis
rete, both are 
ompared with analyti
al solution. Results of the dislo
ation dynami
ssimulation are presented.Abstrakt. Tento £lánek se zabývá numeri
kou simula
í disloka£ní dynamiky. Disloka
e jsou po-psány pomo
í £asového vývoje mnoºiny uzav°ený
h a otev°ený
h hladký
h k°ivek Γt : S1 → R2,
t ≧ 0. Vývoj k°ivek je ovliv¬ován normálovou ry
hlostí ν, jenº je funk
í k°ivosti κ a polohovéhovektoru x ∈ Γt. V tomto p°ípad¥ má rovni
e tvar ν = −κ + F . Rovni
e je °e²ena p°ímou meto-dou pomo
í dvou r·zný
h numeri
ký
h s
hémat, semi-impli
itním a semi-diskrétním. Ob¥ tatos
hémata jsou porovnána s analyti
kým °e²ením. Výsledky simula
e disloka£ní dynamiky jsoutaké uvedeny.1 ÚvodV odv¥tví výzkumu materiál· a pevný
h látek se disloka
e de�nují jako poru
ha £i ne-pravidelnost v krystalové m°íº
e materiálu. P°ítomnost disloka
í v materiálu výrazn¥ovliv¬uje mnohé z jeho vlastností, a proto je velmi d·leºité vyvinout vhodný matema-ti
ký model. Z matemati
kého hlediska jsou disloka
e de�novány jako hladké uzav°enénebo otev°ené rovinné k°ivky, které se vyvíjejí v £ase. Ukázka disloka
e v materiálu jeznázorn¥na na obrázku 1.2 Matemati
ký modelK°ivky, které se v £ase vyvíjejí, je moºné matemati
ky popsat n¥kolika zp·soby. Jednouz moºností je p°ístup metodou Level Set [1, 2, 3℄, kdy výsledná k°ivka je nulovou hladinouplo
hy. Dal²í moºností je metoda fázového pole (Phase Field) [4℄ a nakone
 i p°ímá(parametri
ká) metoda [5, 6℄, kdy je k°ivka parametrizována b¥ºným zp·sobem. V tomto£lánku se budeme zabývat práv¥ touto metodou.

∗Tato prá
e byla podpo°ena grantem £. MSM 6840770010, projekt £. LC06052 Ne£asova 
entra promathemati
ké modelování. 169
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Obrázek 1: Disloka
e v nerezové o
eli, zdroj: Wikipedia.org2.1 Rovni
eP°i pouºití parametri
kého p°ístupu popí²eme disloka£ní k°ivku Γ(t) pomo
í hladké£asov¥ závislé vektorové funk
e X(S, I)X : S × I → R2,kde S = 〈0, 1〉 je pevný interval pro parametriza
i k°ivky a I = 〈0, T 〉 je £asový interval.Disloka£ní k°ivka Γ(t) je pak dána jako
Γ(t) = {X(u, t), u ∈ S},kde u je parametr a t ∈ 〈0, T 〉 je £as.Mnoºina t¥
hto k°ivek musí spl¬ovat rovni
i pro £asový vývoj, která je obe
n¥ zadánajako ν = β(κ, x), kde ν je normálová ry
hlost vývoje k°ivky. Normálová ry
hlost je obe
n¥funk
í k°ivosti κ a polohového vektoru x. V na²em p°ípad¥ má tato rovni
e jednodu
houpodobu

ν = −κ + F, (1)kde F vyjad°uje externí sílu aplikovanou ve sm¥ru normály ke k°iv
e.2.2 Odvození diferen
iální rovni
ePro odvození diferen
iální rovni
e je t°eba de�novat n¥kolik základní
h pojm·. M¥jmehladkou k°ivku x : S1 → R2. Jednotkový te£ný vektor ~T lze de�novat jako ~T = ∂ux/|∂ux|.Jednotkový normálový vektor ~N je kolmý na te£ný vektor a platí ~N ~T = 0. K°ivost k°ivkyje dána vzor
em
κ =

∂ux
⊥

|∂ux|
· ∂

2
ux

|∂2
ux|

= ~N · ∂
2
ux

|∂2
ux|

.Normálová ry
hlost je de�nována jako deriva
e x podle £asu t ve sm¥ru normály.Nyní lze zapsat rovni
i (1) jako
∂x

∂t
= − ∂2

ux

|∂2
ux|

+ F
∂ux

|∂ux|
. (2)
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ká simula
e disloka£ní dynamiky 1712.3 Numeri
ké s
hémaPro °e²ení diferen
iální rovni
e (2) jsou pouºita dv¥ numeri
ká s
hémata: semi-impli
itnía semi-diskrétní. Pouºití dvou s
hémat je z d·vodu moºnosti porovnání výsledk· a zji²t¥níjeji
h p°esností.Pro °e²ení rovni
e pomo
í semi-diskrétního s
hématu je pouºita Runge-Kuttova metoda£tvrtého °ádu s automati
kou volbou £asového kroku. Pro diskretiza
i deriva
í v prostorujsou pouºity st°edové diferen
e rovn¥º £tvrtého °ádu. První deriva
e je diskretizovánatakto:
∂x

∂u
≈
[
x1

j−2 − 8x1
j−1 + 8x1

j+1 − x1
j+2

12h
,
x2

j−2 − 8x2
j−1 + 8x2

j+1 − x2
j+2

12h

]

,a druhá deriva
e takto:
∂2x

∂u2
≈
[−x1

j−2 + 16x1
j−1 − 30x1

j + 16x1
j+1 − x1

j+2

12h2
,
−x2

j−2 + 16x2
j−1 − 30x2

j + 16x2
j+1 − x2

j+2

12h2

]

.Náhrady deriva
í ozna£íme xu pro první deriva
i a xuu pro druhou.Rovni
e (2) pro semi-diskrétní s
héma má tvar
dxj

dt
=

xuuj

Q2(xuj)
+ F

x⊥uj

Q(xuj)
, j = 1, · · · , m− 1, t ∈ (0, T ), (3)kde Q(x, y) =

√

x2 + y2 + ε2 a x⊥uj je kolmý vektor k xuj . �len ε je do rovni
e p°idánproto, aby p°i °e²ení nedo
házelo k ukon£ení výpo£tu p°i dosaºení singularity.Pouºívá se i semi-impli
itní s
héma °e²ené p°ímým °e²i£em. V tomto p°ípad¥ jsoupouºity jednodu²²í prostorové diferen
e. První deriva
e je diskretizována pomo
í zp¥tnédiferen
e
∂x

∂u
≈
[
x1

j − x1
j−1

h
,
x2

j − x2
j−1

h

]a druhá deriva
e je diskretizována takto:
∂2x

∂u2
≈
[
x1

j+1 − 2x1
j + x1

j−1

h2
,
x2

j+1 − 2x2
j + x2

j−1

h2

]

.Rovni
e (2) pro semi-impli
itní s
héma má tvar
xk+1

j − τ xk+1
uuj

Q2(xk
uj)

= xk
j + τF

x⊥k
uj

Q(xk
uj)
, j = 1, · · · , m− 1, k = 0, · · · , NT − 1, (4)kde Q(x, y) a x⊥uj mají stejný význam jako pro semi-diskrétní s
héma. Struktura mati
epro jednu komponentu xk+1 má tvar









1− 2t
h2Q2

−t
h2Q2 0 · · ·

−t
h2Q2

. . . . . . . . .
0

. . .... . . .






.



172 P. Pau²3 Výsledky numeri
ké simula
eV této kapitole budou prezentovány výsledky numeri
ké simula
e pomo
í vý²e uve-dený
h numeri
ký
h s
hémat. Lety prov¥°ený °e²i£ pro semi-diskrétní s
héma pouºíváRunge-Kuttovu metodu £tvrtého °ádu a je napsán a pro ry
hlost odlad¥n v jazy
e Fortran.�e²i£ pro semi-impli
itní s
héma je napsán v jazy
e C, zatím v²ak není tak so�stikovaný.Na jeho vývoji se stále pra
uje.3.1 Testování na uzav°ený
h k°ivká
hK ov¥°ení, zda je zvolený p°ístup k °e²ení rovni
e vhodný, bylo nutno provést testovánís r·znými po£áte£ními podmínkami. Výsledky byly poté porovnány bu¤ s analyti
kým°e²ením nebo s výsledky dostupnými v literatu°e [6, 7, 8℄.
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-1 -0.5  0  0.5  1(a) F = 0, t ∈ (0, 0.495), h = 1/200

-1

-0.5
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 1

-1 -0.5  0  0.5  1(b) t ∈ (0, 0.184), h = 1/200, F = 10 pro |x| <
0.35, F = −5 pro |x| > 0.35Obrázek 2: �asový vývoj uzav°ený
h k°ivek

Nejjednodu²²í p°ípad pro ov¥°ení °e²ení rovni
e (2) je zvolit po£áte£ní podmínku jakojednotkový kruh se st°edem v po£átku sou°adni
 a jako externí sílu zvolit 0, tj. ºádnouexterní sílu. Simula
e tohoto p°ípadu je vid¥t na obrázku 2(a). Bez externí síly se kruhpostupn¥ zmen²uje a nakone
 z·stane pouze jeden bod. Pro tento p°ípad je také moºnézjistit analyti
ké °e²ení, které je dané vzor
em
r =
√

1− 2t, (5)kde r je polom¥r zmen²ují
ího se kruhu a t je £as. Porovnání numeri
kého výpo£tu aanalyti
kého °e²ení je uvedeno níºe. P°i zvolení externí síly rovné k°ivosti si kruh za
hovásvou velikost a v £ase se pak nebude vyvíjet.



Numeri
ká simula
e disloka£ní dynamiky 173Na obrázku 2(b) je zobrazena komplikovan¥j²í situa
e, kdy externí síla F není v pro-storu konstantní, ale pro body |x| < 0.35 je F = 10, pro ostatní je F = −5. Vzhledem kvy²²í k°ivosti v záhybe
h je ale síla F = 10 p°ekonána a tvar se postupn¥ transformujena kruh, který se dále rozpíná.
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itní (4), h = 1/400Obrázek 3: Chyba s
hémat v·£i analyti
kému °e²ení
3.2 Ov¥°ení numeri
kého °e²eníJak jiº bylo zmín¥no, rovni
i (2) je moºné pro jisté p°ípady po£áte£ní
h podmínek °e²it ianalyti
ky. Jedním z t¥
hto p°ípad· je po£áte£ní podmínka ve tvaru kruhu s jednotkovýmpolom¥rem. �e²ení je pak dáno vzor
em (5). Ob¥ pouºitá numeri
ká s
hémata (3) (4) bylaporovnána s tímto °e²ením. Chyba je daná rozdílem analyti
kého °e²ení a numeri
kého,tj. ranalyt − rnumer.



174 P. Pau²Výsledky pro semi-diskrétní s
héma za
hy
ují grafy 3(a) a 3(b). Je vid¥t, ºe se zmen-²ením velikosti h se také sníºí velikosti 
hyby. Díky pouºití metody £tvrtého °ádu a takédiferen
í téhoº °ádu se dosáhlo dobré p°esnosti v °ádu 10−7 pro h = 1/200, resp. 10−9pro h = 1/400.Semi-impli
itní °e²i£ zatím nedosahuje takový
h p°esností jako semi-diskrétní °e²i£. Vgrafe
h 3(
) a 3(d) je zobrazen rozdíl analyti
kého a numeri
kého °e²ení pro stejnou situa
ijako v p°ed
hozím p°ípad¥. Op¥t zde do
hází k r·stu p°esnosti p°i sniºování velikosti h,tj. p°esnost je v °ádu 10−3 pro h = 1/200, resp. 10−4 pro h = 1/400.3.3 Disloka£ní dynamikaHlavním 
ílem této metody bude simula
e disloka£ní dynamiky. Disloka£ní k°ivky vmateriálu se r·zn¥ vyvíjejí, kmitají m¥ní svou topologii a podobn¥. Následují
í simula
emají ov¥°it, zda metoda m·ºe být pouºita pro tento ú£el.
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-2 -1.5 -1 -0.5  0  0.5  1  1.5  2(b) K°ivka se stáhne a expanduje na dru-hou stranu.Obrázek 4: Vývoj disloka£ní k°ivky s prom¥nlivou externí silou FObrázek 4 ilustruje pr·b¥h disloka£ní k°ivky v £ase. Na k°ivku p·sobí externí síla
F = −3, 
oº zp·sobí expanzi nahoru. V £ase t = 0, 54 se zm¥ní sm¥r síly F = 3. K°ivkase vra
í do p·vodního stavu a prokmitne na druhou stranu. V materiálu se objevuje práv¥podobné 
hování, ale je ovlivn¥no ví
e faktory.P°i evolu
i disloka£ní k°ivky se m·ºe stát, ºe se objeví bariéra, která brání v jejímvývoji. Podle velikosti síly se m·ºe stát, ºe k°ivka bu¤ bariéru p°ekoná nebo z·stane vtéto barié°e uzam£ena. Obrázek 5 ilustruje práv¥ tuto situa
i. Disloka£ní k°ivka expandujeza p·sobení externí síly F = −3, dokud nedosáhne bariéry tvo°ené prostorovou zm¥nouexterní síly F v y = 1.7. Tato bariéra ov²em není dost silná (|F | = 9), aby k°ivku udrºela,protoºe na kon
í
h je velmi vysoká k°ivost, a tím pádem i vysoká síla p·sobí
í proti externí
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-6 -4 -2  0  2  4  6Obrázek 5: Disloka£ní k°ivka p°ekoná bariéru tvo°enou prostorov¥ prom¥nnou externísilou.síle. K°ivka se uvolní a pokra£uje dál v expanzi. Tato simula
e se odehrává v £asovémintervalu t ∈ (0, 2.1). V reálném p°ípad¥ by se po dotknutí r·zný
h £ástí k°ivky m¥lak°ivka rozd¥lit na ví
e £ástí, které se pak vyvíjejí dále. Toto zatím sou£asný matemati
kýmodel nedovoluje.
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Kdyº je externí síla p°íli² silná, tak nedovolí k°iv
e pokra£ovat ve vývoji. K°ivka jetedy drºena mezi dv¥ma body a expanduje do stran. Bariéra je op¥t v y = 1.7 a hodnotaexterní síly v ní je |F | = 35. Obrázek 6(a) zobrazuje expanzi k°ivky a její za
hy
ení p°i

F = −3 a v £ase t ∈ (0, 1.5). Obrázek 6(b) zobrazuje návrat k°ivky zp¥t p°i F = 3 v £ase
t ∈ (1.5, 3). K°ivka je ov²em zadrºena v barié°e a nem·ºe se vrátit do p·vodního stavu.Tato simula
e má demonstrovat vývoj disloka£ní k°ivky v materiálu, kdy za
hy
ena vtzv. kanálu.
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-4 -3 -2 -1 0 1 2 3 4Obrázek 7: Vývoj k°ivky v kanáluVývoj k°ivky v kanálu je znázorn¥n na obrázku 7. Pomo
í externí síly jsou zde vy-tvo°eny nekone£n¥ dlouhé bariéry, p°es které se disloka
e nem·ºe dostat. Vyvíjí se tedypouze do stran. V reálném p°ípad¥ by pak m¥la disloka
e kmitat práv¥ v tomto kanálu.4 Záv¥rModelování disloka£ní dynamiky je pro praxi velmi d·leºité, protoºe disloka
e majívelký vliv na v¥t²inu vlastností materiálu. Disloka
e je moºné modelovat pomo
í v £asese vyvíjejí
í
h hladký
h k°ivek. V tomto £lánku je uveden matemati
ký model pro °e²enípomo
í parametri
kého p°ístupu a navrºena dv¥ numeri
ká s
hémata pro °e²ení rovni
ena po£íta£i. Výsledky jsou porovnány bu¤ s analyti
kým °e²ením nebo s výsledky vliteratu°e. Uvedeny jsou také simula
e demonstrují
í vývoj k°ivek podobný realným dis-loka
ím, ale ty zatím pln¥ neodpovídají, protoºe do modelu není implementována vhodnáfyzika.Literatura[1℄ J. A. Sethian. Level set methods. Cambridge University Press, 1996.[2℄ J. A. Sethian. Level set methods and fast mar
hing methods. Cambridge UniversityPress, 1999.[3℄ G. Dziuk, A. S
hmidt, A. Brillard, and C. Bandle. Course on mean 
urvature �ow.Freiburg, 1994.[4℄ M. Bene² Phase �eld model of mi
rostru
ture growth in solidi�
ation of pure sub-stan
es. Praha, 1997.[5℄ K. De
kelni
k, G. Dziuk. Mean 
urvature �ow and related topi
s.[6℄ K. Mikula, D. �ev£ovi£. Computational and qualitative aspe
ts of evolution of 
urvesdriven by 
urvature and external for
e. Computing and Visualization in S
ien
e,2004.
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Optimisation of Tree-Stru
tured Self-Organising MapsPhilip Prentis∗4th year of PGS, email: prentisp�km1.fjfi.
vut.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Ladislav Andrej, Institute of Computer S
ien
e, AS CRAbstra
t. This paper des
ribes two variants of the tree-stru
tured self-organising map (TS-SOM) algorithm that are used in two di�erent image-browsing and retrieval systems, GalSOMand Pi
SOM. It studies how methods used to optimise GalSOM work in Pi
SOM and makessome suggestions on parameter optimisation based on the results of heuristi
 analysis.Abstrakt. Tento £lánek popisuje dv¥ varianty algoritmu samoorganizují
í se mapy se stromovoustrukturou, které jsou pouºity ve dvou r·zný
h systéme
h prohlíºení a vyhledávání obrazu,GalSOM a Pi
SOM. Studuje jak metody pouºitívané k optimaliza
i GalSOM pra
ují v systémuPi
SOM a navrhuje n¥kolik moºností jak optimalizovat jeho parametry na základ¥ výsledk·heuristi
ké analýzy.1 Introdu
tionIn our previous workshop paper [10℄, we des
ribed the tree-stru
tured variant of thewell-known self-organising map (SOM) algorithm, and some of the problems that 
ano

ur when using it for multi-resolution visualisation tasks. In this paper we analyse avariant of the tree-stru
tured self-organising map and explore some aspe
ts of the taskof optimising its parameters.Self-organising maps are a type of arti�
ial neural network that uses unsupervisedlearning. They were developed by Kohonen [2℄ in the eighties and have sin
e been em-ployed su

essfully in a number of appli
ations; in parti
ular they have been used for
luster analysis and visualising high-dimensional data.In an e�ort to speed up large SOM and a
quire mappings at di�erent resolutions,hierar
hi
al variants were developed. These in
lude the Multi-Layer SOM [1℄, the Evolv-ing Tree [7℄ and most importantly, the Tree-Stru
tured Self-Organising Map (TS-SOM)[3, 4℄, whi
h this paper des
ribes in detail. One of the best-known appli
ations to useTS-SOM is Pi
SOM [5, 6℄, whi
h uses multiple TS-SOM to fa
ilitate 
ontent-based imageretrieval.In
orporating TS-SOM into the GalSOM image browser led to an improvement ofthe algorithm with multi-resolution 
orre
tion as des
ribed in [8℄. In this paper we applythe results from experiments with GalSOM to the Pi
SOM in an attempt to optimiseit. More general information about using TS-SOM for image browsing and data analysiswith GalSOM is dis
ussed in [9, 11℄.
∗In 
ooperation with J. Laaksonen, M. Koskela and M. Sjöberg of The Laboratory of Computer andInformation S
ien
e, Helsinki University of Te
hnology.179



180 P. Prentis2 AlgorithmsIn this se
tion we des
ribe the SOM and TS-SOM algorithms. Be
ause the two primaryappli
ations of the TS-SOM, GalSOM and Pi
SOM, implement it di�erently, they aredes
ribed separately in se
tions 2.2 and 2.3.2.1 SOMThe self-organisation pro
ess is a
hieved as follows:1. Initialise the 
odebook ve
tors nij(0) at random (usually by setting them to ran-domly 
hosen input ve
tors).2. Sele
t a random input i(t) and �nd the best mat
hing neuron (BMN) nbest(t) (i.e.the neuron with the 
losest 
odebook ve
tor). Every input sample has the sameprobability of being sele
ted.3. Move the BMN and its topologi
al neighbours within a 
ertain neighbourhood dis-tan
e towards the sele
ted input ve
tor. Units lo
ated topologi
ally further fromBMN are moved less.
nij(t+ 1) = nij(t) + η(t) · φ(i, j, t) · [i(t)− n(t)], (1)where

η(t) : N0 → < 0; 1 > monotonously de
reasing, (2)
φ(i, j, t) : N0 ×N0 ×N0 → < 0; 1 >,

φ de
reases monotonously with the topologi
al distan
e of nij from nbest and with
t. The topologi
al distan
e is the length of the shortest path from one neuron tothe other in the graph (grid) that represents the network's topology.4. Pro
eed to iteration t + 1. Repeat 2 and 3 iteratively, redu
ing the proportion ofthe distan
e moved η and the neighbourhood distan
e φ ea
h iteration, until theyrea
h a 
ertain predetermined threshold.As a result the 
odebook ve
tors will be attra
ted to large 
lusters of input ve
torsas these will have a higher probability of being sele
ted than sparsely populated areasof input spa
e. η and φ must be sele
ted with 
are if the algorithm is to a
hieve goodresults [12℄.2.1.1 Neighbourhood fun
tionFun
tion φ in (2) is 
alled the neighbourhood fun
tion. It determines how mu
h and howdistant (from the BMN) neurons will be a�e
ted at a given moment during the adaptationpro
ess. Typi
ally, it will apply a neighbourhood kernel to the topology of the networksurrounding the BMN to determine how mu
h neurons within a the 
urrent topologi
alradius should be a�e
ted.By default, GalSOM uses a triangular neighbourhood kernel, whi
h is de�ned asfollows.
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φTri(t) =

{
1− d/r(t) d ≤ r(t)
0 d ≥ r(t)

, (3)where d is the topologi
al distan
e of a neuron from the BMN and r(t) is the neigh-bourhood radius at time t.2.2 TS-SOM (GalSOM)One way we 
an simultaneously analyse input spa
e with high and low input ratios isto use a tree-stru
tured self-organising map (TS-SOM), [3, 4℄. This is a hierar
hi
alstru
ture of SOMs of exponentially in
reasing size. Ea
h level of the TS-SOM adaptsseparately, but in the lower levels, the sear
h for the best-mat
hing neuron is limited tothose hierar
hi
ally 
onne
ted to the BMN of the previous layer. See �gure 1.2.2.1 The basi
 algorithmThe algorithm works as follows:1. Perform one iteration of the SOM algorithm on the top layer.2. Perform one iteration of the SOM algorithm on the next layer, but limit the sear
hfor the BMN to the neurons lo
ated under the winning neuron of the previous layer.3. Repeat 2 until all layers have been updated.4. Repeat 1 to 3 until the SOM thresholds have been met.The advantages of su
h a stru
ture are obvious. Instead of performing a full-sear
hfor the BMN at the lower layers, we restri
t ourselves to a 
onstant number of neuronsper given layer, thus greatly in
reasing the adaptation speed. The 
omplexity of thealgorithm is O(logN), where N is the number of neurons on the bottom layer [4℄. Also,due to the hierar
hi
al stru
turing, all the SOM will be orientated similarly in input spa
eand the TS-SOM as a whole may be 
onsidered a multi-resolution mapping of the givendata set. See �gure 2.Unfortunately, redu
ing the s
ope when sear
hing for the BMN will often returnsuboptimal results, i.e. �nding neurons that are further from the input than the 
losestone. As shown in my detailed analysis [8℄, this e�e
t in
reases with ea
h subsequent layer
ausing the lower high NI-ratio layers to return poor results.2.2.2 Wide-sear
h TS-SOMThe unfortunate property of the TS-SOM to propagate errors to the lower layers is 
ausedby inputs bordering between two neurons on a higher layer, whi
h gradually be
omemore and more poorly quanti�ed as the sear
h for the BMN be
omes more and morerestri
ted. As noted in [6℄, better results may be a
hieved by allowing sear
hing for theBMN in a wider s
ope, whi
h in
ludes neurons adja
ent to those dire
tly under a higherlayer (�gure 3). This is further 
orroborated by my experiments in [8℄, where I show thatwide-sear
hing is superior to the standard TS-SOM in almost all respe
ts.
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Figure 1: A 3-layer TS-SOM with 4 neurons at the top layer and 64 at the bottom.

Figure 2: 4 layers of a TS-SOM show 
olour distribution of an input spa
e of images atdi�erent resolutions.
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Figure 3: Wide-sear
h for the BMN in neighbouring neurons.2.2.3 Multi-resolution 
orre
tionOne unfortunate side e�e
t of the wide-sear
h improvement of the TS-SOM algorithm isthat the separate layers be
ome unsyn
hronised. This degrades the quality of the TS-SOM as a multi-resolution mapping. In [8℄ we des
ribe a simple and e�e
tive method forre
tifying this problem and removing the desyn
hronising e�e
t. It should be noted thatgood syn
hronisation also improves the quality of the sear
h for the BMN and brings theTS-SOM 
loser to the quality of the standard full-sear
h methods. However, as we willshow later on, this property only applies to the GalSOM variant of the TS-SOM.2.3 TS-SOM (Pi
SOM)The Pi
SOM system [5℄ was originally developed for the task of 
ontent-based imageretrieval using query by pi
torial example [6℄. The data is mapped to multiple SOM,ea
h of whi
h maps a di�erent representation of it using di�erent feature ve
tors.The user is presented with a number of images from the database, whi
h he labelseither positive (similar to the target image) or negative. This feedba
k is plotted to theBMN of ea
h TS-SOM and a �value map� of ea
h is updated � the unit on the mapthat 
orresponds to the BMN for positively-labelled images has its value in
reased, whilethat 
orresponding to the negatively-labelled ones is de
reased. A 
onvolution �lter andnormalisation is then applied to the value-maps to generalise the results. A new set ofimages lo
ated at the nodes that s
ore highest on the value-maps is then presented tothe user, and the pro
ess is repeated until the target image has been found.The user feedba
k 
an be repla
ed with annotated training samples and used for



184 P. Prentislearning to dete
t high-level features and 
lasses using the multiple mappings of low-levelfeatures.Only the bottom levels of the TS-SOM are used, so the algorithm is optimised towardsgetting the best result on them. The only purpose of the other levels is to speed upthe sear
h pro
ess. For this reason, the TS-SOM stru
ture used by Pi
SOM is slightlydi�erent than the ones that GalSOM uses, as were des
ribed in se
tion 2.2.In a Pi
SOM TS-SOM, ea
h node is hierar
hi
ally 
onne
ted to an area of 4×4 nodeson the subsequent level. Thus, ea
h map level 
ontains 16 times as many nodes as theprevious one, 
ausing the size to in
rease with great rapidity. Pi
SOM uses wide-sear
hingsimilar to that des
ribed in se
tion 2.2.2, but the sear
h is restri
ted to the 10× 10 areabeneath a node rather than just the immediate neighbours of the des
endants.The se
ond major di�eren
e is that the levels of the TS-SOM are adapted one ata time, starting from the top level. Ea
h subsequent level has its neurons initiated byextrapolating the position of those on the previous level a

ording to the hierar
hi
al
onne
tions. This is to improve the performan
e on the lower levels per given number ofiterations by reusing information gained from the iterations made on the higher ones.3 ExperimentsWe have 
ondu
ted a number of experiments studying and 
omparing the TS-SOM meth-ods used in GalSOM and Pi
SOM.3.1 MRC with Pi
SOMIn this experiment we 
ompared the basi
 Pi
SOM algorithm with variants using themulti-resolution 
orre
tion as des
ribed in se
tion 2.2.3. Four di�erent variants wereused.1. 100 runs1 using the default Pi
SOM 
on�guration.2. As in 1, but with MRC performed after all runs have been 
ompleted.3. MRC is performed twi
e, on
e every 50 runs.4. MRC is performed after every run.In 3 and 4 the runs following ea
h MRC begin at the top level again.Table 1 shows the average quantisation error (AQE) and tree sear
h quality (TSQ) ofthe 4 variants on ea
h level of 4-level TS-SOM. As 
an be seen, variants 2-4 have a higherAQE on the more important lower levels, but an improved result on the higher ones.TSQ is de�ned as the per
entage of BMN lo
ated using tree sear
h that are the sameas BMN lo
ated using a full sear
h on a given level of the map. As 
an be seen, MRCredu
es the TSQ on all levels ex
ept the top ones, where tree sear
h is equivalent to fullsear
h.1A run 
onsists of one iteration performed for ea
h input.



Optimisation of TS-SOM 185MRC testMeasure AQE TSQLevel 1. 2. 3. 4. 1. 2. 3. 4.1 197,213 189,362 188,764 190,869 1 1 1 12 159,151 153,726 153,878 159,857 0,951545 0,900166 0,901104 0,9280913 128,144 113,595 113,772 126,069 0,914735 0,811203 0,813411 0,7091614 72,9938 85,7821 85,6351 101,604 0,941446 0,812583 0,812804 0,707726Table 1: MRC used in variants 2-4 redu
es AQE on the lower levels of the TS-SOM, butin
reases it on the higher ones. It redu
es TSQ on all levels ex
ept the top ones.MRC test - HLFMeasure 1. 2. 3. 4.Avgpre
 0,1472 0,1444 0,1325 0,1409W. avgpre
 0,0112 0,0112 0,0102 0,0109A priori avgpre
 16,3233 16,2401 14,2412 16,3332Table 2: MRC de
reases the average pre
ision regardless of whether it is weighted infavour of small or large 
lasses.Table 2 shows the average, the weighted average, and the a priori average averagepre
ision (avgpre
) for lo
ating obje
ts 
ontaining queried high-level features (HLF) of34 
lasses. These 
lasses in
ludes su
h HLF as people, water, buildings and 
rowds.Be
ause ea
h 
lass had a di�erent number of obje
ts for training and testing, it wasne
essary to examine whether small 
lasses with few obje
ts were not skewing the results.This was done with the weighted average, where the avgpre
 of ea
h 
lass was weightedby the number of obje
ts it 
ontained.However, be
ause obje
ts in small 
lasses have a mu
h lower a priori probability ofbeing lo
ated in a large database, a higher avgpre
 may be 
onsidered a greater a
hieve-ment. The a priori avgpre
 of 
lass i is 
al
ulated by dividing its avgpre
 by its a prioriprobability Pi, whi
h is de�ned as follows.
Pi = Oi/N, (4)where Oi is the number of obje
ts in 
lass i and N is the total number of obje
ts inthe entire database. Unfortunately, this measure is more sus
eptible to noise than theother two as it magni�es the results of small 
lasses.As 
an be seen from the results in table 2, variant 1 s
ored the best in all threedi�erent measures.MRC essentially damages the lower-level mappings, whi
h were produ
ed using astati
 positioning of the higher ones. Be
ause the lower levels were produ
ed re
y
lingthe iterations of the higher levels as well as their own, they are mu
h more �nely tuned.MRC re
y
les this �ne-tuning when it 
orre
ts the positions of the higher levels. However,in non-visualisation tasks that only use the lowest level of the Pi
SOM TS-SOM (su
has HLF dete
tion), MRC provides no bene�t at all.



186 P. PrentisTri test - improvement %Level AQE TSQ1 4,36 02 2,50 0,00353 2,52 0,01764 8,48 0,0375Table 3: Using a triangular neighbourhood kernel improves AQE and TSQ on all levelsof the TS-SOM. MRC test - HLFMeasure Re
t TriAvgpre
 0,1190 0,1281W. avgpre
 0,0092 0,0098A priori avgpre
 14,5450 15,1471Table 4: Using a triangular neighbourhood kernel improves HLF dete
tion.3.2 Triangular neighbourhood kernelThe default 
on�guration of Pi
SOM uses a re
tangular neighbourhood kernel (see se
tion2.1.1). In this experiment we repla
ed it with a triangular one and 
ompared the results.Table 3 shows the per
entage of improvement to average AQE and TSQ of 7 separatetests using di�erent features, whi
h this modi�
ation a
hieved. As 
an be seen, using atriangular kernel improved the map quality of ea
h level of the TS-SOM. This also appliesto ea
h separate feature as well as the average s
ore.Table 4 
ompares the HLF test results of re
tangular and triangular neighbourhoodkernels using the average of the same 7 features. The avgpre
 (using the same threemeasures as in the previous experiment) was on average better in ea
h 
ase, although forone or two features the a priori avgpre
 de
reased slightly.Overall it may be 
on
luded that the triangular outperforms the re
tangular neigh-bourhood kernel.3.3 Convolution radiusDuring the 
onvolution phase of the Pi
SOM algorithm, a triangular kernel of radius C(not to be 
onfused with the neighbourhood kernel in the previous se
tion) is used togeneralise the input from training data or user feedba
k (see se
tion 2.3). The defaultvalue of C is 9 (i.e. the values on the value map of neurons within a topologi
al rangeof 9 from the BMN of positive or negative hits will be modi�ed in proportion to theirdistan
e).The graph in �gure 4 shows the avgpre
 of ea
h of the 34 
lasses examined at valuesof C ranging from 1 (the 
onvolution does not a�e
t the value map) to 20. In most 
ases,the avgpre
 starts very low and rapidly in
reases to a maximum value, after whi
h itslowly begins to de
rease.There are a few ex
eptions to this general rule. The plotted values that de
rease
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Figure 4: Dependen
e of average pre
ision on 
onvolution radius for 34 di�erent 
lasses.monotoni
ally with the in
reasing value of C belong to very small 
lasses with verysimilar obje
ts. These 
lasses do not bene�t from the generalisation that 
onvolutionprodu
es. Also, there are two high-s
oring 
lasses that remain more or less 
onstant.These are the 
lasses, fa
e and person, whi
h are primarily dependent on a feature thatregisters su

essful fa
e-dete
tion. This produ
es a high degree of separability, whi
hdiminishes the in�uen
e of 
onvolution.When the optimal value of C is sele
ted for ea
h 
lass, instead of the default valueof 9, the avgpre
 was improved by 4.7%. However, when these optimised values of Cwere employed with subsets and supersets of the training data, the resulting avgpre
was lower than with the default value. The optimisation of the 
onvolution parameterwas e�e
tually over-learning. It was observed that when using a 
onstant value of Cfor all 
lasses, the subset experiment s
ored highest for higher values, while the supersetdid better with lower ones. It may be 
on
luded from this that sparser data requires agreater degree of generalisation. Also, based on the general trend of most 
lasses, it 
anbe noted that higher values of C o�er less risk, as they in
rease the 
han
es of avoidingthe steep rise prior to the peak.4 Con
lusionsIn this paper we des
ribed in detail the di�eren
e between two variants of the TS-SOMalgorithm used in the proje
ts GalSOM and Pi
SOM. Methods used for optimising Gal-



188 P. PrentisSOM were applied to Pi
SOM with mixed su

ess. MRC, whi
h had previously been usedsu

essfully to improve the quality of GalSOM mappings was found to be unsuitable forPi
SOM. Conversely, triangular neighbourhood kernels were found to improve Pi
SOM'sresults signi�
antly. Finally, experiments with the 
onvolution parameter of Pi
SOMshowed that optimisation on a 
lass-by-
lass basis for high-level feature dete
tion resultsin over-learning. The analysis also suggests that higher values of the parameter will havemore stable, albeit suboptimal results.Referen
es[1℄ J. Koh, M. Suk and S. M. Bhandarkar, A Multilayer Self-Organizing Feature Mapfor Range Image Segmentation, Neural Networks, 8:67-86, 1995.[2℄ T. Kohonen, Self-Organizing Maps, Third Edition, Springer-Verlag Berlin 2001.[3℄ P. Koikkalainen, E. Oja, Self-organizing hierar
hi
al feature maps, Pro
eedings ofInternational Joint Conferen
e on Neural Networks, San Diego, CA, 1990; II:279-284.[4℄ P. Koikkalainen, Progress with the tree-stru
tured self-organizing map, 11th EuropeanConferen
e on Arti�
ial Intelligen
e, August 1994.[5℄ J. Laaksonen, M. Koskela and E. Oja, Appli
ation of Self-Organizing Maps inContent Based Image Retrieval, in Pro
eedings of ICANN'99, Edinburgh, 1999.[6℄ J. Laaksonen, M. Koskela, S. Laakso and E. Oja, Self-Organizing Maps as aRelevan
e Feedba
k Te
hnique in Content Based Image Retrieval, Pattern analysis& Appli
ations, 4(2-3): 140-152, June 2001.[7℄ J. Pakkanen, J. Iivarinen and E. Oja, The Evolving Tree - A Novel Self-OrganizingNetwork for Data Analysis, Neural Pro
essing Letters 20, 2004.[8℄ P. Prentis Multi-Resolution Visualisation of Data with Self-Organizing Maps, sub-mitted to Neural Network World for publi
ation, 2006.[9℄ P. Prentis Multi-Resolution Visualisation of Image Sets with Self-Organizing Maps,in pro
eedings of Doktorandský den Ústavu informatiky, Akademie v¥d �eské repub-liky, 2006.[10℄ P. Prentis Problems with Multi-Resolution Visualisation of Data using Self-Organising Maps, in pro
eedings of Doktorandský den Katedry matematiky, Fakultajaderná a fyzikáln¥ inºenýrská, �VUT, 2006.[11℄ P. Prentis GalSOM - Colour-Based Image Browsing and Retrieval with Tree-Stru
tured Self-Organising Maps, in Pro
eedings of the 6th Workshop on Self-Organizing Maps, Bielefeld 2007.[12℄ R. Rojas, Neural Networks - A Systemati
 Introdu
tion, Springer-Verlag Berlin 1996.
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Abstra
t. We des
ribe behavior of the burning air-
oal mixture in power plant furna
e, using theNavier-Stokes equations for gas and parti
le phases, a

ompanied by a turbulen
e model. Theundergoing 
hemi
al rea
tions are des
ribed by the Arrhenian kineti
s (rea
tion rate proportionalto exp

(
− E

RT

)
, where T is temperature). We also 
onsider the heat transfer via 
ondu
tion andradiation. The system of PDEs is dis
retized using the �nite volume method (FVM) and anadve
tion upstream splitting method as the Riemann solver. The resulting ODEs are solvedusing the 4th-order Runge-Kutta method. Sample simulation results for typi
al power produ
tionlevels are presented.Abstrakt. Popisujeme 
hování ho°í
í sm¥si prá²kovéhoo uhlí a vzdu
hu v elektrárenském kotlipomo
í Navier-Stokesový
h rovni
 pro plynnou a pevnou fázi spolu s modelem turbulen
e. Mo-delovaní 
hemi
ký
h reak
í se popisuje tzv. Arrheniovskou kinetikou (ry
hlost reak
e je um¥rná

exp
(
− E

RT

)
, kde T je teplota). Dále uvaºujeme p°enos tepla vedením a radia
í. Systém par
iál-ní
h diferen
iální
h rovni
 je diskretizovám metodami kone£ný
h objem· a "adve
tion upstreamsplitting". Výsledný systém oby£ejný
h diferen
iální
h rovni
 je °e²en metodou Runge-Kutty-Merson 4. °ádu. Jsou prezentovány výsledky simula
í pro typi
ký výkon elektrárny.

1 ÚvodHlavním 
ílem zkoumání ho°ení a vytvo°ení modelu ho°ení je jeho pouºití k vývoji °í-dí
í
h systém· pro industriální aplika
e (stávají
í model pouºívá parametry z kotle K5v Otrokovi
í
h). Dal²ím d·vodem je optimaliza
e produk
e oxid· dusíku, jeji
hº tvorbaje siln¥ ovlivn¥na teplotním pro�lem, p°ítomností spalova
ího vzdu
hu a paliva, m·ºebýt tedy kontrolována vhodnou distribu
í uhelného prá²ku a sekundárního vzdu
hu naho°á
í
h.Spalova
í komora je obvykle £tver
ového pr·°ezu s n¥kolika patry ho°ák· (viz Obrá-zek 1), které mohou být umíst¥ny na st¥ná
h nebo v rozí
h. V na²em p°ípad¥ je komora
∗Tato prá
e je £áste£n¥ podpo°ena grantem "Applied Mathemati
s in Te
hni
al and Physi
al S
ien
es"MSM 6840770010 Ministerstva ²kolství, mládeºe a t¥lový
hovy �eské Republiky a grantem "Advan
edControl and Optimization for Power Generation" £íslo 1H-PK/22Ministerstva pr·myslu a ob
hodu �eskéRepubliky.
†Spolupra
ovali Jind°i
h Makovi£ka, Mi
hal Bene² and Vladimír Havlena189



190 R. Straka30m vysoká a 7 metr· ²iroká, ho°áky jsou ve £ty°e
h patre
h.Rozm¥ry spalova
í komory a po£et ho°ák· je dán energeti
-kými poºadavky . V na²em p°ípad¥ výkon kotle £iní 90 MW,spolu s parogenerátorem produkuje aº 100 tun stla£ené p°e-h°áté páry za hodinu. Ho°áky se obvykle na
házejí ve spodní£ásti komory. Do ni
h je p°ivád¥na sm¥s primárního vzdu
hua uhelného prá²ku, p°edeh°átého na ur£itou teplotu, dále paksekundárního vzdu
hu a nakone
 nad posledním patrem je p°i-veden vzdu
h doho°íva
í. Jak sm¥s ho°í p°ená²í £ást tepla doplá²t¥ komory, který obsahuje trubky z vodou, zbytek teplaod
hází spolu se spalinami do horní £ásti kotle, jenº obsahujer·zné kovek£ní plo
hy (oh°íváky vzdu
hu a vody, výparník, p°e-h°ívák) a kde do
hází k dal²ímu p°enosu tepla (viz nap°íklad Obrázek 1: S
héma kotle[4℄). Nejv¥t²í snahou bylo namodelování pro
es· v oblasti, kde do
hází k ho°ení a k tvorb¥oxid· dusíku spolu s p°esn¥j²ím fyzikálním modelem samotného ho°ení a jev· které hodoprovázejí.2 Matemati
ký modelMatemati
ký model ho°ení je zaloºen na Navier-Stokes rovni
í
h pro reak£ní sm¥s, kdeuhelné £áste£ky jsou povaºovány za jednu z komponent (jina£í p°ístup je zaloºen navlastní
h rovni
í
h pro uhelné £ásti
e a spaliny [1℄). Tento p°ístup byl zvolen nebo´ zjed-nodu²uje model v p°ípad¥ uváºení turbulen
e a odstra¬uje n¥kolik empiri
ký
h vztah· akonstant.Stávají
í model zahrnuje nasledují
í komponenty sm¥si:
• 
hemi
ké látky u£astní
í se p°i tvorb¥ oxid· dusíku: dusík (N2), kyslík (O2), oxiddusnatý (NO), kyanovodík (HCN), amoniak (NH3) a voda (H2O)
• pevná (
har) a t¥kavá (volatile) £ást uhelné £ásti
ePlynná fáze je popsána následují
ími rovni
emi.Zákon za
hování hmoty pro kaºdou komponentu (je pouºito Einsteinovo suma£ní pravi-dlo):

∂

∂t
(ρYi) +

∂

∂xj

(ρYiuj) = ∇ ~Ji +Ri, (1)kde ρ je hustota spalin, Yi hmotnostní kon
entra
e komponenty a uj jsou sloºky ry
hlostispalin. �leny na pravé stran¥ popisují laminarní a turbulentní difuzi a tvorbu £i zánikkomponenty v 
hemi
ký
h reak
í
h.Vý²e uvedené rovni
e jsou dopln¥ny rovni
í kontiniuty:
∂ρ

∂t
+
∂(ρuj)

∂xj
= 0. (2)
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í za
hování momentu hybnosti:
∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) = − ∂p

∂xi

+
∂

∂xj

[

µeff

(
∂ui

∂xj
+
∂uj

∂xi
− 2

3
δij
∂ul

xl

)]

+ gi, (3)kde ~g = [g1, g2, g3] je p·sobení vn¥j²í síly na tekutinu, v na²em p°ípad¥ gravita
e. Efektivníkoe�
ient dynami
ké viskozity µeff je pomo
í modelu turbulen
e vyjád°en jako:
µeff = µ+ µt = µ+ ρCµ

k2

ǫ
,kde µ je laminarní dynami
ká viskozita, k turbulentní kineti
ká energie a ǫ ry
hlost di-sipa
e k. Konstanty jako Cµ, a dal²í aditivní konstanty zmín¥né pozd¥ji v textu, musíbýt ur£eny empiri
ky pro daný problém, v na²em p°ípad¥ uºíváme Cµ = 0.09, 
oº dáváuspokojivé výsledky. V²e
hny empiri
ké konstanty pro model turbulen
e jsou p°evzaty z[13℄.Poslední rovni
e popisuje za
hování energie:

∂

∂t
(ρh) +

∂

∂xj

(ρujh) = −ncoal
dmcoal

dt
hcomb

+qr + qc + qs, (4)kde £leny na pravé stran¥ jsou po °ad¥, spalné teplo, p°enos tepla radia
í, vedením a £lenpopisují
í vznik £i zánik tepla. �leny jsou modelovány následovn¥:
−qc = ∇ · (λ∇T ) ,p°enos tepla vedením, který je popsán Fourierovým zákonem vedením tepla a
−qr = ∇ ·

(
cT 3∇T

)
,pro p°enos tepla sáláním (radia
í). P°enos tepla radia
í je pln¥ popsán integro-diferen
iálnímirovni
emi, které je velmi výpo£etn¥ nákladné °e²it. Ni
mén¥, spaliny lze povaºovat za op-ti
ky hustý materiál a lze aplikovat p°ibliºný model radia
e, tzv. Rosseland·v model[13℄.�len popisují
í zánik tepla je nenulový jen na hrani
i komory a popisuje vým¥nu teplase zdmi komory vedením a sáláním

qs = A(Tgas − Twall) +B(T 4
gas − T 4

wall),kde A a B jsou konstanty zavisejí
í na vlastnoste
h rozhraní mezi modelovanou oblastí ajejím okolí.Hmotnostní zm¥na uhelný
h £ásti
 je popsána jednokrokovou Arheniovskou kinetikou,zvlá²´ pro pevnou a t¥kavou £ást � t¥kavá sloºka ho°í mnohem ry
hleji nez pevná.
dmp

dt
= −Avm

α
p [O2]

β exp

(

− Ev

RTp

)

,



192 R. Strakakde mp je hmotnost ho°laviny, Av, Ev jsou empiri
ké konstanty, [O2] kon
entra
e kyslíkua Tp je teplota £ásti
e.Vý²e uvedené rovni
e jsou dopln¥ny stavovou rovni
í
p = (κ− 1)ρgas

(

egas −
1

2
v2
gas

)

.Zde, κ je Poissonova konstatna a egas je 
elková energie na jednotku hmotnosti.Model turbulen
e je standartní k-ǫ model, který popisuje vývoj turbulen
e pomo
ídvou rovni
 � rovni
e turbulentní kineti
ké energie
∂

∂t
(ρk) +

∂

∂xj
(ρkuj) =

∂

∂xj

[(

µ+
µt

σk

)
∂k

∂xj

]

+Gk − ρǫ, (5)a rovni
e ry
hlosti disipa
e turbulentní kineti
ké energie
∂

∂t
(ρǫ) +

∂

∂xj

(ρǫuj) =
∂

∂xj

[(

µ+
µt

σǫ

)
∂ǫ

∂xj

]

+C1ǫ
ǫ

k
Gk − C2ǫρ

ǫ2

k
. (6)Konstanty musí byt zji²t¥ny empiri
ky a v na²em p°ípad¥ uºíváme: C1ǫ = 1.44, C2ǫ = 1.92,

σk = 1.0, σǫ = 1.3.Produk
i turbulen
e Gk, lze odvodit z Reynoldsova pro
esu zpr·m¥rování a zapsánve tvaru �uktují
í
h £ástí ry
hlostí nabývá tvaru
Gk = τjl

∂uj

∂xl
= −ρu′ju′l

∂uj

∂xl
,kde τjl je Reynolds·v tenzor nap¥tí. Av²ak �uktua
e u′j a u′l jsou b¥hem výpo£tu neznámé.Po pouºití hypotézy Boussinesqa, ºe Reynoldsovo nap¥tí je úm¥rné st°ední ry
hlosti de-forma
e

Sij =
1

2

(
∂ui

∂xj
+
∂uj

∂xi

)

,lze zapsat produk
i v uzav°ené form¥
Gk = µtS

2, S = (2SjlSjl)
1/2.Difuze látek sestává ze dvou pro
es· � laminární
h a turbulentní
h a difuzní £len vrovni
i (1) m·ºeme napsat jako

~Ji = −
(

ρDi,m +
µt

Sct

)

∇Yi.První £len je laminární difuze, druhý turbulentní. Jelikoº turbulentní £len obe
n¥ p°eva-ºuje nad laminárním aDi,m je obtíºné zjistit, je laminární £len vypu²t¥n. Sct je turbulentníS
hmidtovo £íslo a pokládáme Sct = 0.7.K popisu pevné fáze £ásti
 (zvlá²t¥ pak 
elkovému povr
hu £ásti
) pot°ebujeme je²t¥popsat po£etní hustotu £ásti
:
∂ncoal

∂t
+
∂(ncoalucoal)

∂x1
+
∂(ncoalvcoal)

∂x2
= 0. (7)



Model spalování prá²kového uhlí v kotli 1933 Zjednodu²ený model tvorby NOxTento model byl vypra
ován tak aby p°ibliºn¥ popisoval mnoºství oxid· dusíku p°i spa-lování uhlí v kotli. P°esný me
hanismus ho°ení uhlí je velik
e komplikovaný a obsahujespousty 
hemi
ký
h látek a rovni
, proto je pouºit zjednodu²ený model, který postihujejen nejd·leºitej²í reak
e a látky jenº mají vliv na kone£nou kon
entra
i oxdi· dusíku vespaliná
h.V naprosté v¥t²in¥ p°ípad· zna£ením NOx rozumíme skupinu oxidu dusnatého (NO)a oxidu dusi£itého (NO2). Tyto plyny siln¥ zne£i²´ují ºivotní prost°edí a podílejí se navzniku kyselý
h de²´·. Jsou známy dv¥ hlavní 
esty jak mohou p°i spalování NOxy vzni-kat. První jsou známy pod názvem Termální NOxy nebo Zeldovi£ovy NOxy a vznikají oxi-da
í atmosféri
kého dusíku p°i vysoký
h teplotá
h. Druhé jsou nazývány Palivové NOxy,povstávají
í p°i spalování paliva, které samo o sob¥ obsahuje dusík vázaný v palivu. Po-kud se da°í drºet teploty v kotli na hladiná
h niº²í
h neº jsou pot°ebné pro zahájeníreak
í, p°i který
h vznikají Termální NOxy, jsou Palivové NOxy hlavním zdrojem imisíoxidu dusík·.Jsou známy i dal²í me
hanismy vzniku NOx· (Promptní NOx (Fenimore) nebo me-
hanismus s oxidem dusným jako meziproduktem). P°íspevek t¥
hto me
hanizm· je vp°ípad¥ spalování uhlí za normální
h podmínek zanedbatelný a nebyl v modelu uvaºo-ván.3.1 Termální NOMe
hanismus vzniku termální
h NOx· funguje pouze p°i vysoký
h teplotá
h (okolo 1800K)a je popsán t°emi reak£ními rovni
emi poprvé zve°ejn¥nými Zeldovi£em [5℄ a roz²í°ený
hBowmanem [6℄
O + N2

k1←→ N + NO

N + O2
k2←→ O + NO

N + OH
k3←→ H + NOTyto rovni
e mohou b¥ºet ob¥ma sm¥ry a jeji
h ry
hlostní konstanty jsou z databáze [7℄.K výpo£tu kon
entra
e NO musíme znát kon
entra
i radikál· O, OH a N o kterémpro zjednodu²ení p°edpokládáme, ºe je ve kvazistabilním stavu. Ve skute£nosti je forma
eN limitují
ím faktorem produk
e termální
h NOx·, díky velmi vysoké aktiva£ní energiimolekuly dusíku (za v²e m·ºe trojná vazba mezi atomy dusíku). Tedy zm¥na kon
entra
eNO je popsána rovni
í

d[NO]

dt
= 2k+

1 · [O] · [N2] ·
1− k−

1 k−

2 [NO]2

k+
1 [N2]k

+
2 [O2]

1 +
k−

1 ·[NO]

k+
2 [O2]+k+

3 [OH]

.Za jistý
h podmínek se molekula kyslíku ²t¥pí a rekombinuje 
ykli
ky.
O2

K1←→ O + O,
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oº vyjad°uje následují
í stav £áste£né rovnováhy
[O] = K1 · [O2]

1/2 · T 1/2.Pro radikál OH máme podobnou £áste£nou rovnováhu
O + H2O

K2←→ OH + OHs p°iblíºením
[OH] = K2 · [O]1/2 · [H2O]1/2 · T−0.57.Rovnováºné konstanty K1 a K2 jsou
K1 = 36.64 · exp

(−27123

T

)

,

K2 = 2.129 · 102 · exp

(−4595

T

)

.3.2 Palivový NOAnalýza sloºení uhlí ukazuje, ºe dusíkaté látky jsou v n¥m ví
e £i mén¥ zastoupeny, ob-vykle aº do desítkek hmotnostní
h pro
ent. Pokud je uhlí zah°íváno, tyto látky p°e
házejív jisté meziprodukty a následn¥ na NO. Samo uhlí je tedy významným zdrojem oxid·dusíku. Pokud je £ásti
e uhlí zah°ívána, p°edpokládáme, ºe dusíkaté slou£eniny se rozd¥límezi pevnou a t¥kavou £ást. Mnoho pra
í bez opodstatn¥ní uvádí, ºe polovina vázanéhodusíku p°ejde do pevné £ásti a polovina do t¥kavé. Jelikoº k tomu není ºádný d·vod,zavádíme parametr α, který popisuje distribu
i vázaného dusíku mezi pevnou a t¥kavou£ást.
mN

vol = α ·mN
tot,

mN
char = (1− α) ·mN

tot,kde α ∈< 0, 1 >, mN
tot je 
elkové mnoºství vázaného dusíku, mN

vol je mnoºství dusíku vt¥kavé £ásti a mN
char v pevné £ásti.Jak jiº bylo zmín¥no, dusík p°e
hází v imise skrze meziprodukty, kterými jsou obvykleamoniak NH3 a kyanovodík HCN.Dále je t°eba rozli²it £ty°i r·zné reak£ní 
esty (viz [9, 10℄). Aby pro
es tvorby imisímohl být 
o nejví
e komplexní je nutné zavést t°i dal²í parametry (podobné α):

• β je distribu
e mN
tot mezi HCN a NH3.

• γ je distribu
e mN
HCN mezi první a druhou reak£ní 
estou.

• δ je distribu
e mN
NH3

mezi t°etí a £tvrtou reak£ní 
estou.
• β, γ, δ ∈ 〈0, 1〉.Nap°íklad, mnoºství dusíku v pevné £ásti vstupují
í do druhé reak£ní 
esty, m·ºemenapsat jako

mN
P2,char = mN

tot · β · (1− γ) · (1− α).P¥t obe
ný
h reak
í popisují
í
h vznik anebo zánik NO bylo pouºito p°i modelováníspalování.
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eVzhledem k [11℄, ry
hlostní konstanty reak
í
HCN + O2

R1−→ NO + . . .

NH3 + O2
R2−→ NO + . . .

HCN + NO
R3−→ N2 + . . .

NH3 + NO
R4−→ N2 + . . .jsou dány rovni
emi

R1 = 1.0 · 1010 ·XHCN ·Xa
O2
· exp

(−33732.5

T

)

,

R2 = 4.0 · 106 ·XNH3 ·Xa
O2
· exp

(−16111.0

T

)

,

R3 = −3.0 · 1012 ·XHCN ·XNO · exp

(−30208.2

T

)

,

R4 = −1.8 · 108 ·XNH3 ·XNO · exp

(−13593.7

T

)

,kde X je molární zlomek a a °ád reak
e kyslíku.3.2.2 Heterogení reduk
e NO na pevné £ástiNa pevné £ásti do
hází k následují
ímu adsorb£nímu pro
esu
Char + NO

R5−→ N2 + . . .Levy [12℄ uºil povr
h pór· v pevné £ásti (BET) k vyjád°ení zániku NO

SNO
ads = k5 · cs · ABET ·MNO · pNO,kde k5 = 2.27 · 10−3 · exp

(−17168.33
T

) je ry
hlostní konstanta, SNO
ads je zdrojový £len NO, csje kon
entra
e £ásti
, ABET je plo
ha pór· a pNO je par
iální tlak NO.Celkový zdrojový £len pro NO, který vznikne suma
í v²e
h zdrojový
h £len· uvede-ný
h vý²e, je posléze pouºit v transportní rovni
i, stejn¥ tak pro ostatní látky. Dále jep°edpokládáno, ºe dusík jak z t¥kavé tak pevné £ásti p°e
hází na meziprodukty ry
hle abezezbytku.4 Numeri
ké °e²eníK numeri
kému °e²ení rovni
 byla pouºita metoda kone£ný
h objem·. Na levé a pravéstrany v rovni
í
h (1), (2), (3), (4), (5), (6), (7), byla aplikována metoda �adve
tionupstream splitting� (viz [2℄) k aproxima
i tok· a metoda duální
h objem· k aproxima
idruhý
h deriva
í. Detailní popis °e²i£e lze nalézt v [4℄.



196 R. Straka5 Výsledky simula
íNyní jsou uvedeny výsledky simula
í spalovaní v kotli, spolu s porovnáním dvou model·.Hlavní rozdíl mezi prvním a druhým modelem je vylep²ení fyzikální £ásti(termofyzikálníkonstanty nahrazeny funk
emi) a d·kladn¥j²í model turbulen
e (p°idány n¥které dal²í£leny, obvykle zanedbávané). Hlavní rozdíl je ov²em ve výpo£tu 
elé spalova
í komory(druhý model) a ne jen její poloviny (první model), 
oº se projeví v symetrii °e²ení.Teplotní pro�ly a výstupní kon
entra
e oxidu dusíku se ví
emén¥ shodují z hodnotaminam¥°enými v otrokovi
ké teplárn¥. Ve v²e
h p°ípade
h je v provozu 8 ho°ák·, tj. 4 nakaºdé st¥n¥ kotle.
Obrázek 2: Teplotní pro�l � tok spalin: 18 kg/s, první model

Obrázek 3: Teplotní pro�l � tok spalin: 28 kg/s, první model

Obrázek 4: NOx pro�l � tok spalin: 48 kg/s, první model
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Obrázek 5: Teplotní pro�l � mnoºství paliva: 5.63 kgf/s, druhý model

Obrázek 6: Teplotní pro�l � mnoºství paliva : 5.63 kg/s, druhý model

Obrázek 7: NOx pro�l � mnoºství paliva : 5.63 kg/s, druhý model

Obrázek 8: Proudni
e � mnoºství paliva : 5.63 kg/s, druhý model



198 R. Straka6 ShrnutíByl vytvo°en matemati
ký model, který aproximuje sloºité pro
esy ho°ení v pr·myslovémkotli. Tento model se ukázal býti p°ijatelný jak z hlediska výpo£etního tak fyzikálního.Jako dal²í, bude snaha pouºití stávají
ího modelu k výpo£tu mnohem komplikovan¥j²ího�uidního kotle s dvojím druhem paliva a 
irkula
í materiálu.Pod¥kováníVelmi o
e¬ujeme pomo
 od projektu HPC-Europa, a vyjíme£nou o
hotu pra
ovník· zsuperpo£íta£ového 
entra CINECA z italské Boloni, kde byla dokon£ena prá
e na paralelníverzi °e²i£e. Tato prá
e na paralelní verzi byla £ástí projektu HPC-EUROPA (RII3-CT-2003-506079), s podporou European Community � Resear
h Infrastru
ture A
tion aprogramem FP6 "Stru
turing the European Resear
h Area".Literatura[1℄ Y. C. Guo, C. K. Chan, Fuel 79 (12) (2000) 1467�1476.[2℄ Meng-Sing Liou, C. Steffen, Jr., J. Comp. Phys. 107 (1) (1993) 23�29.[3℄ J. Makovi£ka, V. Havlena, in:M. Bene², J. Miky²ka, T. Oberhuber(Eds.), Pro
eedings of the Cze
h-Japanese Seminar in Applied Mathemati
s 2004,Fa
ulty of Nu
lear S
ien
es and Physi
al Engineering, Cze
h Te
hni
al University inPrague, 2005, p. 106.[4℄ J. Makovi£ka, V. Havlena, M. Bene², in: A. Handlovi£ová, Z. Krivá,K. Mikula, D. �ev£ovi£ (Eds.), ALGORITMY 2002 Pro
eedings of 
ontributedpapers, Publ. house of STU, 2002, p. 171.[5℄ J. B. Zeldovi
h, A
ta Physi
o
himi
a 21 (1946) 577�628.[6℄ C. T. Bowman, D. J. Seery, Emissions from Continuous Combustion Systems,Plenum Press, New York, 1972, p. 123.[7℄ NIST, Chemi
al Kineti
s Database on the Web, National Institute of Standards andTe
hnology, 2000, http://www.kineti
s.nist.gov[8℄ C. Kim, N. Lior, Chemi
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Con�den
e of Classi�
ation and its Appli
ation toClassi�er Aggregation∗David �tefka2nd year of PGS, email: stefka�
s.
as.
zDepartment of Mathemati
s, Fa
ulty of Nu
lear S
ien
es and Physi
alEngineering, CTUadvisor: Martin Hole¬a, Institute of Computer S
ien
e, AS CRAbstra
t. Classi�er 
ombining is a su

esful method for improving the quality of 
lassi�
ation.In this paper, we introdu
e the 
on
ept of 
on�den
e of 
lassi�
ation and de�ne two 
on�den
emeasures � the lo
al a

ura
y and the lo
al diversity. We propose algorithms for 
lassi�er ag-gregation whi
h utilize the 
on
ept of 
on�den
e. We then 
ompare the performan
e of thesealgorithms with several state-of-the-art 
lassi�er 
ombining te
hniques. Results of these ben
h-mark tests show that by in
orporating 
on�den
e into 
lassi�er aggregation algorithms, thestate-of-the-art methods 
an be improved.Abstrakt. Kombinování klasi�kátor· je úsp¥²ná metoda pro zvý²ení kvality klasi�ka
e. V tomto£lánku zavedeme kon
ept spolehlivosti klasi�ka
e a de�nujeme dv¥ míry spolehlivosti klasi�ka
e� lokální p°esnost a lokální diverzitu. Vytvo°íme algoritmy pro agrega
i klasi�kátor·, kterévyuºívají kon
ept spolehlivosti klasi�ka
e. Poté porovnáme tyto algoritmy s n¥kolika standardn¥pouºívanými p°ístupy ke kombinování klasi�kátor·. Výsledky t¥
hto test· ukazují, ºe standardníalgoritmy pro agrega
i klasi�kátor· se dají zavedením spolehlivosti klasi�ka
e vylep²it.1 Introdu
tionClassi�er 
ombining is a su

esful method for improving the quality of 
lassi�
ation, basedon using many 
lassi�ers and 
ombining their outputs, instead of using just one 
lassi�er.The literature shows that a team of multiple 
lassi�ers 
an perform the 
lassi�
ation taskbetter than any of the individual 
lassi�ers. However, to a
hieve this, the 
lassi�er outputshave to be 
ombined wisely. For this purpose, many methods have been introdu
ed inthe literature. These 
an be grouped into 
lassi�er sele
tion and 
lassi�er aggregation.In 
lassi�er sele
tion, some rule is used to determine whi
h 
lassi�er to use for the
urrent pattern; only this �expert� 
lassi�er is then used for the �nal predi
tion, and therest of the team is dis
arded. In 
lassi�er aggregation, outputs of all the 
lassi�ers areaggregated into the �nal de
ision.Common drawba
k of 
lassi�er aggregation methods is that they are global, i.e., theydo not adapt themselves to the parti
ular patterns to 
lassify. In other words, the 
om-bination is spe
i�ed during a training phase, prior to 
lassifying a test pattern. A typi
alexample is that if we use the weighted mean aggregation rule, the weights of the indi-vidual 
lassi�ers are usually based on the 
lassi�ers' a

ura
ies. Although it is true that
∗The resear
h reported in this paper was partially supported by the Program �Information So
iety�under proje
t 1ET100300517. 201



202 D. �tefkaif a 
lassi�er has high a

ura
y, its weight should be higher, still, for the 
urent pattern,some other 
lassi�er 
ould be more suitable.While 
lassi�er sele
tion methods use some te
hniques to determine whi
h 
lassi�eris lo
ally better than the others, su
h algorithms sele
t only one 
lassi�er, dis
ardingmu
h potentialy useful information, thus redu
ing the robustness 
ompared to 
lassi�eraggregation.In this paper, we try to in
orporate the strong points of 
lassi�er sele
tion te
hniquesinto 
lassi�er aggregation methods. This will enable us to 
reate novel methods for
lassi�er aggregation, whi
h 
an provide better results than state-of-the-art methods for
lassi�er 
ombining.We introdu
e the 
on
ept of 
on�den
e of 
lassi�
ation, whi
h 
an be used both as a
riterium for 
lassi�er sele
tion, and for improving 
lassi�er aggregation. We de�ne two
on�den
e measures, and propose algorithms for 
lassi�er aggregation whi
h utilize the
on
ept of 
on�den
e. We then show that these algorithms outperform 
ommonly usedmethods for 
lassi�er 
ombining on three ben
hmark datasets.The paper is stru
tured as follows: Se
tion 2 deals with basi
 aspe
ts of 
lassi�er
ombining, namely Se
tion 2.1 
ontains referen
e to the literature about ensemble meth-ods, Se
tions 2.2 and 2.3 des
ribe the di�eren
es between 
lassi�er sele
tion and 
lassi�eraggregation. Se
tion 3 introdu
es the 
on
ept of 
on�den
e of 
lassi�
ation. Se
tion 4
ontains experiments � Se
tion 4.1 des
ribes algorithms used in the experiments, and inSe
tion 4.2, the results of the experiments are dis
ussed. Finally, Se
tion 5 then summa-rizes the paper.2 Classi�er CombiningThroughout the rest of the paper, we use the following notation. Let X ⊆ R
n be a

n-dimensional feature spa
e, an element ~x ∈ X of this spa
e is 
alled pattern, and let
C1, . . . , CN ⊆ X be disjoint sets 
alled 
lasses. The goal of 
lassi�
ation is to determineto whi
h 
lass a given pattern belongs. We 
all a 
lassi�er any mapping φ from thefollowing:
• possibilisti
 
lassi�er � φ : X → [0, 1]N , where φ(~x) = (µ1, . . . , µN) are degrees of
lassi�
ation to ea
h 
lass.
• normalized possibilisti
 
lassi�er � φ : X → [0, 1]N , where φ(~x) = (µ1, . . . , µN),
∑

i µi = 1.
• 
risp 
lassi�er � φ : X → {1, . . . , N}, where φ(~x) is the predi
ted 
lass label ofpattern ~x. Crisp 
lassi�er 
an also be de�ned as a spe
ial 
ase of a normalizedpossibilisti
 
lassi�er, su
h that one degree of membership is equal to 1, and theothers are equal to 0.Normalized possibilisti
 
lassi�ers are sometimes 
alled probabilisti
 [11℄. However,they do not need to be based on probablility theory, so we will 
all them normalizedpossibilisti
. Other types of 
lassi�ers, su
h as rank 
lassi�er [13℄, 
an be de�ned, but wedeal with 
risp and possibilisti
 
lassi�ers only in the rest of the paper. The 
onversion
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e of Classi�
ation and its Appli
ation to Classi�er Aggregation 203of a possibilisti
 
lassi�er φp to a 
risp 
lassi�er φc is 
alled hardening :
φc(~x) = arg maxi=1,...,N{µi}, (1)where φp(~x) = (µ1, . . . , µN).In 
lassi�er 
ombining, we 
reate a team of 
lassi�ers, let ea
h of the 
lassi�ers predi
tindependently, and then 
ombine the 
lassi�ers' outputs into one �nal predi
tion. This
ombined 
lassi�er 
an perform its 
lassi�
ation task better than any of the individual
lassi�ers in the team. Methods whi
h use more or less this idea 
an be found under manynames in the literature � 
lassi�er 
ombining, 
lassi�er aggregation, 
lassi�er fusion,
lassi�er sele
tion, mixture of experts, 
lassi�er ensembles, et
. Basi
ally, there are twomain approa
hes to 
lassi�er 
ombining:

• 
lassi�er sele
tion, where we use some rule to determine whi
h 
lassi�er to use forthe 
urrent pattern; only this �expert� 
lassi�er is then used for the �nal predi
tion
• 
lassi�er aggregation, where all the 
lassi�ers in the team are used for the �nalde
isionClassi�er 
ombining 
onsists of two steps � �rst, we 
reate a team of 
lassi�ers, andthen we adopt some strategy to 
ombine the 
lassi�ers' outputs into the �nal de
ision.The former step is 
ommon for both 
lassi�er sele
tion and aggregation (algorithms for
reating a team of 
lassi�ers are des
ibed in Se
. 2.1), while for the latter step, di�erentalgorithms are needed (these are des
ribed in Se
. 2.2 and 2.3).2.1 Ensemble MethodsIf the team of 
lassi�ers 
onsists only of 
lassi�ers of the same type, whi
h di�er only intheir parameters, dimensionality, or training sets, the team is usually 
alled an ensembleof 
lassi�ers. That is why the methods whi
h 
reate a team of 
lassi�ers are sometimes
alled ensemble methods. The restri
tion to 
lassi�ers of the same type is not essential,but it ensures that the outputs of the 
lassi�ers are 
onsistent.Well-known methods for ensemble 
reation are bagging [4℄, boosting [7℄, error 
orre
-tion 
odes [10℄, or multiple feature subset (MFS) methods [3℄. These methods try to
reate an ensemble of 
lassi�ers whi
h are both a

urate and diverse.2.2 Classi�er Sele
tionCrisp 
lassi�ers are not mu
h appropriate for 
lassi�er 
ombining, be
ause they do notprovide information about degree of 
lassi�
ation to ea
h 
lass. For these 
lassi�ers, onlysimple te
hniques like voting or single best sele
tion 
an be used. That's the reason whywe restri
t to possibilisti
 
lassi�ers in this paper. In the rest of the paper, we supposethat we have 
onstru
ted an ensemble (φ1, . . . , φr) of r possibilisti
 
lassi�ers using someof the methods des
ribed in Se
. 2.1.Classi�er sele
tion algorithms [15, 2, 14℄ use some 
riterion to determine whi
h 
lassi-�er is most suitable for the 
urrent pattern, and the output of this 
lassi�er is taken as the�nal result. The 
riterion for sele
tion 
an be some global property of the ensemble, as insingle best sele
tion (SBS), or some lo
al property, as in dynami
 best sele
tion (DBS).



204 D. �tefkaIn SBS, the 
riterion for sele
tion is usually the validation error rate of the individual
lassi�ers. The 
lassi�er with the lowest validation error rate is used for predi
tion of allthe patterns (i.e. the other 
lassi�ers are entirely dis
arded). In DBS, the 
lassi�er opti-mizing some lo
al 
riterion (for example lo
al a

ura
y of the 
lassi�er in neighborhoodof the 
urrent pattern) is sele
ted for the predi
tion.2.3 Classi�er AggregationFor 
lassi�er aggregation, the output of the ensemble (φ1, . . . , φr) for input pattern ~x 
anbe stru
tured to a r ×N matrix, 
alled de
ision pro�le (DP):
DP (~x) =








φ1(~x)
φ2(~x)...
φr(~x)








=








µ1,1 µ1,2 . . . µ1,N

µ2,1 µ2,2 . . . µ2,N. . .
µr,1 µr,2 . . . µr,N








(2)The i−th row of DP (~x) is an output of the 
orresponding 
lassi�er φi, and the j−th
olumn 
ontains the degrees of 
lassi�
ation of ~x to the 
orresponding 
lass Cj given byall the 
lassi�ers.Many methods for aggregating the ensemble of 
lassi�ers into one �nal 
lassi�er havebeen reported in the literature. A good overview of the 
ommonly used aggregationmethods 
an be found in [11℄. These methods 
omprise simple arithmeti
 rules (sum,produ
t, maximum, minimum, average, weighted average, see [11, 8℄), fuzzy integral[11, 9℄, Dempster-Shafer fusion [11, 1℄, se
ond-level 
lassi�ers [11℄, de
ision templates[11℄, and many others.In this paper, we introdu
e the 
on
ept of 
on�den
e of 
lassi�
ation, whi
h 
an beused both as a 
riterion for 
lassi�er sele
tion, and for improving 
lassi�er aggregation.The 
on
ept of 
on�den
e is des
ribed in the next se
tion.3 Con�den
e Classi�ersThe 
lassi�ers de�ned in Se
. 2 (both 
risp and possibilisti
) give us information aboutthe eviden
e of 
lassi�
ation (i.e., degrees of 
lassi�
ation) of the 
urrent pattern ~x. Thisis all we need to know if we are 
lassifying patterns using a single 
lassi�er. However, in
lassi�er 
ombining, we have a team of 
lassi�ers, and the information about �how 
anwe trust the output of 
lassi�er φi� 
ould be very useful. For this purpose, we introdu
ea 
on
ept of 
on�den
e of 
lassi�
ation.The 
on
ept of 
on�den
e is not new to 
lassi�er 
ombining � in 
lassi�er sele
tion,the 
riteria for sele
tion 
an be viewed as some 
on�den
e measures. In weighted mean
lassi�er aggregation, the individual 
lassi�ers' error rates (whi
h 
an again be viewedas some 
on�den
e measure) are used to adapt the weights of the individual 
lassi�erset
. In this paper, we try to generalize di�erent methods whi
h use this approa
h, andin
orporate all of them into the 
on
ept of 
on�den
e. This enables us to 
reate generalalgorithms for 
lassi�er aggregation, whi
h use some properties of 
lassi�er sele
tion,improving both 
lassi�er aggregation and 
lassi�er sele
tion. This is what makes theapproa
h novel.



Con�den
e of Classi�
ation and its Appli
ation to Classi�er Aggregation 205Suppose we have a 
lassi�er φ, and a pattern ~x to 
lassify. The 
on�den
e of 
lassi�-
ation of the pattern ~x using 
lassi�er φ is a real number in the unit interval [0, 1], andwe model it by a mapping κφ : X → [0, 1]. The mapping κφ will be 
alled 
on�den
emeasure, and the tuple (φ, κφ) will be 
alled 
on�den
e 
lassi�er.The 
on�den
e of 
lassi�
ation κφ(~x) 
an be any property estimating the degree towhi
h we 
an trust the output of φ for 
urrent pattern ~x. In this paper, we will use thefollowing two 
on�den
e measures:
• lo
al a

ura
y with parameter k � LA(k)LA(k) is 
ommonly used 
riterion for 
lassi�er sele
tion [14℄. The 
on�den
e of
lassi�
ation of ~x using φ is de�ned as the estimate of lo
al a

ura
y of φ near ~x.Let Nk(~x) denote the set of k nearest neighbors from the training (or validation)set, 
losest to ~x under Eu
lidean metri
. Then κLA(k)

φ (~x) is de�ned as the ratio ofthe number of patterns from Nk(~x) 
lassi�ed 
orre
tly by φ, to the number of allpatterns from Nk(~x).
• lo
al diversity with parameter k � LD(k)Diversity of an ensemble is a measure indi
ating how di�erent are the 
lassi�ers inthe ensemble. If the diversity of an ensemble is too low, 
lassi�er 
ombining fails toimprove the 
lassi�
ation. Several methods for measuring diversity of an ensemblehave been proposed in the literature, see for example [12℄, but none of these isgenerally a

epted.For our experiments, we used the double-fault diversity measure [12℄, 
omputed onneighbors of pattern ~x. The double-fault diversity measure expresses the similarityof the 
lassi�ers' mis
lassi�
ations. Let φi, φj be two di�erent 
lassi�ers from theensemble (φ1, . . . , φr), and let Nk(~x) be the set of k nearest neighbors from thetraining (or validation) set, 
losest to ~x under Eu
lidean metri
. Then we de�ne
DFij as the ratio of the number of patterns from Nk(~x) 
lassi�ed in
orre
tly byboth 
lassi�ers φi and φj (so-
alled double-faults), to the number of all patternsfrom Nk(~x). DFij varies from 0 (no double-faults) to 1 (both 
lassi�ers mis
lassifyall the patterns), and holds information about some degree of similarity of thetwo 
lassi�ers. Let DFi = 1

r−1

∑r
j=1;j 6=iDFij be the average of DFij. The lower the

DFi, the higher the 
on�den
e of 
lassi�
ation, therefore we de�ne the 
on�den
e of
lassi�
ation of ~x using the i−th 
lassi�er from the ensemble as κLD(k)
φi

(~x) = 1−DFi.Of 
ourse, instead of the lo
al a

ura
y, any other measure of quality of 
lassi�
ation
ould be used (pre
ision, sensitivity, et
.), and for lo
al diversity, any other diversitymeasure 
ould be used (Q-statisti
s, entropy-based diversity measures, et
.).State-of-the-art methods for 
lassi�er 
ombining do not use both eviden
e and 
on-�den
e of 
lassi�
ation heavily. In 
lassi�er sele
tion, 
on�den
e is used to sele
t a
lassi�er, and the eviden
e of other 
lassi�ers is dis
arded. Simple algorithms for 
las-si�er aggregation (mean value, produ
t, maximum, minimum, et
.) use the eviden
e of
lassi�
ation only, and they disregard the 
on�den
e. Advan
ed 
lassi�er aggregationmethods (weighted mean, fuzzy integral, et
.) in
orporate 
on�den
e into aggregation,but only global 
on�den
e measures (i.e., measures independent on the 
urrent pattern,e.g. based on validation a

ura
y of the 
lassi�ers) are 
ommonly used.
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orporating lo
al 
on�den
e measures (like LA or LD) into algorithmsfor 
lassi�er aggregation, performan
e of the algorithms 
ould be improved. To show this,we modify state-of-the-art methods for 
lassi�er aggregation, so that they use the 
on�-den
e of 
lassi�
ation, and study the resulting methods' performan
es on three datasets �the Phoneme, Balan
e, and Satimage datasets. The details are given in the next se
tion.4 ExperimentsTo show that the 
on
ept of 
on�den
e of 
lassi�
ation 
an improve state-of-the-art meth-ods for 
lassi�er 
ombining, we developed simple algorithms for 
lassi�er aggregation(Weighted Mean Value using Con�den
e, Filtered Mean Value, Filtered Weighted MeanValue), and 
ompared them to other methods (Mean Value, Weighted Mean Value, Dy-nami
 Best Sele
tion), on three datasets from the UCI repository [5℄ � the Phoneme,Balan
e, and Satimage datasets.The algorithms used in the experiments are des
ribed in the next se
tion.4.1 Algorithm Des
riptionLet (φ1, . . . , φr) be a team of 
lassi�ers, (2) the output of the team for a pattern ~x. For
ombining the outputs of the individual 
lassi�ers, we used the following algorithms:1. Dynami
 Best Sele
tion � DBSDBS is a 
lassi�er sele
tion algorithm. From the team (φ1, . . . , φr), the 
lassi�erwith the maximal 
on�den
e κmax is sele
ted for predi
tion. If there is more thanone 
lassi�er with 
on�den
e κmax, a random one among them is sele
ted.2. Mean Value � MVMV is a 
lassi�er aggregation method. MV 
omputes mean value of degree of
lassi�
ation to ea
h 
lass, i.e. the aggregated degree of 
lassi�
ation to 
lass Cjis de�ned as the average of the degrees of 
lassi�
ation to 
lass Cj through all the
lassi�ers in the team:
µj =

1

r

r∑

i=1

µi,j. (3)3. Weighted Mean Value � WMVWMV 
omputes weighted mean of the degrees of 
lassi�
ation to 
lass Cj throughall the 
lassi�ers in the team:
µj =

∑r
i=1 ωiµi,j
∑r

i=1 ωi

. (4)The weights ω1, . . . , ωr are de�ned as training a

ura
ies of the 
lassi�ers in theteam.4. Weighted Mean Value using Con�den
e � WMVCWMVC is a modi�
ation of WMV, the di�eren
e being that the weights ω1, . . . , ωrare not training a

ura
ies of the 
lassi�ers, but the 
on�den
es of 
lassi�
ationsinstead, i.e. ωi = κφi
(~x).
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ation to Classi�er Aggregation 2075. Filtered Mean Value � FMVFMV is a modi�
ation of MV, the di�eren
e being that prior to 
omputing themean value, 
lassi�ers with 
on�den
e of 
lassi�
ation of the 
urrent pattern lowerthan some threshold T are dis
arded. If T = 0, FMV 
oin
ides with MV. If thereare no 
lassi�ers with 
on�den
e higher than T (i.e., all the 
lassi�ers would bedis
arded), T is lowered to the value of maximal 
on�den
e in the team.6. Filtered Weighted Mean Value � FWMVFWMV is a modi�
ation of WMV, su
h that prior to 
omputing the weighted mean,
lassi�ers with 
on�den
e lower than T are dis
arded in the same way as in FMV.In addition to the methods above, the data was 
lassi�ed by the single, non-
ombined
lassi�er (for 
omparing the bene�ts of 
lassi�er 
ombining) � this 
lassi�er will be de-noted NC, and will be used as a referen
e 
lassi�er.4.2 Experimental ResultsFor the experiments, we used an ensemble of 
lassi�ers (φ1, . . . , φr), 
onstru
ted using theMultiple Feature Subset method, i.e., we 
reated 
lassi�ers with all possible 
ombinationsof features (all 1-D 
lassi�ers, all 2-D 
lassifers, et
.). The ensemble (φ1, . . . , φr) 
onsistedof Bayesian 
lassi�ers [6℄.The 
ombination of the ensemble was done using the algorithms des
ribed in theprevious se
tion. As 
on�den
e measures for WMVC, FMV, and FWMV, we used LA(20)and LD(20). The value of the threshold T for FMV and FWMV was set experimentally.All the algorithms were implemented using the Java programming language. The resultsof the testing are shown in Fig. 1-3. We measured mean error rate and standard deviationof error rate from 10-fold 
rossvalidation.The best results were obtained for the Phoneme dataset � for this dataset, the algo-rithms whi
h used the 
on�den
e of 
lassi�
ation (WMVC, FMV, FWMV, DBS) showndramati
 improvement to the other 
ombination strategies (MV, WMV). The lo
al a
-
ura
y 
on�den
e measure shown better performan
e than the lo
al diversity 
on�den
emeasure.For the Balan
e dataset, the MV, WMV, and WMVC algorithms were worse thanthe NC 
lassi�er � suggesting that the ensemble of 
lassi�ers was designed poorly. Still,the FMV and FWMV show slight improvement to the NC 
lassi�er, parti
ularly for thelo
al diversity 
on�den
e measure � however, this improvement is small, and (due to highstandard deviation) probably insigni�
ant.In the 
ase of the Satimage dataset, the 
lassi�
ation was improved best by the FMVand FWMV algorithms using the lo
al a

ura
y diversity measure. For the lo
al diversity
on�den
e measure, the results were 
omparable to the NC 
lassi�er, ex
ept for the DBSalgorithm, whi
h performed worse than the NC 
lassi�er.In general, we 
an summarize the that the FMV and FWMV algorithms shown bestperforman
e. The DBS sele
tion algorithm performed well most of the time, but it is quiteunstable � for the Phoneme and Satimage datasets, when the lo
al a

ura
y 
on�den
emeasure was repla
ed by the lo
al diversity 
on�den
e measure, the performan
e of DBSfell rapidly, while the results for FMV and FWMV were still 
omparable. This is due to
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Figure 1: Mean ± standard deviation of the test error rate for the Phoneme dataset.

Figure 2: Mean ± standard deviation of the test error for the Balan
e dataset.the fa
t that DBS sele
ts just one 
lassi�er, while for the 
lassi�er aggregation algorithms,the output is a 
onsensus of several 
lassi�ers.When we 
ompare the two 
on�den
e measures (lo
al a

ura
y and lo
al diversityusing the double-fault diversity measure), we 
an roughly say that the lo
al a

ura
ymeasure gives better results. In addition, the time 
omplexity of 
omputing the diversityof an ensemble is higher than 
omputing the a

ura
y of a single 
lassi�er. These fa
tsand �gures favorize the lo
al a

ura
y measure.5 SummaryIn this paper, we introdu
ed the 
on
ept of 
on�den
e of 
lassi�
ation, whi
h 
an beused both as a 
riterium for 
lassi�er sele
tion, and for modifying 
lassi�er aggregationmethods. We de�ned two 
on�den
e measures (the lo
al a

ura
y and the lo
al diver-sity), and introdu
ed simple algorithms for 
lassi�er aggregation whi
h use the 
on
eptof 
on�den
e of 
lassi�
ation � the Filtered Mean Value, Filtered Weighted Mean Value,and Weighted Mean Value using Con�den
e algorithms. Experimental results showedthat even su
h simple modi�
ations of state-of-the-art 
lassi�er aggregation algorithms
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Figure 3: Mean ± standard deviation of the test error rate for the Satimage dataset.
an yield improvements in the 
lassi�
ation.Moreover, the 
on
ept of 
on�den
e of 
lassi�
ation 
an be in
orporated into many
lassi�er 
ombining te
hniques, possibly resulting in very su

essful methods. In addition,other 
on�den
e measures than those reported in this arti
le 
an be used to furtherimprove the algorithms. Apart from general 
on�den
e measures, based on 
ommonattributes of 
lassi�ers (like a

ura
y, diversity, et
.), measures whi
h 
onsider the spe
i�
type of the 
lassi�er (e.g. 
on�den
e based on the sum of distan
es to neighbors of the
urrent pattern for k-NN 
lassi�ers) 
ould be developed. These issues are topi
s of ourfuture resear
h.Referen
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Vznik vlastní
h hodnot jako následek lokálníperturba
e periodi
kého kvantového grafuOnd°ej Turek2. ro£ník PGS, email: tureko1�km1.fjfi.
vut.
zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Pavel Exner, Ústav jaderné fyziky, AV �R,Pierre Du
los, Université du Sud, Toulon � VarAbstra
t. We will determine the spe
trum of the Hamiltonian of an in�nite periodi
 quantumgraph formed by joined 
ir
les with δ-
ouplings with a general parameter α ∈ R in the pointsof 
onta
t. We will show that the Hamiltonian of su
h system has a band spe
trum. After that,we will 
onsider a bending deformation of the 
hain and examine its in�uen
e on the spe
trum.It will be shown that as a result new eigenvalues appear in the spe
tral gaps. We will des
ribethese eigenvalues and determine their number.Abstrakt. Obsahem prá
e je vy²et°ení spektra hamiltoniánu nekone£ného periodi
kého kvanto-vého grafu tvo°eného navzájem se dotýkají
ími kruhy s δ-vazbami s obe
ným parametrem α ∈ Rv míste
h dotyku. Nejprve ukáºeme, ºe hamiltonián takového systému má pásové spektrum. Potéuváºíme tvarovou deforma
i spo£ívají
í v ohybu °etízku a vy²et°íme její vliv na spektrum. Uká-ºeme, ºe d·sledkem je vznik vlastní
h hodnot ve spektrální
h mezerá
h, tyto vlastní hodnotypopí²eme a ur£íme jeji
h po£et.1 ÚvodPod pojmem kvantový graf rozumíme uspo°ádanou dvoji
i (Γ, H), kde Γ je metri
ký graf(neorientovaný graf s metrikou) a H je hamiltonián na Γ, tj. samosdruºený diferen
iálníoperátor 2.°ádu p·sobí
í na funk
e na hraná
h grafu jako záporn¥ vzatá druhá deriva
e(viz [3℄). Tyto matemati
ké objekty slouºí jako p°irozené modely pro graf·m podobnéstruktury o rozm¥re
h v °ádu nanometr· vytvo°ené z r·zný
h materiál·, £asto polovo-di£·. Te
hnologi
ký pokrok v poslední
h dekádá
h, jenº umoºnil výrobu mikroskopi
ký
hstruktur tohoto typu a tím jeji
h prakti
kou vyuºitelnost, otev°el teorii kvantový
h graf·²iroké aplika£ní moºnosti. Proto byl kon
em osmdesátý
h let minulého století v tétooblasti zahájen intenzivn¥j²í výzkum, ve kterém matemati
ká fyzika pokra£uje dodnes.Stále se v²ak jedná o relativn¥ novou teorii s mnoha nezodpov¥zenými otázkami. Jednímz problém·, který dosud není obe
n¥ vy°e²en, je otázka, jak se obe
n¥ projevuje lokálníperturba
e periodi
kého kvantového grafu na jeho spektru. Panuje p°esv¥d£ení, ºe d·-sledkem je vºdy vznik vlastní
h hodnot, ale d·kaz tohoto tvrzení nebyl dosud p°edloºen,stejn¥ tak zatím nikdo nenalezl protip°íklad. K hlub²ímu porozum¥ní problému a k obje-vení 
esty, jak jej obe
n¥ vy°e²it, m·ºe napomo
i studium konkrétní
h p°íklad·. Snahoutedy je prozkoumat vliv lokální
h perturba
í na spektrum v n¥kolika modele
h a pokusitse vypozorovat spole£né rysy zm¥n, ke kterým ve spektru do²lo.Tato prá
e si klade za 
íl p°isp¥t k hledání odpov¥di konkrétním p°íkladem. Jedná seo nekone£ný °etízek tvo°ený vzájemn¥ se dotýkají
ími krouºky o jednotkovém polom¥ru211



212 O. Tureks δ-vazbami v míste
h dotyku krouºk· (viz obr. 1). P°ipome¬me na tomto míst¥, ºe δ-vazbou ve vr
holu kvantového grafu se rozumí vazba vyjád°ená následují
ími okrajovýmipodmínkami:
ψj(0) = ψk(0) =: ψ(0) , j, k ∈ n̂ ,

n∑

j=1

ψ′
j(0) = αψ(0) ,kde n̂ = {1, 2, . . . , n} je mnoºina index· hran vy
házejí
í
h z uvaºovaného vr
holu a

α ∈ R ∪ {+∞} je tzv. parametr vazby.
Obrázek 1: Neperturbovaný grafNejprve nalezneme spektrum hamiltoniánu volné bezspinové £ásti
e na uvaºovanémnekone£ném °etízku, a poté uváºíme perturba
i spo£ívají
í v ohybu °etízku v jednommíst¥ (rovinnost grafu z·stane za
hována) o úhel ϑ, viz obrázek 2. U perturbovanéhografu vy²et°íme spektrum hamiltoniánu a popí²eme jeho vztah ke spektru p·vodníhosystému.

Obrázek 2: Perturbovaný systém
2 Spektrum nekone£ného periodi
kého systémuP·vodní, neperturbovaný kvantový graf je periodi
kým systémem, proto k výpo£tu jehospektra vyuºijeme metodu Floquetova rozkladu (viz [4℄). Uvaºujme jednu elementárníbu¬ku (viz obr. 3) s vlnovými funk
emi ozna£enými zp·sobem nazna£eným na obrázku.
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Obrázek 3: Elementární bu¬ka periodi
kého systémuP°edpokládejme, ºe £ásti
e na grafu má energii E. Protoºe vlastní funk
e musí být vtakovém p°ípad¥ lineární kombina
í funk
í ei
√

Ex a e−i
√

Ex. P°itom není podstatné, zda jeenergie nezáporná, anebo záporná: pro E = −κ2 (κ > 0) sta£í poloºit √E = iκ. Mámetedy
ψ1(x) = C+

1 ei
√

Ex + C−
1 e−i

√
Ex, x ∈ [−π/2, 0]

ψ2(x) = C+
2 ei

√
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2 e−i
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1 ei
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(1)V míst¥ dotyku krouºk· je p°edepsána δ-vazba s parametrem α, tj.
ψ1(0) = ψ2(0) = ϕ1(0) = ϕ2(0)

−ψ′
1(0) + ψ′

2(0)− ϕ′
1(0) + ϕ′

2(0) = α · ψ1(0)K pouºití Floquetova rozkladu p°edpokládejme, ºe vlnové funk
e spl¬ují následují
í pod-mínky:
ψ2(π/2) = eikψ1(−π/2) ψ′

2(π/2) = eikψ′
1(−π/2)

ϕ2(π/2) = eikϕ1(−π/2) ϕ′
2(π/2) = eikϕ′

1(−π/2)pro n¥jaké (libovolné) k ∈ [0, 2π).Po vyuºití p°edpis· (1) a úpravá
h obdrºíme rovnosti
C+

j · sin
√
Eπ = D+

j · sin
√
Eπ , C−

j · sin
√
Eπ = D−

j · sin
√
Eπ ,z ni
hº plyne, ºe pro√E /∈ N0 je C+

j = C−
j aD+

j = D−
j . Povaºujme nyní tento p°edpokladza spln¥ný s tím, ºe singulární p°ípad √E ∈ N0 vy²et°íme nakone
.Po elimina
i dal²í
h prom¥nný
h dojdeme k rovni
i druhého stupn¥ pro eik,

e2ik − eik
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2 cos
√
Eπ +

α

2
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)

+ 1 = 0 , (2)která má reálné koe�
ienty a jejíº diskriminant je ur£en výrazem
D =

(

2 cos
√
Eπ +

α

2
√
E

sin
√
Eπ

)2

− 4 .



214 O. TurekÚkolem je ur£it, pro jaké hodnoty E existuje k ∈ [0, 2π) takové, aby byla spln¥na rov-ni
e (2), neboli pro jaké E má (2) jakoºto rovni
e o neznámé e2ik alespo¬ jeden ko°en oabsolutní hodnot¥ 1. Pov²imn¥me si, ºe sou£in kaºdé dvoji
e ko°en· (2), bez ohledu nahodnotu √E, je vºdy roven 1, nebo´ jsou si rovny koe�
ienty u kvadrati
kého a lineárního£lenu. To ov²em znamená, ºe bu¤to jsou oba ko°eny komplexní jednotky, anebo má jedenz ni
h absolutní hodnotu v¥t²í neº jedna, zatím
o druhý men²í neº jedna. Je z°ejmé, ºekladný diskriminant odpovídá první situa
i a nekladný té druhé. Dostáváme tak záv¥r:V¥ta 1. Je-li E ≥ 0 a √E /∈ N0, pak √E ∈ σ(H) práv¥ tehdy, je-li spln¥na podmínka
∣
∣
∣
∣
∣
cos
√
Eπ +

α

4
· sin
√
Eπ√
E

∣
∣
∣
∣
∣
≤ 1 . (3)Vra´me se je²t¥ k situa
i, kdy √E ∈ N0. Jak si lze leh
e p°edstavit, lze zkonstruovatfunk
i s nosi£em na pouhém jednom krouºku tak, aby byla vlastní funk
í hamiltoniánu:sta£í zvolit na horní p·lkruºni
i funk
i sin

√
Ex (x ∈ [0, π]) a na dolní p·lkruºni
i funk
i

− sin
√
Ex (x ∈ [0, π]). To ov²em znamená, ºe hodnoty n2 pro n ∈ N0 pat°í do bodovéhospektra.Vyslovme 
harakteristiku spektrální
h pás· ur£ený
h podmínkou (3):Tvrzení 2. • Je-li α > 0, pak v kaºdém intervalu [n2, (n+1)2] (n ∈ N0) je práv¥ jedenspektrální pás, jehoº levý krajní bod leºí uvnit° tohoto intervalu a pravý krajní bodsplývá s hodnotou (n + 1)2,

• je-li α < 0, pak v kaºdém intervalu [n2, (n+ 1)2] (n ∈ N0) je práv¥ jeden spektrálnípás, jehoº levý krajní bod splývá s hodnotou n2 a pravý krajní bod leºí uvnit° tohotointervalu,
• je-li α = 0, pak podmínku (3) spl¬uje kaºdé √E ≥ 0, tedy ve spektru leºí v²e
hnanezáporná £ísla.Vidíme tedy, ºe práv¥ jeden z krajní
h bod· kaºdého spektrálního pásu, totiº druhámo
nina 
elého £ísla, odpovídá vlastní hodnot¥ hamiltoniánu.Poznamenejme, ºe podmínka (3), jiº jsme obdrºeli, je podobná odpovídají
í podmín
ez Kronig-Penneyova modelu se vzdáleností interak
í π, jediný rozdíl je v koe�
ientu usinu: zde máme α

4
, zatím
o v K-P modelu α

2
(viz nap°. [1℄). To znamená, ºe spektrálnípásy uvaºovaného �°etízku� s δ-vazbami s parametrem α mají krajní body stejné jako tyu K-P modelu se vzdáleností mezi interak
emi rovnou π a parametrem interak
e α/2.Podstatný rozdíl mezi ob¥ma modely v²ak spo£ívá v tom, ºe K-P model má prázdnébodové spektrum.Vy°e²me je²t¥ otázku, jak vypadá záporná £ást spektra. Ozna£me √E = iκ pro κ > 0a s vyuºitím známý
h vztah· pro goniometri
ké funk
e komplexní
h argument· p°epi²menerovnost (3) do podoby

∣
∣
∣
∣
coshκπ +

α

4
· sinhκπ

κ

∣
∣
∣
∣
≤ 1 .Pro E < 0 je vºdy sin(

√
E) 6= 0, takºe zde odpadá problém, na který jsme narazili unezáporný
h energií. Jednodu²e lze dokázat následují
í tvrzení:
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e 215Tvrzení 3. • Je-li α ≥ 0, pak záporné spektrum je prázdné,
• je-li α ∈ [−8/π, 0), pak záporné spektrum je rovno intervalu [−κ2

1, 0], kde κ1 jejediné °e²ení rovni
e ∣∣cosh κπ + α
4
· sinh κπ

κ

∣
∣ = 1,

• Je-li α < −8/π, pak záporné spektrum je rovno intervalu [−κ2
1,−κ2

2], kde κ1,2 jsoujediná dv¥ kladná °e²ení ∣∣cosh κπ + α
4
· sinh κπ

κ

∣
∣ = 1, κ1 > κ2.3 Perturbovaný systémP°edpokládejme nyní, ºe p·vodn¥ rovný, nekone£ný °etízek v jednom míst¥ modi�kujemezp·sobem dle obrázku 2. Úhel ohybu ϑ budeme uvaºovat libovolný v intervalu (0, π), by´pro ϑ ≥ 2π/3 je deforma
e nazna£ená na obrázku prakti
ky neproveditelný. Teoreti
kýmúvahám v²ak ni
 nebrání, nebo´ ohyb je moºné ekvivalentn¥ nahradit deforma
í nultéhokrouºku.Uvaºovanou perturba
í si
e systém ztrá
í p·vodní periodi
itu, ale stále si za
hováváur£itou symetrii, která umoº¬uje výpo£et spektra mírn¥ zjednodu²it. Vidíme, ºe pertu-rbovaný systém je symetri
ký v·£i ose, která je do obrázku 2 zakreslena £er
hovanou£arou. Rozloºíme vlnovou funk
i na sou£et dvou funk
í: jedné, která je �sudá� v·£i tétoose, a druhé, která je vzhledem k ní �li
há�. Hamiltonián systému pak podobným zp·-sobem rozloºíme na direktní sou£et operátoru H+, který p·sobí na sudou sloºku vlnovéfunk
e, a H−, který p·sobí na li
hou sloºku. Spektrum operátoru H = H+ ⊕H− je pakdáno jako sjedno
ení spekter H+ a H−.Ve²keré sloºky vlnové funk
e (ve smyslu funk
e na v²e
h hraná
h grafu) budou dányjako lineární kombina
e funk
í ei

√
Ex a e−i

√
Ex, tak jako v p°ípad¥ neperturbovaného sys-tému, je v²ak vhodné zavést nové zna£ení. Krouºky budeme indexovat 
elými £ísly, p°i-£emº zavedeme úmluvu, ºe krouºek, jímº pro
hází osa soum¥rnosti, bude ozna£en £íslem0. Protoºe se budeme zabývat funk
emi symetri
kými v·£i ose, sta£í studovat situa
i napravé £ásti systému, která je na obrázku zakreslena vodorovn¥. Vlnovou funk
i na kaº-dém krouºku rozd¥líme na funk
i na horní p·lkruºni-
i a na funk
i na dolní p·lkruºni
ia ozna£íme je po °ad¥ ψj a ϕj , kde j vyjad°uje index krouºku. Máme tedy

ψj(x) = C+
j ei

√
Ex + C−

j e−i
√

Ex, x ∈ [0, π]

ϕj(x) = D+
j ei

√
Ex +D−

j e−i
√

Ex, x ∈ [0, π]
(4)pro j ∈ N. Je d·leºité poznamenat, ºe v p°ípad¥ j = 0 si
e platí stejný p°edpis, aleprom¥nné probíhají jiné intervaly, tj.

ψ0(x) = C+
0 ei

√
Ex + C−

0 e−i
√

Ex, x ∈
[
π − ϑ

2
, π

]

ϕ0(x) = D+
0 ei

√
Ex +D−

0 e−i
√

Ex, x ∈
[
π + ϑ

2
, π

] (5)Protoºe v bode
h dotyku jsou p°edepsány δ-vazby s parametrem α, platí
ψj(0) = ϕj(0) ψj(π) = ϕj(π) (6)
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ψj(0) = ψj−1(π) (7)

ψ′
j(0) + ϕ′

j(0)− ψ′
j−1(π)− ϕ′

j−1(π) = α · ψj(0) (8)Dosazením (4) do (6) a elementární úpravou získáme podmínky
C+

j · sin
√
Eπ = D+

j · sin
√
Eπ a C−

j · sin
√
Eπ = D−

j · sin
√
Eπ ,takºe pro √E /∈ N0 musí platit C+

j = D+
j a C−

j = D−
j . (P°ípad √E ∈ N0 lze okomen-tovat obdobn¥ jako v p°ípad¥ nekone£ného lineárního °etízku a dojít tak k záv¥ru, ºedruhé mo
niny 
elý
h £ísel jsou vlastními hodnotami.) Vyuºijeme-li dokázané rovnosti kúprav¥ (7) a (8), dostaneme rovni
i

(
C+

j

C−
j

)

=





(

1 + α
4i
√

E

)

ei
√

Eπ α
4i
√

E
e−i

√
Eπ

− α
4i
√

E
ei
√

Eπ
(

1− α
4i
√

E

)

e−i
√

Eπ





︸ ︷︷ ︸

M

·
(
C+

j−1

C−
j−1

) (9)platnou pro v²e
hna j ≥ 2. Z ní okamºit¥ plyne, ºe pro v²e
hna j ≥ 2 je
(
C+

j

C−
j

)

= M j−1 ·
(
C+

1

C−
1

)

, (10)odkud vyplývá asymptoti
ké 
hování posloupnosti absolutní
h hodnot vektor· (C+
j , C

−
j )T :Ne
h´ je (C+

1 , C
−
1 )T vlastním vektorem mati
e M . Pak platí:

• p°íslu²í-li (C+
1 , C

−
1 )T vlastnímu £íslu v absolutní hodnot¥ men²ímu neº 1, pak

∥
∥(C+

j , C
−
j )T

∥
∥ exponen
iáln¥ klesá,

• p°íslu²í-li (C+
1 , C

−
1 )T vlastnímu £íslu v absolutní hodnot¥ men²ímu neº 1, pak

∥
∥(C+

j , C
−
j )T

∥
∥ exponen
iáln¥ roste,

• p°íslu²í-li (C+
1 , C

−
1 )T vlastnímu £íslu v absolutní hodnot¥ men²ímu neº 1, pak

∥
∥(C+

j , C
−
j )T

∥
∥ nezávisí na j.V obou p°ípade
h, jak u operátoruH+, tak iH−, je absolutní hodnota vlnové funk
e na j-tém i (-j)-tém krouºku p°ímo ur£ena konstantami C+

j a C−
j . Ty jsou zase, dle vzor
e (10),dány vektorem (C+

1 , C
−
1 )T . Uv¥domíme si, ºe pokud by rozklad vektoru (C+

1 , C
−
1 )T dovlastní
h podprostor· M obsahoval nenulovou sloºku p°íslu²ejí
í vlastnímu £íslu M sabsolutní hodnotou v¥t²í neº 1, norma vektoru (C+

j , C
−
j )T by asymptoti
ky exponen
iáln¥rostla. Je evidentní, ºe v takovém p°ípad¥ by konstanty C±

j nemohly ur£ovat vlastní funk
iani zobe
n¥nou vlastní funk
i H+, resp. H−.Stejn¥ tak lze nahlédnout, ºe skládá-li se vektor (C+
1 , C

−
1 )T jen z vlastní
h vektor· Mp°íslu²ejí
í
h vlastním £ísl·m o absolutní hodnot¥ men²í neº (resp. nebo rovné) 1, pak jekonstantami C±

j ur£ena vlastní (resp. zobe
n¥ná vlastní) funk
e, tj. odpovídají
í hodnota
E pat°í do bodového (resp. spojitého) spektra.U obou operátor· H+ i H− nejprve ur£íme, jak vypadá vektor (C+

1 , C
−
1 )T , a poté roz-hodneme, pro jaké hodnoty √E m·ºe být vlastním vektorem M p°íslu²ejí
ím vlastnímu
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e 217£íslu o absolutní hodnot¥ men²í neº 1, eventuáln¥ rovné 1. Charakteristi
kým polynomemmati
e M je
λ2 − λ · 2 ·

(

cos
√
Eπ +

α

4
√
E

sin
√
Eπ

)

+ 1 ,
oº je polynom s reálnými koe�
ienty. Podobnými úvahami jako v kapitole v¥novanéneperturbovanému systému dostáváme, ºe M má vlastní £íslo v absolutní hodnot¥ men²íneº jedna tehdy a jen tehdy, je-li diskriminant tohoto polynomu kladný, 
oº je ekvivalentnípodmín
e
∣
∣
∣
∣
cos
√
Eπ +

α

4
√
E

sin
√
Eπ

∣
∣
∣
∣
> 1 ,a vlastní £íslo v absolutní hodnot¥ rovné 1, pokud

∣
∣
∣
∣
cos
√
Eπ +

α

4
√
E

sin
√
Eπ

∣
∣
∣
∣
≤ 1 ,Porovnáním s podmínkou (3) vidíme, ºe spektrální pásy se po perturba
i za
hovávají(
oº ostatn¥ plyne i z toho, ºe hamiltonián perturbovaného systému má kone£né indexydefektu, a tedy nedo
hází ke zm¥n¥ esen
iálního spektra, viz [2℄), a dále, ºe p°ípadné nov¥vzniklé vlastní hodnoty hamiltoniánu mohou leºet jen ve spektrální
h mezerá
h.Vzhledem k tomu, ºe v p°ípad¥ kladného diskriminantu jsou vlastní £ísla dána p°ed-pisem

λ1,2 = cos
√
Eπ +

α

4
√
E

sin
√
Eπ ±

√
(

cos
√
Eπ +

α

4
√
E

sin
√
Eπ

)2

− 1 ,platí, ºe je-li diskriminant kladný, je p°íslu²ným vlastním £íslem v absolutní hodnot¥men²ím neº jedna
• λ2 pro cos

√
Eπ + α

4
√

E
sin
√
Eπ > 1,

• λ1 pro cos
√
Eπ + α

4
√

E
sin
√
Eπ < −1.3.1 Spektrum H+Operátor H+ odpovídá sudé sloº
e vlnové funk
e, uvaºováno ve smyslu symetrie v·£i ose.Sudost je vyjád°ena následují
ími okrajovými podmínkami v bode
h A a B (viz obr. 2):

ψ′
0

(
π − ϑ

2

)

= 0 , ϕ′
0

(
π + ϑ

2

)

= 0 .V míst¥ dotyku nultého a prvního krouºku (ozn. C) je δ-vazba s parametrem α:
ψ0(π) = ϕ0(π) = ψ1(0) (11)

ψ′
1(0) + ϕ′

1(0)− ψ′
0(π)− ϕ′

0(π) = α · ψ0(π) (12)



218 O. TurekDosadíme-li nyní za jednotlivé funk
e z (4) a (5) a pouºijeme-li uº známý vztah ϕ′
1(0) =

ψ′
1(0), získáme vektor (C+

1 , C
−
1 )T (aº na jeho násobení konstantou):

(
C+

1

C−
1

)

=




1 + i

(
sin

√
Eπ

cos
√

Eπ+cos
√

Eϑ
− α

2
√

E

)

1− i
(

sin
√

Eπ
cos

√
Eπ+cos

√
Eϑ
− α

2
√

E

)



 .Aby √E ∈ σp(H
+), musí být vektor (C+

1 , C
−
1 )T násobkem vlastního vektoru M p°íslu-²ejí
ího vlastnímu £íslu v absolutní hodnot¥ men²ímu neº 1. �e²ením této podmínkydostaneme rovnost

cos
√
Eϑ = − cos

√
Eπ +

sin2
√
Eπ

α
4
√

E
sin
√
Eπ ±

√
(

cos
√
Eπ + α

4
√

E
sin
√
Eπ
)2

− 1

, (13)kde znaménko ve jmenovateli je rovno znaménku cos
√
Eπ + α

4
√

E
sin
√
Eπ.Ozna£me výraz na pravé stran¥ symbolem f(

√
E). Bez d·kazu nyní uvedeme násle-dují
í d·leºité tvrzení o funk
i f :Tvrzení 4. V kaºdém intervalu, v n¥mº | cosxπ + α

4x
sin xπ| ≥ 1, je funk
e f ost°e mono-tonní a probíhá interval [−1, 1].Na levé stran¥ rovnosti (13) stojí výraz cos

√
Eϑ, kde ϑ je úhel ohybu, leºí
í v intervalu

(0, π). Jelikoº ϑ < π, je délka intervalu, ve kterém funk
e cos xϑ prob¥hne interval [−1, 1],v¥t²í neº 1. Na druhou stranu, jak uº víme, je délka spektrální
h mezer men²í neº 1. Sohledem na poslední Tvrzení tak s pouºitím v¥ty o st°ední hodnot¥ dostáváme, ºe vkaºdém uzáv¥ru spektrální mezery existuje práv¥ jeden bod, v n¥mº nastává rovnost.Bu¤ tedy vznikne jedna vlastní hodnota ve spektrální meze°e, anebo rovnost nastane nahrani
i spektrálního pásu bez vzniku vlastní hodnoty.Prozkoumejme je²t¥ zápornou £ást spektra. Pro √E = iκ (κ > 0) získává rovnost (13)podobu
coshκϑ = − cosh κπ − sinh2 κπ

α
4κ

sinhκπ ±
√
(
coshκπ + α

4κ
sinhκπ

)2 − 1
, (14)kde op¥t horní znaménko odpovídá coshκπ + α

4κ
sinhκπ > 1, dolní znaménko odpovídá

cosh κπ + α
4κ

sinh κπ < −1.Ozna£íme-li výraz na pravé stran¥ symbolem f−(κ), m·ºeme vyslovit následují
í po-mo
né tvrzení, které okamºit¥ implikuje 
hování spektra operátoru H+:Tvrzení 5. • Je-li α ≥ 0, pak f−(κ) < − cosh(κθ) pro v²e
hna κ > 0 a θ ∈ (0, π).
• Je-li α < 0, pak platí:� pro coshκπ + α

4κ
sinhκπ < −1 je f−(κ) < − cosh κϑ pro v²e
hna κ > 0 a

ϑ ∈ (0, π),� pro cosh κπ+ α
4κ

sinh κπ > 1 a zárove¬ κ · tghκπ < −α/2 je funk
e f−(κ) ost°erostou
í a probíhá interval (1,+∞),
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e 219� pro κ · tghκπ > −α/2 je f−(κ) < − coshκϑ pro v²e
hna κ > 0 a ϑ ∈ (0, π).D·sledek 6. • Je-li α ≥ 0, pak H+ nemá záporné vlastní hodnoty.
• Je-li α < 0, pak H+ má práv¥ jednu vlastní hodnotu, která leºí nalevo od zápornéhospektrálního pásu a zárove¬ napravo od záporn¥ vzaté druhé mo
niny °e²ení rovni
e
κ · tghκπ = −α/2.3.2 Spektrum H−Postup p°i vy²et°ování spektra operátoru H− odpovídají
ího sudé sloº
e vlnové funk
eje z
ela analogi
ký postupu, jaký byl pouºit u operátoru H+. Jediným rozdílem jsouokrajové podmínky na nultém krouºku, které jsou dány:

ψ0

(
π − ϑ

2

)

= 0 , ϕ0

(
π + ϑ

2

)

= 0 .Jak lze snadno ukázat, spektrální podmínka je vyjád°ená rovností
− cos

√
Eϑ = − cos

√
Eπ +

sin2
√
Eπ

α
4
√

E
sin
√
Eπ ±

√
(

cos
√
Eπ + α

4
√

E
sin
√
Eπ
)2

− 1

,tedy rozdíl oproti odpovídají
í podmín
e u operátoru H+ spo£ívá v opa£ném znaménkuu kosinu na levé stran¥. Chování výrazu napravo uº známe (viz Tvrzení 4), rovnou tedym·ºeme popsat kladnou £ást bodového spektra H−:Tvrzení 7. V kaºdé spektrální meze°e operátoru H− existuje bu¤ práv¥ jedna vlastní hod-nota, anebo ºádná, p°i£emº druhá moºnost nastává v p°ípad¥, kdy zárove¬ platí
| cos
√
Eπ + α

4
√

E
sin
√
Eπ| = 1.Záporná £ást bodového spektra H− je ur£ena podmínkou

− coshκϑ = − cosh κπ − sinh2 κπ

α
4κ

sinhκπ ±
√
(
coshκπ + α

4κ
sinhκπ

)2 − 1
,kde √E = iκ2 pro κ ∈ R+. Nyní sta£í jen vyuºít uº vyslovené tvrzení 4. Z n¥j okamºit¥plyne, ºe v posledním vztahu nikdy nenastává rovnost, tedy operátor H− nemá ºádnézáporné vlastní hodnoty.3.3 Shrnutí: spektrum H = H+ ⊕H−V p°ed
hozí
h kapitolá
h jsme ukázali, ºe uvaºovaná perturba
e má za následek vznikvlastní
h hodnot uvnit° spektrální
h mezer neperturbovaného systému. Uvedli jsme, ºekaºdé komponent¥, tj. jak operátoru H+, tak i H−, m·ºe v kaºdé meze°e pat°it jednanebo ºádná vlastní hodnota. Taktéº jsme vysv¥tlili, ºe situa
e, kdy operátor H+ nebo

H− nemá uvnit° spektrální mezery vlastní hodnotu, odpovídá práv¥ tomu, ºe poloha



220 O. Turekp°íslu²ného bodu padne do hrani
e spektrálního pásu. Na druhou stranu, vzhledem kry
hlosti r·stu resp. poklesu funk
e cos(
√
Eϑ), která je bez ohledu na volbu ϑ vºdy niº²íneº ry
hlost r·stu a poklesu funk
e ozna£ené symbolem f(

√
E), je snadno z°ejmé, ºenem·ºe dojít k tomu, aby v jedné spektrální meze°e takto vymizely ob¥ vlastní hodnoty.Dále je t°eba podotknout, ºe není vylou£en p°ípad, kdy operátor·m H+ a H− vdané spektrální meze°e p°íslu²í tatáº vlastní hodnota. V takovém p°ípad¥ do
hází kezdvojnásobení její násobnosti. P°ímým výpo£tem lze mimo
hodem ukázat, ºe vlastnímihodnotami tohoto typu mohou být jen °e²ení rovni
e

√
E · tg

√
Eπ =

α

2
.Shr¬me tedy výsledek výpo£tu do v¥ty.V¥ta 8. • Body spektra neperturbovaného systému i jeji
h 
harakter se za
hovávají iv perturbovaném systému.

• Perturbovaný systém má naví
 vlastní hodnoty ve spektrální
h mezerá
h, p°i£emº:� na kladné poloose je v kaºdé spektrální meze°e bu¤ jedna vlastní hodnota o ná-sobnosti 1, nebo dv¥ vlastní hodnoty o násobnosti 1, nebo jedna vlastní hodnotao násobnosti 2,� je-li parametr δ-vazby záporný, pak se naví
 na záporné poloose vlevo od po-sledního spektrálního pásu na
hází jedna vlastní hodnota o násobnosti 1.Literatura[1℄ S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, H. Holden Solvable Models in QuantumMe
hani
s. Springer Verlag, Berlin, (1988).[2℄ J. Blank, P. Exner, M. Havlí£ek M. Lineární operátory v kvantové fyzi
e. Karolinum,Praha, (1993).[3℄ P. Ku
hment. Quantum graphs: I. Some basi
 stru
tures. Waves Random Media 14,(2004), S107-S128.[4℄ M. Reed, B. Simon. Methods of Modern Mathemati
al Physi
s, IV. Analysis of Ope-rators. A
ademi
 Press, New York, (1978).
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alEngineering, CTUadvisor: Pavel �´oví£ek, Department of Mathemati
s, Fa
ulty of Nu
learS
ien
es and Physi
al Engineering, CTUAbstra
t. The 
urvature e�e
t on a quantum dot with impurity is investigated. The model is
onsidered on the Loba
hevsky plane. The 
on�nement and impurity potentials are 
hosen sothat the model is expli
itly solvable. The Green fun
tion as well as the Krein Q-fun
tion are
omputed.Abstrakt. �lánek pojednává o vlivu k°ivosti na kvantovou te£ku s ne£istotou. Konkrétn¥ uvaºu-jeme kvantovou te£ku v Loba
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iál pro ne£istotuvolíme tak, ºe výsledný model je °e²itelný. Získáme tak expli
itní vyjád°ení pro Greenovu aKreinovu Q-funk
i.1 Introdu
tionPhysi
ally, quantum dots are nanostru
tures with a 
harge 
arriers 
on�nement in allspa
e dire
tions. They have an atom-like energy spe
trum whi
h 
an be modi�ed byadjusting geometri
 parameters of the dots as well as by the presen
e of an impurity.Thus the study of these dependen
ies may be of interest from the point of view of thenanos
opi
 physi
s.A detailed analysis of three-dimensional quantum dots with a short-range impurity inthe Eu
lidean spa
e 
an be found in [4℄. Therein, the harmoni
 os
illator potential wasused to introdu
e the 
on�nement, and the impurity was modeled by a point intera
tion(δ-potential). The starting point of the analysis was derivation of a formula for the Greenfun
tion of the unperturbed Hamiltonian (i.e., in the impurity free 
ase), and appli
ationof the Krein resolvent formula jointly with the notion of the Krein Q-fun
tion.In the present paper, we make use of the same method to investigate quantum dotswith impurity in the Loba
hevsky plane. We will introdu
e an appropriate Hamiltonianin a manner quite analogous to that of [4℄ and derive an expli
it formula for the 
orre-sponding Green fun
tion. In this sense, our model is solvable, and so its properties maybe of interest also from the mathemati
al point of view.During the 
omputations to follow, the spheroidal fun
tions appear naturally. Unfor-tunately, the notation in the literature 
on
erned with this type of spe
ial fun
tions is notyet uniform (see, e.g., [2℄ and [8℄). This is why we supply, for the reader's 
onvenien
e,
∗in 
o-operation with V. Geyler from Mordovian State University, Saransk, Russia221



222 M. Tu²eka short appendix 
omprising basi
 de�nitions and results related to spheroidal fun
tionswhi
h are ne
essary for our approa
h.2 A quantum dot with impurity in the Loba
hevsky plane2.1 The modelDenote by (̺, φ), 0 < ̺ < ∞, 0 ≤ φ < 2π, the geodesi
 polar 
oordinates on theLoba
hevsky plane. Then the metri
 tensor is diagonal and reads
(gij) = diag

(

1, a2 sinh2 ̺

a

)where a, 0 < a < ∞, denotes the so 
alled 
urvature radius whi
h is related to thes
alar 
urvature by the formula R = −2/a2. Furthermore, the volume form equals
dV = a sinh(ρ/a)dρ∧ dφ. The Hamiltonian for a free parti
le of mass m = 1/2 takes theform

H0 = −
(

∆LB +
1

4a2

)

= − 1√
g

∂

∂xi

√
ggij ∂

∂xj
− 1

4a2where ∆LB is the Lapla
e-Beltrami operator and g = det gij . We have set ~ = 1.The 
hoi
e of a potential modeling the 
on�nement is ambiguous. We naturallyrequire that the potential takes the standard form of the quantum dot potential in the�at limit (a→ ∞). This is to say that, in the limiting 
ase, it be
omes the potential ofthe isotropi
 harmoni
 os
illator V = 1
4
ω2ρ2. However, this 
ondition 
learly does notspe
ify the potential uniquely. Having the freedom of 
hoi
e let us dis
uss the followingtwo possibilities:

a) Va(ρ) = 1
4
a2ω2 tanh2 ρ

a
, (1)

b) Ua(ρ) = 1
4
a2ω2 sinh2 ρ

a
. (2)Potential Va is the same as that proposed in [9℄ for the 
lassi
al harmoni
 os
illator onthe Loba
hevsky plane. With this 
hoi
e, it has been demonstrated in [9℄ that the modelis superintegrable, i.e., there exist three fun
tionally independent 
onstants of motion.Let us remark that this potential is bounded, and so it represents a bounded perturbationto the free Hamiltonian. On the other hand, the potential Ua is unbounded. Moreover,as shown below, the stationary S
hrödinger equation for this potential leads, after thepartial wave de
omposition, to the di�erential equation of spheroidal fun
tions. The
urrent paper 
on
entrates ex
lusively on 
ase b).The impurity is modeled by a δ-potential whi
h is introdu
ed with the aid of self-adjoint extensions and is determined by boundary 
onditions at the base point. Werestri
t ourselves to the 
ase when the impurity is lo
ated in the 
entre of the dot (ρ = 0).Thus we start from the following symmetri
 operator:

H = −
(
∂2

∂̺2
+

1

a
coth

(̺

a

) ∂

∂̺
+

1

a2
sinh−2

(̺

a

) ∂2

∂φ2
+

1

4a2

)

+
1

4
a2ω2 sinh2

(ρ

a

)

,

Dom(H) = C∞
0 ((0,∞)× S1) ⊂ L2

(

(0,∞)× S1, a sinh
(̺

a

)

d̺ dφ
)

.

(3)
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hevsky Plane 2232.2 Partial wave de
ompositionSubstituting ξ = cosh(̺/a) we obtain
H =

1

a2

[

(1− ξ2)
∂2

∂ξ2
− 2ξ

∂

∂ξ
+ (1− ξ2)−1 ∂

2

∂φ2
+
a4ω2

4
(ξ2 − 1)− 1

4

]

=:
1

a2
H̃,

Dom(H) = C∞
0 ((1,∞)× S1) ⊂ L2

(
(1,∞)× S1, a2dξ dφ

)
.

(4)Using the rotational symmetry whi
h amounts to a Fourier transform in the variable φ,
H̃ may be de
omposed into a dire
t sum as follows

H̃ =

∞⊕

m=−∞
H̃m,

H̃m = − ∂

∂ξ

(

(ξ2 − 1)
∂

∂ξ

)

+
m2

ξ2 − 1
+
a4ω2

4
(ξ2 − 1)− 1

4
,

Dom(H̃m) = C∞
0 (1,∞) ⊂ L2((1,∞), dξ).Note that H̃m is a Sturm-Liouville operator.Proposition 1. H̃m is essentially self-adjoint for m 6= 0, H̃0 has defe
t indi
es (1, 1).Proof. The operator H̃m is symmetri
 and semibounded, and so the defe
t indi
es areequal. If we set

µ = |m|, 4θ = −a
4ω2

4
, λ = −z − 1

4
,then the eigenvalue equation

H̃mψ = zψ (5)takes the standard form of the di�erential equation of spheroidal fun
tions:
(1− ξ2)

∂2ψ

∂ξ2
− 2ξ

∂ψ

∂ξ
+
[
λ+ 4θ(1− ξ2)− µ2(1− ξ2)−1

]
ψ = 0. (6)A

ording to 
hapter 3.12, Satz 5 in [8℄, for µ = m ∈ N0 a fundamental system

{yI, yII} of solutions to equation (5) exists su
h that
yI(ξ) = (1− ξ)m/2 P1(1− ξ), P1(0) = 1,

yII(ξ) = (1− ξ)−m/2P2(1− ξ) + Am yI(ξ) log (1− ξ),where, for |ξ − 1| < 2, P1,P2 are analyti
 fun
tions in ξ, λ, θ; and Am is a polynomialin λ and θ of total order m with respe
t to λ and √θ; A0 = −1/2.Suppose that z ∈ C \ R. For m = 0, every solutions to (5) is square integrable near
1; while for m 6= 0, yI is the only one solution, up to a fa
tor, whi
h is square integrablein a neighbourhood of 1. On the other hand, by a 
lassi
al analysis due to Weyl, thereexists exa
tly one linearly independent solution to (5) whi
h is square integrable in aneighbourhood of ∞, see Theorem XIII.6.14 in [7℄. In the 
ase of m = 0 this obviouslyimplies that the defe
t indi
es are (1, 1). If m 6= 0 then, by Theorem XIII.2.30 in [7℄, theoperator H̃m is essentially self-adjoint.



224 M. Tu²ekDe�ne the maximal operator asso
iated to the formal di�erential expression
L = − ∂

∂ξ

(

(ξ2 − 1)
∂

∂ξ

)

+
a4ω2

4
(ξ2 − 1)− 1

4as follows
Dom(Hmax) =

{

f ∈ L2((1,∞), dξ) : f, f ′ ∈ AC((1,∞)),

− ∂

∂ξ

(

(ξ2 − 1)
∂f

∂ξ

)

+
a4ω2

4
(ξ2 − 1)f ∈ L2((1,∞), dξ)

}

,

Hmaxf = Lf.A

ording to Theorem 8.22 in [10℄, Hmax = H̃†
0.Proposition 2. Let κ ∈ (−∞,∞ ]. The operator H̃0(κ) de�ned by the formulae

Dom(H̃0(κ)) = {f ∈ Dom(Hmax) : f1 = κf0} , H̃0(κ)f = Hmaxf,where
f0 := −4πa2 lim

ξ→1+

f(ξ)

log (ξ − 1)
, f1 := lim

ξ→1+
f(ξ) +

1

4πa2
f0 log (ξ − 1),is a self-adjoint extension of H̃0. There are no other self-adjoint extensions of H̃0.Proof. The methods to treat δ like potentials are now well established [1℄. Here we followan approa
h des
ribed in [5℄, and we refer to this sour
e also for the terminology andnotations. Near the point ξ = 1, ea
h f ∈ Dom(Hmax) has the asymptoti
 behaviour

f(ξ) = f0 F (ξ, 1) + f1 + o(1) as ξ → 1+where f0, f1 ∈ C and F (ξ, ξ′) is the divergent part of the Green fun
tion for the Friedri
hsextension of H̃0. By formula (13) whi
h is derived below, F (ξ, 1) = −1/(4πa2) log(ξ−1).Proposition 1.37 in [5℄ states that (C,Γ1,Γ2), with Γ1f = f0 and Γ2f = f1, is a boundarytriple for Hmax.A

ording to theorem 1.12 in [5℄, there is a one-to-one 
orresponden
e between all self-adjoint linear relations κ in C and all self-adjoint extensions of H̃0 given by κ←→ H̃0(κ)where H̃0(κ) is the restri
tion ofHmax to the domain of ve
tors f ∈ Dom(Hmax) satisfying
(Γ1f,Γ2f) ∈ κ. (7)Every self-adjoint relation in C is of the form κ = Cv ⊂ C2 for some v ∈ R2, v 6= 0. If(with some abuse of notation) v = (1, κ), κ ∈ R, then relation (7) means that f1 = κf0. If

v = (0, 1) then (7) means that f0 = 0 whi
h may be identi�ed with the 
ase of κ =∞, andthen the 
orresponding self-adjoint extension is nothing but the Friedri
hs extension.
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hevsky Plane 2252.3 The Green fun
tionLet us 
onsider the Friedri
hs extension of the operator H̃ in L2 ((1,∞)× S1, dξ dφ) whi
hwas introdu
ed in (4). The resulting self-adjoint operator is in fa
t the Hamiltonian forthe impurity free 
ase. The 
orresponding Green fun
tion Gz is the generalised kernel ofthe Hamiltonian, and it should obey the equation
(H̃ − z)Gz(ξ, φ; ξ′, φ′) = δ(ξ − ξ′)δ(φ− φ′) =

1

2π

∞∑

m=−∞
δ(ξ − ξ′)eim(φ−φ′).If we suppose Gz to be of the form

Gz(ξ, φ; ξ′, φ′) =
1

2π

∞∑

m=−∞
Gm

z (ξ, ξ′)eim(φ−φ′), (8)then, for all m ∈ Z,
(H̃m − z)Gm

z (ξ, ξ′) = δ(ξ − ξ′). (9)Let us 
onsider an arbitrary �xed ξ′, and set
µ = m, 4θ = −a

4ω2

4
, λ = −z − 1

4
.Then for all ξ 6= ξ′ equation (9) takes the standard form of the di�erential equation ofspheroidal fun
tions (6). As one 
an see from the following asymptoti
 formulae

Sµ(3)
ν (ξ, θ) =

1

2
θ−1/2ξ−1ei(2θ1/2ξ−νπ/2−π/2)[1 +O(|ξ|−1)],for − π < arg(θ1/2ξ) < 2π,

(10)
Sµ(4)

ν (ξ, θ) =
1

2
θ−1/2ξ−1e−i(2θ1/2ξ−νπ/2−π/2)[1 +O(|ξ|−1)],for − 2π < arg(θ1/2ξ) < π,the solution whi
h is square integrable near in�nity equals S |m|(3)

ν (ξ,−a4ω2/16). Further-more, the solution whi
h is square integrable near ξ = 1 equals Ps|m|
ν (ξ,−a4ω2/16) asone may verify with the aid of the asymptoti
 formula

Pm
ν (ξ) ∼ Γ(ν +m+ 1)

2m/2 m! Γ(ν −m+ 1)
(ξ − 1)m/2 as ξ → 1+, for m ∈ N0.We 
on
lude that the mth partial Green fun
tion equals

Gm
z (ξ, ξ′) = − 1

(ξ2 − 1)W (Ps
|m|
ν , S

|m|(3)
ν )

Ps|m|
ν

(

ξ<,−
a4ω2

16

)

S |m|(3)
ν

(

ξ>,−
a4ω2

16

)

, (11)where the symbol W (Ps
|m|
ν , S

|m|(3)
ν ) denotes the wronskian, and ξ<, ξ> are respe
tivelythe smaller and the greater of ξ and ξ′. By the general Sturm-Liouville theory, thefa
tor (ξ2 − 1)W (Ps

|m|
ν , S

|m|(3)
ν ) is 
onstant. Sin
e Gm

z = G−m
z de
omposition (8) may besimpli�ed,

Gz(ξ, φ; ξ′, φ′) =
1

2π
G0

z (ξ, ξ
′) +

1

π

∞∑

m=1

Gm
z (ξ, ξ′) cos [m(φ− φ′)]. (12)



226 M. Tu²ek2.4 The Krein Q-fun
tionThe Krein Q-fun
tion plays a 
ru
ial role in the spe
tral analysis of impurities. It isde�ned at a point of the 
on�guration spa
e as the regularised Green fun
tion evaluatedat this point. Here we deal with the impurity lo
ated in the 
entre of the dot (ξ = 1, φarbitrary), and so, by de�nition,
Q(z) := Greg

z (1, 0; 1, 0).Due to the rotational symmetry,
Gz(ξ) := Gz(ξ, φ; 1, 0) = Gz(ξ, φ; 1, φ) = Gz(ξ, 0; 1, 0) =

1

2π
G0

z (ξ, 1),and hen
e
(H̃0 − z)Gz(ξ) = 0, for ξ ∈ (1,∞).Let us note that from the expli
it formula (11), one 
an dedu
e that the 
oe�
ients

Gm
z (ξ, 1) in the series in (12) vanish for m = 1, 2, 3, . . .. The solution to this equation is

Gz(ξ) ∝ S0(3)
ν

(

ξ,−a
4ω2

16

)

.The 
onstant of proportionality 
an be determined with the aid the following theoremwhi
h we reprodu
e from [6℄.Theorem 3. Let d(x, y) denote the geodesi
 distan
e between points x, y of a two-dimensionalmanifold X of bounded geometry. Let
U ∈ P(X) :=

{

U : U+ := max(U, 0) ∈ Lp0

loc(X), U− := max(−U, 0) ∈
n∑

i=1

Lpi(X)
}for an arbitrary n ∈ N and 2 ≤ pi ≤ ∞. Then the Green fun
tion GU of the S
hrödingeroperator HU = −∆LB + U has the same on-diagonal singularity as that for the Lapla
e-Beltrami operator itself, i.e.,

GU(ζ ; x, y) =
1

2π
log

1

d(x, y)
+ Greg

U (ζ ; x, y)where Greg
U is 
ontinuous on X ×X.Let us denote by GH

z and QH(z) the Green fun
tion and the Krein Q-fun
tion for theFriedri
hs extension of H , respe
tively. Sin
e H̃ = a2H and (H̃ − z)Gz = δ, we have
GH

z (ξ, φ; ξ′, φ′) = a2Ga2z(ξ, φ; ξ′, φ′), QH(z) = a2Q(a2z).One may verify that
log d(ρ, 0;~0) = log ρ = log(a arg cosh ξ) =

1

2
log(ξ − 1) + log(

√
2a) +O(ξ − 1)
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hevsky Plane 227as ρ→ 0+ or, equivalently, ξ → 1+. Finally, for the divergent part F (ξ, ξ′) of the Greenfun
tion Gz we obtain the expression
F (ξ, 1) = − 1

4πa2
log(ξ − 1). (13)From the above dis
ussion, it follows that the KreinQ-fun
tion depends on the 
oe�
ients

α, β in the asymptoti
 expansion
S0(3)

ν

(

ξ,−a
4ω2

16

)

= α log(ξ − 1) + β + o(1) as ξ → 1+, (14)and equals
Q(z) = − β

4πa2α
. (15)To determine α, β we need relation

S0(3)
ν =

1

i cos(νπ)

(

S
0(1)
−ν−1 + i e−iπνS0(1)

ν

)

.for the radial spheroidal fun
tion of the third kind. Formulae
Sµ(1)

ν (ξ, θ) = π−1 sin[(ν − µ)π]e−iπ(ν+µ+1)Kµ
ν (θ)Qsµ

−ν−1(ξ, θ),

Sm(1)
n (ξ, θ) = Km

n (θ)Psm
n (ξ, θ),imply that

S0(1)
ν (ξ, θ) =

sin(νπ)

π
e−iπ(ν+1)K0

ν (θ)Qs0
−ν−1(ξ, θ),

S
0(1)
−ν−1(ξ, θ) =

sin(νπ)

π
eiπνK0

−ν−1(θ)Qs
0
ν(ξ, θ),

S0(1)
n (ξ, θ) = K0

n(θ)Ps0
n(ξ, θ),

S
0(1)
−n−1(ξ, θ) = K0

−n−1(θ)Ps
0
−n−1(ξ, θ).

(16)
Here ν ∈ C \ Z, n ∈ Z.Applying the symmetry relation for the expansion 
oe�
ients of the spheroidal fun
-tions (for those expansions see [2℄)

aµ
ν,r(θ) = aµ

−ν−1,−r(θ) =
(ν − µ+ 1)2r

(ν + µ+ 1)2r
a−µ

ν,r (θ),we derive that
Qs0

−ν−1(ξ, θ) =

∞∑

r=−∞
(−)ra0

−ν−1,r(θ)Q
0
−ν−1+2r(ξ)

=

∞∑

r=−∞
(−)ra0

ν,r(θ)Q
0
−ν−1−2r(ξ).



228 M. Tu²ekUsing the asymptoti
 formulae (see [2℄)
Q0

ν(ξ) = −1

2
log

ξ − 1

2
+ Ψ(1)−Ψ(ν + 1) +O ((ξ − 1) log(ξ − 1)) ,

P 0
n(ξ) = 1 +O ((ξ − 1)) , as ξ → 1+,the series expansions

Psµ
ν(ξ, θ) =

∞∑

r=−∞
(−)raµ

ν,r(θ)P
µ
ν+2r(ξ),

Qsµ
ν (ξ, θ) =

∞∑

r=−∞
(−)raµ

ν,r(θ)Q
µ
ν+2r(ξ)and formulae (16), we dedu
e that, as ξ → 1+,

S0(1)
ν (ξ, θ) ∼− sin(νπ)

π
e−iπ(ν+1)K0

ν (θ)

×
[

s0
ν(θ)

−1

(
1

2
log

ξ − 1

2
−Ψ(1) + π cot(νπ)

)

+ Ψsν(θ)

]

,

S
0(1)
−ν−1(ξ, θ) ∼−

sin(νπ)

π
eiπνK0

−ν−1(θ)

×
[

s0
ν(θ)

−1

(
1

2
log

ξ − 1

2
−Ψ(1)

)

+ Ψsν(θ)

]

,

S0(1)
n (ξ, θ) ∼ K0

n(θ)s0
n(θ)−1,

S
0(1)
−n−1(ξ, θ) ∼ K0

−n−1(θ)s
0
−n−1(θ)

−1 = K0
−n−1(θ)s

0
n(θ)−1,where the 
oe�
ients sµ

n(θ) stand for sµ
ν (θ) =

[∑∞
r=−∞(−1)raµ

ν,r(θ)
]−1,

Ψsν(θ) :=
∞∑

r=−∞
(−)ra0

ν,r(θ)Ψ(ν + 1 + 2r),and where we have made use of the following relation for the digamma fun
tion: Ψ(−z) =
Ψ(z + 1) + π cot(πz).We 
on
lude that

S0(3)
ν (ξ, θ) ∼ α log(ξ − 1) + β +O ((ξ − 1) log(ξ − 1)) as ξ → 1+,where
α =

i tan(νπ)

2πs0
ν(θ)

(
eiπνK0

−ν−1(θ)− e−iπ(2ν+3/2)K0
ν(θ)

)
,

β = α
(
− log 2− 2Ψ(1) + 2Ψsν(θ)s

0
ν(θ)

)
+ e−2iπνs0

ν(θ)
−1K0

ν (θ).For the integer values ν = n ∈ Z it holds
S0(3)

n (ξ, θ) ∼ s0
n(θ)−1

(
K0

n(θ)− i(−)nK0
−n−1(θ)

) as ξ → 1 + .
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hevsky Plane 229The substitution for α, β into (15) yields
Q(z) =− 1

4πa2

(

− log 2− 2Ψ(1) + 2 Ψsν

(

−a
4ω2

16

)

s0
ν

(

−a
4ω2

16

))

+
1

2a2 tan(νπ)

(

eiπ(3ν+3/2) K
0
−ν−1(−a4ω2

16
)

K0
ν(−a4ω2

16
)
− 1

)−1 (17)where ν is 
hosen so that
λ0

ν

(

−a
4ω2

16

)

= −z − 1

4
. (18)2.5 The spe
trum of a quantum dot with impurityThe Green fun
tion of the Hamiltonian des
ribing a quantum dot with impurity is givenby the Krein resolvent formula

GH(χ)
z (ξ, φ; ξ′, φ′) = GH

z (ξ, φ; ξ′, φ′)− 1

QH(z)− χ G
H
z (ξ, 0; 1, 0)GH

z (1, 0; ξ′, 0).The parameter χ := a2κ ∈ (−∞,∞ ] determines the 
orresponding self-adjoint extension
H(χ) of H . In the physi
al interpretation, this parameter is related to the strength ofthe δ intera
tion. Re
all that the value χ = ∞ 
orresponds to the Friedri
hs extensionof H representing the 
ase with no impurity. This fa
t is also apparent from the Kreinresolvent formula.As is well known (see, for example, [3℄), for the 
on�nement potential tends to in�nityas ρ → ∞, the resolvent of H(∞) is 
ompa
t and the spe
trum of H(∞) is dis
rete.The same is also true for H(χ) for any χ ∈ R sin
e, by the Krein resolvent formula, theresolvents for H(χ) and H(∞) di�er by a rank one operator. Moreover, the multipli
itiesof eigenvalues of H(χ) and H(∞) may di�er at most by ±1 (see [10, Se
tion 8.3℄).A more detailed analysis given in [4℄ 
an be 
arried over to our 
ase almost literally.Denote by σ the set of poles of the fun
tion QH(z) depending on the spe
tral parameter
z. Note that σ is a subset of spec(H(∞)). Consider the equation

QH(z) = χ. (19)Theorem 4. The spe
trum of H(χ) is dis
rete and 
onsists of four noninterse
ting parts
S1, S2, S3, S4 des
ribed as follows:1. S1 is the set of all solutions to equation (19) whi
h do not belong to the spe
trum of

H(∞). The multipli
ity of all these eigenvalues in the spe
trum of H(χ) equals 1.2. S2 is the set of all λ ∈ σ that are multiple eigenvalues of H(∞). If the multipli
ityof su
h an eigenvalue λ in spec(H(∞)) equals k then its multipli
ity in the spe
trumof H(χ) equals k − 1.3. S3 
onsists of all λ ∈ spec(H(∞)) \ σ that are not solutions to equation (19). themultipli
ities of su
h an eigenvalue λ in spec(H(∞)) and spec(H(χ)) are equal.
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onsists of all λ ∈ spec(H(∞)) \ σ that are solutions to equation (19). If themultipli
ity of su
h an eigenvalue λ in spec(H(∞)) equals k then its multipli
ity inthe spe
trum of H(χ) equals k + 1.Hen
e the eigenvalues of H(χ), χ ∈ R, di�erent from those of the unperturbed Hamil-tonian H(∞) are solutions to (19). As far as we see it, this equation 
an be solved onlynumeri
ally. We have postponed a systemati
 numeri
al analysis of equation (19) to asubsequent work. Note that the Krein Q-fun
tion (17) is in fa
t a fun
tion of ν, andhen
e dependen
e (18) of the spe
tral parameter z on ν is fundamental.3 Con
lusionWe have proposed a Hamiltonian des
ribing a quantum dot in the Loba
hevsky plane towhi
h we added an impurity modeled by a δ potential. Formulae for the 
orresponding
Q- and Green fun
tions have been derived. Further analysis of the energy spe
trum maybe a

omplished for some 
on
rete values of the involved parameters (by whi
h we meanthe 
urvature a and the os
illator frequen
y ω) with the aid of numeri
al methods.Referen
es[1℄ S. Albeverio, F. Gesztesy, R. Høegh-Krohn and H. Holden. Solvable Models in Quan-tum Me
hani
s. Springer-Verlag, (1988).[2℄ H. Bateman and A. Erdélyi. Higher Trans
endental Fun
tions III. M
Graw-Hill BookCompany, (1955).[3℄ F. A. Berezin, and M. A. Shubin. The S
hrödinger Equation. Kluwer A
ademi
 Pub-lishers, (1991).[4℄ J. Brüning, V. Geyler, and I. Lobanov. Spe
tral Properties of a Short-range Impurityin a Quantum Dot. J. Math. Phys. 46 (2004), 1267-1290.[5℄ J. Brüning, V. Geyler, and K. Pankrashkin. Spe
tra of Self-adjoint Extensions andAppli
ations to Solvable S
hrödinger Operators. arXiv:math-ph/0611088 (2007).[6℄ J. Brüning, V. Geyler, and K. Pankrashkin. On-diagonal Singularities of the GreenFun
tion for S
hrödinger Operators. J. Math. Phys. 46 (2005), 113508.[7℄ N. Dunford and J.T. S
hwartz. Linear Operators. Part II: Spe
tral theory. Self AdjointOperators in Hilbert Spa
e. Wiley-Inters
ien
e Publi
ation, (1988).[8℄ J. Meixner and F.V. S
häfke. Mathieus
he Funktionen und Sphäroidfunktionen.Springer-Verlag, (1954).[9℄ M. F. Rañada and M. Santader. On Harmoni
 Os
illators on the Two-dimensionalSphere S2 and the Hyperboli
 Plane H2. J. Math. Phys. 43 (2002), 431-451.[10℄ J. Weidman. Linear Operators in Hilbert Spa
es. Springer, (1980).


