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All about In�nite Words Assoiated withQuadrati Non-simple Parry NumbersL'ubomíra Balková2nd year of PGS, email: l.balkova�entrum.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Zuzana Masáková, Katedra matematiky, Fakulta jaderná a fyzikáln¥inºenýrská, �VUTAbstrat. Studying of fator omplexity, palindromi omplexity, and return words of in�niteaperiodi words is an interesting ombinatorial problem. Moreover, investigation of in�nite wordsassoiated with β-integers Zβ, for β being a Pisot number, an be interpreted as investigationof one-dimensional quasirystals.In this paper, new results onerning the above ombinatorial harateristis for quadrati non-simple Parry number β will be presented. This is the only ase among (non-simple) Parrynumbers worth of studying palindromes sine for non-quadrati ases, there is only a �nitenumber of palindromes in the assoiated in�nite word uβ. We have investigated fator andpalindromi omplexity, return words, and arithmetis using methods whih an be applied forany in�nite aperiodi words being �xed points of a substitution.Abstrakt. Studium komplexity, palindromiké komplexity a �return� slov v nekone£nýh aperi-odikýh sloveh je zajímavý kombinatoriký problém. Zkoumání nekone£nýh slov p°idruºenýh
β-elým £ísl·m lze naví interpretovat jako zkoumání jednodimenzionálníh kvazikrystal·.V tomto £lánku p°edstavíme nové výsledky týkajíí se vý²e zmi¬ovanýh harakteristik a také ar-itmetiky. Námi zkoumaný p°ípad je jediným p°ípadem mezi parryovskými £ísly, kdy p°idruºenénekone£né slovo obsahuje nekone£n¥ mnoho palindrom· a je tedy zajímavé z hlediska vy²et°ovánípalindromiké komplexity. Pouºité metody se dají aplikovat na elou °adu slov, která jsoupevnými body substituí.1 IntrodutionSome kinds of in�nite aperiodi words an serve as models for one dimensional quasirys-tals, i.e., materials with long-range orientational order and sharp di�ration images ofnon-rystallographi symmetry. We will fous on in�nite words uβ assoiated with β-integers Zβ ⊂ R. It has been shown that for β being a Pisot number (β > 1 being analgebrai integer suh that all its Galois onjugates have modulus stritly less than one),
Zβ is a uniformly disrete and relatively dense set (in one word, it is a Delone set [10℄)ful�lling Zβ −Zβ ⊂ Zβ +F for a �nite set F (the Meyer property [11℄). Sine self-similarDelone sets ful�lling the Meyer property are suitable models for quasirystalline struture,
β-integers for β being a Pisot number serve as models for one dimensional quasirystals.1



2 L'. Balková2 PreliminariesFirst, let us introdue our �language� whih will be used throughout this paper. Analphabet A is a �nite set of symbols alled letters. A onatenation of letters is a word.The set A∗ of all �nite words (inluding the empty word ε) provided with the operationof onatenation is a free monoid. We will deal also with right-sided in�nite words
u = u0u1u2 · · · . A �nite word w is alled a fator of the word u (�nite or in�nite) if thereexist a �nite word w(1) and a word w(2) (�nite or in�nite) suh that u = w(1)ww(2). Theword w is a pre�x of u if w(1) = ε and it is a su�x of u if w(2) = ε. A onatenation of kletters a (or words a) will be denoted by ak, a onatenation of in�nitely many letters a(or words a) by aω. An in�nite word u is said to be eventually periodi if there exist words
v, w suh that u = vwω. A word whih is not eventually periodi is alled aperiodi. Anin�nite word u is uniformly reurrent if for any n ∈ N there exists an R(n) ∈ N suh thatany fator of u of length R(n) ontains all fators of length n. The language on u is theset of all fators of a word u. A mapping ϕ on the free monoid A∗ is alled a morphismif ϕ(vw) = ϕ(v)ϕ(w) for all v, w ∈ A∗. Obviously, for determining any morphism itsu�es to give ϕ(a) for all a ∈ A. The ation of a morphism an be naturally extendedon right-sided in�nite words by the presription

ϕ(u0u1u2 · · · ) := ϕ(u0)ϕ(u1)ϕ(u2) · · · .A non-erasing morphism ϕ, for whih there exists a letter a ∈ A suh that ϕ(a) = awfor some non-empty word w ∈ A∗, is alled a substitution. An in�nite word u suh that
ϕ(u) = u is alled a �xed point of the substitution ϕ. Obviously, every substitution hasat least one �xed point, namely

lim
n→∞

ϕn(a) .A substitution ϕ is primitive if there exists an integer exponent k suh that for eahpair of letters a, b ∈ A, the letter a appears in the word ϕk(b). Que�éle [13℄ showed thatany �xed point of a primitive substitution is a uniformly reurrent in�nite word.3 Beta-expansions and beta-integersLet β > 1 be a real number and let x be a positive real number. Any onvergent seriesof the form:
x =

k∑

i=−∞

xiβ
i ,where xi ∈ N, is alled a β-representation of x. As well as it is usual for the deimalsystem, we will denote the β-representation of x by

xkxk−1 · · ·x0 • x−1 · · · ,if k ≥ 0, otherwise
0 • 00 · · ·00︸ ︷︷ ︸

(−1−k) timesxkxk−1 · · · .



All about In�nite Words Assoiated with Quadrati Non-simple Parry Numbers 3If a β-representation ends with in�nitely many zeros, it is said to be �nite and theending zeros are omitted. A representation of x an be obtained by the following greedyalgorithm: There exists k ∈ Z suh that βk ≤ x < βk+1. Let xk := ⌊ x
βk ⌋ and rk := { x

βk },where ⌊.⌋ denotes the lower integer part and {.} denotes the frational part. For i < k, put
xi := ⌊βri+1⌋ and ri := {βri+1}. The representation obtained by the greedy algorithmis alled β-expansion of x and denoted 〈x〉β. If x =

∑k
i=−∞ xiβ

i is the β-expansion ofa nonnegative number x, then∑−1
i=−∞ xiβ

i is alled the β-frational (or simply frational)part of x. Let us introdue some important notions onneted with β-expansions:
• The set of nonnegative numbers with vanishing frational part are alled nonnega-tive β-integers, formally

Z
+
β := {x ≥ 0

∣∣ 〈x〉β = xkxk−1 · · ·x0•} .

• The set of β-integers is then de�ned by
Zβ := −Z

+
β ∪ Z

+
β .

• All the real numbers with a �nite β-expansion of |x| form the set Fin(β), formally
Fin(β) :=

⋃

n∈N

1

βn
Zβ .

• For any x ∈ Fin(β), we denote by fpβ(x) the length of its frational part, i.e.,
fpβ(x) = min{l ∈ N

∣∣ βlx ∈ Zβ} .The sets Zβ and Fin(β) are generally not losed under addition and multipliation.The following notion is important for studying of lengths of the frational parts whihmay appear as a result of addition and multipliation.
• L⊕(β) := min{L ∈ N

∣∣ x, y ∈ Zβ , x + y ∈ Fin(β) =⇒ fpβ(x + y) ≤ L}.
• L⊗(β) := min{L ∈ N

∣∣ x, y ∈ Zβ , xy ∈ Fin(β) =⇒ fpβ(xy) ≤ L}.If suh L ∈ N does not exist, we set L⊕(β) :=∞ or L⊗(β) :=∞.The Rényi expansion of unity simpli�es the desription of elements of Zβ and Fin(β).For its de�nition, we introdue the transformation Tβ(x) := {βx} for x ∈ [0, 1]. TheRényi expansion of unity in the base β is de�ned as
dβ(1) = t1t2t3 · · · , where ti := ⌊βT i−1

β (1)⌋ .One an show that every real number β an be haraterized by its Rényi expansionof unity (see [12℄). Numbers with a �nite Rényi expansion of unity are alled simpleParry numbers. Numbers with an eventually periodi Rényi expansion of unity are alled(non-simple) Parry numbers.



4 L'. Balková4 In�nite words assoiated with beta-integersIn [15℄, it is shown that the distanes ourring between neighbors of Zβ form the set
{∆k

∣∣ k ∈ N}, where
∆k :=

∞∑

i=1

ti+k

βi
for k ∈ N. (1)It is evident that the set {∆k

∣∣ k ∈ N} is �nite if and only if dβ(1) is eventually periodi.Every Pisot number, i.e., a real algebrai integer greater than 1, all of whose onjugatesare of modulus stritly less than 1, is a Parry number. On the other hand, every quadratiParry number is Pisot. This explains that if we deal with quadrati Parry numbers β,the set Zβ models one-dimensional quasirystals.From now on, we will restrit our onsiderations to quadrati Parry numbers. TheRényi expansion of unity for a simple quadrati Parry number β is equal to dβ(1) = pq,where p ≥ q, in other words, β is the positive root of the polynomial x2 − px − q.Whereas the Rényi expansion of unity for a non-simple quadrati Parry number β isequal to dβ(1) = pqω, where p > q ≥ 1, and β is the greater root of the polynomial
x2 − (p + 1)x + p − q. Drawn on the real line, there are only two distanes betweenneighboring points of Zβ . The longer distane is always ∆0 = 1, the smaller one is ∆1.If we assign letters 0, 1 to the two types of distanes ∆0 and ∆1, respetively, andwrite down the order of distanes in Z

+
β on the real line, we naturally obtain an in�niteword; we will denote this word by uβ. Sine βZ

+
β ⊂ Z

+
β , it an be shown easily that theword uβ is a �xed point of a ertain substitution ϕ (see e.g. [7℄); in partiular, for thenon-simple quadrati Pisot number β, the generating substitution is

ϕ(0) = 0p1, ϕ(1) = 0q1. (2)5 Combinatorial and arithmetial properties of in�nite wordsTo understand the physial properties of quasirystals, it is useful to investigate theombinatorial and arithmetial properties of the in�nite aperiodi words uβ modelingquasirystals.
• The number of loal on�gurations of atoms in quasirystalline materials is de-sribed by fator omplexity. It is a funtion assoiating to every integer n thenumber of di�erent fators of length n ontained in uβ.
• The loal symmetry of the material orresponds to palindromi omplexity. It isa funtion assoiating to every integer n the number of di�erent palindromes oflength n ontained in uβ, where palindrome is a word whih stays the same whenread bakwards.
• Another interesting haraterization of rihness of motives appearing in quasirys-tals is given by the notion of return words. Let w be a fator of uβ. Take anarbitrary ourrene of w in uβ. You obtain a return word of w if you read letterssuessively, beginning at the �rst letter of w and ending with the letter preedingthe very next ourrene of w.



All about In�nite Words Assoiated with Quadrati Non-simple Parry Numbers 5There is one more important reason why to deal with β-integers. It is sometimesuseful in omputer siene to onsider addition or multipliation in β-arithmetis. Zβis generally not losed under addition and multipliation, thus it is useful to study thefrational parts that may appear as results of these operations and to estimate theirlengths, i.e., to �nd the values of L⊕(β) and L⊗(β).6 Summary of known resultsLet us remind that all the harateristis we onsider here, i.e., fator omplexity, palin-dromi omplexity, return words, and arithmetis, have been already investigated forquadrati Parry units.
• Fator omplexity of the in�nite word uβ assoiated with β being a quadrati Parryunit is equal to n + 1 [5℄, i.e., uβ in this ase is a Sturmian word. Let us mentionthat all the eventually periodi words have omplexity less or equal to n for some

n, hene Sturmian words are the simplest aperiodi words.
• It has been shown in [6℄ that there are exatly 2 palindromes of any odd lengthand one palindrome of any even length, hene palindromi omplexity P reahesthe following values

P (2n) = P (0) = 1 and P (2n + 1) = P (1) = 2 for all n ∈ N. (3)
• Aording to [16℄ it holds that a uniformly reurrent in�nite word on a binaryalphabet is Sturmian if and only if for any fator w, there exist two return wordsof w.
• Results for arithmetis of quadrati Parry units have been found in [5℄. For the aseof β having the Rényi expansion of unity dβ(1) = p1, the exat values of L⊕(β) and

L⊗(β) are L⊕(β) = L⊗(β) = 2, while for β having the Rényi expansion of unity
dβ(1) = p(p− 1)ω, it holds L⊕(β) = L⊗(β) = 1.A lot of work has been done also for simple Parry numbers. The exat formula forfator omplexity of uβ for β being a simple Parry number with the Rényi expansionof unity dβ(1) = t1t2 · · · tm, where t1 = t2 = · · · = tm−1 or t1 > max{t2, . . . , tm−1} hasbeen derived in [8℄. It is useful to onsider palindromi omplexity only for the ase of

t1 = t2 = · · · = tm−1. Otherwise, the language of uβ is not losed under reversal and,hene, ontains only a �nite number of palindromes. The exat formula for palindromiomplexity of uβ assoiated with a simple Parry number with the Rényi expansion ofunity dβ(1) = t1t2 · · · tm, where t1 = t2 = · · · = tm−1, has been found in [1℄.In [9℄, one an �nd very preise estimates on L⊕(β) for β being a quadrati simpleParry number and also some rough estimates on L⊕(β) for β being a non-simple quadratiParry number.



6 L'. Balková7 New resultsWe will present our results onerning all the harateristis of the in�nite word uβassoiated with beta-integers for β being a quadrati non-simple non-unit Parry number,i.e., β having the Rényi expansion of unity dβ(1) = pqω, where p − 1 > q ≥ 1, in otherwords, β being the larger root of the polynomial x2− (p+1)x+(p−q). In this ase, uβ isthe �xed point of the substitution ϕ(0) = 0p1, ϕ(1) = 0q1. We have investigated fator [2℄and palindromi omplexity [3℄, return words, and arithmetis [4℄. We have found theexat values of fator omplexity C, whih implies that C(n + 1)− C(n) ∈ {1, 2} for all
n ∈ N. We have derived the exat values of palindromi omplexity P , whih on�rmsthat P (n) ∈ {1, 2, 3, 4} for all n ∈ N. We have shown that for any fator w of uβ, thereexist either 2 or 3 return words of w. In the arithmetis, the upper bound on the number
L⊕(β) reahed in [9℄ has been improved. We have shown that ⌊p−1

q

⌋
≤ L⊕(β) ≤

⌈
p
q

⌉
.Let us desribe in more details fator omplexity of uβ and the ardinality of the set ofreturn words of uβ.7.1 Fator omplexityFor proofs and preise statements of this setion see [2℄. To desribe omplexity of in�niteuniformly reurrent words, one an limit his onsiderations to desription of left speialfators. In our ase, uβ is a �xed point of a primitive substitution, onsequently, uβ isuniformly reurrent. Let us remind that a fator w of uβ is left speial if both 0w and

1w are fators of uβ.Observation 1. Let us denote by Mn the set of all left speial fators of length n of anin�nite uniformly reurrent word over a two-letter alphabet. Then the �rst di�erene ofomplexity satis�es
∆C(n) = C(n + 1)− C(n) = #Mn .To desribe all the left speial fators of uβ, let us distinguish more types of them.De�nition 2. Let uβ be the in�nite word assoiated with dβ(1) = pqω, p− 1 > q ≥ 1.

• A left speial fator w ∈ L(uβ) is alled maximal if neither w0 nor w1 are leftspeial.
• An in�nite word v is alled an in�nite left speial fator of uβ if eah pre�x of v isa left speial fator of uβ.
• A fator w of uβ is alled total bispeial if both w0 and w1 are left speial fatorsof uβ.Example 3. Let us illustrate a few of left speial fators of

uβ = 0001000100010100010 . . .being the �xed point of the substitution ϕ(0) = 0001, ϕ(1) = 01 by onstrution of thehead of a tree ontaining left speial fators. Beginning from the empty word to the



All about In�nite Words Assoiated with Quadrati Non-simple Parry Numbers 7
0

1
ε 0

1

0

0 0 0 1 0
0 0 1 0

1 0 0 0 1 0 0 ...right, one an read all left speial fators of length n ∈ {1, 2, . . . , 14}. There are twomaximal left speial fators 00, 01000100010 and two total bispeial fators 0, 0100010having length < 14.Obviously, every left speial fator is a pre�x of a maximal or an in�nite left speialfator. Let us desribe all the maximal and in�nite left speial fators:
• All maximal left speial fators have the form:

U (1) = 0p−1, (4)
U (n) = T (U (n−1)) = 0q1ϕ(U (n−1))0q for n ≥ 2.

• All total bispeial fators have the form:
V (1) = 0q, (5)

V (n) = T (V (n−1)) = 0q1ϕ(V (n−1))0q .Moreover, V (n−1) is a pre�x of V (n) and V (n) is a pre�x of U (n) for all n ∈ N.
• There exists one in�nite left speial fator of the form limn→∞ V (n).For n suh that

|V (k)| < n ≤ |U (k)| for some k ∈ N ,there exist two left speial fators of length n. The lengths |V (k)|, |U (k)| play an essen-tial role for determining of omplexity. One an easily obtain the reursive formulae of
|V (k)|, |U (k)| using their de�nition (4) and (5).Combining all the obtained results, we an determine omplexity.Theorem 4. Let uβ be the �xed point of the substitution ϕ(0) = 0p1, ϕ(1) = 0q1, p− 1 >
q ≥ 1. Then for all n ∈ N

△C(n) = C(n + 1)− C(n) =

{
2 |V (k)| < n ≤ |U (k)| for some k ∈ N,
1 otherwise.7.2 Return wordsLet us start with the exat de�nition of a return word. Let w be a fator of an in�niteword u = u0u1 · · · (with uj ∈ A), the length |w| = ℓ. An integer j is an ourrene of

w in u if ujuj+1 · · ·uj+ℓ−1 = w. Let j, k, j < k, be suessive ourrenes of w. Then
ujuj+1 · · ·uk−1 is a return word of w. The set of all return words of w is denoted by
M(w), i.e.,

M(w) = {ujuj+1 . . . uk−1 | j, k being suessive ourrenes of w} .It is not di�ult to see that the set of return words of w is �nite for any fator w if u isa uniformly reurrent word.



8 L'. Balková
0

1
ε 0

1

0

0 0 0 1 0
0 0 1 0

1 0 0 0 1 0 0 ...
V(1)=0

V(2) = 0100010

U(1)  = 00 U(2)= 01000100010

Figure 1: Illustration of the tree of left speial fators for uβ being the �xed point of thesubstitution ϕ(0) = 0001, ϕ(1) = 01. We an see total bispeial fators V (k) and maximalleft speial fators U (k) for k = 1, 2.Example 5. Let uβ = 001001010010010100101 · · · be the �xed point of the substitution
ϕ(0) = 001, ϕ(1) = 01. Let us show examples of return words:

M(0) = {0, 01} ,

M(00) = {001, 00101} ,

M(001) = {001, 00101} ,

M(0010) = {001, 00101} .In order to study return words M(w) of fators w of an in�nite uniformly reurrentword u, it is possible to limit our onsiderations to bispeial fators. Namely, if a fator
w is not right speial, i.e., if it has a unique right extension a ∈ A, then the sets ofourrenes of w and wa oinide, and

M(w) = M(wa) .If a fator w has a unique left extension b ∈ A, then j ≥ 1 is an ourrene of w inthe in�nite word u if and only if j − 1 is an ourrene of bw. This statement does nothold for j = 0. Nevertheless, if u is a uniformly reurrent in�nite word, then the set
M(w) of return words of w stays the same no matter whether we inlude the return wordorresponding to the pre�x w of u or not. Consequently, we have

M(bw) = bM(w)b−1 = {bvb−1 | v ∈M(w)} ,where bvb−1 means that the word v is prolonged to the left by the letter b and it isshortened from the right by erasing the letter b (whih is always the su�x of v for
v ∈M(w)).For an aperiodi uniformly reurrent in�nite word u, eah fator w an be extendedto the left and to the right to a bispeial fator. To desribe the ardinality of M(w), itsu�es therefore to onsider bispeial fators w.Observation 6. Let w be a bispeial fator of uβ ontaining at least one 1. Then thereexists a bispeial fator v suh that w = ϕ(v)0q and M(w) = ϕ(M(v)).Using Observation 6, it su�es to onsider bispeial fators of uβ that do not ontain1 to obtain all possible ardinalities of the sets of return words.



All about In�nite Words Assoiated with Quadrati Non-simple Parry Numbers 9Theorem 7. Let w be a fator of uβ. Then 2 ≤ #M(w) ≤ 3.Proof. Let us desribe return words of bispeial fators that do not ontain 1, i.e., thatare equal to 0r, r ≤ p− 1.1. Let r ≤ q. Then all the return words of 0r are the following ones:
0 sine there is the blok 0p ∈ L(uβ) ,

0r1 sine there ours the blok 0p10p ∈ L(uβ) .2. Let q < r ≤ p− 1. Then all the return words are the following ones:
0 sine there is the blok 0p ∈ L(uβ) ,

0r1 sine there ours the blok 0p10p ∈ L(uβ) ,

0r10q1 sine there is the blok 0p10q10p ∈ L(uβ) .It is apparent that there are no other return words of 0r.Observation 8. From the proof of Theorem 7, we an notie that in the ase q = p − 1,
#M(w) = 2 for all the fators of uβ. This on�rms that uβ is Sturmian in this ase.Referenes[1℄ P. Ambroº, C. Frougny, Z. Masáková, E. Pelantová, Palindromi omplexity of in�-nite words assoiated with simple Parry numbers, to appear in Annales de l'InstitutFourier (2005), pp. 25.[2℄ �. Balková, Complexity for in�nite words assoiated with quadrati non-simple Parrynumbers, submitted to Journal of Geometry and Symmetry in Physis (WGMP 2005Proeedings) (2006).[3℄ �. Balková, Z. Masáková, Palindromi omplexity assoiated with quadrati non-simple Parry numbers, submitted to RAIRO � J. Theor. Inform. Appl. (2006).[4℄ �. Balková, E. Pelantová, O. Turek: Combinatorial and arithmetial properties ofin�nite words assoiated with quadrati non-simple Parry numbers, submitted toRAIRO � J. Theor. Inform. Appl. (2006).[5℄ �. Burdík, C. Frougny, J.P. Gazeau, R. Krejar, β-integers as natural ounting sys-tems for quasirystals. J. Phys. A 31 (1998), 6449-6472.[6℄ D. Damanik, L.Q. Zamboni, Combinatorial properties of Arnoux-Rauzy subshifts andappliations to Shr®dinger operators. Rev. Math. Phys. 15 (2003), 745-763.[7℄ S. Fabre. Substitutions et β-systèmes de numération. Theoret. Comput. Si. 137(1995), 219�236.



10 L'. Balková[8℄ C. Frougny, Z. Masáková, E. Pelantová, Complexity of in�nite words assoiated with
β-expansions. Theor. Appl. 38 (2004), 163-185.[9℄ L.S. Guimond, Z. Masáková, E. Pelantová, Arithmetis of β-expansions. Ata Arith-metia 112.1 (2004).[10℄ J. Lagarias, Geometri models for quasirystals I. Delone sets of �nite type. DisreteComput. Geom. 21 (1999), 161-191.[11℄ Y. Meyer, Quasirystals, Diophantine approximation, and algebrai numbers. In 'Be-yond Quasirystals (Berlin, 1995)', F. Axel and D. Gratias (eds.), Les éditions dephysique, Springer (1995).[12℄ W. Parry, On the β-expansions of real numbers. Ata Math. Aad. Si. Hungar.11(1960) 401-416.[13℄ M. Que�éle, Substitution Dynamial Systems � Spetral Analysis. Leture Notes inMath. 1294, Springer, Berlin, (1987).[14℄ K. Shmidt, On periodi expansions of Pisot numbers and Salem numbers. Bull.London Math. So. 12(1980), 269-278.[15℄ W.P. Thurston, Groups, tilings, and �nite state automata. Geometry superomputerprojet researh report GCG1, University of Minnesota (1989).[16℄ L. Vuillon, A haraterization of Sturmian words by return words. European Journalof Combinatoris 22 (2001), 263-275.



Numerial Simulation of Air Flow and Pollution Trans-port in the Atmospheri Boundary LayerPetr Bauer3rd year of PGS, email: bauerp�kmlinux.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Zbyn¥k Ja¬our, Institute of Thermomehanis, AS CRAbstrat. We develop a mathematial model based on Navier-Stokes equations for visousinompressible �ow and di�usion-onvetion equation desribing pollution transport, and solvethe model using �nite element method (FEM). We use a simple algebrai model with turbulentvisosity. The FEM allows us to use di�erent terrain shapes and study their in�uene. Essentialpart of the work is numerial analysis, whih examines the properties of algorithms with respetto numerial parameters. We present the reent results of �ow over a square gap.Abstrakt. Vyvíjíme matematiký model zaloºený na Navier-Stokesovýh rovniíh pro nest-la£itelné vazké proud¥ní a difuzn¥-konvek£ní rovnii popisujíí transport zne£i²t¥ní, a °e²íme jejmetodou kone£nýh prvk·. Pouºíváme jednoduhý algebraiký model turbulene s turbulentníviskozitou. Metoda kone£nýh prvk· nám umoº¬uje zkoumat vliv r·znýh tvar· terénu. D·leºi-tou £ástí práe je numeriká analýza zkoumajíí hování algoritm· v závislosti na numerikýhparametreh. Na záv¥r uvádíme nedávno získané výsledky proud¥ní p°es £tverovou jámu.1 IntrodutionWe use a 2D model of air �ow and pollution transport on a polygonal domain Ω whihrepresents a vertial ut through landsape. We onsider the ase of stationary Navier-Stokes �ow and di�usion-onvetion equation for one type of pollutant. We solve thefollowing system of equations on (0, T )× Ω:
∂c(t, x)

∂t
+ ~v(x) grad c(t, x) = D△c(t, x) + f(t, x)

~v(x)∇~v(x)− ν△~v(x) + grad p(x) = ~g(x)div~v(x) = 0

c(0, x) = c0(x) x ∈ Ω

∂c

∂~n
|terr = 0

~v |terr = ~vtwhere Ω ⊂ R2 is a bounded domain derived from a retangle by substitution of thebottom edge by a pieewise linear line representing the terrain, c(t, x) is the onentrationof pollutant, ~v(x) is the veloity, c0 is the initial ondition for onentration, ~n is the unitouter normal and terr denotes the terrain. 11



12 P. BauerOn the surfae, we are using Neumann boundary ondition for onentration andDirihlet boundary ondition for veloity, whih is appropriate from the physial point ofview; see [9℄. We an use either Dirihlet or Neumann boundary onditions on the otherparts of the boundary, like c |in= ci, ~v |in= ~vi, ∂c
∂~n
|out= 0, ∂~v

∂~n
|out= 0. The term f(t, x)represents the pollution soure and ~g(x) is the external fore.2 Weak formulation of Navier-Stokes problemLet V = (W̊

(1)
2 (Ω))2, X = (W

(1)
2 (Ω))2, H = {q ∈ L2(Ω) :

∫
Ω

q dx = 0}, ~w ∈ X: ~w |∂Ω= ~vΓin weak sense, ∫
∂Ω

~w~n dS =
∫
Ω

div ~u dx = 0 for Dirihlet boundary ondition. We denote
~u = ~v − ~w

((~w,~s)) =
∫
Ω

2∑
i,j=1

∂wi

∂xj

∂si

∂xj
= (∇~w,∇~s), b(~u,~v, ~s) = 1

2

∫
Ω

2∑
i,j=1

(uj
∂vi

∂xj
si − ujvi

∂si

∂xj
)We seek v ∈ X and p ∈ H , suh that:

((~v,~s)) + b(~v,~v, ~s)− (p, div~s) = (~g,~s)− ((~w,~s)) ∀~s ∈ V

(q, div~u) = −(q, div ~w) ∀q ∈ HIndex h denotes �nite-dimensional subspaes V h ⊂ V , Xh ⊂ X, Hh ⊂ H . The mixedformulation in �nite-dimensional ase stands:
((~vh, ~s))h + bh(~v

h, ~vh, ~sh)− (ph, divh~s)h = (~gh, ~s)h − ((~wh, ~s))h

(q, divh~u
h)h = −(q, divh ~wh)h ∀~s ∈ V h ∀q ∈ Hh

Figure 1: Lumped regionsThe nonlinear term bh(~u
h, ~uh, ~sh) must be omputed iteratively. Diret appliationof this approah gives solution with osillations. We are using the upwinding tehniqueproposed by [6℄, whih reates the dual triangulation given by the baryentri nodes ofthe original triangulation. Thus, we obtain the lumped regions Rl around eah mid-sidenode Ql (Fig. 1). The basi idea of this approah is splitting the domain into the lumpedregions and rewriting the nonlinear term in the following form:
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b(~u,~v, ~w) =

∫

Ω

(
u1

∂v1

∂x1

+ u2
∂v1

∂x2

)
w1 +

(
u1

∂v2

∂x1

+ u2
∂v2

∂x2

)
w2 =

=

∫

Ω

(
∂(u1v1)

∂x1
+

∂(u2v1)

∂x2

)
w1 +

(
∂(u1v2)

∂x1
+

∂(u2v2)

∂x2

)
w2 −

−v1w1

(
∂u1

∂x1

+
∂u2

∂x2

)
− v2w2

(
∂u1

∂x1

+
∂u2

∂x2

)
=

=
∑

l

∫

Rl

(
∂(u1v1)

∂x1
+

∂(u2v1)

∂x2

)
w1 +

∑

l

∫

Rl

(
∂(u1v2)

∂x1
+

∂(u2v2)

∂x2

)
w2 −

−
∑

l

∫

Rl

v1w1

(
∂u1

∂x1
+

∂u2

∂x2

)
−
∑

l

∫

Rl

v2w2

(
∂u1

∂x1
+

∂u2

∂x2

)

After numerial integration and appliation of Green Theorem:
b(~u,~v, ~w) ≈ w1(Ql)

∫

Rl

div(~uv1) + w2(Ql)

∫

Rl

div(~uv2)−

−v1w1(Ql)

∫

Rl

div ~u− v2w2(Ql)

∫

Rl

div ~u =

= w1(Ql)

∫

∂Rl

v1~u~ndS + w2(Ql)

∫

∂Rl

v2~u~ndS −

−v1(Ql)w1(Ql)

∫

∂Rl

~u~ndS + v2(Ql)w2(Ql)

∫

∂Rl

~u~ndSThe term ∫
∂Rl

vi~u~ndS is now approximated by ∑k vi(Qk̃)
∫

rlk
~u~ndS where k goesthrough the neighbouring mid-side nodes to Ql and rlk refers to the part of boundary ofthe lumped region Rl between nodes Ql and Qk. Then vi(Qk̃) is a ombination of valuesof vi in these two nodes aording to the �ux through rlk. This approah leads to theiterative sheme:

(
A(uk) B
BT 0

)(
uk

−pk

)
=

(
G(uk)

H

) (1)3 Weak Formulation of Di�usion-Convetion EquationWe use impliit Rothe method [4℄ and the method of harateristis [5℄ whih separatesdi�usion from onvetion. This approah uses pre-omputed veloity �eld and is thereforeindependent on type of the �ow used. Appliation of these methods leads to linear system



14 P. Bauerwith positive-de�nite matrix; see [10℄. For i = 1, . . . , m:
m∑

j=1

αk
j [(vj, vi) + τD(∇vj ,∇vi)] = (τfk + ck−1 ◦ ϕk, vi)− τD(∇w,∇vi)4 Algebrai Turbulene ModelThe algebrai turbulene model is a very simple way of simulating some turbulent prop-erties of the atmospheri boundary layer. We introdue the turbulent visosity νt asthe funtion of height, instead of using the onstant visosity oe�ient. The atualdependene is given by following formula:
νt =

κ2µ2u2
∗

f
KM µ = 1.0 f = 10−4 κ = 0.4 u∗ = 0.1

KM = µZ Z < h δ = 103 h = 0.1δ Z = z/h

= µh Z ≥ hwhere δ is the thikness of the boundary layer, u∗ is the frition veloity, KM isdimensionless turbulent exhange oe�ient and Z is the relative height. The values ofonstants are given by physial experiments.The value of νt tends to zero at the proximity of the surfae, whih is not aeptable.The boundary ondition must therefore be set in some nonzero height z1 whih orre-sponds to terrain roughness. For the inner ity model, we onsider the values z1 = 20mand u(z1) = 7.5m/s. The veloity pro�le is given by u(z) = u(z1)(z/z1)
0.28 to math theveloity of geostrophi �ow on the top boundary.5 Numerial Solution using the Finite Element MethodWe have hosen the �nite element method, in order to treat di�erent terrain shapes easily.We use linear Lagrange elements for onentration, Cruzeix-Raviart (Fig. 2) elements forveloity and pieewise onstant elements for pressure.

Figure 2: Lagrange and Cruzeix-Raviart elements



Numerial Simulation of the Atmospheri Boundary Layer 15Current mesh struture allows storing of multiple meshes together with their hierar-hi struture to support the more e�ient multigrid solver, whih is being developed.Meanwhile, we use Uzawa iterations and BiCG method with simple diagonal preondi-tioning to solve system (1). We an treat two di�erent types of boundary onditions forveloity on eah part of the boundary: Dirihlet and do-nothing.

Figure 3: Triangulation of the domain6 ResultsOn the last pages, we present reent results of steady state Navier-Stokes �ow over aunit square gap in the ase of Reynolds number Re = 1000 with paraboli veloitypro�le on the inlet. The veloity and pressure �elds are shown. Note, that the pressureis determined up to onstant; we have hosen zero as a mean value in this ase. Foromparison, we also show the results of stationary Stokes �ow with the same boundaryondition.7 ConlusionWe develop a mathematial model of pollution transport in the ABL based on NavierStokes equations and di�usion-onvetion equation, and solve it using the �nite elementmethod. The model inludes a simple algebrai model of turbulene and allows us topresribe di�erent types of boundary onditions on eah part of the boundary. We haveshown the numerial results of �ow over a square gap for omparison with referene data.The immediate goals are implementation of multigrid solver and extension of themodel into 3D. Next step will be the implementation of an advaned turbulene modeland omparison of its results with experimental data provided by the Institute of Ther-momehanis of the Aademy of Sienes of the Czeh Republi.



16 P. BauerSimultaneously, we are trying to parallelize the ode in order to solve ompliated 3Dproblems. At this oasion, I would like to express my thanks to the members of HPCEuropa projet, for their aid and hospitality during my summer stay in researh enterCINECA in Bologna, where a signi�ant amount of work on this topi was done.Referenes[1℄ P. G. Ciarlet, The �nite-element method for ellipti problems, North-Holland, Ams-terdam (1978)[2℄ F. Brezzi, M. Fortin, Mixed and hybrid �nite-element methods, Springer Verlag, NewYork (1991)[3℄ M. Feistauer, Mathematial methods in �uid dynamis, Longman, New York (1993)[4℄ J. Ka£ur, Method of Rothe in evolution equations, BSB B. G. Teubner Verlagsge-sellshaft, Leipzig (1985)[5℄ J. Ka£ur, Solution of Degenerate Convetion-Di�usion Problems by the Method ofCharateristis, SIAM Journal on Numerial Analysis, 39 (2001), 858�879[6℄ F. Shiewek, L. Tobiska, An optimal order error estimate for upwind disretizationof the Navier-Stokes equation, Numerial methods in partial di�erential equationsy.12 n.4 (1996), 407�421[7℄ M. Bene², Z. Ja¬our and F. Rys, Numerial Solution of the Falkner-Skan Equation,proeedings on 3rd Seminar on Euler and Navier-Stokes Equations (Theory, Nu-merial Solution, Appliations), Institute of Thermomehanis, Prague, May (1998),13�14[8℄ M. Bene², Z. Ja¬our, A numerial solution of the planetary-boundary-layer equations,extended abstrat in Workshop on urban boundary layer parametrisations, COSTAtion 715, Zurih, May (2001), EC 2002, 63�72[9℄ M. Bene², R.F. Holub, Aerosol Wall Deposition in Enlosures Investigated by Meansof a Stagnant Layer, Environment International 22, Suppl. 1 (1996), 883�889[10℄ P. Bauer, Mathematial Modelling and Numerial Simulation of Pollution Trans-port in the Atmospheri Boundary Layer, Proeedings on the Conferene TopialProblems of Fluid Mehanis, Praha (2005), 7�10
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Figure 4: Stokes �ow - pressure
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Figure 6: Navier-Stokes �ow - pressure
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Prototype Implementation of the Exeution EngineVPU Core∗Martin Dráb3rd year of PGS, email: drab�kepler.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Ladislav Kalvoda, Department of Solid State Engineering, Faultyof Nulear Sienes and Physial Engineering, CTUAbstrat. The goal of the projet INDECS is to reate a �exible software basis for driving anexperiment on a neutron di�ratometer. The step of reating the �rst prototype of the ExeutionEngine (EE) Virtual Proessing Unit (VPU) ore, whih is a key omponent of the developedexperiment ontrol system, had to be done in order to be able to proeed further with otheromponents and �nally assembling them into the working system. This artile tries to alsodesribe some deviations from the original design draft of the EE VPU, that were onsideredneessary to do on the path from the theoretial design to the atual implementation.Abstrakt. Cílem projektu INDECS je vytvo°it �exibilní software pro °ízení exprimentu naneutronovém difraktometru. Bylo nutné provést krok, ve kterém byl vytvo°en první prototypvirtuálního proesoru (VPU) zvaného Exeution Engine (EE), který je klí£ovou komponentouvyvíjeného systému pro °ízení experimentu, aby bylo moºné pokra£ovat s vývojem dal²íh kom-ponent systému a ve �nále z t¥hto komponent sestavit fungujíí systém. Tento £lánek se mimojiné snaºí popsat n¥které odhylky od originálního návrhu VPU EE, které se p°i est¥ od teo-retikého návrhu k praktiké implementai ukázaly jako nutné.1 IntrodutionProjet INDECS is oriented on designing a �exible software basis for an e�etive ontrolof the di�ratometer experiments, however it should be easily modi�able for a di�erenttype of experimental devies. The software should be able to ontrol the moves of thedi�ratometer as well as to perform the atual data aquisition and analysis. Abilityto ommuniate over the network with data and ommand transfers, and thus, in fathaving the ability of remote ontrolling or monitoring of the experiment, was requested.The result is ahieved by a series of onneted Virtual Proessing Units (VPU) alledthe Exeution Engine (EE) whih allows all the apability that is required for the systemto have. These VPUs have a apability to exeute general virtual instrutions that anbe used to ontrol the data streams passing through them or to perform some basi tasksthat an be further supported by a variable instrution set and external modules alledthe External Exeution Modules (EEMs) that an exeute omplex and possibly target-spei� virtual instrutions. In order to withstand ommuniation loss, it also has theapability to loally store and exeute instrution sequenes. And it an do a omplexrouting of instrution streams.
∗This work has been supported by grants MSM6840770021 and JINR 22-03007.19
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Figure 1: A simple shematis of an EEM appliation to drive some peae of devie.Before this onept an be extended to a fully working omplex system able to drivethe di�ration experiment, a �rst prototype of the atual Exeution Engine VPU Coreitself had to be reated, sine it is the key omponent to the whole system. Anotherreason for this step is the fat, that some other omponents are just a derivative of theEE. In this ase we had the External Exeution Modules in mind, whih is in fat tobeb implemented as an Exeution Engine itself with redued ommuniation and streamrouting apability and without the apability to exeute the general basi instrutionset ommon to all EEs, and instead just implement the one devie- or funtion-spei�instrution set of possibly quite omplex and extended funtionality. A simple shematisof an EEM appliation to drive some peae of devie an be seen on Figure 1.2 ConeptConeptually the onstrution of the Exeution Engine VPU is based on three layersfolded on one another. In order to get to this struture of implementing the EE, we hadto realize the fat that if you take a global view on the whole system whih we are tryingto build here, we an learly see that in fat it is all about ommuniation between itsindividual parts. Atually about the instrution and therefore data stream routing andexhange.The three layers are trying to re�et this. The lowest layer is alled a Stream Cahe(SC) layer and it deals with a smart bu�ering that is used as a basi mean of dataommuniation between individual omponents. The middle layer is alled a MultiMediaStream Routing (MMSR) layer, it is based upon the Stream Cahe layer, and it de�nesseparate entities that an be bound together using data streams to exhange informationthat these entities an work with. The third layer hovering on both of these is the atualimplementation of the Exeution Engine VPU ore itself.



Prototype Implementation of the Exeution Engine VPU Core 212.1 The MultiMedia Stream Routing LayerThe basi data stream routing is done using so alled Transoders. A Transoder isa software onstrut (or, say, an objet) that has a variable and theoretially unlim-ited number of input and output data streams and two funtions (or methods) alledsan_resoures() and transode(). The �rst funtion is supposed to san inputstreams and determine, whether there is enough data available to do one transodingstep, and the seond funtion performs the transoding step, whih ould more or less beany mathematial transform transforming some data from the input streams into someother data that an be sent to any of the output streams.Exeution Engines and External Exeution Modules are implemented as a speial aseof these Transoders with speial san_resoures() and transode() funtions, thatproess the inoming ommands. Exeution Engine is also apable of exeuting loallystored ommands whih ould be stored within and their referenes are hidden within itsdata strutures.2.2 The Stream Cahe LayerThe data streams that onnet multiple Transoders (and in fat also multiple EEs andEEMs) together are reated by the seond and bottom-most sublayer that is alled aStream Cahe layer. Again, it is a software onstrut. This time meant to maintain aahe of streaming data, allowing easy aess to the data in possibly variable amountsand with little overhead.The same way as Transoders an also be used (and are used) for other purposes thanmaking an EE or an EEM, the Stream Cahe an be (and is) used for other purposesthan just to onnet more Transoders.The thing is that basially someone has to feed the ahe with some data at one endand someone else has to retrieve the data on the other end of the ahe. Both of whihan be done manually, in whih ase the ahe operates in so alled Push-Pull mode.That is the mode that is probably used the most, also for onneting the Transoders.Then the ahe an also operate in the so alled Pull-Automati or Push-Automatimode. First of whih has a speial funtion attahed to the ahe, that is automatiallyalled, when the ahe is supposed to be fed with data (this an be used for instane forautomati reading of data from �les or other data soures). The other mode is its exatopposite, it alls a di�erent attahed funtion whenever the ahe needs to release somedata (this an be used e.g. for writing data to �les).Data is read from the ahe by �rst bloking a neessary amount within the ahe(making sure that the data would not be moved in between by the automati ahehandling mehanism), then proessing them in-plae and �nally releasing them out fromthe ahe. Of ourse there is also the possibility to just unblok the data without releasingthem. This way a funtion an test the data and if it is not (yet) interested in them, itjust lets them there either for someone else or for later time, when there is more data.A smart mehanism an be allowed to move ertain amount of the data from the endof the ahe to the beginning, and though reating a feeling of data ontinuity to thereader. It an even dynamially hange the size of the ahe bu�er when large amountsof data are neessary to be available at one time, that are bigger than the ahe itself. Of
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Figure 2: The sheme of the Stream Cahe bu�er operation.ourse these features an be all individually disabled and possibly restrited to ertainbounds.The whole idea behind this was to reate a ahing mehanism, that from the side ofthe reader would seam like a ontinuous ahe, i.e., it allways gets the amount it asks forin one peae (as long as the ahe's size and some other parameters allow it), that wouldallow the reader to work with the data diretly from the ahe, i.e., without a need to doa loal opy of the data to proess them, and with as little overhead as possible.
3 ImplementationThe atual implementation of the third topmost layer, the Exeution Engine itself, ismostly following the design draft as stated in [1℄, hapter 3 and 4. The atual instaneof the EE is reslized as a struture alled indes_ee_t. Among other things it holdsa list of ontexts, a list of alloated Loal Memory Bloks, a struture with the globalregisters of the EE, the table of targets that are to be onsidered as a soure of the loalrouting paths, list of input and output instrution streams (onnetions) and other thingsimportant to the fast and possibly simple operation of the VPU.



Prototype Implementation of the Exeution Engine VPU Core 233.1 ContextsContexts are de�ned as a onurrent (though ooperating) soures of instrutions. Theyare instatnitated by a struture alled indes_ontext_t. These strutures are organizedin several ways. The �rst way is the list of ontexts available to the partiular instane ofthe EE. It is a dynamially linked list with a header plaed in the indes_ee_t strutureand its purpose is to just have all the available ontexts listed on one plae, so that itis easy to handle them globally, e.g., terminating them properly upon the termination ofthe EE and suh.The other way of organizing the indes_ontext_t strutures is of more pratial useand is aimed towards speeding up the proess of the EE's sheduler to be able to fasterdeide whih ontext is to be hosen to exeute the next virtual instrution. Aordingto [1℄, hapter 3.2, the whole sheduling sheme of the EE is based on a priority basedooperative multitasking. Whih means that eah proess is assigned an integer numberalled priority. The next ontext to be sheduled for exeuting the next virtual instrutionis allways the one, that has the biggest priority number and is ready to exeute aninstrution, i.e., it has a whole instrution that is to be exeuted next in within theontext available.To speed up the proess of searhing the the appropriate ontext the indes_ontext_tstrutures are also organized in another way. There is a dynami list of oupied prior-ities, i.e., eah priprity that ontains at least one ontext has an entry in this list. Thislist is desendently ordered aording to the priority. This allows quikly �nding the top-most priority ontext(s) (it takes a onstant time) and possibly quiky skip to the nextlower priority whih also takes a onstatnt time) and so on. Eah entry within this listontains another dynami list of all ontexts (i.e., their indes_ontext_t strutures)that are urrently on that partiular priority level. This organization allows us to easilyimplement the round-robin priniple of exeuting ontexts that are on the same (top)priority, aording to [1℄. The next ontext to be sheduled on the partiular priorirylevel is the one that is on the top of the list onneted to that priority within the listof oupied priorities. Upon the sheduling the ontext is moved to the bottom of thatlist (whih is again a onstant time operation), whih assures the requested round-robinbehaviour.To speed up the searhing of appropriate ontext based on its Context Identi�ation(CID, see [1℄), the list of all ontexts is hashed aording to the CID in addition to theorganization in the dynami list. To speed up the proess of searhing the lists partiularpriority level during the operation of reassigning a ontext's priority, the list of oupiedpriority levels is hashed as well, this time using the priority level as a hashing key.3.2 Instrution SouresAording to [1℄ a soure of instrutions an be either an Inomming Isntrution StreamingFIFO Bu�er (IISB), whih is implemented by an input stream to the Transoder (thatinstantiates the EE). This soure is only streamable and is not seekable, whih means,that it an only exeute instrutions one after another in the order in whih they arestu�ed into the IISB. So there are no jump or branh instrutions that ould expliitlyhange the order of the exeution of the instrutions.



24 M. DrábThe other soure of instrutions is the Loal Memory Blok (LMB), whih is a dy-namially prealloated area of memory that an be �lled with instrutions and exeuted.Instrutions exeuted from within the LMB an implement jumps and branhing in theexeution targetting instrutions that are also in an LMB.While eah IISB does have its own ontext, and so is a virtual proess on its own, it isnot mandatory for the LMB soure to have it as well. An LMB an be either launhed asa ontext on its own and then behave simmilarly to the IISB with jumping and branhing,or it an be just loaded with ode and its peaes an be alled from other ontexts assubroutines by the all or all instrutions. And this an be done from both ontextsbased on LMBs and ontexts based on IISBs, whih is a way how even an IISB basedontext an implement sort of a jump or branh, even though in suh an indiret way. Butto implement subroutine alls, eah ontext has to have a speial LMB that implementsthe data struture alled stak, whih is reated automatially upon the reation of eahproess and its referrene (LMBID) is stored within a speial ontext loal register alledSLR (Stak LMB Referrene). This struture is mainly used to save the return pointer forthe next instrution to be alled upon the return from the subroutine all, i.e., e�etivelyit saves the CVIP (Current Virtual Instrution Pointer) register (see [1℄). As for ontextsexeuting the instrution stream from an IISB, this register allways has a speial valueof 0, the onept of subroutine alling is also usable on suh ontexts without a problem.LMBs are again instantiated by a struture, this time alled indes_lmb_t, and theseare again linked in a dynami list with the head of the list grounded within the mainEE struture indes_ee_t. Similarly to the list of ontexts this list is also hased by theLMB Identi�ation number (LMBID), in order to speed up the proess of searhing thepartiular LMB, sine the expliit referrene to the data or instrutions within an LMBare ususally done by speifying the LMBID and an o�set within the LMB.3.3 RoutingAgain, the routing mehanism is implemented aording to [1℄, hapter 3.10. However inorder to use all of the possibble ombinations of the routing registers GRENi, GRTEi andGRTNi (you an see the loal routing priniple using these registers depited on Figure3) and to speed things up a bit, another set of 255 1-bit registers alled GREi (GlobalRouting Enable) was added. These registers when set to a 0 disable the operation ofthe partiular GREN, GRTE and GRTN registers with the same index, when set to a 1,these are enabled.To speed up the proess of heking whih of the 256 targets the routing should applyto, these new 256 1-bit GRE registers are stored as 8 32-bit values whih an be testedfor non-zero value as a whole and then possibly dig deeper into the individual bits, if itis going to be neessary. Another thing that should speed up this proess is a speialarray of 256 entities held within the indes_ee_t struture. This array ontains for eahof the targets a referene ounter, i.e., the number of loal routing paths that take thispartiular target as a soure for the routing and though are of interest to the routingmehanism, and an index of the �rst loal routing path (by a loal routing path in thisontext we understand the three registers GRENi, GRTEi and GRTNi with the sameindex i), i.e., the one with the lowest index, that takes this target as a soure. The
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Figure 3: The sheme of loal routing using a GREN, GRTE and GRTN registers.searhing of the loal routing paths for the spei� target is then eased in a way, thatwe expliitly know whih is the �rst one (its index) and that we know how many of suhloal routing paths there is, so we don't need to go through all of the 256 GREN registersfor eah exeuted instrution, in order to see where we need to route it.4 ConlusionThe �rst prototype of the Exeution Engine VPU ore has been onstruted. It yetneeds to undergo a series of testing and debugging in order to optimize and determineits harateristis. However the proess of integrating it into a full experiment ontrolsystem still requires a lot of work. First the derivative of the EE, the External ExeutionModule (EEM) prototype has to be onstruted. Next step would be a onstrution ofa simple network onsisting of several of these omponents interonneted together andtesting of its operability. Further a series of speial EEMs to interat with the atualhardware of the experiment (in this ase devies belonging to the KSN-2 di�ratometer,whose driving is the ultimate goal of this projet) have to be reated and tested. Anothertask would be to reate a simple and �exible user interfae to let the user atually interatwith the experiment ontrol system.Referenes[1℄ M. Dráb. Projet INDECS: The Design of a Superior System of Data Colletion andAnalysis. (Diploma Thesis) Faulty of Nulear Siene and Physial Engineering,Czeh Tehnial University, Prague, (2003).
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Minimum Information Loss Cluster Analysisfor Categorial Data∗Jan Hora2nd year of PGS, email: hora�utia.as.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Ji°í Grim, Institute of Information Theory and Automation of theCzeh Aademy of SienesAbstrat. The EM algorithm has been used repeatedly to identify latent lasses in ategorialdata by estimating �nite distribution mixtures of produt omponents. Unfortunately, the un-derlying mixtures are not uniquely identi�able and moreover, the estimated mixture parametersare starting-point dependent. For this reason we assume the latent lass model only to de�ne aset of elementary properties and the related statistial deision problem. In order to avoid theproblem of unique identi�ation of latent lasses we propose a hierarhial �bottom up� lusteranalysis based on unifying the latent lasses sequentially. The lustering proedure is ontrolledby minimum information loss riterion.Abstrakt. Shluková analýza kategoriálníh dat je oben¥ obtíºnou úlohou, ve které není moºnévyuºít standardníh postup·, protoºe u kategoriálníh není jednodu²e de�novatelná oben¥platná metrika. Jisté moºnosti v tomto sm¥ru nabízí hledání tzv. latentníh t°íd, pomoí EMalgoritmu, které je v²ak velmi omezeno. V prvé °ad¥ tím, ºe shluky hledá pouze ve tvaru kom-ponent sm¥si, a v druhé naráºí na teoretiký problém neidenti�kovatelnosti sm¥si a její závislostna po£áte£ním °e²ení. V na²em p°ípad¥ takto nalezené t°ídy pokládáme pouze za referen£níbody, které de�nují transformai kategoriálníh dat do reálného prostoru. Po transformai jevyuºito hierarhiké shlukování s vyuºitím kritéria Informa£ní ztráty.1 IntrodutionThe onept of luster analysis is losely related to the similarity of objets or distane ofdata vetors de�ned by a metri. The luster analysis of ategorial (nominal, qualitative)data is di�ult beause the standard arithmetial operations are unde�ned and alsothere is no generally aeptable de�nition of distane for multivariate ategorial data.For these and other reasons the standard methods of luster analysis annot be applieddiretly to multivariate ategorial data.One of the �rst ideas of statistial multivariate analysis of ategorial data appears tohave originated with Lazarsfeld [22℄. In the framework of soiologial researh he proposedthe �tting of multivariate Bernoulli mixtures to binary data with the aim to identifypossible latent lasses of respondents. Serious drawbak of the Lazarsfeld's idea has beenthe tedious and somewhat arbitrary methods used for �tting the models. The numerial
∗This researh was supported by the EC projet no. FP6-507752 MUSCLE, by the grant No.1ET400750407 of the Grant Ageny of the Aademy of Sienes CR and partially by the projet M�MT1M0572 DAR. 27



28 J. Horaproblems have been removed only by the omputationally e�ient EM algorithm [6℄.Disussion of the latent lass analysis from a statistial point of view an be found inGoodman [9℄ and Fielding [7℄. Other approahes to latent struture- and latent variablemodels are disussed by Bartholomew [2℄, (see also [8℄, [23℄). In the last years the originalidea of Lazarsfeld has been widely applied and frequently modi�ed by di�erent authors(f. e.g. [19℄, [28℄).In this paper we propose a new approah to luster analysis of ategorial data in theontext of data mining. Applying the latent lass model to large multivariate databaseswe have to assume large number of lasses (M ≈ 101 ÷ 102) and multiple solutions ofomparable quality. In order to avoid the di�ulty of unique identi�ation we proposea hierarhial lustering proedure based on sequential unifying the �elementary� latentlasses. The proedure is ontrolled by the minimum information loss riterion.2 Latent Class ModelLet us suppose that some objets are desribed by a vetor of disrete variables takingvalues from �nite sets:
x = (x1, . . . , xN), xn ∈ Xn, |Xn| <∞, x ∈ X = X1 × · · · × XN . (1)We assume that the variables are ategorial (i.e. non-numerial, nominal, qualitative)without any type of ordering. Considering the problem of luster analysis we are usuallygiven a set of data vetors

S = {x(1), . . . , x(K)}, x(k) ∈ X . (2)The goal of luster analysis is to partition the set S into �natural� well separated subsetswhih orrespond to similar objets
ℜ = {S1,S2, . . . ,SM}, S = ∪J

j=1Sj , Si ∩ Sj = ∅, for i 6= j. (3)The onept of luster analysis is losely related to some similarity or dissimilarity mea-sures. Unfortunately, in ase of ategorial variables the arithmetial operations are un-de�ned and therefore we annot ompute means and varianes nor there is any generallyaeptable way to de�ne distane for the ategorial data vetors x ∈ X . For this reasonthe standard algorithms of luster analysis are not diretly appliable to ategorial data.One of the �rst statistially justi�ed approahes to lustering disrete data is the latentstruture analysis of Lazarsfeld [22℄, who proposed to identify latent lasses in binarydata by estimating multivariate Bernoulli mixtures. The method is easily generalized toategorial variables and it is often disussed in reent literature in di�erent modi�ationsas �latent lass analysis� [28℄. In partiular we de�ne the latent lass model as �nitemixture of produt omponents
P (x) =

∑

m∈M

wmF (x|m), x ∈ X , (wm > 0), M = {1, . . . , M}, (4)
F (x|m) =

∏

n∈N

fn(xn|m), N = {1, . . . , N} (5)



Minimum Information Loss Cluster Analysis for Categorial Data 29where the probability wm is the probabilisti weight of m-th omponent, fn(xn|m) arethe onditional (omponent spei�) univariate disrete distributions andM,N are theindex sets of omponents and variables respetively.The formula (4) an be viewed as a model of onditional independene with respet tothe index variable m. It is not restritive in ase of disrete variables sine any disreteprobability distribution an be expressed as a produt mixture (4) if the number ofomponents may be hosen large enough (f. [17℄).The standard way of estimating mixtures is to use EM algorithm (f. [6℄, [10℄, [21℄,[24℄). In partiular to ompute maximum-likelihood estimates of mixture parameters wemaximize the log-likelihood funtion
L =

1

|S|
∑

x∈S

log P (x) =
1

|S|
∑

x∈S

log

[
∑

m∈M

wmF (x|m)

] (6).3 Non-unique Identi�ation of Latent ClassesIt an be seen that the distribution mixture (4) naturally de�nes a statistial deisionproblem {X , wmF (.|m), m ∈ M}. Having estimated the mixture parameters we anompute the Bayes probability q(m|x) that a data vetor x ∈ S �relates� to the m-thomponent. Using the Bayes deision funtion 1
d(x) = arg max

j∈M
{q(j|x)}, x ∈ X . (7)we an de�ne the �latent lass� partition ℜ of the set S by lassifying the points x ∈ Sby means of d(x):

ℜ = {S1,S2, . . . ,SM}, Sm = {x ∈ S : d(x) = m}, m ∈M. (8)Let us reall that the partition ℜ represents the result of latent lass analysis in theoriginal form proposed by Lazarsfeld (f. [22℄, [28℄). The posterior weights q(m|x) anbe viewed as membership funtions of the estimated latent lasses. They are partiularlyuseful if there is some interpretation of the mixture omponents, e.g. if the omponentsorrespond to some real �latent lasses� [22℄, �hidden auses� [23℄ or �lusters� having aspei� meaning.The latent lass model (4) seems to be one of the most widely appliable tool of lusteranalysis of ategorial data. Thus e.g. the original idea of Lazarsfeld has been used bymany authors to identify individual lasses of bateria (f. e.g. [19℄) and more reentlyVermunt et al. [28℄ desribe di�erent modi�ations of the latent lass analysis as appliedin other �elds.A serious disadvantage of the latent lass analysis relates to the fat that the resultinglusters may be non-unique. It is obvious that, if the estimated mixture is not de�neduniquely, then the orresponding interpretation of data in terms of latent lasses may1In ase of ambiguity we set the deision funtion d(x) equal to the smallest index j ∈ M with themaximum property.



30 J. Horabeome questionable. Unfortunately, there are at least three soures of unertainty whihmay in�uene the resulting form of the estimated mixture. First, there is no exatmethod to hoose the proper number of omponents (f. [21℄). Another soure of multiplesolutions is the existene of loal maxima of the log-likelihood funtion. For this reason wean expet di�erent loally optimal solutions depending on the hosen initial parameters.However, even if we sueed to manage the omputational aspets of the latent lassmodel identi�ation, there is still the well known theoretial problem that the latentlass model is not identi�able (f. [25℄, [3℄, [19℄).In pratie the non-identi�ability of latent lass models does not seem to have seriousonsequenes sine the lasses an be uniquely identi�ed by external knowledge or byadditional onstraints (f. [5℄, [19℄). As it appears, in many pratial problems thewell de�ned omponents an be spontaneously identi�ed [5℄. However, in the ontext ofdata-mining the problem of non-identi�able latent lasses beomes more essential.In ase of large multidimensional real-life databases, whih are typial for data-miningproblems, the form of the estimated distribution is generally unknown. Obviously, theprimary goal is to approximate the unknown distribution instead of exat identi�ation ofa spei� set of mixture parameters. Multidimensional spaes are �spars� and therefore,in order to ahieve reasonable approximation auray, we have to hoose relatively largenumber of omponents (M ≈ 102÷ 103). Some of the resulting omponents usually havevery low weights and may be omitted without observable onsequenes. In this sense theexat number of omponents M is less relevant. Aording to our pratial experiene(f. [14℄, [15℄, [16℄) there are usually numerous loal maxima of the likelihood funtionhaving similar values. Expetably, the orresponding mixture estimates are di�erent butof omparable quality. From the point of view of approximation auray the in�ueneof initial parameters is negligible and the EM algorithm an be initialized randomly.4 Statistial Cluster Deision ProblemWe an onlude that in ase of data-mining we have to onsider multivariate latent lassmodels with relatively large number of lasses. There is usually large variability of theestimated parameters whih, on the other hand, orrespond to similar values of the log-likelihood funtion and omparable approximation auray of the estimated mixture.For this reason the latent lasses themselves are not suitable to de�ne diretly the latentstruture of large multivariate ategorial data sets. In this paper we propose a hierar-hial �bottom up� lustering proedure whih onsists in sequential pairwise unifying ofthe elementary latent lasses. A suitable riterion to ontrol the proess of hierarhialluster analysis is the statistial deision information.As shown in Se. 3 the identi�ation of lasses represents a lassi�ation problemwhih an be solved in terms of statistial deision-making. Considering the probabilistidesription of latent lasses we an ompute the statistial deision information I(X ,M)aboutM ontained in X . By means of Shannon formula we obtain
I(X ,M) = H(M)−H(M|X ), H(M) =

∑

m∈M

−wm log wm, (9)
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H(M|X ) =

∑

x∈X

P (x)Hx(M) =
∑

x∈X

P (x)
∑

m∈M

−q(m|x) log q(m|x). (10)Here H(M) is the unertainty onneted with estimating the outome m ∈ M of arandom experiment with the probabilities {w1, . . . , wM}. Given a vetor x ∈ X we animprove the estimation auray by omputing the more spei� onditional probabilities
q(m|x). In this way we make use of the deision information ontained in the latent lassmodel.By means of the deision funtion d(x) we de�ne partition Φ of the spae X

Φ = {X1,X2, . . . ,XM}, X = ∪M
j=1Xj , Xi ∩ Xj = ∅, for i 6= j. (11)Using the partition Φ we an simplify the deision-making by onsidering only the �aver-aged� onditional probabilities

q(m|Xj) =
wmF (Xj|m)

P (Xj)
=
∑

x∈Xj

wmF (x|m)

P (Xj)
=
∑

x∈Xj

P (x)

P (Xj)
q(m|x). (12)The statistial deision information ontained in the averaged onditional probabilities

q(m|Xj) an be expressed by Eq.:
I(Φ,M) = H(M)−H(M|Φ) = H(M)−

∑

j∈M

P (Xj)HXj
(M), (13)

HXj
(M) =

∑

m∈M

−q(m|Xj) log q(m|Xj). (14)Obviously, the simpli�ed deision-making based on the partition Φ is onneted withsome information loss given by the di�erene
△(Φ,X ) = I(X ,M)− I(Φ,M) = H(M|Φ)−H(M|X ) = (15)

=
∑

j∈M

P (Xj)HXj
(M)−

∑

j∈M

∑

x∈Xj

P (x)Hx(M) =

=
∑

j∈M

∑

x∈Xj

P (x)

P (X )

∑

m∈M

q(m|x) log
q(m|x)

q(m|Xj)
≥ 0It an be seen that the last sum in the above expression represents the Kullbak-Leiblerinformation divergene whih is non-negative for any two distributions q(m|x), q(m|Xj)and therefore the di�erene △(Φ,X ) is non-negative.In view of the above equations any luster analysis resulting in a partition of thedata spae X is onneted with some information loss from the point of view of theunderlying �elementary� deision problem. In order to minimize the information loss thesubsets Xj ∈ Φ should ontain the points x ∈ Xj with similar onditional probabilities

q(m|x) or, in other words, having similar �elementary� properties. In this sense the theinformation loss (15) is a suitable riterion to ontrol the proes of luster analysis.



32 J. Hora5 Minimum Information Loss Cluster AnalysisConsidering the problem of luster analysis in the framework of data-mining we are giventypially a large set S of multivariate ategorial data. In analogy with the partition Φwe de�ne a partition ℜ of the set S by means of the deision funtion d(x) (f. (7))
ℜ = {S1,S2, . . . ,SM}, Sm = {x ∈ S : d(x) = m}, m ∈M. (16)Obviously the subsets Sj ∈ ℜ analogous to Xj ∈ Φ orrespond to the �elementary prop-erties� de�ned by the latent lass model. In view of the Bayes deision funtion d(x),the subset Sm ∈ ℜ ontains only data vetors x ∈ S with the most strongly �expressed�elementary property �m�.>From the theoretial point of view the data vetors x ∈ S represent independentand identially distributed observations of a random vetor and therefore the above infor-mation formulas are not diretly appliable to the partition ℜ. Considering the data set

S we an estimate the statistial deision information I(X ,M) ontained in the latentlasses by means of Eqs.
Ĥ(M|X ) = Ex{Hx(M)} =

1

|S|
∑

x∈S

Hx(M), (17)
Î(X ,M) = H(M)− Ĥ(M|X ) = H(M)− 1

|S|
∑

x∈S

Hx(M). (18)In order to evaluate the information loss onneted with the partition Φ we have toestimate the information I(Φ,M) by means of the observation sample S. By using theestimates
q̂(m|Xj) =

1

|Sj |
∑

x∈Sj

q(m|x), P̂ (Xj) =
|Sj |
|S| , j ∈M (19)we an write

Î(Φ,M) = H(M)− Ĥ(M|Φ) = H(M)−
∑

j∈M

|Sj|
|S| ĤXj

(M), (20)
ĤXj

(M) =
∑

m∈M

−q̂(m|Xj) log q̂(m|Xj) (21)and �nally we obtain (f. (15))
△̂(Φ,X ) =

∑

j∈M

∑

x∈Sj

1

|S|
∑

m∈M

q(m|x) log
q(m|x)

q̂(m|Xj)
≥ 0 (22)We an estimate the information loss whih will arise if we unify two distint subsets

Xj ,Xk ∈ Φ, i.e. the new partition Φ
′ will ontain only one subset Xj ∪ Xk instead of thetwo original. Sine the two partitions di�er only in the modi�ed sets, we an write inanalogy with (15):

△(Φ, Φ
′

) = I(Φ,M)− I(Φ
′

,M) = H(M|Φ′

)−H(M|Φ) = (23)



Minimum Information Loss Cluster Analysis for Categorial Data 33Mixture latent CA 50 lusters 20 lusters 10 lustersOriginal mixture 0.00 0.00 0.00 0.00M=10 0.06 - - 0.06M=20 0.01 - 0.01 0.21M=50 0.05 0.02 0.02 0.12M=100 0.21 0.04 0.18 0.41M=200 0.23 0.12 0.33 0.54Table 1: Mean value of luster's entropies for di�erent distribution mixtures.
= P (Xj ∪ Xk)HXj∪Xk

(M)− P (Xj)HXj
(M) + P (Xk)HXk

(M).The estimate of the quantity △(Φ, Φ
′

) based on the partition ℜ will depend only on thetwo sets Sj ,Sk ∈ ℜ. We denote (f. (19),(21))
Q(Sj ,Sk) =

|Sj ∪ Sk|
|S| ĤXj∪Xk

(M)− |Sj|
|S| ĤXj

(M)− |Sk|
|S| ĤXk

(M). (24)The information loss Q(Sj ,Sk) aused by union of the sets Sj ,Sk ∈ ℜ an be usedas a riterion for the optimal hoie of the pair of subsets to be uni�ed. In other words,in eah step of the proedure we unify the two sets Sj ,Sk ∈ ℜ for whih the resultinginformation loss Q(Sj ,Sk) is minimized.6 Numerial ExamplesFor basi numerial experiments a set of arti�ial data was reated to �nd out the pos-sibilities and restritions for the presented lustering method.Another experiments were made with the database of handwritten numerals of Con-ordia University from Canada, whih allows perfet visual validation of gained results.6.1 Arti�ial dataIn previous text we suppose that the data set S is a set of independent and identiallydistributed observations of a random vetor, whose statistial properties an be desribedby a disrete distribution mixture (4). In order to ful�l this assumption suh a mixturehas been prepared and then used as a propability distribution for generating the vetordata set.The generating distribution mixture was reated randomly with 10 lusters eah rep-resented by 5 similar omponents, vetors were binary and the dimension was 256. Thesize of the generated data set was 104 vetors.With this data all steps of lustering algorithmwere done. The table 1 shows lusteringresults for di�erent parameters. For partition ℜ of the data set S (see 16) we an de�ne ariterion of its quality like a mean value of entropies of the original lasses distribution inpartiular luster. In other words for every luster we an estimate the disrete densityof original lasses in this luster and alulate the entropy of this density.When there are vetors only of one original lass in a luster the used riterion is zeroand the worse the lusters are (i.e. vetors in a luster are of various original lasses) the



34 J. Horahigher the riterion is. Aording to this we an see that the results in table 1 are notreally good.6.2 NumeralsAlmost same experiments as in previous setion were made with the handwritten numeraldatabase of Conordia University, Canada. This database ontains 6000 images of hand-written numerals from US ZIP postal odes and is usually used for supervised pattern orimage reognition.In this paper we have slightly di�erent point of view. The images were transformed toa binary raster normalized to a de�ned size and we onsider these images to be ommonbinary vetors without any additional struture - that means we are interested only inthe pixel values but we do not onsider their positions.This goal is quite uneasy but we are not looking for the best lustering method forthis type of data; we would like to test our method in its general form. A big onvenieneof this data set is the possibility of visual validation of the lustering.Figure 1: An example of the numerals dataIn these experiments various vetor dimensions and di�erent number of latent lasseswere used. The �gure 1 shows a sample from a data set with dimension 256 and the�gure 2 shows the estimated distribution mixture with 100 omponents.
Figure 2: The estimated distribution mixture with 100 omponentsIn the �gure 3 an be seen the evolution of luster shapes during the lustering. The�rst row shows 25 lusters, i.e. the state after 75th iteration. Every next row shows thestate after another 5 iterations. In the most fortunate ase ten di�erent digits would beseen in the last row but in our ase only few digits are reognizable.

Figure 3: Some of the �nal steps of the hierarhial lustering



Minimum Information Loss Cluster Analysis for Categorial Data 357 ConlusionThe latent lass models have been used repeatedly as a tool of luster analysis of multi-variate ategorial data sine the standard approahes are usually not diretly appliable.Unfortunately, the underlying disrete distribution mixtures with produt omponents arenot uniquely identi�able. In order to avoid the problem of identi�ability the latent lassmodel is interpreted in this paper only as a set of elementary properties. We de�ne aninformation preserving transform of the original ategorial data into a multidimensionalreal spae by omputing the onditional weights of the elementary properties for the datavetors x ∈ S. The relations between the transformed data vetors desribed in terms ofelementary properties are less in�uened by the partiular form of latent lasses. The hi-erarhial luster analysis of the transformed spae is ontrolled by minimum informationloss riterion.The presented numerial experiments are not onvining but the results are not on-sidered to be �nal. We are now trying to �nd out the problematial points of the algorithmand improve the presented method.Referenes[1℄ Ajvazjan, S.A., Bezhaeva, Z.I., Staroverov, O.V. : Classi�ation of MultivariateObservations, (in Russian). Mosow: Statistika (1974)[2℄ Bartholomew D.J.: Fator analysis for ategorial data. J. Roy. Statist. So. B, 3 42(1980) 293-321[3℄ Blishke W.R. : Estimating the parameters of mixtures of binomial distributions.Journal Amer. Statist. Asso., 59 (1964) 510-528[4℄ Boyles R.A.: On the onvergene of the EM algorithm. J. Roy. Statist. So., B, 45(1983) 47-50[5℄ Carreira-Perpignan M.A., Renals S.: Pratial identi�ability of �nite mixtures ofmultivariate Bernoulli distributions. Neural Computation, 12 (2000) 141-152[6℄ Dempster, A.P., Laird, N.M. and Rubin, D.B.: Maximum likelihood from inompletedata via the EM algorithm. J. Roy. Statist. So. B, 39 (1977) l-38[7℄ Fielding A.: Latent struture models. In: The Analysis of survey data, (Eds.O'Muirheaxtaigh C.A, Payne C.), London: Wiley, (1977) 125-157[8℄ Gibson W.A.: Three multivariate models: Fator analysis, latent struture analysisand latent pro�le analysis. Psyhometrika, 24 (1969) 229-252[9℄ Goodman L.A. : Analyzing qualitative/ategorial data log-linear models and latentstruture analysis. Reading, Mass.: Addison-Wesley, (1978)[10℄ Grim, J. : On numerial evaluation of maximum - likelihood estimates for �nitemixtures of distributions. Kybernetika, 3 l8 (1982) 173-190
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Reognition of Partially Oluded ObjetsAfter A�ne Transformation∗Ond°ej Horá£ek3rd year of PGS, email: horaek�utia.as.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Jan Flusser, Institute of Information Theory and Automation, Aademyof Sienes of the Czeh RepubliAbstrat. A method dealing with reognition of partially oluded and a�ne transformed binaryobjets is presented. The method is designed for objets with smooth urved boundary. It dividesan objet into a�ne-invariant parts and uses modi�ed radial vetor for the desription of parts.Objet reognition is performed via string mathing in the spae of radial vetors.Abstrakt. V £lánku je p°edstavena metoda na rozpoznávání £áste£n¥ zakrytýh objekt· po a�nnítransformai. Metoda byla vyvinuta pro objekty s hladkou hranií. Objekt je rozd¥len na a�nn¥invariantní £ásti a ty jsou popsány pomoí modi�kovaného radiálního vektoru. K rozpoznáváníje pouºit string mathing v prostoru radiálníh vektor·.1 IntrodutionReognition of objets under partial olusions and deformations aused by imaging ge-ometry is one of the most di�ult problems in omputer vision. It is required alwayswhen analyzing 2-D images of a 3-D sene. Although many methods trying to solve thistask have been published, it still remains open. Clearly, there is no universal algorithmwhih would be "optimal" in all ases. Di�erent methods should be designed for di�erentlass of objets and for di�erent groups of assumed deformations.In this paper, we deal with objets of a urved boundary, whih does not need to bepolygonal � typially ompliated smooth urve boundary. Further more, we assume theobjets are deformed by an unknown a�ne deformation. This assumption is realisti inmost real situations when photographing an objet arbitrary oriented in the 3-D spae.Preisely, suh a deformation is a perspetive projetion but it is well known it an beapproximated by a�ne transform when the objet-to-amera distane is large omparingto the size of the objet.We introdue a method developed for the reognition under the mentioned onditions.First, the shape is divided into parts whih are de�ned by means of in�etion points ofthe objet boundary. Then the shape of eah part is desribed by a speial kind of radialvetor. Finally, the parameters of the a�ne deformation are estimated and lassi�ationis performed by string mathing in the spae of radial vetors. The performane of themethod is demonstrated by experiments.
∗This work has been supported by the Czeh Ministry of Eduation under the projet No.1M6798555601 (Researh Center DAR). 39



40 O. Horá£ek2 Overview of urrent methodsCurrent methods an be lassi�ed into two major ategories. The methods of the �rstgroup divide the objet into a�ne-invariant parts. Eah part is desribed by some kindof "standard" global invariants, and the whole objet is then haraterized by a stringof vetors of invariants. Reognition under olusion is performed by maximum sub-string mathing. Sine in�etion points of the boundary are invariant to a�ne (and evenprojetive) deformation of a shape, they beome a popular tool for the de�nition of thea�ne-invariant parts. This approah was used by Ibrahim and Cohen [3℄, who desribedthe objet by area ratios of two neighboring parts. As a modi�ation whih does notuse in�etion points, onave residua of onvex hull ould be used (Lamdan [5℄). Forpolygon-like shapes, however, in�etion points annot be used. Instead, one an on-strut "uts" de�ned by three or four neighboring verties. Yang and Cohen [12℄ usedarea ratios of the uts to onstrut a�ne invariants. Flusser [2℄ further developed theirapproah by �nding more powerful invariant desription of the uts. A similar methodwas suessfully tested for perspetive projetion by Rothwell [7℄.The methods of the seond group are "intrinsially loal", i.e. they do not divide theshape into subparts but rather desribe the boundary in every point by means of its smallneighborhood. In that way they transform the boundary to a so-alled signature urvewhih is invariant to a�ne/projetive transform. Reognition under olusion is againperformed by substring mathing in the spae of signatures. Typial representativesof this group are di�erential invariants. They were disovered hundred years ago byWilzynski [11℄ who proposed invariant signatures based on derivatives of up to 8-thorder. Weiss [10℄ introdued di�erential invariants to the omputer vision ommunity. Hepublished a series of papers on various invariants of orders from four to six [9, 1℄. Althoughdi�erential invariants seemed to be promising from theoretial point of view, they havebeen experimentally proven to be extremely sensitive to inaurate segmentation of theboundary, disretization errors and noise.Following methods dealing with reognition of transformed objet ould be relevantto our onditions, too. Mokhtarian and Abbasi [6℄ used in�etion points themselves toharaterize the boundary. They onstruted so-alled Curvature Sale Spae and traedthe position of in�etion points on di�erent levels of image pyramid. The trajetories ofthe in�etion points then served as objet desriptors. Lamdan [5℄ used mutual positionof four "interesting" points for the reognition. To verify the reeived math, normalizedonave areas were desribed by the radial vetor. There are also methods based onwavelet transform of the boundary. Tieng at al. [8℄ introdued wavelet-based boundaryrepresentation, where a�ne invariane was ahieved by enlosed area ontour parame-terization. A similar approah was used by Khalil at al. [4℄. However, the use of thewavelet-based methods in ase of partial olusions is questionable.3 De�nition of a�ne-invariant partsBoth in�etion points and entral points of straight lines are a�ne invariant, i.e. theproperties "to be an in�etion point" and "to be a entral point of a straight line" arepreserved under arbitrary nonsingular a�ne transform. Thus, we use these points (alled



Reognition of Partially Oluded Objets After A�ne Transformation 41"ut points" in the sequel) for the onstrution of a�ne-invariant parts. We onnet eahpair of neighboring ut points by a line. This line and the orresponding part of theobjet boundary form a onvex region whih may but need not to lie inside the originalobjet (in Fig. 1). If further, we all these regions the uts and the parts equivalently.The sequene of suh uts arries e�ient information about the objet.Detetion of in�etion points of disrete urves has been disussed in numerous papers.Let us reall that in the ontinuous domain an in�etion point is de�ned by a onstraint
ẍ(t)ẏ(t)− ẋ(t)ÿ(t) = 0, where x(t), y(t) represent a parameterization of the urve and thedots denote derivatives with respet to t. When this de�nition is diretly onverted tothe disrete domain, it beomes very sensitive to sampling and noise. Thus, we proposea new robust method of urvature estimation.A irle with a �xed radius is plaed on eah boundary point (in Fig. 1a). Ratio of thewhole irle area to its area ontained in the objet serves for estimation of the urvature.When this ratio equals 0.5, the boundary has zero urvature and the orresponding pointis either an in�etion point or it lies inside a straight segment. From the obtained values,we onstrut a urvature graph (in Fig. 1b) and smooth it. Now we �nd the division ofthe original objet into parts: We de�ne ut points as zero-rossing points and middlepoints of approximately zero-value segments. Furthermore, a request of su�ient ut sizeis onsidered: the segment of the urvature graph between two ut points should havesum of values above some threshold, otherwise it is treated as a part of zero urvature.
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4 Desription of the partsThe objet is represented by parts alled uts as desribed in the previous setion. Byadding a desription of the shape of the individual uts we get a desription of the wholeobjet whih is robust to olusion. Robustness to olusion means that if some partof the objet boundary is missing or hanged, only few elements of the feature vetorare hanged. This is an important attribute. Note that traditional global methods, forinstane desription of the objet by moment invariants or Fourier desriptors, do nothave this property.It would be possible to desribe eah ut individually and eliminate the impat of thedeformation by using proper a�ne invariants (moment invariants or Fourier desriptorsfor instane). In suh ase, however, we do not employ important information that all the



42 O. Horá£ekuts were deformed by the same transformation. Inluding this onsisteny informationin the objet desription an signi�antly inrease the reognition performane. Thus, wepropose the following desription of the uts by a modi�ed radial vetor, with inludedposition of ontrol points. See omplete demo objet desription in Fig. 2a.The spokes of the modi�ed radial vetor ome from the middle of the utting line andthey divide the ut into subparts of equal area. For eah ut, they are onstruted asfollows.1. De�ne the desired number n of the spokes (i.e. the length of the radial vetor).2. Go through the outer boundary of the ut.3. For eah step alulate the area of the triangle between the neighbouring boundarypoints and the midpoint of the utting line.4. If the umulated area exeeds k/(n−1) fration of the total ut area, the k-th spokeends in the urrent boundary point.The introdued modi�ed radial vetor divides the ut invariantly under a�ne trans-formation. Note that a lassial radial vetor with onstant-angle spokes distribution oronstant-boundary length spokes distribution has not suh a favorable property.
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5 MathingThe image is lassi�ed by �nding the longest and best mathing setion of the border (inFig. 2b). This is realized by omparing sequenes of parts between the lassi�ed imageand database objets.1. For eah ut of the database objet and eah ut of the image do the following:2. Take a sequene of uts starting from the urrent ut. A length of this sequene isgradually inremented, it begins with the length of the previous longest suessfulmath (or equals one in ase of the �rst trial).



Reognition of Partially Oluded Objets After A�ne Transformation 433. Reover the a�ne transformation T between the database and lassi�ed objet.Use the least square �t of the ontrol points of all uts involved in the sequene.Eah ut has three ontrol points: two ut points and the middle-spoke end-point.4. Transform the database radial vetors by the transformation T .5. Compare the transformed database radial vetor sequene with the urrent onefrom the image. Similarity measure S is evaluated for this purpose � see below. If
S is smaller than required similarity threshold, this sequenes are onsidered not tomath, and a start of next sequene is taken on the step 1.6. The urrent sequene of radial vetors was suessfully tested for a math in theprevious step. If this sequene is longer than the previous best math, or is equaland the similarity level S is higher, selet this math as the best one. Now try tomake the mathing sequene even longer � ontinue with the step 2.Similarity measure S is introdued for suitable omparison of the radial vetors u, v.

S = 1 only if u = v, S approahes zero for growing vetor di�erene. The single similaritymeasure si of the i-th spoke lengths ui, vi is a Gaussian quantity of the ui− vi di�erene(in Fig. 3a)
si = e

− 1

σ2
i
(ui−vi

2 )
2

, σi = k1 + k2

∣∣∣∣
ui + vi

2

∣∣∣∣ .The Gaussian dispersion σi has an absolute omponent k1 whih realizes a noise toleraneand relative one, onstant k2, whih determines a tolerane relative to the value size.We have the following requirements for ombining single omponent si to overallsimilarity measure S: S = si if all si are equal, S = 0 if at least one si = 0, and S needsto be sensitive to all si. Moreover, it is reasonable to require S to be 0.75 if all but one
si equal 1 and one si equals 0.5 (in Fig. 3b). All these riteria are met for example byweighted average with weights wi inversely proportional to si

S =

∑n
i=1 wi · si∑n

i=1 wi
, wi =

n− 2

si
− (n− 3).6 Experimental resultsThe proposed method was tested on a set of 24 binary objets (Fig. 4) segmented fromoriginal olor images. The objets were suessively deformed by various a�ne trans-forms, their various regions were oluded and then the objets were mathed againstthe original database. As a mathing riterion whih should be maximized we took thenumber of those uts of the test objet whih math with the uts of the database objet.This is in fat a well-known priniple of string mathing.For illustration, two examples are shown in Fig. 5. On the left-hand side, one an seepartially oluded and transformed objets. The orresponding database objets (whihwere suessfully found in both ases) are shown on the right-hand side. The ontrol(in�etion) points are highlighted, their onneting lines de�ne the division into uts.
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Figure 4: Our objet databaseThe spokes of the orresponding radial vetors are drawn inside the mathed uts of theimage.The modi�ed radial vetor desribes the boundary with a good preision, the toler-ane to a shape perturbations is ontrolled by user-de�ned parameters/thresholds. Thisenables an optimization for various types of shapes. Surprisingly, the boundary does notneed to be a smooth urve with well-de�ned in�etion points. The method �nds ontrolpoints even on polygonal uts (in Fig. 5a). Furthermore, due to some tolerane thresholdfor the detetion of in�etion points, we an obtain even some non-onvex uts. We areable to onstrut radial vetor also for these non-onvex uts (in Fig. 5d). Remind thatour modi�ed radial vetor is reated by dividing umulative area while proeeding throwthe ut boundary.The objet desription and the result of a reognition naturally depends on the on-ditions of the experiment: harater of the shapes, amount of olusion, degree of thetransformation, and noise. Before summing up statistial experiments, let's fous onsome situations in detail. As we an see in Fig. 6b), thanks to our robust urvature esti-
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160) Partially oluded and deformed image d) Reognized database objet. Note the radialvetors of this ompliated shapeFigure 5: Reognition examples and desription of reognized database objetsmation and similarity measure, the proposed method's resistane to noise is quite good.A�ne transformation was applied to the images in Fig. 6) and 6d). The original objetwas reognized from the image, but some uts were not inluded in the math. We willexplain this phenomenon in the following example.At the bottom of Fig. 7 are two overlapped objets, the seond one was transformedby a slightly wilder transformation. One an see that the position of the marked ontrolpoint was evaluated di�erently due to hanged urvature of the boundary. Therefore,one of the uts hanged its shape and did not math with the pattern ut. This leadsto math redution and worse position detetion (the overlayed database objet is drawnby dotted line). Control point instability is aused by unsuitable shapes (without learin�etion points), a�ne transformation (a�ets the urvature), or olusion (in�etionpoints originally ignored an beome signi�ant). Although our ontrol point detetionon a smooth boundary was improved omparing to traditional methods, it still remains aprinipal problem. In general, we an say that the reognition is as good as the stabilityof the ritial points.Reognition under various onditions is summarized in Table 1. "Image area" denotesthe size of the visible part of the test objet (in per ent), "Constant sale of details" in-diates whether or not the same thresholds were used for database and test objets whendeteting in�etion points, and "Transformation" means the signi�ane of the deforma-
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Table 1: Experiment of 8 objet reognition under various onditions. Corret reognitionis represented by the numbers of mathing uts. Ions inside the table denote ases whetinsu�ient number of uts were found unique reognition.Image area 100% 90% 50% 50% 100% 100% 50%Constant sale yes yes no yes yes yes yesTransformation none none none none medium strong mediumOriginal image 12 7 4 3 10 7 311 8 7 4 611 8 3 4 6 4 311 9 3 4 3 37 4 7 713 8 310 7 6 8 49 6 4 4 4 8 4
Table 2: Number of inorret mathes of area ratio and proposed method. Thresholds ofAli's method was set to lassify our orret mathes as good ones.Length of possible math Area ratio method The proposed method4-ut string 12 wrong mathes 0 wrong mathes3-ut string 59 wrong mathes 0 wrong mathes2-ut string 249 wrong mathes 10 wrong mathes



Reognition of Partially Oluded Objets After A�ne Transformation 49mathing uts ould be required for unique objet math on some other database. Bothmethods an be a�eted by ontrol points instability. In Fig. 8 you an see one of the 10worst two-ut wrong mathes of presented method and a sample of wrong four-ut mathof area ratio method.
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7 ConlusionWe presented a method for reognition of partially oluded binary objets deformed bya�ne transformation. The method uses loal a�ne-invariant desription of the objetboundary by means of in�etion points and radial vetors. When working with digitalboundary, the major limitation of the method is stability of in�etion points. As theexperiments demonstrated, if the urve has "prominent" in�etion points, they are usu-ally very stable under a�ne transformation and the method works perfetly. On theother hand, in the ase of obsure boundary the in�etion points may be deteted atdi�erent positions depending on the partiular transformation and/or olusion and thereognition may fail.Our experiment proved a good disrimination power of the method. On given testset, we disovered that if the maximum number of mathed boundary parts between theunknown objet and the database is greater than 2, it always indiated a orret math.Thus, this threshold an be reommended for prospetive real experiments too.
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Binary Objet Reognition Using PolygonalApproximation∗Jan Kameniký3rd year of PGS, email: j.kameniky�sh.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Jan Flusser, Institute of Information Theory and Automation, Aademyof Sienes of the Czeh RepubliAbstrat. A method dealing with reognition of partially oluded and a�ne transformed binaryobjets is presented. The method is designed espeially for objets with polygon-like shapedboundary. It approximates the boundary with a polygon and uses it as the objet's desription.Objet reognition is then performed via speial lustering in the spae of a�ne transformationparameters. Results are demonstrated on syntheti as well as real experiments.Abstrakt. V této prái je popsána metoda °e²íí rozpoznávání £áste£n¥ zakrytýh a a�nn¥deformovanýh binárníh objekt·. Metoda je navrºena zejména pro objekty s hranií poly-gonálního tvaru. Aproximuje hranii polygonem a tento pouºívá k popisu vlastního objektu.Vlastní rozpoznávání je poté provád¥no spei�kým shlukováním v prostoru parametr· a�nníhtransformaí. Výsledky jsou demonstrovány na um¥lýh i reálnýh experimenteh.1 IntrodutionReognition of objets under partial olusions and deformations aused by imaging ge-ometry is one of the most di�ult problems in omputer vision. It is required whenanalyzing digital images of a 3-D sene. Though many methods trying to solve this taskhave been published, it still remains open. Clearly, there is no universal algorithm whihwould be "optimal" in all ases. Di�erent methods should be designed for di�erent lassesof objets and for di�erent groups of assumed deformations. In this paper we assume theobjets are deformed by an unknown a�ne deformation. This assumption approximatesreal photos with a week perspetive deformation.We introdue a method developed for the reognition of polygon-like shaped objets.First, the boundary is approximated by a polygon whih is formed by longest linearsegments of the boundary. When omparing two suh polygons, a�ne transformationparameters between orresponding parts of the polygons are omputed and used for las-si�ation. The performane of the method is demonstrated by experiments on synthetias well as real data.The method is intended for binary objets. In ase of graylevel/olor images, theinput image is assumed to be segmented �rst.
∗This work has been supported by the grant No. 102/04/0155 of the Grant Ageny of the CzehRepubli and by the Czeh Ministry of Eduation under the projet No. 1M6798555601 (ResearhCenter DAR). 51



52 J. Kameniký2 Overview of urrent methodsCurrent methods an be lassi�ed into two major ategories. The methods of the �rstgroup divide the objet into a�ne-invariant parts. Eah part is desribed by some kindof "standard" global invariants, and the whole objet is then haraterized by a stringof vetors of invariants. Reognition under olusion is performed by maximum sub-string mathing. Sine in�etion points of the boundary are invariant to a�ne (and evenprojetive) deformation of a shape, they beome a popular tool for the de�nition of thea�ne-invariant parts. This approah was used by Ibrahim and Cohen [10℄, who desribedthe objet by area ratios of two neighboring parts. As a modi�ation whih does not usein�etion points, onave residua of onvex hull an be used. For polygon-like shapes,however, in�etion points annot be used. Instead, one an onstrut "uts" de�ned bythree or four neighboring verties. Yang and Cohen [5℄ used area ratios of the uts toonstrut a�ne invariants. Flusser [2℄ further developed their approah by �nding morepowerful invariant desription of the uts. Similar method was suessfully tested forperspetive projetion by Rothwell et al. [4℄.Lamdan [7℄ used mutual position of four "interesting" points for the reognition. Toverify the reeived math, normalized onave areas were desribed by radial vetor.The methods of the seond group are "intrinsially loal", i.e. they do not dividethe shape into subparts but rather desribe the boundary in every point by means ofits small neighborhood. In that way they transform the boundary to so-alled signatureurve whih is invariant to a�ne/projetive transform. Reognition under olusion isagain performed by substring mathing in the spae of signatures. Typial representativesof this group are di�erential invariants. They were probably disovered by Wilzynski[8℄ who proposed invariant signatures based on derivatives of up to eight order. Weissintrodued di�erential invariants to the omputer vision ommunity. He published aseries of papers [6℄, [9℄, [11℄ on various invariants of orders from four to six. Althoughdi�erential invariants seemed to be promising from theoretial point of view, they havebeen experimentally proven to be extremely sensitive to inaurate segmentation of theboundary, disretization errors and noise.Mokhtarian and Abbasi [12℄ used in�etion points themselves to haraterize theboundary. They onstruted so-alled Curvature Sale Spae and traed the positionof in�etion points on di�erent levels of image pyramid. The trajetories of the in�etionpoints then served as objet desriptors.There have been also methods based on wavelet transform of the boundary. Tiengand Boles [3℄ introdued wavelet-based boundary representation, where a�ne invarianewas ahieved by enlosed area ontour parametrization. A similar approah was usedby Khalil and Bayeoumi [1℄. However, the use of the wavelet-based methods in ase ofpartial olusions is questionable.3 Proposed methodThe method itself an be divided into two main parts. The �rst is polygonal approxi-mation of the objet boundary whih an be used on any planar ontinuous and losedurve. The seond is lassi�ation of objets represented by an ordered set of points (in



Binary Objet Reognition Using Polygonal Approximation 532-D, i.e. polygons) invariant to a�ne deformation and multiple partial olusions.3.1 Polygonal approximationMost of existing methods of polygonal approximation are restriting verties of the poly-gon only to the boundary points. In the proposed method, on the other hand, the vertiesan lay outside (or inside) the boundary. This approah makes the algorithm of the ap-proximation more ompliated and slower (more omputing time is required), but alsomore preise, and the �nal polygon is more stable (see Fig. 1).A brief desription of the algorithm is as follows.1. For eah boundary point, we ompute longest linear segment from that point:(a) As approximated set of points we take the initial border point and the two ofits suessive neighbours in the lokwise order.(b) Using least squares method, we ompute a line that best approximates the setof points.() We ompute the error of the approximation (i.e. the average of the squaredEulidian distanes of approximated points from the line), and if it is smallerthan a preseleted threshold, we add another neighbouring border point in thelokwise order and repeat from (b).2. Now we form the �nal polygon from these approximating lines:(a) We begin with the longest line (the line orresponding to the largest approxi-mated set of border points).(b) We selet line that extends the approximated set of points most of all, butonly if the resulting point of intersetion of the two lines is aeptable. Theaeptability is determined by the relative distanes of the intersetion fromthe projetions of the marginal points to the appropriate lines. These dis-tanes |B1P |/|A1B1| and |B2P |/|B2C2| (see Fig.2a) should not exeed a presetthreshold (a value of 30% an be used).() Repeat (b) until the polygon is losed.Main problem of this algorithm is, that the �nal polygon is not invariant to saling anda�ne deformation. We an partially overome this problem, when we an estimate theamount of saling, by using respetively adjusted threshold. However, it is not di�ultto realize, that the invariantness and stability are going against eah other. So we haveto hoose, whether we want a stable approximation, or a more invariant one, whih willbe very sensitive to noise and inaurate segmentation.3.2 Classi�ationGiven the representing polygon from previous setion, we an now deal with lassi�ation,using a speial algorithm that takes the partial olusion of the polygon into onsideration.Suppose we have two polygons: model and ompared. The number of their vertiesare n and m respetively.
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25Figure 2: (a) Aeptability of the intersetion (b) Sequenes1. For eah vertex of the model polygon i and eah vertex of the ompared polygon
j, we ompute six parameters of a�ne transformation between points i− 1, i, i + 1and j − 1, j, j + 1. So we get n×m× 6 matrix.2. We deompose these parameters A to basi transformations - skewing Sk, saling
Sxy, rotation Rϕ and translation Txy.

A =




a1 a2 a3

a4 a5 a6

0 0 1





A = Txy ·Rϕ · Sxy · Sk =




sx cos ϕ sksx cos ϕ− sy sin ϕ tx
sx sin ϕ sksx sin ϕ + sy cos ϕ ty

0 0 1



3. We ompare parameters at position i, j with only the diagonal neighbour at posi-tion i + 1, j + 1. We onsider the parameters not similar, when the di�erene of



Binary Objet Reognition Using Polygonal Approximation 55either of the parameters (sx, sy, sk, ϕ, tx, ty) is larger than a orresponding thresh-old (determined experimentally). We form a new binary n×m "similarity" matrixrepresenting these similar elements.4. Now we �nd sequenes of similar parameters that represent orresponding partsof the polygons (see Fig.2b), ompute a�ne transformation parameters for thesesequenes and link sequenes with similar parameters together.5. Finally we ompute the relative part of the polygon that is mathed by eah foundset of sequenes and selet the best math.For better results, we an also inlude other supporting riterion for eliminating falsemathes. We apply inverse a�ne transformation to the ompared polygon, and alulatethe relative area, whih falls inside the area of the model polygon. When this gives lessthan for example 90%, it is very probable, that this is a false math.We obtain the �nal result of lassi�ation by omparing the ompared polygon withall model polygons and determining the best math using previously de�ned riterions.4 Experimental resultsIn Fig.3, we an see an example of mathing of a partially oluded polygonal objet.Here we an see several aspets of the proposed method.
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56 J. Kamenikýverties. How we an see, atual lassi�ation gives good results, even with multiple o-lusions. This is mainly beause of uniting similar found sequenes together (see Fig.3e).
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(4) (5) (6)Figure 5: Binary objets and approximating polygonsNow we will present experimental results on real images. The tested set onsisted of sixmodels (see Fig.4), whih were segmented to binary objets just by simple thresholding.For these binary objets, approximating polygons were omputed (see Fig.5).As an illustrative example, we will use the ompared image and its polygonal rep-resentation shown in Fig.6. As we an see, the mathing of model objet (3) is quitestable, espeially beause of multiple sequenes forming the math. The shape of the



Binary Objet Reognition Using Polygonal Approximation 57border of the model (6) is quite rounded (non-polygonal) and therefore the stability ofthe approximating polygon is not so good. That leads to slightly worse mathing of thisobjet, but still aeptable. In ase of model (1), we an see, that the objets is mathed,in spite of not atually being present in the ompared image. In fat this math is nota nonsense, but only orresponds to very strong a�ne transformation (espeially salingof fator about 7).
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() model (1) (d) model (3) (e) model (6)Figure 6: Compared image and examples of mathingComplete results of mathing of all model objets with the ompared image an beseen at Table 1. We an see, that the used mathing riterion is not the most relevantfeature for deiding whether the objet mathes. In real onditions it is better to adaptthe riterion to speial features present in the sene for ahieving best possible results.sequenelength mathingriterion borderpart areapart skewing salingx salingymodel (1) 2 27.8% 35.2% 94.8% 0.51 0.13 0.17model (2) 2 10.4% 21.5% 87.0% 0.13 0.93 -0.07model (3) 2 + 2 35.7% 43.7% 95.4% -0.30 0.89 0.89model (4) 12 63.4% 70.4% 97.5% -0.02 0.95 0.95model (5) 2 31.3% 36.6% 96.4% 0.66 0.87 0.82model (6) 6 9.1% 36.9% 81.2% 0.26 1.00 1.04Table 1: Mathing results for ompared image



58 J. Kameniký5 ConlusionWe presented a method for reognition of partially oluded binary objets deformed bya�ne transformation. The method uses polygonal approximation of the objet bound-ary as the objet desription. The major limitation of this approah is the stability ofthe polygon when dealing inaurate segmentation of the objet and di�erent a�ne de-formations (espeially saling and skewing). As the experiments demonstrated, if theurve has polygon-like shape, the approximation is usually stable and the method workswell. On the other hand, in ase of smooth boundary interrupted by partial olusionthe approximation may result in a muh di�erent polygon and the reognition may fail.Given good input data (polygons), the lassi�ation itself is very stable and givesgood results even under heavy onditions (a�ne deformations and multiple olusions).Referenes[1℄ M.I. Khalil, M.M. Bayeoumi. A Dyadi Wavelet A�ne Invariant Funtion for 2DShape Reognition. IEEE Transation on PAMI, vol. 23, no. 10 (2001), 1152�1163.[2℄ J. Flusser. A�ne Invariants of Convex Polygons. IEEE Transations on Image Pro-essing, vol. 11, no. 9 (September 2002).[3℄ Q.M. Tieng, W.W. Boles. An Appliation of Wavelet-based A�ne-invariant Repre-sentation. Patern Reognition Letters, vol. 16 (1995), 1287�1296.[4℄ C.A. Rothwell, A. Zisserman, D.A. Forsyth, J.L. Mundy. Fast Reognition UsingAlgebrai Invariants. Geometri Invariants in Computer Vision, Cambridge, MITPress (1992), 398�407.[5℄ Z. Yang, F.S. Cohen. Image Registration and Objet Reognition Using A�ne In-variants and Convex Hulls. IEEE Transitional on Image Proessing, vol. 8, no. 7(June 1999).[6℄ I. Weiss. Noise Resistant Invariants of Curves. Geometri Invariane in ComputerVision, Cambridge, MIT Press (1992), 135�156.[7℄ Y. Lamdan, J.T. Shwartz, H.J. Wolfson. Objet Reognition by A�ne InvariantMathing. Computer Vision and Pattern Reognition, (June 1988), 335�344.[8℄ E.J. Wilzynski. Projetive Di�erential Geometry of Curves and Ruled Surfaes. B.G. Teubner, Leipzig (1906).[9℄ I. Weiss. Projetive Invariants of Shapes. Pro. Image Understanding Workshop,(1988), 1125�1134.[10℄ W.S. Ibrahim Ali, F.S. Cohen. Registering Coronal Histologial 2-D Setions of a RatBrain with Coronal Setions of a 3-D Brain Atlas Using Geometri Curve Invariantsand B-spline Representanion. IEEE Transation on Medial Imaging, vol. 17, no. 6(Deember 1998).
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Data on-line Monitoring and Prodution inHigh-Energy Physis ExperimentsAntonín Král3rd year of PGS, email: antonin.kral�ern.hDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Miroslav Virius, Katedra softwarového inºenýrství v ekonomii, Fakultajaderná a fyzikáln¥ inºenýrská, �VUTAbstrat. The goal of this paper is to desribe tehniques used in data prodution in partilephysis experiments. To pin-point some issues and desribe possible solutions. We will work inontext of two experiments � COMPASS and PHENIX.Abstrakt. Cílem toho p°ísp¥vku je poskytnout p°ehled o úkoleh, problémeh a jejih °e²eníh,se kterými se m·ºeme setkat p°i prái na po°izování a p°edev²ím zpraování dat získanýh p°iexperimenteh £ástiové fyziky, jakými jsou COMPASS a PHENIX.1 IntrodutionPaper is divided into two setions. The �rst one desribes system used for on-line mon-itoring of the COMPASS experiment and extensions, whih have been implemented bythe author of the paper.The seond part of the paper desribes data management system used in COMPASSfor taking are of raw data. This system is glue between data taking and data prodution.The last part of the paper deals with prodution of the measured data. Whih isruial part of every experiment, beause thats the moment when you are trying to grubuseful data out from what you have measured during data taking runs.COMPASS (COmmon Muon Proton Apparatus for Struture and Spetrosopy) [8℄[2℄is a high-energy physis experiment at the Super Proton Synhrotron (SPS) at CERN inGeneva, Switzerland. The purpose of this experiment is to study the hadron strutureand hadron spetrum using high intensity muon and hadron beams.PHENIX, the Pioneering High Energy Nulear Interation eXperiment [10℄[3℄, is anexploratory experiment for the investigation of high energy ollisions of heavy ions andprotons. PHENIX is designed spei�ally to measure diret probes of the ollisions suhas eletrons, muons, and photons. The primary goal of PHENIX is to disover and studya new state of matter alled the Quark-Gluon Plasma. Experiment is running at theRelativisti Heavy Ion Collider (RHIC) in Brookhaven National Laboratory, NY, USA.2 COMPASS On-line Monitoring SystemCOOOL[6℄[5℄ is the monitoring program for the COMPASS experiment. It provideson-line or o�-line aess to the data taken in COMPASS. These data are deoded and61



62 A. Králproessed, then they are shown typially as histograms or two-variables graphs or anbe saved to a TTree struture for later proessing using ROOT. Atually ROOT [7℄[4℄ isused as a framework for the whole appliation.The whole experiment ontains over 200 detetors, whih are all monitored by COOOLduring a run. These detetors are mainly trakers (sintillating �bers, MWPC's, drifthambers, miromegas, silion detetors, GEM's, straws and drift tubes), but there arealso several planes of hodosopes, 2 hadroni alorimeters and a RICH. COOOL hasde�ned an objet lass (COOOL is written in C++) for eah type or group of similardetetors. The sheme of the interesting part of objet hierarhy is shown at Fig. 1.2.1 Extending COOOLMain task of the author was in extending COOOL to support new types of detetorsadded for hadron experiments. Beause the whole appliation is designed with objet-oriented programming paradigm on mind, extension is mainly question of writing newlasses for the added detetor. Part of the hierarhy is shown on Fig. 1.
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Figure 1: Part of COOOL's objet hierarhy � the Planes subtree, olored lasses arenewly added onesThe bene�t is learly visible on soure ode fragment (Fig. 2) whih shows implemen-



Data on-line Monitoring and Prodution in High-Energy Physis Experiments 63tation of time orrelation among all involved Beam Killers. Operational sta� on shifts areable to aess output of this orrelation method through graphial user interfae (GUI)of COOOL as is how on Fig. 3.void GroupBeamKiller::EndEvent(onst CS::DaqEvent &event) {fRateCounter++;Group::EndEvent();if (thr_flag) TThread::Lok();register unsigned int histIndex = 0;register unsigned int numPlanes = fPlanes.size();if (numPlanes>0) for (register unsigned int i=0; i<numPlanes-1; i++) {for (register unsigned int j=i+1; j<numPlanes; j++) {register int numTime1 =(dynami_ast<onst Plane1V*>(fPlanes[i℄))->GetTimeVariable().GetNvalues();register int numTime2 =(dynami_ast<onst Plane1V*>(fPlanes[j℄))->GetTimeVariable().GetNvalues();register float* valuesTime1 =(dynami_ast<onst Plane1V*>(fPlanes[i℄))->GetTimeValues();register float* valuesTime2 =(dynami_ast<onst Plane1V*>(fPlanes[j℄))->GetTimeValues();for (register int t1=0; t1 < numTime1 ; t1++)for (register int t2=0; t2 < numTime2 ; t2++) {(dynami_ast<TH1F_Ref*>(fHistList[histIndex℄))->Fill(valuesTime2[t2℄-valuesTime1[t1℄);}histIndex++;}}if (thr_flag) TThread::UnLok();}Figure 2: Fragment of COOOL's soure ode performing time orrelation between pairsof Beam Killers2.2 ConlusionOn-line monitoring ould signi�antly inrease quality of measured data, beause opera-tion sta� is able to hek quality of urrently taken data. If quality is low, or something
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Figure 3: Main window with seleted time orrelation between the �rst and the seondBeam Killeris out of the limits, they ould restart data taking, start realibration of the apparatusor partiular detetor, disuss quality of the beam with SPS operations or simply markrun as not very good and thus to be removed from later proessing / prodution.Furthermore, extensibility of the system is very ruial as well. So we believe thatsystem written under objet oriented design with lear separation of layers dediated fordi�erent purposes (like display, data proessing, data reeive et.) is outright.3 Data Aquisition and Central Data Reordingin COMPASSThe COMPASS Central Data Reording (CDR) is ombination of software and hardwarefor transferring raw physis data from data aquisition system (DAQ) to permanent semi-online storage � CASTOR[1℄. System has to be able to ope with huge amount of datatransfers, it is pretty ommon to proess about 1PB (1024TB) of data eah year / run.You an get a rough overview of COMPASS DAQ from Fig. 4. Detetor readout ele-tronis feeds the CATCH modules or GeSiCA boards for GEM and silion detetors. Thedata are transfered from these boards via optial onnetion (CERN's S-Link standard)to the DAQ omputers. The data reeived from S-Link are bu�ered on PCI ards alledspillbu�ers.From DAQ omputers, whih hosts spillbu�er ards (or readout bu�ers, ROBs), thedata are transmitted via Gigabit Ethernet links to eventbuilder omputers, whih ombine
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66 A. Králthe sub-detetor data to omplete event blok and transfer it to CERN's entral datareording (CDR) faility. More information about whole DAQ system ould be found in[20℄.CDR onsists of following omponents:
• RAW data transfer system
• meta-date generation and transfer system
• web-based information system
• CDR ontrol and leaning system3.1 CDR's Basi FuntionalitiesThe CDR system is ontrolled with �nite automaton, whih traks state of partiularhunk of take raw data. Every hunk goes through several states, eah state / transitionis managed with relevant daemon or sript. Overview of internal states is show on Fig. 5.Detailed desription of partiular states ould be found in [12℄.

Figure 5: Internal States of CDR system



Data on-line Monitoring and Prodution in High-Energy Physis Experiments 673.2 What is Really Stored?The CDR stores ouple of �les and database reords about eah raw data hunk. Thesereords onsist mainly from following piees:meta-data used in researh appliations, beause they provide information about what isinluded the raw data. They desribe onditions under whih raw data have beentaken.BKM � bookmark �les ontain information about whole migration proess. Very useful,when something goes wrong.log �les again mainly for house-keeping tasks and debugging.raw data the soure of the real value in the experiment � data taken from partiulardetetors.3.3 On-line Analysis and MonitoringWe have extended CDR system to support on-line data prodution. Besides only storingthe data on entral storage, CDR system is able to selet small fration (make sampleof taken data) and submit this sample for standard prodution analysis. Beause weproess only fration, analysis needs muh smaller time to �nish. Results are very usefuleven they have large error, beause they ould give very strong feedbak about quality ofmeasured data in reasonable time. And then enable operational sta� to take need ations(suh ould be e.g. realibration of the detetor). We will see data prodution in moredetail in the following setion.3.4 ConlusionThere is strong need for some sort of CDR subsystem in every experiment. The rawdata from detetors are one of the real value in the experiment, besides experiene andexpertise of all involved people.4 Data ProdutionData prodution is another ruial part of the whole data proessing hain. The maingoal is to take all measured data (whih are interested, whih means that they have beentaken under orret onditions) and run omplex analysis upon this data. These analysisould ontain things like beam trak reonstrution, measuring of di�erent vertexes et.4.1 Basi Data Prodution Work-�owThe author has developed framework for proessing data taken in hadron part of theCOMPASS experiment. This framework ontrols proessing of every raw data hunk onthe omputer luster.



68 A. KrálData reonstrution is CPU very intensive appliation, but is example of problemwhih ould be parallelized in very e�ient way. Basially every hunk of raw data ouldbe proessed separately and at the end dediated proess merges all partial results intoone. Controlling prodution is not hard task, at least on the �rst sight. There is ouplethings whih should stay under ontrol for every moment of prodution:
• areful seletion of hunks to be proessed, to be able to deliver results as soon aspossible, when results are aggregated per run.
• optimization of aesses to data storage (whih is typially build on tape, whereaess times are signi�ant).
• system needs to be aware of possible errors whih ould rise during data reon-strution, and should be able to reproess data with di�erent settings (after humanintervention).We have faed very similar problems as in other distributed systems, where is shedul-ing of resoures needed, like [19℄.Reonstrution itself is done with analysis software whih is based on ROOT. Theoutput �les are alled mDST (mini DST) and they are used by physiists during theirwork on ful�lling experiment's goals.We are urrently responsible for hadron as well as muon prodution in COMPASS.We have been involved in data prodution in PHENIX experiment as well. The authorhas proposed several strategies for improving throughput of the prodution. PHENIXexperiment is smaller, in omparison with COMPASS, as one ould see from Fig. 6, butpriniples behind the sene are every similar for both experiments. More details aboutprodution in PHENIX are in [9℄.4.2 ConlusionWe have suessfully implemented system for hadron prodution, we are running muonprodution at COMPASS and we have proposed optimization for PHENIX experiment.More information ould be found in [14℄[16℄[15℄ and [9℄.5 Conlusion and Further WorkWe have desribed several parts of the data handling and proessing hain in typialexperiment. All desribed systems are in operation state in COMPASS or PHENIXexperiments.Author wants to fous more on networking part of the whole system in the future.One of the open questions is optimization of data transfers between distant loations aswe ould see in Grid based appliations [11℄.Referenes[1℄ Cern advaned storage management projet. http://astor.web.ern.h/astor/.
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Figure 6: Data prodution speed (left axis) and total size of proessed data (right axis).The total size of PHENIX raw data (260TB) is show as "Goal".
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Hodnoení radiogram· kostí rukyMiroslav Krhounek1. ro£ník PGS, email: krhounek�km1.fjfi.vut.zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Jan Flusser∗, ÚTIA, AV�RAbstrat. This paper is a basi introdution / overview of possibilities to determine main featuresand harateristi strutures of X-ray images of hildren's hands suitable for assessment of boneage. Proposed method is automati reading of X-rays (minimizing the needs for user interation);�nger axes are found by rotation and summing the pro�les, and they represent the informationabout hand rotation on the image and about ends of �ngers. With proper detetion it is possibleto determine the position of thumb and thereby possible mirror swap (next analyses are basedon standardized position - hand with thumb on the right). Preproessing is important for nextstep, whih is segmentation of the bones by ASM (Ative Shape Models) - a loal method thatneeds for its initialization a �rst approximation of the position of the bone determined.Abstrakt. Tento p°ísp¥vek je úvodem do problematiky a p°ehledem moºností jak ur£it základnívlastnosti a harakteristiké struktury na rentgenovýh snímíh d¥tskýh rukou, vhodnýh kestanovení kostního v¥ku. Navrhovaná metoda automatiky zpraovává RTG snímky (minimali-zuje spoluprái s uºivatelem); osy prst· se hledají pomoí rotae a sloupovýh sou£t·. Tím sezíská informae o nato£ení ruky na rentgenu a o koníh prst·. P°i správné deteki lze odvodit po-lohu pale a tím i p°ípadné zradlové p°eklopení (dal²í analýzy jsou zaloºené na standardizovanépoloze ruky s palem vpravo). P°edzpraování je d·leºité pro dal²í krok, kterým je segmentaekostí pomoí ASM (Ative Shape Models) - lokální metodou, která pro svou iniializai pot°ebujep°edpokládanou polohu hledané kosti.1 ÚvodD·leºitým faktorem v auxologii je kostní v¥k dávajíí informai o zralosti kostry. Vyházíse z metody TW3 (inovae metody TW2 - Tannera, Whitehouse et al. 1975) hodnoeníkostního v¥ku, která posuzuje velikostní i tvarový vývoj 20 kostí ruky a distální £ástip°edloktí. Kostní v¥k se vyuºívá k p°esné prediki dosp¥lé vý²ky, p°i stanovování r·stovédiagnózy nebo p°i kontrole lé£by paient· s hronikými onemon¥ními.1.1 Cíl práeCílem práe je vytvo°ení nástroje pro po£íta£ovou podporu ode£ítání kostního v¥ku.K dosaºení tohoto íle je pot°eba °e²it n¥kolik na sebe navazujííh úloh:1. segmentae kostí ruky2. klasi�kae jednotlivýh kostí (TW3 � Point soring system)
∗�kolitel speialista: MUDr. Ing. Jan Vejvalka, 2. LF UK71
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Obrázek 1: TW3 stupn¥ zralosti pro Radius3. z ohodnoenýh kostí spo£ítat kostní v¥kPro elkový úsp¥h správného ur£ení kostního v¥ku je základem segmentae pot°eb-nýh kostí na RTG snímku. Bude-li segmentae provedena nep°esn¥, nedá se o£ekávat anip°esné za°azení do vývojovýh stádií, protoºe jednotlivá stádia se na RTG snímku n¥kdyli²í pouze v detaileh.Je poºadována i velká robustnost postupu vzhledem ke vstupním RTG snímk·m. Tymohou být libovoln¥ nato£ené, r·zn¥ kvalitn¥ nasnímané (naskenované na oby£ejnémdeskovém skeneru umoº¬ujíím skenovat pr·hledné materiály; naskenované na profesio-nálním skeneru ur£eném speiáln¥ pro radiogramy; fotografované digitálním fotoaparátemaj.) a proto se m·ºe li²it jak rozli²ení jednotlivýh obrázk·, tak úrove¬ jasu, kontrastu a²umu. Hodnoty jasu a kontrastu mohou být na jednotlivýh RTG snímíh rozdílné nejenvlivem pouºité metody p°evodu do digitální podoby, ale vzniknou nap°. i samotnýmrentgenováním na r·znýh praovi²tíh.Po provedené segmentai kostí lze klasi�kovat jednotlivé kosti pomoí r·znýh metodpro hodnoení kostního v¥ku. Lze téº provád¥t r·zná dal²í kvantitativní hodnoení nap°.vztah· kostí na rue, pom¥ru délky a ²í°ky kostí v r·znýh vývojovýh etapáh, délkymezi prsty apod. Takové vztahy mohou mít biologiký / mediínský význam p°i hodnoenístavu kostního zrání jedine.1.2 SegmentaePrvní úloha není triviální, jak by se mohlo na první pohled zdát. Pro vlastní segmentaikostí pouºiji metodu ASM (Ative Shape Models), která je lokální a pro její iniiali-zai je pot°eba znát p°ibliºnou polohu kostí na RTG snímku. Segmentai lze rozd¥lit napodúlohy:1. ur£ení základníh vlastností a harakteristikýh struktur na RTG2. lokální segmentae kostí pomoí ASM3. vyhodnoení kvality segmentae1.3 Ative Shape ModelsMetoda ASM je zaloºená na vytvo°ení statistikého modelu z trénovaí mnoºiny pro bodypopisujíí hledaný objekt. Z tohoto modelu se pak vytvá°í podobné tvary k segmentai



Hodnoení radiogram· kostí ruky 73ílového tvaru v obrázku.Jinými slovy, heme segmentovat ur£itý objekt/t°ídu objekt· (v na²em p°ípad¥ ur-£itou kost ruky na RTG snímku) a p°itom libovolné dva stejné objekty nejsou naprostoidentiké, ale zahrnují ur£ité mnoºství variabilit, ve kterýh se li²í. Trénovaí mnoºinuvytvo°íme tak, aby obsahovala pokud moºno o nejvíe variabilit daného objektu. Kaºdýobjekt trénovaí mnoºiny pak popí²eme mnoºinou bod·. Body umístíme na kaºdém ob-jektu stejným zp·sobem. V¥t²inou jimi popisujeme hlavní harakteristiky objektu � hra-nie, d·leºité hrany, k°ivosti aj. V dal²ím kroku mnoºiny bod· srovnáme tak, aby se dalyspo£ítat pr·m¥rné pozie bod· a jejih hlavní módy variaí. Srovnáním objekt· na sebedosáhneme toho, ºe pozie ekvivalentníh bod· v r·znýh obrázíh trénovaí mnoºinym·ºeme porovnávat jednodu²e zkoumáním jejih sou°adni.Model objektu se skládá z pr·m¥rného objektu (pr·m¥rné pozie popisujííh bod·)a n¥kolika vektor· popisujííh módy variaí. Z tohoto modelu m·ºeme generovat novépodobné tvary objekt·, které statistiky vyhází z tvar· v trénovaí mnoºin¥, ale nevy-skytují se v ní. Segmentae objektu na novém obrázku pak probíhá iterativním zp·sobem.V prvním kroku je pot°eba umístit model objektu na o nejbliº²í pozii hledaného ob-jektu. V dal²íh kroíh se pak iterativn¥ zp°es¬uje generování novýh tvar· objektu ajejih umíst¥ní, aº do ur£ité p°esnosti konvergene (kdy se dva po sob¥ nalezené tvary sur£itou p°esností nem¥ní) nebo do p°edem ur£eného po£tu iteraí.Metodu ASM jsem vybral v diplomové prái p°edev²ím z d·vod· vyuºití znalostihledaného objektu � kosti ruky, která ale není pokaºdé p°esn¥ stejná a m·ºe se li²it jakb¥hem svého vývoje (kost £ty°letého dít¥te je jiná neº stejná kost £trnátiletého dít¥te),tak ve stejném stupni zralosti u r·znýh jedin·. Práe pokra£uje v roz²i°ování data-báze RGT snímk·, vyhledávání vhodnýh snímk· pro trénování a zkvalitn¥ní trénovaíhmnoºin.2 P°edzpraováníProtoºe je ASM lokální metoda, pot°ebuje ke své iniializai informai o p°ibliºné po-loze hledané kosti. Proto je pot°eba vstupní RTG snímek p°edzpraovat, ur£it základnívlastnosti a vyhledat harakteristiké struktury, ze kterýh jiº bude moºnost odvodit p°i-bliºnou polohu kostí pro pot°eby ASM. Snahou je vytvo°it metodu, která nebude klástspeiální poºadavky na vstupní RTG snímky (ty mohou mít r·znou kvalitu, rozli²ení,ruka m·ºe být libovoln¥ nato£ená nebo zradlov¥ p°eklopená) a která bude automatiká(bez nutnosti interake s uºivatelem).2.1 Metoda sou£tovýh pro�l· rotaí RTG snímkuD·leºitou informaí je nato£ení ruky na RTG snímku. Úvaha, která vedla k vytvo°enímetody je následujíí: Je-li ruka ve svislé standardizované poloze, pak je 3. prst (prost°ed-ní£ek) rovnob¥zný s osou y a v pro�lu sloupového sou£tu vznikne v míst¥ prstu vrhol.Pokud se bude RTG snímek otá£et, m¥l by se vºdy prst, který se oitne ve svislé poloze,projevit jako vrhol v p°íslu²ném sou£tu sloup·. Díky r·zné vzdálenosti prst· od osyruky se vrholy zobrazí v r·zné vzdálenosti od st°edu pro�lu. Z nalezení lokálníh maximpro jednotlivé prsty se ur£í vzdálenost od st°edu pro�lu a p°íslu²né oto£ení. Z toho se
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Obrázek 2: Matie sou£tovýh pro�l· zobrazená jako 2D ²edotónový obrázek a ploha ve3Dvypo£te osa prstu. Dále m·ºeme analýzou lokálníh minim rozpoznat odd¥lení prst·, oºje dal²í uºite£ná informae.Implementae Není pot°eba praovat s plným rozli²ením obrázku (které m·ºe být ikolem 15 Mpix), jednak kv·li ryhlosti výpo£tu a dále k nadbyte£né informai. Pro totop°edzpraování jsou d·leºité hlavní rysy kostry ruky, které vyniknou v men²ím m¥°ítku.Zmen²ený RTG snímek se postupn¥ otá£í. Pro kaºdé oto£ení se se£tou sloupe a výslednýpro�l uloºí do °ádku matie. Pouºil jsem otá£ení po jednom stupni v rozsahu 1-360 stup¬·.Tímto zp·sobem je zaru£en minimáln¥ jeden kontinuální (navazujíí) p°ehod v²eh prst·p°es svoji svislou polohu. Po£et krok· otá£ení lze optimalizovat na polovinu (p°i úprav¥matie, tak aby obsahovala kontinuální p°ehod prst·).V pro�lu se ozna£í lokální maxima, která by m¥la odpovídat prst·m, resp. minima,která prsty odd¥lují. P°edpokládám, ºe prst bude mít lokální maximum v pro�lu nejv¥t²ípráv¥ pro takové oto£ení, na kterém je rovnob¥ºný s osou y. Protoºe je 3. prst nejdel²í,o£ekávám, ºe bude mít vrhol v pro�lu nejv¥t²í ze v²eh prst· a jeho pozie bude nejblíºest°edu pro�lu.Poloha ruky na RTG snímku. Z vý²e uvedenýh d·vod· by m¥lo vyhledání globál-ního maxima v matii pro�l· ur£it osu 3. prstu, tedy oto£ení elé ruky na RTG snímku.Problémy. Artefakty (popisy, zna£ky, bílé okraje, nejednotné pozadí � r·zné skvrny,které se mohou vyskytnout u klasikýh radiogram· aj.), které se na RTG snímíh obje-vují, zkreslují sou£tové pro�ly a globální maximum, nemusí odpovídat p°edpokládanému3. prstu. K odstran¥ní tohoto problému jsem pouºil gaussian, který okraje snímku, kdese artefakty vyskytují, dostate£n¥ utlumí. V sou£tu nebudou význa£né a p°evládne in-formae, která je ve st°edu RTG snímku � tam se p°edpokládá kostra ruky, p°edev²ím
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Obrázek 3: Automatiké vyhledání os prst· - vyzna£enýh ²ed¥metakarpy a minimáln¥ první £lánky prst·, oº je pro ur£ení osy dostate£né.I p°es od�ltrování okraj· RTG snímku neozna£uje globální maximum vºdy p°edpo-kládaný 3. prst, ale nalezne se osa 2. prstu. Z pozorování se to v¥t²inou stane v p°ípad¥,ºe je na RTG snímku men²í ruka, a proto je zahyena v¥t²í £ást distální £ásti p°edloktí(v°etení a loketní kosti). P°i oto£ení obrázku, tak ºe je 2. prst svisle, se tento prst dostanedo zákrytu s v°etení kostí. Zatímo pro 2. prst se do pro�lu nas£ítá i v¥t²í £ást v°eteníkosti (radius), osa 3. prstu sm¥°uje mezi tyto kosti a do pro�lu ni naví nenas£ítá a protobude vrhol pro 2. prst globálním maximem.Dal²ím problémem je ur£ení oto£ení RTG snímku o 180 stup¬·, tak aby prsty sm¥-°ovali vzh·ru.2.1.1 Hledání os v²eh prst·Ze zobrazení matie pro�l· a vyzna£enýh lokálníh maxim a minim (vzhledem k °ádku)je z°ejmé, jak se jednotlivé prsty v této matii projevují. P°i jakém oto£ení za£ne prstvytvá°et vrhol v pro�lu, který se otá£ením zv¥t²uje aº do svého maxima, kdy je prst vesvislé poloze a op¥t se vrhol zmen²uje. Zárove¬ se vrhol v pro�lu posunuje, a to vytvá°ív matii pro�l· výsledné "²ikmé linie". Podle sm¥ru otá£ení a sm¥ru pohybu vrholu naose x je moºné °ít, v jaké poloze se ruka nahází � jestli prsty vzh·ru nebo dol·.Zobrazené ²ikmé linie p°edstavují jednotlivé prsty pro r·zná oto£ení RTG snímku.Jejih rozeznáním (ne vºdy je linie spojitá) a odd¥lením od sebe získáváme informai ojednotlivýh prsteh ruky. Maximum v jedné ²ikmé linii p°edpokládá ur£ení osy prstu.Poda°í-li se rozpoznat a správn¥ p°i°adit osy jednotlivým prst·m, m·ºeme na základ¥svírajííh úhlu a vzájemné polohy ur£it polohu pale a tím i p°ípadné zradlové p°eklo-pení RTG snímku. Navazujíí analýzy (p°eváºn¥ segmentae pomoí ASM) jsou zaloºenyna standardizované poloze ruky s palem vpravo.
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Obrázek 4: Matie sou£tovýh pro�l· s vyzna£enými °ádkovými lokálními maximy aod�ltrování hodnot men²íh neº nejmen²í maximum2D lokální maxima První zkou²enou metodou vyhledání os v²eh prst·, byla analýzabod· podez°elýh z 2D lokálního maxima. Vyhledal jsem lokální maxima v °ádíh azárove¬ sloupíh a ty jsem se pomoí shlukové analýzy snaºil rozd¥lit do skupin projednotlivé prsty. V kaºdém shluku jsem pak vybral maximum � k výpo£tu p°edpokládanéosy prstu.Komplikae. Body podez°elé z 2D lokálního maxima jsou vybrány p°eváºn¥ ze zmí-n¥nýh ²ikmýh linií. Ne vºdy jsou vybrány body pro v²ehny prsty a pak nastává kom-plikae p°i nastavení parametr· shlukové analýzy. Není tedy zaru£eno, ºe tato metodavyhledá v²ehny osy prst· a nelze jednoduhým zp·sobem ur£it, pro které prsty se osyna²ly.Analýza ²ikmýh linií Pomoí matematiké morfologie vytvo°it z nespojitýh ²ikmýhlinií spojité objekty uzav°ením. Vzniklé objekty obarvit (rozli²it od sebe) a vyhledatke kterému prstu odpovídá. Dále v jednotlivýh objekteh p°íslu²ejíí prst·m vyhledatmaxima k ur£ení os prst·.2.2 Sou£asná a budouí práeImplementae analýzy ²ikmýh linií a porovnání s metodou 2D lokálníh maxim. Zabývatse analýzou p°ehodu lokálního maxima v lokální minimum v sou£tovém pro�lu, oº bymohlo ozna£ovat místo kone prstu a porovnat s metodou, která vyhledává kone prstupomoí osy prstu. Analýzou okolí osy prstu a vyhledáním odd¥lení prst· (z lokálníh mi-nim) segmentovat elé prsty. Ty pouºít k podrobn¥j²í analýze vyhledávání nap°. st°edu



Hodnoení radiogram· kostí ruky 77kostí nebo jinýh znak· pomonýh ke správné iniializai metody ASM. Pouºít infor-mae o nalezenýh koníh prst· k p°edpov¥di místa iniializae metody ASM pomoívzájemnýh vztah· (popsanýh v diplomové prái).3 Záv¥rV tomto p°ísp¥vku pro Doktorandské dny jsem nastínil problematiku, kterou se zabý-vám. Rozepsal jsem víe první £ást týkajíí se segmentae kostí ruky, která je velied·leºitou, protoºe pozd¥j²í kvalitativní/kvantitativní klasi�kae kostí je závislá na kva-lit¥ této segmentae. Vypsal jsem n¥kolik metod p°edzpraování, kterými jsem se zabýval.Tyto metody hledají základní vlastnosti a struktury na RTG snímku. Zji²t¥né informaeslouºí k iniializai lokální metody ASM pro p°esnou segmentai kostí. V p°ísp¥vku ne-uvádím konkrétní výsledky statistikýh porovnání r·znýh navrºenýh metod. Zabývaljsem se zatím p°eváºn¥ hledáním zp·sob·, jak RTG snímek analyzovat a jaké informaejsou z hlediska pozd¥j²íh úloh pot°ebné a zajímavé. Podrobn¥j²í statistiké vyhodnoeníúsp¥²nosti r·znýh metod na v¥t²íh vzoríh dat bude v náplni dal²í práe.Literatura[1℄ Tanner, J. M, Healy. M. J., Goldstein, H., Assessment of skeletal maturity and pre-dition of adult height (TW3 Method), W. B. Saunders, Harourt Publishers Limited,London, 2001[2℄ Seul M., O'Gorman L., Sammon M. J., Pratial Algorithms for Image Analysis,Cambridge University Press, 2000, ISBN 0-521-66065-3[3℄ T.F. Cootes, D. Cooper, C.J. Taylor and J. Graham, Ative Shape Models - TheirTraining and Appliation, Computer Vision and Image Understanding. Vol. 61, No.1, Jan. 1995, pp. 38-59.[4℄ Krhounek M., Hodnoení radiogram· kostí ruky, diplomová práe na FJFI �VUTPraha, 2004
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Integrae dat v prost°edí Sémantikého Webu∗Zde¬ka Linková2. ro£ník PGS, email: linkova�s.as.zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Július �tuller, Ústav informatiky, Akademie v¥d �RAbstrat. Data integration has been an aknowledged problem in data proessing �eld. Its goal isusually to provide an uni�ed view over several data soures. In ase of nonmaterialized solution,it is ruial to establish relationships between provided virtual view and data in the soures.The paper deals with relationships establishment. Its approah is based on ontologies.Abstrakt. Datová integrae je uznávaný problém v oblasti zpraování dat. Jejím ílem je obvykleposkytnout uelený pohled na n¥kolik datovýh zdroj·. V p°ípad¥ nematerializovaného °e²ení jeklí£ové stanovení vazeb mezi poskytovaným virtuálním pohledem a daty uloºenými ve zdrojíh.�lánek se zabývá °e²ením stanovení t¥hto vazeb. Sv·j p°ístup zakládá na ontologiíh.1 ÚvodDne²ní sv¥t je sv¥tem informaí. Tém¥° v²e je zaloºeno na informaíh, od pokroku voblasti výzkumu po podnikatelský úsp¥h. V¥t²í p°ístup k informaím umoºnila takéexpanze World Wide Webu (WWW) � dne²ní WWW obsahuje obrovské mnoºství infor-maí. Se stále vzr·stajíím objemem dat se v²ak objevují nové problémy, které je t°eba°e²it. Nastávají potíºe se správou dat a jejih zpraováním. P°í£inou jsou r·zné datovéformáty, nesourodost dat a prezentae dat zp·sobem, který je sie p°íjemný pro £lov¥ka,ale není po£íta£ov¥ �£itelný� a tím zt¥ºuje automatiké zpraování. Manuální zpraováníje v²ak vzhledem k mnoºství dat tém¥° nemoºné. A tak, i kdyº je poºadovaná informaena WWW umíst¥na, m·ºe být obtíºné ji najít £i zpraovat a vyuºít.Jedním z problém·, kterými je t°eba se zabývat, je tzv. integrae dat. Integrae datse zabývá slou£ením dat. Obvykle je jejím ílem prezentovat data poházejíí z r·znýhdatovýh zdroj· jako jediný elek a umoºnit je zpraovávat, jako by poházela z jedinéhodatového zdroje. Pot°ebu datové integrae naházíme v mnoha oblasteh práe s daty: p°ijejih vkládání do databáze, dotazování se nad n¥kolika tabulkami rela£ní databáze, aº poslu£ování víe databází i jinýh datovýh zdroj·. Nap°íklad p°i vyhledávání informae nawebu je £asto k odpov¥di na dotaz pot°eba práe s víe zdroji � poºadovaná informae setotiº nemusí nikde naházet kompletní. �asto je v²ak moºné na r·znýh místeh naléztalespo¬ její £ásti, ze kterýh lze pak, jsou-li vhodn¥ zkombinované, poºadovanou informaisestavit.Datová integrae je dlouho uznávaným problémem zpraování dat. I kdyº je p°edm¥-tem mnoha výzkum· a projekt· a n¥která data z ur£itýh oblastí jiº byla integrována,stále není ºádný univerzální nástroj, který by integrai dat °e²il na obené úrovni.
∗Práe byla podpo°ena projektem 1ET100300419 programu Informa£ní spole£nost (Tématikého pro-gramu II Národního programu výzkumu v �R: �Inteligentní modely, algoritmy, metody a nástroje provytvá°ení sémantikého webu�) a výzkumným zám¥rem AV0Z10300504 �Informatika pro informa£ní spo-le£nost: Modely, algoritmy, aplikae�. 79



80 Z. LinkováR·zné p°ístupy °e²í integrai na r·znýh úrovníh abstrake, n¥které integrují pouzedata samotná, jiné se zabývají také datovými shématy. P°ístupy lze rozd¥lit také podletoho, v jaké form¥ onen uelený p°ístup k dat·m poskytují. Jeden zp·sob spo£ívá vevytvo°ení nového datového zdroje, který obsahuje v²ehna data z p·vodníh zdroj·. Datajsou z p·vodníh zdroj· do nového p°esunuta, nebo jsou vytvo°eny jejih kopie, p°ípadn¥jsou n¥která data dále nakombinována. Protoºe nový datový zdroj data opravdu fyzikyobsahuje, ozna£uje se tento p°ístup jako materializovaný. Výhodou tohoto °e²ení je, ºedata jsou stále dostupná, není nutný dal²í p°ístup k p·vodním zdroj·m. S tím takésouvisí výhoda relativn¥ ryhlé odpov¥di, nebo alespo¬ moºnosti ryhlost p°ístupu kdat·m ovlivnit. Nevýhodou mohou být v²ak pam¥´ové nároky a p°edev²ím aktuálnostdat. P°i zm¥n¥ p·vodníh dat se integrovaná data stávají neaktuálními a je nutná zm¥na.Tento p°ístup proto není vhodný pro data, která se ryhle m¥ní.P°i integrai dat na webu, a nejen tam, se stále £ast¥ji vyuºívá nematerializovanýp°ístup. Jeho podstatou je vytvo°ení tzv. virtuálního pohledu [20℄ na data. Ten datafyziky neobsahuje, data z·stávají v p·vodníh zdrojíh, ale je moºné k n¥mu p°istupovata s ním praovat, jako by data skute£n¥ obsahoval. Data jsou pak stále aktuální. Je v²aknutné zajistit dostupnost zdroj· a ryhlost odpov¥di na dotaz je limitována ryhlostínejpomalej²ího zdroje.

Obrázek 1: Nematerializovaný integra£ní systémAby bylo moºné k integrai vyuºít virtuální pohled, je t°eba de�novat jeho vazbuna fyziká data. Proto je t°eba se v tomto p°ístupu zabývat také shématy dat. Vazbamezi pohledem a daty se pak zajistí de�nováním vztah· mezi jednotlivými £ástmi shé-matu pohledu a £ástmi shémat p·vodníh zdroj·. Stanovení takovýhto vztah· pak býváozna£eno jako mapování. Mapování je pak vyuºito p°i zpraování dotaz·. Dotaz, který jekladen v prost°edí � tj. jazyk a shéma � (globálního) integrovaného virtuálního pohledu,bývá pomoí mapování rozloºen na £ásti odpovídajíí jednotlivým (lokálním) zdroj·m ap°epsán do jejih prost°edí. Tyto £ásti jsou vyhodnoeny nad p·vodními zdroji. Jejihlokální odpov¥di jsou pak s pomoí mapování op¥t sestaveny do globální odpov¥di, kteráje vráena jako odpov¥¤ na kladený dotaz.



Integrae dat v prost°edí Sémantikého Webu 81Hlavní komponenty integra£ního systému, zaloºeném na nematerializované integrai,jsou zdroje se svými (lokálními) shématy, virtuální pohled s (globálním) shématem asystém mapování. Integra£ní systém lze tedy formalizovat jako trojii
I = (G, L, M) ,kde G je globální shéma, L je mnoºina lokálníh shémat a M je systém mapování.2 Sémantiký WebIdea Sémantikého Webu [3℄, [11℄ vyhází ze snahy umoºnit zautomatizované zpraovánídat. Snaºí se data prezentovat v takové podob¥, aby byla nejen srozumitelná pro £lov¥ka,ale také srozumitelná, £itelná a smyslupln¥ zpraovatelná pro po£íta£ový program. Tohohe dosáhnout dopln¥ním sémantiky � je zaloºen na my²lene, ºe spolu s daty budede�nován také jejih význam.Sémantiký Web není n¥jaký nový samostatný web, ale je zamý²len jako roz²í°enítoho sou£asného. Je zaloºen na n¥kolika webovýh tehnologiíh a standardeh, o jejihºde�nii usiluje W3C (WWW konsorium) [21℄.D·leºitým poºadavkem po£íta£em zpraovatelné informae je strukturování dat. Nawebu je hlavní strukturovaí tehnikou pouºívání zna£ek (tag·). Základním pilí°em tvorbySémantikého Webu je v sou£asné dob¥ zna£kovaí jazyk XML (eXtensible Markup Lan-guage) [9℄. Ov²em samotné XML a strukturování dat k po£íta£ov¥ £itelné informai ne-sta£í. Tehnikou, jak spei�kovat význam informae je RDF (Resoure Desription Fra-mework) [18℄. RDF je základním nástrojem k p°ipojení metadat (dat o dateh). Poskytujeabstraktní model pro de�nii metadat a jejih pouºití. K vyjád°ení metadat modelu RDFje vyuºívána syntaxe jazyka XML (tzv. RDF/XML). K dispozii je i roz²í°ení RDF zvanéRDF Shema [17℄, s jehoº pomoí lze de�novat t°ídy a hierarhikou strukturu.Nástrojem pro de�nii termín· pouºitýh v popisu dat nebo metadat jsou ontologie.V kontextu webovýh ontologiíh je ontologie soubor nebo dokument, který obsahuje for-mální de�nii termín· a vztah· mezi termíny. Tehnikou Sémantikého Webu pro de�niiontologií je jazyk OWL (Ontology Web Language) [22℄. Díky pouºívání ontologíí budoumoi aplikae sdílet své slovníky, oº umoºní jejih kooperai.Idea Sémantikého Webu naví zahrnuje i p°idání logiky na web, p°edev²ím ve smyslupouºívání inferen£níh pravidel. To p°iná²í moºnost odvozovat dal²í vztahy a £init r·znézáv¥ry.Svého plného poteniálu m·ºe Sémantiký Web dosáhnout jen tehdy, jestliºe lidévytvo°í také programy, které budou jeho sluºeb vyuºívat. Takovéto programy by m¥lyzpraovávat obsah webovýh zdroj· a vzájemn¥ kooperovat. Jejih práe bude tím efek-tivn¥j²í, £ím víe dat na webu bude po£íta£ov¥ zpraovatelná a £ím budou p°ístupn¥j²íostatní automatizované sluºby. Sémantiký Web by tak m¥l poskytnout základnu proostatní tehnologie.3 Integrae dat na Sémantikém WebuS ohledem na mnoºství datovýh zdroj· na WWW a na fakt, ºe n¥které zdroje jsouzde velmi ryhle aktualizovány, je k datové integrai vhodný nematerializovaný p°ístup.



82 Z. LinkováKlí£ové je v tomto p°ípad¥ ur£ení vazeb mezi jednotlivými datovými shématy. I naSémantikém Webu je moºné pouºít klasiké p°ístupy [14℄, [4℄, známé jako GAV a LAV.GAV (Global As View) p°ístup je zaloºen na tom, ºe globální virtuální pohled jede�nován jako pohled nad lokálními zdroji. Kaºdý element globálního shématu je tedyharakterizován jako pohled nad lokálními shématy. Tento zp·sob mapování vlastn¥systému °íká jak získat data. V jednoduhém p°ípad¥ je pak zpraování globálníh dotaz·relativn¥ snadné, kaºdý element globálního shématu je v dotazu nahrazen pohledem,kterým je de�nován. Ov²em idea GAV je vhodná v p°ípad¥, ºe je mnoºina integrovanýhzdroj· stabilní. Zm¥na ve zdrojíh, nap°íklad p°idání nového zdroje, m·ºe být sloºitá.Nový £i m¥n¥ný zdroj m·ºe mít vliv na de�nii r·znýh element· globálního shématu,takºe je systémový návrhá° nuen p°epraovat shéma a uvaºovat v²ehny zdroje znovu.LAV (Loal As View) spo£ívá v de�nii lokálníh shémat jako pohled· de�novanýhnad globálním shématem. V tomto p°ístupu je globální shéma voleno (relativn¥) nezá-visle na shémateh zdroj·. Kaºdý zdroj je potom harakterizován v termíneh globálníhoshématu. Mapování tak vlastn¥ spei�kuje roli kaºdého zdroje v globálním shématu.V p°ípad¥ zm¥ny nebo p°idání nového zdroje nejsou vyºadovány ºádné jiné zm¥ny, jenje p°epraováno nebo p°idáno mapování dot£eného zdroje. Na druhou stranu, je v LAVobtíºné zpraování dotaz·. Jediná znalost o dateh globálního pohledu je pomoí pohled·reprezentujíí lokální zdroje a ty obsahují pouze £áste£nou informai o dateh. Nemusíbýt proto z°ejmé, jak datové zdroje pro zodpov¥zení dotazu vyuºít.Protoºe kaºdý z p°ístup· GAV a LAV má své výhody i nevýhody v r·znýh £ástehproesu integrae, objevují se i projekty, které oba p°ístupy r·zn¥ kombinují. Nap°íkladGLAV (Global Loal As View) [10℄ spei�kuje mapování LAV i GAV.K popisu mapování, a´ uº získaném p°ístupem GAV, nebo LAV je moºné vyuºitr·znýh struktur. Tyto struktury se £asto li²í projekt od projektu, n¥které zahyují pouzedvojie ekvivalentníh konept·, jiné pro zahyení sloºit¥j²íh vztah· vyuºívají struktursloºit¥j²íh. Na Sémantikém Webu je také moºné takovéto p°ístupy ke stanovení a popisumapování vyuºít. Ov²em na Sémantikém Webu je k dispozii jeden moný prost°edek,který m·ºe p°isp¥t v úloze stanovení vztah· mezi shématy a nabídnout víe v p°ípad¥jejih zahyení. Tím prost°edkem jsou ontologie.Pojem ontologie [8℄ bývá uºíván v r·znýh souvislosteh. Velmi populární de�niíontologie v informatie je: ontologie je formální, expliitní spei�kae koneptualizae.Koneptualizae se vztahuje k abstraktnímu modelu sv¥ta. Ov²em koneptualizae neníplatná universáln¥, není jednozna£ný p°ístup k tomu, jak abstraktní model sv¥ta okolonás vytvá°et. Ontologie by m¥ly °e²it problém impliitního p°ístupu k modelování znalostízavedením expliitní koneptualizae.Je mnoºství p°ístup· k datové integrai, které vyuºívají ontologií. Ty mohou býtvyuºity v r·znýh £ásteh integra£ního proesu. Na po£átku mohou být ontologie vyuºityv datovýh zdrojíh k popisu dat. Tyto ontologie pak mohou být pouºity p°i identi�kaisémantiky korespondujííh konept·. To je zásadní p°i stanovení mapování.N¥které projekty, které vyuºívají ontologií dostupnýh se zdroji dat, °e²í integraiklasikým p°ístupem GAV nebo LAV, jako nap°íklad [1℄. V n¥kterýh projekteh majíontologie i dal²í úlohu. Nap°íklad je vytvo°ena také tzv. globální ontologie, tj. ontologieglobálního pohledu. Ta m·ºe být de�nována dv¥ma zp·soby. Jednak m·ºe obsahovatslovník, který lokální zdroje sdílejí. V n¥kterýh projekteh obsahuje taková ontologie



Integrae dat v prost°edí Sémantikého Webu 83základní pojmy z konkrétní domény a je obvykle mnohem oben¥j²í neº lokální ontologie[15℄. Druhou moºností pak je de�novat globální ontologii jako výsledek slou£ení ontologiílokálníh.Mnohé projekty datové integrae z·stávají u de�nie mapování pro stanovení vztah·mezi globálním pohledem a lokálními zdroji, nap°. [7℄. K mapování m·ºe být vyuºita²iroká ²kála struktur, od jednoduhýh mapovaíh pravidel mezi dv¥ma konepty (sy-nonyma, homonyma, disjunktní pojmy atd.), p°es mapování koneptu na jedné stran¥k dotazu £i pohledu na stran¥ druhé [5℄ (jako je tomu u GAV a LAV), aº po p°ídavnémapovaí struktury (nap°. model referení v [19℄). N¥které projekty vyuºívají v této fáziontologie k ur£ení svého pojetí mapování a vlastní mapování je vlastn¥ instaní tétoontologie mapování.P°ístup, který je prezentovaný v tomto p°ísp¥vku je podobný p°ístupu v [6℄ � je takézaloºený na slu£ování lokálníh ontologií. Rozdíl je v tom, ºe a£koli je globální ontologievýsledkem t¥h lokálníh, oni k popisu mezi lokálním a globálním prost°edím z·stávají u�tradi£ního� pojetí mapování, konkrétn¥ k mapování vyuºívají mapovaí tabulku. P°ístupv tomto p°ísp¥vku navrhuje v mapování vyuºít samotnou ontologii, která vznikne jakovýsledek slou£ení ontologií lokálníh, ontologie globální a rovn¥º v²eh známýh vztah·mezi nimi. Proto je tento p°ístup nejvíe podobný projekt·m, které byly primárn¥ ur£enyke slu£ování ontologií, jako nap°. [16℄.3.1 Integrae dat zaloºená na ontologiíhIntegra£ní systém v tomto p°ísp¥vku je zaloºen na nematerializovaném p°ístupu. Globálnízdroj je reprezentován virtuálním pohledem. K zaji²t¥ní p°ístupu k datovým zdroj·m (atím vlastn¥ k fyzikým dat·m) je vyuºit jistý druh mapování. Av²ak na rozdíl od mapo-vaíh pravidel jako tvrzení zahyujííh vztahy mezi elementy jednotlivýh shémat jevyuºita sloºit¥j²í struktura. Vyhází z p°edpokladu, ºe data, která integruje jsou data proSémantiký Web, neboli p°edpokladem je dostupnost ontologií, které integrovaná datapopisují.Samotná úloha integrae je transformována na vytvá°ení ontologie integra£ního sys-tému. Tato ontologie ze své podstaty by m¥la pokrývat ontologie v²eh dat, která jsou vsystému vyuºita, a mapování, na které m·ºeme oben¥ nahlíºet jako na stanovení vztah·mezi daty. Tak m·ºe být tato ontologie vyuºita k datové integrai na úrovni shémat.Ontologie a datová shémata oben¥ k sob¥ mají blízko. Hlavním rozdílem je p°ede-v²ím jejih ú£el. Ontologie bývá tvo°ena s úmyslem de�novat pojmy pouºívané v n¥jakéoblasti, zatímo shéma bývá vyuºito k modelování n¥jakýh ur£itýh dat. A£koli nenínutn¥ platné tvrzení, ºe lze nalézt korespondeni mezi datovým modelem a k jeho vy-jád°ení vyuºitými pojmy, £asto tomu tak bývá. Obzvlá²t¥ u shémat reprezentujííhsémantiký datový model, nemusí být patrný ºádný rozdíl a tím ani zp·sob jak identi�-kovat o je shéma a o ontologie. V ostatníh p°ípadeh m·ºe být ontologie vyuºitá prota konkrétní data obohaena o dal²í konepty a vztahy, aby zahytila i datové shéma.P°edpokládejme, ºe na po£átku úlohy jsou k dispozii dva datové zdroje S1 a S2, kterémají být integrovány. Kaºdý zdroj je popsán ontologií: ontologii zdroje S1 ozna£me OS1
,ontologii zdroje S2 ozna£me OS2

. Globální integrovaný pohled poskytovaný integra£nímsystémem bude popsán ontologií OG. Integra£ní systém, který je v kapitole 1 formalizován



84 Z. Linkovájako trojie I = (G, L, M), má v tomto p°ípad¥ reprezentai I = (OG, {OS1
, OS2

}, OI),kde OI je ontologie integra£ního systému.Ontologie OI je ur£ena k popsání mapování mezi elementy globálního pohledu a lo-kálníh zdroj·. Mapování je st¥ºejní £ástí integra£ního systému a jeho stanovení, popisa vyjad°ovaí síla ovliv¬ují mnoºství informae, které jsme shopni integra£ním systé-mem získat. OI je zárove¬ ontologií v²eh dat v integra£ním systém. Z toho plyne, ºe proontologie lokálníh zdroj· platí:
OS1
⊆ OI ,

OS2
⊆ OI .Zatímo ontologie OS1

a OS2
jsou dány spolu se zdroji, OG a OI je t°eba stanovit. Popis

OG je relativn¥ nezávislý na zdrojíh. OG obsahuje de�nii v²eh konept· p°ístupnýhp°ímo pomoí globálního pohledu. Je proto úlohou designéra, který rozhodne, o budepomoí integra£ního systému p°ístupné a v jaké form¥.Ur£ení OI je zásadním krokem, nejde ov²em o nijak snadnou úlohu. Protoºe by OIm¥la pokrývat OS1
, OS2

, OG i jejih vzájemné vztahy, je OI výsledkem úlohy nazývanéslu£ování ontologií (ontology merging). P°i proesu slu£ování je n¥kolik lokálníh ontologiína vstupu, na výstupu je pak jako výsledek vráena slou£ená ontologie. Proes slu£ováníontologií je tématem mnoha výzkumnýh projekt·,nap°. [12℄, a je i p°edm¥tem mnohaspeializovanýh konferení.Hlavní obtíº p°i sémantiké integrai je stanovení korespondene. I kdyº formálníde�nie v ontologiíh jsou nejlep²í spei�kae termín·, které jsou v sou£asné dob¥ kdispozii, nemohou zahytit plný význam. �asto je proto p°i stanovení korespondenenutná jistá lidská intervene. Ov²em i v p°ípad¥, ºe po£íta£ové programy nejsou shopnykorespondeni odvodit, mohou být vyuºity k návrh·m moºnýh vztah· £i k ov¥°ení vztah·zadanýh £lov¥kem.Stejn¥ jako p°i integrai shémat v jinýh p°ístupeh, i zde mohou vyvstat n¥kterékon�ikty [2℄, které je t°eba °e²it. Oben¥ mohou být takové kon�ikty n¥kolika typ· [13℄,nap°íklad to mohou být kon�ikty mezi jednotlivými termíny (synonyma, homonyma atd.),shématiké nesourodosti, kon�ikty mezi vlastními daty a metadaty atd. Ve sv¥t¥ ontologiínení obtíºné uvaºovat rozdílné konepty, protoºe jsou zde prost°edky, jak vyjád°it vztahymezi nimi. V ontologii má kaºdý pojem jednozna£nou refereni. I kdyº mohou být dvatermíny ve dvou ontologiíh shodn¥ nazvány, jsou odli²itelné díky kontextu � ontologii, vekteré jsou de�novány. Toto je nap°íklad v syntaxi XML °e²eno pomoí jmennýh prostor·(namespaes). V ontologiíh je také moºné stanovit, ºe dva termíny jsou ekvivalentní aumoºnit tak, aby byly podle toho zpraovány.P°íklad 1. P°edpokládejme obhod, který prodává notebooky od r·znýh výrob·. Projednoduhost p°edpokládejme pouze dva výrobe: Sony a Asus. Kaºdý z nih poskytujedata o svýh produkteh. Obhod by v²ak p°ivítal p°ístup k t¥mto dat·m jako k jedinémuelku, proto je nutné oba zdroje s daty integrovat.K integrai jsou dva zdroje. Zdroj 1 obsahuje notebooky produkované �rmou Sony.Jeho ontologie O1 obsahuje pouze jedinou t°ídu nazvanou notebooky_Sony, které majívlastnosti Ryhl_proesoru, Pam¥´ atd. Zdroj 2 obsahuje notebooky od produenta Asus.Jeho ontologie O2 obsahuje t°ídu notebooky_Asus s vlastnostmi RyhlostPro, RAM atd.



Integrae dat v prost°edí Sémantikého Webu 85Protoºe integra£ní systém by m¥l poskytovat popis notebook· z r·znýh zdroj·, globálníontologie OG obsahuje t°ídu notebooky s vlastnostmi Ryhlost_proesoru, RAM atd.Pro získání ontologie elého systému, jsou O1, O2, OG a znalosti o vztazíh mezi koneptyslou£eny. Výsledná OI je následujíí:

Obrázek 2: Ontologie OIOntologie OI obsahuje t°i t°ídy: notebooky, notebooky_Sony a notebooky_Asus.Notebooky Sony i Asus jsou notebooky, proto je hierarhiký vztah t°ída � podt°ídamezi t°ídami notebooky a notebooky_Sony a mezi notebooky a notebooky_Asus. No-tebooky Sony a Asus nemohou být slou£eny do jediné t°ídy, protoºe tyto t°ídy obsahujírozdílné notebooky. Se znalostí sémantiky jednotlivýh vlastností t°íd, lze podobn¥ na-lézt hierarhiké vztahy vlastnost � podvlastnost, nap°íklad mezi Ryhlost_proesorua Ryhl_proesoru. Naví, jsou-li na tyto vlastnosti kladeny stejná integritní omezení,je moºné je slou£it a ozna£it jako ekvivalentní. �Uºivatel integra£ního systému klade své dotazy v prost°edí globálního pohledu (tj.shéma, jazyk atd.). Aby bylo moºné tento dotaz nad lokálními zdroji vyhodnotit, je nutnéjej zpraovat. V zásad¥ jsou dva p°ístupy ke zpraování globálního dotazu. V prvním jedotaz p°epsán � je dekomponován na £ásti odpovídajíí jednotlivým zdroj·m a p°epsándo p°íslu²ného lokálního prost°edí. Druhý p°ístup se zabývá hledáním odpov¥di na dotaz,kdy neklade ºádné nároky na to, jak je dotaz proveden, ale jediným ílem je vy²et°itv²ehny moºné informae s ílem najít mnoºinu dat, která (s vyuºitím znalostí) logikyimplikuje, ºe jde o odpov¥¤ na dotaz.Máme-li mapování vyjád°eno v ontologii a uvaºujeme-li pouze hierarhiký is-a vztah,je moºné pro zpraování dotazu vyuºít pravidlo dob°e známé z objektov¥-orientovanéhoprogramování: potomek m·ºe zastoupit svého p°edka. Jestliºe nap°íklad hledáme v²ehnyinstane t°ídy T , které mají vlastnost V = x, je dotaz následujíí:
q := T (V = x) .S vyuºitím ontologie OI poskytuje is-a vztah prost°edek, jak dotaz p°epsat s ohledemna ur£itý lokální zdroj. Jestliºe T není koneptem lokálního shématu, je t°ída T v do-tazu nahrazena nejbliº²ím svým potomkem T ′. Toto pravidlo je rekurzivn¥ aplikováno,dokud není malezen kontext lokálního shématu, nebo není-li jiº k dispozii dal²í pod-t°ída � v tom p°ípad¥ je odpov¥¤ na (lokální) dotaz prázdná. Podobn¥ je toto pravidloaplikovatelné pro p°episování vlastností stanovenýh v dotazu.



86 Z. LinkováP°i druhém p°ístupu k zodpovídání dotaz· je is-a hierarhie také klí£ová. Vyjad°ujetotiº, ºe instane libovolného uzlu je zárove¬ instaní uzlu v hierarhii nad ním. Na zá-klad¥ tohoto poznatku je moºné ur£it, zda informae z lokálního zdroje m·ºe být odpov¥dína globální dotaz.P°íklad 2. V pokra£ování jednoduhého p°íkladu integrae notebook· je ukázáno zpra-ování dotaz·. Globální pohled poskytuje notebooky. Dotaz: vyber v²ehny notebooky sryhlostí proesoru 1.6 GHz, t.j.
q := notebooky(Rychlost_procesoru =′ 1.6′) ,je zpraován následovn¥: notebooky není koneptem ºádného z lokálníh zdroj·, dotaz jep°epsán. T°ída notebookymá dva potomky notebooky_Sony ze zdroje 1 a notebooky_Asusze zdroje 2. Dotaz je tedy p°epsán do dvou podob:

q′1 := notebooky_Sony(Rychlost_procesoru =′ 1.6′) ,

q′2 := notebooky_Asus(Rychlost_procesoru =′ 1.6′) .Protoºe vlastnost Ryhlost_proesoru není konept zdroje 1, je dotaz q′1 dále p°epsáns vyuºitím vztahu vlastnost � podvlastnost na:
q′′1 := notebooky_Sony(Rychl_procesoru =′ 1.6′) ,Dotaz q′′1 je proveden nad zdrojem 1. Analogiky je p°epsán dotaz q′2 a proveden nadzdrojem 2. �Ontologie je tedy shopná zahytit jednoduhý is-a vztah. Ontologie je v²ak mno-hem siln¥j²í. Poskytuje dost silné prost°edky, aby zahyovala mnoºství r·znýh vztah·.Aby bylo umoºn¥no získat ze zdroj· o nejv¥t²í mnoºství informae, je vhodné vyuºítn¥jaký inferen£ní mehanismus, který umoºní praovat i se vztahy, které ontologie po-krývá, nimén¥ nejsou v ní p°ímo vyjád°eny � je v²ak moºné je z vyjád°enýh vztah· dáleodvodit.4 Diskuze a záv¥r�e²ení integrae dat navrhované v tomto p°ísp¥vku vyhází z tehnik SémantikéhoWebu.Je zaloºena na ontologiíh � vyhází z p°edpokladu, ºe integrovaná data jsou popsána vontologiíh, které jsou dostupné, a ontologii dále vyuºívá jako prost°edek ke stanovenívazeb mezi p·vodními daty a poskytovaným integrovaným pohledem. Vlastní úloha in-tegrae je p°evedena na úlohu slu£ování ontologií.Pouºití ontologií (a jejih de�nie pomoí OWL jako standardního prost°edku Séman-tikého Webu) v integra£ním systému m·ºe p°inést °adu výhod. Ontologie jsou velmisilný prost°edek pro zahyení vztah· mezi shématy jednotlivýh zdroj·. Ontologie jakoobený prost°edek, tedy na rozdíl od jinýh struktur mapovaíh pravidel de�novanýhprimárn¥ pro pot°eby integrae, m·ºe být dále pouºita i v jinýh souvislosteh. Velkouvýhodu pouºití ontologie v integrai lze nalézt p°i zm¥n¥ sytému, nap°íklad p°i p°idánínového zdroje. V takovém p°ípad¥ není nutná zm¥na stávajíí ontologie � není tedy nutnéjako ontologii nebo n¥kterou její £ást p°epraovat, £i odstranit. P·vodní ontologie je obo-haena o nový stav zm¥n¥ného zdroje, £i o nový zdroj, jiné zm¥ny nejsou nutné.
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Blind Image AuthentiationBabak Mahdian3rd year of PGS, email: skyline�entrum.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Ing. Stanislav Sai, CS., Institute of Information Theory and Au-tomation Aademy of Sienes of the Czeh RepubliAbstrat. In our soiety digital images are a powerful and widely used medium of ommuni-ation, and they have an important impat on our life. In the reent years, due to the adventof low-ost and high-performane omputers, more friendly human-omputer interfae, and theavailability of many powerful and easy to ontrol image proessing and editing software pak-ages, it has beome possible, with a relative ease, to reate image forgeries, whih are by nakedeye indistinguishable from authenti photographs. Therefore, there exists a strong need for areliable tamper detetion system for digital images. In this work we address the problem ofpassive-blind image authentiation. Blind image authentiation tehniques use only the imagefuntion, assuming no expliit prior knowledge about the analyzed image. We introdue variousmethods to detet di�erent types of image forgeries. In onrete, we will onern with dete-tion of resampling, dupliated image regions, double JPEG ompression and inonsistene noisepatterns. All methods assume the absene of any digital watermark or signatures in the image.Our main aim is to make the suessful use of image forgery as harder as it is possible.Abstrakt. V dne²ní dob¥ jsou digitální snímky silným a ²iroe roz²í°eným komunika£ním médiema mají zásadní vliv na ná² ºivot. V posledníh leteh p°íhod enov¥ dostupnýh a vysoe výkon-nýh osobníh poíta£·, taktéº víe p°átelské rozhraní mezi lov¥kem a po£íta£em, a shopnostísoftwarovýh balíku ke zpraování obrazu zp·sobují jednoduhou tvorbu fale²nýh obraz·. Tytoobrazy £asto bývají nerozeznatelné od pravýh fotogra�í. Proto existene spolehlivého systémupro ov¥°ení pravosti obrazu je v dne²ní dob¥ velmi pot°ebná. V tomto p°ísp¥vku se budemezabývat problémem pasivní i slepé autenti£nosti obrazu. Tato tehnika ov¥°ování pravostí kesvé prái nepot°ebuje mít ºádné apriorní znalostí o snímku, pouºívá jen obrazovou funki. Vtéto prái p°edstavíme kráte n¥kolik pasivníh zp·sob· deteke fale²nýh snímku. Konkrétn¥se budeme zabývat detekí p°evzorkování, duplikovanýh oblastí, dvojité JPEG kompresí ainkonzistene ²umu v obrazu. V²ehny tyto metody praují bez pouºití watermarku £i digitál-ního podpisu. Na²im hlavním ílem je minimalizovat moºnost úspe²ného pouºívání zfal²ovanýhdigitálníh snímk·.1 IntrodutionIn our soiety digital images are a powerful and widely used medium of ommuniation,ontaining huge amount of information of many types. They are a ompat and easy wayin whih to represent the world that surrounds us. Speially, we saw in the past deadea remarkable growth in our ability to apture, manipulate, and distribute digital images.In the present day, there exist many powerful publi available image proessing softwarepakages, whih allow users easily to hange the information represented by an image89



90 B. Mahdianwithout leaving any obvious traes of tampering. So, the question is, how muh an wetrust a photograph, whih is not obtained from a seure soure.At present, images have an essential impat on our soiety and play a ruial rolein most people lives. Without a doubt, their trustworthiness plays a signi�ant role inmany soial areas. For instane, every day newspapers and magazines are dependent ondigital images. Photographs play an important role also in ourtrooms, where they areused as evidene. So, it is obvious that, there is a strong need for a reliable digital forgerydetetion system. Suh a system will be very useful among others in the following areas:forensi investigation, riminal investigation, insurane proessing, surveillane systems,intelligene servies and journalism. Suh a system an give an advie, how muh to trusta digital image.Controversial tampered photographs have been a part of history of photography sineever. It is almost as old as photography itself. It probably began soon after NiepeNiephore, who in 1826 reated the �rst permanent photographi image. This typeof photo tampering needed speial tehnial equipment and experts to do the photomanipulation. But, in reent years, due to the availability of many powerful and easy toontrol image proessing and editing software pakages, suh as Adobe Photoshop, andmore user friendly human omputer interfae (HCI), digital images beome more easilyto manipulate and edit than ever before. Today, even non-professional users are ableusing average home omputers to edit a digital image to the point where it is visually un-notieable. It is possible to hange the information represented by an image and reateforgeries without leaving any obvious traes of tampering. It is not easy to look at animage and deide if it is real or not.

Figure 1: An example of a historial photo tampering. The man (Vlado Clementis) �rstfrom the left in the left hand piture was one of the vitims of purges following the oupof 1948.In the present day, we fae the problem of digital forgery even in sienti� literature.For instane, the Journal of Cell Biology, a premier aademi journal, estimates that



Blind Image Authentiation 91around 25 perent of manusripts aepted for publiation ontain at least one imagethat has been inappropriately manipulated. In many ases, the author is only tryingto lean the bakground and his hanges do not a�et the sienti� meaning of theresults. But, there exist also artiles ontaining tampered images in whih the resultswere signi�antly a�eted and hanged. One of the reent famous ases of digital imageforgeries in sienti� literature was the South Korean sientist Hwang Woo-suk's laimthat he loned stem ells. The detetion of forgery in this ase did not need speializedsoftware.Another reent famous ase of digital image manipulation is a photograph taken dur-ing the 2003 Iraq war. Brian Walski, who was overing the war in Iraq for the Los AngelesTimes, ombined two of his Iraqi photographs into one to improve the omposition andto reate a more interesting image. This image showing an armed British soldier andIraqi ivilians under hostile �re in Basra was widely published. The soldier is gesturingat the ivilians and urging them to seek over. The standing man holding a young hildin his arms seems to look at the soldier imploringly. It is the kind of piture that winsa Pulitzer. The tampering was disovered by an editor at The Hartford Courant, whonotied that some bakground people appeared twie in the photograph. It was endedwith the �ring of the photographer.

Figure 2: Brian Walski, a Los Angeles Times reporter, ombined two photographs intoone used on the newspaper's front page.1.1 ObjetivesAs was mentioned, we onern with the detetion of tamper in digital images. It shouldbe noted that our goal is not to stop the forgery. This is impossible. Nowadays, manypowerful image proessing tools allow users to play with digital images and hange theinformation represented by them. A apable falsi�er with enough experiene an alwaysome up with an almost perfet forgery, whih will be not detetable by proposed meth-ods. Our main aim is to make the detetion of forgery more reliable by developing newand more sophistiated methods. By this way we an signi�antly reveal many asesof tampering and more suessfully distinguish between originals and fakes. Withouttrustworthy of photographs, we will not be able to know what in our world is real?



92 B. MahdianIn this work, we will mainly introdue the state of the art, and will survey the workdone in this �eld. Our fous will be on surveying available methods, whih use only theimage funtion and work in the absene of any digital watermark or signatures. Thesemethods are alled passive or blind and are regarded as the new diretion.Furthermore, we will propose new and more reliable methods to detet di�erent typesof image tampering with no expliit prior knowledge of the image. This part will employthe largest fous of our future work and will onsist of the following setions:
• Detetion of resampling. In this part we introdue a method for resampling dete-tion working with no apriori information about the image. The method is basedon detetion and analyzing non-randomness features, whih are brought into thesignal by the interpolation step of resampling.
• Detetion of dupliated regions. This part proposes a method for detetion ofdupliated regions of image based on moment blur invariants [2, 3℄. The methodworks with no apriori information.
• Detetion of double JPEG ompression. In this part we propose an automatimethod for detetion of double JPEG ompression based on detetion of spei�artifats of double JPEG ompression.
• Detetion of inonsistent noise patterns. In this work we will propose an automatimethod for detetion of inonsistent noise patterns. The method will be based onestimation and omparison of loal noise patterns and on automati detetion ofinonsistene among them.2 Tamper Detetion in Digital ImagesIn the last hapter we explained the importane of tamper detetion in images. It isobvious that there many ways how to manipulate and alter digital images. The followingpages provide an attempt of ategorization of the image tampering and mainly take alook at state of the art approahes for tamper detetion in digital images.2.1 Digital Image Tampering CategoriesIn order to divide the tampering into di�erent groups, we will use the ategorizationproposed by Hany Farid [1℄. But, please note that, most of high quality image forgeriesuse the below presented types simultaneously. Also note that, not all of the following typesof image manipulation an be denoted as illegitimate. This depends on the onrete aseand the ethis of image editing. For instane, some image manipulations for an image,whih is used in a magazine, ould be unaeptable in ourtrooms. The line betweenimproving an image and altering it has di�erent position and width in di�erent ases.2.1.1 CompositedAs pointed out in [1℄, ompositing is probably the most ommon form of image tampering.The main idea is to ombine several (mostly two) images to reate one. The result of



Blind Image Authentiation 93suh a forgery mainly depend on how well image omponents are mathed in terms ofsize, pose, olor, quality, and lighting. Many digital image proessing tools propose auser-friendly environment to reate suh forgeries.2.1.2 MorphedMorphing is a digital tehnique that transforms the soure image into the target image.Many image proessing tools propose morphing operations. For an example of morphingsequene.
Figure 3: An example of a morphing sequene.2.1.3 RetouhedThis ategory mostly inludes operations suh opying and pasting of regions within thesame image, air-brushing, blurring, painting, et.2.1.4 EnhaningThis is a lass of more global digital image tehniques inluding for example: ontrastadjustment, blurring or sharpening. Mostly, this type of image manipulation does notfundamentally hange the information represented by the image. But, using image en-haning, for instane, we are able obsure or exaggerate some image details.2.1.5 Computer GraphisThis type of tampering refers to images that are generated using a omputer and omputergraphis methods. In the present day, the quality of suh images is very high and often itis not easy to determine if the image is real or omputer generated. Mostly, suh imagesare generated by onstruting a 3-D polygonal model, whih is augmented with olorand texture, and also illuminated with one or several virtual light soures. Finally, theaugmented model is rendered to reate a syntheti image.2.1.6 PaintedThis tehnique requires a highly talented painter with good tehnial skills to yield realimages. Images are reated from a blank sreen using photo editing and drawing software.This is very similar to an artist painting on traditional anvas.



94 B. Mahdian2.2 Digital Forgery Detetion TehniquesIt is possible to divide the digital forgery detetion approahes to ative, and passive(blind). Ative approahes ould be further divided to digital watermarks [13, 7, 9℄, andsignatures [14, 5℄. Digital watermarking assumes an inserting of a digital watermarkat the soure side (e.g., amera) and verifying the mark integrity at the detetion side.Digital watermarks are impereptible, they are inseparable from the digital media theyare embedded in, and they undergo the same transformations as the digital media itself.A major drawbak of approahes based on watermarks is that the watermarks mustbe inserted either at the time of reording, or later by a person authorized to do so,whih requires speially equipped ameras or subsequent proessing of the original image.Furthermore, watermarks may degrade the image quality.The digital signature methods assume extrating image features for generating au-thentiation signature at the soure side and verifying the image integrity by signatureomparison at the detetion side. Also here, the main disadvantage is the need of a fullyseure trustworthy soure. We need a ommon algorithm on both soure and detetionsides. Passive (blind) approah is regarded as the new diretion. Here the detetion offorgery does not need any extra information. This approah uses only the image funtionand works in the absene of any digital watermark or signatures. So, there is no need ofexpliit prior information about the analyzed image.It is obvious that ative approahes (digital watermarks and signatures) are not usablefor image authentiation in the ase, when the image is from unknown or not seuresoure, whih is, of ourse, in most ases. Therefore we will fous on digital forgerydetetion methods based on the blind approah.2.2.1 Blind ApproahSo far, only a handful of researhers have onerned with the detetion of digital imageforgery by a blind tehnique. At present, there exist only several forgery detetion teh-niques in the literature [10, 8, 4, 12, 11, 6℄. The area has an unexplored harater andthere is a lot to do. Beause of this reason and beause of the extraordinary di�ulty ofthe problem, today, researhes are trying to start with ategorizing forgeries and analyzeeah type separately.Eah type of alteration hanges the original funtion of the image. As it was men-tioned, researhers try to ategorize these hanges to make a forgery detetion systemombined from separate analyzers. Di�erent analyzers try to detet the spei� hara-teristis of di�erent ategories. The aim is to have suh ombination of analyzers, whihwill make very di�ult to have a forgery that gets through it.3 Toward a Reliable Tamper Detetion System for Digital Im-agesIn the previous hapter we have brie�y desribed di�erent ategories of digital imagetampering. As was mentioned previously, the review of reent sienti� literature showsthat there is a strong need of new and more sophistiated blind digital forgery detetion



Blind Image Authentiation 95methods. This is our main goal. With a little investment of time and skill of the falsi�er,the forgery annot be deteted via existing published methods. This is due to highlylimited abilities of these methods. We will propose and develop new mathematial andomputational algorithms, and in some ases improve existing methods to make thesuessful use of forgery harder. For this purpose, we will propose following methods:
• Resampling detetion,
• Dupliated image regions detetion,
• Double JPEG ompression detetion,
• Inonsistent noise patterns detetion.The following pages take mainly a brief look at these methods and will state their mainpriniples. In general, the detetion abilities of these methods are based on identi�ationof statistial hanges of the original image assoiated with the orresponded tamperingtehnique.3.1 Detetion of ResamplingAs it was mentioned previously, typially when the falsi�er tries to ombine two imagestogether, there is a need of utting parts of one piture and plaing them into another.To reate a high quality forgery it is often neessary to use digital image operations suhas resizing or rotating of these parts. These operations require resampling of a portionof image onto a new sampling lattie using an interpolation tehnique. The interpolationstep often brings to the image spei� orrelations, whih typially are invisible to thehuman eye. Detetion of these orrelations may signify tampering.3.2 Dupliated Image Regions DetetionIn this part we fous on the detetion of a ommon type of digital image forgery - thedupliated image regions or the opy-move forgery. In a opy-move forgery, a part ofthe image is opied and pasted into another part of the same image typially with theintention to hide an objet or a region of the image, for an example. Please note thatopied regions are from the same image, and therefore they have ompatible properties,suh as noise omponent or olor palette, with the rest of the image. It makes the useof statistial measures to �nd statistial inompatibilities in di�erent parts of the imageimpossible.A ommon used operation to overome existing opy-move forgery detetion meth-ods and to make the detetion of forgery more di�ult is blurring. Thus, to identifydupliated regions and improve the detetion abilities of the nowadays approahes, it isdesirable to desribe analyzed regions by some features invariant to presene of unknownblur. Furthermore, due to the fat that the falsi�er an also use the additive noise tomake the detetion of the forgery more di�ult, these invariants should work well alsoin the presene of suh a noise. The simple inarnation of suh features are momentinvariants with respet to blur, whih have been previously addressed by Flusser and Suk



96 B. Mahdian[2, 3℄ and have found suessful appliations in many areas of image proessing. We havealready proposed a method for dupliated regions detetion based on these invariants.The method has been sent to Forensi Siene International, an international journal per-taining to forensi sienes. In this work, the similarities among invariant representationof image regions are analyzed in a spae reated by PCT and subsequent K-d trees.

Figure 4: An example of a opy-move forgery. Shown are the original version of the testimage (a), its forged version (b) and the output of our dupliated image regions method().3.3 Double JPEG Compression DetetionAs was mentioned previously, for altering an image, typially the image is loaded into aphoto-editing software and after the hanges are done, the digital image is re-saved. If theimages are in the JPEG format, then the new reated image will be double ompressed.Double JPEG ompression is impereptible, but it introdues spei� orrelations betweenthe disrete osine transform (DCT) oe�ients of image bloks. We will propose atehnique to desribe and detet these spei� orrelations. It must be noted that the



Blind Image Authentiation 97deteted double JPEG ompression does not neessarily means maliious tampering.Often users re-save a JPEG image by a lower quality fator to save the storage spae.3.4 Inonsistene Noise Patterns DetetionAs was mentioned previously, digital images ontain an inherent amount of noise, whihis typially uniformly distributed aross the entire image. These patterns are typiallyinvisible to the human eye. Very often by reating digital image forgeries, the noise, whihis typially in original images uniformly distributed aross the entire image, beomesinonsistent. Detetion of this inonsistene may signify tampering. Therefore, we willpropose a method to estimate loal signal-to-noise ratio. The method will be based onan additive noise model and will use blind signal-to-noise ratio estimators. Inonsistenenoise patterns detetion will be usable also in ases when small amounts of noise areloally added to oneal traes of tampering.4 ConlusionIn the �rst part of this doument we have seen that, at present, images have an essentialimpat on our soiety and play a ruial role in most people lives. In reent years,due to the availability of many powerful and easy to ontrol image proessing and editingsoftware pakages and more user friendly human omputer interfae (HCI), digital imagesbeome more easily to manipulate and edit than ever before. It is possible to hangeinformation represented by an image and reate forgeries without leaving any obvioustraes of tampering. Therefore, there exits a strong need for a reliable tamper detetionsystem for digital images. Suh a system an give an advie, how muh to trust a digitalimage.The middle part of this doument brie�y introdued the ategories of the image tam-pering.In the last part of doument we have desribed our main aim and have introdued themain ognitions of methods for detetion of di�erent forms of tampering. In onrete weonerned with resampling detetion, dupliated image regions detetion, double JPEGompression detetion and inonsistene noise patterns detetion.It is obvious that even by using and developing many more suessful tamper detetionmethods, we will not able to detet the tamper in all tampered digital images. A apablefalsi�er with enough experiene an always ome up with something new and reate anundetetable forgery. Our main aim is to make the detetion of forgery more reliable bydeveloping new and more sophistiated methods. By this way we an signi�antly revealmany ases of tampering and more suessfully distinguish between originals and fakes.Our goal is to make the suessful use of forgery as harder as it is possible.Referenes[1℄ H. Farid. Creating and deteting dotored and virtual images: Impliations to thehild pornography prevention at. Tehnial Report TR2004-518, Department of
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Thermodynamis of Fuel Cell MembraneTransportOnd°ej Mi£an3rd year of PGS, email: omian�gmail.omDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Franti²ek Mar²ík, Mathematial Institute, Faulty of Mathematisand Physis, Charles UniversityAbstrat. A simple di�usion type model of a PEM (proton-exhange membrane) fuel ell willbe introdued. From thermodynamial analysis of the model will be obtained a relation betweenmaterial properties and geometrial dimensions of the membrane. Also, oupling between waterdi�usion �ux and eletri urrent in the proton-exhange membrane of a PEM fuel ell will bean objet of our analysis. As the result, e�ieny of the membrane will be expressed in termsof the degree of oupling.Abstrakt. Bude uveden jednoduhý model difúzního typu pro palivový £lánek s polymerovoumembránou (PEMFC). Na základ¥ jeho termodynamiké analýzy bude odvozen vztah mezi ma-teriálovými vlastnostmi a geometrikými rozm¥ry membrány. Dále bude analyzována provázanostmezi difúzním tokem a elektrikým proudem v membrán¥ palivového £lánku. Výsledkem budevyjád°ení ú£innosti membrány pomoí stupn¥ provázanosti.1 IntrodutionFuel ells represent a prospetive, e�ient, and lean alternative to traditional ways ofgenerating eletrial energy for automotive, portable and stationary appliations [3℄. Ina so-alled proton exhange membrane fuel ell (PEMFC), two eletrodes are separatedwith an eletrolyte, whih is a thin membrane made of a proton ondutive polymer, suhas Na�on � a per�uorosulfoni aid manufatured by DuPont. At the anode hydrogenis oxidized, produing protons and eletrons. The eletrons �ow through an externaliruit, while the protons must pass through the eletrolyte membrane. At the athodethe eletrons and the protons reat with supplied oxygen to form water. The eletrodes areattahed to the membrane, forming the so-alled membrane eletrode assembly (MEA).Transport proesses ourring in MEA are onsidered to be a ruial point of the fuelell operation and e�ieny. The framework of irreversible thermodynamis allows tomodel all relevant proesses like onvetion, di�usion, heat transfer, ioni ondutivity,and eletrohemial reations in a natural way, i. e. based on the entropy produtiononept. For instane, based on an expression for entropy prodution density suh as
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100 O. Mi£ansimple model that of all these proesses takes into aount only di�usion and migration,and show on two examples that even a simple thermodynamial analysis an be utilizedto produe relevant onlusions.2 Thermodynamial analysis of a simple di�usion model2.1 Model equationsLet us introdue a simple di�usion-type model of a hydrogen PEM fuel ell. We onsiderthe ell as a one-dimensional eletrohemial reator into whih hydrogen and oxygenare fed and water (and eletrial energy) is produed. We onsider the eletrohemialhalf-reations ouring at the eletrodes of the ell in the following form [12℄:
2H2 + 4H2O k+a

⇄
k−a 4H3O+ + 4e−, O2 + 4H3O+ + 4e− k+

⇄
k− 6H2O, (1)where the former reation (the oxidation of H2) is the anode half-reation, and the latterreation (the redution of O2) is the athode half-reation. Mass balanes of H2O andH3O+ read (f., e. g., [13℄, [14℄, [15℄):

∂cH2O
∂t

= −4ra + 6r − div jH2O,
∂cH3O+

∂t
= 4ra − 4r − div jH3O+ , (2)respetively. Here, cH2O and cH3O+ are onentrations of the respetive speies, jH2O and

jH3O+ are molar �ux densities of the respetive speies, ra is the anode reation rate, and
rc is the athode reation rate. For the reation rates, we have from the mass ation law

ra = k+a c4H2Oc2H2
− k−a c4H3O+c4e−, r = k+ cO2

c4H3O+c4e− − k− c6H2O. (3)For �ux densities we have linear transport equations arising from irreversible thermody-namis,
jH2O = −Lww ∂µα

∂cH2O∇cH2O − Lwe∂µα

∂φ
∇φ = −Lww RT

cH2O∇cH2O − LweF∇φ, (4)
jH3O+ = −Lew ∂µα

∂cH2O∇cH2O − Lee ∂µα

∂φ
∇φ = −Lew RT

cH2O∇cH2O − Lee F∇φ, (5)where µα denotes eletrohemial potential, φ denotes eletrostati potential, R denotesthe universal gas onstant, T denotes temperature, F denotes Faraday onstant, while
Lww, Lwe, Lew and Lee denote phenomenologial transport oe�ients. The terms on-sisting of partial derivatives of µα ensure that all the phenomelogial oe�ient are of thesame physial dimensions (mol2J−1m−1s−1). The transport oe�ients an be expressedin terms of measurable quantities DH2O (di�usion oe�ient of water), σ (eletrial on-dutivity), and nd (drag oe�ient) as follows:

Lww =
DH2O
RT

cH2O, (6)
Lee =

σ

F 2
, (7)

Lwe = Leend =
σ

F 2
nd. (8)



Thermodynamis of Fuel Cell Membrane Transport 101It follows from Onsager reiproity relations that the "ross" oe�ients are equal to eahother, i. e.
Lew = Lwe. (9)The relations (2) � (9) together with appropriate funtional forms for the transportparameters Lww, Lwe, Lew, Lee (or DH2O, σ, nd), and boundary and initial onditions forma simple di�usion-type model of a PEM fuel ell. The main di�erene between this modeland most models that an be found in the literature (f., e. g., [17℄, [2℄ and many laterworks) is that this model does not follow the usual sandwih struture. In other words,here, the whole fuel ell is desribed by a single set of equations rather than dividing itinto several regions with di�erent properties.2.2 Membrane harateristi dimensionNow, we shall proeed with linearization of the problem (2) � (5), and perform a qual-itative analysis of the linearized problem. We shall follow the method desribed in [5℄as normal mode analysis. To keep things relatively simple, let us make two additionalassumptions:1. The bakward reations in (1) an be negleted, i. e., k−a ≈ 0, k− ≈ 0.2. There is loal eletroneutrality within the ell, i. e., the rate of oxygen redution isdetermined by the onentration of H3O+ and O2.Under these assumptions, the system (2) � (5) possesses a stationary solution (cH2O, cH3O+

),where
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, (10)
πw = div jH2O being prodution density of water within the ell. Let us reall the hargeonservation law,

div j +
∂̺

∂t
= 0, (11)where ̺ is harge density. Sine in the stationary state ∂̺

∂t
= 0, we have also

div j = 0. (12)We shall investigate the linearized system (2) � (5) of the following form:
∂u

∂t
= DH2O∆u− 8πw

cH2Ou +
12πw
cH3O+

v, (13)
∂v

∂t
= Dσ∆u +

8πw
cH2Ou +

8πw
cH3O+

v. (14)where DH2O = RT
cH2OLww is the di�usion oe�ient of water, and Dσ = RT

cH2OLew. Let usintrodue the following ouple of trial funtions [5℄:
u = cH2O + δeikx+ωt, v = cH3O+ + δeikx+ωt, (15)



102 O. Mi£anwhere δ, k, and ω are arbitrary omplex quantities. By inserting (15) into (13), (14), weobtain
ωu = −Dwk2u− 8πw

cH2Ou +
12πw
cH3O+

v, (16)
ωv = −Dσk2u +

8πw
cH2Ou +

8πw
cH3O+

v. (17)This system possesses a non-trivial solution, if
∣∣∣∣∣
−ω −Dwk2 − 8πw

cH2O 12πw
c
H3O+

−Dσk2 + 8πw
cH2O −ω + 8πw

c
H3O+

∣∣∣∣∣ = 0, (18)whih, in the limit ω → 0, gives
−k2 =

40πw
(2Dw − 3Dσ) cH2O , (19)or,

k = ±i√ 40πw
(2Dw − 3Dσ) cH2O . (20)Now, let us equate the imaginary part (or absolute value) of k with the expression ±2π

L
,where L is a harateristi dimension (thikness) of the membrane. This step has aphysial meaning of taking only the �rst normal mode into aount. Suh an assumptionis reasonable (at least as a �rst approah) sine higher order modes are usually of lesssigni�ane. Further, let us use an approximation

πw = div jH2O ≈ 2

L

i

F
, (21)where i = jH3O+F is urrent density; (21) an be justi�ed with the assumption of ele-troneutrality. Thus, we obtain the formula

L ≈ 2Dw − 3Dσ

20jH3O+

cH2Oπ2F. (22)In Fig. 1 are depited the values of L for a Na�on membrane at the temperature
T = 80 ◦C and urrent density i = 500 mA/m2 alulated using eq. (22) for di�erentvalues of membrane water ontent λ, whih is the average number of water moleules perSO−

3 group of the Na�on membrane. The values for a highly hydrated membrane around200 µm orrespond with usual thikness of ommon fuel ell membranes.2.3 Degree of ouplingThe ondition for onversion of energy of one proess into energy of another proess is anon-zero oupling between these two proesses [9℄. Coupling is quantitatively desribedby the degree of oupling. The degree of oupling between di�usion and migration isde�ned as
q =

Lew√
LwwLee . (23)
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membrane water contentFigure 1: Charateristi dimension (thikness) L of the membrane as a funtion of themembrane water ontent λ at the temperature of 80 ◦C and urrent density of 500mA/m2. The values of transport oe�ients were taken from [4℄.The degree of oupling as a funtion of the membrane water ontent λ is depited inFig. 2. As an appliation, we shall derive an expression for e�ieny of membrane, i. e.,e�ieny of onversion of hemial energy into eletrial energy.It is well-known that the maximum amount of energy that an be onverted intoeletrial energy during an eletrohemial reation is the Gibbs energy of that reation.In ase of the eletrohemial reation that ours in fuel ells,H2 +
1

2
O2 → H2O, (24)the molar Gibbs energy is equal to the hemial potential of the water produed dur-ing the reation, sine hemial potential of a pure element is by de�nition equal tozero. Thus, the maximum eletrial power per unit area that an be produed from theeletrohemial reation is

pin = −jH2O · ∇µH2O. (25)The atual output power from the fuel ell per unit area is
pout = i · ∇φ = zH3O+FjH3O+ · ∇φ, (26)

i being the urrent density, F the Faraday onstant, and zX the harge number of amoleule of speies X, whih is equal to 1 for H3O+ (and also for H+). Thus, thee�ieny of energy onversion an be written down as
η = − jH3O+ · F∇φ

jH2O · ∇µH2O . (27)
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membrane water contentFigure 2: The degree of oupling q as a funtion of the membrane water ontent λ at80 ◦C. The values of transport oe�ients were taken from [4℄.From the transport equations (4), (5), we have
η = −

−Lew − Lee F∇φ
∇µH2O

−Lww∇µH2O
F∇φ

− Lwe = −Lew + Leey
Lww

y
+ Lwe = −Lewy + Leey2

Lww + Lwey , (28)where we have denoted y = F∇φ
∇µH2O . Let us look for the maximum e�ieny for any ratioof driving fores. By di�erentiating (28), we obtain

η′ = −
(

Lewy + Leey2

Lww + Lwey )′

= −(Lew + 2Leey)(Lww + Lwey)− (Lewy + Leey2)Lwe
(Lww + Lwey)2

=

= −LeeLwey2 + 2LwwLeey + LwwLew
(Lww + Lwey)2

. (29)The nominator in the last expression possesses two real roots, namely
−Lww

Lew (1±√1− q2
)

.Clearly, the more negative one orresponds to a minimum, and the less negative one to a
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membrane water contentFigure 3: The maximum e�ieny ηmax as a funtion of the membrane water ontent λat 80 ◦C. The values of transport oe�ients were taken from [4℄.maximum. We are interested in the maximum e�ieny:
ηmax =− Lewy + Leey2

Lww + Lwey ∣∣∣∣y=−Lww
Lew “

1−
√

1−q2

” =

=−
−Lww(1−

√
1− q2) + Lee L2ww

L2ew (1−
√

1− q2)2

Lww − Lww(1−
√

1− q2)
=

=

1−
√

1− q2 −
(

1−
√

1−q2

q

)2

√
1− q2

=
1−

√
1− q2

√
1− q2

(
1− 1−

√
1− q2

q2

)
=

=
1−

√
1− q2

√
1− q2

(√
1− q2 − (1− q2)

q2

)
=

(
1−

√
1− q2

q

)2

.We onlude that the maximum e�ieny is an inreasing funtion of the absolute valueof the degree of oupling. When there is no oupling, the e�ieny is zero. In the aseof omplete oupling, on the other hand, the maximum e�ieny tends to 1.The maximum e�ieny as a funtion of the membrane water ontent is depited inFig. 3. The graph is in aordane with the well-known fat that the membrane has tobe well-hydrated in order to obtain reasonable performane (see, e. g., [2℄, [7℄, [17℄, [18℄).



106 O. Mi£an2.4 ConlusionA simple one-dimensional, di�usion-type model of a PEM fuel ell has been presented.Unlike most similar models, this one has attempted to desribe both transport proessesin the membrane and eletrohemial reations at the eletrodes with a single set of equa-tions. An expression for harateristi dimension of the membrane in terms of transportproperties has been derived by using linearization and normal mode analysis. The resultorresponds with thikness of real fuel ell membranes. Coupling between di�erent trans-port proesses in the Na�on membrane has been analyzed. As the result, an expressionfor the membrane e�ieny has been obtained. The dependene of the e�ieny on themembrane water ontent is in qualitative agreement with empirial �ndings.3 AknowledgmentsThis work has been supported by IAPWS Young Sientist Fellowship from the Inter-national Assoiation for the Properties of Water and Steam. The author would like toexpress many thanks and gratefulness to his advisors, Prof. F. Mar²ík at Charles Uni-versity and Prof. S. Lvov at Pennsylvania State University (USA).Referenes[1℄ P. W. Atkins, Physial Chemistry (6th Edition). Oxford University Press, New York(1998).[2℄ D. M. Bernardi, M. W. Verbrugge, A Mathematial Model of the Solid-Polymer-Eletrolyte Fuel Cell. J. Eletrohem. So. 139 (1992), 2477�2491.[3℄ E. Birgersson, Mathematial Modeling of Transport Phenomena in Polymer Ele-trolyte and Diret Methanol Fuel Cells. Dotoral Thesis, Royal Institute of Tehnol-ogy, Stokholm (2004).[4℄ H. P. L. H. van Bussel, F. G. H. Koene, R. K. A. M. Mallant, Dynami model of solidpolymer fuel ell water management. Journal of Power Soures 71 (1998), 218�222.[5℄ P. Glansdor�, I. Prigogine, Thermodynami Theory of Struture, Stability and Flu-tuations. Wiley � Intersiene, London (1971).[6℄ H. A. Haus, J. R. Melher, Eletromagneti Fields and Energy. Prentie Hall, En-glewood Cli�s (1989).[7℄ G. J. M. Janssen, A Phenomenologial Model of Water Transport in a Proton Ex-hange Membrane Fuel Cell. J. Eletrohem. So. 148 (2001), A1313�A1323.[8℄ D. Kondepudi, I. Prigogine, Modern Thermodynamis: From Heat Engines to Dis-sipative Strutures. Wiley, Chihester (1998).
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Model of Preferenes over the Relational Data Model∗Radim Nedbal4th year of PGS, email: radned�seznam.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Július �tuller, Institute of Computer Siene, Aademy of Sienesof the Czeh RepubliAbstrat. The aim of the paper is to present a novel, general approah to preferene modelling inthe framework of the relational data model. The preferenes are de�ned between sets of relationalinstanes, whih, together with the generalized relational algebra, presents a generalization ofthe approah aiming at inorporating partial order into attribute domains and relational algebra.The main goals are: an intuitive de�nition of user preferenes or a partial order representinga piee of order related information; an e�etive representation of a partial order and its e�ientproessing throughout the query exeution plan; and a suitable data struture design to supportthe proposed model.Abstrakt. Cílem p°ísp¥vku je prezentovat nový, obený p°ístup k modelování preferení nadrela£ním datovým modelem. Preferene jsou de�novány na mnoºin¥ instaní relaí, oº je spolus roz²í°enou rela£ní algebrou zoben¥ním p°ístupu spo£ívajíího v za£len¥ní uspo°ádání do doménatribut· a rela£ní algebry.Hlavním ílem je: intuitivní de�nie preferení uºivatele a informae reprezentovatelné us-po°ádáním; efektivní reprezentae uspo°ádání a operaí roz²í°ené rela£ní algebry a návrh vhodnédatové struktury pro navrhovaný model.1 Related WorkLaroix and Laveny [8℄ originated the study of preferene queries. They proposed anextension of the relational alulus in whih preferenes for tuples satisfying given logialonditions an be expressed. For instane, one ould say: pik up the tuples of therelation R satisfying the ondition Q ∧ P1 ∧ P2; if the result is empty, pik the tuplessatisfying the ondition Q ∧ P1 ∧ ¬P2; if the result is empty, pik the tuples satisfyingthe ondition Q ∧ ¬P1 ∧ P2.The omposition or iteration of preferenes, however, is not onsidered. Neither is ad-dressed the issue of algebrai optimization of preferene queries.Kieÿling et al. [6℄ and Chomiki et al. [4℄ proposed independently a similar frame-work based on a formal language for formulating preferene relations. The embedding(alled Best Math Only � BMO and WinNow � WN, respetively) into relational querylanguages they use is idential. Many possible rewritings for preferene queries are pre-sented. Kieÿling et al. [6, 7℄ introdued a number of base preferene onstrutors and
∗This work was supported by the projet 1ET100300419 of the Program Information Soiety (of theThemati Program II of the National Researh Program of the Czeh Republi) �Intelligent Models,Algorithms, Methods and Tools for the Semanti Web Realization" and by the Institutional ResearhPlan AV0Z10300504 �Computer Siene for the Information Soiety: Models, Algorithms, Appliations".109



110 R. Nedbaltheir ombinators (Pareto and lexiographi omposition, intersetion, disjoint union, andothers). Whereas the possibility of having arbitrary onstraints in preferene formulas isnot onsidered, the framework of Chomiki et al. [4℄ emphasizes the view of preferenes asstrit partial orders and de�nes preferenes more generally as arbitrary logial formulas.Intrinsi and extrinsi lasses of preferene formulas are studied.Börzsönyi et al. [3℄ introdued the skyline operator and desribed several evaluationmethods for this operator. Skyline is a speial ase of WN and BMO.A delarative query interfae for Web repositories that supports omplex expressive Webqueries is de�ned in [13℄. The Web repository is modelled in terms of �Web relations". Adesription of an algebra for expressing omplex Web queries is given, and an overviewof the ost-based optimizer and exeution engine is presented.In [11℄, atual values of an arbitrary attribute are allowed to be partially orderedto represent a user preferene. Aordingly, relational algebra operations, aggregationfuntions and arithmeti are rede�ned. Nevertheless, the rede�nition of the relationaloperations auses loss of some of their ommon properties. For instane, the equality
A ∩ B = A− (A− B) does not hold. To retify this weak point, more general approahis needed.Argawal and Wimmers [1℄ use quantitative preferenes (soring funtions) in queriesand fous on the issues arising in ombining suh preferenes. Hristidis et al. [5℄ ex-plore in this ontext the problems of e�ient query proessing using materialized views.As pointed out repeatedly in their paper, the approah based on soring funtions isinherently less expressive than the one based on preferene relations. In partiular, sky-line queries annot be aptured using soring funtions. In addition, it is not lear howto ompose soring funtions to ahieve an e�et similar to various preferene relationomposition operations.A di�erent aim is pursued in [12℄, where the relational data model is extended toinorporate partial orderings into data domains. Within the extended model, the partiallyordered relational algebra (the PORA) is de�ned by allowing the ordering prediate to beused in formulae of the seletion operation. The expressiveness of the PORA is formallyshown and the development of Ordered SQL (OSQL) as a query language for ordereddatabases is justi�ed.A omprehensive work on partial order in databases is [15℄. It presents the partiallyordered sets as the basi onstrut for modelling data. Colletion of algebrai operationsfor manipulating ordered sets is investigated, and their implementation based on the useof realizers as a data struture is presented. An algorithm for generating realizers forarbitrary partial orders is provided.In the ontext of �nanial and statistial appliations, systems suh as SEQUIN [16℄,SRQL [14℄, and more reently Aquery [10, 9℄ have proposed SQL extensions to inorporateordering. They aim at exploiting linear order inherent in many kind of data, i.e., timeseries., in query proessing.



Model of Preferenes over the Relational Data Model 1112 Introdution2.1 The Relational Data ModelThe term relational data model has ome to refer to a broad lass of database modelsthat have relations as the data struture and that inorporate query apabilities, updateapabilities, and integrity onstraints. Intuitively, the data is represented in tables inwhih eah row ontains data about a spei� objet or a set of objets, and rows withuniform struture and intended meaning are grouped into tables. Updates onsist oftransformations of tables by insertion, deletion, or modi�ation of rows. Queries allowthe extration of information from tables. A fundamental feature of virtually all relationalquery languages is that the result of a query is also a table.Eah table, representing a relation, has a name. Furthermore, the orrespondingtable olumns are alled attributes and also have names. Eah line in a table representsa tuple. The entries of tuples are taken from sets � domains of orresponding attributes,e.g., Dom(A) is the domain of attribute A. Finally, we distinguish between the databasesheme, whih spei�es the struture of the database; and the database instane, whihspei�es its atual ontent.More formally, a database shema is a nonempty �nite set of relation shemas. Arelation shema, denoted R[U ], is a pair of relation name R and a set U of attributes.Tuples an be viewed as funtions (under the so-alled named perspetive of relationalmodel). More preisely, a tuple t over a relation shema R[U ] is a mapping from U tothe union of domains of attributes of U suh that ∀A ∈ U(t(A) ∈ Dom(A)). Finally,a relational instane over a relational shema R[U ] is (under the so-alled onventionalperspetive) a �nite set R∗ of tuples over R[U ].2.2 Notation
R, S, T relation names
R∗, S∗, T ∗ relation instanes
R[U ] relation shema with set U of attributes
r, s, t tuples
(R,⊑R) partial order on the set of instanes of relation R
P preferene
P (R∗) preferene P over subsets of R∗2.3 The Main GoalsLet us start with the following illustrative and motivating example.Example 1. Consider a query whose output should be a group of people working for auniversity �Uni-S". A requirement is no superior � subordinate relationship between anytwo members of the group. Furthermore, the preferene for superior employees in thesuperior � subordinate hierarhy should be taken into aount.
• The superior � subordinate hierarhy, depited in Fig.1, presents a piee of infor-mation we have about the domain. It is representable by means of a partial order



112 R. Nedbalover the positions at the university.RetorDean A Dean B Dean CHoD Aa HoD Ab HoD Ba HoD Bb HoD Ca HoD Cb HoD CExplanation:Dean A, Dean B, Dean C � dean of A, dean of B, dean of CHoD Aa, HoD Ab, . . . , HoD C � head of department Aa, Ab, . . . , CFigure 1: superior � subordinate hierarhy of a university
• The requirement for no superior � subordinate relationship between any two mem-bers of the group an be represented1 as a preferene P1 on the powerset of em-ployees of the university in question.
• The preferene for superior employees in the superior � subordinate hierarhy anbe expressed by means of another preferene P2.What is the relationship between the above preferenes P1 and P2? Observe thattheir importane is unequal from the viewpoint of our query. The requirement for nosuperior � subordinate relationship presents the higher priority preferene. Thus theoverall preferene will be expressed by means of a preferene ombinator & re�eting thisrelationship2:

P = P1 & P2
�In general, a user preferene an beome quite omplex. Also, the order representinga piee of information might be muh more ompliated then the one onsidered in theabove example. To sum up, the following problems arise:

• How an be de�ned a partial order representing a piee of order related informationor user preferenes intuitively?
• How an be represented and proessed throughout the query exeution plan a partialorder information e�etively?
• What data struture is suitable to support the proposed model?3 The Proposed SolutionThe mathematial theory deals with partial orders over in�nite sets, but we restrit ourselfto partial orders over �nite sets in the same way that the relational data model restritsitself to �nite relations (in partiular, this means that the maxima and minima are always1For more detailed disussion on onstruting preferenes refer to Subsetion 3.2.2For more detailed disussion on ombining preferenes refer to Subsetion 3.2.



Model of Preferenes over the Relational Data Model 113well-de�ned). Furthermore, we respet a losed world assumption with respet to orderrepresenting a user preferene, whih means that elements of the world not belonging tothe base set of the partial order are assumed to be minimal.3.1 Preferene ModellingBroadly speaking, a preferene of a state an be understood as its proximity to the optimalstate. A state an be desribed by its model. Similarly, a derived state an be desribedby the model of the state it is derived from and by a set of deriving logial formulas. Asthe model is a subset of a Herband base, it an be viewed as a theory. If this theoryin onjuntion with a set of deriving formulas has a minimal model that desribes thederived state in question, then the proximity of a state derived from a suboptimal one toa state derived from the optimal one by the same set of formulas equates to the proximityof the suboptimal state to the optimal one. The higher proximity an be assigned to astate, the higher preferene of the state an be onluded.Note that, generally, a state might be a derivative from n other states with variouspreferenes. Then the derived state is assigned n−tuple of proximities of the orrespond-ing states.3Aording to the above onept, a relation orresponds to a state, a relational instaneto its model, and a query expression to a deriving logial formula. For example, a seletionondition an be used to derive a state that we are interested in.3.2 Preferene EngineeringThe goal is to provide intuitive and onvenient ways to indutively onstrut a partialorder P = (R,⊑R) representing a desired preferene. We distinguish between base andompound preferenes. The indutive onstrution is based on the notion of prefereneterm.De�nition 2 (Preferene term). Given preferene terms P1 and P2, P is a preferene termi� P is one of the following:
• Base preferene.
• Subset preferene: P := P1

⊆ ., i.e. a restrition of P1.
• Dual preferene: P := P ∂

1 ., i.e., de�ned by a dual partial order.
• Complex preferene gained by applying one of the following preferene ombinators:� Pareto aumulation: P := P1 ⊗ P2 .� Prioritized aumulation: P := P1&P2 .3Thus in ase of a lattie ordering of proximities, the preferene of a state an be determined by theleast upper bound of all the proximities that an be assigned to the state.



114 R. NedbalBase Preferenes. The set of Base preferene onstrutors is extensible, if required bythe appliation domain. Commonly useful onstrutors inlude the following:
• POS(SET) spei�es that a given SET of values should be preferred.
• NEG(SET) spei�es that a given SET of values should be avoided.
• POS \ POS(SET1, SET2) spei�es two sets of values that should by preferred. Atthe same time, values of the �rst set SET1 should be preferred also to values of theseond set SET2.
• POS \ NEG(SET1, SET2) spei�es two sets of values. The values from the �rstset SET1 should be preferred, and the values from the seond set SET2 should beavoided.
• EXPLICIT is represented expliitly, e.g., by means of a realizer.
• PF, preferene formula, is a �rst order formula de�ning a preferene relation in thestandard sense, namely

S∗ ⊒PF T ∗ ≡ PF (S∗, T ∗) .Complex Preferenes. It is possible to onstrut more omplex preferenes by meansof preferene ombinators. They an ombine preferenes oming from one or severalparties.De�nition 3 (Pareto preferene: P1 ⊗ P2). Both preferenes P1 and P2 are onsidered tobe equally important:
R∗ ⊑P1⊗P2

S∗ ≡ R∗ ⊑P1
S∗ ∧R∗ ⊑P2

S∗ .De�nition 4 (Prioritized preferene: P1&P2). P1 is onsidered more important than P2,whih is respeted only when P1 does not mind:
R∗ ⊑P1&P2

S∗ ≡ R∗ ⊑P1
S∗ ∨ (R∗ = S∗ ∧R∗ ⊑P2

S∗) .Example 5. Reall the Example 1. We de�ned the preferene P by means of prioritizedpreferene ombinator:
P = P1 & P2 ,where P1 and P2 were the base preferenes. They an be de�ned as:

• a NEG-preferene P1 := NEG(NEG-set)
• and a PF preferene P2 := PF (S∗, T ), respetively,where the NEG-set is de�ned by means of a logial formula:NEG-set = {R∗′ ⊆ R∗|∃r1, r2 ∈ R∗′(r1 ⊑R r2)} ,and preferene formula PF is de�ned by means of preferene logial formula:

PF (S∗, T ∗) = ∀t ∈ T ∗(t ∈ S∗ ∨ ∃s ∈ S∗(t ⊑R s)) .Note that both logial formulas ontain a prediate symbol ⊑R interpreted by means ofpartial order representing a piee of knowledge we have about the knowledge domain. �



Model of Preferenes over the Relational Data Model 1153.3 Partial Order ModelThe base set elements of a partial order an be arbitrary objets. In the proposed model,the objets are sets, namely the relational instanes. The aim is to model order on aset of relational instanes, whih is a nontrivial generalization of the approah aimingat inorporating partial ordering into attribute domains and the orresponding extendedrelational algebra.Partial Order Algebra. The partial orders are to be manipulated as objets in an algebrathat should be losed. That is, the result of applying any operation to any partial ordershould be a new partial order. At least, the partial order algebra should inlude:
• Prediates determining satisfation of a given property, among others: (binary)ontainment and equality.
• Operators, among others: seletion, dupliate elimination, maxima and minima,extrating the maximal and minimal elements respetively, up-tail and down-tail,extrating the suborder that result by removing the minima and maxima respe-tively.
• Operations, among others (unary) projetion and (binary) artesian produt, in-tersetion, union, di�erene.Partial Order Implementation. The implementation of the partial order model inludesboth a data struture to hold the partial orders, and algorithms for the algebra operations.A partial order an be represented by means of realizer, whih is shown to simplify thealgorithms.De�nition 6 (Realizer). Realizer is a set of linear extensions of the partial order suh thatfor any inomparable elements a ‖ b there exist a linear extension <i in whih a <i b anda linear extension <j in whih b <j a.Example 7 (Realizer). Figure 2 shows a partial order and its realizer, onsisting of twolinear extensions. �ab d e f2.1: Partial order

a bd e f
a fb ed2.2: RealizerFigure 2: Partial order and its realizerRemark 8. A partial order realizer is a olletion of sequenes, eah of whih ontains allthe elements of the partial order base set. For this reason, an array is a suitable datastruture to hold the realizer.



116 R. Nedbal3.4 Preferene Model ImplementationThe aim of this subsetion is to present the data struture to e�etively implement theproposed partial order model. As the semantis of partial order de�ning preferenes isvertially oriented, a data struture with a olumn oriented semantis in whih variablesare bound to arrays, not tuples, should be employed.A promising solution is arrable, for array-table, whih is an ordered data struture.Informally, it is a olletion of named arrays whose values may be arrays themselves.Essentially, arrable is a table organized by olumns.De�nition 9 (Arrable). Let T be a set of types orresponding to a basi type or to aone-dimensional array of basi type elements. Let A be a �nite array of elements of atype from T . The ardinality of A is the number of elements in A's �rst dimension.
A[k] is the k−th element, and k is said to be an index or position in A. An arrable is aolletion of named arrays A1, . . . , An, eah being of a type from T , that have the sameardinality.Eah relational algebra operator takes array-typed expressions as arguments and anaording exeution model should be provided.The most ommon exeution model is alled iterator-based. It is however ahe inef-�ient due to loading unneessary olumns' data to perform an operation. For instane,even if the projetion involves only one attribute, it brings the entire tuple to oupyahe spae.A ontrasting exeution model is the olumn-oriented one found in [2℄. The esseneof the model onsists in that instead of handling a row at a time, data is vertiallypartitioned in olumns that are manipulated as units. For instane, seletion looks atthe olumns involved in the seletion ondition and returns the IDs of rows satisfyingthe ondition. It is not neessary to materialize result of eah operation. Instead, thereferene to the resulting data an be passed on to the next operation.4 Conlusion4.1 Summary and ResultsA generalized model of preferenes for the relational data model has been proposed. Itshould present a basis for semantially rih, easy to handle and �exible preferene modelaiming at deep personalization of database queries.
• The biggest di�erene, as ompared with other mentioned approahes, onsists inexpressing preferenes by means of a partial order on a set of relational instanes,while the other known approahes express preferenes by means of a partial orderon a set of relation tuples or on attribute domains. As a relation tuple is a speialase of a orresponding relation instane, the presented approah is stritly moregeneral.
• Another key di�erene is a use of realizers to enode preferenes. Realizers presenta means to proess preferene-related information throughout the whole query ex-eution plan. Therefore no preferene-related information is lost as ompared to



Model of Preferenes over the Relational Data Model 117the known approahes aiming at only the best preferene-mathing results. Thus abigger expressivity is reahed.
• Realizers are employed also to e�etively hold all kinds of information expressibleby partial order, and orresponding algebra is proposed to manipulate them. This isthe prerequisite for allowing a seletion ondition to ontain prediates interpretedby partial orders. It has been shown [12℄ that this inreases the expressivity of theresulting partial order relational algebra.
• Also, a data struture, alled arrable and �rst introdued in [2℄, is proposed toimplement the proposed preferene model. It is a olumn oriented data struture,suitable for data representing information with �olumn-oriented semantis", thesemantis onsidered in the proposed preferene model. Moreover, queries overarrables are exeuted by breaking them down into a sequene of array primitives,whih are often small enough to �t into the main memory. It has a onsiderableimpliations onerning e�ient query proessing.4.2 Future WorkIt an be shown that, in the framework of modelling preferenes by means of partialorder on relation instanes, the partially ordered relational algebra operations an bewell-de�ned in the sense that all the known identities hold. Spei�ally, assoiativity andommutativity of the union, produt, seletion, and projetion operators are retained.Moreover, the following equivalenes hold:

σϕ1∨ϕ2
(R) ≡ σϕ1

(R) ∪ σϕ2
(R) ,

σϕ1∧ϕ2
(R) ≡ σϕ1

(R) ∩ σϕ2
(R) ,

σ¬ϕ(R) ≡ R− σϕ(R) .Using the proposed approah, other relational operators (intersetion, join, and divi-sion), also, retain the usual properties of their lassial relational ounterparts:
R∩ S ≡ R− (R− S) ,

R÷ S ≡ πA−B(R)− πA−B

((
πA−B(R)× S

)
−R

)
,

R ⊲⊳ S ≡ πA∪B

(
σϕ(R× S)

)
.These results are promising towards the query optimization issues, whih presentmany open problems. In partiular,

• evaluation and optimization of preferene queries, inluding ost-base optimization,need to be addressed.
• Besides, there is an open problem of exploiting the ombination of the iterator-basedand the olumn-oriented exeution model. The rux probably onsists in stepwiserealizer onstrution, modelling stepwise adding piees of preferene-related infor-mation, and the related impat against the partially ordered relational algebraoperations.
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2D Image Reognition in Frequeny DomainKate°ina Nováková4th year of PGS, email: katka.novakova�d.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Jaromír Kukal, Department of Software Engineering in Eonomy,Faulty of Nulear Siene and Physial Engineering, CTUAbstrat. Two dimensional objets an be represented as 2D binary images. The paper is ori-ented to a�ne invariant reognition of them via 2D Fourier spetrum. The amplitude spetrumof binary image is translation invariant. The moments of seond order were used to obtaina�ne invariant spetrum. The square of 2D spetrum was analyzed on irular paths with ra-dius omega. Harmoni analysis of samples on the path enabled to study even harmonis. Theabsolute values of Fourier oe�ients were studied for n < 21 and e−
1

2 ≤ ω ≤ e2. It is easyto prove that the system of oe�ients is a�ne invariant and able to reognize large objets.All the alulations were performed in the Matlab environment. 2D binary objets were stud-ied both theoretially (square, triangle, irle, hexagon) and experimentally. Proposed methodwas tested on various objet lasses with various a�ne transforms. The e�et of disretizationwas also studied. The objet reognition an be based on oe�ient similarity and PCA teh-nique eliminates redundant dimensionality. The methodology is useful for objet reognition inbiomediine and industry.Abstrakt. Dvoudimenzionální objekty mohou být reprezentovány jako 2D binární obrazy. Práeje orientována na jejih rozpoznávání invariantní v·£i a�nní transformai a vyuºívá 2D Fourierovutransformai. Amplitudové spektrum je invariantní v·£i posunutí. Pro dosaºení a�nn¥ invari-antního spektra byly pouºity momenty druhého °ádu. Druhá monina tohoto spektra bylaanalyzována na kruºniíh s polom¥rem omega. Harmoniká analýza signálu na kruºniíhumoº¬uje studovat sudé harmoniké kmity. Byly studovány absolutní hodnoty fourierovýh ko-e�ient·. Systém koe�ient· je a�nn¥ invariantní a umoº¬uje rozpoznávání v¥t²íh objekt·. 2Dobjekty byly studovány teoretiky i experimentáln¥. Navrºená metoda byla testována na r·znýht°ídáh objekt· s r·znými a�nními transformaemi. Sou£asn¥ byl zkoumán vliv diskretizae.Rozpoznávání m·ºe být zaloºeno na podobnosti koe�ient· a PCA pomáhá p°i eliminai nad-byte£né dimenze. Metodika je uºite£ná pro rozpoznávání objekt· v biomediín¥ a pr·myslu.1 IntrodutionLet N × N be 2D binary image. It an be represented as mapping f : [0, N)2 → {0, 1}.Then ontinuous 2D Fourier transform is de�ned as
F (ω1, ω2) =

∫ N

0

∫ N

0

f(x1, x2)e
−iω1x1−iω2x2 dx1 dx2, (1)where ω1, ω2 ∈ R, i2 = −1. Now, we de�ne normalized 2D power spetrum as

Φ(ω1, ω2) =

∣∣∣∣
F (ω1, ω2)

F (0, 0)

∣∣∣∣
2 (2)121



122 K. Novákováfor non-empty image. The funtion Φ is invariant to any translation of 2D image. Itan be easily proven from the basi properties of Fourier transform. The main question,whih is subjet of this paper, is about realization of new a�ne invariant reognitionsystem for 2D binary images. The system will be developed for ontinuous ase �rst.The approximation for disrete images will be also de�ned and studied to be useful inreal image reognition.2 A�ne invariant systemLet p, q ∈ N0 be orders. Then image moments are de�ned as
mp,q =

∫ N

0

∫ N

0

xp
1x

q
2f(x1, x2) dx1 dx2. (3)It is also useful to de�ne three entral moments of 2nd order by formulas

µ2,0 =
m2,0

m0,0
−
(

m1,0

m0,0

)2

, (4)
µ1,1 =

m1,1

m0,0
− m1,0

m0,0

m0,1

m0,0
, (5)

µ0,2 =
m0,2

m0,0
−
(

m0,1

m0,0

)2

. (6)They are de�ned only for non-empty image when m0,0 > 0 and the matrix
G =

(
µ2,0 µ1,1

µ1,1 µ0,2

)
. (7)is positive de�nite with eigenvalues λ1 ≥ λ2 > 0 and eigenvetors e1, e2.Now, the seond order approximation of 2D power spetrum is

Φ(ω1, ω2) ≈ 1− µ2,0ω
2
1 − 2µ1,1ω1ω2 − µ0,2ω

2
2. (8)The spetrum is radial symmetri just when µ2,0 = µ0,2 and µ1,1 = 0. To guarantee theradial symmetry of new spetrum, we use eigenvalue deomposition (EVD) of matrix Gand alulate transformation matrix

A = QL− 1

2 , (9)where
Q = (e1|e2) , (10)
L =

(
λ1 0
0 λ2

)
. (11)It is easy to onstrut radial symmetri 2D spetrum

Ψ(ω1, ω2) = Φ(a1,1ω1 + a1,2ω2, a2,1ω1 + a2,2ω2) (12)



2D Image Reognition in Frequeny Domain 123from the power spetrum and matrix A.The seond order approximation is then
Ψ(ω1, ω2) ≈ 1− ω2

1 − ω2
2. (13)The 2D spetrum Ψ is both translation and saling invariant. It is also well prepared forthe onstrution of a�ne invariant system. We an substitute

ω1 = ω cos ϕ, (14)
ω2 = ω sin ϕ (15)for ω ≥ 0 and ϕ ∈ [0, 2π]. The funtion Ψ(ω cos ϕ, ω sin ϕ) is periodi in ϕ for any �xed ω.Thus, the funtion an be expressed as Fourier series for given ω. The squared absolutevalues of Fourier oe�ients are

Cn(ω) =

∣∣∣∣
1

2π

∫ 2π

0

Ψ(ω cos ϕ, ω sin ϕ)einϕ dϕ

∣∣∣∣
2 (16)for n ∈ N0, ω ≥ 0. The funtions Cn(ω) are a�ne invariant with respet to hanges in2D image f . The property a =

(
λ2

λ1

) 1

2 ∈ (0, 1] an be alled inverse exentriity. It alsoenables to reognize 2D binary objets, but the system onsisting of inverse exentriity
a and funtions Cn(ω) is not a�ne invariant.3 Disrete aseThe 2D disrete binary image an be represented as mapping f+ : {0, . . . , N − 1}2 →
{0, 1}. The relationship between funtion f and its disrete form f+ is de�ned here as
f(x1, x2) ≈ f+(k1, k2) for k1 ≤ x1 < k1 + 1 and k2 ≤ x2 < k2 + 1. So, f+ is an pieewiseonstant approximation of 2D image funtion f . The adequate disrete spetrum isde�ned as

F+(ω1, ω2) =

N−1∑

k1=0

N−1∑

k2=0

f+(k1, k2)e
−iω1k1−iω2k2 (17)and the adequate disrete moments are

m+
p,q =

N−1∑

k1=0

N−1∑

k2=0

kp
1k

q
2f

+(k1, k2), (18)
µ+

2,0 =
m+

2,0

m+
0,0

−
(

m+
1,0

m+
0,0

)2

, (19)
µ+

1,1 =
m+

1,1

m+
0,0

− m+
1,0

m+
0,0

m+
0,1

m+
0,0

, (20)
µ+

0,2 =
m+

0,2

m+
0,0

−
(

m+
0,1

m+
0,0

)2

. (21)



124 K. NovákováThere is also diret relationship between spetrum F (ω1, ω2) and its disrete analogy
F+(ω1, ω2). We obtained

|F (ω1, ω2)| ≈
∣∣∣∣
sin ω1

2
ω1

2

∣∣∣∣
∣∣∣∣
sin ω2

2
ω2

2

∣∣∣∣
∣∣F+(ω1, ω2)

∣∣ (22)This approximation enables to make another Taylor expansion of 2nd order
Φ(ω1, ω2) ≈ 1−

(
µ+

2,0 +
1

12

)
ω2

1 − 2µ+
1,1ω1ω2 −

(
µ+

0,2 +
1

12

)
ω2

2. (23)When the disrete image is non-empty, then m+
0,0 > 0 and the matrix

G+ =

(
µ+

2,0 + 1
12

µ+
1,1

µ+
1,1 µ+

0,2 + 1
12

) (24)is also positive de�nite with eigenvalues λ+
1 ≥ λ+

2 > 0, eigenvetors e+
1 , e+

2 and inverseexentriity a+. In analogy with non-disrete ase we obtained
Q+ =

(
e+
1 |e+

2

)
, (25)

L
+ =

(
λ+

1 0
0 λ+

2

)
, (26)

A+ = Q+
(
L+
)− 1

2 , (27)
Φ+(ω1, ω2) =

(
sin ω1

2
ω1

2

sin ω2

2
ω2

2

)2 ∣∣∣∣
F+(ω1, ω2)

F+(0, 0)

∣∣∣∣
2

, (28)
Ψ+(ω1, ω2) = Φ+(a+

1,1ω1 + a+
1,2ω2, a

+
2,1ω1 + a+

2,2ω2). (29)Finally, we obtained disrete approximations
C+

n (ω) =

∣∣∣∣
1

2π

∫ 2π

0

Ψ+(ω cos ϕ, ω sin ϕ)einϕ dϕ

∣∣∣∣
2 (30)for n ∈ N0, ω ≥ 0. It is lear, that Cn(ω) ≈ C+

n (ω) but C+
n (ω) are not a�ne invariantfuntions. They are only good approximations of exat a�ne invariant funtions Cn(ω).4 Implementation detailsThere are some onstrains, whih are useful for good approximation power of C+

n (ω).The disrete 2D image must be large. It means, that N ≥ 64 and there is a pixel pairwith a distane d ≥ 50. The funtions C0(ω), C+
0 (ω) ∈ [0, 1], C0(0) = C+

0 (0) = 1 and
lim

ω→∞
C0(ω) = lim

ω→∞
C+

0 (ω) = 0. The odd harmoni frequenes are missing. The
ω ∈ R

+
0 ⇒ C2k+1(ω) = C2k+1(ω) = 0. (31)



2D Image Reognition in Frequeny Domain 125So, it is to nothing to evaluate them. The other even funtions C2k(ω), C+
2k(ω) for k ∈ Nsatisfy C2k(0) = C+

2k(0) = lim
ω→∞

C2k(ω) = lim
ω→∞

C+
2k(ω) = 0. So, the invariant funtions

C2k(ω) and their approximations C+
2k(ω) are useful for objet reognition in the range

ω ∈ [e−
1

2 , e2]. The relative di�erenes for lower and higher frequeny ω are small. Thefuntions an be sampled with frequeny ratio q = e0.01 to obtain a�ne invariant vetordesription
ϕk = (C2k(ωmin), C2k(ωmin q), . . . , C2k(ωmax)) (32)or its disrete approximation
ϕ+

k = (C+
2k(ωmin), C+

2k(ωmin q), . . . , C+
2k(ωmax)). (33)The numerial alulations of C2k(ω), C+

2k(ω) an be performed using trapezoidal rule.The Simpson rule has not any advane beause of smoothness and periodiity of integrand.The funtions
Ψ(ω cos ϕ, ω sin ϕ), Ψ+(ω cos ϕ, ω sin ϕ) were evaluated with △ϕ = π

30
. The values of

Φ(ω1, ω2), Φ+(ω1, ω2) an be obtained diretly from F (ω1, ω2), F+(ω1, ω2). Alternativeway of Φ+(ω1, ω2) alulation onsists of 2D FFT for N = 2M and 2D ubi spline inter-polation.5 Testing example: CirleIn the ase of irle with radius R > 0 we obtained
Φ(ω1, ω2) =

{
4J2

1
(ωR)

ω2R2 , ω > 0,
1, ω = 0,

(34)where ω = (ω2
1 + ω2

2)
1

2 and J1 is Bessel funtion of 1st kind. After a�ne transform wehave
Ψ(ω1, ω2) =

{
J2
1
(2ω)

ω2 , ω > 0,
1, ω = 0.

(35)Thus, Ψ(ω1, ω2) = 1− ω2 + O(ω4). Beause of radial symmetry of Ψ(ω1, ω2) we obtained
C0(ω) =

{
J4
1
(2ω)

ω4 , ω > 0,
1, ω = 0,

(36)
Cn(ω) ≡ 0 for n ∈ N, (37)The approximation error

ε = max
∣∣C+

n (ω)− Cn(ω)
∣∣ (38)was studied for various radii R > 0 and non-integer shifts of irle enter. When R ≥ 25then

ε < 0.0002 for ω ∈ [e−
1

2 , e2], n ≤ 30.



126 K. Nováková6 Experimental partSeveral interesting objets were studied in the experimental part. These objets resembleeah other, beause of they are squares with one hole. This hole is of various shapes:retangle, irle, diamond, triangle, hexagon, tooth and half-irle. The enter of thishole is at one of three positions. Let 2a be size of one side of square, s = (0, 0) be enterof this square. Then the enter of hole is one of following: s1 = (0, 0), s2 = a(1
4
, 0),

s3 = a(1
4
, 1

3
). Largest size of side of objet inside is a.Basi objets are in the Fig. 1. In the �rst line there are objets with the enter s1,in the seond line with the enter s2 and in the last line with the enter s3. Then lassesare formed from a�ne transformed basi objets. In eah lass there are 20 objets.

A D G J M P S
B E H K N Q T
C F I L O R UFigure 1: Class representativesThe in�uene of the hole shape on harmoni frequenes is illustrated in the Fig. 2.There are examples of harmonis for seleted objets. The legend in �gures join togetherthe olors with harmonis. The number oresponds with order of harmoni frequene.All harmoni frequenes (exept C0(ω)) were zoomed with fator 10 000. Then, onlyharmonis with the maximal value greather than 0.015 are depited. Others don't af-fet the pattern reognition. The in�uene of the enter position of hole in square onharmonis is depited in the Fig. 3. PCA of sampled harmonis is in the Fig. 4.7 ConlusionThe normalized 2D power spetrum Φ(ω1, ω2) was built �rst on the base of Fourier spe-trum. The approximation of this spetrum with moments was transformed to the radialsymmetri spetrum Ψ(ω1, ω2). This spetrum is translation and saling invariant. Usingpolar oordinates, we have Ψ(ω cos ϕ, ω sin ϕ). The squared absolute values of Fourier
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128 K. Novákováoe�ients are Cn(ω) for n ∈ N0, ω ≥ 0. The funtions Cn(ω) are a�ne invariant withrespet to hanges in 2D image f . The property a ∈ (0, 1] an be alled inverse exentri-ity. In disrete ase we get only approximations of these funtions. The approximationerror is small, whih was tested in the example with the irle. Several interesting ob-jets were studied in the experimental part. These are lasses of squares with variousut out objets. Frequeny dependene of Fourier oe�ients Cn(ω) was studied andthe adequate spetra were depited. The e�et of hole position on the harmonis wasalso studied. Finally, the PCA of sampled harmonis was able to separate these lasses.Referenes[1℄ R. Klette, P. Zamperoni. Handbook of Image Proessing Operators. John Wiley &Sons, England, (2006).[2℄ R.Gonzales, R. Woods. Digital Image Proessing. Prentie-Hall, New Jersey, (2001).



Numerial Sheme for the Willmore FlowTomá² Oberhuber3rd year of PGS, email: oberhuber�kmlinux.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Mihal Bene², Katedra matematiky, Fakulta jaderná a fyzikáln¥ in-ºenýrská, �VUTAbstrakt. Tento £lánek popisuje numeriké shéma pro úlohu zvanou Willmor·v tok. Shémaje zaloºeno na metod¥ kone£nýh diferení a metod¥ p°ímek. Uvádíme výsledky numerikýhexperiment·, kdy je toto shéma pouºité na isotropní a anisotropní Willmor· tok pro grafy ataké pro vrstevniovou formulai Willmorova toku.Abstrat. In this paper we present a numerial sheme for the Willmore �ow. The sheme isbased on the �nite di�erene method and the method of lines. We present results of numerialexperiments when the sheme is applied on isotropi and anisotropi Willmore �ow of graphsand on the level-set formulation of the Willmore �ow.1 IntrodutionWe onsider evolution of urve resp. surfae Γ(t) embedded in R2 resp. R3. We investi-gate the following law
V = 2△ΓH + H3 − 4HK on Γ (t) , (1)where V is the normal veloity, △Γ is the Laplae-Beltrami operator, H = κ1 + κ2 is themean urvature, K = κ1 · κ2 is the Gauss urvature and κ1 and κ2 denote the prinipalurvatures of the surfae.As follows from [1, 2, 3℄ the law (1) represents the L2-gradient �ow for the funtional

W de�ned as
W (f) =

∫

Γ

H2dS. (2)The problem of the minimization of the funtional (2) omes from the physis of elastiity[4℄. In [3℄ the authors study evolution of elasti urves in Rn. Appliation for the surfaereonstrution of srathed objets is disused in [5℄. We present numerial shemes forgraph formulation for both isotropi and anisotropi Willmore �ow of surfaes in R3 aswell as for the level-set formulation of the Willmore �ow of urves in R2.2 Problem formulation2.1 Isotropi Willmore �ow of graphsWe assume that Γ (t) is a graph of a funtion u of two variables:
Γ (t) =

{
[x, u (t, x)] | x ∈ Ω ⊂ R2

}
,129



130 T. Oberhuberwhere Ω ≡ (0, L1)× (0, L2) is on open retangle, ∂Ω its boundary and ν its outer normal.A graph formulation for the Willmore �ow (1) is a system of two partial di�erentialequations of the seond order for u and w

∂u

∂t
= −Q∇ ·

[
2

Q
(I−P)∇w − w2

Q3
∇u

]
in Ω× (0, T ) ,

w = Q∇ · ∇u

Q
,

u(·, 0) = uini,with the Dirihlet boundary onditions
u |∂Ω= g, w |∂Ω= 0,or the Neumann boundary onditions

∂u

∂ν
|∂Ω= 0,

∂w

∂ν
|∂Ω= 0,where

Q =

√
1 + |∇u|2, n =

∇u

Q
, H = ∇ · n, P =

∇u

Q
⊗ ∇u

Qand I is the unit matrix.2.2 Anisotropi Willmore �ow of graphsWe assume having onvex and positive 1-homogeneous funtion
γ : Rn+1 \ {0} → R+

0 ; γ = γ(p1, · · · pn,−1) (3)so alled surfae energy density. Denoting
∇pγ = (γp1

, · · · , γpn
) ,we de�ne anisotropi mean urvature indued by funtion (3) as

Hγ = ∇ · (∇pγ (∇u,−1))and anisotropi Willmore funtional as
W (f) =

∫

Γ

H2
γdS. (4)The graph formulation of the anisotropi Willmore �ow for (4) takes the following form

∂u

∂t
= −Q∇ ·

[
2E∇w − w2

Q3
∇u

]
,

w = QHγ ,

u(·, 0) = uini,
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u |∂Ω= g, w |∂Ω= 0,or the Neumann boundary onditions

∂u

∂ν
|∂Ω= 0,

∂w

∂ν
|∂Ω= 0.where Eij = [(∇p ⊗∇p) γ (∇u,−1)]ij = γ (∇u,−1)pipj

.For the isotropi ase we have
γ (∇u,−1) =

√
1 + |∇u|2, Hγ = ∇ · ∇u

Q
, E =

1

Q

(I− ∇u

Q
⊗ ∇u

Q

)
.2.3 The level-set formulation for the Willmore �owWe assume having a urve in R2 with its interior in bounded domain Ω desribed as

Γ (t) = {x ∈ Ω | u(t, x) = 0} ,where u(t, x) is smooth funtion de�ned on Ω. The level-set formulation for the Willmore�ow (1) takes the following form
∂u

∂t
= −Q∇ ·

[
2E∇w − w2

Q3
∇u

]
,

w = QHγ ,

u(·, 0) = uini,with the Dirihlet boundary onditions
u |∂Ω= g ≡ c, w |∂Ω= 0,where c is onstant and

Q =

√
ǫ + |∇u|2, Eij = [(∇p ⊗∇p) γ (∇u,−1)]ij = γ (∇u,−1)pipj

.The initial ondition uini reads
uini(x) = c · sign (dΓ0

)
(
1.0− e−|dΓ0

/c|) ,where dΓ0
is the distane funtion for the initial urve Γ0.



132 T. Oberhuber3 Numerial shemeFor the spae disretisation we apply the �nite di�erene method. Let h1, h2 be spaesteps suh that h1 = L1

N1
and h2 = L2

N2
for some N1, N2 ∈ N+. We de�ne a uniform grid as

ωh = {(ih1, jh2) | i = 1 · · ·N1 − 1, j = 1 · · ·N2 − 1} ,
ωh = {(ih1, jh2) | i = 0 · · ·N1, j = 0 · · ·N2} .For u : R2 → R we de�ne a projetion on ωh as uij = u(ih1, jh2). We introdue thedi�erenes

ux̊1,ij =
ui+1,j − ui−1,j

2h1

, ux̊2,ij =
ui,j+1 − ui,j−1

2h2

, ∇̊huij = (ux̊1,ij, ux̊2,ij) .For (ǫ = 1 in the ase of graphs)
Q̊ij =

√
ǫ + u2

x̊1,ij + u2
x̊2,ij, H̊h

γ,ij = ∇̊ ·
(
∇pi

γ
(
∇̊uh

ij ,−1
))

,

E̊
h
ij = (∇p ⊗∇p) γ

(
∇̊huh

ij,−1
)

,the numerial sheme has the following form
duh

dt
= −Q∇̊h

(
2

Q̊
E̊∇̊hw

h −
(
wh
)2

Q̊3
∇̊hu

h

)
,

wh = Q̊ ·
[(

uh
x̊1

Q̊

)

x̊1

+

(
uh

x̊2

Q̊

)

x̊2

]
.with the initial ondition de�ned as

uh (0) = uini |ωh
,and we onsider either the Dirihlet boundary onditions

uh |∂ωh
= g, wh |∂ωh

= 0,or the Neumann boundary onditions
uh

n̄ |∂ωh
= 0, wh

n̄ |∂ω= 0.The disretisation in time is done by mean of the method of lines.4 Numerial experimentsIn this setion we present results of several numerial experiments. On the Fig. 1 theinitial ondition is u0(x, y) = sin πx · sin πy on the domain Ω = 〈0, 1〉 × 〈0, 1〉. Theinitial ondition for the Fig. 2 is u0(x, y) = 0.5 sin (π tanh (5.0 (x2 + y2)− 0.25)) on thedomain Ω = 〈−1, 1〉×〈−1, 1〉. The boundary ondtions are u |∂Ω= w |∂Ω= 0. The steady
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Figure 1: Deay towards the planar surfae at times t = 0, t = 10−4, t = 1.7 · 10−4 and
t = 0.01.
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Figure 2: Deay towards the planar surfae at times t = 0, t = 5 · 10−6 and t = 0.1.
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Figure 3: Spherial surfae restoration at times t = 0, t = 2 · 10−5, t = 10−4 and t = 0.05.
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Figure 4: Test with the Neumann boundary onditions at times t = 0, t = 0.005, t = 0.175and t = 0.5.
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Figure 5: Convergene towards the planar surfae at times t = 0, t = 10−5, t = 2 · 10−5,
t = 3 · 10−5 and t = 4 · 10−5.state for both examples is the planar surfae. Fig. 3 shows restoration of the spherialsurfae from the intial ondition whih is the spherial surfae perturbed by funtion
exp(−5

√
x2 + y2) sin(7.5π

√
x2 + y2) on the domain Ω =< −1, 1 > × < −1, 1 >. Theboundary onditions for u and w are omputed on spherial surfae with no perturbation.Fig. 4 shows evolution with the zero Neumann boundary onditions on u and w withinitial ondition u0(x, y) = sin(πx) on the domain Ω =< 0, 1 > × < 0, 1 >. For thenumerial experiments with anisotropy we onsider funtion (3) of the form γ (p,−1) =

∑3
i=1

√
P 2

i + ǫ
∑3

j=1 P 2
j for P1 = p1, P2 = p2, P3 = −1. To demonstrate the di�erenebetween isotropial and anisotropial problem the setting of the initial onditions andthe boundary onditions is the same for Fig. 5 and Fig. 1 resp. Fig. 6 and Fig. 2.Level-set Formulation for the Willmore FlowIn this setion we present results of the numerial experiments with the level-set fomru-lation for the Willmore �ow. All of the experiments show onvergene towards irles.We must note that it is not a steady state. In the ase of the Willmore �ow evolution ofa irle radius grows to in�nity.
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Figure 6: Convergene towards the planar surfae at times t = 0, t = 1.25 · 10−4, t =
2.5 · 10−4 and t = 1.25 · 10−3.

Figure 7: Ellipse growing into the irle at times t = 0, t = 0.0001, t = 0.0002, t = 0.0003,
t = 0.0004 and t = 0.0005.
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Figure 8: Square hanging to the irle at times t = 0, t = 2.5 · e−6, t = 5.0 · e−6,
t = 1.0 · e−5 and t = 2.0 · e−5.

Figure 9: "Flower" hanging to the irle at times t = 0, t = 4.0 · e−7, t = 1.0 · e−6,
t = 2.0 · e−6 and t = 5.0 · e−6.
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Figure 10: Squares hanging to the irle at times t = 0, t = 2.5 · e−4, t = 0.001,
t = 0.0025, t = 0.00375, t = 0.005 and t = 0.01.Referenes[1℄ K. Dekelnik and G. Dziuk. Error estimates for the Willmore �ow of graphs, In'Interfaes and Free Boundaries 8 2006', 21�46.[2℄ M. Droske and M. Rumpf. A level set formulation for Willmore �ow, In 'Interfaesand Free Boundaries 6 2004 No. 3', 361�378.[3℄ G. Dziuk, E. Kuwert and R. Shätzle. Evolution of Elasti Curves in Rn: Existeneand Computation, In 'SIAM J. Math. Anal. 2006 Vol. 41 No. 6', 2161�2179.[4℄ P. Ciarlet, Mathematial Elastiity, Vol III: Theory of Shells, North-Holland, 2000.[5℄ U.Clarenz, U. Diewald, G. Dziuk, M. Rumpf and R. Rusu", A �nite element methodfor surfae restoration with smooth boundary onditions, In 'Computer Aided Geo-metri Design 2004 No. 21/5', 427�445.



Problems with Multi-Resolution Visualisation of Datausing Self-Organising MapsPhilip Prentis3rd year of PGS, email: prentisp�km1.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Ladislav Andrej, Institute of Computer Siene, Aademy of Sienesof the Czeh Republi
Abstrat. This paper desribes how self-organising maps an be used to visualise data atdi�erent resolutions and disusses some of the problems that may arise. The tree-struturedself-organising map is proposed as a solution and di�erent modi�ations of this algorithm areexplored.Abstrakt. Tento £lánek popisuje jak samoorganizujíí se mapy lze vyuºít k visualizai dat vevíe rozli²eníh a rozebírá n¥které problémy, které se mohou p°i tom vyskytnout. Jako °e²eníje navrºena samoorganizujíí se mapa se stromovou strukturu a jsou zkoumány varianty tohotoalgoritmu.
1 IntrodutionSelf-organising maps (SOM) are a type of arti�ial neural network that uses unsuper-vised learning. They were developed by Kohonen [4℄ in the eighties and have sine beenemployed suessfully in a number of appliations; in partiular they have been used forluster analysis and visualising high-dimensional data. One example of suh an applia-tion is the WEBSOM projet [4, 3℄, whih uses SOM to map, organise and browse largedoument �les in a two-dimensional ontent-addressable spae. A similar appliation forbrowsing and organising olour image galleries alled GalSOM was developed by myselfand desribed in [10℄.In an e�ort to speed up large SOM and aquire mappings at di�erent resolutions,hierarhial variants were developed. These inlude the Multi-Layer SOM [2℄, the Evolv-ing Tree [9℄ and most importantly, the Tree-Strutured Self-Organising Map (TS-SOM)[5, 6℄, whih this paper desribes in detail. One of the best-known appliations to useTS-SOM is PiSOM [7, 8℄, whih uses multiple TS-SOM to failitate ontent-based imageretrieval.Inorporating TS-SOM into the GalSOM image browser led to an improvement of thealgorithm with multi-resolution orretion as desribed in [11℄. More general informationabout using TS-SOM for image browsing and data analysis is disussed in [12℄. Thispaper disusses the various problems that may arise when using SOM to visualise data.139
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a) b) c)Figure 1: a) 2-dimensional input vetors in 3 lusters. b) A SOM, topologially orderedin a grid of 10 × 10 neurons ) The SOM adapts itself to math the input spae, eahneuron's odebook vetor quantifying a set of inputs.2 Self-Organizing MapsSimply put, a SOM redues a high-dimensional input-spae (set of vetors from RN)to a two-dimensional ordered grid of odebook vetors (neurons) {nij |i = 1..N1, j =
1..N2; typiallyN1 = N2} that quantify it. In a suessfully adapted map adjaent gridnodes will quantify similar data, i.e. data points that have a small Eulidean distane.The priniple may be seen in �gure 1, whih shows a typial SOM in a 2D input spae.A simple desription of the basi algorithm may be found in [13℄.2.1 The algorithmThe self-organisation proess is ahieved as follows:1. Initialise the odebook vetors nij(0) at random (usually by setting them to ran-domly hosen input vetors).2. Selet a random input i(t) and �nd the best mathing neuron (BMN) nbest(t) (i.e.the neuron with the losest odebook vetor). Every input sample has the sameprobability of being seleted.3. Move the BMN and its topologial neighbours within a ertain neighbourhood dis-tane towards the seleted input vetor. Units loated topologially further fromBMN are moved less.

nij(t + 1) = nij(t) + η(t) · φ(i, j, t) · [i(t)− n(t)], (1)where
η(t) : N0 → < 0; 1 > monotonously dereasing, (2)

φ(i, j, t) : N0 ×N0 ×N0 → < 0; 1 >,

φ dereases monotonously with the topologial distane of nij from nbest and with
t. The topologial distane is the length of the shortest path from one neuron tothe other in the graph (grid) that represents the network's topology.
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Figure 2: Due to a poorly hosen neighbourhood funtion, this SOM is tangled in 2Dspae as it attempts to adapt to a square-shaped luster of inputs.4. Proeed to iteration t + 1. Repeat 2 and 3 iteratively, reduing the proportion ofthe distane moved η and the neighbourhood distane φ eah iteration, until theyreah a ertain predetermined threshold.As a result the odebook vetors will be attrated to large lusters of input vetorsas these will have a higher probability of being seleted than sparsely populated areasof input spae. η and φ must be seleted with are if the algorithm is to ahieve goodresults [13℄.2.2 Neighbourhood funtionFuntion φ in (2) is alled the neighbourhood funtion. It determines how muh andhow distant (from the BMN) neurons will be a�eted at a given moment during theadaptation proess. Problems an arise if the neighbourhood is dereased to soon duringthe adaptation proess as is shown in �gure 2. See [10℄ for in-depth heuristi analysisand optimisation.3 Network resolutionWhen using a SOM to visualise a data set, it is important to hoose a network of theorret size. This may be best desribed by the neuron/input (NI) ratio.

NI = N/I (3)where N is the number of neurons or nodes in the network and I is the number of inputvetors being visualised. In this setion we will show the di�erenes between using a highor a low input ratio and disuss whih are more suitable for di�erent tasks.3.1 Low NI ratioFor the purposes of this paper NI < 1 is onsidered low. A low NI ratio assures thatmost or all neurons will quantify at least some input vetors. This will hold truer thelower the ratio and in the extreme ase of NI = 1/I will be guaranteed. On average eahneuron will quantify 1/NI input vetors. If used for data browsing, then we selet suha ratio that 1/NI is the number of data elements we would typially like to browse at a
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a) b)Figure 3: a) A 5 × 5 SOM visualising a set of bitmap images haraterised by olour-histogram vetors. Eah square is oloured in the mean olour of the odebook vetor'shistogram. b) Thumbnails of the images quanti�ed by a seleted node, in this ase theentre node. Eah node in the map quanti�es a small easily-browsable number of similarimages.given moment. If NI is too low, the user may be onfronted with too many elements atone ausing him to miss the one he was looking for. If it is too high then searhing maybe di�ult, as many of the nodes will quantify only a few elements. Nodes that quantifyno elements at all are not useful beause they waste the user's time and may be onfusingto navigate through.The goal of the optimisation proedure is to ahieve as even a distribution as possiblewhile preserving topology and minimising the average quantisation error (AQE). AQE isthe average distane of an element in input spae from its BMN. The more we demand arigid topology, the harder it is to ahieve a low AQE. Usually, good topology preservingtends towards a more even distribution [10℄.If used orretly, this method allows us to view data in hunks organised by similarityinto a map. It is most suitable for diret browsing. On the downside, the low networkresolution does not show lusters very well and is unsuitable for analysing input spae asa whole. Figure 3 shows a typial mapping.3.2 High NI ratioAs disussed in [14℄, large-sale networks with many neurons may be used to bring outthe emergent qualities of the SOM. We observe the overall struture of the SOM ratherthan the data quanti�ed by individual neurons. One method is to alulate the averagedistane of eah unit from its immediate topologial neighbours, reating what is alleda U-Matrix.

U ≡ [uij], (4)
uij =

1

| Xij |
∑

k,l∈Xij

| nij − nkl |,where
Xij ≡

{
k, l | k ∈ {1 . . .N1}, l ∈ {1 . . .N2}; | k − i | + | l − j |= 1

}If we display a U-matrix graphially as in �gure 4, we an see how lusters are beingmapped by noting whih areas of the matrix have low values. Graphially, these will
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Figure 4: The olour map, U-matrix and U*-matrix of a 64 × 64 SOM mapping of 121data elements in approximately 4 lusters. In eah of these lusters further sub-lustersmay be found. The U-matrix is made up of the average distanes of the neurons fromtheir immediate neighbours, blak signifying very lose and white very distant. Neuronswithin a luster will be lose to eah other while at the edges they will be further apart.The U*-matrix is a U-matrix that has been proessed to emphasize the lusters.appear as `valleys' of nodes inside lusters divided by `ridges' of borderline nodes. Formore information on U-matries (and their improved variant, the U*-matrix) see [15℄.It should be noted that with high NI ratio networks most neurons will not quantifyany inputs. Thus, suh networks are unsuitable for diret browsing purposes, as a userwould have a di�ult time �nding inputs sparsely distributed aross the map.When using a U- or U*-matrix to loate lusters, we take sets of losely-paked nodes(low U-matrix values) bordered by nodes that are far from their immediate neighbours(high U-matrix values). See �gure 5. These lusters, however, are unordered and do notform a regular map.It would be possible to supply the user with information regarding adjaent lustersor alternatively, the lusters ould be displayed using a quantum tree-map with zoomablenavigation [1℄. Figure 5- shows a large set of images displayed in a quantum tree-mapby Photomesa image browser.3.3 Problems with high NI-ratio SOMUnfortunately, larger networks take longer to adapt, as more neurons must be searhedwhen loating the best-mathing neuron (BMN). This may be an issue if the SOM is partof a user-appliation where adaptation speed is paramount.3.4 Problems with multi-resolution visualisationIt is often unlear what the optimal mapping of an input spae should be and SOM mayadapt di�erently given di�erent yet identially distributed series of input vetor seletionsor due to minor modi�ations in the parameter settings. At the very least there an beno guarantee that the resulting mappings will be orientated in a spei� way. Therefore,if we make multiple mappings of an input spae at di�erent resolutions using SOM ofvarying size, we an not expet them to math with eah other. To aquire propermulti-resolution mappings it is neessary to use the tree-strutured self-organising mapalgorithm that is desribed in the next setion.
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a) b) c)Figure 5: a) A U*-matrix b) The resulting luster map. These lusters were seleted byhand aording to the borders visible on the U*-matrix. Ideally, an automati proesswould be used to determine the lusters. ) A quantum tree-map suh like the onesused by Photomesa image browser ould be used to display the ontents of the separatelusters.4 Tree-strutured self-organizing mapsOne way we an simultaneously analyse input spae with high and low input ratios isto use a tree-strutured self-organizing map (TS-SOM), [5, 6℄. This is a hierarhialstruture of SOMs of exponentially inreasing size. Eah level of the TS-SOM adaptsseparately, but in the lower levels, the searh for the best-mathing neuron is limited tothose hierarhially onneted to the BMN of the previous layer. See �gure 6.4.1 The basi algorithmThe algorithm works as follows:1. Perform one iteration of the SOM algorithm on the top layer.2. Perform one iteration of the SOM algorithm on the next layer, but limit the searhfor the BMU to the neurons loated under the winning neuron of the previous layer.3. Repeat 2 until all layers have been updated.4. Repeat 1 to 3 until the SOM thresholds have been met.The advantages of suh a struture are obvious. Instead of performing a full-searhfor the BMN at the lower layers, we restrit ourselves to a onstant number of neuronsper a given layer, thus greatly inreasing the adaptation speed. The omplexity of thealgorithm is O(logN), where N is the number of neurons on the bottom layer [6℄. Also,due to the hierarhial struturing, all the SOMs will be orientated similarly in inputspae and the TS-SOM as a whole may be onsidered a multi-resolution mapping of thegiven data set. See �gure 7.
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Figure 6: A 3-layer TS-SOM with 4 neurons at top layer and 64 at the bottom.

Figure 7: 4 layers of a TS-SOM show olour distribution of an input spae of images atdi�erent resolutions.
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Figure 8: Wide-searh for the BMN in neighbouring neurons.Unfortunately, reduing the sope when searhing for the BMN will often returnsuboptimal results, i.e. �nding neurons that are further from the input than the losestone. As shown in my detailed analysis [11℄, this e�et inreases with eah subsequentlayer ausing the lower high NI-ratio layers to return poor results.4.2 Wide-searh TS-SOMThe unfortunate property of the TS-SOM to propagate errors to the lower layers is ausedby inputs bordering between two neurons on a higher layer, whih gradually beome moreand more poorly quanti�ed as the searh for the BMN beomes more and more restrited.As noted in [8℄, better results may be ahieved by allowing searhing for the BMN ina wider sope, whih inludes neurons adjaent to those diretly under a higher layer(�gure 8). This is further orroborated by my experiments in [11℄, where I show thatwide-searhing is superior to the standard TS-SOM in almost all respets.4.3 Multi-resolution orretionOne unfortunate side e�et of the wide-searh improvement of the TS-SOM algorithm isthat the separate layers beome unsynhronised. This degrades the quality of the TS-SOM as a multi-resolution mapping. In [11℄ we desribe a simple and e�etive methodfor retifying this problem and removing the desynhronising e�et. It should be notedthat good synhronisation also improves the quality of the searh for the BMN and bringsthe TS-SOM loser to the quality of the standard full-searh methods.



Multi-Resolution Visualisation of Data using Self-Organising Maps 1474.4 Comparing standard and tree-strutured SOMIt should be noted that a standard SOM of a given resolution will have better propertiesthan a TS-SOM layer of the same resolution, espeially if the TS-SOM has additionallower layers and uses multi-resolution orretion.4.5 Alternative modelsThe TS-SOM is not the only hierarhial model of the SOM. In [2℄ a Multi-layer SOMis proposed. It di�ers from the TS-SOM in that the higher levels adapt to the positionsof the odebook vetors of the level diretly beneath them. This means that there isno synhronisation between layers. Also this method does not have the bene�t of theTS-SOM's aeleration when seeking the BMN.Another model is the Evolving Tree, whih has an inde�nite struture that evolvesand grows to �t the presented data. It has good data-�tting qualities and retains thespeed of the TS-SOM, but due to the unpreditable nature of its struture is unsuitablefor diret-browsing appliations as desribed in this paper. See [9℄.5 Corollary and onlusionsIn this paper we showed how self-organising maps (SOM) may be used to visualise datasets at di�erent resolutions. Low resolution mappings are suitable for diret browsingmethods, whereas high resolution ones may be used for luster analysis by using U-matries. High resolution matries are problemati beause their large size makes themslow to use. If more than one mapping is made at various resolutions for multipurposeappliations, then it beomes neessary to take into aount that there is no guaranteethat the mappings will be identially orientated. These problems may be solved by usinga tree-strutured self-organising map (TS-SOM), whih allows multi-resolution visualisa-tion of the data inluding fast high-resolution mappings. For better synhronisation ofthe mappings, multi-resolution orretion desribed in the author's work [11℄ is reom-mended.Referenes[1℄ B. Bederson PhotoMesa: A Zoomable Image Browser Using Quantum Treemaps andBubblemaps, in pro. of UIST 2001, ACM Symposium on User Interfae Softwareand Tehnology, CHI Letters, 3(2), pp. 71-80. 2001.[2℄ J. Koh, M. Suk and S. M. Bhandarkar, A Multilayer Self-Organizing Feature Mapfor Range Image Segmentation, Neural Networks, 8:67-86, 1995.[3℄ T. Kohonen, S. Kaski, K. Lagus, J. Salojärvi, J. Honkela, V. Paatero, and A.Saarela, Self Organization of a Massive Doument Colletion, IEEE Transations onNeural Networks, Speial Issue on Neural Networks for Data Mining and KnowledgeDisovery, volume 11, number 3, pages 574-585. May 2000



148 P. Prentis[4℄ T. Kohonen, Self-Organizing Maps, Third Edition, Springer-Verlag Berlin 2001.[5℄ P. Koikkalainen, E. Oja, Self-organizing hierarhial feature maps, Proeedings ofInternational Joint Conferene on Neural Networks, San Diego, CA, 1990; II:279-284.[6℄ P. Koikkalainen, Progress with the tree-strutured self-organizing map, 11th EuropeanConferene on Arti�ial Intelligene, August 1994.[7℄ J. Laaksonen, M. Koskela and E. Oja, Appliation of Self-Organizing Maps inContent Based Image Retrieval, in Proeedings of ICANN'99, Edinburgh, 1999.[8℄ J. Laaksonen, M. Koskela, S. Laakso and E. Oja, Self-Organizing Maps as aRelevane Feedbak Tehnique in Content Based Image Retrieval, Pattern analysis& Appliations, 4(2-3): 140-152, June 2001.[9℄ J. Pakkanen, J. Iivarinen and E. Oja, The Evolving Tree - A Novel Self-OrganizingNetwork for Data Analysis, Neural Proessing Letters 20, 2004.[10℄ P. Prentis, Assoiative Sorting of Data and Kohonen Neural Networks (original title- Asoiativní t°íd¥ní dat a kohonenovské neuronové sít¥), Master's thesis. Faulty ofNulear Siene and Physial Engineering, Czeh Tehnial University in Prague.June 2004.[11℄ P. Prentis Multi-Resolution Visualisation of Data with Self-Organizing Maps, sub-mitted to Neural Network World for publiation, 2006.[12℄ P. Prentis Multi-Resolution Visualisation of Image Sets with Self-Organizing Maps,in proeedings of Doktorandský den Ústavu informatiky, Akademie v¥d �eské repub-liky, 2006.[13℄ R. Rojas, Neural Networks - A Systemati Introdution, Springer-Verlag Berlin 1996.[14℄ A. Ultsh, Data Mining and Knowledge Disovery with Emergent Self-OrganizingFeature Maps for Multivariate Time Series, In E. Oja and S. Kaski, editors, Ko-honen Maps, pages 33�45, Amsterdam, 1999. Elsevier.[15℄ A. Ultsh, Clustering with SOM: U*C, in Proeedings of the 5th Workshop on Self-Organzing Maps, Paris 2005.[16℄ The WEBSOM researh group, WEBSOM - Self-Organizing Maps for Internet Ex-ploration, http://websom.hut.fi/websom/.



Numerial Solution of a Flow over a HillKate°ina Seinerová3rd year of PGS, email: seinerova�entrum.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Karel Kozel, Department of Tehnial Mathematis, Faulty of Me-hanial Engineering, Czeh Tehnial University in PragueAbstrat. This paper deals with a numerial solution of a visous �ow over a two-dimensional hill.The mathematial model is based on the system of Navier-Stokes equations. Spae disretizationis done by FDM, time disretization by multistage Runge-Kutta method. To ompute pressurein time, arti�ial ompressibility method and time-marhing method are used. Results of �owsover a hill are presented.Abstrakt. Tento £lánek pojednává o numerikém °e²ení vazkého proud¥ní p°es dvoudimen-zionální kope. Matematiký model je zaloºen na systému Navierovýh-Stokesovýh rovni.Prostorová diskretizae je provedena metodou sítí, £asová diskretizae víestup¬ovou metodoua metodou £asového ustalování. Prezentovány jsou výsledky proud¥ní p°es kope.1 IntrodutionFlows over topography have attrated great interest from not only �uid mehanis butalso engineering in a variety of �elds. We onsider two-dimensional internal waves exitedtopographially in stably �ows in ABL and inthe hannel of �nite depth. Under theseonditions, the �uid layer is bounded above by a horizontal rigid lid and below by atwo-dimensional surfae-mounted obstale.2 Solved Problems2.1 Flows over a hill in Atmospherial Boundary LayerThe model is based on Navier-Stokes equations. Governing equations modi�ed aordingto the method of arti�ial ompressibility an be re-asted in the onservative, non-dimensional and vetor form.
R̃Wt + Fx + Gy =

eR
Re

(Wxx + Wyy),where W = (p, u, v)T is the vetor of unknowns: the pressure p and the veloity vetor
(u, v)T . Re = U∞L

η/ρ
= U∞L

ν
is Reynolds number, R̃ = diag(0, 1, 1). Terms F, G denote theinvisid �uxes

F = (u, u2 + p, uv)T ,

G = (v, uv, v2 + p)T . 149



150 K. SeinerováBoundary onditions - normalizedentrane: u = 1, v = 0,extrapolated pressure ∂p
∂x

= 0exit: extrapolation ∂p
∂x

= 0, ∂u
∂x

= 0, ∂v
∂x

= 0upper boundary: ∂u
∂y

= 0, v = 0, extrapolated pressure: ∂p
∂y

= 0bottom: u = 0, v = 0, pressure interpolated: ∂p
∂n

= 0

2.2 Flows over a hill in a hannel of �nite depthThis problem is desribed by system of Navier-Stokes equations similar to the previousproblem. Nevertheless in this problem is together with the veloity (u1, u2) and thepressure p omputed the density ρ, ρ′ is the density perturbation.
∂uj

∂xj
= 0

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xj
+ 1

Re
∂2ui

∂x2
j

− ρδi2

Fr2 , i = 1, 2

∂ρ′

∂t
+ uj

∂ρ′

∂xj
= u3Boundary onditions - normalizedentrane: u1 = 1, u2 = 0, extrapolated pressure ∂p

∂x1
= 0, ρ′ = 0exit: extrapolation ∂p

∂x1
= 0, ∂u1

∂x1
= 0, ∂u2

∂x1
= 0, ∂ρ′

∂x1
= 0upper boundary: ∂u1

∂x2
= 0, u2 = 0, extrapolated pressure: ∂p

∂x2
= 0, ρ′ = 0bottom:bottom exept of the hill - free-slip onditions ∂p

∂n
= 0, u2 = 0, ∂p

∂x2
= 0, ∂u1

∂x2
= 0, ρ′ = 0on the hill surfae - no-slip ondition u1 = 0, u2 = 0, interpolation: ∂p

∂n
= 0, ∂ρ′

∂x2
= 0



Numerial Solution of a Flow over a Hill 1513 Used Methods3.1 Finite Di�erene MethodTo disretize the governing system of equations in spae, a non-orthogonal struturedboundary following grid is onstruted. Grid layers form an orthogonal system; the non-orthodonality is introdued to the grid by the urved terrain pro�le. Finite di�erenedisretization is developed using Taylor expansion for derivatives.Approximation of the 1st derivative in orthogonal grid: ∂U
∂x
∼ 1

2
[Ui+1−Ui

xi+1−xi
+ Ui−Ui−1

xi−xi−1
]After transformation of oordinates: DxUij =

Ui+1,j−Ui−1,j

2.△s.cosα
− sinα[Ui,j+1−Ui,j−1]

2.△y.cosαApproximation of the 2nd derivative in orthogonal grid: ∂2U
∂x2 ∼ 2

xi+1−xi−1
[Ui+1−Ui

xi+1−xi
− ...

...− Ui−Ui−1

xi−xi−1
]After transformation of oordinates: DxxUij =

Ui+1,j−2Uij+Ui−1,j

(△s.cosα)2
− ...

...− 2sinα[Ui+1,j+1−Ui+1,j−1−Ui−1,j+1+Ui−1,j−1]

4.△s.△y.cos2α
+

sin2α[Ui,j+1−2Uij+Ui,j−1]

(△y.cosα)2
+ ...

... +
Ui+1,j−Ui−1,j

4.△s2.cosα
[ 1
cosα+

i

− 1
cosα−

i

]− sinα[Ui+1,j−Ui−1,j ]

4.△s.△y.cosα
[ 1
cosα+

j

− 1
cosα−
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sinα+
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4.cosα.(△y)2
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− sinα−
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cosα−
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]

i,j+1

i,j-1

i+1,j

i-1,j

i,j

dx

dx

ds

dy

a

a+ -
3.2 Multistage Runge-Kutta MethodFor time disretization, 3-stage expliit Runge-Kutta method is used, espeially developedfor partial di�erential equations: W = (p, u, v)T or W = (p, u, v, ρ)T

W
(0)
ij = W n

ij

W
(m)
ij = W

(0)
ij − αm△tRW m

ij , m ∈ 1, 2, 3

W n+1
ij = W

(3)
ij

RW = ∂F
∂x

+ ∂G
∂y
− eR

Re
(△W )



152 K. Seinerová3.3 Arti�ial Compressibility and Time-marhing MethodThe solution proedure used in our method to resolve pressure is based on the so alledarti�ial ompressibility method. This requires to add the time derivative of the pressureto the ontinuity equation. The resultant system is then solved by time-marhing method.The governing system of equations is solved in the omputational domain under stationaryboundary onditions for t→∞ (t is arti�ial time) to obtained the expeted steady-statesolution for the pressure and the veloity omponents.4 ResultsIn this setion, results of numerial omputation, whih were done on grid 250 x 100 with
Re = 2000, are presented. Examples di�er in boundary and initial onditions and in usedsystems of equations.Isolines of veloity and pressure are shown in �gures (1) and (2). These examples di�erin boundary onditions: (1) no-slip onditions on the hill surfae, free-slip onditions onthe rest of surfae, (2) no-slip onditions on the whole surfae.As was said, in ase of omputation of �ows in a hannel, the density is omputed.Figure (3) and (4) demonstrate examples of the density perturbation ρ′ = ρ−ρB and thedensity ρ. Results in both of these �gures di�er in value of ∂ρB

∂y
.Figure (5) deals with residua of presented examples to show the onvergene of usedmethods. The �rst one is the residuum of the omputation of �ows in a hannel; theseond one belongs to the omputation of �ows in ABL; the last one shows the residuumbelonging to �ows in a hannel again, but now ∂ρB

∂y
is 2.5 times greater than in the �rstase.Referenes[1℄ Uhida, T. and Ohya, Y.: Numerial study of stably strati�ed �ows over a two-dimensional hill in a hanel of �nite depth. Fluid Dynamis Researh, vol. 29, (2001),227�250.[2℄ Bodnár, T.: Numerial Simulation of Flows and Pollution Dispersion in AtmospheriBoundary Layer. Disertation Thesis, Prague, (2003).[3℄ Kozel, K. - Dvo°ák, R.: Mathematial methods in aerodynamis.Vydavateltví �VUT,Praha, 1992.



Numerial Solution of a Flow over a Hill 153
V

el
oc

ity
 is

ol
in

es

1.
15

1.1

1.05

1

0.
8

0.
9

1

0.
7

0
1

2
3

4
5

6
7

8
9

10
0

0.
2

0.
4

0.
6

0.
81

P
re

ss
ur

e 
is

ol
in

es

0.52766
0.50766

0.48766

0.46766 0.
44

76
6

0.46766
0.47766

0.48766

0.
31

76
6

0.54766

0
1

2
3

4
5

6
7

8
9

10
0

0.
2

0.
4

0.
6

0.
81Figure 1: Isolines of veloity and pressure for �ow in a hannel of �nite depth, Re = 2000, 10000iterations.



154 K. Seinerová
V

el
oc

ity
 is

ol
in

es

1.
15

1.
1

1.
05

1
0.

9 0
.8

0
1

2
3

4
5

6
7

8
9

10
0

0.
2

0.
4

0.
6

0.
81

P
re

ss
ur

e 
is

ol
in

es

0.731

0.711

0.691

0.671

0.651 0.
63

1
0.651

0.651

0.641

0.
58

1
0.

78
1

0
1

2
3

4
5

6
7

8
9

10
0

0.
2

0.
4

0.
6

0.
81Figure 2: Isolines of veloity and pressure for �ow in ABL, Re = 2000, 10000 iterations.



Numerial Solution of a Flow over a Hill 155
D

en
si

ty
 p

er
tu

rb
at

io
n 0.

00
25

0.
00

5

0.0075

0.01

0.0125

0.
01

5

0
2

4
6

8
10

0

0.
2

0.
4

0.
6

0.
81

D
en

si
ty

 p
er

tu
rb

at
io

n

0.
00

5

0.
01

0.
01

5

0.02

0.025
0.03

0.
04

0
2

4
6

8
10

0

0.
2

0.
4

0.
6

0.
81Figure 3: Isolines of density perturbation, �ow in a hannel of �nite depth, Re = 2000, 10000 iterations.In the seond ase, ∂ρB

∂y
is 2.5 times greater than in the �rst ase.



156 K. Seinerová
D

en
si

ty
 is

ol
in

es

1
0.

980.
960.
940.

920.
90.
880.

860.
840.
82

0
1

2
3

4
5

6
7

8
9

10
0

0.
2

0.
4

0.
6

0.
81

D
en

si
ty

 is
ol

in
es

10.
960.

920.
880.

840.
80.
760.

720.
680.

640.
60.

560.
52

0
1

2
3

4
5

6
7

8
9

10
0

0.
2

0.
4

0.
6

0.
81Figure 4: Isolines of density, �ow in a hannel of �nite depth, Re = 2000, 10000 iterations. In theseond ase, ∂ρB

∂y
is 2.5 times greater than in the �rst ase



Numerial Solution of a Flow over a Hill 157

0
20

00
40

00
60

00
80

00
10

00
0

12
00

0
10

−
10

10
−

5

10
0

0
20

00
40

00
60

00
80

00
10

00
0

12
00

0
10

−
10

10
−

5

10
0

0
20

00
40

00
60

00
80

00
10

00
0

12
00

0
10

−
10

10
−

5

10
0Figure 5: Residua. 1. Flows in a hannel, ∂ρB

∂y
= C. 2. Flows in ABL, ∂ρB

∂y
= C. 3. Flows in a hannel,

∂ρB

∂y
= 2.5C



158



Finite-Volume Model of Pulverized Coal Combustion∗Robert Straka†2nd year of PGS, email: straka�kmlinux.fjfi.vut.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Mihal Bene², Department of Mathematis, Faulty of Nulear Si-enes and Physial Engineering, CTUAbstrat. We desribe behavior of the burning air-oal mixture in power plant furnae, usingthe Navier-Stokes equations for gas and partile phases, aompanied by a turbulene model.The undergoing hemial reations are desribed by the Arrhenian kinetis (reation rate propor-tional to exp
(
− E

RT

)
, where T is temperature). We also onsider the heat transfer via ondutionand radiation. The system of PDEs is disretized using the �nite volume method (FVM) and anadvetion upstream splitting method as the Riemann solver. The resulting ODEs are solved us-ing the 4th-order Runge-Kutta method. Sample simulation results for typial power produtionlevels are presented.Abstrakt.Popisujeme hování ho°íí sm¥si prá²kového uhlí a vzduhu v elektrárenském kotli pomoíNavier-Stokesovýh rovni pro plynnou a pevnou fázi spolu s modelem turbulene. Modelovanéhemiké reake se °ídí tzv. Arrheniovskou kinetikou (ryhlost reake je um¥rná exp

(
− E

RT

)
,kde T je teplota). Dále uvaºujeme p°enos tepla vedením a radiaí. Systém pariálníh diferen-iálníh rovni je diskretizovám metodami kone£nýh objem· a "advetion upstream splitting".Výsledný systém oby£ejnýh difereniálníh rovni je °e²en metodou Runge-Kutty 4. °ádu. Jsouprezentovány výsledky simulaí pro typiké úrovn¥ výkonu elektrárny.1 IntrodutionThe main motivation of the ombustion model researh is its future inlusion in theurrent model of the steam generator [4℄, to use this model for development of ontrolsystems for the industrial installation. Another purpose for the ombustion model is theoptimization of the prodution of the nitrogen oxides, whih strongly depends on thetemperature distribution, and thus an be ontrolled by intelligent distribution of fueland oxygen into the burners. Beause the experiments on a real devie are prohibitivelyumbersome and expensive, in extreme ases even hazardous, the only way to test thebehavior of the furnae is mathematial modeling.An industrial pulverized oal furnae is basially a vertial hannel with square ross-setion. The dimensions are determined by the power generation requirements from theorder of meters to tens of meters. In the ase we model, the furnae has 30 meters in

∗This work has been partly supported by the projet "Applied Mathematis in Physial and TehnialSienes" MSM 6840770010 of the Ministry of Eduation of the Czeh Republi and by the projet"Advaned Control and Optimization for Power Generation" No. 1H-PK/22 of the Ministry of Industryand Trade of the Czeh Republi.
†Joined work of Jind°ih Makovi£ka, Mihal Bene² and Vladimír Havlena159



160 R. Strakaheight and 7 meters in width, 49 m2 ross-setion. Power prodution of suh a furnae isabout 90 MW, and the furnae oupled with a steam generator is apable of produingabout 100 tons of pressurized superheated steam per hour.In the bottom of the hannel walls, there are several burners � jets where the mixtureof the air and oal powder is injeted. The mixture then �ows up and burns, while ittransfers some of the ombustion heat to the walls ontaining the water pipes.At the top, the heated �ue gas ontinues to �ow to the superheater hannel wherefurther heat exhange ours, and this has already been overed by [4℄. Our main onernis now modeling of the proesses in the area, where the oal gets burnt and nitri oxidesare produed.2 Mathematial modelThe mathematial model of ombustion is based on the Navier-Stokes equations for amixture of multiple omponents where the oal partile are treated as one of the phases.Unlike e.g. in [1℄, where the gas partiles are treated separately and use separate equationsof momentum, we hose to use this approah, as it simpli�es the model espeially whendealing with turbulene, and also removes several empirial relations and onstants.Currently, the following omponents of the mixture are onsidered:
• hemial ompounds engaged in major thermal and fuel NOx reations: nitrogen(N2), oxygen (O2), nitri oxide (NO), hydrogen yanide (HCN), ammonia (NH3),and water (H2O)
• har and volatile part of the oal partilesThe gas phase is desribed by the following equations. As stated above, the massbalane is desribed by equations of mass balane of eah subomponent (the Einsteinsummation is used)

∂

∂t
(ρYi) +

∂

∂xj
(ρYiuj) = ∇ ~Ji + Ri, (1)where ρ is the �ue gas mass density, Yi onentration of the omponent, and uj are thegas veloity omponents. The right-hand side terms desribe the laminar and turbu-lent di�usion of the omponents and either prodution or onsumption due to hemialreations within the Ri term.The above equations of omponent mass balane are aompanied by the equation oftotal mass balane

∂ρ

∂t
+

∂(ρuj)

∂xj
= 0. (2)Equations of momentum onservation are as follows

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) = − ∂p

∂xi
+

∂

∂xj

[
µeff

(
∂ui

∂xj
+

∂uj

∂xi
− 2

3
δij

∂ul

xl

)]
+ gi, (3)where ~g = [g1, g2, g3] is the external fore ating on the �uid, in our ase the gravity. Thee�etive frition oe�ient µeff is alulated from the turbulene model as

µeff = µ + ρCµ
k2

ǫ
,



Finite-Volume Model of Pulverized Coal Combustion 161where µ is the laminar visosity, k the turbulent kineti energy, and ǫ the turbulent energydissipation rate. Constant Cµ, like additional onstants mentioned later in the desriptionof the turbulene model, has to be hosen empirially for the partiular problem, in ourase we use Cµ = 0.09, whih appears to give satisfatory results. All empirial onstantsin the turbulene model stated here are taken from [13℄.The last equation desribes the onservation of energy
∂

∂t
(ρh) +

∂

∂xj
(ρujh) = −ncoal

dmcoal

dt
hcomb + qr + qc + qs, (4)where the right-hand side terms are the heat of ombustion, heat transfer by radiation,heat transfer by ondution, and heat soure or sink. The heat transfer terms are om-puted as follows

−qc = ∇ · (λ∇T ) ,for the transfer by ondution, whih is desribed by the Fourier law of head ondution,and
−qr = ∇ ·

(
cT 3∇T

)
,for the transfer by radiation. The radiation heat transfer is fully desribed by an integral-di�erential equation of radiation, whih is very omputationally expensive to solve. How-ever, as the �ue gas an be onsidered an optially thik matter, the above approximationof the radiation �ux alled Rosseland radiation model an be applied [13℄.The heat sink term is nonzero only in the edge omputation ells and desribes theenergy exhange with the walls of the furnae via ondution and radiation

qs = A(Tgas − Twall) + B(T 4
gas − T 4

wall),where A and B are onstants dependent on the properties of the interfae between themodeled region and its surroundings.The partile mass hange rate is urrently desribed by one-step Arrhenian kinetis,whih is used separately for the har and volatile oal omponents � ombustion of thevolatiles is more rapid than ombustion of the har
dmp

dt
= −Avm

α
p [O2]

β exp

(
− Ev

RTp

)
,where mp is the partile ombustible mass, Av, Ev are empirial onstants, [O2] oxygenonentration and Tp is the partile temperature.These equations are aompanied by the equation of state, as usually

p = (κ− 1)ρgas

(
egas −

1

2
v2
gas

)
.Here, κ is the Poisson onstant and egas is the gas energy per unit mass.For the turbulene modeling, we use the standard k-ǫ model, whih desribes theevolution of turbulene using two equations � �rst one for turbulent kineti energy

∂

∂t
(ρk) +

∂

∂xj

(ρkuj) =
∂

∂xj

[(
µ +

µt

σk

)
∂k

∂xj

]
+ Gk − ρǫ, (5)



162 R. Strakaand the seond one for turbulent kineti energy dissipation rate
∂

∂t
(ρǫ) +

∂

∂xj

(ρǫuj) =
∂

∂xj

[(
µ +

µt

σǫ

)
∂ǫ

∂xj

]
+ C1ǫ

ǫ

k
Gk − C2ǫρ

ǫ2

k
. (6)Constants in this model have again to be determined empirially, in our ase we use thefollowing values: C1ǫ = 1.44, C2ǫ = 1.92, σk = 1.0, σǫ = 1.3.Left hand sides of the equations desribe passive advetion of the respetive quanti-ties by the advetion veloity ~u. Right hand sides desribe their spatial di�usion, theirprodution and dissipation.The term Gk, whih desribes the prodution of turbulene, an be derived from theReynolds averaging proess and written in the terms of the �utuating part of the veloityas

Gk = τjl
∂uj

∂xl
= −ρu′

ju
′
l

∂uj

∂xl
,where τjl is the Reynolds stress tensor. However during pratial omputation, �utua-tions u′

j and u′
l are unknown. Using the Boussinesq hypothesis, that the Reynolds stressis proportional to the mean strain rate

Sij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)
,one an write turbulent prodution in a losed form

Gk = µtS
2, S = (2SjlSjl)

1/2.Di�usion of the speies onsists of two proesses � laminar and turbulent, and thedi�usion term in Eq. (1) an be written in the form
~Ji = −

(
ρDi,m +

µt

Sct

)
∇Yi.First term orresponds to linear laminar di�usion, the seond one to turbulent di�usion.Given the fat that the turbulent di�usion generally predominates the laminar, and theterm Di,m is di�ult to determine, the laminar di�usion an be usually ignored. The Sctoe�ient is the turbulent Shmidt number and we put Sct = 0.7.To be able to model the partile phase, espeially surfae area of the partiles, westill have to trak the numerial density of the partiles using the equation similar to themass balane equation

∂ncoal

∂t
+

∂(ncoalucoal)

∂x1
+

∂(ncoalvcoal)

∂x2
= 0. (7)3 Simpli�ed model of NOx hemistryThis model has been developed to approximately desribe the amounts of NOx emissionsleaving a oal ombustion furnae. The real mehanism of oal �ue gas prodution seemsto be very ompliated, so that just the most important phenomena and reation paths



Finite-Volume Model of Pulverized Coal Combustion 163were onsidered to provide maximum possibility of using this model in real-time ontroland operation systems.In most ases, NOx is interpreted as a group of NO and nitrogen dioxide (NO2), whihstrongly pollute our living environment. There are two major proesses attributing tothe total NOx emissed. The former is known as Thermal NOx or Zeldovih and simplyonsists of oxidation of atmospheri nitrogen at high temperature onditions. The latter isalled Fuel NOx and desribes NOx reation from nitrogen, whih is hemially boundedin oal fuel. Fuel NOx is usually the major soure of NOx emissions. These are the onlymehanisms involved, although a few more ould be onsidered (suh as Prompt NOx(Fenimore) or Nitrous oxide (N2O) intermediate mehanisms).3.1 Thermal NOThermal NO generation mehanism attributes only at high temperature onditions (ap-prox. 1800 K) and is represented by a set of three equations, introdued by Zeldovih [5℄and extended by Bowman [6℄
O + N2

k1←→ N + NO

N + O2
k2←→ O + NO

N + OH
k3←→ H + NOAll these reations are onsidered to be reversible. Rate onstants were taken from [7℄(see Tab. 1).In order to ompute the NO onentration, onentrations of nitrogen radial [N],oxygen radial [O] and hydroxyl radial [OH] must be known. It is useful to assume [N]to be in a quasi-steady state aording to its nearly immediate onservation after reation.In fat, this N-radial formation is the rate limiting fator for thermal NO prodution,due to an extremely high ativation energy of nitrogen moleule, whih is aused by atriple bond between two nitrogen atoms. Hene, NO formation rate an be stated as

d[NO]

dt
= 2k+

1 · [O] · [N2] ·
1− k−

1
k−

2
[NO]2

k+

1
[N2]k

+

2
[O2]

1 +
k−

1
·[NO]

k+

2
[O2]+k+

3
[OH]

.Under ertain onditions, oxygen moleule splits and reombines ylially
O2

K1←→ O + O,whih an be pro�tably desribed by following partial equilibrium approah
[O] = K1 · [O2]

1/2 · T 1/2.As for OH radial, a similar partial equilibrium approah an be made, aording to nextreation
O + H2O

K2←→ OH + OHand the approah is
[OH] = K2 · [O]1/2 · [H2O]1/2 · T−0.57.



164 R. StrakaEquilibrium onstants K1 and K2 are as follows
K1 = 36.64 · exp

(−27123

T

)
,

K2 = 2.129 · 102 · exp

(−4595

T

)
.3.2 Fuel NOComposition analysis show, that nitrogen-based speies are more or less present in oal,usually in amounts of tenths to units of perent by weight. When the oal is heated,these speies are transformed into ertain intermediates and then into NO. Fuel itselfis therefore a signi�ant soure of NO pollutants. When a oal partile is heated, it ispresumed, that nitrogen ompounds are distributed into volatiles and har. In manystudies (e.g. [8℄) it is unreasonably told, that half the nitrogen onverts to volatiles andhalf into har. Sine there is no reason for a presupposition like this, a parameter α isintrodued to desribe the distribution

mN
vol = α ·mN

tot,

mN
char = (1− α) ·mN

tot,where α ∈< 0, 1 >, mN
tot is the total mass of nitrogen, mN

vol is the mass of nitrogen involatiles and mN
char is the mass of nitrogen in har.As already mentioned, nitrogen transforms to pollutants via intermediates, whihusually are ammonia NH3 and hydroyanide HCN. For further proeeding, a seletionfrom four possible pathways must be made (see Fig. 1, ref. [9, 10℄). To provide maximumomplexity, another three parameters (similar to α) are introdued

• β is distribution of mN
tot between HCN and NH3 intermediates.

• γ is distribution of mN
HCN between Pathway1 and Pathway2.

• δ is distribution of mN
NH3

between Pathway 3 and Pathway 4.
• β, γ, δ ∈< 0, 1 > .For example, mass of nitrogen in har entering Pathway 2 an be written as

mN
P2,char = mN

tot · β · (1− γ) · (1− α).Di�erent parametri studies should be arried out to �nd the best values of α, β, γand δ suitable for spei� type of oal. Five overall reations of either NO formation ordepletion were inorporated in the ombustion part of the numerial ode.



Finite-Volume Model of Pulverized Coal Combustion 1653.2.1 NO, HCN, NH3 reationsAording to [11℄, formation rates of reations
HCN + O2

R1−→ NO + . . .

NH3 + O2
R2−→ NO + . . .

HCN + NO
R3−→ N2 + . . .

NH3 + NO
R4−→ N2 + . . .are given as

R1 = 1.0 · 1010 ·XHCN ·Xa
O2
· exp

(−33732.5

T

)
,

R2 = 4.0 · 106 ·XNH3
·Xa

O2
· exp

(−16111.0

T

)
,

R3 = −3.0 · 1012 ·XHCN ·XNO · exp

(−30208.2

T

)
,

R4 = −1.8 · 108 ·XNH3
·XNO · exp

(−13593.7

T

)
,where X is the mole fration and a is the oxygen reation order taken from Tab. 2.3.2.2 Heterogeneous NO redution on harPresent har allows following adsorption proess to our

Char + NO
R5−→ N2 + . . .Levy [12℄ uses pore surfae area (BET) to de�ne NO soure term

SNO
ads = k5 · cs · ABET ·MNO · pNO,where k5 = 2.27 · 10−3 · exp
(
−17168.33

T

) is the rate onstant, SNO
ads is the NO soure term,

cs is the onentration of partiles, ABET is the pore surfae area and pNO is the partialpressure of NO.In order to evaluate overall NO soure term, single soure terms have to be summa-rized. This overall soure term an be further used in transport equations. As for HCNand NH3 soure terms, it is possible to determine them from oal burnout rate. It isassumed, that nitrogen from both har and volatiles transforms to intermediate speiesquikly and totally.4 Numerial algorithmFor numerial solution of the equations, �nite volume method is used. For left and righthand sides in Eqs. (1), (2), (3), (4), (5), (6), (7), advetion upstream splitting method(see [2℄) is used to approximate �uxes in the FVM formulation, and edge dual-volumeapproximation is used to approximate the seond order derivatives respetively. Fordetailed desription of the solution proedure see [4℄.



166 R. Straka5 ConlusionWe have developed a mathematial model, whih approximates the ombustion proessin an industrial furnae, while being a�ordable from the omputational omplexity stand-point. As an outlook to the future, mainly the following improvement possibilities arebeing onsidered:
• Further re�ning of the oal ombustion model.
• Evaluation and enhanements of the NOx generation model.
• Inorporation of the turbulent impat on the hemistry.
• Thorough evaluation of the 3D model.AknowledgmentsWe also would like to aknowledge the help of the HPC-Europa projet, and extraordi-nary hospitality of the rew of CINECA superomputer enter in Bologna (Italy), wherethe work on the parallelization has been done. This part of the work has been performedunder the Projet HPC-EUROPA (RII3-CT-2003-506079), with the support of the Eu-ropean Community � Researh Infrastruture Ation under the FP6 "Struturing theEuropean Researh Area" Program.Table 1: Rate onstants for thermal NO hemial reations, k = A · T b · exp(−Ea/T ).Rate onst. A b Ea

k+
1 1.8 · 108 0 38370

k+
2 1.8 · 104 1 4680

k+
3 7.1 · 107 0 450

k−
1 3.8 · 107 0 425

k−
2 3.8 · 103 1 20820

k−
3 1.7 · 108 0 24560Table 2: Oxygen reation order.Oxygen mole fration a

XO2
≤ 4.1 · 10−3 1

4.1 · 10−3 ≤ XO2
≤ 1.11 · 10−2 −3.95 − 0.9 · ln XO2

1.11 · 10−2 ≤ XO2
≤ 0.03 −0.35 − 0.1 · ln XO2

XO2
≥ 0.03 0
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Figure 1: Fuel NO pathways.
Figure 2: Temperature pro�le � symmetrial hannel 30x7m, 2x4 burners, �ue gas �owrate: 18 kg/s.

Figure 3: Temperature pro�le � �ue gas �ow rate: 28 kg/s.
Figure 4: Temperature pro�le � �ue gas �ow rate: 38 kg/s.
Figure 5: Temperature pro�le � �ue gas �ow rate: 48 kg/s.

Figure 6: NOx pro�le � �ue gas �ow rate: 48 kg/s



168 R. StrakaReferenes[1℄ Y. C. Guo, C. K. Chan, Fuel 79 (12) (2000) 1467�1476.[2℄ Meng-Sing Liou, C. Ste�en, Jr., J. Comp. Phys. 107 (1) (1993) 23�29.[3℄ J. Makovi£ka, V. Havlena, in:M. Bene², J. Miky²ka, T. Oberhuber (Eds.), Proeedingsof the Czeh-Japanese Seminar in Applied Mathematis 2004, Faulty of NulearSienes and Physial Engineering, Czeh Tehnial University in Prague, 2005, p.106.[4℄ J. Makovi£ka, V. Havlena, M. Bene², in: A. Handlovi£ová, Z. Krivá, K. Mikula, D.�ev£ovi£ (Eds.), ALGORITMY 2002 Proeedings of ontributed papers, Publ. houseof STU, 2002, p. 171.[5℄ J. B. Zeldovih, Ata Physiohimia 21 (1946) 577�628.[6℄ C. T. Bowman, D. J. Seery, Emissions from Continuous Combustion Systems,Plenum Press, New York, 1972, p. 123.[7℄ NIST, Chemial Kinetis Database on the Web, National Institute of Standards andTehnology, 2000, http://www.kinetis.nist.gov[8℄ C. Kim, N. Lior, Chemial Engineering Journal 71 (3) (1998) 221�231.[9℄ L. D. Smoot, P. J. Smith, Coal Combustion and Gasi�ation, Plenum Press, NewYork, 1985, p. 373.[10℄ F. C. Lokwood, C. A. Romo-Millares, J. Inst. Energy 65 (1992) 144�152.[11℄ G. G. De Soete, Pro. Combust. Inst. 15 (1975) 1093�1102.[12℄ J. M. Levy, L. K. Chen, A. F. Saro�m, J. M. Beer, Pro. Combust. Inst. 18 (1981)111�120.[13℄ FLUENT In., FLUENT user's guide, 2005.[14℄ MPI Forum, MPI: A Message-Passing Interfae Standard,http://www.mpi-forum.org/dos/



Spojování klasi�kátor·David �tefka1. ro£ník PGS, email: david.stefka�gmail.omKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Martin Hole¬a, Ústav informatiky, Akademie v¥d �RAbstrat. Combining lassi�ers has been given more and more importane in the reent years.The experiments show that a team of several di�erent lassi�ers an perform better than anyindividual lassi�er in the team. This is why the ombination of multiple lassi�ers an be used toimprove the quality of lassi�ation. This artile tries to summarize and desribe the ommonlyused approahes found in the literature and to give a basi overview over this �eld.Abstrakt. Kombinování klasi�kátor· m·ºe být úsp¥²nou metodou pro zvý²ení kvality klasi�kae.Experimenty ukazují, ºe tým n¥kolika r·znýh klasi�kátor· £asto poskytuje lep²í výsledky neºlibovolný z jednotlivýh klasi�kátor· v tomto týmu. Proto je v posledníh leteh v¥nována spo-jování klasi�kátor· zna£ná pozornost. Tento £lánek si klade za íl popsat a shrnout nej£ast¥jipouºívané p°ístupy a také dát £tená°i základní p°ehled o této problematie.1 ÚvodKombinování klasi�kátor· je efektivní metoda pro zvý²ení kvality (tj. p°esnosti, správ-nosti, itlivosti, separability atd.) klasi�kae. Pokud °e²íme klasi�ka£ní úlohu, m·ºeme vy-tvo°it n¥kolik r·znýh klasi�kátor·, nehat je samostatn¥ predikovat ílovou t°ídu a potéjistým zp·sobem jednotlivé výsledky zkombinovat. Tato kombinae m·ºe být taková, ºevliv silnýh stránek jednotlivýh klasi�kátor· se zesiluje, zatímo nedostatky jsou utlu-movány. P°i takovéto kombinai m·ºe výsledný klasi�kátor predikovat lépe neº libovolnýsamostatný klasi�kátor v týmu. Takové p°ístupy m·ºeme v literatu°e najít pod r·znýmijmény, nap°. "kombinování klasi�kátor·", "agregae klasi�kátor·", "fúze klasi�kátor·","seleke klasi�kátor·", "sm¥s expert·", . . . . V zásad¥ v²ak m·ºeme rozli²it dva základníp°ístupy. Jsou to:
• seleke klasi�kátor·, p°i které pouºíváme jisté rozhodovaí pravidlo k ur£ení, kterýklasi�kátor pouºijeme pro prediki konkrétního vzoru; pouze tento "expertní" kla-si�kátor je tedy pouºit pro �nální prediki
• agregae(kombinování) klasi�kátor·, kdy k vytvo°ení �nální predike je pouºito víeklasi�kátor· v týmuV tomto £lánku se budeme dále zabývat pouze agregaí klasi�kátor·. Speiálnímp°ípadem agregae klasi�kátor· je kombinování výsledk· n¥kolika klasi�kátor· stejnéhotypu, které se li²í pouze svými parametry, nebo pouºívají r·zné trénovaí mnoºiny. Tytop°ístupy jsou v literatu°e obvykle nazývány souborové metody.�lánek je strukturován následovn¥: v seki 2 formalizujeme termín klasi�kátor a uve-deme n¥které modely, které mohou být pouºity pro kombinování klasi�kátor·. Seke 3169



170 D. �tefkapopisuje n¥které £asto pouºívané metody pro vytvá°ení soubor· klasi�kátor· a seke 4popisuje n¥která agrega£ní pravidla. Seke 5 poté uzavírá £lánek.2 Klasi�kaePod pojmem klasi�kae rozumíme proes t°íd¥ní objekt· (neboli vzor·) z tzv. p°íznako-vého prostoru X do n¥kolika disjunktníh mnoºin, nazývanýh t°ídy. P°íkladem m·ºe býtrozpoznávání rukou psanýh £ísli pomoí po£íta£ového programu. Software (nebo mate-matiké zobrazení), který realizuje tuto úlohu, se nazývá klasi�kátor. Formáln¥ m·ºemeklasi�kátor de�novat jako zobrazení:
φ : X → {1, . . . , N}, (1)kde X ⊆ Rn je n-dimenzionální p°íznakový prostor a {1, . . . , N} je mnoºina index·jednotlivýh t°íd (odpovídajíí t°ídy zna£íme C1, . . . , CN). Optimální, bezhybový klasi-�kátor by m¥l také spl¬ovat následujíí podmínku:

∀x ∈ X : φ(x) = i ⇐⇒ x ∈ Ci (2)Konstruke klasi�kátoru spl¬ujíího (2) v²ak v¥t²inou není moºná, takºe tato pod-mínka je obvykle poru²ena. Místo toho se stanovují jisté poºadavky na velikost trénovaí,resp. testovaí hyby. Pro nau£ení korektní klasi�kae neznámýh vzor· jsou pouºíványvzory z tzv. trénovaí mnoºiny T ⊆ X . Ke získání odhadu kvality predike se pouºívajívzory z tzv. testovaí mnoºiny S ⊆ X . Mnoºiny S, T obsahují vzory, které jsou jiº ko-rektn¥ klasi�kovány expertem v dané oblasti, a od klasi�kátoru je o£ekávána jistá mírageneralizae znalostí obsaºenýh v t¥hto dateh na neznámá data z X . Chyba (testo-vaí nebo trénovaí, dle pouºité mnoºiny) klasi�kátoru m·ºe být de�nována jako po£etkorektn¥ klasi�kovanýh vzor· d¥lený po£tem v²eh vzor·.K nej£ast¥ji pouºívaným druh·m klasi�kátor· pat°í nap°. um¥lé neuronové sít¥, roz-hodovaí stromy, Bayes·v klasi�kátor, k-NN klasi�kátor (k nejbliº²íh soused·), neboSVM (support vetor mahines) klasi�kátory. V²ehny tyto metody mohou poskytnoutkvalitní p°ístup ke klasi�kai, p°esto je ob£as nutné kvalitu klasi�kae dále zvý²it. Po-kud se rozhodneme ke zlep²ení klasi�kae pouºít kombinování klasi�kátor·, zjistíme, ºeklasi�kátory de�nované pomoí (1) nám dávají p°íli² málo informae. Pro spojování klasi-�kátor· byhom vyuºili informai typu "Jaká je 'váha klasi�kae' do jednotlivýh t°íd?".Aby to bylo moºné, de�nujme klasi�kátor jako zobrazení:
φ : X → [0, 1]N , (3)kde φ(x) = (µ1(x), . . . , µN(x)) je vektor 'vah klasi�kae' x do kaºdé t°ídy.Tento typ klasi�kátoru se obvykle nazývá 'measurement ' klasi�kátor, zatímo (1) sev¥t²inou nazývá ostrý klasi�kátor. �asto se m·ºeme setkat i s jinými typy klasi�kátor·,nap°. po°adový klasi�kátor (viz [9℄), jehoº výstupem je set°íd¥ný seznam v²eh moºnýhindex· t°íd (tj. t°ída s nejvy²²í vahou klasi�kae je první, t°ída s druhou nejvy²²í vahoudruhá, atd., aº t°ída s nejniº²í vahou klasi�kae je poslední), nebo posibilistiký klasi�-kátor (viz nap°. [6℄), který se li²í od 'measurement' klasi�kátoru tím, ºe µi(x) ∈ [0,∞).



Spojování klasi�kátor· 171Kdykoliv v tomto £lánku dále budeme mluvit o klasi�kátoru, máme na mysli 'measure-ment' klasi�kátor.'Measurement' klasi�kátor m·ºe být p°eveden na ostrý a naopak:
φostry(x) = arg max{µi(x)|i = 1, . . . , N} (4)

φmeasurement(x) = (δ(1, φ(x)), . . . , δ(N, φ(x))),kde δ(i, φ(x)) = 1 pokud φ(x) = i, 0 jinak.Interpretae φ(x) závisí p°edev²ím na tom, jaký typ klasi�kátoru je pouºit; moºnéinterpretae mohou být:
• posteriorní pravd¥podobnost, µi = P (x ∈ Ci|x), nap°. pro Bayes·v klasi�kátor
• µi = stupe¬ p°íslu²nosti x k fuzzy mnoºin¥ Ci

• µi = normalizovaná vzdálenost k nejbliº²ímu reprezentantu t°ídy i, pro 1-NN kla-si�kátor
• µi = po£et nejbliº²íh reprezentant· t°ídy i (d¥lený k), pro k-NN klasi�kátor
• . . .N¥kdy jsou na £ísla µi kladeny dodate£né poºadavky, nap°. ∑i µi(x) = 1 pro prav-d¥podobnostní interpretai φ(x). Tyto podmínky v²ak nejsou d·leºité pro samotné spo-jování klasi�kátor·, proto budeme poºadovat pouze µi ∈ [0, 1]. Vzhledem k tomu, ºe sesnaºíme o obený popis p°ístup· spojování klasi�kátor·, nezajímáme se také o inter-pretai µi a hápeme tyho hodnoty pouze jako n¥jaké obené váhy klasi�kae do t°ídy

Ci.3 Souborové metodyJe z°ejmé, ºe pokud heme vytvo°it kvalitní tým klasi�kátor·, m¥ly by v²ehny tytoklasi�kátory dostate£n¥ kvalitn¥ predikovat. Trénovaí a testovaí hyby jednotlivýh kla-si�kátor· v²ak nejsou jediným kritériem ovliv¬ujíím kvalitu výsledného klasi�kátoru �d·leºitá je také rozmanitost klasi�kátor·. Tým navzájem nezávislýh a rozmanitýh kla-si�kátor· m·ºe dosahovat dobrýh výsledk·. Jsou-li v²ak klasi�kátory v týmu "pozitivn¥závislé", tj. mají závislé hyby (jestliºe n¥který klasi�kátor predikuje ²patn¥, potom takémnoho ostatníh klasi�kátor· predikuje ²patn¥), tým takovýhto klasi�kátor· obvykle do-sahuje hor²íh výsledk· neº nejlep²í z klasi�kátor· v týmu. Klasi�kátory v týmu mohoubýt v²ak takové, ºe pouze n¥kolik málo klasi�kátor· predikuje ²patn¥ a ostatní predikujísprávn¥ pro kaºdý vzor; v tomto p°ípad¥ nemá smysl tyto klasi�kátory kombinovat, nebo´prediki nelze dále zlep²ovat.K m¥°ení rozmanitosti týmu klasi�kátor· m·ºeme pouºít r·zné míry � n¥kolik m¥rrozmanitosti je analyzováno a porovnáno mezi sebou v [7℄. Zde je také diskutována rolerozmanitosti týmu na hybovost �nálního klasi�kátoru. Dal²í míra rozmanitosti, zaloºenána entropii, je popsána v [8℄. Vliv rozmanitosti týmu klasi�kátor· na výslednou kvalituklasi�kae je stále p°edm¥tem výzkumu.



172 D. �tefkaBagging Vytvá°íme soubor klasi�kátor· φ1, . . . , φk, trénovaí mnoºina je T = {xi ∈ X |i =
1, . . . , m}:1. Nastavíme j = 1.2. Vzorkujeme m-krát s vraením z trénovaí mnoºiny T s pouºitím stejnom¥rnéhorozd¥lení, tj. P (xi) = 1/m ∀i, £ímº získáme novou trénovaí mnoºinu Tj.3. Vytvo°íme klasi�kátor φj s trénovaí mnoºinou Tj .4. Pokud j < k, zvý²íme j o 1 a vrátíme se ke kroku (2), jinak skon£íme s výstupem

φ1, . . . , φk. Obrázek 1: Algoritmus baggingV literatu°e m·ºeme najít r·zné metody pro vytvá°ení tým· rozmanitýh klasi�ká-tor·. Mezi nimi jsou £asto pouºívány souborové metody. Tyto metody konstruují mnoºinuklasi�kátor· stejného typu, které se li²í pouze svými parametry nebo mají r·zné trénovaímnoºiny. V tomto £lánku popí²eme metody nazývané bagging a boosting, které praujís modi�kaemi trénovaí mnoºiny. Setkáváme se v²ak i s metodami kostruujíími nap°.
k-NN klasi�kátory s r·znými metrikami ([1℄), SVM klasi�kátory s r·znými jádrovýmifunkemi, nebo neuronové sít¥ s r·znými arhitekturami.Idea metody bagging (Bootstrap AGGregatING) byla publikována Breimanem v [2℄.Bagging vybírá z trénovaí mnoºiny vzorky pomoí metody zvané bootstrap (náhodný,rovnom¥rn¥ rozd¥lený výb¥r s vraením, stejné velikosti jako je trénovaí mnoºina), atakto vzniklou mnoºinu vzor· pouºije jako novou trénovaí mnoºinu pro konkrétní kla-si�kátor. N¥kreré vzory jsou vybrány víe neº jednou, n¥které naopak nejsou v novétrénovaí mnoºin¥ p°ítomny v·be. Algoritmus bagging je popsán na Obr. 1.Jiný p°ístup, prezentovaný nap°. v [4℄, se nazývá boosting. Boosting je obená me-toda strojového u£ení pro zvý²ení kvality slabého (tj. jednoduhého) klasi�kátoru, kteráprauje tak, ºe opakovan¥ pou²tí daný slabý algoritmus, p°i£emº trénovaí data jsou vy-bírána v kaºdém b¥hu na základ¥ jiného rozd¥lení. V tomto £lánku popí²eme algoritmusAdaBoost (Freund and Shapire [4℄). AdaBoost pouºívá tehniku podobnou bootstrapu,pouze s tím rozdílem, ºe pravd¥podobnost výb¥ru vzoru z trénovaí mnoºiny není prov²ehny vzory stejná a v £ase se m¥ní. První klasi�kátor je vytvo°en pomoí bootstrapu(se stejnom¥rným rozd¥lením). Poté spo£teme trénovaí hybu tohoto klasi�kátoru (po-moí p·vodní trénovaí mnoºiny) a t¥m vzor·m, které jsou klasi�kovány ²patn¥, zvý²ímepravd¥podobnost výb¥ru. (Pokud je trénovaí hyba klasi�kátoru p°íli² vysoká, nap°.vy²²í neº 0.5 pro binární klasi�kátor, tento klasi�kátor nepouºijeme a pravd¥podobnostivýb¥ru jednotlivýh vzor· nastavíme op¥t stejnom¥rn¥.) Poté elý proes výb¥ru opa-kujeme. Kdyº máme zkonstruován poºadovaný po£et klasi�kátor·, je agregae obvykleprovád¥na pomoí váºeného pr·m¥ru, kde jednotlivé váhy korespondují s p°íslu²nýmitrénovaími hybami. Samoz°ejm¥ v²ak m·ºeme pouºít libovolné jiné agrega£ní pravidlo.Zde popí²eme algoritmus AdaBoost.M1, který je pouºitelný pro binární klasi�kai. V[4℄ je popsána také modi�kae pro klasi�kai do víe t°íd, algoritmus AdaBoost.M2. Tytodv¥ metody splývají v p°ípad¥ binární klasi�kae a li²í se pouze v problémeh klasi�kae



Spojování klasi�kátor· 173AdaBoost.M1 Vytvá°íme soubor klasi�kátor· φ1, . . . , φk, trénovaí mnoºina je T = {xi ∈
X |i = 1, . . . , m}; pro kaºdý trénovaí vzor xi známe odpovídajíí index t°ídy yi:1. Nastavíme j = 1.2. Nastavíme diskrétní pravd¥podobnosti Pj(xi) = 1/m ∀i.3. Vzorkujeme m-krát s vraením z trénovaí mnoºiny T , pomoí diskrétního rozd¥lení

Pj, £ímº získáme novou trénovaí mnoºinu Tj .4. Vytvo°íme klasi�kátor φj s trénovaí mnoºinou Tj .5. Spo£ítáme váºenou hybu klasi�kátoru φj :
errj =

∑

i:φ(xi)6=yi

Pj(xi)6. Pokud errj ≥ 0.5, odstraníme klasi�kátor φj a vrátíme se k (2).7. Nastavíme βj = errj/(1− errj).8. Aktualizujeme P :
Pj+1(xi) =

Pj(xi)

C
·
{

βj pro φ(xi) = yi

1 jinak
,kde C =

∑
i Pj(xi) je normaliza£ní konstanta.9. Pokud j < k, zvý²íme j o 1 a vrátíme se k (3), jinak skon£íme s výstupem φ1, . . . , φk.Pokud je k agregai klasi�kátor· pouºit váºený pr·m¥r, nastavíme váhy ωj = log 1

βj
.Obrázek 2: Algoritmus AdaBoost.M1do t°í a víe t°íd; z d·vod· lep²í srozumitelnosti popí²eme pouze AdaBoost.M1. Je popsánna Obr. 2.Metody boosting a bagging jsou experimentáln¥ porovnány v [4℄, kde ve v¥t²in¥ p°í-pad· dosahuje lep²íh výsledk· algoritmus boosting. V [3℄ se auto°i zabývají teoretikýmiaspekty baggingu a boostingu a je zde prezentována nová t°ída souborovýh metod, na-zývaná aring (speiálním p°ípadem této metody je boosting).4 Agregae klasi�kátor·Poté o vytvo°íme soubor skládajíí se z k klasi�kátor· φ1, . . . , φk, je nutné jejih výsledkyagregovat, abyhom získali �nální klasi�kátor. Výstup souboru m·ºeme strukturovat domatie k ×N :
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φ1(x)
φ2(x)...
φk(x)


 =




µ1,1(x) µ1,2(x) . . . µ1,N(x)
µ2,1(x) µ2,2(x) . . . µ2,N(x). . .
µk,1(x) µk,2(x) . . . µk,N(x)


 , (5)kde µi,j(x) je váha klasi�kae x ∈ Cj p°i°azená klasi�kátorem φi. V [6℄ je tato matienazývána rozhodovaí pro�l.Pro agregai výstup· klasi�kátor· pouºijeme agrega£ní pravidlo F :

Φ(x) = F(φ1(x), . . . , φk(x)), (6)kde Φ je �nální klasi�kátor. Obvykle je Φ 'measurement' klasi�kátor a pro �nální predikije jeho výstup p°eveden na ostrý pouºitím (4).Velmi dobrý p°ehled a experimentální porovnání r·znýh agrega£níh pravidel jemoºné nalézt v [6℄. V této prái uvedeme n¥která v literatu°e £asto se vyskytujíí agre-ga£ní pravidla. Tato pravidla m·ºeme rozd¥lit do £ty° hlavníh skupin � aritmetikápravidla, pravd¥podobnostní pravidla, fuzzy pravidla a hierarhiká klasi�kae.4.1 Aritmetiká pravidlaNejjednodu²²í pravidla pouºívají pro agregai výstup· klasi�kátor· pouze jednoduhéaritmetiké operae. M·ºeme pouºít nap°.:
• hlasování (pro ostré klasi�kátory) � kaºdý klasi�kátor má jeden hlas a t°ída s maxi-málním po£tem hlas· je prohlá²ena za výstup. Patové situae jsou °e²eny libovoln¥.
• maximum � pro kaºdý sloupe matie (5), pouºijeme pouze maximální hodnotu,tedy:

µj(x) = max{µi,j(x)|i = 1, . . . , k}, j = 1, . . . , N

• minimum � stejné jako p°edhozí, pouze pouºíváme minimální hodnotu:
µj(x) = min{µi,j(x)|i = 1, . . . , k}, j = 1, . . . , N

• pr·m¥r � tento p°ístup se snaºí aproximovat "typikou váhu klasi�kae" pro kaºdout°ídu p°es v²ehny klasi�kátory:
µj(x) =

1

k

k∑

i=1

µi,j(x), j = 1, . . . , N

• váºený pr·m¥r � p°edpokládejme, ºe máme de�novánu váhu ωi pro kaºdý klasi�-kátor (nap°. váhy z algoritmu AdaBoost.M1). Pomoí t¥hto vah m·ºeme p°i°aditv¥t²í d·leºitost t¥m klasi�kátor·m, které predikují lépe neº ostatní:
µj(x) =

∑k
i=1 ωiµi,j(x)
∑k

i=1 ωi

, j = 1, . . . , N
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• sou£in � váha klasi�kae do t°ídy Ci je dána jako sou£in hodnot i-tého sloupematie (5):

µj(x) =

k∏

i=1

µi,j(x), j = 1, . . . , N (7)4.2 Pravd¥podobnostní pravidlaZde uvedeme dv¥ r·zná agrega£ní pravidla, která vyuºívají teorie pravd¥podobnosti �behavior knowledge spae (BKS) a sou£inové pravidlo. BKS vytvá°í v²ehny moºné kom-binae index· t°íd a v kaºdé kombinai je vybrána nejpravd¥podobn¥j²í t°ída. Sou£inovépravidlo aproximuje aposteriorní pravd¥podobnost, ºe vzor náleºí do j-té t°ídy pro dané
j.
• behavior knowledge spae (BKS) � tento p°ístup prauje s ostrými klasi�kátory.Nejprve vygenerujeme v²ehny moºné kombinae ostrýh výstup· (index· t°íd)a poté v kaºdé kombinai prohlásíme za výstup nej£ast¥j²í t°ídu (mezi t¥mi vzoryz trénovaí mnoºiny, pro které klasi�kátory v souboru dávají odpovídajíí kombinaiindex· t°íd). Nap°íklad pokud máme k = 5 klasi�kátor· a N = 3 t°ídy, moºnékombinae index· jsou:

[1, 1, 1, 1, 1][1, 1, 1, 1, 2][1, 1, 1, 1, 3][1, 1, 1, 2, 1] . . . [3, 3, 3, 3, 3]Pokud je v první kombinai [1, 1, 1, 1, 1] (tj. vzory trénovaí mnoºiny, pro které kaºdýklasi�kátor predikuje t°ídu C1) r, s, t reprezentant· t°íd C1, C2 a C3, je za �nálnívýsledek v této kombinai brána t°ída arg maxC1,C2,C3
{r, s, t}. Patové situae jsou°e²eny libovoln¥.

• sou£inové pravidlo � pokud m·ºeme výstupy klasi�kátor· interpretovat jako od-hady aposteriorníh pravd¥podobností, tj. µi,j(x) = Pi(x ∈ Cj|x), a klasi�kátory
φ1, . . . , φk jsou navzájem nezávislé, pak má sou£in hodnot sloup· matie (5) (po-psaný v p°edhozí podkapitole) také pravd¥podobnostní interpretai . Pokud vez-meme v úvahu také apriorní pravd¥podobnosti jednotlivýh t°íd P (C1), . . . , P (CN),
P (Cj) =

#{x∈T |x∈Cj}
#T , dostaneme �nální Bayesovsky optimální odhad:

µj(x) =

∏k
i=1 µi,j(x)

P (Cj)k−1
, j = 1, . . . , N4.3 Fuzzy pravidlaPokud m·ºeme interpretovat t°ídy C1, . . . , CN jako fuzzy mnoºiny a výstupy klasi�kátor·

µi(x) jako hodnoty p°íslu²nosti x do t°ídy Ci, m·ºeme pro agregai klasi�kátor· pouºítp°ístupy fuzzy logiky. Porovnání fuzzy a 'nonfuzzy' p°ístup· pro spojování klasi�kátor·lze nalézt v [5℄.
• fuzzy integrál � neh´ je univerzem mnoºina v²eh klasi�kátor· U = {φ1, . . . , φk},

g fuzzy míra na U (reprezentujíí d·leºitost, nebo kvalitu klasi�kátor·) a Aj(x) =



176 D. �tefkaFuzzy integrál1. Zvolíme k fuzzy hustot g(1), . . . , g(k). Tyto hodnoty mohou být nap°. odhady p°es-ností klasi�kátor·.2. Spo£ítáme λ jako jediný reálný ko°en v¥t²í neº −1 rovnie:
λ + 1 =

k∏

i=1

(1 + λg(i))3. Kdykoliv je vzor x p°edloºen ke klasi�kai, provedeme kroky (4)-(7) pro j =
1, . . . , N .4. Set°ídíme j-tý sloupe matie (5) v rostouím po°adí, £ímº získáme hodnoty p°íslu²-nosti µi1,j(x), . . . , µik,j(x).5. Set°ídíme fuzzy hustoty v odpovídajíím po°adí: g(i1), . . . , g(ik) a nastavíme g(1) =
g(i1).6. Pro t = 2, . . . , k spo£ítáme

g(t) = g(it) + g(t− 1) + λg(it)g(t− 1)7. (a) Pro Sugen·v integrál, �nální hodnota je
µj(x) = max

t=1,...,k
{min{µit,j(x), g(t)}}(b) Pro Choquet·v integrál, �nální hodnota je

µj(x) = µi1,j(x) +

k∑

t=2

(
µit−1,j(x)− µit,j(x)

)
g(t− 1)Obrázek 3: Fuzzy integrál

(µ1,j(x), . . . , µk,j(x))T j-tý sloupe matie (5) (reprezentujíí p°íslu²nost x do t°ídy
Cj pro v²ehny klasi�kátory). Aj(x) m·ºe být hápána jako fuzzy mnoºina na U .Fuzzy míra g m·ºe být spo£tena z k bodovýh hodnot míry g(1), . . . , g(k) (nazývanéfuzzy hustoty). Poté m·ºeme pouºít Sugen·v nebo Choquet·v fuzzy integrál proagregai Aj(x) pomoí g. Agregae pomoí fuzzy integrálu (jak je popsána v [5℄) jezobrazena na Obr. 3.
• rozhodovaí ²ablony � tato tehnika je popsána v [6℄. Pro kaºdou t°ídu Cj je de�no-vána rozhodovaí ²ablona, která vyjad°uje typiký výstup souboru pro tuto t°ídu,jako k × N matie DTj , jejíº prvky jsou pr·m¥ry výstup· souboru p°es v²ehnytrénovaí vzory náleºíí do Cj:

(DTj)r,s =

∑
x∈T :x∈Cj

µr,s(x)

#{x ∈ T : x ∈ Cj}
(8)



Spojování klasi�kátor· 177Matie (5) a DTj interpretujeme jako fuzzy mnoºiny na univerzu U s k×N prvky.Pokud je ke klasi�kai dán vzor x, spo£ítáme výstup souboru (5) a spo£ítáme n¥ja-kou míru podobnosti tohoto výstupu a rozhodovaí ²ablony pro kaºdou t°ídu. Tytomíry podobnosti mohou být nap°. fuzzy míry podobnosti t¥hto mnoºin, míry fuzzyinkluze, míry konzistene, nebo libovolná matiová norma rozdílu t¥hto mati. V [6℄je popsáno 11 r·znýh m¥r podobnosti a také je zde experimentáln¥ porovnán efektjednotlivýh m¥r. Podle experimentálníh výsledk· praí [6℄ a [5℄ m·ºeme doporu£itEuklidovskou normu, nebo S3 míru podobnosti: neh´ A, B jsou fuzzy mnoºiny na
U a µA, µB jejih funke p°íslu²nosti. Potom de�nujme

S3(A, B) = 1− ||A△ B||,kde ||A|| zna£í relativní kardinalitu fuzzy mnoºiny A a
A△B = (A ∩ B̄) ∪ (Ā ∩B),kde ∩ je fuzzy pr·nik, ∪ fuzzy sjednoení a ·̄ je fuzzy komplement.4.4 Hierarhiká klasi�kaeNa výstup (5) souboru klasi�kátor· se m·ºeme dívat také jako na vektor p°íznak· ∈ [0, 1]délky kN . Tento prostor m·ºeme pouºít jako vstup pro jiný ostrý klasi�kátor "vy²²íúrovn¥" Φ : [0, 1]kN → {1, . . . , N}. Tento p°ístup má nevýhodu v tom, ºe pokud klasi�-kátory φ1, . . . , φk predikují "skoro ostré indexy" (tj. pouze jedna sloºka vektoru φ(x) jeblízká jedné a ostatní sloºky jsou blízké nule), pak kovarian£ní matie trénovaíh vzor·jsou blízké singulární matii. Proto kdykoliv pouºíváme normální rozd¥lení pro mode-lování rozd¥lení vzor· ve t°ídáh (nap°. u Bayesova klasi�kátoru), výsledky mohou býtnep°esné.5 Záv¥rV tomto £lánku byly popsány r·zné p°ístupy spojování klasi�kátor·, byly uvedeny moºnématematiké modely klasi�kátor·, které mohou být pouºity ke spojování klasi�kátor·a také byly popsány dv¥ metody (bagging a boosting) pro vytvá°ení soubor· klasi�-kátor·. Také byly popsány n¥které £asto pouºívané metody pro agregai klasi�kátor·.V budounu byh se ht¥l zabývat fuzzy agrega£ními pravidly a zejména pro agregaipouºít jiné typy fuzzy integrál· neº Sugen·v a Choquet·v. Také mám v úmyslu zabývatse pouºitím Mamdani-Assilianova fuzzy regulátoru pro agregování klasi�kátor·.Literatura[1℄ Y. Bao, N. Ishii, and X. Du. Combining multiple k-nearest neighbor lassi�ers usingdi�erent distane funtions. In 'IDEAL', 634�641, (2004).[2℄ L. Breiman. Bagging preditors. Mahine Learning 24 (1996), 123�140.
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Solar Wind Eletrons and their Anisotropy�t¥pán �tverák3rd year of PGS, email: stepan.stverak�entrum.zDepartment of Mathematis, Faulty of Nulear Siene and PhysialEngineering, CTUadvisor: Pavel Trávní£ek∗, Department of the Spae Physis, Institute ofAtmospheri Physis, ASCRAbstrat. We present a statistial study of solar wind eletrons using data from missions HELIOSI olleted in the elipti plane overing the radial distane from the Sun from 0.3 up to 1 AU.We foused on the eletron temperature anisotropy whih ontrol mehanisms are still not wellunderstood. For this purpose we looked at the temperature anisotropy as a funtion of twoimportant parameters, namely the eletron ollisional age Ae de�ned as a number of ollisionsu�ered by an eletron during the expansion of the solar wind and the eletron parallel plasmabeta β||, to see whether the eletrons are onstrained by some instabilities or driven by ollisions.The temperature anisotropy was omputed by �tting the measured eletron veloity distributionfuntions (eVDF) with a ore-halo model de�ned as a sum of a bi-Maxwellian and a bi-Kappafuntion representing the ore and halo population respetively.Abstrakt. Uvádíme statistikou studii vlastností elektron· ve slune£ním v¥tru na dateh zdruºie HELIOS I nam¥°enýh v rovin¥ ekliptiky ve vzdálenosti mezi 0.3 a 1 AU od Slune.Zam¥°ili jsme se na teplotní anisotrpii, jejíº kontrolní mehanismy nejsou stále do detailuprozkoumány. Teplotní anisotropie je zde zkoumána jako funke dvou d·leºitýh parametr·,a sie pr·m¥rného po£tu sráºek uskute£n¥nýh b¥hem expanze slune£ního v¥tru a elektronovéhoparalelního plasma beta, abyhom mohli porovnat, do jaké míry je ovlivn¥na sráºkami nebomoºnými nestabilitami. Výpo£et teplotní anisotropie byl proveden �továním nam¥°enýh elek-tronovýh distribu£níh funkí teoretikým modelem skládajíím se ze sumy bi-Maxwellovskéhoa bi-Kappa rozd¥lení.1 IntrodutionObserved eletron veloity distribution funtions (eVDFs) of the solar wind permanentlyexhibit three di�erent omponents: a thermal ore and a supra-thermal halo, whih arealways present at all pith angles, and a sharply magneti �eld aligned strahl whih isusually antisunward-moving [1℄. At 1 AU, the ore has a typial temperature of 105 Kand represents about 95% of the total eletron number density. The halo populationhas a typial temperature of 7 × 105 K and represents with the strahl the remainingportion of the total eletron number density. The distribution funtions of the main twopopulations, the ore and halo, are isotropi in the plane perpendiular to the ambientmagneti �eld while they an di�er in the parallel diretion. We an thus speak aboutthe parallel (T||) and perpendiular (T⊥) eletron temperature whih are de�ned by theseond order moment of the eVDF - the pressure tensor.
∗Speial thanks also to my seond advisor Milan Maksimovi (LESIA, OBSPM, Meudon, Frane)whih is responsible for my jointly-supervised PGS in Frane.179



180 �. �tverákThe ratio between the parallel and perpendiular eletron temperatures T||/T⊥ istypially found at 1 AU around 1.1 [1℄, thus the eletron distributions are nearly isotropiwhile at their origin (loser to the Sun) the parallel temperature is usually greater then theperpendiular one. One of the basi issues of the solar wind plasma physis, whih is stillnote well understood, is the question of what ontrols this isotropisation proess duringthe solar wind expansion. The main two andidates whih are believed to be responsiblefor this phenomenon are the Coulomb ollision and the kineti miro-instabilities relatedwith the anisotropi partile distributions.In this paper we present a statistial desription of these e�ets on a su�ientlylarge dataset. We used eVDF measured onboard the HELIOS I spaeraft and we �ttedthem with an analytial model of the ore and halo populations to get the estimationsof the both temperatures and ompared them with eletron parallel plasma beta, whihis related to the instabilities, and the eletron ollisional age, the number of ollisionsu�ered by an eletron during the expansion of the solar wind.2 Instrument and DataFor our data set we have used eVDFs measured onboard the spaerafts HELIOS I.This data set inludes roughly 100 000 measurements overing the radial distane inthe elipti plane from 0.3 up to 1 AU. The time interval of these data samples startsfrom the beginning of the year 1975 to the end of 1978. The Helios I spaeraft [9℄ waslaunhed in 1974 into an elipti orbit with a perihelion around 0.3 AU and aphelionreahing the Earth's orbit. The eletrons onboard this satellite were measured by theenergy analyzer I2 desribed by [11℄. Basially the instrument measured 2-D distributionfuntion with eight angular 15◦ wide setors spaed 45◦ apart from one another. Therange of the instrument overs energies from 0.5 to 1660 eV and the time resolution ofthe measurements is 40 s. Sine we are interested in the T||/T⊥ ratio we need to havethe distribution as a funtion of v⊥ and v|| where the indies have the same meaning asfor the temperatures. Beause the �eld of view of the detetor lies in the elipti planewhatever is the diretion of the magneti �eld, we had to �rst make a preseletion of allthe measurements. In order to have eVDFs in the (v⊥, v||) plane only data samples wherethe angle between the magneti �eld vetor and the elipti plane was smaller then ≈ 6◦were used for the analysis.3 MethodThe eletrons in the solar wind typially exhibit three di�erent populations: a nearlyisotropi thermal ore, representing roughly 95% of the total density, a suprathermalhalo and a magneti �eld aligned strahl. The strahl omponent isn't still well analytiallydesribed and it is thus hard to separate or �t it. Aount on this, we use only theore-halo model
fM = fc + fh (1)where fc and fh orresponds to the ore and halo omponent respetively, and we �tonly data points measured in the sunward diretion where the strahl is not presented



Solar Wind Eletrons and their Anisotropy 181(assuming that the ore and halo populations have the same properties in the anti-sunward diretion). We have also thrown away data points below the one ount level.The ore population is well desribed with the bi-Maxwellian
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))−κ−s(3)where again nh is the halo density, m is the eletron mass, k is the Boltzmann onstant and
Tc⊥ and Tc|| are the halo perpendiular and parallel temperatures respetively (in fatthese are not exatly the temperatures but the orresponding moments of the eVDF).Maksimovi et al. [7℄ showed that this model is more onvenient then the lassialone � the sum of two bi-Maxwellians [1℄. In total we have seven parameters to �t �
nc,nh,Tc⊥,Tc||,Th⊥,Tc|| and κ. For the �tting it's better to transform this set of parametersinto another one � n,α,T ,β,γ,δ and κ - where the transform relations are as follows

n = nc + nh α =
nh

nc + nh

T = Tc||

β = Tc||/Tc⊥ γ = Th||/Th⊥ δ = Th||/Tc||

(4)Using these substitutions we an better ontrol the �tting proess, mainly the anisotropyand the relation between the two di�erent populations. The ore and halo formulaswritten in the new variables are
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))−κ−s(6)Instead of fM , we are �tting the logarithm of the distribution funtion, log fM , in orderto take into aount also the high energy tales of the halo population whih are someorders of magnitude lower ompared to the ore part of the eVDF. Sine the model isnot linear in all of the parameters, we use an iterative �tting tehnique based on the wellknown Levenberg-Marquardt algorithm [8℄.Typially the measured eVDFs are in�uened by several e�ets and some orretionsmust be done before applying the �tting proess. First of all the measured eVDFs aremodi�ed by the S/C potential by whih the solar wind eletrons are de/aelerated and



182 �. �tveráktheir energy is hanged and therefore the omputed moments of the eVDFs are inorret(see [12℄). However if we assume that the S/C potential is isotropi around the detetor,the ratio T⊥/T|| will remain una�eted. In this study, we didn't onsider this e�etand for further analysis we took the orret eletron density from other eletron/ionmeasurements. Seond the ore population is polluted by the old photoeletrons emittedfrom the spaeraft body. This part of the eVDF has to be removed from the analysisusing an energy uto�. This energy threshold was set to 10 eV in our ase. Last thingwe have to do before the �tting is the veloity shift to the solar wind plasma frame. TheeVDFs are measured in the spaeraft frame while our model expets plasma at rest thusthe S/C veloity (usually negligible for the eletrons) and the solar wind bulk speed,taken from the ion measurements, has to be subtrated from the measured one.4 ResultsThe purpose of the present study is to statistially desribe the temperature (an)isotropyof the solar wind eletrons with respet to the eletron ollisions and the eletron parallelplasma beta. We omputed the temperature anisotropy by �tting the measured eletronveloity distribution funtions as desribed above. This method was applied on about100 000 samples of measured eVDFs representing four onseutive years in the solar windwhih an be taken as a su�ient statistial data set. For our iterative �tting algorithmwe set the initial parameters to
n = 5.0e6 α = 0.05 T = 1.0e5 κ = 2.5
β = 1.0 γ = 1.0 δ = 6.0whih are typial values for the solar wind and onstrained them as

n ∈ (1.0e4, 5.0e8) α ∈ (0.001, 0.15) T ∈ (1.0e3, 1.0e7) κ ∈ (1.9, 10.0)
β ∈ (0.2, 8.0) γ ∈ (0.2, 8.0) δ ∈ (3.0, 12.0)Figure 1 shows one example of uts trough a �tted eVDF representing all eight angularsetors measured with the I2 instrument. Only points represented by asterisks are �ttedwhile points represent by dots are data whih are not taken into aount beause of thestrahl population or the one ount level.4.1 InstabilitiesThe typial onditions in the solar wind implies that the eletrons are ollisionless. Itmeans that their olletive behavior is driven by the wave-partile interations, ratherthan by partile Coulomb ollisions. For a su�iently large anisotropy in the partiledistribution funtion an plasma instability an arise whih produes �eld �utuations.They in turn lead to wave-partile interations pushing the plasma again toward theisotropi state. The minimum anisotropy needed to give rise to these �utuations, alledthe instability threshold, represents thus a onstraint on the T⊥/T|| ratios whih an inthe solar wind our. There are in fat two ases of these instabilities.The �rst one is the ase where T⊥/T|| > 1. For a bi-Maxwellian distribution and asu�iently homogeneous plasma, the fastest growing instability aused by this anisotropy
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Figure 1: Example of �tted eVDF from Helios measurements. The panels show utstrough the eVDF, the orresponding pith angles are in the lower orners of the panels.Points represented by asterisks are �tted while points represent by dots are data whihare not taken into aount beause of the strahl population or the one ount level.is the whistler instability [5℄. The eletrons are ylotron resonant in this ase while theprotons are not, thus the proton temperature has no e�et on the properties of thisinstability. In the opposite ase where T⊥/T|| < 1 the eletron �rehose instability anarise [3℄. Here the eletrons are nonresonant while now the protons are so the maximumgrowth rate for this instability is a funtion of the proton temperature. The urves of theonstant maximum growth rates derived from the linear theory (negleting the non-lineare�ets) an be approximated as
T⊥

T||
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||

(7)where the parameter a is positive for the whistler instability and negative for the �rehose.The value β|| is the eletron parallel plasma beta de�ned as
β|| =

8πnkT||

B2
(8)where n is the eletron density, k is the Boltzmann onstant, T|| is their parallel temper-ature and B is the bakground magneti �eld. The β parameters measure the relativeimportane of the partile kineti and magneti �eld pressures. The plasma is alledlow-beta for β < 1 and high-beta for β & 1, both ases are to be found in the solar windplasma.The results for our data set are displayed on �g. 2 as histograms of the relativefrequenies of T⊥/T|| vs. β||. The histograms are over plotted with urves representingthe maximum growth rates for the whistler (dash-and-dot line) and the �rehose (dashed
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Figure 2: Relative frequeny histograms of the T⊥/T|| vs. β|| for the ore (upper panel) andhalo (lower panel) eletron populations. The urves representing the maximum growthrates for the whistler (dash-and-dot line) and the �rehose (dashed line) instability.



Solar Wind Eletrons and their Anisotropy 185line) instability. While there is a nie orrelation for the ore (and also for the halo)with the whistler instability, it seems that for T⊥/T|| < 1 the anisotropy isn't ompletelyontrolled by the �rehose instability.4.2 CollisionsThe solar wind plasma is usually treated as a ollisionless medium beause of its relativelylow density and high temperature. With a typial density and temperature of 5 cm−3and 1.5 K respetively at 1 AU the Coulomb mean free path length λm is of order 108 kmwhih is omparable with the length sales of the system. Nevertheless it's interestingto see if the rare ollisions an play any role in the isotropisation of the eletrons in thesolar wind.In order to ompute the number of ollision su�ered by an eletron during the ex-pansion of the solar wind from the orona, we an use the same way as it was done in[10℄. The ollision frequeny between two eletrons produing a transverse di�usion anbe approximated as
νe⊥ ≈ 7.710e−6neT

−3/2
e lnΛ (9)where Te is the eletron temperature in eV, ne is the eletron density given in m−3, and

ln Λ (≃ 25.5) is the Coulomb logarithm. If we add also the ollisions with protons and
α-partiles, the total ollision frequeny will be

νe⊥,total ≈ 2.55νe⊥. (10)Then the number of ollisions - the ollisional age Ae - is obtained by integrating thetotal frequeny from some initial distane r0 to distane R where the plasma parametersare measured. Thus
Ae =
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νe⊥,total(τ)dτ (11)where (vsw denotes the solar wind bulk speed)
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. (12)and r0 is the initial distane from whih we ount the ollisions. If we assume a onstant

vsw and that ne and Te vary with the radial distane as r−2 and r−α respetively we anwrite
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. (14)Inserting this into (9) and using (12), the frequeny as a funtion of time is
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186 �. �tverákNow integrating of (11) results in
Ae = 2.55νe⊥(R)
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 (17)The parameter α depends on the solar wind properties, it varies for the slow and fastwind and also for the ore and halo population (see [4, 6, 2℄). The values we have usedare displayed in Tab. 1. The initial distane r0 was set to 0.2 AU, less then the minimumdistane of our data samples. ore haloslow wind 0.4fast wind 0.6 0.3Table 1: The variation exponent of the eletron temperature α di�ers for the slow andthe fast solar wind and depends also on the eletron population (ore/halo). For thisstudy we have used values displayed in this table.The orrelation between the T⊥/T|| ratio and the omputed ollisional age are repre-sented on �gure 3 in the similar manner as for the instabilities. The upper panel is againfor the ore population and the lower one shows the results for halo.5 DisussionOur resulting plasma parameters are in agreement with those usually observed in the solarwind. As we have shown both, the anisotropy instabilities and the eletron ollisions,onstrain the T⊥/T|| ratio in the solar wind plasma. In the ase of the instabilities theupper limit of the temperature ratio is well orresponding with inreasing plasma beta tothe whistler eletron instability for both the ore and the halo population. The onstraintby the �rehose instability for T⊥/T|| < 1 is not so obvious. For the halo, it an be beauseof the used model where the eletrons are supposed to have a bi-Maxwellian distributionwhile the real observations are loser to the bi-Kappa funtion. But also for the orethere an be some other e�ets whih bounds the ratio of the temperatures. Also theeletron-partile Coulomb ollisions, whih are usually negleted beause of their lowfrequeny in the solar wind plasmas, are related with proess of isotropisation of theveloity distribution funtion as displayed on �gure 3 where we an see a small trendbetween the eletron ollisional age and the T⊥/T||. Next step in our study will be tolook at the evolution of the eletron anisotropy with the inreasing radial distane fromthe Sun inluding also data from other mission, namely the CLUSTER and ULYSSES,to over the radial distane up to 4 AU.
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Figure 3: Relative frequeny histograms of the T⊥/T|| vs. Ae for the ore (upper panel)and halo (lower panel) eletron populations. A small trend an be seen for both popula-tions pushing the temperature ration toward 1 with inreasing number of ollisions.



188 �. �tverákReferenes[1℄ W. Feldman, J. R. Asbridge, S. J. Bame, M. D. Montgomery, and S. P. Gary. Solarwind eletrons. J. Geophys. Res. 80 (1975), 4181�4196.[2℄ A. Fludra, G. Del Zanna, D. Alexander, and B. J. I. Bromage. Eletron density andtemperature of the lower solar orona. J. Geophys. Res. 104 (May 1999), 9709�9720.[3℄ J. V. Hollweg and H. J. Volk. New plasma instabilities in the solar wind. J. Geophys.Res. 75 (1970), 5297.[4℄ K. Issautier, N. Meyer-Vernet, M. Monuquet, and S. Hoang. Solar wind radial andlatitudinal struture - eletron density and ore temperature from ulysses thermalnoise spetrosopy. J. Geophys. Res. 103 (February 1998), 1969.[5℄ C. F. Kennel and H. E. Petshek. Limit on stably trapped partile �uxes. J. Geophys.Res. 71 (1966), 1�28.[6℄ M. Maksimovi, S. P. Gary, and R. M. Skoug. Solar wind eletron suprathermalstrength and temperature gradients: Ulysses observations. J. Geophys. Res. 105(August 2000), 18337.[7℄ M. Maksimovi, I. Zouganelis, J.-Y. Chaufray, K. Issautier, E. E. Sime, J. E. Little-ton, E. Marsh, D. J. MComas, C. Salem, R. P. Lin, and H. Elliott. Radial evolutionof the eletron distribution funtions in the fast solar wind between 0.3 and 1.5 au.J. Geophys. Res. 110 (2005).[8℄ D. Marquardt. An algorithm of least-squares estimation of nonlinear parameters. J.Appl. Math. 11 (1963), 431�441.[9℄ H. Porshe. Die helios-sonde als experimententräger. Raumfahrtforshung 19 (1975),233.[10℄ C. Salem, D. Hubert, C. Laombe, A. Mangenay, D. Larson, and L. R.P. Eletronproperties and oulomb ollisions in the solor wind at 1 au: Wind observations.Astrophys. J. 585 (2003), 1147�1157.[11℄ R. Shwenn, H. Rosenbauer, and H. Miggenrieder. Das plasmaexperiment auf helios.Raumfahrtforshung 19 (1975), 226.[12℄ P. Song, X. X. Zhang, and G. Pashmann. Unertainties in plasma measurements:e�et of lower uto� energy and spaeraft harge. Planet. Spae Si. 45 (1997), 255.



Extrake booleovskýh pravidel z neuronovýh sítí po-moí zp¥tné propagae mnohost¥nuTomá² Vondra2. ro£ník PGS, email: tv�fuzzy.zKatedra matematiky, Fakulta jaderná a fyzikáln¥ inºenýrská, �VUT²kolitel: Ing. RNDr. Martin Hole¬a CS., Ústav informatiky AV �RAbstrat. The ability to extrat information stored in a trained arti�ial neural network in theform of logial rules is important for �explanation� of the network's behaviour � the retrieved rulesan help us to omprehend how the neural network reahes deisions, determine and understandwhih properties of the proessed data are important, and last but not least the gathered rulesets an be subsequently used in other appliations. Usage of arti�ial neural networks in the�eld of �mission ritial� appliations requires a veri�ation of the network, and a rule extrationtehniques appear to be a natural hoie. However many methods and algorithms from this areato date are based on a heuristis and thus possess some important disadvantages � omputationaland algorithmi omplexity and minimal possibilities to estimate or limit error. The REBAPalgorithm, whose analyze and modi�ations are subjet of this paper, is not perfet but seemsto be quite promising.Abstrakt. Shopnost extrahovat ve form¥ logikýh pravidel informae uloºené v nau£ené neuro-nové síti je d·leºitá pro �vysv¥tlení� fungování dané neuronové sít¥ � získaná pravidla nám mohoupomoi pohopit jak se neuronová sí´ rozhoduje, zjistit a pohopit které vlastnosti zpraováva-nýh dat jsou d·leºité, a v neposlední °ad¥ lze takto získaná pravidla dále vyuºívat. Analýzanau£ené neuronové sít¥ je d·leºitá také z hlediska veri�kae její správné funke, oº je d·leºitézejména pro nasazení neuronovýh sítí v tzv. �mission ritial� aplikaíh. Mnoho sou£asnýhmetod a algoritm· z této oblasti je v²ak zaloºena na prinipu heuristiky a jako taková má dvazákladní nedostatky � vysokou výpo£etní náro£nost a minimální moºnosti odhadu hyby. Jakopom¥rn¥ slibný se jeví algoritmus REBAP publikovaný, jehoº základnímu rozboru a moºnostemdal²ího vývoje se v¥nuje tento text.1 ÚvodUm¥lé neuronové sít¥ se b¥hem zhruba 60 let, které uplynuly od formulae jejih zá-klad· ve 40-týh leteh 20. století, staly velie populárním prost°edkem um¥lé inteligene.Z velké míry k tomu p°isp¥la jejih zna£ná �exibilita a relativní jednoduhost pouºití,stále so�stikovan¥j²í metody konstruke a algoritmy u£ení, ale také rozmah výpo£etnítehniky.Stále ²ir²í vyuºití um¥lýh neuronovýh sítí v²ak p°iná²í i pot°ebu metod pro jejihefektivní analýzu, zam¥°enou zejména na veri�kai jejih funke nebo´ neuronové neuro-nové sít¥ oben¥ po nau£ení fungují v podstat¥ jako £erná sk°í¬ka. �asto se °íká ºe znalostia informae získané b¥hem fáze u£ení jsou v neuronové síti uloºeny �rozprost°en¥� nap°í-klad prost°ednitvím vah (synapse) resp. vyhýlení (neurony), a jejih dal²í p°ímé vyuºitíje tedy nemoºné. 189



190 T. VondraShopnost získávat ve srozumitelné form¥ informae nast°ádané v neuronové síti b¥-hem proesu u£ení je velmi d·leºitá zejména z následujííh dvou (velmi úze souvisejííhd·vod·):
• ov¥°ení funke sít¥ � Odpov¥¤ na otázku �Nehová se sí´ pro n¥které vstupy neo£e-kávan¥?� je d·leºitá zejména pro tzv. mission ritial systémy, u kterýh by jedináhybná odpov¥¤ sít¥ mohla znamenat velké ²kody na majetku nebo dokone nalidskýh ºivoteh.
• dal²í vyuºití získanýh informaí � P°irozenou moºností je pohopiteln¥ vyuºitíneuronové sít¥ pouze jako prost°edku pro extraki pravidel z dat, tj. jako nástrojetzv. data-miningu. Nap°íklad pokud by výstupem analýzy byla logiká pravidla jemoºné jejih vyuºití jako vstup· v r·znýh podp·rnýh a expertníh systémeh.Dal²í d·vody k rozvoji metod extrake pravidel z neuronovýh sítí a podrobn¥j²í vysv¥t-lení t¥h zde uvedenýh lze nalézt nap°íklad v [1℄.Následujíí odstave 2 obsahuje velmi stru£ný úvod do um¥lýh neuronovýh sítí �obsahuje zejména de�nie základníh pojm· pouºívanýh dále v textu a uvádí n¥ko-lik ilustra£níh moºností vyuºití neuronovýh sítí. Odstave 3 se zabývá oben¥ extrakípravidel z neuronovýh sítí, p°i£emº uvádí p°íklady n¥kolika metod, a uvádí n¥kolik vlast-ností které by �ideální� metoda pro extraki pravidel m¥la mít. Kone£n¥ odstave 4 sepodobn¥ji zabývá algoritmem REBAP popsaným F. Maire v £lánku [3℄.2 Krátký úvod do neuronovýh sítíJak jiº název napovídá, je p°edobrazem um¥lýh neuronovýh sítí nervová tká¬, a z tohoplyne také podobná vnit°dní struktura. Um¥lá neuronová sí´ je skupina navzájem propo-jenýh neuron·, provád¥jííh relativn¥ jednoduhé výpo£ty na základ¥ vstup· z okolníhneuron· (viz. obrázek 1).
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−→x 〉 − θ1 〈−→w 2,

−→x 〉 − θ2

f1 f2

x1 x2 x3 x4 x5 x6

y1 y2

Obrázek 1: Základní elementy um¥lé neuronové sít¥



Extrake pravidel z neuronovýh sítí pomoí zp¥tné propagae mnohost¥nu 191Jednoduhý výpo£et je v kaºdém neuronu realizován aktiva£ní funkí f : R→ R (nenutn¥ stejnou pro v²ehny neurony), jejímº vstupem je �elková intenzita� na vstupu neu-ronu daná∑n
i=1 wixi kde x1, . . . , xn jsou neurony ze kterýh daný neuron p°ijímá signály,a váhy w1, . . . , wn reprezentují �útlum� na jednotlivýh synapsíh. �asto je neuron·m p°i-°azován je²t¥ parametr θ interpretovaný jako �vyhýlení�, a funke realizovaná v kaºdémneuronu je tedy dána p°edpisem

f

(
n∑

i=1

wi · xi − θ

)
= f (〈−→x ,−→w 〉 − θ) (1)kde 〈−→x ,−→w 〉 je skalární sou£in vektor· −→x = (x1, . . . , xn) a −→w = (w1, . . . , wn).V následujíím textu jsou vyuºívány výhradn¥ tzv. vrstevnaté feed-forward neuronovésít¥, tj. sít¥ kde1. jsou neurony uspo°ádány do vrstev2. neurony v první vrstv¥ jsou tzv. vstupní neurony, zastupujíí �vn¥j²í� vstupy sít¥3. neurony v k-té vrstv¥ mají jako vstupy pouze výstupy neuron· z k − 1 vrstvy4. neurony poslední vrstv¥ jsou tzv. výstupní neurony, p°edávajíí výstupy mimo neu-ronovou sí´Vrstevnaté feed-forward sít¥ tedy neobsahují ykly a kaºdý neuron p°ijímá pouzeinformae z vrstvy �t¥sn¥ pod ním.� Uvaºujme nyní libovolnou z vrstev neuronové sít¥,a zave¤me následujíí ozna£ení:

• m � po£et neuron· ve vrstv¥ pod uvaºovanou vrstvou
• n � po£et neuron· v uvaºované vrstv¥
• xi � výstup i-tého neuronu z vrstvy pod uvaºovanou vrstvou (i ∈ m̂)
• yi � výstup i-tého neuronu v uvaºované vrstv¥ (i ∈ n̂)
• fi � aktiva£ní funke realizovaná v i-tém neuronu vrstvy (i ∈ n̂)
• θi � vyhýlení i-tého neuronu uvaºované vrstv¥ (i ∈ n̂)
• wij � váha (zesílení) j-tého vstupu do i-tého neuronu v uvaºované vrstv¥ (i ∈ n̂,

j ∈ m̂)Zavedeme-li dále pro ozna£ení
−→w i =




wi,1...
wi,m


 −→x =




x1...
xm


 −→y =




y1...
yn



−→
θ =




θ1...
θn


 (2)

W = (wij)
n,m
i,j=1 =




−→w1
T...

−→wn
T


 =




w1,1 · · · w1,m... ...
wn,1 · · · wn,m


 (3)



192 T. Vondrarealizuje uvaºovaná vrstva neuronové sít¥ zobrazení −→f : Rm → Rn dané p°edpisem
−→y =

−→
f
(

W
−→x −−→θ

)
=




f1 (〈−→w 1,
−→x 〉 − θ1)...

fn (〈−→w n,
−→x 〉 − θn)


 (4)Uvaºujme nyní neuronovou sí´ s k vrstvami, mN vstupními neurony a nN výstup-ními neurony. Vstupy sít¥ (zastupované vstupními neurony) ozna£me −→x N , výstupy sít¥(tj. výstupy poslední vrstvy) ozna£me −→y N , a zobrazení realizovaná v jednotlivýh vrst-váh neuronové sít¥ ozna£me f (1), . . . , f (k). Potom elá neuronová sí´ realizuje zobrazení

RmN → RnN dané p°edpisem
−→y N = −→g (−→x N) =

−→
f (k) ◦ −→f (k−1) ◦ · · · ◦ −→f (2) ◦ −→f (1) (−→x N) (5)Z vý²e uvedeného je z°ejmé ºe neuronová sí´ je pln¥ de�nována zadáním:

• po£tu vrstev
• po£tu neuron· n v jednotlivýh vrstváh
• vah W a vyhýlení −→θ pro jednotlivé vrstvy
• aktiva£níh funkí fi realizovanýh v neuroneh jednotlivýh vrstevP°itom proes u£ení neuronové sít¥ spo£ívá práv¥ v modi�kai vah W a vyhýlení θtak aby byla minimalizována zvolená hyba � lze tedy °íi ºe práv¥ ve vaháh a vyhýle-níh jsou uloºeny informae které se neuronová sí´ �nau£ila.� Metody a algoritmy u£eníneuronovýh sítí v²ak nejsou p°edm¥tem tohoto £lánku, p°edpokládejme tedy ºe mámek dispozii (dostate£n¥ dob°e) nau£enou neuronovou sí´.3 Extrake pravidel z neuronovýh sítíV oblasti extrake pravidel z neuronovýh sítí dnes existuje mnoho velmi r·znorodýha obtíºn¥ srovnatelnýh metod � metody generují pravidla r·znýh tvar·, £asto fungujííjen na spei�ké arhitektu°e neuronové sít¥, atd. V £lánku [1℄ je uveden návrh na základnítaxonomii na základ¥ p¥ti následujííh hledisek:
• výrazová shopnost generovanýh pravidel
• vyuºití znalostí o interním uspo°ádání sít¥, tj. arhitektury a hodnot parametr·
• vyuºití speiálníh tréninkovýh reºim·
• kvalita produkovanýh pravidel
• algoritmiká sloºitost



Extrake pravidel z neuronovýh sítí pomoí zp¥tné propagae mnohost¥nu 193Podívejme se nyní na jednotlivé body pro algoritmus REBAP1, popisovaný blíºe v od-stavi 4.K extraki pravidel lze p°istupovat jako k problému inverze, tj. pro sí´ realizujíízobrazení f : Rm → Rn a oblast Y ⊂ Rn je úkolem najít takovou oblast X ⊂ Rm ºe
x ∈ X ⇔ f(x) ∈ Y (6)V p°ípad¥ extrake pravidel oblast Y reprezentuje spei�ké výstupy neuronové sít¥ �nap°íklad p°i vyuºití dané neuronové sít¥ pro klasi�kai m·ºe reprezentovat za°azení doprvní t°ídy, tj. tvrzení �aktivní je pouze výstupní neuron £. 1� a podobn¥. Oblast X potomreprezentuje v²ehny vstupy klasi�kované do první t°ídy.D·leºitým krokem je zejména volba tvaru oblasti Y , která musí být volena s ohle-dem na algoritmus samotný a sou£asn¥ musí být dostate£n¥ efektivn¥ (zejména s ohle-dem na pam¥´ové a výpo£etní nároky). V algoritmu REBAP jsou jako oblasti pouºitymnohost¥ny, a to zejména z d·vodu vyuºití a�nníh aproximaí a jejih jednoduhoureprezentai.Jak bude vid¥t v následujíím odstavi, algoritmus REBAP je pouºitelný pouze provrstevnaté feed-forward neuronové sít¥ se spojitými a diferenovatelnými aktiva£nímifunkemi, p°i£emº je p°ímo zaloºen na znalosti vnit°níh parametr· sít¥. Nevyuºívá v²akºádný spei�ký tréninkový reºim, p°edpokládá pouze ºe analyzovaná neuronová sí´ jedostate£n¥ dob°e nau£ena.Kvalita pravidel je dosti ²iroký pojem, ale krom¥ jiného ji lze posuzovat z hlediskav¥rnosti (tj. jak vygenerovaná pravidla odpovídají analyzované síti) a sloºitosti pravi-del. Velkou výhodou algoritmu REBAP je práv¥ shopnost ur£ovat s jakou p°esností mábýt oblast X (resp. její aproximae) po£ítána. To umoº¬uje generovat libovoln¥ p°esnápravidla, ov²em za enu zvy²ování sloºitosti pravidel (totiº sloºitosti oblasti X).Zvy²ování p°esnosti v²ak bohuºel p°iná²í také problémy u posledního bodu, nebo´velmi výrazn¥ zvy²uje algoritmikou (a výpo£etní) sloºitost.Podrobn¥j²í informae o uvaºovanýh klasi�ka£níh kritériíh a za°azení základníhmetod lze najít v [1℄.4 REBAPJak jiº bylo uvedeno v odstavi 3, d·leºitým krokem p°i formulai extrake pravidel jakoproblému inverze je volba vhodného tvaru �invertované� oblasti Y ⊂ R

nN . Tato oblastmusí být zvolena tak aby:1. její výpo£etní reprezentae byla o nejefektivn¥j²í (s ohledem na pam¥´ové a vý-konnostní nároky)2. p°i pr·hodu jednotlivými vrstvami sít¥ nem¥nila svou �povahu�3. umoº¬ovala efektivní aproximai jinýh typ· oblastí1Rule Extration by BAk-propagation of Polyhedra



194 T. VondraUvaºujme nyní obené reálné a�nní zobrazení T : Rm → Rn (7) a mnohost¥n P ⊆ Rndaný systémem l ∈ N nerovností (8).
T (x) = A

−→x +
−→
b A ∈ R

n,m,
−→
b ∈ R

n, −→x ∈ R
m (7)

P = {−→x ∈ R
n | C−→x ≤ −→d } C ∈ R

l,n,
−→
d ∈ R

l (8)Potom �inverze� mnohost¥nu P p°i zobrazení je dána p°edpisem
T−1 (P ) =

{−→y ∈ R
m | C

(
A
−→y +

−→
b
)
≤ −→d

} (9)
=

{−→y ∈ R
m | CA

−→y ≤ −→d −C
−→
b
} (10)Tj. inverze mnohost¥nu p°i a�nním zobrazení je op¥t mnohost¥n. Sou£asn¥ platí ºe mno-host¥ny jsou velmi oblíbené pro relativní jednoduhost výpo£etní reprezentae, a moºnostlibovoln¥ p°esné aproximae oblastí jiného typu (skládání �kosti£ek�). Mnohost¥ny jakotakové tedy spl¬ují první a t°etí kritérium pro volbu tvaru oblastí, ov²em za p°edpokladuºe praujeme s a�nními zobrazeními.V²imn¥me si ºe výpo£et (1) realizovaný v jednotlivýh neuroneh, a tedy i v elé k-tévrstv¥ (4), má vlastn¥ dv¥ fáze (viz. obrázek 1):1. a�nní fázi danou pro i-tý neuron zvolené vrstvy resp. pro elou zvolenou vrstvup°edpisem

zi = 〈−→w i,
−→x 〉 − θi (11)

−→z = W
−→x −−→θ (12)2. aktiva£ní fázi která je oben¥ nelineární, a je dána p°edpisem (viz. 4)

yi = fi (
−→z i) resp. −→

f (−→z ) (13)Aproximaí funke realizované v aktiva£ní fázi funkí po £ásteh a�nní získáme aproxi-mai neuronové sít¥ kde kaºdá vrstva provádí a�nní transformai. Neh´ fi je monotonnía diferenovatelná funke na intervalu [a, b] a (ci)
s
i=1 neh´ je jeho rozd¥lení, tj. neh´

c1 = a, cs = b (14)
ci < ci+1 ∀i ∈ {1, . . . , s− 1} (15)Potom a�nní aproximai ϕi funke fi de�nujme pro t ∈ [ci, ci+1] jako

ϕi(t) = fi(ci) +
fi(ci+1)− fi(ci)

ci+1 − ci

(t− ci) (16)Tato aproximae je pro funki f(x) = 1/(1 + e−5(x−1.25)) na intervalu [0.5, 1.75] s roz-d¥lením [0.5, 1, 1.75] ilustrována na obrázku 2. Jak je vid¥t v jednorozm¥rném p°ípad¥
fi : R→ R se jedná o funki po £ásteh lineární.A�nní aproximae −→ϕ funke −→f realizované na zvolené vrstv¥ sít¥ (4) je jednoduhýmroz²í°ením vztahu (16). Neh´ ×m

i=1[ai, bi] ⊂ Rm je víerozm¥rný interval a (ci,j)
m,si

i,j=1 je
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Obrázek 2: Aproximae po £ásteh a�nní funkíjeho rozd¥lení, tj. pro kaºdé pevn¥ zvolené i ∈ m̂, jednorozm¥rný interval [ai, bi] a jehorozd¥lení (ci,j)
si

j=1 platí (14) a (15). Zvolme −→t ∈ ×m
i=1[ci,ji

, ci,ji+1] tj. neh´ pro sloºky tiplatí ti ∈ [ci,ji
, ci,ji+1], a zave¤me ozna£ení

−→c j = (c1,j1, c2,j2, . . . , cm,jm
) (17)tj. −→c j je vektor tvo°ený dolními mezemi ovaºovaného víerozm¥rného intervalu. Potom

i−tá sou°adnie a�nní aproximae −→ϕ je v bod¥ −→t dána p°edpisem
ϕi(
−→
t ) = fi (ci,ji

) +
fi(ci,ji+1)− fi(ci,ji

)

ci,ji+1 − ci,ji

(ti − ci,ji
) (18)a elou aproximai −→ϕ je tedy moºno zapsat jako

−→ϕ (
−→
t ) = D

−→
t +
−→
δ (19)kde

D =




f1(ci,j+1)−f1(ci,j)

ci,j+1−ci,j . . .
fnk

(ci,j+1)−fnk
(ci,j)

ci,j+1−ci,j


 (20)

−→
δ =

−→
f (−→c j)− D

−→c j (21)takºe budeme-li op¥t uvaºovat mnohost¥n P daný systémem (8) je jeho vzor ϕ−1 popr·hodu druhou (aktiva£ní) fází výpo£tu na zvoleném intervalu dán p°edpisem
ϕ−1(P ) =

{−→z ∈ R
n | CD

−→z ≤ −→d − C
−→
δ
} (22)Provedeme-li dle vztahu (8) je²t¥ zp¥tnou propagai tohoto mnohost¥nu první (a�nní)fází, danou p°edpisem (12), získáme na kaºdém intervalu rozd¥lení uvaºovaného intervalupolytop daný vztahem

{−→x ∈ R
n | CDW

−→x ≤ −→d − C
−→
δ + CD

−→
θ
} (23)



196 T. VondraP°íklad 1. Uvaºujme jednoduhou neuronovou sí´ (resp. jednu vrstvu neuronové sít¥)s topologií znázorn¥nou na obrázku 3. Prom¥nné x1 a x2 reprezentují výstupy p°edhozí
x1 x2

y1 y2

f1 f2

Rm

Rn

Obrázek 3: jednoduhá neuronová sí´vrstvy, a p°edpokládejme ºe v neuroneh uvaºované vrstvy jsou jako aktiva£ní funke f1a f2 pouºity jednoduhé sigmoidální funke, dané obeným p°edpisem
sigmf(x, a, c) =

1

1 + e−a(x−c)
x, a, b ∈ R (24)a neh´

f1(x) = sigmf(x, 10, 0.7) (25)
f2(x) = sigmf(x, 5, 0.3) (26)Uvaºujme tyto funke na intervalu [0, 1] × [0, 1] ⊂ R2 a jeho rozd¥lení na intervaly

[0, 0.65, 1] × [0, 0.4, 1] znázorn¥né na obrázku 5.2. Tomuto rozd¥lení odpovídají a�nníaproximae znázorn¥né na obrázku 4, a také rozd¥lení oboru hodnot, znázorn¥né na ob-rázku 5.2.
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4.1: 1/
(
1 + e−10(x−0.7)
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4.2: 1/
(
1 + e−5(x−0.3)

)Obrázek 4: Aproximae funkí realizovanýh v neuroneh
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5.1: obor hodnot: P
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5.2: de�ni£ní obor: ϕ−1(P )Obrázek 5: Zp¥tná propagae aproximaí aktiva£ní fáze a rozd¥lení de�ni£ního oborua oboru hodnotUvaºujme nyní mnohost¥n P daný systémem nerovni (27), znázorn¥ný na obrázku5.1, a prove¤me zp¥tnou propagai mnohost¥nu danou p°edpisem (23).
C =




−1 1
1 −1
−1 −1

1 1




[
y1

y2

]
≤




0.3464
0.3607
−0.6535

1.3607


 (27)Aplikaí p°edpisu (22) postupu na jednotlivé intervaly, získáme sjednoení mnohost¥n·

ϕ−1(P ) znázorn¥né na obrázku (5.2). Zp¥tnou propagaí jednotlivýh sloºek tohoto sjed-noení a�nní fází, tj. vyuºitím vztahu (23) získáme ϕ−1(P ) tj. zp¥tnou propagai mno-host¥nu P zvolenou vrstvou neuronové sít¥.P°edpokládejme ºe vyhýlení −→θ a váhy W pro zvolenou vrstvu jsou dány takto:
W =

[
0.5 0.7
0.9 −0.1

] −→
θ =

[
0.2
0.3

] (28)Potom vzor mnohost¥nu f−1(P ), daný na jednotlivýh intervaleh rozd¥lení vztahem (22)je znázorn¥n na obrázku 6.4.1 P°esnost a sloºitost algoritmuVelkou výhodou který algoritmus F. Maire (viz. [3℄) má oproti jiným algoritm·m uvede-ným nap°íklad v [1℄, je pojem v¥rnosti (�delity), tj. míra hyby mezi mnoºinou pravidelextrahovanýh z (aproximované) neuronové sít¥ a skute£nými výstupy neuronové sít¥.Tato míra hyby p°ímo souvisí s p°esností a�nní aproximae provád¥né p°i zp¥tné pro-pagai mnohost¥nu aktiva£ní fází kaºdé vrstvy neuronové sít¥.
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Obrázek 6: získaná aproximae vzoru mnohost¥nu f−1(P )De�nie 2 (Rozdílnost mnoºin A, B). Neh´ A, B ⊆ Rn jsou libovolné mnoºiny, a d(x, y)je Euklidovská vzdálenost. Potom míru rozdílnosti t¥hto mnoºin ρ(A, B) de�nujme jako
ρ(A, B) = max

(
max
x∈A

d(x, B), max
x∈B

d(x, A)

) (29)kde
d(x, A) = min

y∈B
d(x, y) (30)P°áv¥ de�novaná funke ρ je vzdálenost (d·kaz viz. [3℄), a na ρ(A, B) lze pohlíºet jakona maximální pr·m¥r koule jejíº st°ed leºí v A△B (symetriká diferene mnoºin) a kteráneprotíná A ∩ B.V¥ta 3 (Chyba p°i aproximai aktiva£ní fáze). Neh´ f je monotonní diferenovatelnáfunke, ϕ její a�nní aproximae a A mnoºina v jejih oboru hodnot. Potom

ρ
(
f−1(A), ϕ−1(A)

)
≤

√∑

d

M2
dα4

d (31)
ρ
(
f−1(A), ϕ−1(B)

)
≤ 1

m
ρ(A, B) + ρ

(
f−1(B), ϕ−1(B)

) (32)kde Md je horní mez druhé derivae funke f−1 na uvaºovaném intervalu, a αd je nejv¥t²íinterval rozd¥lení intervalu dle d-té dimenze � viz. vztah (17) na stran¥ 195, tj.
αd = max

i∈ŝd−1
|cd,i+1 − cd,i| (33)



Extrake pravidel z neuronovýh sítí pomoí zp¥tné propagae mnohost¥nu 199V¥ta 4 (Chyba p°i a�nní fázi). Neh´ A, B jsou dv¥ mnoºiny v oboru hodnot a�nníhozobrazení T (x) = Wx + θ. Potom
ρ
(
T−1(A), T−1(B)

)
≤ 1

λ
ρ(A, B) (34)kde λ je nejv¥t²í singulární hodnota W (tj. odmonina vlastního £ísla WHW).Dv¥ práv¥ uvedené v¥ty (konkrétn¥ horní odhady (31) a (34)), jejihº d·kazy a dal²ípodrobnosti lze najít v [3℄, posta£ují pro omezení hyby p°i zp¥tné propagai mnohost¥nujednou vrstvou neuronové sít¥, nebo´ na po£átku máme mnohost¥n P ⊂ Rn pro kterýheme provád¥t zp¥tnou propagai. Ten nejd°íve �projde� aproximaí aktiva£ní fáze dlevztahu (22), a v¥ta 3 °íká jak mo se získaná oblast ϕ−1(P ) li²í od té skute£né f−1(P ),p°i£emº velikost této hyby je prost°ednitvím αd p°ímo provázána s jemností rozd¥leníuvaºovaného intervalu. V¥ta 4 potom °íká jak se tato hyba zv¥t²uje p°i zp¥tné propagaia�nní fází (která je sama o sob¥ samoz°ejm¥ p°esná). Vztah (32) umoº¬uje omezení hybyp°i zp¥tné propagai víe vrstvami sít¥.Bohuºel práv¥ spojení p°esnosti a v¥rohodnosti ve vztahu (31) je jedním ze základníhúskalí tohoto algoritmu, nebo´ v zásad¥ znamená exponeniální nárust po£tu mnohost¥n·p°i pr·hodu kaºdou vrstvou sít¥.Uvaºme totiº stejn¥ jako v p°edhozím textu jednu vrstvu neuronové sít¥, a p°edpo-kládejme ºe nastává (pohopiteln¥ velmi nepravd¥podobný) p°ípad ºe rozd¥lení oboruhodnot, indukované rozd¥lením intervalu v de�ni£ním oboru intervalu je ve v²eh dimen-zíh ekvidistantní s krokem ǫ = 1/k kde k ∈ N.P°itom �indukí rozd¥lení� intervalu je mín¥no to ºe pokud zvolíme rostouí resp. klesa-jíí funki f : R→ R a rozd¥lení [c0, . . . , ck] intervalu [a, b] v de�ni£ním oboru, potom to-muto rozd¥lení odpovídá �indukované� rozd¥lení [f(c0), . . . , f(ck)] resp. [f(ck), . . . , f(c0)]jeho obrazu v oboru hodnot.V tomto p°ípad¥ je tedy obor hodnot rozd¥len na stejn¥ velké �kosti£ky� objemu 1/kn.To ale znamená ºe budeme-li touto vrstvou provád¥t zp¥tnou propagai mnohost¥nu

P o objemu V ol(P ), bude tento zasahovat alespo¬ kn · V ol(P ) uvaºovanýh kosti£ek.Budeme-li tedy v tomto speiálním p°ípad¥ uvaºovat zp¥tnou propagai n-rozm¥rné jed-notkové kryhle, rozpadne se tato p°i zp¥tné propagai aktiva£ní fází na kn element·.Práv¥ uvedený odhad je pohopiteln¥ velmi hrubý, uvedená volba rozd¥lení je velminepravd¥podobná, ale d·vod exponenielního nárustu po£tu mnohost¥n· v kaºdé vrstv¥je z n¥j dostate£n¥ patrný. V p°ípad¥ nár·stu po£tu mnohost¥n· v rámi zp¥tné propagaeelou neuronovou sítí by naví bylo pot°eba uvaºovat zm¥nu objemu jednotlivýh kosti£ek,která v²ak úze souvisí s �lokálním� a�nním zobrazením na daném elementu rozd¥lení.Moºné vylep²ení analyzovaného algoritmu p°edstavuje následujíí úvaha � monotoniea spojitost aktiva£níh funkí f zaji²´uje zahování hranie oblasti, tj. skute£nost ºe seoblasti nebudou �obraet naruby�. V dané situai tedy sta£í provád¥t zp¥tnou propagaipro ty elementy (indukovaného) rozd¥lení které nejsou p°ímo obsaºeny ve zpraováva-ném mnohost¥nu. Tato skute£nost je ilustrována na obrázku 7. Uvaºujme nyní op¥t n-rozm¥rnou jednotkovou kryhli, která se p°i zp¥tné propagai rozpadá na kn element· (kvrstev v kaºdé dimenzi). V této situai by sta£ilo provést zp¥tnou propagai pouze pro
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Obrázek 7: Omezení zp¥tné propagae na �nutné� elementy�krajní� elementy rozd¥lení, kterýh bude p°ibliºn¥ 2nkn−1 nebo´
kn
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∑
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)
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︸ ︷︷ ︸
>0

(36)
< 2nkn−1 (37)Exponenielní harakter nárustu po£tu mnohost¥n· tedy z·stává, ale i tak se s ohledemna zp¥tnou propagai víe vrstami jedná o ne zela zanedbatelné zlep²ení pro praktikéaplikae.Podmínkou efektivity a pouºitelnosti práv¥ uvedené modi�kae je pohopiteln¥ moº-nost efektivní identi�kae �krajníh� kosti£ek � algoritmy pro °e²ení tohoto problému jsouv²ak známy z výpo£etní geometrie.Dal²í pom¥rn¥ zajímavou moºností modi�kae uvaºovaného algoritmu je uvoln¥ní pod-mínky monotonie uvaºovanýh aktiva£níh funkí, tj. zoben¥ní na libovolné diferenova-telné funke. Podmínka monotonie totiº znemoº¬uje pouºití algoritmu na neuronové sít¥s unimodálními aktiva£ními funkemi mezi které pat°í i £asto pouºívaná Gaussova funke

exp(−(x− c)2/(2σ2)) nebo zvonovitá funke ((1 + |(x− c)/a|)2b)−1.



Extrake pravidel z neuronovýh sítí pomoí zp¥tné propagae mnohost¥nu 2015 Záv¥rVelkou výhodou algoritmu REBAP oproti jiným metodám, uvedeným nap°íklad v [1℄,[2℄, [5℄ a [6℄, je moºnost extrake libovoln¥ p°esnýh pravidel. Tato výhoda s sebou v²akp°iná²í i nevýhody � krom¥ sloºit¥j²íh pravidel se jedná zejména o výpo£etní náro£nostkterá ryhle roste práv¥ v závislosti na poºadované ryhlosti. P°i modi�kai a optimalizaiuvedeného algoritmu z°ejm¥ nelze o£ekávat zásadní zm¥nu výpo£etní náro£nosti, av²aki malé zm¥ny mohou být v praxi velie uºite£né, nebo´ umoºní zpraování v¥t²íh a/nebosloºit¥j²íh neuronovýh sítí.Lze také zobe¬ovat uvedený algoritmus, nap°íklad pro nemonotonní diferenovatelnéaktiva£ní funke, nebo´ i ty jsou v neuronovýh sítíh velie £asto pouºívány.Literatura[1℄ Robert Andrews, Joahim Diederih, Alan B. Tikle, �Survey and ritique of teh-niques for extrating rules from trained arti�ial neural networks,� Knowledge-BasedSystems, Volume 8, Number 6 (Deember 1995), Elsevier Siene B.V., 373�389.[2℄ Alan B. Tikle, Robert Andrews, Mostefa Golea, Joahim Diederih, �The truth isin there: diretions and hallenges in extrating rules from trained arti�ial neuralnetworks,� IEEE Transations On Neural Networks, Volume 9, Number 6 (1998),IEEE, 1057�1068.[3℄ Maire F., �Rule-extration by bakpropagation of polyhedra,� Neural Networks, 12(1999), Elsevier Siene Ltd., 717�725.[4℄ Carlos Andújar Gran, �Otree-based Simpli�ation of Polyhedral Solids,� Universi-dad Politenia de Catalunya, Barelona, 1999.[5℄ Ofet Melnik, Jornad Pollak, �Exat Representations from Feed Forward Networks,�Volen Center for Complex Systems, Brandeis University, Waltham, MA, USA, (April4, 2000).[6℄ Sushmita Mitra, Yoihi Hayashi, �Neuro-Fuzzy Rule Generation: Survey in Soft Com-puting Framework,� IEEE Transations On Neural Networks, Volume 11, Number3 (May 2000), IEEE, 748�768.


